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The Measurement of Association of Rows and Columns
for an rxs Contingency Table

By PatrIiCIA M. E. ALTHAM
Medical Research Council and Newnham College, Cambridge
[Received September 1968. Revised February 1969]

SUMMARY

The generalization of Edwards’s argument for the measure of association of
the rows and columns of 2 x 2 table, to that of an r x s table whose rows and
columns are assumed unordered, shows, not surprisingly, that association
ought to be measured by some function of the (r—1) (s—1) cross-ratios.
Such a function is suggested by the introduction of a metric on certain equiva-
lence classes. The properties of such metrics are examined, and in particular
comparisons are made with Good’s suggestion of the use of the algebraic
rank of the contingency table, and with Lindley’s significance test for
association in the r x s table.

1. GENERALIZATION OF EDWARD’S ARGUMENT
FOR THE 2x2 TABLE
EDWARDS (1963) has shown that any measure of association of rows and columns for
a 2x2 contingency table should be a function of the cross-ratio (p;;Peo)/(P12Po1)
where the table is represented by (p;;; 1<i,j<2). This argument is generalized below
to the r x s contingency table, and some suggestions for measures of association are
given. '
Let P, ; be the class of r x s contingency tables, that is,

Pr,s={(pij)2pij>0,1<iﬁr,léjis and ZZP,L?:l}

It is presumed that no orderings of the rows and columns of tables of P, ; are available.

Let & be an equivalence relation such that for p,q€P,, pr‘iq means that the
“association” of rows and columns of p is the same as the ‘“association” of rows
and columns of g. A precise definition of “‘association” is deliberately omitted at this
point, but following Edwards, two propositions about it are made.

Proposition 1
If p,q€ P, ; are such that
Pij =(ﬁi, 1<isr, 1<j<s—1,
P 4.

then pr‘iq (employing the usual dot notation for summation over a suffix).
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Proposition IT
If p,q € P, ; are such that

then p 2 q.

Let % be a relation such that for D-q€P, p%eq iff

pijprs=qijqrs, léiér—l, 1<j<s-1'
PisPri  9is9rj

This is easily seen to be an equivalence relation. The generalization of Edwards’s
result is the following.

Theorem. If p,qe P, ; and pC~Rq, then piq.

Proof. Define

— pij prs= qij rs
PisPr;  9isrj

Define m;; = myo;;P55,;, Where m, is the normalizing constant, i.e. such that
w€P,,. Then my/m;, =qylq;, 1<i<r, 1<j<s—1, so that wfuq and my/m; = py/p.js
1<ig<r—1, 1€j<s, so that wﬁp.

Hence, by the transitivity of ?1, pfaq as required.

Similar versions of this result for r x s x ¢ tables are easily obtained, given suitable
modification of Propositions I and II. There are essentially four different types of
dependence of rows, columns and layers to be considered, and accordingly four
different types of cross-ratio arise as being relevant for the description of these four

types of association. An example follows.
Let

P, s =A{(Piji): Piji>0, 1<i<r, 1<j<s, 1<k<t, and ¥ ¥ pyjp = 1}

ij 1<igr, 1<j<s.

Let ~ be an equivalence relation such that for p, qEP;',s,taP'Eq means that the
second order interaction of the rows, columns and layers of p is the same as that of g.

Then three propositions about X are made.

Proposition I'

If p,q €P, ,, satisfy
Buk_ ik <icr, 1<j<s, 1<k<t,
Pir  4ix
thenpgq.

Proposition IT'
If p,q € P, 5, satisfy
Pk _ ik 1 <icr, 1<j<s, 1<k<t,
Pix Yk

then p 2 q.
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Proposition IIT'
If p,q € P, ; satisfy

Pk _ ik 1 <icr 1<j<s, 1<k<t,
Pi. 4.

then pgq. Then, if

PijrPistPritPrskc _ Tijkistdrjtdrsk

I<i<r, 1gj<s, 1<k<t,
DrstDrikPiskPijt  Drst9rikDisk Dijt

B
p~q.

