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Abstract

Applying Graphical Models to Partially Observed Data Generating Processes
by Rebecca Ayesha Ali

Chair of Supervisory Committee:

Professor Thomas S. Richardson
Statistics

Model specification is an important part of statistical analyses, particularly in the absence
of background knowledge. This thesis makes advances in graphically representing partially
observed processes in a way that can facilitate the model search process. Graphical Markov
models have been used in fields as diverse as economics, social sciences, computer science,
and engineering, particularly when the data-generating process is unknown. Structural
equation models from economics, path diagrams from the social sciences, Bayesian net-
works from computer science and Kalman filters from engineering are examples of graphical
models.

Ancestral graphs provide a class of graphs that can encode conditional independence
relations that arise in directed acyclic graph (DAG) models with latent and selection vari-
ables, corresponding to marginalization and conditioning. However, for any ancestral graph,
there may be several other graphs to which it is Markov equivalent. I introduce a simple
representation of a Markov equivalence class for ancestral graphs, thereby facilitating the
model search process for a model given some data.

More specifically, I define a join operation on ancestral graphs which will associate a
unique graph with an equivalence class. I extend the separation criterion for ancestral
graphs (which is an extension of d-separation) and provide a proof of the pairwise and

global Markov properties for joined ancestral graphs. 1 also demonstrate that minimal






j-connecting paths, (see Definition 3.1.1) take on a special structure.
Keywords: maximal ancestral graphs, joined graphs, Markov equivalence, DAG models,

latent and selection variables, d-separation.
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Chapter 1

INTRODUCTION

This thesis deals with the problem of model selection for models that can be represented
by graphical models with latent variables. Chapter 1 provides background on graphical
Markov models and reviews relevant results presented by other researchers. Chapter 2
introduces a new class of graphs: joined graphs. The main results of this thesis are presented
in Chapters 2 (Theorem 2.6.1) and 3 (Theorem 3.8.1) in which proofs of maximality and the
global Markov property for this new class of graphs are respectively provided. The pairwise
Markov property follows from the global Markov property for these graphs. In Chapter 3,
Corollary 3.2.1 outlines the special structure of minimal j-connecting paths (See Definition
3.1.1). Finally Chapter 4 will summarize what has been presented in the previous chapters
and discuss directions for future related research.

Graphical Markov models have been used in fields as diverse as economics, social sci-
ences, computer science, and engineering, particularly when the data-generating process is
unknown. Structural equation models, path diagrams, and Bayesian networks are examples

of graphical models.

Many of the classical multivariate probabilistic systems studied in fields such
as statistics, systems engineering, information theory, pattern recognition and
statistical mechanics are special cases of the general graphical model formal-
ism — examples include mizture models, factor analysis, hidden Markov models,
Kalman filters and Ising models. The graphical model framework provides a way

to view all of these systems as instances of a common underlying formalism.

(Michael Jordan, 1998)



1.1 Background of Graphical Markov Models

A graphical Markov model is a set of distributions that can be described by a graph con-
sisting of vertices and edges. In particular, suppose there is some data-generating process
such as treatment of a disease: the variables relevant to that system would form the vertices
(or nodes) of the graph, and the presence or absence of an edge between any two variables
encodes the conditional independence relations holding among the vertices in the graph.

The different tasks of graphical models can be divided into three stratum:

(i) If the structure of the graph is known and the parameters associated with the con-
ditional distributions encoded by the graph are known, then one can do inference,
which often amounts to working out the marginal distributions associated with single
vertices in the graph.

(ii) If the graph is known, but the associated parameters are not known, then one can
estimate the parameters associated with the conditional distributions encoded by the
graph.

(iii) If neither the graph nor the associated parameters are known, then one is often con-

cerned with structural learning, or doing model selection.

In the first two chapters, I develop relevant theoretical results relevant to this last point.
I suppose our observed data was generated by a process represented by a directed acyclic
graph (DAG) with latent and selection variables. The causal interpretation of such a DAG is
described by Spirtes et al. (1993), and Pearl (2000). There may be situations in which data
collected from a population represented by a given data-generating process D is such that:
i) measurement on some variables are unobserved (latent variables), and ii) some variables
have been conditioned on (selection variables). One might think that in this case, though
I may not be able to determine the influence of any hidden variables, I could just consider
the observed variables and at least correctly represent the independence relations among
them. Unfortunately, this is not always the case for DAG models because they are not
closed under conditioning or marginalization. This point can be better understood through

the following example.



(i)®Mcm TR ——

—*Pcp Azt ——Pcp Ap —CD4
time: 1 2 3 4 time: 1 2 3 4

Figure 1.1: (i) A DAG with a latent variable H. (ii) A model search that does not include H may
add an extra edge from Azt to CDA4.

Consider the toy example given in Figure 1.1(i)!. Azt is a drug given to AIDS patients
to increase their C D4 counts. Ap is a drug often given to AIDS patients to treat oppor-
tunistic infections. This graph pertains to the hypothetical experiment wherein subjects
are randomized to Azt at time 1 and Ap at time 3, and then the outcome, C' D4 count, is
observed some time in the future. Suppose that there are side effects associated with Azt
such that some of the patients on Azt develop the opportunistic infection Pcp, but Azt
has no effect on CD4 count. H refers to a patient’s underlying health status, which is not
observed. A subject with poor health status may be more likely to develop Pcp (observed
at time 2), and she may also be more likely to have a low C'D4 count. Note that temporal

knowledge gives a total ordering on the variables.

The DAG implies the following: (Azt1l {Ap,CD4}, Ap Ll {Azt, Pep}). In particular,
note that Azt is marginally independent of C'D4. Given data generated by this DAG,
a search over DAGs containing only the observed variables, and consistent with this time-
ordering, would asymptotically find a DAG with an extra edge from Azt to C D4 (see Figure
1.1(ii)). From such a search one could draw the incorrect conclusion that Azt influences
CD4 count. There is no DAG that can represent all of, and only, these independence
relations using the observed variables alone. One approach to this problem would be to
introduce latent variables into the model. However, introducing latent variables to a model
may remove some of the desirable properties of the statistical distributions associated with

the graph (see Settimi and Smith (1999) and Geiger et al. (1999)):

!The example given in Figure 1.1 is a fictitious experiment based on an observational study analyzed by
Hernén et al. (2000).



(a) these models may not be identifiable; the likelihood of the parameters for a specific
model may be multi-modal;

(b) inference may be highly sensitive to the assumptions made about the unobserved
variables; and

(c) the associated distributions may be difficult to characterize, in particular they may

not form a curved exponential family.

If there is detailed background knowledge about the process, then one might use a latent
variable model, and exploit this information during the model search process. However, in
the absence of background knowledge, we are in a dilemma: including latent variables
explicitly can make modelling difficult, particularly when the structure of the graph is not
known; not including hidden variables can potentially lead to misleading analyses (e.g. extra
edges may be introduced to the graph). However, ancestral graphs are a class of graphs that,
using only the observed variables, can encode the conditional independence relations given
by any data-generating process that can be represented by a DAG with latent and selection
variables. More precisely, it is shown in Richardson and Spirtes (2000) that if D is a DAG
over the vertex set V with latent variables L and selection variables S, then there exists
an ancestral graph G with vertex set V'\(S U L) which is Markov equivalent to D on the
V\(SUL) margin conditional on S. Furthermore, Richardson and Spirtes (2000) have shown
that for any ancestral graph G (DAGs form a subset of ancestral graphs) with latent and
selection variables, there are graphical operations corresponding to “marginalization” and
“conditioning” such that the resulting graph represents the independence model obtained by
taking the set of distributions represented by G and then integrating out the latent variables
and conditioning on the selection variables. The resulting graph is itself an ancestral graph
and represents the set of conditional independence relations holding among only the observed
variables. Given the selection variables, the associated statistical models retain many of the
desirable properties that are associated with DAG models. However, as with DAG models,
for any ancestral graph, there are potentially several other graphs that represent the same
set of distributions. Such graphs are said to be Markov equivalent. Consequently, data

cannot distinguish between Markov equivalent graphs.



I define a join operation on ancestral graphs which associates a unique graph with an
equivalence class. I also extend the separation criterion (See Definition 2.1.3) for ancestral
graphs (which is an extension of d-separation) and prove the pairwise and global Markov
properties for joined Markov equivalent maximal ancestral graphs. Andersson et al. (1997)
showed that the graph resulting from joining a Markov equivalence class of DAGs is a chain
graph. They also characterized the structure of this chain graph and showed that it is
Markov equivalent to the original DAGs in the equivalence class. The pairwise Markov
property for joining DAGs follows from their finding. Partial characterizations of Markov
equivalence classes for ancestral graphs have been obtained using POIPGs and PAGs by
Richardson and Spirtes (2002) and Spirtes et al. (1993). A key difference between these
authors’ works and the present investigation is that the representation given here is guar-
anteed to include all arrowheads common to every graph in the equivalence class, whereas
this is not true in the previous work. In other words, the representation here is guaranteed
to be complete with respect to arrowheads (see Meek (1995a)). The graphs described here
are analogous to the essential graph for DAGs (Andersson et al. (1997)), while previous
representations have been analogous to patterns (Verma and Pearl (1991)).

The next two chapters are organized as follows:

Chapter 2 will provide background on ancestral graphs, introduce a simple representation
of equivalence classes using joined graphs and prove the pairwise Markov property for joined
graphs. Chapter 3 looks at the structure of a special paths, minimal j-connecting paths (see
Definitions 2.2.2 and 3.1.1) in joined graphs, and presents a proof of the global Markov
property for joined graphs.

I now provide some background on DAG models, and characterizing equivalence classes

for DAGs.

1.2 Basic Definitions and Concepts

A graph G = {V, E'} is composed of a set of vertices V' and edges E such that G represents the
set of conditional independence holding among the variables in V. A subgraph of G = {V, E'}
is any graph G’ = {V',E'} such that V' C V, and every edge in G’ is also in G. The



independence model associated with a graph is the set of conditional independence relations

encoded by the graph.

1.2.1 Vertex Relations

If there is an edge between « and £ in the graph G, then « is adjacent to (sometimes referred
to as “an adjacency of”) 5 and vice versa. Table 1.2.1 provides the terminology for different

vertex relations.

Table 1.1: Vertex relation terminology for adjacencies in a graph.

Edge | o’s relation

Type to 8

a— [ | neighbour

o< spouse
a—f parent

o B child

Note that the three edge types shown in Table 1.2.1 ( — , >, —) are distinct and should be
interpreted as such. I only consider graphs in which there is at most one edge between any

two vertices.

1.2.2 Paths

A path is a sequence of edges between a and § in G that contains no repetitions. Conse-
quently, any path can be represented by a sequence of distinct vertices. If there is a directed
path from « to 8 (i.e. @ —»— ... — [3), then « is an ancestor of 3, and 3 is a descendant
of .. Also, this directed path from « to § is called an ancestral path. If there is a directed
path from « to 3 with leading undirected edges (i.e. « — — ... —— f3), then « is anterior
to B, and (8 is a non-descendant of a. Note that if « is an ancestor of 3, then « is anterior
to B as well. If there is a directed path from « to 8 and a = [ then the path forms a cycle,

or the path is termed cyclic.



The ancestor set of the vertex set Z is the union of the ancestors of every vertex in Z
(except Z itself), and this set is denoted by an(Z). The set of vertices anterior to the set
Z is the union of the all vertices anterior to each vertex in Z, (except Z itself), and this set

is denoted by ant(Z).

1.3 Directed Acyclic Graphs

Directed acyclic graphs are often used in practice to represent diverse data-generating pro-
cesses (e.g. acquisition of a disease) because they are relatively easy to work with, and
have many desirable properties. DAGs contain only directed edges (—) with the structural
constraint that no path through the graph forms a cycle. In other words, these graphs are

acyclic.

1.8.1 Desirable Properties of DAG Models

Scientists often use DAG models because there is a simple causal interpretation of these
graphs. Consider the DAG shown in Figure 1.3.1. The a < d edge can be interpreted as “d
causes a” in the sense that if [ were to intervene on variable a then there would be no change
in the distribution of d; but, if we were instead to intervene and set d to some constant,
then the distribution of a would be modified, and would equal the conditional distribution

of a given d (see Pearl (2000)).
a
“\\
b — d
/
C
Figure 1.2: An example of a directed acyclic graph (DAG).

As well, there is a natural factorization of the joint density of the vertices in a graph D.



Again, consider the DAG given in Figure 1.3.1. The joint density of D factors in the

following way:

p(a, b, c,d) = p(c)p(d)p(ble, d)p(alb, d)
For a general DAG D = (V| E), the joint density associated with D factors into a product
of the probability of each vertex conditional on its parents:

p(V) = [ p(zlparents())
eV

There are also many properties of the statistical models represented by DAGs (with no

latent variables) that make inference via graphical models convenient. In particular:

1. These models are identifiable;
2. These models belong to curved-exponential families with well-defined dimension;
3. Methods exist for fitting such models; and

4. Maximum likelihood estimates of the parameters in the statistical model exist.

1.5.2 Independence Model

A graph with vertex set V' corresponds to a joint density over the random variables indexed
by V. Associated with every graph is a set of marginal and conditional independence
relations that follow a “Markov property”. The independence model Z over the vertex set
V' is a set of triples (A, B|C), where A, B, C are disjoint subsets of V', with C' possibly being
the null set. If (A, B|C) € T then we say that “A is conditionally independent of B given C
in 77 where A, B, C each denote both a subset of vertices in V' and the respective associated
set of random variables. I write A1l B|C[P] to mean “A is independent of B conditional on
C in the distribution P” (Dawid (1979)).

A distribution P is said to be faithful or Markov perfect with respect to an independence
model 7 if:

(A,B|C)eT < AL B|C[P).

The above condition is known as a “global Markov property”. An independence model

7 is said to be probabilistic if there is a distribution P that is faithful to Z. For the DAG



shown in Figure 1.3.1 there are two relations in the associated independence model: (a_l c|b)
and (d1Lc|0). See Richardson and Spirtes (2002), Spirtes et al. (1993) and Pearl (1988).

Paths in a graph can informally be thought as a flow of information from one vertex to
another. Conditioning on a variable can either “block” a path (stop the flow of information),
or “open” the path (allow information to flow). Graphical criteria stipulate when paths are
open or blocked. Before stating the d-connection criterion, I provide a few definitions:

A collider (also known as a head-to-head node) is a set of three vertices {a, b, ¢} on a path
7 such that a — b < c. In this example, vertices a and ¢ “collide” at vertex b on the path.
This configuration is sometimes referred to as there being “a collider at b on the path 7”.
For DAGs, all other configurations for non-endpoints (¢ — b — c,a <~ b — ¢,a < b < ¢)
are termed non-colliders. Note that such configurations are relative to a specific path. In
the above example, b may be a collider on 7, but a non-collider along some other path in
the graph. If ¢ and ¢ are not adjacent, then {a, b, ¢} is unshielded; conversely, if a and ¢ are

adjacent, then {a,b,c} is shielded.

Definition 1.3.1 Pearl (1988). A path 7 between distinct vertices o and 3 in a DAG D is

said to be “d-connecting given Z” (where o, f ¢ Z and Z may be empty) if the following hold:

(i) mo non-collider on 7 is in Z, and

(ii) every collider on m is an ancestor of a vertex in Z.

Two vertices o and B are said to be d-separated given Z if there is no path d-connecting «

and B given Z.

Open paths path relate to d-connection in that if at least one path between « and S is
open given Z, then « and 3 are d-connected given Z. Blocked paths relate to d-separation
in that if every path between a and  is blocked given Z, then « and [ are d-separated
given Z.

The d-separation property defines the global Markov property for DAGs. Independence
models described by DAGs satisfy a pairwise Markov property such that every missing edge

corresponds to a conditional independence. In particular, if o and 8 are not adjacent and



10

B is not a descendant of «, then o and 8 are d-separated given the parents of . (Note
that for any given pair of vertices in a DAG, either « is not a descendant of 3 or [ is not a
descendant of «, or both). In other words, for every non-adjacent pair of vertices («, 3) in

the graph, there exists some subset of the vertices in the graph Z that d-separates o and f3.

1.4 Equivalence classes for DAGs and Chain Graphs

As was mentioned earlier, for a given set of data, there may be many DAGs that are
compatible with the data in the sense that the likelihood associated with the statistical
model represented by these DAGs are the same. For example, a =+ b — ¢, a < b — c and
a < b < c encode the same conditional independence relation that a 1L ¢ | b, and hence
these three DAGs are indistinguishable via the likelihood. If two graphs encode the same
set of conditional independence relations (i.e. the two graphs entail the same independence
model), then the graphs are considered to be Markov equivalent.

The following subsections summarize results by Verma and Pearl (1991), Frydenberg

(1990) and Andersson et al. (2001), Andersson et al. (1997) and Meek (1995b) respectively.

1.4.1 Patterns (Verma and Pearl (1991))

Verma and Pearl (1991) presented graphical conditions that determine when two DAGs
would be Markov equivalent to each other, or would entail the same set of conditional

independence relations:

Theorem 1.4.1 Two DAGs are Markov equivalent if and only if they have the same adja-

cencies and the same unshielded colliders.

Theorem 1.4.1 leads to a natural canonical representation of an equivalence class of
DAGs: construct a partially directed graph by removing arrowheads from any edge in the
DAG that is not participating in an unshielded collider. Verma and Pearl (1991) call the
resulting object a “rudimentary pattern” of the causal model. Rudimentary patterns can be
identified solely by d-separation because each equivalence class has a unique pattern. Once

the rudimentary pattern has been established, there may be additional arrowheads to be
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added to the pattern which are present in all Markov equivalent DAGs. In this framework,
the resulting pattern is called the “completed pattern”, and represents the equivalence class
for the DAG used to construct the completed pattern in the sense that an edge is directed
in the completed pattern if and only if it has the same orientation in all graphs in the
equivalence class. Figure 1.3 shows an example of DAGs in an equivalence class, along with
the corresponding rudimentary and completed patterns. Note that Meek (1995b) also used
patterns to represent equivalence classes of DAGs, but his resulting “completed pattern”

differs from that of Verma and Pearl (1991) (see subsection 1.4.4).

)

N — VvV ~ S

equivalence class rudimentary completed
of DAGs pattern pattern

Figure 1.3: An example of a completed pattern, which represents an equivalence class of DAGs.

1.4.2  Chain Graphs (Frydenberg (1990) and Andersson et al. (2001))

Lauritzen and Wermuth (1989) (LWF) introduced a class of graphs called chain graphs for
modelling conditional independencies. Frydenberg (1990) and Andersson et al. (2001) inde-
pendently provided conditions under which two chain graphs are Markov equivalent to each
other. To construct a chain graph, the variables relevant to the data-generating process are
divided into disjoint sets which are then ordered into a dependence chain that reflects the
known causal structure of the process. The variables form the vertex set of the chain graph

and edges are drawn according to the following:

i) Two variables a and 3 are not adjacent if they are conditionally independent given
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all the other variables that do not come after both of the vertices in the dependence
chain; and

ii) Two adjacent variables, o and 3, are connected by an undirected edge if they belong
to the same set in the dependence chain, and with an arrow from « to 8 otherwise
(where o belongs to a set in the dependence chain that comes before the set to which

B belongs).

Thus, chain graphs are composed of directed and undirected edges with the structural
constraints outlined above. Each connected subset of the dependence chain is called a chain
component, and can be identified by removing the directed edges from the graph.

A path through a chain graph that consists of both directed and undirected edges such
that all directed edges on the path are pointing in the same direction (e.g. « — — — — —
— () is known as a partially directed path. Figure 1.4 illustrates examples of partially
directed cycles, partially directed paths such that the path begins and ends at the same
vertex.

Chain graphs do not contain any partially directed cycles consisting of one or more
directed edges, a constraint analogous to the acyclic constraint for DAGs. Note that undi-
rected graphs can be viewed as chain graphs in which there is only one chain component;
and DAGs can be viewed as chain graphs in which each vertex comprises its own chain

component.

| -
chain directed cycles not chain directed cycles

Figure 1.4: Examples of partially directed cycles

For a set of vertices A, in a chain graph G over vertex set V, the boundary of A is:

bd(A) = {8 € VNA| B — «aor f—a for some a« € A}; and the closure of A is:
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cl(A) = bd(A)U A. In other words, the boundary of A corresponds to the union of the
parents and neighbours of A, and the closure of A is the union of A with its parents. The
vertex set A is called complete if for every pair of vertices in A, (a, 3) either « — 3, 8 — «
or #—a (i.e. all vertices in A are adjacent to each other). For DAGs, there is a process
called “moralization” in which all unshielded colliders are shielded and the arrowheads are
removed from the graph. There is an analogous moralization process for chain graphs.
The moral graph G™ = (V, E™) is the underlying undirected graph (i.e. all arrowheads
are removed) where the boundary, with respect to G, of every chain component is made
complete. Figure 1.5 shows an example of a chain graph G, identifies the chain components
of G, and shows the corresponding moral graph G™.

Before stating the main result of Frydenberg (1990), I make one more note: if P is the
measure over V for an undirected graph, and if P has a positive density, then the following
conditional independence axiom holds (from Section 3. of Andersson et al. (2001), also

axiom (CI4) in Frydenberg (1990)):
(CI5) A 1L B|DUC[P]and A 1L C|DUBI[P]implies A 1L BUC | D[P

An induced subgraph G4 of a graph G with vertex set V is that graph comprised of the
vertices in A and containing all of the edges in G involving all and only the vertices in A.
Let ¢(a) consist of all vertices that can be reached from « by a partially directed path. The

probability measure P is then said to be:

(P) Pairwise G-Markovian if o 1L 5 |[ V \ ¢(a)] \ {a, B} [P] whenever § ¢ ¢(a) and 3
and « are not adjacent

(L) Local G-Markovian if o 1L [V \ ¢()] \ cl() | bd(cx) [P] for all «

(G) Global G-Markovianif A 1L B | C' [P] whenever C separates A and B in (Gop(aupuc))™

where an(A U B U C) is the smallest anterior set containing AU B U C' (see Section 1.2.2).
Frydenberg (1990) proved that if (CI5) holds for any P and any chain graph G, then P is
pairwise, local and global G-Markovian. He also showed that associated with chain graphs

is a natural factorization of the associated joint density.
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Figure 1.5: Example of Chain Graph

A triple (o, B, 3) is called a complez in G if B is a connected subset of a chain component

7 and « and § are two non-adjacent vertices in bd(7)Nbd(B). Further, a complex (o, B, 3) is

a minimal complex if B = B’ whenever B’ is a subset of B, and («, B', ) forms a complex.

It can easily be verified that the general structure of a minimal complex is like that shown

in Figure 1.6.

Definition 1.4.1 Let Gy and Go be two chain graphs with the same adjacencies such that

all undirected edges in Gy are undirected in Gy, and there is at least one edge that is directed

in Go but is undirected in G1. Then Gy is larger than Go.
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Figure 1.6: Structure of a Complex in a Chain Graph

Thus, if G and G’ are two chain graphs with the same adjacencies, and G’ is larger than
G, then G and G’ have the same minimal complexes if and only if any minimal complex in
G is a complex in G'. Given this finding, Frydenberg (1990) (and Andersson et al. (1997)

independently) proved that:

Theorem 1.4.2 (Frydenberg (1990) and Andersson et al. (1997)) Two chain graphs have
the same Markov properties if and only if they have the same underlying undirected graph

and the same minimal complexes.

Andersson et al. (2001) (AMP) introduced an alternative interpretation of chain graphs,
and presented a corresponding Markov property for these graphs. Before presenting their

Markov property, I make the following definitions:

Definition 1.4.2 A triplex in the chain graph G is an ordered pair ({a,b}, c) such that
{a,b,c} occur in one of the configurations shown in Figures 1.7(a)-(c) as an induced sub-

graph of G.

Another configuration that occurs in chain graphs is shown in Figure 1.7(d). Such
configurations are termed 2-biflags. I now define augmentation for AMP chain graphs.

Examples of augmented chain graphs are provided in Andersson et al. (2001).

Definition 1.4.3 The augmented graph G, derived from chain graph G is defined to be
the undirected graph obtained by augmenting all triplexes and 2-biflags in G, as shown in
Figures 1.8(a) and 1.8(b) respectively, then converting all remaining directed edges of G into

undirected edges.
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(@) (b) (© (d)

Figure 1.7: (o), (b), (c) Examples of Triplexes in Chain Graphs, (d) Example of a 2-bi-flag

@ (b)

Figure 1.8: Augmentation for Triplexes and 2-biflags

The AMP global Markov property for chain graphs can be stated as follows:

Definition 1.4.4 (Andersson et al. (2001)) Let G be a chain graph. A probability measure

P on X is said to be AMP global G-Markovian if A 1L B | S [P] whenever S separates A

and B in GJAUBUS]®.

Under the AMP formulation of chain graphs, Andersson et al. (2001) show that:

Theorem 1.4.3 (Andersson et al. (2001)) Two chain graphs have the same Markov prop-

erties if and only if they have the same underlying undirected graph and the same triplezes.

Because DAGs are a special instance of chain graphs, these results also apply to DAGs

and state when two DAGs are Markov equivalent to each other. Furthermore, they show

that the AMP formulation of chain graphs coincide with the LWF formulation for undirected

graphs and for DAGs.
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1.4.8 The Essential Graph (Andersson et al. (1997))

Like Verma and Pearl (1991), Andersson et al. (1997) (AMP) also examined equivalence
classes for DAG models and presented a characterization of the equivalence class. They
showed that each Markov equivalence class is uniquely determined by a single chain graph,
called the “essential graph”, and that this graph is a chain graph that is Markov equivalent
to all the DAGs in the original equivalence class. This chain graph is not the same completed
pattern constructed by Verma and Pearl (1991). Andersson et al. (1997) also presented a
proof of Theorem 1.4.1 that is different from that of Verma and Pearl (1991).

