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Entropy Methods for Joint Distributions
in Decision Analysis
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Abstract—A fundamental step in decision analysis is the elicita-
tion of the decision maker’s information about the uncertainties of
the decision situation in the form of a joint probability distribution.
This paper presents a method based on the maximum entropy prin-
ciple to obtain a joint probability distribution using lower order
joint probability assessments. The approach reduces the number
of assessments significantly and also reduces the number of con-
ditioning variables in these assessments. We discuss the order of
the approximation provided by the maximum entropy distribution
with each lower order assessment using a Monte Carlo simulation
and discuss the implications of using the maximum entropy distri-
bution in Bayesian inference. We present an application to a prac-
tical decision situation faced by a semiconductor testing company
in the Silicon Valley.

Index Terms—Decision analysis, eliciting probability distribu-
tions, maximum entropy, probabilistic dependence, project eval-
uation/selection.

I. INTRODUCTION

E LICITING a representative probability distribution from
a decision maker is a task that requires care if one is to

avoid cognitive and motivational biases [1]–[3]. When eliciting
a joint probability distribution, however, we are faced with the
added difficulty of conditioning the probability assessments on
several variables in order to capture the dependence relation-
ships between them. In itself, this is not an easy task, but in
addition, the number of assessments needed for a joint distribu-
tion of variables, each discretized to outcomes, can be on
the order of . For these reasons, eliciting a joint probability
distribution may be a difficult task to perform in practice, and
several methods have been proposed to incorporate dependence
between the variables (see, for example [4]–[8]).

In this paper, we present a method that takes into account
the difficulty of the elicitation process as a practical constraint
on the side of the decision-maker. We use the discrete form
maximum entropy principle to obtain a joint probability distri-
bution using lower order assessments. This approach reduces
the number of assessments significantly and facilitates the prob-
ability assessment process by conditioning on fewer variables.
The maximum entropy formulation embeds several approaches
for approximating joint distributions found in the literature
[9]–[11], and provides the flexibility to model information that
may be available in many different forms [12].
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When used to construct joint probability distributions in de-
cision analysis, the maximum entropy approach has several ad-
vantages: 1) it incorporates as much (or as little) information as
there is available at the time of making the decision; 2) it makes
no assumptions about a particular form of a joint distribution;
3) it applies to both numeric and nonnumeric variables (such as
the categorical events Sunny/Rainy for weather); and 4) it does
not limit itself to the use of only moments and correlation co-
efficients, which may be difficult to elicit in decision analysis
practice.

We do observe, however, that there is a tradeoff between the
accuracy of the maximum entropy joint distribution and the
number of probability assessments that are incorporated into
the formulation. We discuss this tradeoff in more detail in this
paper and illustrate how a decision maker can assess the order
of the approximation provided for a given decision problem. We
also discuss a generalization of the maximum entropy principle
known as the minimum cross-entropy principle.

Our focus in this paper is: 1) to familiarize the readers with
the maximum entropy method for constructing representative
probability distributions in decision analysis; 2) to emphasize
the generality of the maximum entropy approach for con-
structing joint distributions using lower order assessments; and
3) to provide insights on the approximations obtained using
each of the lower order assessments. This study enables a better
understanding of both the number and order of lower order
assessments needed for a given decision situation, before any
probability assessments are made. We present an application to
a real life decision situation faced by a semiconductor testing
company in the San Francisco Bay area [13].

The remainder of this paper is structured as follows.
Section II presents a motivating example for the maximum en-
tropy approach when applied to a decision situation in practice.
Section III reviews the definition of entropy, the maximum
entropy principle, and the maximum entropy formulation for
constructing a joint distribution given lower order assessments.
Section IV presents a Monte Carlo simulation to investigate
the order of the approximations provided. Section V presents
the analysis of the decision situation, and Section VI investi-
gates the order of the approximations when used for Bayesian
inference.

II. THE EXECUTIVE’S PROBLEM

The decision-maker is the president of semiconductor opera-
tions for a multinational Fortune 500 company in the San Fran-
cisco Bay area. He has just attended a board meeting in which
he heard news from the engineering department about the tech-
nical difficulties that may arise in the company’s current line of
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Fig. 1. Decision diagram and generic tree for the decision.

semiconductor test equipment: the product is currently opera-
tional but produces occasional intermittent failures during oper-
ation. The market for this line of semiconductor test equipment
is a small niche market with two main players. The company’s
main competitor is also launching a similar product but lacks
some technical know-how on design implementation. The com-
petitor is interested in acquiring this product to expedite the time
needed to launch his own product and to increase his market
share.

The decision-maker realizes he has two decisions to make.
The first decision is whether to continue funding this line of
products till launch or to sell it to the competitor, who has sub-
mitted a bid of $25 million dollars. If the decision maker decides
to continue funding the project, he will have to make a second
decision about the selling price differentiation for this product:
whether to sell at a premium price of $8 million or a market
price of $5 million per machine.

The president consults the engineering and marketing de-
partments to learn about their experience with similar types of
Hi-Tech products. The directors of both departments emphasize
that the following uncertainties are most important to the deci-
sion situation.

1) Technical success. This is determined by the ability of
the company to include all of the desired technical up-
grades, a partial modification upgrade, or no upgrades be-
fore launching the product.