A similar version of the generalization of Edwards’s result is easily proved for
“well-behaved” bivariate density functions, given the appropriate versions of
Propositions I and IT above. However, taking these two postulates as starting points
for the discussion of the association of a pair of continuous-valued random variables
is possibly not the appropriate approach. Certainly Rényi (1959) and Ali and Silvey
(1965) use different approaches here. However, the function corresponding to the
“cross-ratio”, thatis { /(x, ») f(x", y)}/{f(x, ¥") f(x', )} is considered by Lehmann (1966)
as an indication of the dependence of a pair of continuous-valued random variables,
with density f(x, ).

Existence and uniqueness of a table p€P, , given the (r—1)(s—1) cross-ratios
(Pi3P+s)/(PssPry) and the marginal totals (p;), (p), where X;p; = ¥;p; = 1, follow
from the results of Sinkhorn (1967). An alternative proof of uniqueness is given
below.

Suppose p,q€P, ,p~q and p; =gq;, 1<i<r, p;=q; 1<j<s. Suppose p#d,
and take py; >q;; without loss of generality, then since p; = ¢, , take p;5 <gqy, Without
loss of generality. Also p; =¢q;,, so take py; <g,;, without loss of generality. Now
P11PaalP1aPe1 = G11922/12 9215 SO Pa2 <Gso-

Now p,. = ¢,, and p, = g, 50, without loss of generality, pos>qag, P30>Gas.

Using pC~Rq again, it is apparent that pgs>ga3, Pg; >gsy, P13>¢y3- Continuing in
this way, a contradiction is reached, for if r<s it follows that p,;—q,; has the same
sign for 1<j<s, or, if r>s, p;s—q;s has the same sign for 1 <i<r. Hence p;; = gq;;,
1<i<r, 1<j<s.

This type of argument can be used to show that an rxsx ¢ table (p;;) in P, is
uniquely defined by (p 1), (p;.x) and (p;;), provided that these are consistent, and the
(r—1)(s—1)(z—1) cross-ratios given above, for ¢ = 2. Birch (1963) has demonstrated
the existence and uniqueness of a table (p,;;) in P, ¢, given no second-order interaction,
and consistent marginal totals (p ), (P;.x)> (Ps;.)-

The conclusion is that, if Propositions I and II are accepted, then the measure of
association of the rows and columns of a table peP, ; should be a function of the
(r—1)(s—1) cross-ratios (p;;p,s)/(Pisp,;)- This conclusion was also reached by
Plackett (1962) when considering the second-order interaction in the rxsx ¢ table.

It is interesting that the (r—1)(s—1) probability cross-ratios are the only para-
meters relevant for the distribution obtained by conditioning the (rs— 1)-dimensional
multinomial distribution for a sample of size » from the table on the row and column
sums (n;) and (n).
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2. METRICS
As Edwards pointed out, most of the well-known measures of association for the
2 x 2 contingency table cannot be written as functions of the cross-ratios alone, and
this criticism naturally extends to the general r x s table. For example, the presence of
p;. and p; in such expressions as

22{(pij—pippipy or XX pylog{py;/(psp)}

cannot be eliminated. Plackett notes that similar criticisms apply to coefficients
proposed by Goodman and Kruskal (1954, 1959). Good (1965) has suggested that
the algebraic rank of the matrix (p;;) should be considered when measuring association,

and his suggestion gains some support here from the fact that if png then (p;;)
and (g;;) do have the same rank, though of course the converse does not apply.