Definition 1.4.5 The “essential graph” D with DAG D is the graph
D := U(D'|D ~ D)
i.e. the smallest graph larger than every D' € [D].

In other words, an arrowhead is present at a vertex in D if and only if that arrowhead
is present at that vertex in every member of the equivalence class. Figure 1.9 shows an

example of an equivalence class of DAGs, along with the corresponding essential graph.

T7 b T7 b T7 b

c—d c¢c~—d { c~—d
equivalence class corresponding
of DAGs essential graph

Figure 1.9: An example of an essential graph, which represents an equivalence class of DAGs.

An arrow o — [ is said to be strongly protected in G if the edge occurs in G in at least
one of the following four configurations shown in Figure 1.10 as an induced subgraph of G.
Using these concepts, Andersson et al. (1997) provided a full characterization of the

essential graph:

Theorem 1.4.4 A graph G = (V. E) is equal to the essential graph D for some DAG D if

and only if the following four conditions hold:
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a—»Db a—»Db a—-=»Db a/—\:b
\C c \‘c \c/(c#d)
a) b) c) d)

Figure 1.10: The edge o« — [ is strongly protected in a DAG if it appears in at least one of
these configurations as an induced subgraph.

(i) G is a chain graph;
(ii) for every chain component T of G, G, is chordal;
(iii) the configuration a — b— does not occur as an induced subgraph of G; and

(1v) every arrow a — b is strongly protected in G.

1.4.4 Orientation Rules (Meek (1995b))

Meek (1995b), Andersson et al. (1997) and Chickering (1995) independently addressed the
question of how to construct the essential graph for a DAG equivalence class when one
member (graph) of the class is known by applying a number of orientation rules to the
known member of the equivalence class. In this section, we discuss the set of orientation

rules introduced by Meek (1995b), who had two questions of interest:

(i) Given a data sample, is there a causal explanation (i.e. a DAG) that is consistent
with a set of background knowledge that is supported by the data?
(ii) Given that a causal explanation exists, what are the causal relationships that are

common to every causal explanation that is supported by the data?

Here I present the algorithm for answering question (ii). A complete causal explana-
tion of an independence model Z is a DAG D if and only if the conditional independence

relations encoded by D are exactly those in Z. Then, there are two phases to this algorithm:
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Examine the independence statements in the independence model and try to construct
the pattern of some DAG D. Let II; be the result of this phase.

Find a partially directed graph whose adjacencies are the same as any complete causal
explanation for Z and whose edges are directed if and only if every complete causal
explanation for Z (i.e. every member of the equivalence class for D) has the edge

oriented as such.

Phase T consists of the following steps:

. Let Iy = (V,0), (i.e. the vertex set of D with no edges between any pair of vertices).
. Add an undirected edge between A and B in II; if and only if A and B cannot be

d-separated in D.
Add arrowheads at B in II; such that A — B and B < C' if and only if (A, B,C)
forms an unshielded collider (i.e. A and C are d-separated by some set not containing

B).

Phase II consists of successively applying a number of orientation rules to pattern Iy

where the orientation rules are as shown in Figure 1.11. The orientation rules given by

Meek (1995b) provide a method of constructing the essential graph without having to first

identify every member of the equivalence class.

L e <D

a) b) c)

Figure 1.11: Orientation rules for constructing essential graph

Recall from Section 1.1 that DAGs are not rich enough to encode the conditional inde-

pendence relations holding among the observed variables of a data-generating process that

can be represented by a DAG with latent and selection variables. In Chapter 2 I provide
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background for a broader class of graphs, ancestral graphs, which can encode such models.
It will be shown that Markov equivalence of ancestral graphs require all graphs in the equiv-
alence class have the same adjacencies and same unshielded colliders. However, there is an
additional requirement involving certain shielded vertices in the graphs. I also introduce a
simple representation for equivalence classes of ancestral graphs, that is analogous to the

essential graph for DAGs.
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Chapter 2

JOINED GRAPHS

In this chapter I review ancestral graphs (Section 2.1), and define a new class of graphs:
joined graphs (Section2.2). In Section 2.3 I introduce a simple representation of an equiv-
alence class of Markov equivalent maximal ancestral graphs, and in the remaining sections
of the chapter I work towards characterizing the structure of joined graphs. The first main
result of this thesis, the Pairwise Markov property for joined graphs (Theorem 2.6.1), is in

this chapter as well. An outline of this proof is given in Section 2.6 (see Figure 2.22).

2.1 Background: Ancestral graphs (Richardson and Spirtes (2000))

The basic motivation for developing ancestral graphs is to enable one to focus on the in-
dependence structure over the observed variables that results from the presence of latent
variables without explicitly including latent variables in the model. Permitting bi-directed
(+») edges in the graph allows one to graphically represent the existence of an unobserved
common cause of observed variables. For Figure 1.1(i) this corresponds to removing H from
the graph and adding a bi-directed edge between Pcp and C'D4. Undirected edges ( — ) are
also introduced to represent unobserved selection variables that have been conditioned on
rather than marginalized over. However, interpreting ancestral graphs is not so straightfor-
ward. Richardson and Spirtes (2002) provide a detailed discussion on the interpretation of
edges in an ancestral graph. Further details of the basic definitions and concepts presented

here can also be found in Richardson and Spirtes (2000).

Definition 2.1.1 A graph, which may contain undirected (— ), directed (— ) and bi-directed

edges (<) is ancestral if:

(a) there are no directed cycles;
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(b) whenever an edge x <> y is in the graph, then x is not an ancestor of y, (and vice
versa);

(c) if there is an undirected edge x — y then x and y have no spouses or parents.

Conditions (a) and (b) may be summarized by saying that if z and y are joined by an
edge and there is an arrowhead at x, then x is not an ancestor of y; this is the motivation for
the term ‘ancestral’. Note that by (¢), the configurations — v — and <> v — never occur
in an ancestral graph. For ancestral graphs, a non-endpoint vertex v on a path is said to be
a collider if two arrowheads meet at v, i.e. — v <, <> v <>, > v < or — v <>; all other non-
endpoint vertices on a path are non-colliders, i.e. —v—, —v =, > vV =, vV =,V —.
These definitions of collider and non-collider are direct extensions of the corresponding

definitions for DAGs.

2.1.1 Marginalization & Conditioning

This section discusses marginalization and conditioning for an independence model. For
processes that can be represented by DAGs with latent and selection variables, there are
graphical transformations that correspond to marginalizing and conditioning such that the
resulting graph contains only the observed variables of the process, and the associated
independence model contains all and only the conditional independence relations holding
among the observed variables.

Let us consider the example illustrated in Figure 2.1(a). Let S represent smoking status,
Y f represent yellowed fingers, and LC represent lung cancer status. In this example, a
person who smokes may be more likely to have yellowed fingers due to nicotine stains,
and she may also be more likely to develop lung cancer. Suppose I have data generated
from this DAG and I are interested in the relationship between having yellowed fingers
and developing lung cancer. In the absence of information about smoking status, tests of
association between Y f and LC would be statistically significant, given a sufficient sample
size. Graphically, marginalizing over smoking status corresponds to removing all edges out
of smoking status, adding a bi-directed edge between Y f and LC, and removing S from

the graph. According to the original DAG, conditional on smoking status, Y f and LC
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are independent. Graphically, conditioning on S corresponds to breaking the edges out of
smoking status and removing S from the graph. The graphs resulting from marginalizing
over S and conditioning on S are shown in Figures 2.1(b) and 2.1(c) respectively. However,

the graphical transformations for marginalizing and conditioning can be more complicated.

I\

Yf «<——LC Yf LC

Ancestral Graph After Ancestral Graph
Original DAG Marginalizing over After Conditioning
Smoking Status on Smoking Status

(i) (i) (iii)

Figure 2.1: An Example of Marginalizing and Conditioning on Variables in a DAG Model. See
text for further explanation.

Definition 2.1.2 Graph G[} has vertex set V' \ (SUL), and edges specified as follows:

If a, B8, are such that VZ, with Z C 'V \ (SULU{«, B}),

{a}, {B}HZUS) ¢ Tn(9),

r \ r \

a € antg({B} US); B € antg({a} US) a—f
| a ¢ antg({8} US); B €antg({a} US) [ Jen | a+ f i GF
a € antg ({8} US); B¢ 5) a— 3
o gantg({B}US): Bgantg({a}us) | | o s

Consider the DAG shown in Figure 2.2(a) with latent variables [; and I3, and selection
variable s. If T were to first marginalize over [; and [2, then directed edges from a to b
and c respectively would be added to the graph, as well as an edge from b to ¢ (see Figure

2.2(b)). In the original DAG, there is anterior path from a to b ({a,l1,b)) that passes
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through [; so the a — b edge is added. Additionally, in the original DAG, there is an
anterior path from a to ¢ ({(a,l1,b,s,d,c)) that passes through [y, and b < ls — ¢ occurs
in G so the edge a — ¢ is added to the graph. The edge b — c¢ is added to G because
the configuration b < [ — ¢ occurs in G and there is an anterior path from b to ¢ in G:
(b, s,d,c). Subsequent conditioning on s corresponds to converting the edge between a and
b to an undirected edge, and removing s from the graph along with all edges into and out
of s as shown in Figure 2.2(d). If we were to condition on s first, the graph anterior to s is
moralized, all edges anterior to s are converted to undirected edges, and s is removed from
the graph along with edges directly into and out of s as shown in Figure 2.2(c). Subsequent
marginalization over [y and [y corresponds to adding a directed edge from a to ¢ because
there is an anterior path from a to ¢ ({a,l1,l2,c)) in the graph obtained after conditioning
on s. The diagram in Figure 2.2 commutes in the sense that the graph resulting from
first marginalizing over {l1,l2} and then conditioning on s is the same graph resulting from
first conditioning on s and then marginalizing over {l;,l}. Furthermore G[;, the graph
resulting from marginalizing over latent variables and conditioning on selection variables is

an ancestral graph, so ancestral graphs are closed under conditioning and marginalization.

2.1.2 M-connection

Richardson and Spirtes (2000) applied a natural extension of Pearl’s d-separation criterion

to ancestral graphs:

Definition 2.1.3 In an ancestral graph, a path w between o and (3 is said to be m-connecting

given Z if the following hold:

(i) No non-collider on 7 is in Z; and

(ii) Every collider on m is an ancestor of a vertex in Z.

Two vertices a and B are said to be m-separated given Z if there is no path m-connecting

« and B given Z.

Definition 2.1.3 is an extension of the original definition of d-separation for DAGs in that
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(M) \ / (ii)
/ b \ C\ b— €
: N\ . = N\ d
G G
marginalized
+ + over |1 and |2
@iy bt I, — (iv)
/ / \ C b > C
AN a d
a d
G
G marginalized
conditioned over Il and |2
on S conditioned on S

Figure 2.2: A more complicated example of marginalizing and conditioning. See text for further
explanation.

the notions of ‘collider’ and ‘non-collider’ now allow for bi-directed and undirected edges.

m-separation defines the global Markov property for ancestral graphs:

Definition 2.1.4 (Richardson and Spirtes (2000)) If for all disjoint sets X,Y,Z (Z may
be empty), X is m-separated from'Y given Z in the ancestral graph G, then X 1LY | Z [P],
then P is said to satisfy the global Markov property with respect to G.

If two ancestral graphs have the same vertex sets and m-separation relations, then they

are Markov equivalent.

Definition 2.1.5 Two graphs Gi and Go are said to be Markov equivalent if for all disjoint
sets A,B,Z (where Z may be empty), A and B are m-separated given Z in Gy if and only

if A and B are m-separated given Z in Gs.
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Independence models described by DAGs satisfy pairwise Markov properties such that
every missing edge corresponds to a conditional independence relation. In general, this
property does not apply to ancestral graphs. For example, there is no set which m-separates

v and ¢ in the graph in Figure 2.3(a), which motivates the following definition:

Definition 2.1.6 An ancestral graph G is said to be “maximal” if, for every pair of non-
adjacent vertices «, 3 there exists a set Z(a, ¢ Z), such that « and B are m-separated

conditional on Z.

These graphs are termed mazimal in the sense that no additional edge may be added
to the graph without changing the associated independence model. It has been shown in
Richardson and Spirtes (2000) that if an ancestral graph is not maximal, then there exists at
least one pair of non-adjacent vertices {«, 5}, for which there is an “inducing path” between

o and 3 where:

Definition 2.1.7 An inducing path 7 is a path in an ancestral graph such that each non-

endpoint vertex is a collider, and an ancestor of at least one of the endpoints.

|

ONe——T320

0B

(@) (b)

R——2

VYe—s0

Figure 2.3: (a) The path (v, 5,«,d) is an example of an inducing path in an ancestral graph. (b)
A maximal ancestral graph Markov equivalent to (a).

Figure 2.3(a) shows an example of a non-maximal ancestral graph. By adding a bi-
directed edge between v and 4, the graph can be made maximal, as shown in Figure 2.3(b).

Richardson and Spirtes (2000) show that this is true in general.
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One of the key differences between DAGs and ancestral graphs is that there are some
shielded colliders in ancestral graphs G that must be present in any other ancestral graph
Markov equivalent to G. In DAGs, there are also shielded colliders that are common to
all members of the equivalence class, but the difference between Markov equivalence for
DAGs and ancestral graphs is that having the same adjacencies and unshielded colliders is
sufficient for Markov equivalence in DAGs. See Figure 2.4 for an example of a set of Markov

equivalent DAGs with a shielded collider in all members of the class.
a < > c a < > c a< > c

Figure 2.4: A set of Markov equivalent DAGs in which {a,d,b) and (c,d, b) are shielded colliders
that are present in all DAGs in the corresponding equivalence class.

Discriminating paths are useful for identifying which shielded colliders (and non-colliders)

are required for ancestral graphs to be Markov equivalent:

Definition 2.1.8 U = (z,q1,q2,...,qp, 5,y) is a discriminating path for B in an ancestral
graph G if and only if:

(i) U is a path between x and y with at least three edges,
(i) U contains 3,8 # z,8 # vy,
(iii) B is adjacent to y on U, x is not adjacent to y, and
(iv) For every vertex q;,1 < i <p on U, excluding z,y, and (3, q; is a collider on U and g;

s a parent of y.

Given a set Z, if Z does not contain all ¢;,1 < ¢ < p, then the path (z,qi,...,q¢;,y)

is m-connecting where ¢; ¢ Z and ¢; € Z for all i < j. If Z separates  and y then Z
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contains {qi,...,qp}. Thus, if § is a collider on the path U in the graph G, then g ¢ 7 if Z
m-separates z and y. Conversely, if 5 is a non-collider on the path U then § is a member
of any set that m-separates x and y, and [ is a non-collider on U in any graph Markov
equivalent to G containing U. Consequently, in any graph G* Markov equivalent to G that
contains the discriminating path U, (3 is a collider on U in G* if and only if 3 is a collider
on U in G. In other words, § is “discriminated” to be either a collider or a non-collider on
the path U in any graph Markov equivalent to G in which U forms a discriminating path,
even though it is shielded on the path and in the graph. The paths (z,q, 5,y) in G; and Gs

from Figure 2.8 are examples of discriminating paths for .

Lemma 2.1.1 Let U = (z,q1,...,qp, 3,y) form a discriminating path for B in some an-

cestral graph G. If B is a non-collider on U, then 8 — y in G.

Proof:
If 8 is a non-collider on U, and 37 — ¢, — y? — 7?3 occurs on U then 8 — y in G since
otherwise the graph would not be ancestral. O

Considering shielded colliders is not important in determining Markov equivalence for
DAGs because (as can easily be verified) such paths always discriminate non-colliders (see

Figure 2.8).

Definition 2.1.9 A “collider path” in an ancestral graph G is a path such that every vertez,

except the endpoints, is a collider on that path.

From the definition of a discriminating path, the sub-path of U from z to § forms a
collider path. So referring to G; and Gy in Figure 2.8, the path (z,q, ) is a collider path

(and in fact, in these examples, (x,q, 8,y) forms a collider path too).

2.1.83 Relating Ancestral Graphs to Chain Graphs

DAGs can be viewed as chain graphs in which each chain component consists of a single
vertex. DAGs form a subset of ancestral graphs, but only some ancestral graphs can be
viewed as chain graphs. Figure 2.5 shows which ancestral graphs can be interpreted via

LWF chain graphs and/or AMP chain graphs. Note that if a chain graph is ancestral, then
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it is Markov equivalent under AMP and LWF since such a graph contains no arrowheads
meeting undirected edges. The subset of graphs for which AMP chain graphs, LWF chain

graphs and ancestral graphs are Markov equivalent are recursive “causal” models.

2-biflag under
AMP formulation

2-biflag under
LWF formulation

.
v
. _
—
—_—
LWF
) AMP
=~
Recursive causal Coni . ;
jecture: all chain
graphs MAG 0 components are complete
if and only if graph can be
represented by a maximal

ancestral graph

Figure 2.5: Relating Ancestral Graphs to Chain Graphs. The sets here represent independence
models. 2-biflags are not ancestral, but there exists ancestral graphs that encode the conditional
independence relation represented by such a structure under the AMP chain graph formulation. No
such interpretation can be made for 2-biflags in LWF chain graphs.

Table 2.1 summarizes and compares the theoretical properties of many of the graphs

reviewed in this thesis (and of undirected graphs).

2.1.4 Characterization of Markov Equivalence

As with DAG models, there is often more than one ancestral graph that can represent a
given set of conditional independence statements. Let [G] represent a Markov equivalence

class of ancestral graphs. An interesting question is:

Question 2.1.1 Which edges or structures are common to all ancestral graphs in [G] ¢
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Table 2.1: Summary table of theoretical properties of different classes of graphs.

Undirected | DAGs LWF Chain | AMP Chain | Maximal An-
graphs graphs graphs cestral graphs

Markov Prop- global, local, | global, global & LWF | global < AMP | global < local,

erty (MP) pairwise local, pair- | block-recursive | block-recursive MP | pairwise
wise, well- | MP
numbered

Density Factor- || factorization | factorization | [] f(7|pa(7)), 11 f(7|pa(r)), none, in general

ization according to | recursive, f(rlpa(7)) is | (Br)iy; = 0, iff

cliques I1f(vlpa(v)) | product of | (Gaussian) no
potentials i — j,Vv{i,j}

Markov Equiv- iff G1 = G2 iff G1,G2 iff G1,G2 have | iff Gi1,G2 have | iff Gi1,G> have

alence have same | same adja- | same adjacencies & | same adjacencies
adjacen- cencies & | triplexes & discriminating
cies & | complexes paths with order
unshielded
colliders

Equivalence G*=¢g D Goo Gg” sup[g]

Class

Pathwise Sepa- separation d-separation | c-separation p-separation m-separation

ration (Studeny)

Completeness of global MP | of global | of global MP | of global MP (viap- | of global MP
MP (via d- | (Studeny  et. | separation) (from DAG
separation) al) completeness)

Statistical no explicit | easy due | partial re- | Gaussian case: | Gaussian case

Inference MLE’s in | to recursive | sults (e.g. | combine “seem- | (numerical meth-

Gaussian & | factorization | “BIFROST”) ingly unrelated | ods)
multinomial regressions” & “co-
cases variance selection”

Closed wunder || yes no no no yes

Marginaliza-

tion, Condi-

tioning

Interpretation equilibrium fully ob- | sequence of partially ob-

distribution served equilibrium served causal
of temporal | causal pro- | distributions of process
feedback cess fully observed

processes feedback
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This question is of central importance because:

(a) It tells us how much we can learn about causal structure from conditional independence

relations over the observed variables.

(b) It would allow us to construct a ‘canonical’ representative from the Markov equivalence

class [G] which would facilitate searching for a good model.
Spirtes and Richardson (1997) proved the following result for ancestral graphs:

Theorem 2.1.1 (Markov Equivalence) Two mazimal ancestral graphs G and Gy are Markov

equivalent if and only if:

(i) G1 and Gy have the same adjacencies;
(ii) G1 and Gy have the same unshielded colliders; and
(113) If U forms a discriminating path for 3 in Gy and G, then (B is a collider on U in Gy

if and only if it is a collider on U in Gs.

Theorem 2.1.1 is strengthened in Appendix A by weakening condition (iii). Verma and
Pear]l (1991) tried to characterize what they called “embedded causal models” in which
only a subset of the variables in some process are observed. Hybrid graphs, graphs in which
variables that are non-causally but directly correlated are connected by a bi-directed edge,
were used to represent embedded causal models. Verma and Pearl (1991) applied natural
extensions of constructions for rudimentary and completed patterns for DAGs to represent
equivalence classes of embedded causal models (see Section 1.4). Verma and Pearl (1991)
then stated in Theorem 2 of their paper that: Two embedded causal models are equivalent
if and only if they have the same pattern.

However, there is a flaw in their construction: as we have seen, certain shielded colliders
must be retained when determining Markov equivalence of hybrid graphs. Consider the
hybrid graphs depicted in Figure 2.6. The graphs G; and Go have the same adjacencies and
unshielded colliders; hence they entail the same completed pattern (Figure 2.6(c)). But

these graphs are not Markov equivalent: for DAGs, if (x,y,z) forms a collider, then by
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the absence of bi-directed edges in the DAG, one can infer that x and z are parents of y;
hence, {z, z} are non-colliders on the path, but this is not the case for hybrid graphs (or

for ancestral graphs).

B B : B
/\ AN /\
X—Qq—Y X—Qq—Y : X—(Q—Y
@ (b) | ©

Figure 2.6: (a),(b) Two hybrid graphs with same adjacencies and unshielded colliders, but are not
Markov equivalent. (¢) completed pattern for graphs shown in (a) and (b) are the same.

2.1.5 Partially Ancestral Graphs (Richardson and Spirtes (2002))

Richardson and Spirtes (2002) used graphs that are slightly more complicated than those
presented in this thesis to represent equivalence classes of ancestral graphs: partial ancestral
graphs (PAGs). The key difference between PAGs and joined graphs (see Section 2.2) is
that PAGs make the distinction between edges that are present in all ancestral graphs
that gave rise to a PAG and those edges in which there is at least one ancestral graph in
the equivalence class has an arrowhead at a vertex on a given path, and at least one other
ancestral graph in the same equivalence class has a tail at that same vertex on the analogous
path.

Given a maximal ancestral graph G, the Fast Causal Inference (FCI) algorithm, Spirtes
et al. (1993, 1995, 1999), constructs a PAG, ®(G) to represent a set of graphical features,
such as the presence or absence of arrowheads at the ends of particular edges. It is proved

by Spirtes et al. (1999) that

G' € [G] if and only if G’ has all the features given by ®(G).

The FCI algorithm is usually stated as taking as input an ‘oracle’ for deciding d-

separation relations in a DAG with latent variables (L) and selection variables (S). (Where
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an ‘oracle’ is just a black box which gives you answers to questions, in this case whether
d-separation relations hold.) However, this is essentially equivalent to taking as input a
maximal ancestral graph, or an oracle for deciding m-separation relations in a maximal
ancestral graph because any DAG G with latent variables (L) and selection variables (S)
can be represented by the maximal ancestral graph G [f and vice versa. Furthermore, the
m-separation relations in G [g are equivalent to the d-separation relations that hold in the
DAG G among the observed variables. However, the FCI algorithm is not guaranteed to
give a full answer to (a) since it is not known whether the set of features represented by

®(G) is complete in the following sense:

If some feature is not included in the set represented by ®(G) then there exist
graphs Gi,Ga € [G], with G1 having the feature, and Go not having the feature.

In other words, there is not yet a characterization of the analogous concept to the
essential graph for maximal ancestral graphs (see Andersson et al. (1997)).

In addition the object ® is not a graphical model in the following sense:

1. It includes other markings in addition to vertices and edges.
2. There is no graphical characterization of which objects ®* containing the same sym-
bols as a PAG are such that for some G, ®* = ®(G). Such a characterization is

important for (b) above.

Spirtes et al. (1993) do provide a global Markov property for these graphs, called definite
d-connection. The purpose of the next section is to make steps towards such a characteri-

zation in the case of arrowheads.

2.2 Join Operation: Definitions and Notation

Here T define the join operation as a method of identifying the arrowheads common to
a set of Markov equivalent ancestral graphs. By definition, a set of Markov equivalent
maximal ancestral graphs are required to have the same vertex set and adjacencies. The

join operation can be thought of as an AND operation on the “arrowheads” of the set of
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Markov equivalent ancestral graphs being joined, and thus an OR operation on the “tails”

of these graphs.

Definition 2.2.1 Let G1,Go,...,G, be graphs with the same adjacencies. A joined graph,

H is any graph constructed in the following way:

(i) H has the same adjacencies as G1,Go,...,Gn,
(ii) For all adjacent o and (3, add an arrowhead at B on the {a, 3} edge if and only if
there is an arrowhead at B on the {c, B} edge in all G1,Ga, ..., Gy.

The symbol V7 will be used to denote joining such that G1 V Gy should be read “Gy join
g2 77-

In general T will let H refer to a joined graph formed by joining any number of Markov
equivalent maximal ancestral graphs. We will also generically refer to these maximal an-
cestral graphs as G. Richardson and Spirtes (2000) showed that for every non-maximal
ancestral graph G, there exists a unique maximal ancestral graph which is formed by adding
appropriate bi-directed (+») edges to G (see Figure 2.3). Hence I restrict my attention to

joining sets of Markov equivalent maximal ancestral graphs in the remainder of this paper.