2) Cost. These include the fixed overhead costs and variable
costs needed to further support the product and implement
the upgrades. The director of marketing also provided es-
timates about the Cost needed to market the product once
it is out of the R&D phase.

3) Number of units sold. The director pointed out that the
demand for the product would change significantly ac-
cording to whether or not the product had the full tech-
nology upgrade.

4) Competitor reaction. The competitor may decide to sell
their own product at the market price, sell at a premium
price or enter into a price war and bring down their selling
price. Judging by past experience and the size of the com-
petitor, the data suggests that it is more likely the com-
petitor will enter into a price war to force them out of the
market or at least make their upgrade economically infea-
sible. The life cycle for this line of test equipment is short
so it is unlikely that the competitor will start with a price
war, and then change their prices later.

The decision diagram for this situation is shown in Fig. 1.
The value node represents the profit in dollars coming from this
product and is determined by

Since this line of products represents a small fraction of the
overall projects for the multinational company, they are risk-
neutral within this range of monetary prospects; they value deals
at their expected value.

In some cases that arise in practice, conditional probability
independence conditions may exist among the variables and
reduce the number of assessments needed. In this particular
decision, situation Cost is conditionally independent of both
Competitor Reaction and Number of Units Sold given Technical
Success. In other cases, however, probability independence con-
ditions may not exist and, thus, we would need a number of as-
sessments on the order of . The large number of probability
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assessments needed makes eliciting a joint distribution, using
the classical marginal-conditional approach, a difficult task to
perform in practice.

In Section III, we provide a review of the maximum entropy
method for constructing joint distributions and formulate this
decision problem using the maximum entropy approach.

III. MAXIMUM ENTROPY FORMULATION

A. Interpretation of the Discrete Entropy Expression

In 1948, Shannon [14] introduced a measure of uncertainty
about a discrete random variable having a probability mass
function as

(1)

He called this term entropy, which is also a measure of the
amount of information needed to describe the outcome of a dis-
crete random variable. Shannon’s entropy expression marked
the beginning of the information age and the dawn of a new sci-
ence called “Information Theory.” It has now become a unifying
theory with profound intersections with Probability, Computer
Science, Management Science, Economics, Bioinformatics, and
many other fields. To get an intuitive feel for the entropy expres-
sion, let us consider the following example.

B. Example: The Entropy of a Discrete Random Variable

A random variable, , can have four possible outcomes
{0,1,2,3}, with probabilities (1/2,1/4,1/8,1/8), respectively. Let
us calculate the entropy of using base two for the logarithm
in the entropy expression

(2)

One intuitive way to explain this number is to consider
the minimum expected number of binary (Yes/No) questions
needed to describe an outcome of . The most efficient way
to ask the questions in this example is to start by asking about
the outcome with the highest probability of occurrence: i.e., we
ask “Is ?” If it is, then we have determined in one
question. If it is not, then we ask “Is ?” Again, if it is
correct, then we have determined in two questions, if it is
not, we ask “Is ?” We do not need to ask “Is ?”
because if it is not 0, 1, or 2, then it must be 3. The expected
number of binary questions needed to determine is

(3)

This result provides an intuitive interpretation for the entropy
of a discrete random variable as the expected number of ques-
tions needed to describe its outcome. While this equality does
not always hold, an optimal question selection process always

exists using coding theory such that the expected number of
questions is bounded by the following well-known data com-
pression inequality (explained in detail in [15, p. 87])

(4)

The entropy expression, thus, provides some notion of the
amount of information needed to describe the outcome of a dis-
crete random variable. The fact that binary questions were used
in this example corresponds to the base two in the logarithm
of the entropy expression. The interpretation of entropy as the
expected number of questions also shows that the entropy of a
discrete variable is nonnegative.

C. Interpretation of the Relative Entropy

Kullback and Leibler [16] generalized Shannon’s definition
of entropy and introduced a measure that is used frequently
to determine the “closeness” between two probability distribu-
tions. The Kullback–Leibler (KL) measure of a distribution
from a reference distribution is

(5)

The KL-measure is also known as the relative entropy or cross
entropy. The KL-measure is nonnegative and is zero if and only
if the two distributions are identical. However, it is not sym-
metric and does not follow the triangle inequality. As a result, it
is not a distance measure but rather a measure of directed diver-
gence of from . The following example provides an intuitive
interpretation for the KL-measure.

D. Example: The Relative Entropy

Consider another person wishing to determine the value
of the outcome of in the previous example. However, this
person does not know the generating distribution and be-
lieves it is generated by a different probability distribution

. The KL-measure of the distribution
from is equal to

(6)

Now, let us calculate the expected number of binary questions
needed for this second person to determine . His question or-
dering based on the distribution would be “Is ?,” “Is

?,” “Is ?” The expected number of binary ques-
tions needed to determine is

(7)

Note that the difference in the expected number of questions
needed to determine for the two persons is equal to

.
This example provides an intuitive interpretation for the

KL-measure when used as a measure of “closeness” between
a distribution and another distribution, . We can think of
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the KL-measure as the increase in the number of questions that
distribution would introduce if it were used to determine
the outcome of a random variable that was generated by the
distribution . In coding theory, the relative entropy has an
equivalent interpretation as the increase in expected length of
the optimal code needed to describe a discrete random variable
whose probability distribution is whose probability distribution
is and the coding is based on the distribution [15].