It would still be convenient to have a single expression for the measure of association
of the rows and columns of association of the rows and columns of a table, rather
than the whole set of (r—1)(s—1) cross-ratios. The definition of a metric on the

equivalence classes of % would seem a possible way of finding a single coefficient
of the association.
For peP,, let

~ CR
D= {q: qEPr,s’qNP}B

the equivalence class of p with respect to the relation P~
Let d(p,4) be a positive-valued function of the 2(r—1)(s—1) cross-ratios
. Y ~ s .on CR
(i;+5)[(PssPr;) and (4459,9)/(4:59,5) such that d(p,q) = d(g,p), d(p,q) =0 iff p~q,
and d(p,7)+d(#,§)>d(p,q), for p, q and weP,, then d(p,q) is a metric on the
equivalence classes of % Let

i= {P: pEPr,s’pijprs = DisDPrj> I<isr—1,1 SJSs— 1}

Then i is the “‘independence class”, and d(7, i) is a measure of the association of
the rows and columns of the table p. Roughly speaking, the usual coefficients of
association given above measure the “distance” of (p;;) from the particular table
(ps.p.;) rather than from a general independence table. They are the particular values
of the measure of the divergence of a table (p,;) from the table (¢,;) where (¢;;) = (p;.p.5),
whereas the quantity d(p,q) measures the difference between the association of the
rows and columns of p and the association of the rows and columns of ¢g. If
d(p,7)>d(d, 1), then the rows and columns of p are more closely associated than
those of ¢, and d(5,9) > d(p, i)—d(g, I) by the triangle inequality.

Some examples of metrics d(5,4) are given below.

Examples. Denote by o, the ratio (v Pum 4sm %)/ (PimPij i 9im)

(l) dlm(ﬁ,qN) = {EZ I lOg aijlmlv}l/v forv>1,

where the summation Y] extends over 1 <i<r, 1 <j<s.

This metric depends on choice of a particular row and column. It is probably
preferable to define a metric d(5,4) which is invariant under similar permutations
of rows of p and g and under similar permutations of columns of p and ¢g. This would
satisfy the analogue of Rényi’s condition (F) for d(p, i). Rényi (1959) gives a list of
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seven properties which should be satisfied by a measure 8(+,-) of dependence of two
random variables X and Y on a given probability space. Property (F) is: If the
Borel-measurable functions f(-) and g(-) map the real axis in a one-to-one way into
itself, then 6{f(X),g(Y)} = 8(X, Y). Also, it is preferable to define a metric d(p,q)
so that the measure of association d(p, f) is symmetrical with respect to the rows and
columns of p; this measure would then satisfy the analogue of Rényi’s Condition (B),
that 8(X, ¥) = §(Y, X).
Metrics fulfilling both these requirements are listed below:

(i) d(p,q) = ZZ di(5,9)-
(iif) d(p,q) = max dy,(p,9),
where the maximum is taken over 1</<r,1<m<s.
(iv) d(p,§) = {ZZ|log oy [}/ for v>1,

where the summation extends over 1<i, I<r, 1<j, m<s.
If v = 2, this particular metric has a form familiar from analyses of variance. For,
writing 0,; = log p;;—logg,; the expression for {d(5,7)}? can be simplified as follows:
I TR SSPSY. S .
{d@,9F =ars | X ij—z"s——z_r__,_ﬁ .
Apart from the factor 4rs, this is the residual sum of squares in an ordinary two-way
analysis of variance, with rs observations (0;).
(v) The “discrete’ metric is

d(p,9) =0, if p~g,

=1, otherwise.

. oo DiiPun  9ii9m ”}1/"
vi d(p,q) = Mot W m forv>1.
i) .9 {ZZ DimPy  4imj
(vii) d(p,§) = XX Xijim
where

xijlm = 0, lf aijlm = 1,

=1, otherwise.