Proposition 2.2.1 The join operation is commutative and associative.

Proof:
This result is immediate by the definition of the join operation when viewed as an AND
operation on the “arrowheads” and an OR operation on the “tails” of the set of Markov
equivalent ancestral graphs being joined (since the AND and OR operations are commuta-
tive and associative). O

Lemma 2.2.1 shows that the joined graph H is well-defined: if the join operation was not
commutative or associative, then H would not be unique, and the resulting graph would be
different depending on the order in which the ancestral graphs were joined.

Figure 2.7 provides an example of a joined graph. Note that since there are arrowheads

that meet the undirected edge  — w in the joined graph, H is not ancestral as it violates
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AN AN

l 2 H

Figure 2.7: An example of joining two Markov equivalent ancestral graphs in which the joined
graph is not ancestral.

I P

Xd—bq—by X—»q—»y X—»q—»y

Figure 2.8: An example of joining two Markov equivalent ancestral graphs in which the joined
graph is itself a member of the equivalence class.

condition (¢) of Definition 2.1.1. Figure 2.8 shows another example of two Markov equivalent
graphs being joined. Here, H is itself a member of the equivalence class of ancestral graphs.
I use the following meta-symbol for endpoints in either an ancestral graph or a joined

graph:

1. “a— 78" is used to denote that there is a tail at « in the graph, on the edge between
« and 3, and that there may be a tail or an arrowhead at the 8 end of this edge.

2. “a <737 is used to denote that there is an arrowhead at «, and either an arrowhead
or a tail at 5 on the edge between o and 5.

3. “a? — 747 is used to denote that there could be an arrowhead or tail at either end of

the (a, B) edge.

Note that the above notation is merely a shorthand since I only consider graphs with edges

that are directed, bi-directed or undirected.
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By joining maximal ancestral graphs as outlined in Definition 2.2.1, the resulting joined
graph H is not ancestral in general, see Figure 2.7. This raises the question as to what is the
appropriate Markov property for joined graphs? Ideally, I would wish Gy V G5 to be Markov
equivalent to G; and Go if G; and Go are Markov equivalent. Here I define a j-connecting

path for joined graphs.

Definition 2.2.2 A path between a and 5 in a joined graph H is said to be “j-connecting
given a set Z” (Z disjoint from {«, B} and possibly empty) if:

(i) Every non-collider (17—~ — 7,7 — v —, < v <7) on the path is not in Z,
(ii) Every collider (7 — ~ <7) on the path is an ancestor of Z, and

(iii) No arrowheads meet undirected edges (7 — v — ).

If there is no path that j-connects o and B given Z, then o and B are “j-separated given Z 7.

X —

|7

~—=)
g y

Figure 2.9: An example of a j-connecting path in a joined graph: z and y are j-connecting given
Z ={z,h}.

Note that this definition is a natural extension of m-connection for ancestral graphs (and
Pearl’s d-connection for DAGs), with the qualifier that undirected edges meeting arrowheads
form neither colliders nor non-colliders and a path containing such a vertex is never j-
connecting. If we look back at the joined graph shown in Figure 2.7, we see that via j-
connection, H encodes the same set of independence relations that the two ancestral graphs

that gave rise to H encode, namely y_ll z, because there are no j-connecting paths between
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y and z in H (the path 2 — 2 —w <+ y is not j-connecting). Figure 2.9 shows another
example of a j-connecting path. Here, some vertices in Z are descendants of colliders on the
path between z and y.

The definitions of discriminating paths and inducing paths for joined graphs remain the
same as for ancestral graphs. Here I extend the concept of maximality to joined graphs
and in Section 2.6.1 I show that the graph H formed by joining Markov equivalent maximal

ancestral graphs is itself maximal.

Definition 2.2.3 A joined graph H is said to be “mazimal” if, for every pair of non-
adjacent vertices a, 3 there exists a set Z(o, B ¢ Z), such that o and [ are j-separated

conditional on Z.

The concept of maximality for joined graphs is analogous to that for ancestral graphs in
that a maximal joined graph is a joined graph, #, such that no more edges can be added

to H without changing the set of independence relations encoded by H via j-separation.

2.3 Joining an Entire Equivalence Class: sup[J]

Let us make the following definition:
sup[G] = Vgreig)G'

[G] represents the equivalence class containing the ancestral graph G. In other words, sup[J]
is the analogy of the essential graph for Markov equivalent maximal ancestral graphs. One
way of constructing sup[G] would be to determine every member of an equivalence class of
ancestral graphs and then to join each one in turn until the entire class has been joined (See
Figure 2.10).

From another perspective, consider the diagram shown in Figure 2.11. There is the
space of maximal ancestral graphs (DAGs are contained in this space), which is a subspace
of the set of (extended) joined graphs. In general, sup[G] lives in the set of extended joined
graphs space. It has been shown by Spirtes and Richardson (1997) which MAGs are mapped

into the same independence model under m-separation. Here I prove that the set of joined
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G vG,vG v G v Gs=sup[G]

Extended G vGvGvG
(Joined)
Graphs
G, vG,vG;
G, vG,
G, G, G

Figure 2.10: Schematic of Joining an Entire Equivalence Class of Ancestral Graphs to Construct

sup[g].

Markov equivalent maximal ancestral graphs formed by joining members of an equivalence
class map into the same independence model via j-connection. Of central concern is that
sup[G] maps into the same independence model as do the ancestral graphs that gave rise
to sup[G], but if the (extended) joined graph #, formed by joining a subset of the graphs
in [G], can be shown to be Markov equivalent to the set of Markov equivalent graphs that

gave rise to H, then the Markov equivalence of sup[G] to every graph G trivially follows.

Markov Equivalence Class: /\

Extended (Joined)
Graphs

Independence
Model

Figure 2.11: Schematic of Independence Model for Joined Graphs. See text for further details.
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The joined graphs H shown in Figures 2.7 and 2.8 are examples of sup[G]. Figure 2.12
shows three more examples of G and sup[G]. In general, sup[G] may be an undirected graph,
a DAG, an ancestral graph or none of the above (see Figure 2.7). It is left to the reader to

verify that the sup[G] takes the form shown.

©

—
O
-

(@) (b)
Figure 2.12: Column (a) maximal ancestral graphs G; (b) the corresponding graphs sup[G]

Figure 2.13 show all joined graphs that represent the Markov equivalence classes of
maximal ancestral graphs over four vertices. The number of distinct classes given by per-
mutation of the vertices is provided in parentheses. There are 251 classes in total: 185 are
DAGS (left-hand column) because they contain at least one ancestral graph that contains
no bi-directed or undirected edges; 3 do not contain any DAGs, but do contain the corre-
sponding undirected graph (centre column); and 63 not contain any DAGs or undirected

graphs (right-hand column).

2.4 Towards Characterizing Joined Graphs

To date, no full characterization of graphs formed by joining Markov equivalent maximal

ancestral graphs is readily available. This section presents structural inferences that can
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Figure 2.13: Joined graphs representing all Markov equivalent maximal ancestral graphs on

Equivalence || Equivalence|| Equivaence
classes classes classes
Y S containing containing || containing
1 DAGs i;JSAbGu; no DAGsor UGs
o /B
Y S
(6)
o B o B o B
VL
(©) (12 (12
B o B a B a B o B T Bl
‘>a /s Léa L/ “‘y—s‘ L—a‘ S
@ @ @ (12) (12) (24) (12)
o—p o— 9P a—p p
N L
Y—>323 Y+—-0 o—B Ye—ud —
(6) (12) ‘ | ®) (12)
o B« B o B 3 B o B
® N
S SN
(12) (12) (24) 12 (24)
N U
(6) (6) (12)

four variables. See text for further details.
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be made about joined graphs. For instance, as with ancestral graphs, the configurations
“—s v—" and “> v—" do not occur as induced sub-graphs in joined graphs. I also
conjecture that the graph resulting from joining an entire equivalence class of ancestral
graphs can be more constrained than that obtained by joining only a few members of an
equivalence class. The following few lemmas start to examine the structure of joined graphs

in general.

Lemma 2.4.1 If Gy and Gy are Markov equivalent ancestral graphs, then G1V Go will retain
the unshielded colliders in G; and Go

Proof:

Suppose that y is an unshielded collider in G;, and is adjacent to z and z. Then 27 — y +7z
is in Gy. By Theorem 2.1.1, G; and G» have the same unshielded colliders and x?7 — y <7z
is in Go. Since there is an arrowhead at y on the (z,y) edge in G; and Gs, then by definition,
G1 V Gy also has an arrowhead at y on this edge. Similarly, there is an arrowhead at y on
the (y, z) edge in G; and G, so there must be an arrowhead at y on this edge in the joined

graph. O

Corollary 2.4.1 If Gy and Go are Markov equivalent ancestral graphs, then G1V Go will not

contain any chordless partially directed cycles.

The graphs shown in Figure 2.7 are not chordless because there is an edge between x
and w. If however, there is a path in a graph = = (z,y,w, z,z) with neither {z,w} nor
{z,y} being adjacencies in the graph, then 7 is a chordless four-cycle.

Proof: (Corollary 2.4.1)

If any four vertices, say {a,b,c,d}, form a chordless partially directed cycle in G; V Ga, then
these vertices also form a chordless cycle in G; and G since all three graphs have the same
adjacencies. If there were no colliders, then either (a,b,c,d) would be a directed cycle, or
there would be a configuration of an arrow pointing to an undirected edge (i.e. a flag). In
G1, there is at least one collider in the subgraph formed by these vertices, and this collider is
unshielded (see Figure 2.14). In either case, G; would not be ancestral. By Theorem 2.1.1 G;

and Gy have the same unshielded colliders. Since (a, b, ¢, d) must contain at least one collider
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in Gi, then that vertex must also be a collider in the subgraph formed by {a,b,c,d} in Gs.
By Corollary 2.4.1 G; V Gy will retain any unshielded colliders, so the subgraph {a, b, ¢, d} in
G1V Gy also contains colliders. Thus G; VGs does not include chordless partially directed four-
cycles. The above argument can easily be extended to include chordless partially directed

cycles with more than four vertices. O

b b a—=D
tvil b= |
d d C d

Figure 2.14: Example of a chordless partially directed cycle in a graph formed by joining two
maximal ancestral graphs that are not Markov equivalent. See text for further details.

—> —

O—» D
O

—> <

Lemma 2.4.2 If G; and Go are Markov equivalent ancestral graphs, then G V Go may

contain partially directed cycles.

Proof:

See Figure 2.15 for an example of joining two Markov equivalent ancestral graphs that gives

rise to a partially directed cycle. O

V

O’
[
O—o

O—» D

<> <«

Figure 2.15: Example of a partially directed cycle in a joined graph. See text for further details.
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Lemma 2.4.3 If G and G2 are Markov equivalent ancestral graphs, then the configuration
a — x —y < b, with the respective pairs of vertices (a,y), (b, ) not adjacent cannot occur

in GV Ga.

Proof:

Note that the configuration @ — x — y < b is not ancestral. Therefore the (z,y) edge is
directed in Gy and in Go. Suppose that £ — y in Gy. Then z — y < b forms an unshielded
collider and # — y is in G; by Lemma 2.4.1, and thus in G; V G, which is a contradiction.

A similar argument holds if we consider z < y in G;. O

2.5 Real Edges in Joined Graphs

If an edge is oriented the same way in all graphs G that were joined to form 7, then that edge
is said to be “real” in H. By virtue of the join operation, it is possible to infer the presence
of arrowheads and tails in joined graphs under certain circumstances. The following lemmas

describe some of these situations.

Lemma 2.5.1 All bi-directed edges in a joined graph are real. Furthermore, if a7 — 3 —y

is a sub-graph of H, and o and B are adjacent, then the B — v edge is not real.

Proof:

The first part is trivial since by definition of the join operation, an arrowhead appears at
a vertex in the joined graph H if and only if there is an arrowhead at that vertex in all
ancestral graphs that gave rise to 7. Also, no ancestral graph contains undirected edges
meeting arrowheads, so the only way that an undirected edge could meet an arrowhead in
a joined graph (using the example given in the lemma) is if there is at least one ancestral
graph that gave rise to H with a tail at 3, i.e. & — 3 — 7, since otherwise the graph would

not be ancestral, and at least one graph that contains a — g « . O

Lemma 2.5.2 In a joined graph H, formed by joining mazimal ancestral graphs, if v —

BT — 707 — v occurs and v — [ is real, then B <70 also occurs in H.
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Proof:

Note that v — 8 — 767 — ~ is not ancestral itself (under any substitution of the question
marks by either an arrowhead or tail). In any G that gave rise to H, v is not an ancestor
of 0. See Figure 2.16. Thus, since by hypothesis v — £ in any graph G joined to form H,

it follows that 8 <7+ and hence <7 in H. O

?
y—=p2

20

Figure 2.16: Diagram for proof of Lemma 2.5.2. See text for further details.

Lemma 2.5.3 In a joined graph H, formed by joining ancestral graphs, if v — 8 — 67 — 7
occurs and either v — (3 is real or B — § is real, then v — 0 also occurs in H. Furthermore,

if both v — B and 8 — § are real, then v — 0 is real too.

Proof:

First consider the case in which the v — 3 edge is real (see Figure 2.17). Then, 3 is not
an ancestor of v in any G that gave rise to H. If in H the {v,d} edge is undirected, or
there is an arrowhead at v on this edge, then there is some G that gave rise to H that is
not ancestral. So, v — ¢ is in H. A similar argument holds for the case in which the g — 4

edge is real.

o/\?

Figure 2.17: Diagram for proof of Lemma 2.5.3. See text for further details.
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If both edges v — B and 8 — § are real, then v — § also occurs in H and this edge is

real because otherwise there is some G that gave rise to A that is not ancestral. O

2.5.1 Inferring Discriminating Paths

The following lemma and corollary allow us to infer the presence of discriminating paths.

Lemma 2.5.4 Suppose H is a graph formed by joining a set of Markov equivalent maximal
ancestral graphs. If there is a discriminating path in H then this discriminating path is

present in every G joined to form H.

Proof:

Suppose in some joined graph H there is a path U as described in Definition 2.1.8. Label
the colliders on the path between x and B as ¢i1,q2,...,qp, such that ¢ is adjacent to z,
and ¢, is adjacent to B, as shown in Figure 2.18. Note that (x,q1,¢2,...,qp, B) forms a
collider path in all G that gave rise to H because all arrowheads in H are also present in
all G that gave rise to H. Recall that x and y are not adjacent. There is an unshielded
non-collider at ¢; on the path (z,q1,y), but 7 — ¢;. Because all G that gave rise to H are
Markov equivalent, by Theorem 2.1.1 ¢; is a parent of y in all G that gave rise to H. I will
now show by induction that all g,,,2 < m < p are also parents of y in all G that gave rise
to H.

For m = 2, (x,q1,q2,y) discriminates g2 to be a non-collider in H. Since ¢; is a parent
of y in all G that gave rise to H, this discriminating path is present in all such G, and ¢ is
a parent of y in all G that gave rise to H. Assume for m < p that (x,q1,q92, .., Gm—1,9m,Y)
discriminates ¢, to be a non-collider in all G that gave rise to H so that g,, is a parent of y
in all G that gave rise to H. Then, (z,q1,92,- -, ¢m, Gm+1,y) discriminates (¢m, Gm+1,y) to
be a non-collider in H. Because < q1,q2,...,qmn > are parents of y in all G that gave rise to
H, this discriminating path is present in all such G so (¢, ¢m+1,y) forms a non-collider in
all such G. Since ¢n? = ¢m+1, Gm+1 — ¥ in H, g1 is also a parent of y in all G that gave
rise to H. So, by induction, < ¢1,¢2, ..., g, > are all parents of y in all G that gave rise to
H.
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X r—Q; y

X 1—=O—0; y

X ?—(Q—05—0; y

X +—= Q53— Qg—= - ~—=O5—Y

\/

Figure 2.18: Discriminating Path for Proof of Lemma 2.5.4.

But then (z,q1,q2,...,¢p, B,y) (ie. U) forms a discriminating path for B that is present
in all G that gave rise to H. O

Corollary 2.5.1 If a collider path q = (q1,...,qp) is present in all ancestral graphs that
gave rise to the joined graph H, and U = (x,q1,...,qp, B,y) is a discriminating path for B

in some G that gave rise to H, then U is also a discriminating path for B in H.

Proof:
Since the collider path ¢ is present in all G that gave rise to H, it is also present in H. So

it suffices to show that each ¢;,1 < i < p is a parent of y in H.
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Note that since there is a tail at ¢; on the edges ¢; — y,1 < i < p in G, there is a tail
at g; on the edges ¢; — 7y in ‘H. Furthermore, since z and y are not adjacent in G or H,
(x,q1,y) forms an unshielded non-collider in all G, and there is an edge 7 — ¢; in all G,
it follows that ¢; is a parent of y in all G that gave rise to H. But then (x,q1,qs,y) forms
a discriminating path for g2 in H, and by Lemma 2.5.4, (q1, g2, ¢g3) is discriminated to be
a non-collider in all G that gave rise to H. Assume for m < p that (z,q1,q92,...,qm,¥y)
discriminates (¢m—1,Gm,y) to be a non-collider in H. By Lemma 2.5.4, (¢n—1,¢m,y) is also
discriminated to be a non-collider in all G that gave rise to H, and so ¢, is a parent of y in
H. But then (x,q1,92, .-, Gm, Gm+1,y) discriminates (¢m, Gm+1,y) to be a non-collider in H
and by Lemma 2.5.4 (¢, ¢m+1,y) is a non-collider in all G that gave rise to H. Thus, since
dm? = Qm+1, gm+1 1s a parent of y in H. By induction, (g1, ¢z, ...,qp) are all parents of y

in H. Now it is easy to see that (z,q,...,qp, B,y) forms a discriminating path for B in H.

O
Just as for ancestral graphs, there are notions of inducing paths and maximal graphs for

joined graphs:

Definition 2.5.1 An “inducing path” for a joined graph H is a collider path with distinct

vertices such that every interior vertex of the path is an ancestor of at least one endpoint.

Definition 2.5.2 A joined graph H is said to be “mazimal” if there is no pair of non-

adjacent vertices < a, 3 > in H such that there is at least one inducing path between o and

B.

2.5.2 Collider Paths in Joined Graphs

Since both discriminating and inducing paths are types of collider paths, it is fruitful to
look at properties of collider paths, in general. The following lemma and corollaries examine
which non-consecutive vertices along a minimal collider path may be adjacent, and whether

the orientation of such an edge can be inferred, where:

Definition 2.5.3 A collider path is “minimal” if no subsequence of the vertices on the path

form a shorter collider path with the same endpoints.
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The collider sub-path of a minimal j-connecting path is a minimal collider path, as is a

minimal inducing path.

Definition 2.5.4 Let pn = (o, ft1,.-.,1n) be a path in a graph. Any vertex u; is non-

consecutive to p;, 1 <1 <n if |j —i| > 1, provided such a p; ezists.

Lemma 2.5.5 Let H be a graph formed by joining any number of Markov equivalent maz-
imal ancestral graphs. Suppose there is a minimal collider path p between wvertices g and
Wn such that pg and py, are not adjacent in the joined graph H. Let p1, po, ..., in—1 be the
interior vertices along this path (i.e. the non-endpoints). If ju; and p; are non-consecutive
vertices along p and p; — Tp; in H, then p; — pj in all ancestral G that gave rise to H.

So, p; — pj in H and this edge is real.

Proof:
Suppose, for a contradiction, that p is such that there is an edge p; — 7jt; in H, and the
tail at p; is not real.

Let {pi,pj} be such that there is no k,m where |m — k| > |j — i| such that there is an
edge pur — i in H that is not present in all G that gave rise to H, i.e. |j —i| is as large as
possible. (I will refer to this property as “the construction of 7 and ;7). Suppose, without
loss of generality, that i < j. Note that ux <> pm, |k —m| > 1 cannot occur in H because
otherwise y is not minimal. Furthermore, the distance between 7 and j cannot be greater

than n — 1 since pg and u, are not adjacent.

1. Claim: (p;—1,p) are adjacent.
If (pi—1, 1j) are not adjacent, (f1i—1, pt4, ;) forms an unshielded non-collider, which by
Lemma 2.5.4 implies that all G that gave rise to H also have an unshielded non-collider
at p;. Since ancestral graphs do not contain undirected edges that meet arrowheads
and the tail at p; is real, g; — p; occurs in all G that gave rise to H (i.e. p; — p;
should occur in H). But this is a contradiction because we are assuming that there is
at least one graph G, that gave rise to H, without p; — pj. So, (pi—1, ;) are adjacent

in H. Recall that p;_1 <+ p; cannot occur in H because otherwise p is not minimal.
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//\\?

Ho——Ui—MU5—H3 U7 U5 "Ug

Figure 2.19: Collider Path for Proof of Lemma 2.5.5 supposing p;—17 — pj in H where ¢ = 3,5 = 5.

2. Suppose p;—1? — pj in H (see Figure 2.19).
Then, by the construction of ¢ and j, p;—1 < p; in H and this edge is real since
| (i —1)—j|>|i—j| But by Lemma 2.5.3 we reach a contradiction: there is a tail
at p; in H on the p; — 7p; edge, which implies that there is at least one G that gave
rise to H that also has a tail at p; on this edge. This graph would not be ancestral
because it would contain the following sub-graph: p;_1 < p; — pj — pri—1.

3. Suppose pj—1 — pj in H (see Figure 2.20). Again, this edge is real (by construction

of i and j).

//_\\?

Ho——Ui—HU5H3 U7 U5 "Hg

Figure 2.20: Collider Path for Proof of Lemma 2.5.5 supposing p;—1 — p; in H.

If i > 1 and p;_» is not adjacent to u; then (u;_o, pri—1, pti, ptj) forms a discriminating
path for u; in H. Here we reach a contradiction: there is at least one G that contains
the edge pi; — ;. In this graph, (u;—1, i, pt5) is discriminated to be a non-collider, so
by Lemma 2.5.4 any Markov equivalent ancestral graph must also have a non-collider
at p; which would imply that the p; — p; edge in H was real.

If for all k <4, pug? — pj; then po? — p; and the collider path y is not minimal. Let
pr be the largest & such that & < 7 and there is no edge ;7 — p; in H. (It follows
from Case 2. that k < (i —1)). Then for all r, kK < r <, 1,7 — p; in H. This implies
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that for all , k <r <14, i — pj in H by the minimality of the path ;. And now we
see that for all v, k <r <1, yu, — p; in all G that gave rise to H by the construction
of i and j. There are two cases to be considered:

i) If py and p; are not adjacent then < pg, figy1,- -, fi—1, i, 1 > forms a discrimi-
nating path for y; in all G. By Lemma 2.5.4, (u;—1, @i, ptj) forms a non-collider in all
G that gave rise to H and hence p; — pj occurs in all G that gave rise to H. But this
is a contradiction because we are assuming that the p; — p; edge in H is not real.
ii) If puy and p; are adjacent then py? — p; in H (by definition of k) which leads to a
contradiction: If pp? — p; in H then pug? — ppq1 — pj — 7pg in H. Since k < i — 1,
the p1;41 edge is real so pg? — pip41 — pj — pg in at least one G that was joined to

form H, and such a G would violate the ancestral condition. O

Corollary 2.5.2 Let u be a minimal collider path of length n in the joined graph H. If any
pry 1 <r < (n—1) is adjacent to an endpoint that does not occur directly before or after p,
along the path p (i.e. excluding (po, p1) and (n—1, fin)), then u, is a parent of the endpoint
in H and this edge is real.

/\
(a)

Ho——Ui—HU5 M3 U7 —Hs5"Hg

/\
(b)

Ho——ur—U5—H3 Uz M5l

Figure 2.21: Diagram for Proof of Lemma 2.5.2. See text for details.

Proof:
By Lemma 2.5.5 there is an directed edge between pu, and the endpoint. If the endpoint

is a parent of u, then the minimality of the path is violated, as shown in Figure 2.21(a).
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Therefore p, is a parent of the endpoint, and by Lemma 2.5.5, this edge is real, as shown

in Figure 2.21(b). O

Corollary 2.5.3 Let H be a graph formed by joining any number of Markov equivalent
maximal ancestral graphs. Suppose there is a minimal collider path p between vertices g
and py such that py and p, are not adjacent in the joined graph H. Let py, pa, ..., thn—1
be the interior vertices along this path (i.e. the non-endpoints). Furthermore, suppose that
pi = i, |5 =t > 1 occurs in H for somei, 1 < i,j < n. Suppose, without loss of generality,
that i < j. If p; is adjacent to pjq1 or pj—1 (provided these vertices exist), then these edges
are oriented out of p; in H. Similarly, if p; is adjacent to p;—y or piy1 (provided these
vertices exist), then these edges is oriented into p; in H. Furthermore, these edges are

oriented in the above fashion in oll G that gave rise to H, and hence are real.

Proof:

From Lemma 2.5.5 we know that the p; — p; edge in H is real. Furthermore, we know
that there are no bi-directed edges between non-consecutive vertices on y in ‘H because p
is minimal. Suppose p; is adjacent to pjy1 such that p; < pjq in H. Then there is at
least one ancestral G that gave rise to H in which p; < pj41 occurs. If pj g is not an
endpoint, then a contradiction because p; 1 <+ p; < pjy1 — pi—1 would occur in this
graph and this graph would not be ancestral. If j1;41 or y; 1 is an endpoint, then the path
(J10y - - - s phis pbr) 1s & shorter collider path. An analogous contradiction would arise for the

other cases outlined in the corollary. O

2.6 Inducing Paths in the Joined Graph

In the next section I prove that the graph formed by joining Markov equivalent maximal
ancestral graphs is itself maximal. It is sufficient to only consider particular inducing paths

between vertices, minimal inducing paths.

