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Abstract

Hidden Markov models provide the opportunity to capture a number of nonlinear and/or nongaussian signal
processing problems. This paper discusses the existence of results applicable to hidden Markov model filters and ﬁxe@:{ag
smoothers which parallel results applicable to Kalman filters and fixed-lag smoothers, in relation to forgetting of initial
conditions, effect of round-off errors, and appropriate choices of the lag for a fixed-lag smoother. Some related problems

" on maximum a posteriori sequence estimation are also discussed. Tools for addressing these problems are provided by
extensions of the Perron-Frobenius theory to inhomogenous products of positive matrices, and inhomogenous matnx
products in the so-called max plus algebra.

Zusammenfassung

Hidden Markov Modelle erdffnen die Méglichkeit, eine Anzahl von nichtlinearen und/oder nichtnormalverteilten
Signalverarbeitungsproblemen zu erfassen. Dieser Artikel diskutiert vorhandene Ergebnisse, die fiir hidden-MarkoY-
modell-basierte Filter und Glittungsfilter mit fester Verzogerung anwendbar sind. Diese Ergebnisse dhneln solchen, die
fir Kalman Filter und Gléttungsfilter mit fester Verzogerung anwendbar sind, in Bezug auf das Vergessen der
Anfangsbedingungen, die Auswirkungen von Rundungsfehlern und die Wahl der Verzogerung bei Gléttungsfiltern. Es
werden ebenfalls einige verwandte Probleme der Maximum-a-posteriori-Sequenzschatzung diskutiert. Werkzeuge zur
Behandlung dieser Probleme werden durch Erweiterungen der Perron-Frobenius Theorie auf inhomogene Produkte
positiver Matrizen und durch inhomogene Matrixprodukte in sogenannten Max Plus Algebren zur Verfiigung gestellt.

Résumé

Les modéles de Markov cachés offrnt la possibilité de traiter un grand nombre de problémes non-linéaires et/ou
non-gaussiens en traitement du signal. Cet article décrit I'existence de résultats applicables aux filtres de modéles de
Markov cachés et aux adoucisseurs a décalage fixe qui offrent un paralléle a des résultats applicables aux filtres de
Kalman et aux adoucisseurs a décalage fixe, et aux ceci en relation a oubli des conditions initiales, effet des erreurs
d’arrondi et des choix appropriés du décalage pour un adoucisseur a décalage fixe. Des problémes connexes au sujet de
I'estimation maximale a posteriori de séquences sont également présentés. Des outils permettant de traiter ces problémes
sont fournis par des extensions de la théorie de Perron-Frobenius aux produits de matrices positives inhomogeénes, et aux
produits de matrices inhomogénes dans I'algébre max plus.
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1. Introduction

The purpose of this paper is to highlight certain
important questions arising in the filtering and
smoothing of signals from hidden Markov models,
and to discuss the resolution of these questions in
a manner drawing out close parallels with the res-
olution of the corresponding questions for Kalman
filters and smoothers.

While detailed formulation of the questions is left
to later sections, we outline the issues here.

In hidden Markov signal models, it is necessary
to make some (possibly probabilistic) assumptions
about the initial state. These assumptions may well
be erroneous, and one would like reassurance that
there will be some kind of recovery from the error
as time evolves from the initial state. Again, when
a hidden Markov model (HMM) filter operates,
there will almost certainly arise round-off errors in
the computation; one would like assurance that the
cumulative effect of such errors will not overpower
the calculations to yield totally misleading filter
outputs. Clearly, similar issues arise in implemen-
ting a Kalman filter. They are resolved in the latter
case by postulating that the signal model has cer-
tain properties which imply an exponential forget-
ting property for the’ filter, [4]. We report recent
research in this paper that establishes the same
conclusion for hidden Markov models [2,6,7,
10,11,14,16]. The ideas maybe have their roots
in [9], which proves an exponential forgetting
result as background for an HMM estimation
problem. '

A second question which we examine relates to
fixed-lag smoothing. Fixed-lag smoothing offers an
improvement over filtering, in terms of the quality
or accuracy of estimates, but at the cost of there
being a delay (relative to filtering) — the lag — in the
production of the estimates, and more computa-
tional burden than for simple filtering. (Exact def-
initions of fixed-lag smoothed estimates are given
in subsequent sections.) It is of interest to under-
§tand the trade off between the choice of lag and the
Improvement offered over filtering. For Kalman
filtering, the bigger the lag the bigger the improve-
ment, but the increment in improvement from
an increase in lag falls off exponentially with lag.
There is a dominant time constant — that of the
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Kalman filter — such that a four to five times mul-
tiple defines the maximum lag it is worthwhile to
use, [4]. In this paper, an identical result is ob-
tained for fixed-lag smoothers for HMMs, as
reported in [2,16].