(viii) Define

p(x,y) = ‘ % for x,y>0,
then: p(x,y) =0iffx =y, p(x,y)=p(»,x)=0 and p(x,»)+p(y,z)>p(x,z), for
x,»,z2>0.
Define

o DijPim 945 Im
d ,q):max: (M’W_)},
(P P PimPij Dim T
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then 0<d(p,§)<1, and for r =5 =2,

d(P, 1) = | P11 Pas— P12Po1 | /(P11 Poo+ P12 Pay)-

This is the modulus of Yule’s coefficient of association.
(ix) With p(x, y) as above, define

. S . EAY)
d ~’~ — max[ :(Puplm) , (qwam) } ,
2.9 P Dim Pyj Dim i J
then 0<d(p,§)<1, and for r =5 =2,

ap,i) = | 1- (P12P21/P11P22)%| K14+ (P12 Po1/P11 P22t}
This is the modulus of Yule’s coefficient of colligation.

3. REMARKS

The measure of association of the rows and columns of p, d(p, i), gives no indication
of the “direction” of the dependence. However, the sign of the association is irrelevant
if the rows and columns are not assumed to be ordered.

All the examples given above, except for (vi), are functions of the “‘ratios of the
cross-ratios”, i.e. of a;y,. If a metric d(p,q) is of this form, it is invariant under
truncation of observations. For suppose an experimenter is prevented from having
observations directly from contingency tables p and g, and observations noted arise
as follows: an object falling in the (7, )th position of the p or g table is actually observed
only with probability 0;; where 0 < 6,;<1. This is equivalent to sampling from tables
a, B of P, where oy oc 0 pw and B”océ)” g;;- However, with this particular form of
d(p,q), we have d(&, E)

With the obvious notatlon this may be rewritten as d(7,9) = d(9p, Bq), and so,
putting 0,; = p;;! and g;;! in turn, and using obvious notation

d(P;Q) = d(i,g/p) = d(i,p/q),

and so, taking p = i, d(p, i) = d(i, i/p).
This final result extends to more general metrics, for example to (vi) above. For

"i’lfite Ositm = Pij PrmPimPr; 304 biin = @35 Qi i Q- Then, if d(5,g) is a metric such
that

d(p,q) = F(oiiims Bijums 1 <EISE, 1<, m<s),
where F satisfies
Flotggims Bijums 1 <LISr,1<j,m<8) = Flogmys Bimys 1 <51, 1<,m<s)
then

Pia Pim qw qlm
so that

e

()

and therefore

taking § = 1.




1970] ALTHAM — Column and Row Measurements for a Contingency Table 69

The use of metrics satisfying this equation gives rise to a situation in which two
tables p and g are of different algebraic rank but have identical measures of association
of rows and columns. This does not accord well with Good’s suggestion. For
example, if

/111
.5 3 2

where A is the normalizing constant, and if g;;ocp;!, then d(p,7) = d(4,7) but the
ranks of (p;;) and (g;;) are 2 and 3 respectively.

It is also plausible that if d(p,§) is a metric satisfying this equation, and d(p, ) is
not constant for j# 7, then two tables of the same rank may have different measures
of association of rows and columns. This statement is easy to prove for any particular
value of r and s; for example, take r = s = 4 and suppose the statement false, in
other words, suppose that if rank (p) = rank (q) then d(p, i) = d(g, 7).

A contradiction is easily reached.

Take
1 111
1 2 3 4
Y3 —3 A
(Pw) 23 45
3579

where A is the normalizing constant. Then (p;;) and (p;;') are of ranks 2 and 4
respectively, and d(p, i) = d(i/p, i), so by the hypothesis, d(p, ) is constant for all
tables of rank 2 or 4. Now take :

(Pi;') =A

LU TN S

11
2 3
3 2
3 4

ORI N

»

where A is the normalizing constant. Then (p;;) and (p;}') are of ranks 3 and 4
respectively and d(p, i) = d(i/p, i), so by the hypothesis, d(p, ) is constant for all
tables of rank 3 or 4. Hence d(p,i) is constant for all p+# i, which gives the
required contradiction. In fact, if d(p, ) is constant for all j+ 7, and also a function
of the ratios of the cross-ratios, then d(p,§) is the discrete metric, defined in
example (V).