Definition 2.6.1 Let p be an inducing path in a joined graph with vertices < o, 42 - - - 5 fbn >,
and let 1; be the number of edges on a shortest directed path between p; and an endpoint.

Furthermore, let ¢(u) be the total number of edges between the interior vertices and the
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endpoints on these paths, i.e. ¢(u) = SP_ ;. Then, p is a “minimal inducing path” for

vertices pg and py, in a joined graph if:

(i) there is no other inducing path between pg and p, with fewer vertices, and

(ii) there is no inducing path p' with the same number of vertices as p and ¢(p') < d(p).

It is easy to see that whenever there is an inducing path then there is a minimal inducing
path. Consequently, if there is an inducing path with non-adjacent endpoints then there
is a minimal inducing path with non-adjacent endpoints. I use the notion of a minimal
inducing path to help infer the presence and/or orientation of edges between non-consecutive
vertices along a collider path in a joined graph. Lemma 2.5.5 and Corollary 2.5.2 makes

such inferences.

2.6.1 Outline of Proof of Mazimality for Joined Graphs

To prove that joining Markov equivalent maximal ancestral graphs results in a maximal
joined graph, I show that if there is a minimal inducing path, y, in the joined graph, with
endpoints z and y, then pu is present in all the ancestral graphs G that gave rise to the joined
graph.

Since the graphs that are joined are assumed to be maximal this implies that x and y
are adjacent in all G, and hence in H. Recall that inducing paths are collider paths such
that each interior node is an ancestor of at least one endpoint. Consider any interior node,
i, 0 < ¢ < n where n is the number of edges on the path u, and let ag be the first
descendant of p; on the directed path from u; to an endpoint. The crux of the proof lies
in showing that p; is a parent of g in all ancestral graphs G that gave rise to the joined
graph.

Figure 2.22 can be thought of as a “road map” for proving Theorem 2.6.1.

Lemmas 2.6.2 to 2.6.5 combine to show that p; is a parent of aq in all ancestral graphs G
that gave rise to the joined graph. Lemma 2.5.3 is an important result for proving Lemmas
2.6.2 to 2.6.5. It states that if non-consecutive vertices on a collider path are adjacent in

the graph H formed by joining a set of Markov equivalent maximal ancestral graphs, then
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L.2.5.4

ﬂ% L.2.6.4

L.2.6.5

L.2.5.3

Thm 2.6.1
Maximality

Figure 2.22: Road map for Proof of Pairwise Markov Property for Joined Graphs. See text for
details.

that edge is directed, and has the same orientation in all ancestral graphs joined to give
rise to H. Lemma 2.6.1 states that non-consecutive vertices do not participate in triangular
cycles with ag. This result is important for proving the orientation of edges for which «y is
an endpoint. Once it has been established that the u; — g edge is real, it is not so difficult
to show that the ancestral path from p; to an endpoint in H is also ancestral in all G that

gave rise to H. I now prove Lemma 2.6.1.

Lemma 2.6.1 Let H be a graph resulting from joining any number of mazimal ancestral
graphs that are Markov equivalent to each other. Suppose i is the shortest minimal inducing
path in H with non-adjacent endpoints py and py, such that n > 3. Furthermore, let ap be
a child of a vertex puj,1 < j < (n—1). If such a path p exists in H, then the configurations

pi = g = pjp1 and pj_q < ag < pj do not occur in M for 1 < j < (n—1).

Note that the conditions of Lemma 2.6.1 require that p; is not an endpoint and does
not succeed or precede an endpoint on g. Thus, this lemma only applies to paths with

n > 4. The basic argument of the proof of Lemma 2.6.1 is that if y; = a9 — p;41 occurs
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in H, then there are inducing paths on sub-paths of p. Consequently, we can infer the
presence of edges between non-consecutive edges along p because of the minimality of the
path p. Arguing in this way, we can eventually infer an edge between pg and p,, which is
a contradiction.

Proof:

For a contradiction, suppose that p; — g — pj11 occurs in H.

If v is of length greater than 3, then (u;_1, ¢, #j+1) forms an inducing path in H that
is shorter than s, so pj_1 and ;4 are adjacent. By Lemma 2.5.5, the {p;_1, i1} edge
cannot be undirected. Furthermore, the {11, ptj4+1} edge cannot be bi-directed because
then the minimality of the path is violated. There are two cases left to consider (see Figure
2.23):

a) prj—1 = pj+1 in H
Since pj—1 is not an endpoint (f1j_2, ftj—1, ftj, ftj+1) forms an inducing path in A that is
shorter than p, so pj_2 and ;i1 are adjacent. If p;_s is an endpoint then pj_o — f1j41
by Corollary 2.5.2. If y1; 2 is not an endpoint then by Corollary 2.5.3, this edge is oriented
fj—2 — pj+1 and by Lemma 2.5.5 this edge is real. By repeated applications of the shortest
inducing path argument, (1, ..., ftj—1, ft5, ftj41) forms an inducing path that is shorter than
, and each of pq,..., ;1 are parents of pj1 and these edges are real (by Lemma 2.5.5).
Since j # n — 1, po is adjacent to ;1 because (po, o1, - . ., f1, ftj4+1) forms an inducing path
that is shorter than p. By Corollary 2.5.3 p19 — fj41, but then we reach a contradiction
because (fto, ftj4+1, ftj+2,-- -, [in) is a shorter minimal inducing path between po and y,, than
78

b) pj—1 ¢ w1 in H
In this case, (itjy2,j4+1, 4, 1tj—1) forms an inducing path in H that is shorter than pu
(because pj41 is an ancestor of pj_i, and p; is an ancestor of p1j4; and thus an ances-
tor of pj_1). So pj42 and pj_; are adjacent. Furthermore, by Corollary 2.5.3, this edge
is oriented p1j_1 < pj42. By repeated applications of the shortest inducing path argu-
ment, (fp—1, ... .fj+1, i, j—1) forms an inducing path that is shorter than p, and each of
Pn—1s- -, Mjs1 are parents of pj_i. Since j # 1, py, — pj—1 because (fin, fin—1,. -, fhj, fhj—1)

forms an inducing path that is shorter than p. But then we reach a contradiction because
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Figure 2.23: Diagram for Proof of Lemma 2.6.1 with 7 = 3. See text for details.

(Wn, fj—1,- ., pto) is a shorter minimal inducing path between p and p,, than p.
A symmetric argument can be made for the case in which 1 < ag = p1j41 in H. So, the
configurations j1; — g — pj41 and p1j < g ¢ jtj41 cannot occur on a minimal inducing

pathin Hforl<j<n-—1. 0

2.6.2 Showing u; — «q edge is Real

I first prove the case in which n = 2, and then the case for which n > 2.

Lemma 2.6.2 Let H be a graph formed by joining a set of Markov equivalent maximal
ancestral graphs G. Suppose the shortest minimal inducing path with non-adjacent endpoints
in H is of length 2 and label the nodes (g, p1,pn2). Call this path p. Let o be the first
descendant of p1 on the ancestral path from py to an endpoint in H. Then the uy — g

edge in H is real.

Proof:

Suppose for a contradiction that the pu; — o edge in H is not real. Then there is at least
one ancestral graph G that gave rise to H in which p; ¢ ag occurs. Since all graphs that
gave rise to H are Markov equivalent, by Theorem 2.1.1 the (11, ap) edge is shielded from
both sides; i.e. pup and po are each adjacent to ag: if p;, ¢ = 0,2 were not adjacent to «q
then (u;, p1, ) forms an unshielded non-collider that is present in all Markov equivalent

G that gave rise to H, hence the u; — ag edge would be real.
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There is at least one ancestral G that gave rise to ‘H such that 1 — «g. In this G, where
w1 is a parent of «p, pg and pg are either parents or spouses of ay because otherwise either
Ho? = p1 = qg — o Or fe +— ap — 1 <7Tus would form a non-ancestral configuration
(see Figure 2.24). In other words, whenever p; — o occurs in some G, 1o? — ag <7p2
also occurs. Note that pg? — «ap <7ps cannot occur in H because if it did, then the
minimality of the path p would be violated. Since « is sometimes a collider and sometimes
a non-collider on the path (ug, o, p2) in the ancestral graphs that gave rise to H, uo and o
are adjacent by Theorem 2.1.1 (since Markov equivalent graphs share the same unshielded

colliders). But this is a contradiction. Therefore, the u; — o edge is real. O

Ho?—>U—"H) o”—>u1<—"#2

H?\?olco?/? G \l

Figure 2.24: If n = 2 and the path p is as outlined in Lemma 2.6.2, then uo and u» are adjacent
to ag.

Corollary 2.6.1 (to Lemma 2.5.5) Let p; be an interior node on a minimal inducing path
in some joined graph H, and o be the first descendant of p; on the ancestral path from u;
to an endpoint, as shown in Figure 2.25. If oy occurs on the path u, then the p; — ap edge

is real. Note that by Corollary 2.5.2, po # g # pin.

Proof:
This result follows directly from Lemma 2.5.5 because pi—1 # ap # pit+1, and by Lemma

2.5.5, any edges connecting (non-consecutive) vertices on the path u are real. O

Lemma 2.6.3 Let H be a graph formed by joining a set of Markov equivalent ancestral
graphs G. Consider the shortest minimal inducing path with non-adjacent endpoints in H;

label the nodes (fuo, i1y - - - fin—1, fin ), and call this path p. Let ag be the first descendant of
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Ho——Hi—U3—H3 U7 M5 "Ug

Figure 2.25: Diagram for Proof of Corollary 2.6.1. See text for details.

11 on the ancestral path from py to an endpoint in H with ue? — ag. Then the uy — oy

edge in H is real.

Proof:

Suppose for a contradiction that the u; — ap edge in H is not real. Then there is at least
one ancestral graph, G, that has an arrowhead at p1; on the u; — «ap edge. Since all Gs that
gave rise to H are Markov equivalent, the p; — g edge is shielded from both sides, i.e. ug
and peo are each adjacent to .

Case I: n =2, i.e. pg? — py <7Tue is in H.

By Lemma 2.6.2 the edge ©; — «g in H is real which is a contradiction.
Case II: n > 3.
By Corollary 2.6.1, oy # py,t # i. I will show that for each p,,2 <r < (n —1):

1. ap? — pp in H.
2. pg < pyr in all G that gave rise to H.

Inductive Case: 2 < r < n Let u, be the first vertex after p; such that the following two

conditions do not hold:

1. ap? — pp in H.



o8

. /\
H: Ho—Ui——Us—H3 U7y

92

N\

?ao?

Figure 2.26: Diagram (a) for Proof of Lemma 2.6.3 with r = 4. See text for details.

2. wo < pp in ‘H and this edge is real.

If p, is not adjacent to ag and r = 2 then (ug, p1, o) forms an unshielded collider. If y,
is not adjacent to ap and r > 2, then (up, pr—1,..., p2, p1, ) forms a discriminating path
for p11 and this path is present in all G that gave rise to H, which is a contradiction since
by Lemma 2.1.1 p1 — ag would be real. Therefore p, is adjacent to «y.

I will now show that ag? — p, is in ‘H. Suppose for a contradiction that ag? — p, is in

H.
(a) For r < n if ag = pp is in H, then (u1, pa, ..., py) forms an inducing path in H that
is shorter than u (because each p;, 2 <i < r is a parent of ug, and 1 — a9 — p, is in H)
which would imply that p, is adjacent to pg, and by Corollary 2.5.2 po < p, is in H and
this edge is real. See Figure 2.27.

Consider the case where r = n. If g — p, is in H then since pg and p, are not adjacent,
(1o, o, pir) forms an unshielded non-collider that is present in all G joined to form #H. By
the definition of u, each of {pug,...,u,—1} is a parent of ug in every G joined to form H.
Consider the maximal ancestral graph G*, used to form #, in which p; — «p (See Figure
2.28); such a G exists because p; — ag in H. In G*, (o, ag, ) forms an unshielded non-
collider so « is a parent of at least one of uy or p,. In fact, by Lemma 2.5.3 po? — «q
occurs in G* so ag — py, occurs in G*. But then y forms an inducing path in G* and by the
maximality of G*, ug is adjacent to u,. Consequently g is adjacent to u, in H, which is a

contradiction. Therefore if ag — p, is in H, then r < n.
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0 1 H3—U3—U7"Us

O‘0

Figure 2.27: Diagram (b) for Proof of Lemma 2.6.3 with r = n = 5. See text for details.

1

G* Moy R3—Hi s

L

0?

Figure 2.28: Diagram (c) for Proof of Lemma 2.6.3 with = 4. See text for details.

(b) If ag ¢ pp is in H, then (ug, ag, ptr) forms a non-collider in H (with an arrowhead at
ap on the {ap, p,} edge in all G joined to give rise to H). We know that there is at least
one G in which p¢? — «ag occurs and in this graph (ug, ag, ) is a collider. We also know
that there is at least one G** in which pg < «p and hence (ug, ag, ) forms a non-collider
in G*x. Consequently, So pg is adjacent to u, (see Figure 2.29). If r = n then we reach a
contradiction because by assumption pg and p, are not adjacent. Thus, if ag <+ p, then
r < n and by Corollary 2.5.2, uy < u, and this edge is real.

So, if ap? — pp is in H, then r < n, po < pr and this edge is real. But then

(lrs1, ey g, o) forms a discriminating path for o in H, and discriminates (ug, o, i)
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Figure 2.29: Diagram (d) for Proof of Lemma 2.6.3 with r = 4. See text for details.

to be a non-collider in all G that gave rise to H. However, this is a contradiction for the
following reason:

Consider a G* in which u; — «p (see Figure 2.30). By Lemma 2.5.3 (triangle rule),
to? = «p is in G*. Because the pg < p, edge is real, by Lemma 2.5.3 there is also an
arrowhead at g on the {ay, ur} edge, i.e. ag <> pr. But then (ug, ap, pir) is a collider in

G*, which is a contradiction.

Figure 2.30: Diagram (e) for Proof of Lemma 2.6.3 with r = 4. See text for details.

Therefore, I have shown that ap? — u, is not in H. Consequently we can infer that

ap? — pp is in H. T will now show that p, is adjacent to pg (which leads to an immediate
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contradiction because of the definition of y,).

Currently we know the following about H (see Figure 2.31):

a) MO? — Qp,
b) po < p; for 2 <i < r and these edges are real, and

c) ap? —p; for 2<i<r

°_’MI_’H2 3 M7 s

Figure 2.31: Diagram (f) for Proof of Lemma 2.6.3 with r = 4. See text for details.

Suppose for a contradiction that p, is not adjacent to pg. Then (g, ap, pir) forms an
unshielded non-collider in H and this non-collider is present in all G that gave rise to H.

Consider the G in which p; — «q occurs. In this G, pug? — «g also occurs, so pu; — po? —
ap? — ?u; occurs in H for 2 < ¢ < r. By a simple triangle argument, and the fact that G
is ancestral, we can infer an arrowhead at g on the {u;, ap} edge for every i, 2 < i < r.
I have already shown that (g, «g, ity) is a non-collider in all graphs that gave rise to H.
Since p9? — ag is in G we can infer that «yg — p, is in G (else (ug, ag, ) forms a collider).
See Figure 2.32.

If there is no arrowhead at p; on the {u1, a0} edge in G, i.e. py1 — ap, then 7(po, pr)
forms an inducing path and by the maximality of G, u, would be adjacent to py which
would be a contradiction. Therefore 1 <+ o occurs in this G.

So, in any G in which puy? — ag occurs the following also occurs:

(i) ap «7p; for 2 <i <r,
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Figure 2.32: Diagram (g) for Proof of Lemma 2.6.3 with r = 4. See text for details.

(ii) o — iy, and

(iii) 1 < ag.

But this is a contradiction because: (a) it implies that whenever (ug, g, o) forms a
collider in G, p1 <> g also occurs and (b) I have already argued that whenever (ug, ag, p12)
forms a non-collider then pq <+ «q also occurs. In other words, if ug is not adjacent to w,
then py <> «ap occurs in all G joined to give rise to H, and hence p; <> «ap is in H which
is a contradiction. But then pg is adjacent to p,. If ¥ = n then we reach an immediate
contradiction because by assumption g and u, are not adjacent. If r < n then by Corollary
2.5.2 pp < pp is in ‘H and this edge is real. But this too is a contradiction because of the
definition of p,.

Therefore T have shown that if the puy — «p edge is not real, then we reach some

contradiction. Therefore, the u; — ap edge in H is real. O

Lemma 2.6.4 Letm = (ug,..., 1) be the shortest minimal inducing path with non-adjacent
endpoints in the graph H formed by joining a set of Markov equivalent maximal ancestral
graphs G. Let g be the first descendant of p1 on the ancestral path from py to Z in H with

wo? — . Then the puy — g edge in H is real.

Proof:

Suppose for a contradiction that the p1 — g edge is not real. Then there is at least one
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ancestral graph G in which the {11, p} edge is oriented p; <> «p. Since all Gs that gave

rise to H are Markov equivalent, the u; — ap edge is shielded from both sides, i.e. po and

W2 are each adjacent to .

Case I:

Case II:

n =2, ie pg? — p1 <7ug is in H. By Lemma 2.6.2 the 1 — «ap edge in H is real
which is a contradiction.

n > 3. By Corollary 2.6.1, ag is not equal to another ps,t # i. Since p is minimal,
ag <+ pj, 2 < j < n does not occur in ‘H because in this case (uo, o, ftj, .- -, in)
would violate the minimality of y. Let up be the vertex furthest from g1 such that p;

is adjacent to «g for 0 < ¢ < k. Since o is adjacent to ag, 7 > 2.

Claim: qgp < p; isin H for 1 < < k.
Suppose that there exists an ¢ < k such that ag — 7ug is in H. Let p, be the vertex
closest to p; such that ay — 7u, is in ‘H. By the definition of ., ag < pr—1 is in H.
If r = 2, then by assumption ag < 1 and the claim is true. There are now two cases
to consider:
(i) pr is adjacent to po (See Figure 2.33).
If p, is adjacent to pg, then by Corollary 2.5.2 pug < u,, and this edge is real.
Hence by Lemma 2.5.3, since pg? — ag — Tuyr — po it follows that there is an ar-
rowhead at o on the {u,, ap} edge in H (i.e. ag <7, ), which is a contradiction.

Therefore, u, is not adjacent to .

T T~

e g,

N .

(XO?

Figure 2.33: Diagram (a) for Proof of Lemma 2.6.4 with » = 4. See text for details.



64

(ii) pp is not adjacent to pg (See Figure 2.34).
In this case, po? — a9 — 7u, forms an unshielded non-collider that is present in
all G that gave rise to H. Hence oy — p, is in ‘H and because by definition of
the join operation py? — ap occurs in all G joined to give rise to H, the ay —
edge in H is real. Since ag < p,—1 is in H (by the definition of p,), there exists
at least one maximal ancestral graph G* in which «ag < p,_1. In this graph G*,
the triangle p,? — pr—1 = a9 — p, occurs, which is a contradiction because G*

is ancestral.

G* 2 .
B e ™ g e a

?\
(XO ?

Figure 2.34: Diagram (b) for Proof of Lemma 2.6.4 with r = 4. See text for details.

Consequently for 1 < i < k, up — «ap occurs in ‘H. If £ < n, then pg,1 exists and
is not adjacent to . However, (ug, ptk+1,- - -, f2, 41, o) forms a discriminating path
for 1 in H and by Lemma 2.5.4, this path is discriminating in all G joined to give
rise to H. Hence k = n, which is a contradiction because pg? — «g <7y, violates the

minimality of the path u. Consequently, the u; — «p edge is real.
O

Lemma 2.6.5 Let H be a graph formed by joining a set of Markov equivalent ancestral
graphs G. Consider the shortest minimal inducing path in H; label the nodes (g, i1, - -y fon—1, fn),
and call this path p. Let ag be the first descendant of p; on the shortest ancestral path from
wi to an endpoint, 0 < i < n. Then «g is a child of u; in all G that gave rise to H (i.e.

Wi — «p is real).

Proof:

For a contradiction, suppose u; — g is not real. Then there is at least one ancestral graph
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G that has an arrowhead at u; on the u; — g edge. Since all Gs that gave rise to H are
Markov equivalent, the u; — ap edge is shielded from both sides, i.e. u; 1 and p;4; are also
adjacent to ap.

Case I: n = 2. By Lemma 2.6.2 if n = 2, then the p; — o edge is real.

Case II: n > 3. For n > 3, Lemmas 2.6.3 and 2.6.4 show that if i = 1,(n — 1), then the
pi — g edge is real. Now I consider the case in which n > 3,1 > i > (n—1). Note that by
Corollary 2.6.1 oy # p¢,t # i. By Lemma 2.6.1, neither p;—; nor p;y; are children of ag. I
will show (see Figure 2.35):

1. Either there exists a j < ¢ such that p; 1 <?ag, pur — T, for all 7,0 < j <r <iin H,

or o? = g, by — T, 0 < r < ¢ in H.

2. Either there exists a &k > 4 such that apg? = pri1,007 —ps,t < s < k < nin H, or

g T, s — Ty, for all 5,2 < s < n in H.

3. Finally, I will show that the configurations described in 1. and 2. lead to some contra-

diction.

1. If p;—1 <7qq is in H, then j = i and we are done. So, p;—1 — Tag isin H. If p;_o is not
adjacent to ag, then (p;_2, pi—1, ap) is an unshielded non-collider that is present in all
G that gave rise to H. Consequently, (u;—2, ti—1, pti, ap) forms a discriminating path
for pu; in H that is also present in all G that gave rise to H, which is a contradiction.

So, pi—o is adjacent to «g.

Let j be the smallest r in a sequence such that pu, —?ap in H, for all 7,0 < 57 <
r <. If pj_1 is not adjacent to ag, then (p;_1, 14, ) is a non-collider in H and by
Lemma 2.5.4 (pj—1, 145, j+1, o) discriminates pj41 to be a non-collider present in all
G that gave rise to H. Consequently, by induction, (p;_1, ;.. ., i, o) discriminates

(ti—1, ti, ap) to be a non-collider, which is a contradiction. So, p1;_1 is adjacent to ay.
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Figure 2.35: Diagram for Proof of Lemma 2.6.5. See text for details.

Consider the case in which 7 = 1. If pg is not adjacent to «g then by induction
(10, 41, - - - 5 iy gy would form a discriminating path for p; in H. By Lemma 2.5.4
this path would be present in all G that gave rise to H which is a contradiction.
Therefore pp is adjacent to ag. Note that the edge type at ag on the pg? — g edge
in H must be present in all G that gave rise to H. If this were not the case, and
(1o, g, 1) was a collider in some G that gave rise to H, but a non-collider in others,
then pp would be adjacent to p;. By Lemma 2.5.2 the {ug, 11} edge is oriented g < p;
in H, which is a contradiction because the minimality of the ancestral path from pu;
to an endpoint would be violated. So, if j = 1, then either ug < agp, or uo? — ap in

H. If 5 > 1, then pj 1 <7 is in H.

So p; is the end of a sequence of vertices < pj, f1j41,...,1; > such that p, — 7, j <

r <i. Either pj_1 <7007 — pj, 0 < j <, or pg = o9? — 1 (in H), as required.

. A symmetric argument can be made for this case:

i.e. p; is the beginning of a sequence of vertices < p;,..., g1, > such that
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ag? — s, 1 < s < k. This sequence ends with either pp 1 — ?ag? = p, 1 < k < nor

pn—1— Tag < py (in H).

Note that if ug? — «ap is in H, then oy <7u, is not in H (and vice versa) because
otherwise po? — g +?uy, would form an inducing path with non-adjacent endpoints
that is shorter than the original path u, contrary to the minimality of the path. Sim-
ilarly, if p; <> @p,0 <1 < i is in H, then ap <> pm,? < m < n does not occur in H.
Without loss of generality, assume that p; <> «p,0 < < i does not occur in H (the
other case can be argued in a symmetrical fashion). Then there are 3 cases left to

consider (see Figure 2.36):

a) pj—1 < aop, (0 < j <), p— Tag, for all ¢,(j <t < n), p; = ap, and ag «7pp
in H,

b) po — ap, pr — T, (0 <t < k), pj = ap and o? = pg41, (i < k <n)in H, or

c) pj—1 — o, (0 < j < i), pp— T, for all t,(j <t < k), i = ap, and

ap? = pgy1, (1 < k <n)in H.

I will show that each of these configurations leads to some contradiction.

s a) fjo1 o, (0 < j <), up—2ap, for all ¢, (j <t < n), pi = ag, and ag «<?py in
H.

The tail at g on the p;_1 < ap edge is not present in all ancestral G that gave rise to
H, else pj <—7ap would also occur in H which is a contradiction. So, u;_; is adjacent
to jin, (and possibly more vertices). By Corollary 2.5.2, pj—1 — py, is in ‘H and this
edge is real. Since p,? — ag — pj 1 — pp is in H and the p; 1 — p, edge being
real, by Lemma 2.5.2, p, <+ ag <> pj—1 — pt, would be a subgraph of H, which is a
contradiction (because (uo, ..., p;j—1, 0, ttn) would form a shorter minimal inducing

path with non-adjacent endpoints that is shorter than pu).

b) po = ag, pr — Tag, for all ¢, (0 < t < k), p; = ap and ap? = pgy, (1 < k < n) in
H.