E. Maximum Entropy and Minimum Cross Entropy Principles

In 1957, Jaynes [17] built on the concept of entropy and pro-
posed a method for assigning probabilities based on partial in-
formation. This is called the maximum entropy principle and is
stated from his original paper as follows:

In making inferences on the basis of partial information,
we must use that probability distribution which has max-
imum entropy subject to whatever is known. This is the only
unbiased assignment we can make; to use any other would
amount to arbitrary assumption of information, which by
hypothesis we do not have.
The maximum entropy principle is considered to be an exten-

sion of Laplace’s principle of insufficient reason as it assigns
equal probabilities to all outcomes when no further informa-
tion is available except that the probabilities are nonnegative and
sum to one. Furthermore, the maximum entropy principle allows
us to incorporate additional information that may be available
in many real-life decision problems. This additional informa-
tion can have several forms such as moment constraints, proba-
bility constraints, and shape constraints. As a result, maximum
entropy methods have found several applications for assigning
univariate distributions in decision analysis (see, for example,
[18] and [19]). In Appendix I, we review the solution to the
maximum entropy formulation given moments and probability
constraints.

The maximum entropy principle can also be applied to con-
struct joint distributions using lower order assessments. When
only the marginal distributions are available, the maximum en-
tropy joint distribution assumes probabilistic independence be-
tween the variables (see, for example, [20]). This assignment,
however, does not capture interdependencies that may occur in
decision analysis practice. A natural extension is to consider the
maximum entropy joint distribution given pairwise assessments
between the variables. For example, the maximum entropy for-
mulation of a joint distribution of four variables (not necessarily
binary) given the knowledge of the pairwise joint assessments
is

such that

(8)

where the subscripts refer to the variables in the order of as-
sessment provided. For example, refers to the joint prob-
ability of the th outcome (branch of the tree) of the first vari-
able, the th outcome of the second variable, the th outcome of
the third variable, and the th outcome of the fourth variable. A
dot “ ” means that variable has been summed over. For example

refers to the pairwise joint probability of the second branch
of the first variable and the third branch of the forth variable.

Evaluating the Lagrange multiplier for (8), and equating its
first partial derivative with respect to with zero gives

(9)

where ’s are the Lagrange multipliers for the constraints and
the subscript notation is the same as that for the probability no-
tation [for example, corresponds to the constraint which
has the pairwise assessment in (8)], and is a normal-
izing constant.

Formulations similar to (8) can also be solved using iterative
methods (see, for example, Ku and Kullback [21] who devel-
oped iterative solutions to approximate discrete maximum en-
tropy distributions). Other solution approaches also take a look
at the dual optimization problem [22]. With the advancement
of high-speed computing in the last two decades, maximum en-
tropy solutions can now be obtained numerically using many
software packages. Some of these packages include the Solver
in Excel, Matlab, Mathematica, as well as many other programs.
In Appendix II, we provide, as an illustration, a Maltab code to
determine the maximum entropy joint distribution using lower
order assessments.

In a similar manner, the solution to the maximum entropy
formulation for four variables using three-way joint assessments
is

(10)

We now have a whole range of maximum entropy joint distri-
butions for the four-variable joint distribution, depending on the
amount of information that is available (or is feasible to assess).
These include 1) assigning equal probabilities to all outcomes
when no further information is available; 2) assigning a joint dis-
tribution equal to the product of the marginal distributions when
only the marginal distributions are available; 3) assigning the
solution proposed by (9) when only the pairwise distributions
are available; and 4) assigning the solution proposed by (10)
when the three-way joint distributions are available. In addition,
we may have other formulations that include only a fraction of
the number of lower order assessments needed, or moments and
pairwise correlation coefficients between the variables.

A natural question now is how we can assess whether some
higher order marginals or some different types of marginals
are needed for a given problem if the actual joint distribution
is unknown. The answer to this question will be the focus of
the next three sections. In particular, we will conduct a Monte
Carlo simulation to test the accuracy of the approximations pro-
vided by the lower order probability assessments when applied
to a particular decision situation. First, we discuss a generaliza-
tion of the maximum entropy principle, known as the minimum
cross-entropy principle below.
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TABLE I
TOTAL VARIATION VERSUS TWICE MAXIMUM DEVIATION

The minimum cross-entropy principle incorporates into the
formulation a prior probability distribution for the variable
of interest. Minimum cross-entropy formulations minimize
the KL-divergence measure of a distribution from a prior
distribution and satisfy the available information constraints.
The maximum entropy principle is a special case of the min-
imum cross-entropy principle when the prior distribution is
uniform.

Now, we review another common measure of “closeness” be-
tween two distributions, known as the total variation, and pro-
vide an interpretation for it below.

F. Total Variation

The total variation between a probability distribution and
a probability distribution with outcomes is

(11)

where and are the probabilities assigned to outcome for
distributions and , respectively.