In the above remarks no use has been made of the fact that d(p,q) satisfies
d(p,q) = 0iff p%%q, and d(p,#)+d(#,§)>d(p,§). The only general property of
d(p,q) that has been used is that it is a function of the cross-ratios of p and q.

This section is concluded by some numerical examples of some of the metrics
suggested above, for a few contingency tables.

The metrics evaluated are (iv) for v = 1,2, in turn, (vi) for v = 1,2, in turn, and
(viii). These form the five columns of Table 1, in order.
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TABLE 1

Numerical examples of metrics

Metric =1 ({HHE=2) V=1 (DEr=2) (viii)
d(p, q) 516 521 3033 493 0-9998
d(p, i) 332 31-9 1675 349 0-9802
d(p, &) 420 39-4 1795 351 0-9950
d(p, 7) 497 472 1943 355 0-9978
a@, i) 332 31-9 1675 349 0-9802
d(G, & 287 271 1615 341 0-9802
d@g, %) 320 317 1667 339 0-9950
d@, i) 89 11-1 120 17 0-6000
d#, i) 166 167 270 36 0-8000
d@, ) 156 15-0 259 32 0-8000
d(a, i) 316 30-4 1398 283 0-9756
dp, ) 141 17-6 284 45 0-8000
d@, i) 133 136 193 27 0-8000
dd, i) 78 9-2 96 13 0-6000
d, i) 258 30-5 1837 398 0-9802

Note that in the first column, for example, d(&, i) > d(é, i), whereas in remaining columns
d(@a, iy<d(, .

The contingency tables are, apart from the normalizing multiplier,

0 1 1 1 1 1 1 10
11001 1 11 o100
PPty 01 ) TV 1 1001 1

1 1 1 10 0 1 1 1
1212 123 4
21 2 1 412 3

o = s W= >
1212 341 2
21 2 1 2 3 4 1

9 1 1 1 1313 123 4
1911 31 3 1 412 3

a= ,b— y = )

11091 1313 341 2
11109 31 3 1 8 7 6 9

1212 1 10 1 10

2121 0 1 10 1
d= ,e:

333 3 11 11 11 11

2 4 2 4 220 2 20

(Thus p, ¢, 7, a have algebraic rank 4, c has rank 3, and the remaining arrays have
rank 2.)
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4. CONTRASTS OF LOG-RATIOS AND METRICS

Lindley (1964) has shown that if (®;;) has a (posterior) Dirichlet distribution
with parameters (v;;), and if ©;; = log®;;, 1<i<r, 1<j<s, then the joint posterior
distribution of contrasts of (®,;) is asymptotically multivariate normal. Defining
(c), 1<v<t the set of ¢ contrasts, so that 33 ¢ =0 for 1<v<t, the random
vector (X cgf) 0,;, 1<v<t) has, asymptotically, a multivariate normal distribution
with means X3 ¢ logw;;, and covariances X3 ¢ ¢ vit, 1<v,v'<t. Bloch and
Watson (1967) have given an improvement to this approximation.

From the Bayesian point of view, it is desirable to know the posterior distribution
of d(®, i), where it is assumed that observations have been made on a table with
unknown parameters (¢,;) and at least one set of marginal totals for the observations
was not held fixed. To apply Lindley’s result, it is appropriate to consider metrics
d(p,q) which are simple functions of contrasts of (logp;;—logg;;). One such metric is

' ~ pijprsqisqrj %\E
® 4(5,) = { S5, (logBuledds)
PisPri9ij9rs
The general form of metrics whose squares are sums of squares of contrasts of
log ratios is given below. Let X denote rs-dimensional real vector space. Let

C=i(c): (c;peX, X c;;=0, forl1<j<s,X¢;;=0 for 1<i<r}.
i J

Let
R={(ry): ry)) EX,ryj+r,s=ry+r,;, 1<i<r—1,1<j<s—1}.