If ag <> pigyy isin H, then (uo, o, pgs1s - - - 5 i) is an inducing path with non-adjacent



68

a) /—\

Ho =71

?'(10'?

H:

20l ?

A pg HT I s Mg

H3—H3 /H
\? l ?

Qy?
Figure 2.36: Diagram for Proof of Lemma 2.6.5. See text for details.

endpoints that is more minimal than p. If g — pgyq is in H, then an argument
analogous to that given in a) leads to a contradiction. In particular, the tail at o on
the ag — pp41 edge is not real so pg1 is adjacent to o (and possibly more vertices).
By Corollary 2.5.2, jo < pg41 is in ‘H and this edge is real. Since po? — a9 — pga1 —
po is in H with the pgy1 < po edge is real, by Lemma 2.5.2 g <> ag <> pig1 — o
would be a subgraph of H, which is a contradiction (because (pug, o, figt1s-- - Hn)
would form a minimal inducing path with non-adjacent endpoints that is shorter than
)-

c) pj—1 +— ag, (0 < j < i), g — T, for all t,(j <t < k), i = o, and ap? —

pr+1, (0 < k <n)in H.
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Since p; — g is in H, there exists at least one ancestral graph, G, that gave rise to
‘H for which p; — «p. In this ancestral graph, (u;—1, g, i+1) forms a collider since
otherwise G would not be ancestral, i.e. p;—1 <> p; = a9 — fi—1 O it <> Hj —
ag — pi+1 would occur in G. Because (p;—1, g, iti+1) is a collider in at least one G

that gave rise to H, but is a non-collider in ‘H, pu; 1 and p;y; are adjacent.

There are now two sub-cases left to consider:

i) If pi—1 — piy1 in H then by Lemma 2.5.5 this edge is real. Now consider the
ancestral graph G* in which «g < ;41 (such a graph exists since ;11 — oy is
in H). Note that pu;—1 — «p is in G* because oy? — pi—1 — pir1 — agp is not
ancestral. Consequently, by Lemma 2.6.1, u;—2?7 — ap and {p;—2, g, pti1+1) forms
a collider not present in H. So, just as in the case of u; 1, u;—o is adjacent to
wir1. By Corollary 2.5.3 p;—9 — piy1 is in H and this edge is real. Because
ap? = Mi—2 = Mir1 — «p is not ancestral p;_s — o is in G*. By induction, all
tr,0 < 7 —1 < r < i are adjacent to and parents of ;11 and og. But we now
reach a contradiction because ag? — ;1 — pj41 — o is not ancestral.

i) If pir1 — pi—1 in H then by Lemma 2.5.5 this edge is real. Now consider the
ancestral graph G** in which pu;—1 — «g. In this ancestral graph, p;y1 — «p
because ag? — pi+1 — pi—1 — og is not ancestral. Consequently, ;127 — g
and (ui12, g, pi—1) forms a collider not present in H. So, just as in the case of
Wit1, Mite is adjacent to p;—1. And because ag? — piyo — pi—1 — g is not
ancestral pjyo — ap in G**. By induction, all us,2 < s < k+1 < n are adja-
cent to and parents of p; 1 and «g. But we now reach a contradiction because

ap? = fgr1 — pi—1 — og is not ancestral.

Since any joined graph H, for which the edge u; — g is not real leads to a contradiction,

the edge p; — o is real. O

2.6.3 Main Result 1: Mazimality of Joined Graphs

I now prove the main result of this section:
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Theorem 2.6.1 (Main Result 1: Mazimality of Joined Graphs) Let H be a graph formed
by joining a set of Markov equivalent ancestral graphs G: If all G are mazximal, then H is

also mazimal.

Proof:

For a contradiction, let us assume that H is not maximal. Then, there must be at least one
pair of non-adjacent vertices such that there is an inducing path between them. Consider
the shortest minimal inducing path with non-adjacent endpoints in H; label the nodes
(10 f115 -+ - y in—1, Hn), and call this path p.

From the definition of an inducing path, we know that p is a collider path such that
(1, .-, pn—1) are each ancestors of either pg or u, in H. By the minimality of the path pu,
we also know that there is no inducing path on a subset of u for which the endpoints are
not adjacent. Finally note that the collider path between py and p, is also present in all
ancestral graphs, G, that gave rise to H.

I will show that all the edges on the directed path from u; to an endpoint are real.
Hence, I will have shown that the inducing path in H is also present in all G that gave rise
to H. Since all Gs that gave rise to H are maximal, if ¢ is an inducing path in all G, then pg
and u, are adjacent in all G; hence they are adjacent in H, and we reach a contradiction.

Let pj — ap — ... — a;, be the shortest directed path from p; to an endpoint in H (so
Qi = 4o OF Qi = fip). It is sufficient to show that this path is present in any G joined to
form H (because in that case there would be at least one ancestral graph G that gave rise
to H that was not maximal, which would be a contradiction).

Lemma 2.6.5 shows that the first descendant, oy, of any vertex along u, say u;, is a child
of p; in all G that gave rise to H (i.e. p; — g is real). I will use an inductive proof to show
that all the subsequent edges on the directed path from pu; to an endpoint are also real.

Suppose that ag — «; is not real (see Figure 2.37). Then by Theorem 2.1.1, u; —
ap — «q is shielded (i.e. p; is adjacent to ay) since otherwise (u;, o, 1) is an unshielded
collider. By Lemma 2.5.3 y; — «q is in ‘H because the pu; — ap edge is real; but then the
minimality of the path is violated since we can take a directed path from y; to an endpoint

that bypasses ag. So, the edge ay — «aq is real.
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Figure 2.37: If the path pu is as outlined in Lemma 2.6.2, then us and a;y are adjacent, and ps is
a parent of a;.

Assume that for 0 < k& < m, the ap_; — o edge is real and consider the ap — gy
edge. If a — ag41 in H is not real, then by Theorem 2.1.1, ag_; is adjacent to ag41. By
Lemma 2.5.3, ax_1 — agy; occurs in H (because the oy 1 — «p edge is real), but then
the minimality of the path is violated since we can take the path from pu; to an endpoint
that bypasses ay. Consequently, the oy — ag41 edge is real. So, by induction, the edges
between «g, a1, a9, ..., q,, are real and form a directed path from o to an endpoint.

I have now shown that p also occurs in all G that gave rise to 7. Since all these ancestral
graphs G are maximal, puo and p, are adjacent in every G. Consequently, ug and u, are
adjacent on H which is a contradiction. O

In general, there is no pairwise Markov property for joined graphs. Theorem 2.6.1 tells
us that if we restrict ourselves to the joining sets of Markov equivalent ancestral graphs for
which the pairwise Markov property holds, i.e. maximal ancestral graphs, then the resulting
graph is also maximal. However, to prove that such joined graphs follow a pairwise Markov
property, it is necessary to show that for paths with non-adjacent endpoints there exists a set
that j-separates the endpoints given Z. Chapter 3 will prove that a global Markov property
holds for joined graphs formed by joining sets of Markov equivalent ancestral graphs. The

pairwise Markov property follows as a corollary to this result (see Corollary 3.8.1).
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Chapter 3

GLOBAL MARKOV PROPERTY FOR JOINED GRAPHS

In this chapter I investigate the general structure of minimal j-connecting paths in joined
graphs and prove the Global Markov property for joined graphs. In Lemma 3.2.1, T show
that the edges connecting non-consecutive vertices along a minimal j-connecting path given
Z (see Definition 3.1.1) in a joined graph are directed out of a collider in Z and this edge is
real. We will then use this fact to show that if there is a minimal j-connecting path between
« and ( in a joined graph given some separating set Z, then there exists an m-connecting
path given Z between « and [ in all ancestral graphs that gave rise to H. The second
main result of this thesis is presented in Theorem 3.8.1 where I show that graphs formed by
joining Markov equivalent maximal ancestral graphs obey a global Markov property with

respect to j-connection. An outline of this proof is given in Section 3.3 (see Figure 3.15).

3.1 Adjacencies on j-connecting Paths

Some useful facts related to the structure of j-connecting paths would be to know which
non-consecutive vertices along the path are adjacent; and furthermore, if we can infer the
orientation of such connecting edges. The following Lemmas provide insights to such issues
for minimal j-connecting paths given Z, where a minimal j-connecting path given Z is defined

as follows:

Definition 3.1.1 Let u be a j-connecting path given Z in a joined graph with vertices
< oy 42 - -+ 5 iy >, and let 1; be the number of edges on a shortest directed path between
wi and a member in Z. Furthermore, let ¢p(u) be the total number of edges between each
interior vertex and the closest member of Z on these ancestral paths, i.e. ¢(u) = E?;11¢i.

Then, p s a “minimal j-connecting path given Z7 between vertices g and py in o joined

graph if:
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(1) no subsequence of the vertices on p form a j-connecting path given Z between py and
M, and
(i1) there is no other path u' which is j-connecting given Z between pg and pu, with the

same number of vertices as p such that ¢(u') < ¢(u).

Lemma 3.1.2 looks at the endpoints of minimal j-connecting paths; Lemma 3.1.3 exam-
ines undirected edges, Lemma 3.1.4 and Corollary 3.1.1 look at non-colliders along the path.
Lemma 3.2.1 and Corollary 3.2.1 summarize the above lemmas and show that if there is an
edge connecting two non-consecutive vertices along a minimal j-connecting path given Z,
then the edge is singly directed out of a collider that is in Z, and this edge is real. I first
show that the presence of an arrowhead at a vertex on a j-connecting path given Z implies

that the vertex is an ancestor of either Z or an endpoint.

Lemma 3.1.1 If 7 is a j-connecting path given Z in some joined graph H and there is an

arrowhead at o on 7 then g is either an ancestor of Z or an ancestor of an endpoint in

H.

Proof:
Let a and 8 be the endpoints of the path 7. For a contradiction, assume that 7 is of the
form «...?7 — 79 ... 0 and that 7y is not an ancestor of either Z or an endpoint.

B # o because every vertex is an ancestor of itself. Similarly, v is not a collider since
if 7 — 79 «7 occurs on 7 then 7y is trivially an ancestor of Z (because in this case, ¥
is a collider on the path 7 and since 7 is j-connecting, all colliders are ancestors of 7).
Therefore, 7 — 79 — 7 occurs on 7. But since 7 is j-connecting, 7 — vy — occurs on 7.

Let v be the first vertex after yq that is not a parent of the next vertex on the path. Then
Yo is an ancestor v (see Figure 3.1). By assumption 7q is not an ancestor of an endpoint so ~y
is not an endpoint. Let v, be the first vertex after v along w. By definition + is not a parent
of 7o, and because 7 is j-connecting w is of the form «o...7 = v — ... = v <7y1...0
(where 71 possibly equals §). By the definition of j-connection +, as a collider along the

path, is an ancestor of Z and thus - is an ancestor of Z, which is a contradiction. O
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Figure 3.1: Diagram for Proof of Lemma 3.1.1: 7y is an ancestor of either an endpoint or Z.

Lemma 3.1.2 If 7 is a minimal j-connecting path between o and B given Z in a joined
graph H, then if o is adjacent to some non-consecutive (see Definition 2.5.4) vertex v on

the path, then o <— v, v is a collider on the path m, v is in Z, and the a < v edge is real.

Proof:
Suppose for a contradiction that there is an edge a? — +* where v* is not consecutive to
« on 7. Let v be the furthest such vertex from a on w. The path a? — ... cannot be

j-connecting given Z else 7 is not minimal. There are now three cases to consider:

@ o - - - y_.B

Figure 3.2: Diagram for Proof of Lemma 3.1.2. See text for further details.

(a) If w takes the form ...y — ... 3, then a? — v — ... 3 forms a shorter j-connecting
path since 7y is a non-collider on both paths (see Figure 3.2).
(b) If 7 takes the form a...vy «7... 3 (see Figure 3.3) then by Lemma 3.1.1 ~ is either an

ancestor of a or an ancestor of a vertex in Z. In the latter case, the path a? — v +
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Figure 3.3: Diagram for Proof of Lemma 3.1.2. See text for further details.

?...B is j-connecting which is a contradiction. In the former case, «? — v <7+, forms
an inducing path hence o and v, are adjacent by Theorem 2.6.1. Since 7 is the furthest
vertex such that a? — v we have a7 — v;. Let 7, be the first vertex after vy, which
is not adjacent to « (such a vertex exists because otherwise o and /3 are adjacent).
Now a? — 74,1 occurs in H (by the definition of ). Further, 7 cannot take the form
Q... Y1 — k... 0 since in this case a? — vy_1 — 7Y ... is j-connecting which is
a contradiction. Hence, 7 takes the form «...vg_1 <7y ...5. If a— y,_1 then
o — Yg—1 < Yk, and « and ~y are adjacent by Lemma 2.4.3 which is a contradiction
(by the definition of ;). Thus we have o < v¢_1 <7V, If (Y&_2,Y%_1,7) iS a non-
collider on 7, then v < 51 <77 ... 3 is j-connecting. Hence, v, _1 is a collider on ,
and furthermore isin Z. If k — 1 > 1, (vk, Vk—1,Vk—2, @) forms a discriminating path
for v;_o. Hence we have v;_o — «. I can argue that v, o is a collider on the path =
too and hence if K —2 > 1 then (g, Vk_1,Vk_2,Vk_3, ) forms a discriminating path
for v;x_3. Continuing in this way we obtain that («,y,v1,v2,.- ., Vk—1, V) is a collider
sub-path of 7 such that each of (y1,72,...,7%_1) is a parent of a. But now we reach a
contradiction: (&, vy, v1,Y2---,Vk_1,7Vk) forms an inducing path so by Theorem 2.6.1
« and vy, are adjacent which is a contradiction by the definition of .

(c) If 7 takes the form «...y — 4 ... then since we have a? — v — 0, there is a further
edge a? — 70 (see Figure 3.4). By definition of v, a? — § occurs in H but ¢ is a non-

collider (or an endpoint) hence a? — §... 3 forms a shorter j-connecting path.

This completes the case argument and establishes that there is no edge a? — v in H.
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Figure 3.4: Diagram for Proof of Lemma 3.1.2. See text for further details.
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Figure 3.5: Diagram for Proof of Lemma 3.1.2: See text for further details.

Suppose that there is an edge « — v* where v* is not adjacent to a on 7. Let v be the
furthest such vertex on 7 from « (see Figure 3.5). If w takes the form ...y —7...3 then
o —v—7...[3 forms a shorter j-connecting path, but if = takes the form «...y <77, ...
then v; and « are adjacent. Hence, o < 71 occurs in H by definition of v and the fact that
a? — v, is already ruled out. Let ~; be the first vertex after v on 7 which is not adjacent
to «, such exists as otherwise o and 3 would be adjacent. Hence we have o < vp_17 — 7
in H. It follows that ~;,1 < j <k — 1 is a collider on 7 since otherwise o < ;... 3 forms
a shorter j-connecting path. Since each of {7v,71,...,7x_1} are adjacent to, and parents
of, o, (Y, Vk—1,---,7, ) forms a discriminating path for v in H, an by Lemma 2.5.4 this
discriminating path is present in all G that gave rise to H, and thus either a <> v or a < v
is in H, which is a contradiction.

Thus, if « is adjacent to a non-consecutive vertex on 7 then o < «. Finally, a < v...
forms a shorter j-connecting path unless 7 is a collider on 7 and v is in Z.

To show: « < v edge is real.

Suppose for a contradiction that there exists a collider on 7 that is in Z such that o < ~*

and this edge is not real. Let v be the furthest such vertex from «. Let +; be the vertex

after v on 7. Since (v,7*,71) is a collider in some G but not H, « is adjacent to y; where
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Figure 3.6: Diagram for Proof of Lemma 3.1.2: See text for further details.

1 is the first vertex after v on 7 (see Figure 3.5). I have shown that if « is adjacent to
~1 then a < v occurs in H, 7, is a collider on 7 and 7; is in Z. By the definition of ~,
the a <— ;1 edge is real. If 9 is not adjacent to « then (vy2,7v1,7, ) forms a discriminating
path for v in H and by Lemma 2.5.4 v is discriminated to be a non-collider in all G that
gave rise to H. Since v ¢ 1 occurs in H, v <+ 7y, occurs in all G that gave rise to ‘H and
consequently, the « <— v edge is real. But this is a contradiction so 79 is adjacent to «. Let
v be the first vertex after v that is not adjacent to a. Such a vertex exists because o and
[ are not adjacent. I can argue that each of {7y1,72,...,7_1} is a collider on 7 that is in
Z, a parent of a in H, and the edges o <— v,,1 < r < k occur in G. By the definition of
v, the @ < 7,.,1 < r < k edges are real and so occur in G. But then (yi, vk _1,..-71,7, @)
forms a discriminating path for + such that the o < v edge is real. This is a contradiction,

so the a < v edge is real. O

Corollary 3.1.1 If 7 is a minimal j-connecting path between o« and 8 given Z, and d is a
vertex such that w takes the form a... < §...03, then if § is adjacent to a non-consecutive
vertex vy occurring after 0 on the path, then § < v and v is a collider on m, v is in Z and

the & < 7y edge is real.

Proof:

This follows by the same argument as for Lemma 3.1.2, after observing that if 7 is j-
connecting given Z then § ¢ Z, so 7(9, 3) j-connects given Z. Further, if § is adjacent to
and 67 — ?7v... [ is j-connecting o and 3 given Z then «... 87 — ?+y... 3 is also j-connecting

given Z.
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Figure 3.7: Diagram for Proof of Lemma 3.1.1: See text for further details.

To show: § < v edge is real. Suppose for a contradiction that there exists a collider on
m that is in Z such that § < +* and this edge is not real. Let v be the furthest such vertex
from § (see Figure 3.7). Then 0 is adjacent to y; where 7 is the first vertex after v on 7.
I have shown that if § is adjacent to vy then § < v occurs in H, 7, is a collider on 7 and
~1 is in Z. By the definition of v, the § < 7; edge is real. Let o be the vertex after v;
on 7. If v is not adjacent to § then (v2,v1,7,d) forms a discriminating path for v which
would imply that the § < v edge is real. But this is a contradiction so 7o is adjacent to
Jd. Let ~y be the first vertex after  that is not adjacent to § (such a vertex exists because
by Lemma 3.1.2 § is not adjacent to §). We can argue that each of {v1,v2,...,7k—1} is a
collider on 7 that is in Z, a parent of § in H, and the edges § + v,,1 < r < k occur in G.
By the definition of v, the § < v,,1 < r < k edges are real. But then (v, vk—1,...71,7,0)
forms a discriminating path for v such that the § < v edge is real. This is a contradiction,

so the § < v edge is real. O

Lemma 3.1.3 Let w be a minimal j-connecting path between o and 3 given Z, and § be
a vertex such that w takes the form «... —§6...08. If § is adjacent to a non-consecutive
vertex v occurring after 6 on the path, then § < v and v is a collider on m, v is in Z, and

the § < 7 edge in H s real.

Proof:

There are four steps to this proof:

(1) Establish that v is of the form v <«7...5 on .
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Suppose for a contradiction that there exists a v* that is a vertex occurring after §
on 7w and non-consecutive to ¢ such that v* is adjacent to § and v* does not take the
form ~* «<7... 3 along 7. Since § is not a collider on 7, by Lemma 3.1.2 v* is not an
endpoint and by Corollary 3.1.1 v* does not take the form v* — ... 3 on w. Then by

process of elimination v* — ... is in H.

" SN

Figure 3.8: Diagram for Proof of Lemma 3.1.3: See text for further details.

Choose v to be the vertex furthest from 0 that is like v* (see Figure 3.8). I will now
show that in this case, each type of edge between § and 7 leads to a contradiction. If
0 — is in H, then the path «... —§ — v — ... is a j-connecting path between «
and S that is more minimal than 7, which is a contradiction. Suppose §7 — ~ is in H.
Let 1 be the vertex after v on m. Then by Lemma 2.5.1, the v — 7, edge (where v,
is the first vertex after v along 7) is not real and 0 is adjacent to ;. By the definition
of v, v1 — ... is not in ‘H, and because 7 is j-connecting, v —y; <7... does not
occur on 7 in H. Hence ~; is either an endpoint or takes the form v —~; — ... 3 on
7. But if § and ~; are adjacent, then by Lemma 3.1.2 and Corollary 3.1.1 respectively,
0 would be a collider on 7 which is a contradiction. Therefore, if § is adjacent to v,
is of the form v <-7... /3 along .

Establish that § «+ v is in H.

Suppose there exists a v* that is non-consecutive to 0* on 7 such that v*

is adjacent
to § and v* takes the form 07 — 7v* «7...8 on w. Choose ¢ and v to be the ver-
tices furthest apart along 7 such that § and ~ satisfy the conditions on §* and ~*
respectively.

There are 3 sub-cases to consider:

(i) Suppose § — 7 is in H (see Figure 3.9(2i)). Then — § — v «7 is j-connecting
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Figure 3.9: Diagram for Proof of Lemma 3.1.3: See text for further details.

given Z because by Lemma 3.1.1 v is an ancestor of Z. Since the path («...d,7,...53)
violates the minimality of 7, we reach a contradiction and § — v is not in H.
(ii) Suppose —d —~ <7 is in H (see Figure 3.9(2ii)). Then by Lemma 2.5.1 the
0 — «v edge is not real and ¢ is adjacent to y; where 7, is the first vertex after ~y
along .
Because 0 is of the form a.... — § along 7, by Lemma 3.1.2 and Corollary 3.1.1
respectively, 7y is neither an endpoint nor a non-collider of the form v <7+, —
... along w. By (1) I have shown that the edge after v; is not undirected along
m. Hence ~; is of the form ~; «<-7...3 along m; but this is a contradiction by
the definition of y (since ¢ and 7 are non-consecutive vertices furthest apart on
7 such that a... —d...y«7?...8isin H and § is adjacent to v). Thus, 6 — vy
is not in H.

(iii) Suppose § <> v is in H (see Figure 3.9(2iii)). Since we have an arrowhead meeting
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an undirected edge (— 0 > 7y), by Lemma 2.4.3 v is adjacent to d;, where §;
is the vertex directly before ¢ on the path w. Since 7 is j-connecting given Z,
the configuration ? — d; — 0 does not occur on 7. By the definition of the
{d,v} edge, the configuration — §; — ¢ does not occur on 7; hence 0; is either
an endpoint or a non-collider of the form + §; — J. Consequently, by Lemma
3.1.2 and Corollary 3.1.1 respectively, d; < « is in H and this edge is real. But
here we reach a contradiction: by Lemma 2.5.2 and because the configuration
d <> v — 67— 76 is in H with the v — §; edge real, the {01,d} edge is not
undirected, which is contradiction.

I have shown by process of elimination that if ) and ~ are adjacent, then § < ~
occurs in H.

(3) v is a collider on 7 and v is in Z.

©)

Figure 3.10: Diagram for Proof of Lemma 3.1.3: See text for further details.

Suppose for a contradiction that -y is not a collider, and is thus not in Z (see Figure
3.10). Since — § < v is in H, v is adjacent to d; where d; is the vertex directly before
0 on 7. If 1 is an endpoint, then by Lemma 3.1.2 v is a collider on 7 and 7 is in Z,
which is a contradiction. If d; is not an endpoint, then since 7 is j-connecting, 7 is
of the form ? —d; — § on w. Let d; be the vertex closest to § that is before ¢ and
is not a neighbour of its predecessor on the path (or is an endpoint) J. By repeated
applications of the undirected-edge-meeting-an-arrowhead argument, it can be shown
that each of (0x,dx_1,...d1) is adjacent to v and by (2) these edges are directed from
v to each of (0x_ 1,0k 9,...,01). If d is an endpoint, then by Lemma 3.1.2 v is a
collider on 7 and -~y is in Z, which is a contradiction. If §; is not an endpoint, then

0 — 01 is in H because 7 is j-connecting. In this case, I can apply Corollary
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3.1.1 to see that v is a collider on 7 and + is in Z, which is a contradiction. Therefore,
I have shown that if  <— v occurs in H, then v is a collider on 7w and v is in Z.
Show the § < v edge is real.

Suppose ¢* and ~* are non-consecutive vertices on m such that « is of the form
... — 6.7y T B, 0% %, and v* is a collider on 7 and is in Z. Suppose
for a contradiction that the 6* < +* edge is not real. Choose § and 7y to be the vertices
that are furthest apart along m and satisfy the conditions on §* and v* respectively

(see Figure 3.11).

@ /\\\

o — e =YY B

Figure 3.11: Diagram for Proof of Lemma 3.1.3: See text for further details.

Because the § <+ v edge is not real, ¢ is adjacent to v; where 7 is the first vertex
after v on 7. I have shown that if § is adjacent to 7; then § < 7, occurs in H, 1 is
a collider on 7 and 7, is in Z. By the definition of -, the § + 1 edge is real. If vy
is not adjacent to & then (vy2,71,7,d) forms a discriminating path for v which would
imply that the § < ~ edge is real. But by Lemma 2.1.1 this is a contradiction so v
is adjacent to . Let 5 be the first vertex after v that is not adjacent to J. Such a
vertex exists because by Lemma 3.1.2 [ is not adjacent to § since ¢ is not a collider on
m. I can argue that each of {v1,72,...,7_1} is a collider on 7 that is in Z, a parent
of 6 in H. But then (vg, Yk—1,...71,7,0) forms a discriminating path for v in H so
by Lemma 2.1.1 the § < v edge is real. This is a contradiction, so the ¢ < v edge is

real. O

Lemma 3.1.4 Let m be a minimal j-connecting path between o and B given Z in a joined

graph H formed by joining o number of Markov equivalent maximal ancestral graphs. If

s of the form a...7 = 0...v<«7...08 and 67 — vy occurs in H, then § < v, v is a collider

on m,y is in Z, and the § < v edge in H is real.
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If ris of the form «...? = §...y <«7... 3 and ¢ and 7 are adjacent, then the {4, v} edge
cannot be bi-directed or else the minimality of the path 7= would be violated. I now show
that in such situations, there is a directed edge, starting from a collider and this directed
edge is real. The following proof is very similar to the proof of Lemma 2.5.5.