The total variation between two distributions is zero if and
only if the two distributions are identical. Furthermore, half the
total variation is the upper bound on the maximum deviation

between any two discrete probabilities in the dis-

tributions and [23]. For example, consider the two distribu-
tions and shown in Table I. Each distribution has four pos-
sible outcomes. The maximum deviation between and in
the top table is 0.2487 and the total variation is 0.804. The total
variation is higher than twice the maximum deviation. On the
other hand, in the second table, we have a maximum deviation
of 0.3554 and a total variation of 0.7109. The maximum devia-
tion, thus, achieves its upper bound of half the total variation.

For the case of two-outcome and three-outcome distributions,
the total variation is in fact always equal to twice the maximum
deviation between them. However, as the number of variables
increases, the total variation may exceed the maximum devi-
ation by a factor greater than 2. We note here that Kullback
[24] developed a lower bound on the KL-measure between
two distributions in terms of their total variation. Several other
authors have also compared distributions according to entropy
measures. See, for example, [25]–[27] who provide several
applications and unification of information indices.

Building on the previous discussion, we now discuss the per-
formance of the maximum entropy approximation based on the

total variation measure, the maximum deviation, and the rela-
tive entropy using a Monte Carlo simulation. As we discussed,
this is equivalent to a uniform reference prior distribution
in the minimum cross-entropy formulation. Other formulations
can include different forms of the distribution . Next, we il-
lustrate how a decision maker can determine the order of each
approximation and the percent of error in dollar values for a
given decision situation before conducting any of the probability
assessments.

IV. MONTE CARLO SIMULATION

A. Simulation Steps When No Further Information is Available

In the analysis of our problem, each of the four variables is
discretized to three possible outcomes. To determine the order
of the approximation provided by each of the lower order as-
sessments, we conducted a Monte Carlo simulation to simu-
late a discrete four-variable joint distribution, with each vari-
able discretized to three outcomes. The simulation method uses
a data set that is uniformly sampled from the space of all-pos-
sible outcome joint distributions, and provides
a general estimate of the order of the approximation provided.
The simulation was run using the PC version of Matlab v 7 in
the following steps.

Step 1) Generate a outcome joint probability
distribution uniformly from the space of possible
outcome joint probability distributions. To generate
a joint distribution uniformly, we carried out the
following procedure.
a) Generate independent samples,

from a uniform [0,1]
distribution.

b) Sort the generated samples from lowest to
highest to form an order statistic

. This method generates an order
statistic uniformly from the space of all pos-
sible values.

c) Take the difference between each two consecu-
tive elements of the order statistic

.
The increments form a outcome probability

distribution that is uniformly sampled from the
space of possible outcome probability distri-
butions. For more information on this sampling
method and on the distributions of order statistics,
we refer the readers to [28]. To further characterize
the simulation data set given that there are categor-
ical (nonnumeric) variables present, we assigned
numerical values of 0, 1, and 2 to the three out-
comes of each of the four variables and calculated
the correlation coefficients. (Of course, the values
of the correlation coefficients may change for dif-
ferent values assigned to the outcomes.) Table II
shows the range and mean values of the pairwise
correlation coefficients that were generated as-
suming values of 0, 1, and 2 for the outcomes.

From Table II, we see that the average value
of the pairwise correlation coefficients generated
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TABLE II
RANGE AND MEAN VALUES OF CORRELATION COEFFICIENTS

TABLE III
SIMULATION RESULTS FOR MAXIMUM ENTROPY APPROXIMATION

in the 5000 samples was zero, and that the range
of the correlation coefficients was approximately
[ 0.6,0.5].

Step 2) Compute the lower order: 1) marginal distributions;
2) pairwise distributions; and 3) three-way joint dis-
tributions for the outcome joint distributions that
were generated in Step 1.

Step 3) Calculate the maximum entropy joint distribution
given: 1) marginal distributions; 2) pairwise distri-
butions; 3) three-way distributions; and 4) the equal
probability distribution (no information is available
except that probabilities are nonnegative and sum to
one).

Step 4) Calculate the total variation, maximum deviation,
and relative entropy measures between the proba-
bility distribution generated in Step 1 and the ap-
proximations obtained in Step 3.

Step 5) Repeat steps 1)–4).
The simulation results for the maximum deviation, total vari-

ation, and relative entropy are shown in Table III.
From Table III, we see the order of the approximation pro-

vided by the maximum entropy approach for the generated data
set. We observe that there is a significant reduction in the mean
values of the maximum deviation; total variation, and relative
entropy as higher order probability assessments are incorpo-
rated into the formulation. For example, we see that ratio of
the mean of the maximum deviations of the three way to the
pairwise assessments is %, this ratio
for the total variation is %, and for the
relative entropy is %. Note also that
the expected value of the maximum deviation obtained using
three-way assessments is on the order of 0.0085, a small de-
viation in many problems. We do observe, however, that while
these deviations appear to be small in magnitude, they are in fact
comparable to the order of .