The C and R are complementary vector subspaces of X, of dimension (r—1)(s—1)
and (r+s-1) respectively. Define scalar multiplication of vectors of X by
(a,b) = X a;;b;; for a,be X. Then C and R are orthogonal subspaces of X, with
respect to this scalar multiplication. This is written as C= R+ or R= CL. The
reader is reminded that if Y is any vector subspace of X, then Y<' is the vector
subspace complementary to Y, and if Z is another vector subspace of X, the statement
Y =Z isequivalent to the statement Y+ >ZL. Take u>1and ¢, ..., c!® vectors of X,

and write «;; = log(p,/q;;) for brevity. Then pC~Rq if and only if a€R. Define
d(p,q) = {Z,(c™, a)*}t where 1 <v<p in the summation. Then d(p,§) is a metric if
and only if the linear subspace spanned by ¢, ..., ¢, denoted by L(c?, ..., c®),
contains C.

To prove this assertion, observe first that for any ¢V, ...,¢'®, d(p,q) = d(g, p)
and d(p,3)>0. Let 7 be any element of P, and define §;; = logg,/m;;. Then for
any ¢, ... ¢,

d(p,)+d(q,7) = {Z (¢, )"} +{X (c, B)*}}
> [Z{(e”, 0)+ (e, @)L
= {Z(,a+p)H
= d(p, 7).

Hence for any ¢, ..., ¢!, d(p,7) obeys the triangle inequality.
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Suppose L(c?,...,c")>C. Then d(p,§) =0 implies that X (c*, )2 =0, and
hence ae{L(c®,...,c”)}L=CL= R. Consequently, d(,§)=0 implies a€R, i.e.
pCAI}q, and so d(p,§) is a metric.

Suppose d(5,4) is a metric. Then d(5,§) = 0 implies that p~g, i.c.

ac{L(cD,...,c)}L

implies that @€ R. Hence {L(c", ..., c'®)}- = R, and therefore L(c'?, ...,c!")> RL = C.
This gives the required result.

The minimum value of p for which d(5,9) is a metric is p = (r—1)(s—1), in
which case (¢V,...,c¢'®) is a basis of C. The metric (x) given above corresponds to
the basis of C defined by

cim =1, for (I, m) = (i,)), (r, ),

=1, for (I, m)=(,s),(r,)),
=0, otherwise

for v =v(i,j), 1<i<r—1, 1<j<s—1.

In view of the form of the posterior distribution of (0,,), it is appropriate to define
a second scalar multiplication for vectors of X, by {a,b) = X3 a;;b,;v;, for a,be X.
This is a true scalar multiplication iff v;>0 for all i,j. Let (d*’) be a basis of C

orthonormal with respect to the operation {-,->, i.e.
A Ay =1, forv="1,
=0, otherwise,

and L(dY,...,d") =C, {u=0C-D (-1}

Then if d(p,§) = {3, w)%}, d(p,§) is a metric on the equivalence classes of Cf,
and the random variables (d*), ®) are, asymptotically, independent normal, with unit
variances, and means (d*,a), where a; =logv;, 1<i<r, 1<j<s. Hence the
asymptotic posterior distribution of {d(®, i)}? is non-central x?, with degrees of freedom
(r—1)(s—1) and parameter of non-centrality 34, a)%. If v;; = n;, 1<i<r, 1<j<s,
the quantity >(d*,a)? is what Lindley calls n’A—'n, which he refers to x%._3)(s—1)
to test for association of rows and columns of the contingency table. In this case
the metric d(p,§) chosen to measure the association depends, through the use of
{+,*>, on the particular observations made. However, as Lindley remarks, the
quantity n’A—'n is independent of the original cross-ratios chosen; in this notation
this means that >;(d", a)? is the same for any basis (d*') of C that is orthonormal
with respect to <+, ).
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