Proof:

Suppose, for a contradiction, that there is an edge §*7 — v* in H, and the tail at v* is not
real. Let 0 and 7 be the vertices furthest apart along 7 such that § and v satisfy the con-
ditions on 0* and v* respectively. Let v, be the vertex just after v along 7 in the direction

of 3; by hypothesis v <771.

1. To show {0,7,} are adjacent.
If {§,71} are not adjacent, there exists at least one G in which (d,7,v;) forms an
unshielded non-collider since it is an unshielded non-collider in H. Because all G
being joined are Markov equivalent, (d,7,7;) is an unshielded non-collider in all G.
Since ancestral graphs do not contain undirected edges that meet arrowheads, v <77,
is in all G, and the tail at 7 is present in all G that gave rise to H. Consequently:
0 < v occurs in all G that gave rise to H so 0 < v occurs in H and this edge is real.
But this is a contradiction because we are assuming that there is at least one graph
g, that gave rise to H, without ¢ < . So, {d,71) are adjacent in H.

2. Establish that 0 < v; in H (see Figure 3.12).

2 (i) /\\

o - - .?—>6?<—? L ’Y<—?Y1<—?- : B

2 (i /\\

Figure 3.12: Diagram for Proof of Lemma 3.1.4, step 2.
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If v is an endpoint or a non-collider of the form v <-?v; — 7, then by Lemma 3.1.2,
Lemma 3.1.3 and Corollary 3.1.1 § — 71, d is a collider on 7 and a vertex in Z, and
the § — v, edge is real. But then we reach a contradiction: § — y,7 — v — 7J is in
H and by Lemma 2.5.2 there is an arrowhead at v on the {J,v} edge in H, contrary
to hypothesis. Therefore, ; satisfies the conditions on v and v <7y, <7 is in H.

By the definition of ¢ and ~, the {4,y } edge in H is real. If § — ~; is in H then since
this edge is real, we reach a contradiction because by Lemma 2.5.2 there is an arrow-
head at  on the {d,~v} edge contrary to hypothesis. Therefore § < 7 is in H and this
edge is real. Furthermore, if v; is not a collider on 7 and hence is not a vertex in Z,
then the path («,...,d,71,...,3) is j-connecting given Z and is more minimal than

m. Hence, 6 <— v is in H, this edge is real, ; is a collider on 7, and ~; is a vertex in Z.

. Establish that § < v in H.

Suppose for a contradiction that § —~ in H. Let 7, be the vertex after v; on m. If
72 is not adjacent to 0 then (y2,71,7,d) forms a discriminating path for v and conse-
quently, § < v would occur in ‘H which is a contradiction. Therefore, v» is adjacent
to § in H. Since 77 — ¢ is real, by Lemma 2.5.2 and minimality ¢ < 72, and by the
definition of ¢ and ~, this edge is real. Furthermore, since 7 is a minimal j-connecting
path given Z, 7o is a collider on 7, and v is a vertex in Z. Let 7. be the first vertex
after -y, that is not a collider in Z. It can be verified that each of {v1,7v2,...,7k—1} is
a parent of ¢ and these § < ~;,1 < i < (k — 1) edges are real. There are three cases
to be considered (see Figure 3.13):

i) If 4 and § are not adjacent then (vg,Vk—1,...,71,7,0) forms a discriminating
path for v in A, and by Lemma 2.5.4 § < v is in all G that gave rise to H. But
this is a contradiction because we are assuming that the § < v edge in H is not
real.

ii) Suppose 7, and ¢ are adjacent and v is of the form 7 | <7y, «<7. By the
definition of ~g, ¢ is not a vertex in Z. By Lemma 2.5.2 § 7 is in H, and
by the definition of 4 and -y, this edge is real. Furthermore, since ~y; is not in
Z, (..., 0,%,...3) forms a more minimal j-connecting path given Z than T,

which is a contradiction.
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Figure 3.13: Diagram for Proof of Lemma 3.1.4, step 3.

iii) Suppose v, and § are adjacent and ~y is either an endpoint or is of the form
V-1 <17 — 7. Then § — v is in H, 0 is a collider on 7,  is in Z and the
d — v edge is real (by Lemma 3.1.2 in the former case; and by Corollary 3.1.1
and Lemma 3.1.3 in the latter case). Because the § < ;1 and § — v edges
are real in H, the non-ancestral configuration d — v;? — y,_1 — 0 occurs in all

G that gave rise to H which is a contradiction.

I have shown that if §7 — v is in H, then § <« is in H and this edge is real. Furthermore, ~y
is a collider on 7 and is a vertex in Z or else the path (a,...,d,7,...,3) forms a j-connecting

path between « and 8 given Z that is more minimal than 7, which is a contradiction. O

Corollary 3.1.2 Let m be a minimal j-connecting path between o« and B given Z. If v and
K are non-consecutive colliders on 7 that are adjacent, then: (i) either v — Kk or v < K

occurs in H, (ii) the {v,k} edge is real, and (iii) the parent of the {v,k} edge is in Z.

Proof:

Suppose without loss of generality that = = («,...,v,...,k,..., ). Since v and k are
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colliders, 7 is of the form «...7 — v...x «<7... 3. By the minimality of the path 7, the
{v,k} edge is not bi-directed. There are two cases to consider: either v — 7k is in H, or
v? — Kk is on H. In the former case, v — kK is in H, this edge is real and v is in Z by Lemma

3.1.4. A symmetric argument can be made for the latter case. O

3.2 Structure of j-connecting Paths

The following two lemmas summarize the results thus far and characterize the structure
of minimal j-connecting paths given Z. Because DAGs are a subset of joined graphs, and
j-connection for DAGs is equivalent to d-connection, these results are generalizable to min-
imal d-connecting paths given Z. Similarly, j-connection for maximal ancestral graphs is
equivalent to m-connection, so these results also characterize minimal m-connecting paths

for maximal ancestral graphs.

Lemma 3.2.1 Let m be a minimal j-connecting path between o and B given Z and let & be
either an endpoint or a non-collider along w. If 0 is adjacent to 7y, a non-consecutive vertex

along 7, then 0 < v is in H, v is a collider on m, v is in Z and the 0 < v edge is real.

Proof:
Claim: v is a collider on 7, 7y is in Z and the § < v edge is real.

There are four cases to consider:

a

b

(c
(d

(a) If ¢ is an endpoint then by Lemma 3.1.2 the claim is true.

(b) If 7 is of the form ... < §...7...[ then by Corollary 3.1.1 the claim is true.

) If 7 is of the form ... —¢...7...[ then by Lemma 3.1.3 the claim is true.

) If wis of the form «...?7 — § — ...~... 3 then by Corollary 3.1.1 and Lemma 3.1.3 ~y
is not an endpoint and v — 7 ... 8 cannot occur on w so y <7... 3 is in H. By Lemma
3.1.4 either 6 — v or § <~ v isin H. § — ~ is ruled out as in this case § is a collider

on 7. Hence d <~ v on 7 in H and the claim is true. O

Corollary 3.2.1 Let 7 be a minimal j-connecting path between « and 3 given Z; let 0 and
v be two non-consecutive vertices on 7 that are adjacent. Then at least one of 6 and v is a

collider in Z, the {0,~v} edge is directed out of a collider in Z and this edge is real.
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Proof:

There are two cases to consider:

(i) If one of § or 7y is a non-collider or an endpoint (say ¢), then by Lemma 3.2.1 the other
vertex 7y is a collider in Z, the {d,~} edge is directed out of v and this edge is real.
(ii) If both ¢ and ~ are colliders, then by Corollary 3.1.2 the {d,7} edge is directed, the

parent of the {J,~v} edge is in Z and this edge is real. O

If 7 is any minimal j-connecting path given Z, then 7 can be decomposed into a series of
undirected, directed and bi-directed sub-paths. Furthermore, if 7 contains both colliders and
undirected edges, then there is at least one edge on 7 that is oriented from the undirected
sub-path to the directed sub-path. Figure 3.14 shows an example of an induced subgraph

for a j-connecting path given Z.

™ _
AN e e AN

Figure 3.14: Example of a minimal j-connecting path given Z in a joined graph

Thus, it is apparent that the minimality of a j-connecting path 7 puts a number of
structural restrictions on the induced subgraph formed by the vertices on the path w. This

observation will facilitate the proof of the global Markov property for joined graphs.

3.3 Global Markov Property for Joined Graphs

The global Markov property for joined graphs is defined as follows:

A1l B|Z[P] whenever Z j-separates A and B in a joined graph.
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where A, B and Z are disjoint subsets of vertices in the joined graph. The sets of vertices
A and B are j-separated given the set Z if and only if every vertex in A is j-separated
from every vertex in B given Z. In other words, if there is at least one j-connecting path
conditional on Z from some vertex in A to some vertex in B, then A and B are j-connecting
given Z.

Theorem 3.8.1 proves that the global Markov property holds for P if the joined graph
is formed by joining a set of Markov equivalent maximal ancestral graphs and P obeys the

global Markov property with respect to the graphs. There are two parts to this proof:

e j-connection given Z in the joined graph = m-connection given Z in the set of graphs

joined to give rise to the joined graph.

e m-connection given Z in the set of graphs joined to give rise to the joined graph =

j-connection given Z in the joined graph.

Note that m-connection is the same as j-connection for ancestral graphs because arrow-
heads do not meet undirected edges in ancestral graphs. In particular, I look at minimal
j-connecting paths given Z in the joined graph, and show that there exists some j-connecting
path between the endpoints given Z in the ancestral graphs.

Figure 3.15 can be thought of as a “road map”for proving Theorem 3.8.1. The proofs
of Lemmas 3.5.2, 3.5.3, 3.5.4, 3.5.5 and 3.5.6 are very similar to proving the maximality
result (in particular Lemmas 2.6.2, 2.6.3, 2.6.4, 2.6.5 and Theorem 2.6.1). Lemma 3.2.1 and
Corollary 3.2.1 describe the structure of minimal j-connecting paths given Z. Lemma 3.7.1
and Corollaries 3.7.1, 3.7.2, and 3.7.3 are required to ensure that discriminating paths with
order are well-defined (see Definition 3.7.1). Discriminating paths with order are used in
Lemma 3.7.3, hence the dashed line. Lemma 3.7.3 can then be used to show that minimal
j-connecting paths given Z are retained through the join operation. Theorem A.0.1 states
conditions under which two maximal ancestral graphs are Markov equivalent to each other.

As a consequence of the structure of minimal j-connecting paths, all non-colliders in a

joined graph H, formed by joining a set of Markov equivalent maximal ancestral graphs,
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Figure 3.15: Road Map for J-connection Proof. See text for details.

are also non-colliders in all ancestral graphs that gave rise to H. I prove this property in

the next section.

3.4 Non-Colliders on Minimal j-connecting Paths in Joined Graphs

Lemma 3.4.1 Let m be a minimal j-connecting path between « and (B given Z in some
joined graph H formed by joining a set of Markov equivalent maximal ancestral graphs.

Then, all non-colliders on 7 in H are also non-colliders on m in all G that gave rise to H.

Proof:

Suppose for a contradiction that (, p,7y) is a non-collider on 7 in ‘H that is not present in
all G that gave rise to H. Then by Lemma 2.5.1 at least one of {4,p} and {p,~v} is not
real, ¢ is adjacent to v and by Corollary 3.2.1 this edge is directed. There are three cases

to consider:
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(i) N
—2——=pP —V=—

Figure 3.16: Diagram for Proof of Lemma 3.4.1.

(i) d —pisin H (see Figure 3.16(i)). Since 7 is j-connecting, ¢ is either an endpoint or a
non-collider on . Then by Lemma 3.2.1 « is a collider on 7, v isin Z, § - vy is in H
and this edge is real. But then v = 0 — 7p — ~ is in H, and by Lemma 2.5.2 we can
infer an arrowhead at p on the {0, p} edge which is a contradiction. Therefore § — p
does not occur in H.

(ii) § — pis in H (see Figure 3.16(ii)). Since 7 is j-connecting, 0 is either an endpoint or
a non-collider on m. Then by Lemma 3.2.1 v is a collider on 7, v is in Z, § < v is
in H and this edge is real. But then v — § — p — v is in H, and by Lemma 2.5.2
we can infer an arrowhead at p on the {4, p} edge which is a contradiction. Therefore

0 — p does not occur in H.

(iii)

e P Y Yy

Figure 3.17: Diagram for Proof of Lemma 3.4.1. See text for details.

(ili) 0 <~ p = yor vy p —> yord < p<isin H (see Figure 3.17(iii)). Without loss

of generality, suppose § < v is in ‘H. Then by Lemma 3.1.4 v is a collider in H, v
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is in Z, and the 6 < < edge is real. Let v; be the vertex just after v on w. If v is
not adjacent to ¢ then (v;,~,p,d) forms a discriminating path for p and by Lemma
2.5.4 this path is discriminating in all G that gave rise to H, and hence the collider
(v, p,0) exists in all G, which is a contradiction. Therefore ; is adjacent to §. By
Lemma 2.5.2, § < 7, and by Lemma 3.1.4 7, is a collider on 7, ; is in Z and the
0 < 71 edge is real. Let v, be the first vertex after v on 7 that is not a collider on
7 and a parent of §. Then each of (y1,...,7,_1) is a collider on 7 and a parent of
0. Furthermore by Corollary 3.2.1 these § < ~,,1 < r < k edges are real. If 4 is
either an endpoint or a non-collider, then by Lemma 3.2.1 ¢ is a collider on 7, § —
and this edge is real. But this is a contradiction because 6 — vx? — Y1 — ¢ would
occur in any G that gave rise to ‘H and these graphs would not be ancestral. But if §
is not adjacent to v then (vg,Vk—1,--.,71,7,0,0) forms a discriminating path for p

which is a contradiction.

Therefore, I have shown that if (J, p,y) forms a non-collider on a minimal j-connecting

path given Z in H, then (4, p,~y) is a non-collider on 7 in all G that gave rise to H.

3.5 Collider Sub-paths of Minimal j-connecting Paths in Joined Graphs

This section proves that collider sub-paths of minimal j-connecting paths in a joined graph
‘H, formed by joining Markov equivalent maximal ancestral graphs, are also m-connecting
in the ancestral graphs joined to give rise to H. The steps of this proof are very similar to
the proof that H is maximal (Theorem 2.6.1). Essentially, the claims made about which
non-consecutive edges are adjacent, and the orientation of such edges are the same, but the
arguments to justify these claims differ slightly.

Having established that the graph resulting from joining maximal ancestral graphs is
itself maximal, I can prove the following lemma, which is analogous to Lemma 2.6.1 for

j-connection:

Lemma 3.5.1 Let H be a graph resulting from joining a set of Markov equivalent maximal

ancestral graphs and 7 is a minimal j-connecting path between « and B given Z in H.
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Furthermore, let p be a collider sub-path of m with endpoints pg and pn,n > 2 such that
neither pg nor uy, are colliders on w. If such a path p exists in H, then the configurations
pi = g = prjp1 and pj_q <= ag < 1 (provided these vertices exist) do not occur in H for

1 <j<(n—1) where ag is a child of ;.

Proof:
Note that by Lemma 3.2.1 pp and p,, are not adjacent, as neither of these vertices is a col-
lider. For a contradiction, suppose that p; — a9 — pj41 occurs in H. Then (uj_1, pij, pj+1)

forms an inducing path in H so by Theorem 2.6.1 p1;_1 and pj41 are adjacent.

(a) If n = 2 we reach an immediate contradiction because by Lemma 3.2.1 po and po are
not adjacent.

(b) If n > 2, and j = 1, then by Lemma 3.2.1, pg < p2 is in A and this edge is real. But
then (ug, g1, 12, p3) forms an inducing path and by Theorem 2.6.1 p3 is adjacent to
wo- Note that p3 is not an endpoint because pg is not adjacent to u,. Let ux be the
first vertex after u; that is not adjacent to pg; such a vertex is guaranteed to exist.
Then (g, fi1, - - - , gy forms an inducing path in ( and by Theorem 2.6.1 p is adjacent
to pp which is a contradiction. Therefore, j # 1. A symmetric argument holds for the

case j =n — 1.

He g—fir—ps 15 —kz—Hs e

Figure 3.18: Diagram for Proof of Lemma 3.5.1. See text for details.

(c) If n > 2,i < j <n—1then by Lemma 3.1.4 the {{1;_1, 11} edge is directed and real.

Without loss of generality, suppose f1j_1 — j;1 occurs in H (see Figure 3.18). Then
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(=25 11, ftj, ftj+1) forms an inducing path in H and by Theorem 2.6.1 j1;_2 is adja-
cent to pjy1. Let pyp be the closest vertex before yu; that is not adjacent to pjy1 or po.
If pp = po then we reach a contradiction: by Lemma 3.2.1 p19 < pj41 is in ‘H and this
edge is real; consequently, the non-ancestral configuration o7 — pu1 — pjp1 — po
occurs in all G that gave rise to H (because the 1y — pji 1 — po edges are real).
(ks k415 - - - f14s ftj41) forms an inducing path and by Theorem 2.6.1 fi, is adjacent

to pj41 which is a contradiction.

A symmetric argument can be made for the case in which p; < ag <= 41 in H. So, the
configurations p1; — oo — pjy1 and pj <= ag < p;j41 cannot occur on a collider sub-path

of a minimal j-connecting path in H. O

3.5.1 Ezamining the u; — ap edge in H

Lemma 3.5.2 Let m be a minimal j-connecting path in graph H formed by joining a set of
Markov equivalent mazimal ancestral graphs G. Let pn = (o, p1,p2) be a collider sub-path
of m such that neither py nor po are colliders on w. Suppose uy is not in Z, and let o be
the first descendant of uy on the ancestral path from py to Z in H. Then the u; — «p edge

in H s real.

Proof:

Suppose for a contradiction that the pu; — ag edge in H is not real. Then there is at least
one ancestral graph, G, that has an arrowhead at p1; on the u; — «ap edge. Since all Gs that
gave rise to H are Markov equivalent, the p; — g edge is shielded from both sides, i.e. ug
and us are each adjacent to «p.

There is at least one ancestral G that gave rise to H such that pi; — «q. In this G, where
w1 is a parent of «y, po and u9 are either parents or spouses of ay because otherwise either
o? — p1 —> ap — po Or po — g < p1 <7ue would form a non-ancestral configuration
(see Figure 3.19). In other words, whenever p; — g occurs in some G, jg? — ag <z also
occurs. Note that pg? — ag <7ue cannot occur in H because if it did, then the minimality
of the path p would be violated. Since «y is sometimes a collider and sometimes a non-

collider on the path (ug, ag, 2) in the ancestral graphs that gave rise to H, po and uo are
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Ho?—>y+—"H Ho?—>y<+—"H

ot e N

Figure 3.19: If n = 2 and the path p is as outlined in Lemma 3.5.2, then uo and ps are adjacent
to ap.

adjacent. But this is a contradiction because by Lemma 3.2.1 pp and u, are not adjacent.

Therefore, the 1 — «ap edge is real. O

Corollary 3.5.1 (to Lemma 3.1.4) Let p; be a collider on a minimal j-connecting path in
some joined graph H, and o be the first descendant of u; on the ancestral path from p; to
a vertex in Z, as shown in Figure 3.20. If ag is another collider on the path p, then the

Wi — ap edge is real.

Proof:
This result follows directly from Lemma 3.1.4 because by Lemma 3.1.4 if y; is a parent to

any other vertex on the collider sub-path, this edge is real. O

N\

Ho——Ur—H5 K3 U U5 "Ug

7+

Figure 3.20: Diagram for Proof of Corollary 3.5.1. See text for details.
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Lemma 3.5.3 Let m be a minimal j-connecting path in the graph H, formed by joining a
set of Markov equivalent mazimal ancestral graphs G. Let u = {(ug,...,pun) be a collider
sub-path of w such that neither pg nor u, are colliders on w. Suppose pq is not in Z, and
let g be the first descendant of 11 on the ancestral path from py to Z in H with py? — .

Then the 1 — ag edge in H is real.

Proof:

Suppose for a contradiction that the u; — ap edge in H is not real. Then there is at least
one ancestral graph, G, that has an arrowhead at p; on the p; — g edge. Since all Gs that
gave rise to H are Markov equivalent, the p; — g edge is shielded from both sides, i.e. ug
and peo are each adjacent to .

Case I: n =2, i.e. po? — py <?pg is in H.

By Lemma 3.5.2 the edge ©; — «g in H is real which is a contradiction.

Case II: n > 3.

By Corollary 3.5.1, oy # py, t # i. I will show that for each p,,2 <r < (n —1):

1. ap? — pp in H.
2. po < pp in all G that gave rise to H, and the edge is real (by Lemma 2.5.2).

. /\
He pg Hr—U5—HU3 Uz M5

92

N\

?ao?

Figure 3.21: Diagram (a) for Proof of Lemma 3.5.3 with r = 4. See text for details.

Inductive Case: 2 < r < n Let u, be the first vertex after ©1 such that the following two
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conditions do not hold:

1. ap? — pr in H.
2. po + iy in H and this edge is real.

If p, is not adjacent to oy and r = 2 then (ug, p1, ) forms an unshielded collider. If y,
is not adjacent to ag and r > 2, then (up, prp—1,...,p2, p1, ) forms a discriminating path
for p1; and this path is present in all G that gave rise to H, which is a contradiction since
by Lemma 2.1.1 p1 — a9 would be real. Therefore p, is adjacent to «y.

I will now show that ag? — p, is in ‘H. Suppose for a contradiction that ag? — p, is in

H.
(a) For r < nif ag = p, is in H, then {(uy,p2,...,p,) forms an inducing path in H
(because each p;, 2 < i < r is a parent of ug, and py; — o — iy is in H) and by Theorem
2.6.1 p, is adjacent to po, and by Corollary 2.5.2 pg < p, is in H and this edge is real. See
Figure 3.22.

Figure 3.22: Diagram (b) for Proof of Lemma 3.5.3 with » = n = 5. See text for details.

Consider the case where r = n. If g — p, is in H then since ug and p, are not adjacent,
(1o, g, pir) forms an unshielded non-collider that is present in all G joined to form H. By
the definition of p, each of {ug,...,up—1} is a parent of yp in every G joined to form H.

Consider the maximal ancestral graph G*, used to form H, in which p; — g (See Figure
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3.23); such a G exists because 1 — ag in H. In G*, (o, g, i) forms an unshielded non-
collider so « is a parent of at least one of ug or p,. In fact, by Lemma 2.5.3 uo? — ag
occurs in G* so ag — iy, occurs in G*. But then p forms an inducing path in G* and by the
maximality of G*, ug is adjacent to u,. Consequently g is adjacent to p, in H, which is a

contradiction. Therefore if ag — py is in H, then r < n.

. I

G% Ho—pr—Rr U3 M7 s

L

0?

Figure 3.23: Diagram (c) for Proof of Lemma 3.5.3 with = 4. See text for details.

(b) If ag ¢ pp is in H, then (ug, ag, ptr) forms a non-collider in H (with an arrowhead at
ap on the {ap, p,} edge in all G joined to give rise to H). We know that there is at least
one G in which p¢? — «ap occurs and in this graph (uo, ag, ) is a collider. We also know
that there is at least one G** in which pg < «p and hence (ug, ag, ) forms a non-collider
in G*+. Consequently, pg is adjacent to u, (see Figure 3.24). If r = n then we reach a
contradiction because by assumption pg and p, are not adjacent. Thus, if ag <> p, then
r < n and by Corollary 2.5.2, uy < u, and this edge is real.

So, if ap? — py is in H, then r < n, pg < p, and this edge is real. But then
(fr+1, tbry g, o) forms a discriminating path for o in H, and discriminates (ug, g, i)
to be a non-collider in all G that gave rise to H. However, this is a contradiction for the
following reason:

Consider a G* in which p; — ap. By Lemma 2.5.3 (triangle rule), puo? — «p is in

G*. Because the pug < p, edge is real, by Lemma 2.5.3 there is also an arrowhead at «q
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Figure 3.24: Diagram (e) for Proof of Lemma 3.5.3 with r = 4. See text for details.

on the {ag, pu,} edge, i.e. ag <> pr. But then (g, g, pr) is a collider in G*, which is a

contradiction. See Figure 3.25

Figure 3.25: Diagram (e) for Proof of Lemma 3.5.3 with = 4. See text for details.

Therefore, I have shown that ap? — pu, is not in H. Consequently we can infer that
ap? — pp is in H. T will now show that p, is adjacent to pg (which leads to an immediate
contradiction because of the definition of y,).

Currently we know the following about H (see Figure 3.26):

a‘) H’U? — Qp,

b) po < p; for 2 < i < r and these edges are real, and
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c) ap? —p; for 2<i<r

H:

//\\

“ 7_’H‘_’H2 7 'Usg

Figure 3.26: Diagram (f) for Proof of Lemma 3.5.3 with r = 4. See text for details.

Suppose for a contradiction that p, is not adjacent to pg. Then (ug, ag, p,) forms an

unshielded non-collider in H and this non-collider is present in all G that gave rise to H.