B. Simulation Incorporating Specific Knowledge About the
Decision Situation

In many cases, additional information may be available about
the joint distribution under consideration. For example, we may

have bounds on some of the joint probabilities or have knowl-
edge of certain dependence structures between the variables.
This information can be used to generate data sets that are spe-
cific to that particular decision situation, and can help the deci-
sion maker determine the order of the different approximations
before any probability assessments are made. In this section, we
present an example that incorporates knowledge of certain de-
pendence structures that may be available to the decision maker
in a practical decision situation before any probability assess-
ments are made. For example, suppose the executive believes
that

His rationale is that the competitor will be more likely to in-
dulge into a price war if he feels that the executive’s product is a
superior product and that it has had great technical success. This
information can be incorporated into the simulation data set as
follows.

First, we generate the marginal probabilities for Technical
Success. This is achieved by generating two samples, ,
from a uniform [0,1] distribution, sorting them in ascending
order to obtain , , and taking the increments , ,

. The increments form the three marginal probabilities for
the variable Technical Success.

Next, we incorporate the dependence structure for Com-
petitor Reaction given Technical Success. To do that, we
generate three samples from a uniform [0,1] distribution and
sort them, to get . The sorted probabilities
represent the probability of Competitor Reaction=“Price War”
given Technical Success=“Full Upgrade,” “Partial Upgrade,”
and “No Upgrade,” respectively.

We can also incorporate other dependence structures such as
the Competitor Reaction being Premium Price given Technical
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TABLE IV
RANGE AND MEAN VALUES OF CORRELATION COEFFICIENTS

TABLE V
SIMULATION RESULTS FOR MAXIMUM ENTROPY APPROXIMATION

Success. For example, suppose that the decision maker also be-
lieves that

His rationale is that the competitor would be more likely
to sell his product at a premium price if the executive’s
product did not include the upgrades. To incorporate this
dependence structure, we now generate three samples, , ,
and , from the uniform distributions ,

, and and sort them
to get . The sorted probabilities represent the
probability of Competitor Reaction=“Premium Price” given
Technical Success=“No Upgrade,” “Partial Upgrade,” and
“Full Upgrade,” respectively. The conditional probabilities for
Competitor Reaction=“As Is” is determined by requiring the
conditional probabilities to sum to one.

In a very similar manner, we can incorporate dependence be-
tween Technical Success and Cost using the knowledge that

and that

Furthermore, for a given level of Technical Success, we may
have some beliefs that is larger when
the competitor’s price is higher. For example

This additional information can be incorporated using a pro-
cedure similar to the ones described above; we generate condi-
tional probabilities and sort them in correspondence with the
given information. Furthermore, to incorporate the three-way
dependence between Technical Success, Competitor Reaction,
and Number of Units Sold, we assumed that for a given level of
Competitor Reaction that
is larger when Technical Success is improved.

Recall also that, in this example, Cost was conditionally in-
dependent of both Competitor Reaction and Number of Units
Sold given Technical Success. We incorporated this information
into the simulation data set by generating a conditional proba-
bility distribution of Cost given Technical Success separately,
and then multiplying it by the joint distribution of the remaining
three variables. Note that this is performed prior to any numer-
ical probability assessments. The mean and range of correlation
coefficients generated assuming values of 0, 1, and 2 for the out-
comes is shown in Table IV.

From Table IV, we see that incorporating dependence as
described above has resulted in more representative values of
correlation coefficients for this particular decision problem than
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the case of uniform sampling. For example, note that the range
of correlation coefficients generated for Technical Success
and Cost is nonnegative, which makes intuitive sense for this
problem.

The simulation results for the maximum deviation, total vari-
ation, and relative entropy are shown in Table V.

The first observation we note from Table V is that the mean
value for the maximum deviation of the joint distribution
constructed using the marginal distribution is much smaller
(approximately half) than that using the uniform probability
assumption. This can be compared with the case of uniform
sampling of Table III. Thus, the maximum entropy joint dis-
tribution constructed for the executive’s problem improves
significantly by including the marginal probabilities rather than
simply assigning equal probabilities.

The second observation we note from Table V is that the max-
imum deviation using pairwise assessments 0.0064 is signifi-
cantly less than that using only the marginal assessments 0.1149
(approximately 5% of the deviation with marginal assessments).
These numbers illustrate the importance of incorporating de-
pendence between the variables in the executive’s problem, and
also show how characterizing the properties of the existing set
of test distributions for the given problem can provide a more
representative assessment of the order of the approximation pro-
vided than merely uniformly sampling the space of possible test
distributions. The value of the maximum deviation obtained for
the pairwise assessments of Table V, suggests that the error in
expected value calculations for the dollar amounts of each al-
ternative will be small if the decision maker provides pairwise
assessments in a decision situation which has the same depen-
dence structure as the one considered in the simulation study.

Note that the maximum deviation, total variation, and relative
entropy for the three-way assessments are all equal to zero in
Table V. This should not come as a surprise since the data set did
in fact incorporate the conditional independence of Cost on both
Competitor Reaction and Number of Units Sold given Tech-
nical Success. Thus, the three-way assessments actually con-
tain all the information needed to determine the joint distribu-
tion for this problem. The zero deviation results obtained for the
three-way assessments confirm that the maximum entropy dis-
tribution yields the exact joint distribution if all the information
about the joint distribution is incorporated into the constraints.

Figs. 2 and 3 show the cross-plots obtained from the simu-
lation results. The clustering of points above the line indicates
the improvement provided by a higher order assessment over a
lower one.