The concepts for Kalman filters and smoothers
are reviewed in Section 2. Hidden Markov model
filters and smoothers are treated in Sections 3 and
4, respectively.

The remaining section deals with a property of
HMMSs which does not parallel a property for
Kalman filters, and indeed one for which research is
not yet complete. In Kalman filtering, if a block of
measurement data is collected over a time interval,
and one seeks to estimate the most probable state
trajectory over the same time interval consistent
with that data, one can assemble such a trajectory
from individual conditional mean smoothed esti-
mates of the state at each time instant in the inter-
val. In contrast, a most probable state trajectory of
an HMM is not obtained (in general) by juxta-
posing most probable estimates for the state at
a sequence of distinct time instants. Different tech-
niques are therefore needed to deal with trajectory
estimation than those presented in Sections 3 and 4;

we present a description of the problem using

max-plus algebra ideas. We also discuss the issue of
forgetting of initial condition data.

There is an interesting mathematical thread link-
ing Sections 3-5. Matrices of nonnegative elements
(“positive matrices”) arise naturally in HMM prob-
lems; such matrices have special eigenvalue proper-
ties, as presented for example in [15], summed up
in the so-called Perron-Frobenius theorem. Less
well known are the properties of inhomogenous
products of positive matrices (which are the subject
of a sort of generalised Perron-Frobenius the-
orem). This is appealed to here.

It turns out there is an analog in max-plus alge-
bras of the Perron-Frobenius theorem (termed in
[13] “the (max, + ) Perron-Frobenius theory”).
The forgetting problem for initial condition data
requires a max-plus version of the Perron-
Frobenius extension to. inhomogenous products of
positive matrices in conventional matrix algebra; such
an extension is not properly available at this point.

Throughout the paper, we consider discrete-time
processes with a finite output space. The results
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should be generalizable to both continuous-time
processes and continuous outputs - indeed some of
the earlier work on filtering moves in this direction.
The techniques are of course less simple.

2. Kalman filtering and smoothing

In this section, we review certain properties of
Kalman filters and smoothers; in the bulk of this
paper, we aim to identify similar properties for
HMM filters and smoothers. Throughout our pre-
sentation, we shall restrict attention to discrete-
time systems. Almost all of the ideas remain valid
for continuous time systems. A general reference for
the material of this section is [4].

2.1. The signal model

The signal model we consider is

Xe+1 = Fixp + Gewy,

2.1)
zy =H kXK + Ug.
In these equations, v, and w, represent zero mean
Gaussian white noise sequences, usually indepen-
dent, and with v, usually having a nonsingula

covariance: .. .

E[wew;] = Oy, E[v0]] =R Sy, Ry >0,
E[we!] =0, Vkt. 22)

Further, F,, Gy, Hy, Qx, R, and R; ! are assumed
bou)nded. (Often, these quantities are time-invari-
ant.

In addition, the pairs [F;, G,QL/*] and [Fy, Hy ]
are uniformly completely stabilisable and detect-
able, respectively (see also [5]).

At the initial time ko (Which may be — o0), x;, is
presumed to be a gaussian random vector with

mean X;, and variance Py, and independent of the
noise sequences.

2.2. The Kalman filter

The Kalman filter associated with the above sig-
nal model is given by

X+ 1 = (Fr — KeHi)Xige-1 + Kizi

xko/ko-x = J—ckr» .

(2.3)

In this equation, X+ denotes E[Xcyq/z,
Zk—15---,2, ) and K, is the Kalman gain. It is
defined as follows. Recursively solve
Zir 1k = (F — K Hi) Zige-1 (Fie — K Hy)'
+ G.0:Gr + Ky R K}
Zko/ko-l = PO: (2'4)
Ky, = Fy Zir-1 Hk(HIZk/k—1 H, +Rk)_1. (2.5)

The matrix Z«+ 1, has the additional interpretation

Ziv1ke = E{[Xe+1 — Xies 1]

X [Xk+1 — Xt l/k]T}' | (2.6)

.2.3. Forgetting-type properties

Under the assumptions on the signal model for-
mulated above, there are three key forgetting prop-
erties. They all stem from the one nontrivial
consequence of the assumptions, that the
homogenous equation

Jivr1 =F — KeHi)ye " - 2.7

is exponentially asymptotically stable. The three

properties are as follows:

e initial state forgetting. %+ depends in a man-
ner decaying exponentially with kK — ko on the
assumed value of X, . Incorrect initialisation
therefore is not a problem, since it is forgotten
exponentially fast.

e round-off and similar errors can only accumulate
to a bounded extent. At each step of the filter
computation, round-off errors can be introduc-
ed. It is important that the cumulative effect of all
past round-off errors not overpower the calcu-
lations, but in some way be limited; exponential
stability of (2.7) ensures that the effect is bounded
(but could be large)

e forgetting of old measurements. Just as the initial
condition is forgotten exponentially fast, so
too are old measurements. This means that
X¢+x, 1 depends on z,, in O(«*) fashion, for
some o < 1.