Consider the G in which p; — «q occurs. In this G, pug? — «g also occurs, so u; — po? —

ao? — ?u; occurs in H for 2 < ¢ < r. By a simple triangle argument, and the fact that G

is ancestral, we can infer an arrowhead at g on the {u;, ap} edge for every i, 2 < i < r.

I have already shown that (g, g, gr) is a non-collider in all graphs that gave rise to H.

Since p9? — ag is in G we can infer that «yg — p, is in G (else (ug, ag, ) forms a collider).

See Figure 3.27.

Figure 3.27:

Diagram (g) for Proof of Lemma 3.5.3 with = 4. See text for details.
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If there is no arrowhead at pq on the {p1, a0} edge in G, i.e. pu; — «p, then w(ug, puyr)
forms an inducing path and by the maximality of G, u, would be adjacent to pg which

would be a contradiction. Therefore p1 <+ o occurs in this G which is a contradiction. O

The following proof is the same as the proof of Lemma 2.6.4. The only difference between
the proofs is that Lemma 2.6.4 deals with minimal inducing paths (in which each non-
endpoint is an ancestor of an endpoint), and Lemma 3.5.4 deals with minimal j-connecting
paths. Since the proof of Lemma 2.6.4 does not use the fact that the path is inducing, these

proofs are identical. The proof is included here for completeness.

Lemma 3.5.4 Let m be a minimal j-connecting path in graph H formed by joining a set of
Markov equivalent mazimal ancestral graphs G. Let = (ug, ..., p2) be a collider sub-path
of ™ such that po and py, such that neither vertex is a collider on . Suppose py is not in
Z, and let ag be the first descendant of p1 on the ancestral path from i to Z in H with

wo? = ag. Then the p1 — ag edge in H is real.

Proof:

Suppose for a contradiction that the p1 — g edge is not real. Then there is at least one
ancestral graph G in which the {u1,p} edge is oriented p; <+ ap. Since all Gs that gave
rise to ‘H are Markov equivalent, the u; — «p edge is shielded from both sides, i.e. g and

W2 are each adjacent to ap.

Case I: n =2, i.e. up? = p1 <7z is in H. By Lemma 3.5.2 the p; — ap edge in H is real
which is a contradiction.

Case II: n» > 3. By Corollary 3.5.1, ag is not equal to another p;,t # 4. Since p is minimal,
ag > iy, 2 < j < n does not occur in H because in this case (ug, o, ftj, .- -, fin)
would violate the minimality of y. Let uj be the vertex furthest from p; such that p;

is adjacent to «q for 0 < ¢ < k. Since po is adjacent to ag, 7 > 2.

Claim: qp < p; isin H for 1 <¢ < k.
Suppose that there exists an ¢ < k such that ag — 7 is in H. Let u, be the vertex

closest to p1 such that ag — 7u, is in H. By the definition of ., ap < pr—1 is in H.
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If r = 2, then by assumption ag < 1 and the claim is true. There are now two cases
to consider:

(i) py is adjacent to ug (See Figure 3.28).

If p, is adjacent to pp, then by Corollary 2.5.2 pg ¢ pur, and this edge is real.
Hence by Lemma 2.5.3, since pg? — ag — Tpyr — po it follows that there is an ar-
rowhead at ag on the {y,, ap} edge in H (i.e. ag <7u,), which is a contradiction.

Therefore, p, is not adjacent to ug.

T T~

H: Ho—Hi—Us—H3H7 M5

(XO?

Figure 3.28: Diagram (a) for Proof of Lemma 3.5.4 with = 4. See text for details.

(ii) p, is not adjacent to py (See Figure 3.29).

In this case, po? = a9 — 7u, forms an unshielded non-collider that is present in
all G that gave rise to H. Hence oy — . is in ‘H and because by definition of
the join operation pg? — ag occurs in all G joined to give rise to H, the ag — iy
edge in H is real. Since ag < p,—1 is in H (by the definition of p,), there exists
at least one maximal ancestral graph G* in which g < p,_1. In this graph G*,
the triangle u,? — g, 1 — a9 — p, occurs, which is a contradiction because G*

is ancestral.

Consequently for 1 < 7 < k, up — «ap occurs in H. If k£ < n, then pjy; exists and
is not adjacent to «y. However, (g, ptk+1,-- -, f2, i1, o) forms a discriminating path
for p1 in H and by Lemma 2.5.4, this path is discriminating in all G joined to give
rise to H. Hence k = n, which is a contradiction because pg? — ag <7, violates the

minimality of the path u. Consequently, the u; — «g edge is real.
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G* 2 .
B s T g

N\

(XO?

Figure 3.29: Diagram (b) for Proof of Lemma 3.5.4 with r = 4. See text for details.

a

Lemma 3.5.5 Let m be a minimal j-connecting path in graph H formed by joining a set of
Markov equivalent mazimal ancestral graphs G. Let yu = (po, ..., un) be a collider sub-path
of m such that neither pg nor w, is a collider on w. Suppose p; is not in Z, and let ap be
the first descendant of pu; on the ancestral path from u; to Z in H. Then the u; — «ap edge

15 real.

Proof:

For a contradiction, suppose the u; — «ap edge is not real. Then there is at least one
ancestral graph G that has an arrowhead at p; on the y; — o edge. Since all Gs that gave
rise to H are Markov equivalent, the u; — «q edge is shielded from both sides, i.e. p; 1 and
Wi+1 are also adjacent to ay.

Case I: n = 2. By Lemma 3.5.2 if n = 2, then the u; — g edge is real.

Case II: n > 3. For n > 3, Lemmas 3.5.3 and 3.5.4 show that if i = 1,(n — 1), then the
wi — «ag edge is real. Now I consider the case in which n > 3,1 > i > (n — 1). Note that
by Corollary 3.5.1 o9 # pug,t # 5. If 1,0 < 5 < @ is a spouse of ag, and py,7 < k < n is
a spouse of ag then the path (uo, g1, ..., tj, @0, ik, k41, - - -, fhn) S more minimal than p.
Without loss of generality assume that p; <> ag,0 < j <4 does not occur in H and that pg
is not a parent of «p.

By Lemma 3.5.1, neither p;—1 nor p;y; are children of ag. Therefore, p;—1 — 7ap is
in H. Unless p;_o is adjacent to ag, (pi—2,pi—1,pi, o) forms a discriminating path for

wi (because by Lemma 2.1.1 (pu;—9, pti—1, ;) forms an unshielded non-collider which would
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imply that the tail on the {p;_1, a0} edge is present in all G that gave rise to H and hence
the p;—1 — «ap) edge is real). Thus, ;9 is adjacent to «ayp.

By assumption p; 9 <> ap does not occur in H, so either pu; 1 — ag or p; 2?7 — g is in
H. Suppose there is a tail at ag on the {u;—2,a0} edge. If the tail is present in all G that
gave rise to H then p;_o < ap occurs in ‘H and this edge is real. But then by Lemma 2.5.2
Wi—1 <Tag is in H. Since p;—1 <> ap is excluded by assumption, p; 1 < «q is in ‘H which is
a contradiction by Lemma 3.5.1. If the tail at o on the {u;_2, ap} edge is not present in all
G that gave rise to ‘H then u;_ is adjacent to p; to shield (u;—o, ag, pt;). Furthermore, since
W; is not in Z, by Lemma 3.1.4 pu;_o — p; and this edge is real. But then by Lemma 2.5.2
li—2 — «ap, which is a contradiction. Therefore, p; 2?7 — g is not in H, and consequently,

Mi—2 — Q) is in H.

@ Mo ——HUr—H5 K3 U7 U5

N

ao—>z

N

(b) MoK K5 —H3Hi " Hs

N

by —Z

Figure 3.30: Diagram for Proof of Lemma 3.5.5. See text for details.

Let ur be the vertex closest to po that is before p; such that uy is not a parent of

ag. Consider the case where pur = po (see Figure 3.30(a)): Then uq is a parent of ag
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in H. If up < o« is in H, then (ug,p1, o) forms an inducing path and by Theorem
2.6.1 o is adjacent to pue. But then (ug, 1, pe, ps) forms an inducing path in H and
by Theorem 2.6.1 pg is adjacent to ps3. By repeated applications of this inducing path
argument, (yug,...,u,) forms an inducing path in 4 and by Theorem 2.6.1 pg is adjacent
to py, which is a contradiction. Thus, pg < o is not in H; and furthermore, by assumption
Lo <> g is not in H.

Therefore pg — 7 is in ‘H. By the definition of ug, o — g is ruled out because pur = o
is not a parent of ag, so pg — ap is in H. By Lemma 2.5.1 the {ug, g} edge is not real, so
Lo is adjacent to p;. But this is a contradiction because by Lemma 3.2.1 pp and p; are not
adjacent (since pg is not a collider, and p; is not in Z). Therefore, 0 < k < i.

If puy is not adjacent to ap then (ug, pigr1,- .-, i—1, o) discriminates (p; o, pi—1, p) to
be a non-collider in H and (g, fg+1,-- -, i—1, i, ) forms a discriminating path for p;,
which is a contradiction (see Figure 3.30(a)). Thus, uy is adjacent to ag. By assumption
Wi <> ag is ruled out; by Lemma 3.5.1 py < «p is ruled out; and by the definition of puy,
wr — g is ruled out. Therefore uy — g is in . Since an arrowhead meets the undirected
edge {uk,ap}, by Lemma 2.5.1 py is adjacent to p;. Furthermore, since p; is not in Z, by
Lemma 3.1.4 p — p; and this edge is real. But now we reach a contradiction: because the
configuration pg — p; — g — pg is in H, by Lemma 2.5.2, there is an arrowhead at ag on
the {uk, ap} edge.

Since any joined graph H, for which the edge pu; — g is not real leads to a contradiction,

the edge p; — ap is real. O

Lemma 3.5.6 Let H be a graph formed by joining a set of Markov equivalent maximal
ancestral graphs G and let ™ be a minimal j-connecting path between o and B given Z in H.
If v is a collider sub-path of m with endpoints py and py, such that neither pg nor wu, are

colliders along w, then p;, 0 <1 < n is an ancestor of Z in all G joined to form H.

Proof:
Since p is a collider path that is j-connecting given Z in ‘H, every non-endpoint vertex p; is
an ancestor of Z in H. Furthermore, by the definition of the join operation, the path p is

a collider path in all ancestral graphs G that gave rise to H.
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I will show that all the edges on the ancestral path from pu;,0 < ¢ < n to Z are real.
Hence, I will have shown that the path p in H would be j-connecting given Z in all G that
gave rise to H.

To show: All edges on the ancestral path from p; to Z, i.e. (u;, ap, 1,0z, ..., ap) where
Q. 18 in Z, are real.

Lemma 3.5.5 states that g, is a child of p; in all G that gave rise to H (i.e. p; — g is
real). T will use an inductive proof to show that all the subsequent edges on the ancestral
path from p; to Z are also real.

Suppose that oy — aq is not real (see Figure 3.31). Then p; is adjacent to «y since
otherwise (u;, o, ) is an unshielded non-collider and consequently the oy — «; edge is
real. By Lemma 2.5.3 u; — « is in H, but then the minimality of the path is violated since

we can take a directed path from u; to Z that bypasses ag. So, the ag — « is real.

Figure 3.31: If the path pu is as outlined in Lemma 3.5.2, then us and a;y are adjacent, and ps is
a parent of a;.

Assume that for 0 < k& < m, the ap_; — « edge is real and consider the ap — agy;
edge. If the edge oy — ag41 in H is not real, then ay_; is adjacent to a4 since otherwise
(g1, g, agy1) is an unshielded collider. By Lemma 2.5.3 a1 — gy is in H, but
then the minimality of the path is violated since we can take the path from u; to Z that
bypasses ay. Consequently, the o — a1 edge is real. So, by induction, the edges between

Qp, i1, Qa, ..., Oy, are real and form an ancestral path from oy to Z.
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It has been shown that if the path pu is j-connecting in H given the vertex set Z, then it

is also j-connecting given Z in all G that gave rise to H. O

3.6 From j-connection to m-connection

In this chapter I show that j-connection in a joined graph implies m-connection in all the
maximal ancestral graphs that gave rise to the joined graph. Before I present the proof
of this result, I present results regarding Markov equivalence of ancestral graphs that will

facilitate the proof that m-connection in G implies j-connection in H.

Corollary 3.6.1 (to Lemma 3.2.1) Let © be a minimal m-connecting path between « and [3
given Z in the ancestral graph G, and § is either an endpoint or a non-collider consisting of
directed edges along w. If § s adjacent to v, a non-consecutive vertex along m, then 0 < ~y

isin G, v is a collider on m and v is in Z.

Proof:
Ancestral graphs are a subset of joined graphs so this lemma is true by Lemma 3.2.1 after

observing that arrowheads do not meet undirected edges in ancestral graphs. O

3.7 Discriminating Paths in Joined Graphs

Discriminating paths can identify which shielded vertices in a graph are important in de-
termining Markov equivalence of ancestral graphs. However, not all paths that are discrim-
inating in one graph are discriminating in another graph. Consider the example given in
Figure 3.32(i).

Note that ¢ is a collider on the path (x,q, B,y) in Hi, but not in Hy so (x,q,B,y)
forms a discriminating path in H;, but not in Hy. If we knew Hso, then we would not know
whether B is a collider or a non-collider on the path j-connecting » and y in any graph
Markov equivalent to Hs. However, note that (z,q, B,y) is not a minimal j-connecting path
between x and y given Z in Hy because (z, B,y) is a shorter j-connecting path between x

and y given Z. Furthermore, note that B is an unshielded collider on the path (x, B,y)
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AN AN

Figure 3.32: Two examples of joined graphs that are Markov equivalent and (x,q, B,y) forms a

discriminating path in H;, but not in H2. See text for further explanation.

in H; and B is a non-collider on any j-connecting path between z and y on which B is a
vertex, in any graph Markov equivalent to Ho.

If a discriminating path U = (z,q1,...,qp, B,y) is present in all graphs Markov equiva-
lent to G then in all graphs G* Markov equivalent to G: (i) (z,q1,...,qp, B) forms a collider
path, and (ii) {qi,...,q,} are all parents of y. If no vertex on U except B is shielded,
then trivially (z,qi,...,qp, B) forms a collider path and an inductive proof can be used to
show that there is a path that discriminates each ¢;,1 < ¢ < p to be a parent of y. The
following lemma and corollaries will be used to show that whenever U is part of a minimal
m-connecting path given Z, even if some of the ¢;’s on U are shielded, there is a discrim-
inating path that discriminates such a ¢; to be a collider. T will use the notation U(«, 3)
to denote the sub-path of U formed by the vertices between « and 5 on U. Note that the

following results are very similar to those presented in Richardson and Spirtes (2000).

Lemma 3.7.1 In the joined graph H, formed by joining sets of Markov equivalent maximal
ancestral graphs, if U is a minimal j-connecting path between x and y given Z, then there is
no pair of distinct vertices {B,.J} such that B is a shielded collider on the discriminating

path U (I, K) for J and J is a shielded collider on the discriminating path U(A,C) for B.

Proof:
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For a contradiction, suppose B is a shielded collider on U(I, K) (B is a collider because it
is on U(I, K) but is not equal to J) and J is a shielded collider on U (A, C). Since B and
J are distinct, B # J. Furthermore, C' # K: otherwise either B would not lie on U (I, K)
or J would not lie on U(A, C) because B # J (see Figure 3.33).

/\E\.__‘l/l /\.\_/Bf‘J/'
A A C=K

C=K '
(i) (i)

Figure 3.33: Diagram 1 for proof of Lemma 3.7.1. See text for further explanation.

J # A,C because J is a collider on U(A,(C), and similarly, B # I, K. Since J is a
shielded collider on U(A,C), J is a parent of C. Consequently, C # I because other-
wise U(I, K) forms an inducing path and by Theorem 2.6.1 [ is adjacent to K which is a

contradiction (see Figure 3.34).

Figure 3.34: Diagram 2 for proof of Lemma 3.7.1. See text for further explanation.

Similarly, B is a parent of K, and K # A. Therefore, (i) K lies on U(A,C) and (ii) C
lies on U(I, K), which is a contradiction: by (i) K is a parent of C, but by (ii) C is a parent
of K (see Figure 3.35). O

Corollary 3.7.1 In the joined graph H, formed by joining a set of Markov equivalent maz-

imal ancestral graphs, if U is a minimal j-connecting path between A and B given Z, then
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WI
A K¥® C

Figure 3.35: Diagram 3 for proof of Lemma 3.7.1. See text for further explanation.

there is no triple of distinct vertices {X,Y,Z} on U such that X is a shielded collider on
the discriminating path for Y, Y is a shielded collider on the discriminating path for Z on
U, and Z is between X and 'Y on U.

Proof:

Suppose for a contradiction that such distinct vertices {X,Y,Z} exist in ‘H on the j-
connecting path U as shown in Figure 3.36. Since Z is between X and Y, Z is a shielded
collider on the discriminating path for Y and by assumption Y is a shielded collider on the

discriminating path for Z. But this is a contradiction by Lemma 3.7.1. O

Figure 3.36: Diagram for proof of Corollary 3.7.1. See text for further explanation.

Corollary 3.7.2 In the joined graph H, formed by joining sets of Markov equivalent maz-
imal ancestral graphs, if U is a j-connecting path between x and y given Z, then there is
no quadruple of distinct vertices (A;, Apy1, Ait1, Ar), in that order, on U such that A; is a
collider on the discriminating path for A;y1 on U; and A, is a collider on the discriminating

path Apyq.
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Proof:

For a contradiction, suppose that such distinct vertices (A4;, Ay41, Aj+1, Ay) exist on U in
H. Let U(Ap, Ay) be the discriminating path for A;,1 and U(A,, As) be the discriminating
path for A, (see Figure 3.37). Note that possibly A, = A; or A; = Ag; likewise A, = A,

and A; = Ay are also possible.

Figure 3.37: Diagram for proof of Corollary 3.7.2. See text for further explanation.

Then A;;q is a shielded collider on U (A, A¢) because A;y; is between A, and A,11
which are on U(Ap, A —t), and similarly A, is a shielded collider on U(A4,,, As) which, by

Lemma 3.7.1 is a contradiction. O

Corollary 3.7.3 In the joined graph H, formed by a joining set of Markov equivalent max-
imal ancestral graphs, if U is a minimal j-connecting path between x and y given Z, then
there is no sequence of distinct vertices (Q1,Q2,...,Qn),n > 1 such that for each pair of
vertices {Qi, Qi+1},1 <i < n, Q; is a shielded collider on the discriminating path for Q;i1
(on U) and Qy, is a shielded collider on the discriminating path for Q1 (on U).

Proof:

Suppose for a contradiction that such a vertex set (Q1,Q2,...,Q,) exists. By Lemma 3.7.1
n # 2 so n > 2. Without loss of generality, suppose @1 is to the right of @, on U. Let j be
the highest index such that Q; is to right of @1, if such a vertex exists; otherwise let j = 1.
Note that by Corollary 3.7.1 j #n — 1 (where X =Q,-1,Y =Qpn, Z=Q1 andn—1#1

since n > 2).
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I will now show that ;41 is to the left of Q). If j = 1, then by the definition of j, Q2
is to the left of )1, and by Corollary 3.7.1 Q3 is not in U(Q,, Q1) (where X = @1, Y = Q2
and Z = Q) so Q2 is to the right of @,. If 1 < j < n —1 then by the definition of j, Q41
does not lie to the right of Q1. By Corollary 3.7.1 Q41 # @n, and by Corollary 3.7.2 Q41
does not lie on U(Qy, Q1) (where 4; = Qy, Arp1 = Qj+1, Ait1 = Q1 and A, = Q;). Hence
Qj+1 is to the left of Qy,.

I will now show that the remaining vertices Qjym,2 < m < n —j —1 lie to the left of
(2, which leads to a contradiction.

Base Case:(m = j+2) By Corollary 3.7.1 Q2 does not lie on U(Q 41, Q;) 50 Qj+2 # Qn
doesn’t lie(where X = Qj41, Y = Qj, and Z = Qj42).

Inductive Case:(m = j+ k) Assume for 1 < s < k Qjys41 lies to the left of Q;,
and U(Qj+s, Qj+1) lies to the left of U(Qn,Q1). By the definition of j, Q1,11 does not
lie to the right of Q1. By Corollary 3.7.1 Q;;x+1 does not lie on U(Qj4x, Qj4+k—1) (where
X = Qjtr, Y = Qjrp—1 and Z = Qjyr+1).- By repeated applications of Corollary 3.7.2
Qj+k+1 does not lie on U(Qj4s, Qj+s—1), 0 < s < k; hence Qx4 lies to the left of Q.

I have shown that each Qj,7 < j < n lies on U in the following order: {Q,—1,Qn—2,...,
Qj+1,Qn,-..,Q;}. But this is a contradiction by Corollary 3.7.2 (where A; = Qp—1, Ary1 =
Qj+1, Aiy1 = Qn and A, = Q;). O

Corollary 3.7.3 allows us to recursively define an order for a discriminating path for a
variable on a minimal j-connecting path. Recall from Corollary 3.2.1 that if any two non-
consecutive vertices on a minimal j-connecting path 7 given Z are adjacent, then the edge
is directed and real, and the parent of this edge is a collider in Z. Thus, if (J,7,~) forms a
sub-path of 7 such that ¢ is adjacent to ~y, then the edge is directed out of a collider (say
) and there is some discriminating path for n (see Figure 3.38). So, I define the order of a

discriminating path as follows:

Definition 3.7.1 If (x, B,y) forms a sub-path of 7, a minimal j-connecting path between «
and B in a joined graph given Z, and B is unshielded then (x,B,y) is a 0" -order shielded
variable. If U(z,y) = (z,q1,...,qp, B,y) forms a discriminating path for B (p can pos-
sibly equal 1) and no ¢;,1 < i < p on U(x,y) is shiclded, then B is a 1%t-order shielded
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Figure 3.38: Diagram of a discriminating path with an order. See text for details.

variable. In general, if U(z,y) = (z,q1,...,qp, B,y) is a discriminating path for B on ,
then order(B) = max{order(q;),1 < i < p} + 1. i.e. if the mazimum order of any q; is
n — 1, then B is an n'"-order hidden variable. Furthermore, if U(x,y) is a discriminating
path for B and B is an n'"-order shielded variable, then U(z,y) is said to be an n-order

discriminating path for B.

Corollary 3.7.3 guarantees that that if 7 is a j-connecting path between « and 3 given
Z in a joined graph, then there is at least one 0'*-order discriminating path for some
vertex, and if any vertex on 7 is shielded then there is a 1%*-order shielded variable on 7.
Furthermore, the definition of the order of any shielded variable n on 7 is not defined in
terms of the order of n itself. Lemma 3.7.2 shows that every shielded variable n on a minimal
m-connecting path given Z, there is a unique sub-path of 7 that forms a discriminating path
for n. Corollary 3.7.3 and Lemma 3.7.2 together guarantee that the definition of the order

of any discriminating paths on 7 is well-defined.

Lemma 3.7.2 Let w be a minimal j-connecting path between « and [ given Z in the joined
graph H formed by joining a set of Markov equivalent mazimal ancestral graphs. If a...7 —
v 7B? — y is a sub-path of m and 7y is a parent of y, then w contains a unique sub-path

that forms a discriminating path for B.

Proof:
Assume without loss of generality that m = (a,...,z,...,v,B,y,...,[). T will show by

induction that for each n > 1, if the following holds:
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(i) m contains a vertex @ such that w(Q, B) is of length n, and
(ii) every vertex g on 7(Q, B) except possibly B is a collider on 7(Q, B) and a parent of
yin H,

then 7 contains a vertex x such that 7(z, B) is of length n + 1, and either 7(z,y) forms a

discriminating path with order for B, or x — y is in H and z is a collider on .

() o Ntz By TN

Figure 3.39: Unique sub-path of 7 forms a discriminating path for B in H. See Lemma 3.7.2 for
further explanation.

Base Case: By hypothesis, 7(y, B) is a sub-path of 7 that is of length 1 such that (ii)
holds (because there are no vertices between v and B on 7), and v — y is in H. See Figure
3.39(i).
Inductive Case: Assume that (i) and (ii) hold. If @ = «, then the path (o« = Q,y,...,5)
is a j-connecting path given Z that violates the minimality of 7. Thus, ) is not an endpoint,
and there exists a vertex z to the left @ such that 7(x, B) is of length n + 1. If 7(x,y)
does not form a discriminating path for B, then x is adjacent to y. Furthermore, since
z? = @@ — y is in H, and by Corollary 3.2.1 the z — y edge is real. Again by Corollary
3.2.1, z is a collider on 7(z, B).

Arguing in this way, either there is a sub-path of m, U, that is shorter than the length
of (e, y) such that U forms a discriminating path for B, or every vertex between o and B
is a collider on 7, in which case U = 7(a, y) forms a discriminating path for B and z = «.
See Figure 3.39(ii).

I will now show that U is unique. Because 7 — y is in ‘H, no sub-path of 7 (v, ) can

forms discriminating path for B and consequently x lies between « and y. Since every vertex
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between x and B on 7 is a parent of y, no sub-path of 7(z,y) forms a discriminating path
for B. Finally, note that any sub-path 7(d,y) that contains U = 7 (z,y) as a sub-path (i.e.
J is some vertex before x on 7(a, x)) does not form a discriminating path for B because x

is not adjacent to y. Therefore U is unique. O

Lemma 3.7.3 For every non-endpoint vertex on a minimal j-connecting path m between «
and B given Z in the joined graph H formed by joining a set of Markov equivalent maximal

ancestral graphs there exists some discriminating path with an order.