C. Estimating the Error in Dollar Values

We now show how to place a dollar value on the accuracy
of the maximum entropy approximations for a given deci-
sion alternative prior to making any probability assessments.
Using the same data set that was generated for the Executive’s
Problem, we recorded the mean and standard deviation of the
expected value of profit using the dollar values for “Price=Pre-
mium Price” alternative, for each of the maximum entropy
approximations, for each of the generated distributions. The
simulation results are shown in Table VI.

Fig. 2. Cross-plot of total variation between the equal probabilities
approximation and the marginal constraints approximation.

Fig. 3. Cross-plot of total variation between the marginal constraints
approximation and the pairwise approximation.

TABLE VI
MEAN AND STANDARD DEVIATION FOR EXPECTED VALUE OF PROFIT FOR

“PRICE=PREMIUM PRICE” USING MAXIMUM ENTROPY APPROXIMATIONS

Fig. 4. Node ordering supplied by the decision-maker.

Note that the expected values of the “Price=Premium Price”
alternative given the equal probability and marginal constraints
assumptions are quite different than that obtained using the pair-
wise and three-way approximations. This can be explained by
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Fig. 5. Elicitation of pairwise joint distributions for the “Price=Premium Price” alternative in the executive’s problem.

observing that the average maximum deviation for the pairwise
approximation was very small (0.0064, with a standard devia-
tion of 0.0042). With such small deviation values, the executive
can determine whether it is worth proceeding from the pairwise
approximation to the three-way assessments or to use only pair-
wise assessments and construct the joint distribution using the
maximum entropy method. Table VI shows that, in our example,
choosing the pairwise assessments would be satisfactory.

While Table VI corresponds to dollar values that were used
in the actual analysis of this decision situation, we observe that
the same methodology can be used to determine the errors pro-
vided by each approximation for any other decision situation,
and before any probability assessments are made.

V. BACK TO THE EXECUTIVE’S PROBLEM

Now, we return to the executive’s problem and show how he
can use the previous analysis to think about constructing a joint
distribution using lower order assessments. Recall that, in our
example, the pricing decision influences the Competitor Reac-
tion and the Number of Units Sold, so he will need to repeat the
analysis to obtain a joint distribution for each pricing alternative.
We will show the analysis for the “Price=Premium Price” alter-
native only but the same steps will apply for the “Price=Market
Price” alternative.

Based on the previous discussion, the first step in the con-
struction of the joint distribution is to determine the accuracy
of each approximation provided. From Table V, we see that we
can expect an average value for the Maximum deviation using

pairwise assessments equal to 0.0064, and from Table VI, we
see that the average value of the expected dollar values is very
close to that using the three-way assessments for this decision
situation. Using this information, the executive decides to use
pairwise assessments for this problem.

As we have mentioned, the decision diagram of Fig. 1 implies
that the Cost is conditionally independent of both the Number of
Units Sold and the Competitor Reaction if we know the Tech-
nical Success. Therefore, he can assess Cost given Technical
Success first and construct a joint distribution of the remaining
three-variables (Technical Success, Competitor Reaction, and
Number of Units Sold) separately.

Step 1) Ordering the nodes.
Now, the decision-maker orders the variables in

the way he feels most comfortable reasoning with
and assessing. This is an important step since any
conditional probabilities elicited later will be con-
ditioned in this order. The order provided by the de-
cision maker in this example is shown in Fig. 4 from
left to right.

Step 2) Eliciting the lower order joint distributions.
Now, the decision maker provides the pairwise

assessments for his decision situation. Fig. 5(a)–(c)
shows the assessments for the joint distribution
of three variables (Technical Success, Number
of Units Sold, and Competitor Reaction), and
Fig. 5(d) shows the conditional assessment of Cost
given Technical Success.
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Fig. 6. Cumulative distributions for profit for the two alternatives and the bid.

TABLE VII
MEAN AND STANDARD DEVIATION FOR EXPECTED PROFIT FOR EACH DECISION

ALTERNATIVE USING THE PAIRWISE ASSESSMENTS

Once again, the subscripts for the probabilities at
the end of each tree in Fig. 5 refer to the variables in
the order provided by the decision maker in Step 1.
For example, the notation refers to the sum
of all joint probabilities with the first variable equal
to the second branch (Technical Success=“Partial
Upgrade”) and the forth variable equal to the third
branch (Cost=“Low”). Note that the probability as-
sessments have the same dependence structures that
were used to generate the data set for the simulation
study.

Step 3) Constructing the joint distribution.
Given the marginal and pairwise distributions, we

can now solve formulation (8) to obtain a maximum
entropy joint distribution, or any other minimum
cross-entropy formulation.

Fig. 6 shows the maximum entropy cumula-
tive distribution for profit for each of the de-
cision alternatives using the pairwise approxi-
mation. The curves show stochastic dominance
for the Price=“Premium Price” alternative over
Price=“Market Price” alternative.

Table VII compares the mean and standard deviations for
profit calculated for the different alternatives using the pairwise
assessments. They can be compared with the $25 million bid
submitted by the competitor.

From the previous analysis, the best alternative was to con-
tinue funding the project and to choose the “Price=Premium
Price” alternative as the selling price to the customers.

A. Comparison With the Test Distribution

Fig. 7 shows a comparison between the vari-
able joint distribution that was used to construct the pairwise as-
sessments of Fig. 5, and the maximum entropy joint distribution
using pairwise assessments. The numbers on the horizontal axis

Fig. 7. Comparison of the joint distribution with its pairwise approximation.

TABLE VIII
NUMERICAL VALUES FOR THE JOINT DISTRIBUTION USED IN THE EXAMPLE

AND THE MAXIMUM ENTROPY PAIRWISE APPROXIMATION

represent the 81 discrete probabilities, where the number 1 rep-
resents the probability , and the number 81 represents the
probability . The total variation between the two distribu-
tions is 0.02, which is a fairly small difference, as we discussed
earlier. The relative entropy is 0.0024, and the maximum devi-
ation is 0.0016.

Table VIII shows the numerical values for the 81 discrete
probabilities and the maximum entropy solution using pairwise
constraints.

The previous example illustrates a decision situation where
the pairwise approximation was sufficient to approximate the
joint distribution. In the next section, we discuss the accuracy
of the lower order approximations when some of the outcomes
of the uncertainties are revealed.
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TABLE IX
SIMULATION STATISTICS FOR “NUMBER OF UNITS SOLD” AFTER BAYESIAN INFERENCE

VI. BAYESIAN INFERENCE WITH THE MAXIMUM

ENTROPY DISTRIBUTION

Nine months later, the executive heard from the engineering
department that they had a “Full Upgrade” in Technical Suc-
cess. He also heard from the marketing department that their
competitor would start a “Price War” because their product was
still inferior. Furthermore, the weakening of the dollar against
foreign currencies incurred “High Costs” in manufacturing. In a
final attempt to gain market share, and with concerns about the
growing technical success of the product, the competitor offered
a new bid of $38 million.

After receiving this new information, the only remaining
uncertainty is Number of Units Sold. From Fig. 5, we can de-
termine the marginal distribution of Number of Units Sold prior
to receiving this information as

, ,
. As we shall

see, however, using this prior distribution may lead to errors
in decision making. The executive is now interested in the
posterior distribution for the Number of Units Sold given
this new information, and wonders about the order of the
approximation provided by the maximum entropy distribution
when used in Bayesian inference. To answer this question,
we conducted a simulation study to determine the order of
the approximations provided. We generated joint distributions
using the simulation data set of the Executive’s problem and,
for each distribution, determined the conditional probabilities
of given Technical Success=Full
upgrade, Competitor Reaction=Price War, and Cost=High for
all values of , Medium, and Low.

We compared these values to the values obtained using each
of the maximum entropy approximations. Table IX shows the
total variation, maximum deviation, and relative entropy for
the updated distribution of Number of Units Sold obtained
using the test distributions and the pairwise maximum entropy
approximations.

From Table IX, we note that the maximum deviation using
the marginal distributions is on the order of 0.28. This implies
that the joint distributions constructed using the independence
assumption may lead to errors in the probabilities that are sig-
nificant when additional information is revealed. Furthermore,
we note that there is significant reduction in maximum deviation
when we incorporate the pairwise constraints. The mean value
of the maximum deviation using pairwise assessments is 0.0327
(about 90% reduction from the maximum deviation of 0.287 ob-
tained using only the marginal assessments). Table VIII shows,
again, that the three-way distributions are sufficient to determine

Fig. 8. Posterior distributions using (a) pairwise approximation and (b) actual
distribution, after outcomes of technical success, competitor reaction, and cost
have been revealed.

the full joint distribution, so the maximum deviation, total vari-
ation, and relative entropy are all equal to zero.

Fig. 8(a) shows the updated distribution for Number of Units
Sold using pairwise assessments obtained after revelation of the
new information. The expected value of the “Price=Premium
Price” alternative is now 35.3 M. Fig. 8(b) shows the actual dis-
tribution for Number of Units Sold for the joint dis-
tribution after conditioning on the new information. The latter
distribution gives an expected value of $35.4 M. The two distri-
butions have a maximum deviation of 0.0096, a total variation of
0.0192, and relative entropy of 0.0003. These results are within
the ranges of the results of Table IX, by which the executive
decided to perform the updating using the maximum entropy
pairwise approximation. The optimal decision was to accept the
new bid and sell the line of testing equipment to the competitor.

We observe here that using the prior distribution for Number
of Units Sold to assess the new situation would have yielded an
expected value of $31.8 M, which would lead the semiconductor
company to undervalue the deal by a significant amount. For ex-
ample, if the competitor had offered them a bid of $33 M, they
would have accepted it when, in fact, their expected value for the
deal is now $35.3 M. This situation illustrates that when we do
have knowledge of a certain dependence structure between the
variables, using only marginal assessments may produce signif-
icant errors in the decision making process, as they would not
update with new information.

Using pairwise assessments helps incorporate some form of
dependence between the variables. In this example, pairwise
assessments led to a maximum entropy joint distribution that
provided satisfactory results when used in the analysis of the
problem and in Bayesian inference. In general, however, this
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may not be the case, and the performance of the pairwise as-
sessments may not be as satisfactory when the number of vari-
ables increases. In these situations, which can be determined by
simulation, it would be prudent to reassess the probability dis-
tribution for a particular variable in light of the new informa-
tion. Note, however, that this new assessment is easier, since it
involves fewer probability assessments, as the outcomes of sev-
eral variables are revealed.