Proof:
By definition all unshielded vertices have an order. Consider any shielded vertex 7, where
(v,n,0d) is a sub-path of m with v and § adjacent. Suppose for a contradiction that 7 is a
shielded vertex with no order. By Lemma 3.7.2 there is a discriminating path for n. If all
vertices on the discriminating path have order then n has an order. Consequently, there
exists at least one collider ¢; on the path without order. This vertex must be shielded (by
definition of order) and thus by Lemma 3.7.2 there is a discriminating path for ¢;. By
Corollary 3.7.2 7 is not on this discriminating path for ¢;. Arguing in this way, we may
construct an infinite sequence of shielded colliders {q1,q2,...,q,} such that each ¢; is a
shielded vertex with no order and there is a discriminating path for ¢; that does not contain
{m,q1,...,qi—1}. But this leads to a contradiction because there are only finitely many
vertices on the path w. Thus, for sufficiently large n we exhaust the vertices on 7 such that
no remaining vertices on 7 occur on the path for ¢,.

Thus every non-endpoint vertex on 7 has an order and consequently, every non-endpoint

vertex is discriminated by some path with order. O

3.8 Main Result 2: Global Markov Property
I now prove the main result of this chapter.

Theorem 3.8.1 The vertices a and 3 are j-connected given Z in the joined graph H formed

by joining o set of Markov equivalent mazimal ancestral graphs if and only if a and [ are
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j-connected given Z in every maximal ancestral graph joined to give rise to H.

In particular, I will show that every minimal j-connecting path given Z in H is m-
connecting given Z in every maximal ancestral graph G joined to give rise to H.
Proof:
(=) Let m be a minimal j-connecting path between a and 3 given Z in H. Suppose for a
contradiction 7 is j-connecting given Z in H but the corresponding path is not m-connecting
given Z in some G that gave rise to 7. By Lemma 3.4.1 all non-colliders on 7 in H are also
non-colliders in G. Therefore, all non-collider sub-paths of 7w are j-connecting in G. By the
definition of the join operation, all colliders on 7 in H are also present in G. Therefore, if
7 is not j-connecting given Z in G, then there is at least one collider on 7 that is not an
ancestor of Z in H. But by Lemma 3.5.6 all collider sub-paths on 7 in H are j-connecting
given Z in all G joined to give rise to H which is a contradiction. Hence if 7 is a minimal
j-connecting path given Z in H, then 7 is a j-connecting path given Z in all G joined to give

rise to H.

(<) Let m be a minimal j-connecting path between « and [ given Z in some maximal
ancestral graph G that was used to give rise to the joined graph H. Suppose for a contra-
diction that 7 is not j-connecting given Z in H. By Lemma 3.7.3 every vertex along 7 in
G is discriminated by some path with an order. Recall that m-connection is the same as
j-connection for ancestral graphs because no arrowheads meet undirected edges in ancestral
graphs. By Theorem A.(0.1, all discriminating paths with order are common among all G*
joined to give rise to H. Consequently, by the definition of join every vertex along 7w in H
is a collider on 7 if and only if it is a collider along 7w in G. By Lemma A.0.3, for every
collider v along 7, the ancestral path from v to a vertex in Z in G forms an ancestral path
in every graph Markov equivalent to G; and hence forms an ancestral path in . Thus 7 is

j-connecting given Z in H which is a contradiction. O

By Theorem 3.8.1, if H be a graph formed by joining a set of Markov equivalent maximal

ancestral graphs, then H is Markov equivalent to every maximal ancestral graph that gave
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rise to H. It follows as a Corollary to Theorem 3.8.1 that these joined graphs also follow a

pairwise Markov property.

Corollary 3.8.1 If H is the graph formed by joining sets of Markov equivalent mazimal
ancestral graphs, then for every pair of non-adjacent vertices {«, B}, there exists some subset

of the remaining vertices that j-separates o and 3.

Proof:
For a contradiction, assume that a and S are non-adjacent vertices in A for which there is
no set that j-separates them given Z. Then for any given Z there exists some path in H
that j-connects o and 3 given Z. By Theorem 3.8.1, if @ and  are j-connected given Z by a
path in A, then « and § are m-connected given Z by the corresponding path in any G used
to form H. Hence o and § are m-connected given any subset Z in G. By the maximality
of the ancestral graphs joined to give rise to H, a and § are adjacent in G, and hence in H
which is a contradiction. O

Therefore I have shown that graphs formed by joining sets of Markov equivalent maximal

ancestral graphs follow both global and pairwise Markov properties.

Theorem 3.8.2 (Markov Equivalence for Joined Graphs) Joined graphs Hy and Ho are
Markov equivalent if and only if Hq1 and Ho have the same adjacencies and the same dis-

criminating paths with order.

Proof:
(=) We first show that #; and Hs have the same adjacencies. Suppose for a contradiction
that H; and Ho are Markov equivalent to each other, but there is an edge between o and
B in Hq that is not in Ho. Then trivially, there is no subset of vertices that can j-separate
« and § in H;. But by maximality, there is some set that j-separates a and 8 in Hg, which
is a contradiction. So H; and Hy have the same adjacencies.

Suppose for a contradiction that 7 forms a discriminating path with order for B in Hj,
but 7 does not consist of the same sequence of edge orientations Ho. Since 7 has order,
by definition it occurs as a sub-path of some minimal j-connecting path given Z in H;.

By Corollary 3.7.3 every non-endpoint along 7 is discriminated by a path with order. By
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Corollary A.0.2 7 forms a discriminating path with order in Hy and B is a collider in Hq if
and only if B is a collider in H;. So H; and Ho have the same discriminating paths with

order.

(<) Suppose for a contradiction that H; and Ho have the same adjacencies and the same
discriminating paths with order, but H; and Hs are not Markov equivalent. Let 7w be a
minimal j-connecting path given Z between a and S in H;. We will show that = is j-
connecting given Z in Hs. By Corollary 3.7.3 every non-endpoint of 7 is discriminated by
a path with order. By assumption #; and Hs have the same discriminating paths with
order thus 7 consists of the same sequence of edge orientations in Ho as in Hi. Hence v is
a collider on 7 in Hs if and only if it is a collider on 7 in H;. Since 7 is j-connecting given
Z in Hq, 7 is an ancestor of Z in H;. By Lemma 3.5.6 the ancestral path from v to Z in
‘H1 forms an ancestral path in Ho. Hence 7 is j-connecting given Z in Ho.

It has been shown that if 7 is a minimal j-connecting path given Z in H;, then 7 is also
j-connecting given Z in Hs. Therefore H; and Ho are Markov equivalent to each other if

and only if they have the same adjacencies and discriminating paths with order. O
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Chapter 4

CONCLUSIONS AND FUTURE WORK

Model search is an important part of statistical analyses, particularly in the absence of
background knowledge. Joined graphs provide a way of graphically representing how much
can be learned from data in the absence of background knowledge. However, even in the
presence of background knowledge, processes can be represented by joined graphs that are
consistent with the background knowledge. The following questions suggest directions for

future research.

4.1 More on sup|G]

Question 4.1.1 What additional information can we gain by exploiting the fact that we

have joined an entire equivalence class? For example, can directed cycles occur in sup[G[?

The results proven in Chapters 2 and 3 provide many insights into the structure of joined
graphs. Throughout these chapters, at no time was it required that an entire equivalence
class of maximal ancestral graphs be joined. Specifically, the main results, Theorems 2.6.1
and 3.8.1, and Corollary 3.8.1 hold for graphs formed by joining subsets of ancestral graphs.
The structure of minimal j-connecting paths given Z is also preserved through the join

operation.
Question 4.1.2 What are the orientation rules for constructing sup|G]?

Meek (1995b), Andersson et al. (1997) and Chickering (1995) independently developed
methods for constructing a graphical representation of Markov equivalence classes for DAGs
by applying a number of orientation rules to any DAG. Such rules for joined graphs would
allow one to construct sup[G] given any member of the equivalence class of joined graphs.

Establishing orientation rules for joined graphs may also provide insights into the fol-

lowing two questions:
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Question 4.1.3 When is sup|G] an ancestral graph or a member of the equivalence class?
Question 4.1.4 When is sup[G] an essential graph?

The answer to these questions is work in progress.

4.1.1  Tails in sup|G]

My formulation of joined graphs draws no distinction between tails in an ancestral graph
that are present across the Markov equivalence class of ancestral graphs, and tails that are
present in only a subset of the equivalence class. If we have a tail at one end of an edge in
G1 V G then it is possible that the tail is present in both Gy and G2 or in only one of them.

If we wish to know which ancestor relations are common to G; and Go then we need to
distinguish between these two cases. The partial ancestral graph ®(G) does this by using
a circle as an edge endpoint, when the tail is not always present in all graphs in [G]. Hence

we wish to answer the following two questions:

Question 4.1.5 For which directed edges o — (3 in sup|G] does there exist a graph G' € [G]

such that o <+ 3 in G'?

Question 4.1.6 For which undirected edges o — 3 in sup[G] does there exist
(i) a graph G' € [G] such that o — 3 in G'?
(ii) a graph G" € [G] such that o < 8 in G"?

(iii) a graph G" € [G] such that a < B in G"?

Lemmas 2.6.5 and 3.5.5, and Corollary 3.2.1 provide a partial answer to this question,

but a full answer to these questions is as yet unknown.

4.1.2  Characterizing Joined Graphs

The edge types (undirected, singly directed and bi-directed) are not the only features defin-

ing ancestral graphs: the presence of an arrowhead at x on an {z,y} edge in an ancestral
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graph implies that = is not an ancestor of y in the graph. It is clear from the examples

given in section 2.3 that sup[G] is not ancestral.

Question 4.1.7 What are the edge configuration restrictions that characterize joined graphs

that form sup[G] for some Markov equivalence class of mazimal ancestral graphs?

The results in this thesis lend naturally to conjectures about the structure of sup[G]. A

related question of interest is the following:

Question 4.1.8 Does there always exist some set of Gs which when joined will form a given

H?

Once the structure of joined graphs is characterized, such a representation can facilitate
the model search process: instead of considering all possible models over the variables in
the graph, one could first search across equivalence classes and then restrict a model search

to models within that equivalence class.
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Appendix A

MARKOV EQUIVALENCE OF MAXIMAL ANCESTRAL GRAPHS

Spirtes and Richardson (1997) state and prove conditions under which two maximal
ancestral graphs are Markov equivalent to each other. Here we state and prove the same
result under weaker conditions than required in Theorem 2.1.1. In particular, we weaken the
condition of Spirtes and Richardson (1997) to require that the maximal ancestral graphs
need only have the same adjacencies and discriminating paths with order to determine
Markov equivalence. The definition of the order of a shielded vertex on a path for joined
graphs (see Definition 3.7.1) is applicable to maximal ancestral graphs from the perspective
that a maximal ancestral graph is a graph joined with itself, and recalling that j-connection
is equivalent to m-connection for maximal ancestral graphs because arrowheads do not meet
undirected edges in ancestral graphs. Furthermore, just as for joined graphs, the definition
of discriminating paths with order is well-defined.

We now prove that every discriminating path with order on a minimal m-connecting
path in a maximal ancestral graph G is also present in all graphs G* Markov equivalent to
G, and that the vertex being discriminated is a collider in G if and only if it is a collider in

g

Lemma A.0.1 LetU = (x,q1,q2, . -.,4p, B,y) be a discriminating path with order for B in
the mazimal ancestral graph G. If G* is a maximal ancestral graph Markov equivalent to G,
and U forms a discriminating path for B in G*, and B is a collider on U in G if and only
if B is a collider on U in G*.

Proof:

Suppose for a contradiction that B is a collider in G but a non-collider in G*. Given a set
Z, if Z does not contain all ¢;,1 < i < p, then the path (z,qi,...,q;,y) is j-connecting
where ¢; ¢ Z and ¢; € Z for all ¢ < j. Since 3 is a collider on the path U in the graph
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Figure A.1: Two ancestral graphs in which U = (z, ¢p, B, y) is discriminating for B, but (a) and
(b) are not Markov equivalent.

G, if Z contains {qi,...,q,}, then g ¢ Z if Z j-separates « and y. Consequently, in any
graph Markov equivalent to G containing the discriminating path U, f is also a collider on
U. Similarly, since 3 is a non-collider on the path U in G*, § is a member of any set that
j-separates x and y, and S is a non-collider on U in any graph Markov equivalent to G*
containing U. But then we reach a contradiction because G and G* do not encode the same

set of conditional independence relations. See Figure A.1 O

Corollary A.0.1 (to Corollary 3.7.3) For every non-endpoint vertex on a minimal m-
connecting path m between o« and (B given Z in a mazimal ancestral graph G there exists

some discriminating path with an order.

Proof:
This proof immediately follows from Corollary 3.7.3 with G viewed as a graph joined with

itself. O

Corollary A.0.2 Let U = (z,q1,92,...,49p, B,y) be a discriminating path with order for
B in the maximal ancestral graph G. If U is a sub-path of a minimal m-connecting path
7 (m could possibly equal U ), then U forms a discriminating path with order for B in any
mazximal ancestral graph that is Markov equivalent to G and the path U in G* discriminates

B to take the same form along 7 as it does on 7 in G.
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Figure A.2: Discriminating Path with order common to Markov equivalent maximal ancestral
graphs. See Corollary A.0.2 for further details.

Proof:

Since U is discriminating for B, each vertex ¢; 1 <4 < p is a collider on U in G. Since U is
a sub-path of 7, by Corollary A.0.1 every ¢; is discriminated to be a collider along U in G
and by Lemma A.0.1, every vertex ¢; is also a collider on U in G*. See Figure A.2.

By the definition of a discriminating path, x is not adjacent to y, so {z, ¢, y} forms an
unshielded non-collider in G, ¢; is discriminated to be a non-collider on this path, and by
Lemma A.0.1, ¢ is a non-collider on this path in G*. Thus, g1 — y occurs in G*. But then
{z,q1,q2,y} forms a discriminating path with order for ¢, in G. By Lemma A.0.1 ¢y is a

non-collider in G* and consequently go — y occurs in G*. By induction, each ¢;,1 <¢ < p is
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discriminated by (x, q1, g2, ..., q;,y) to be a non-collider on the path {(g;_1, ¢;,y). By Lemma
A.0.1 (gi—1,qi,y) forms a non-collider in G* and hence g; — y occurs in G*. Consequently,
U forms a discriminating path with order for B in G* and by Lemma A.0.1 B is a collider

in G* if and only if it is a collider in G. O

Corollary A.0.3 Let m be a minimal m-connecting path given Z in o mazimal ancestral
graph G. If G* is any maximal ancestral graph with the same adjacencies and discriminating

paths with order, then v is a collider along m in G if and only if v is a collider along 7 in

g*.

Proof:

If v is an unshielded collider along m, then 7 is discriminated by a path with order 0.
If v is shielded, then by Corollary A.0.1 there exists some sub-path of m that forms a
discriminating path with order for . By Corollary A.0.2 v is a collider on 7 in G if and

only if v is a collider on 7 in G*. O

As a consequence of Corollary A.0.3, if G* is Markov equivalent to G, and 7 is a minimal
m-connecting path given Z in G, then each vertex along 7 is a collider in G* if and only
if it is a collider along 7 in G. In other words, 7 consists of the same sequence of vertex
types (collider or non-collider) in both G and G*. To show that 7 is m-connecting given Z
in G*, it is necessary to show that every collider along the path is an ancestor of Z in G*.
The following lemmas show just this, and are similar to lemmas proven by Richardson and

Spirtes (2000).

Lemma A.0.2 Let Gi and Gy be two maximal ancestral graphs with the same adjacencies
and discriminating paths with order. Let v be a collider along w, a minimal m-connecting
path given Z between vertices a and 8 in Gi, and let n be the first vertex on the ancestral

path from v to a vertex in Z. Then the edge from ~ to n is oriented v — n in Ga.

Proof:
By Corollary A.0.1 every non-endpoint of 7 is discriminated by a path with order. By

assumption G; and Go have the same discriminating paths with order, so the sequence of
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edge orientations along m in Gy is the same as in G;. Therefore, v is a collider in Go if and
only if it is a collider in G;.
Suppose for a contradiction that v is not a parent of 1 in Go. There are two cases to

consider:

(a) m={(a,7,8), a? = v <«78 in G; and G,.
Note that « is not adjacent to 5 or else the minimality of the path m would be violated.
If v is not adjacent to n then («,~y,n) forms an unshielded non-collider and this path
has order. Consequently, («,y,n) forms a non-collider and v — 1 in Go. Therefore « is
adjacent to n, and similarly, 5 is adjacent to . Since G is ancestral, and a? — v — 7
is in G1, @? — n occurs in Gy. Similarly, n <78 occurs in G;. But then {(a,n, 8) forms
an m-connecting path which violates the minimality of m. See Figure A.3. Since, if

m = (a, 7, 3) then v — n in Go, hence 7 is of length greater than 3.

—’Y‘—

ANV

Figure A.3: If n = 2 and the path 7 is as outlined in Lemma A.0.2, then « and 8 are adjacent to
7.

(b) T = ..o T, Ty ey T03 Y5 Y0y -« - s Yy Ymt1s - - - 3) Where n >0, m > 0.

If 2 is not adjacent to 7, then (xg,~y,n) forms an unshielded non-collider in Gy, and is a
discriminating path with order 0. Then, since G; and G2 have the same discriminating
paths with order, (xg,~,n) forms an unshielded non-collider and v — 7 in G5 , which is
a contradiction. Therefore z is adjacent to n. Similarly yq is adjacent to 7. Because
Gy is ancestral, and z9? — v — n is in Gy, 29?7 — n occurs in Gy. Similarly, n <7yq
occurs in Gy.
There exists a vertex N between a and v along 7 such that either:

(i) N is not adjacent to 7,

(ii) N is a child of n, i.e. N < nisin Gy, or
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(iii) N is a collider along both 7 and 7* where 7* = (a,...,N,n), or N is a

non-collider along both 7 and 7*.
Let z,4+1 be the closest such vertex to 7 (between « and () where (z,,...,xo)

are the vertices between x,.1 and v along w. Note that by the definition of 2,41,
{zpn,...,x0} are adjacent to 7, parents of or spouses of 1, and z; is either a collider
on 7 and a collider on 7* or vice versa for 0 < i < n. Similarly, there exists a vertex
M between v and § along 7 such that either:

(i*) M is not adjacent to 7,

(ii*) M is a child of n, i.e. n — M is in Gy, or
(iii*) M is a collider along both 7 and 7* where 7* = (n,M,....3), or M is a

non-collider along both 7 and 7*.
Let ymy,+1 be the closest such vertex to v where (yo, ..., yn) are the vertices between

~v and y,4+1 along .

(X/\/Xn+1?4’xn;_" XYY "—j,ynﬁ‘-’ym{\/ﬁ

Figure A.4: If n > 3 and the path 7 is as outlined in Lemma A.0.2, then either
(&, -, Tna1,7, Yms1, - - -, 3) is a more minimal j-connecting path given Z, or there is a discrimi-
nating path with order for v that implies v — 7 in all Markov equivalent maximal ancestral graphs.
o and ue are adjacent to ag.

We will show by induction that for 0 < ¢ < n, z; is a collider along 7 and a parent of 7
in G1, where x| = . If x,11 = z0, then it is trivially true because there are no edges
between z,41 and . Consider the case n + 1 = 1: we have already shown that z; is
adjacent to n such that x9? — 7. Therefore, by the definition of x,41 = =g, either
N> xTo— Y= Norn xy >y —nisin Gy. Since G; is ancestral, n <~ xg <> v — 7
occurs in G;. Assume for some 0 < k£ < n that xj is such that xp 17 = xp < Tp_1
and x, — 1 occur in Gy. Then by the definition of x,11, 1 is adjacent to n such
that xx11?7 — n, and either n <> zp 1 — T = N Or N < Ty < T — N is in Gy.
Because G is ancestral, n < xx41 <> zr — 1 occurs in Gp, and by the definition

of Xp11, Zgy1 is a collider on 7 but a non-collider on (rky9,2r11,7). Hence each
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of (Tn,Zn—1,...,20,7) is a collider on 7 and a parent of n in G;. Similarly, each of
(7,90, ---,Ym) is a collider on 7 and a parent of  in G;. See Figure A.4.

We now consider n+ 1 > 1. If 2,41 is not adjacent to n then (zp11,Zn, .-, Z0,7,N)
forms a discriminating path with order for v which discriminates (zg,v,n) to be a
non-collider. By assumption G; and Gy have the same discriminating paths with
order so (xg,7,n) is a non-collider and v — 7 occurs in Gy, which is a contradiction.
Therefore x,11 is adjacent to 1. Similarly, y,,+1 is adjacent to 7. Since (i) and (ii)
are ruled out, 117 = 1 <7ym41 occurs in G;. Furthermore by the definition of
Zpt1, either both (x,19, 2,41, 2,) and (zy49,2p41,n) form colliders or both form
non-colliders in G;. Similarly, either both (Ym, Ym+1, Ym+2) and (0, Ym+1, Ym+2) form
colliders or both form non-colliders in G;. But then («,..., %11, Ymt1,---,/3) 1S a

shorter m-connecting path given Z than 7, which violates the minimality of .

Since we reach a contradiction if v is not a parent of n in Ga, v — n occurs in Gy. O

Lemma A.0.3 Let G be a mazximal ancestral graph and m be a minimal m-connecting path
between o and B given Z in Gy. If v is a collider on m, then the shortest ancestral path from
v to Z is also ancestral in any mazimal ancestral graph Go that has the same adjacencies

and the same discriminating paths with order as G.

Proof:
Let (v,m0,71,72, - - - »Mm), Where n,, is in Z, be the shortest ancestral path from v to Z in
g1.

By Lemma A.0.2 7 is a parent of 19 in Gy. It remains to be shown that all the subsequent
edges on the ancestral path from v to Z form an ancestral path in Gs.

Suppose that ng — 711 does not occur in Go. Then v — 7y — 77 is shielded since
otherwise (v, 79, 71) forms a discriminating path with order 0 and by assumption (v, n9,n1)
would form a non-collider in Gy such that g — 7 occurs, which is a contradiction. By
Lemma 2.5.3 v — n1 is in G, but then the minimality of the path is violated since we can
take a directed path from v to Z that bypasses ng. So, ng — 11 occurs in Go. See Figure
A5,
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Figure A.5: If the path 7 is as outlined in the proof of Lemma A.0.3, then « and 7, are not adjacent
such that v — .

Assume that for 0 < £ < m, the nx_; — i edge is real and consider the ng — k41
edge. If the edge nr — nMky1 is not present in Go, then n,_ is adjacent to gy (otherwise
(Mk—1,Mk, Mk+1) forms an unshielded non-collider which by assumption would be present
in Gy, which is a contradiction). By Lemma 2.5.3 ap_1 — ag41 is in Gi, but then the
minimality of the path is violated since we can take the path from v to Z that bypasses
nk. Consequently, the ny — 11 edge is present in Gy. By induction, the edge orientations
between 79, 71,72, - . ., m are present and form an ancestral path from 7y to Z in Gs.

Therefore, if v is a collider on a minimal m-connecting path in the maximal ancestral
graph Gi, then the ancestral path from v to Z forms an ancestral path in any maximal
ancestral graph Gy that has the same adjacencies and discriminating paths with order as
gi. O

We now state and prove the main result of this section:

Theorem A.0.1 (Markov Equivalence) Maximal ancestral graphs G and Go are Markov
equivalent if and only if G1 and Gy have the same adjacencies and the same discriminating

paths with order.

Proof:

(=) We first show that G; and Gy have the same adjacencies. Suppose for a contradiction
that G; and Gy are Markov equivalent to each other, but there is an edge between « and 3
in G; that is not in Go. Then trivially, there is no subset of vertices that can m-separate «

and § in G;. But by maximality, there is some set that m-separates a and 3 in Go, which
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is a contradiction. So G; and Go have the same adjacencies.

Suppose for a contradiction that = = (z,qi,...,¢qp, B,y) forms a discriminating
path with order for B in G;, but m does not consist of the same sequence of edge
orientations Gs. Since m has order, by definition 7 is a minimal m-connecting path
given (qi,...,qp) if B is a non-collider, or (qi,...,qp, B) if B is a collider in G;. By
Corollary A.0.1 every non-endpoint along 7 is discriminated by a path with order. By
Corollary A.0.2 7 forms a discriminating path with order in Go and B is a collider in G if

and only if B is a collider in G;. So G; and G> have the same discriminating paths with order.

(<) Suppose for a contradiction that G; and Go have the same adjacencies and the same
discriminating paths with order, but G; and Gy are not Markov equivalent. Let m be a
minimal m-connecting path given Z between o and S in G;. We will show that 7 is m-
connecting given Z in Go. By Corollary A.0.1 every non-endpoint of 7 is discriminated by a
path with order. By assumption G; and Gy have the same discriminating paths with order
thus 7 consists of the same sequence of edge orientations in G, as in G;. Hence 7 is a collider
on 7 in Gy if and only if it is a collider on 7 in G;. Since 7 is m-connecting given Z in G,
v is an ancestor of Z in G;. By Lemma A.0.3 the directed path from v to Z in G; forms a
directed path in Go. Hence 7 is m-connecting given Z in Go.

It has been shown that if 7 is a minimal m-connecting path given Z in Gy, then « is
also m-connecting given Z in Gy. Therefore G; and G are Markov equivalent to each other

if and only if they have the same adjacencies and discriminating paths with order. O
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