VII. CONCLUSION

In many situations that arise in practice, decision makers
often ignore the dependence relations among the variables of
the decision situation in their analysis. As we have seen, this
independence assumption leads to errors that can lead to sub-
optimal decision alternatives. On the other hand, the difficulty
of the joint probability assessment may be a large barrier to
incorporating dependence in the analysis because of the need
to condition the assessments on several variables.

The primary purpose of this paper was to illustrate the use
of the maximum entropy method for constructing joint distri-
butions in decision analysis practice, and to illustrate the order
of the approximations that may result when incorporating lower
order dependence relations before any probability assessments
are made. We have seen how simulations can provide insights
into the accuracy of the approximations provided, in terms of
maximum deviations and errors in dollar values. Furthermore,
we have shown how to incorporate qualitative knowledge about
the nature of the dependencies into the simulation data set.

In the executive’s problem, the error we encountered using
the pairwise assessments was sufficiently small to justify their
use in the analysis of the problem. In other situations, this may
not be the case, particularly when the number of variables in-
creases. However, the methodology that we have used in this
example can be applied in many other decision situations to de-
termine the order of the approximations provided by the lower
order marginals before any probability assessments are made.
Using simulation analysis, we can then determine the tradeoff
between the number of assessments needed and the accuracy of
the results.

The second purpose of this paper was to familiarize the
readers with the maximum entropy approach and its ability
to incorporate many types of partial information. Maximum
entropy applications have found great popularity in source sepa-
ration, natural language processing, space communications, and
many other fields. The applications in this paper emphasized
the use of the maximum entropy formulation in solving discrete
decision analysis problems using lower order joint probability
assessments. Other applications include aggregating expert
forecasts using lower order dependence relations between the
experts, and maximum entropy and minimum cross entropy
formulations for continuous variables.

The convenience of the approximations provided by the max-
imum entropy and minimum cross-entropy formulations, and
the generality of their applications provide an incentive for their
use in constructing joint probability distributions in decision
analysis practice. The calculations presented in this paper used

numerical software packages that were run on a personal com-
puter, but many maximum entropy formulations can even be
derived graphically or using spreadsheets with simple sensi-
tivity analysis. See, for example, [29] that also includes formu-
lations for maximum entropy distributions with upper and lower
bounds on the probabilities. We also look forward to seeing
enhancements in existing decision analysis software packages
that construct maximum entropy joint distributions using lower
order assessments, or other types of information that is avail-
able. These enhancements will provide the convenience for the
decision analyst to work on one common platform throughout
the analysis, and to incorporate many types of partial informa-
tion about the variables of the decision situation using the max-
imum entropy joint distribution.

APPENDIX I
REVIEW OF MAXIMUM ENTROPY SOLUTION

Consider the following maximum entropy formulation for a
distribution with outcomes and the following constraints on
its probabilities:

such that

(12)

These constraints can have several forms. For example, if
no further information is available except the probability dis-
tribution is nonnegative and sums to one, then ,

. On the other hand, if we know the first moment of
the distribution, then and ,

, etc.
Using the Method of Lagrange multipliers, we take the

Lagrange operator for (12) as

(13)

Now, we take the first partial derivative of (13) with respect
to , and equate it to zero to get

(14)

Rearranging (14) gives

(15)

When , , the maximum entropy
probability density is uniform. If only the first moment is avail-
able, the maximum entropy solution is an exponential distribu-
tion on the positive domain. If only the first and second moments
are available, the maximum entropy solution is a Gaussian dis-
tribution on the real domain [30].
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TABLE X
GIVEN 2 � 2 � 2 JOINT DISTRIBUTION

TABLE XI
INDEPENDENT PAIRWISE ASSESSMENTS FOR GIVEN 2� 2� 2 DISTRIBUTION

TABLE XII
MAXIMUM DEVIATION, TOTAL VARIATION, AND RELATIVE ENTROPY

APPENDIX II
MATLAB CODE FOR MAXIMUM ENTROPY SOLUTION

Suppose we wish to find the maximum entropy distribution
for the following joint distribution using its pairwise
constraints (Table X).

Note that while there are a total of 12 pairwise assessments
that can be made, there are only seven independent pairwise
assessments. Thus, even the full pairwise assessments are re-
dundant. The independent pairwise assessments are shown in
Table XI.

We can solve this problem in Matlab using the function
“fmincon,” which minimizes a convex function (maximizes a
concave function) subject to linear equality or inequality con-
straints. The pairwise constraints can be expressed as ,
where is a matrix that selects the pairwise probabilities from
the maximum entropy distribution, is a vector that enters the
pairwise probability assessments (of Table XII) into Matlab,
“fmincon” is the function we use to solve the problem, is
the initial guess of the maximum entropy solution, and and

are lower and upper bounds on the probability values.
Matlab code for the maximum entropy joint distri-

bution given pairwise assessments:

Solution

Table XII shows the maximum deviation, total variation, and
relative entropy of the joint distribution and the max-
imum entropy pairwise approximation.
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