Note that it is possible to contemplate Kalman
filtering problems in which the conditions ensuring
exponential stability of (2.7) are not fulfilled. See
[4], Section 6.1 and [1].

Whenever there is exponential convergence,
there can be interest in simple computations that
give information about the rate. We simply make
one point here, and for simplicity, in the time-
invariant case only. One can show that

|det(F — KH)| < |det F|.

(The equality sign is exceptional.) Crudely, this says
that the Kalman filter is at least as stable as the
signal model.

2.4. Interpretation of Xy 1

We have earlier indicated that
Xer e = Elxe+1 | 24, eer Zky - (2.8)

As a conditional mean estimate, %, 1, also is the
estimate minimizing the conditional error variance.
(Because of gaussianity, the conditional error vari-
ance and unconditioned error variance are the
same.)

Because of gaussianity, %; + 4 /k 18 also a maximum
a posteriori estimate, i.e. argmax,,,, p(Xi+ | 2, -
Zp)-

Finally, let x¥,x¥_ ,...,x¥f_ ,,x¥ be the most
probable trajectory given zj, j < k. Then (non-
trivially)

ey

XE = Kipe—1- (2.9)
2.5. Smoothing

The Kalman filtering equations above provide
an estimate of x; given measurements up to time
k—1. One can conceive of collecting more
measurements, say up to time k + 4, and then
estimating x;, via an estimate

56k/k+a = E[xklzkoazko+,a~--’zk+A]- (2.10)

The disadvantage is that one must wait longer for
the estimate to become available, (till time k + 4
plus the computation time); this may be unaccept-
able if the estimate is being used for control (or
decision making where rapid response is impor-
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tant). However, the advantage is that with more

measurements, a more accurate estimate can be

anticipated.

The equations for obtaining smoothed estimates
are set out in [4]; we will not reproduce them
here, but rather indicate several properties of
smoothing.

When 4 is fixed and k is variable, we talk of
a fixed-lag smoother with lag 4. It turns out that
e the bigger 4 is, the smaller is E{[Xix+4 — Xi]

[Ri+a — Xi]"}, the error covariance of the

smoothed estimate,

e for fixed k as A increases, E{[Zix+s — %]
[Rii+a — Xi]"} falls off exponentially towards
some limiting value, indicating that for practical
purposes, there is some A4,,,, such that 4 = 4,,,,
gives all the practical benefit to be had from
smoothing, and taking 4 > 4,., confers no
extra benefit,

e the exponential decay rate referred to above is
the same as that associated with the Kalman filter;,
i.e. if the Kalman filter forgets its initial state with
a time constant of 1s, a choice for 4 of 4 or 5s
will extract all the benefit from smoothing which
it is possible to extract.

What sort of improvement can smoothing offer
over filtering? It is hard to give a universal answer -
to this question. However, it appears that the high-
er is the signal-to-noise ration, the greater is the
percentage improvement offered by smoothing
over filtering [3].

As for filtering, see (2.9), one can connect
smoothed estimates at single instants of terms
with complete trajectories. Let xf,, ..., x§+ 4 be the
most probable trajectory given z;, ko <j < k + 4.
Then

A

: J—
Xk = Xilk+4

and

Xik+a = argmax p(Xi/Ziys --- » Zk+4)-

3. Hidden Markov models and filtering

In this section, we shall define a signal model
(HMM) and the associated filter. We will also es-
tablish an exponential forgetting property parallel-
ing that for Kalman filters. We follow [16].
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3.1. Signal model

Consider a first-order discrete-time and dis-
crete-state Markov process X, the subscript k de-
noting time.

For simplicity, we shall define the states to be the
values 1,2,..., N, and assume the process is station-
ary. At each time instant k, a corresponding signal
Y, is observed, again having discrete values, in the
range 1,2,...,M. We will adopt the convention
that a lower-case x; denotes the actual state value,
and likewise for y,. The probability vectors
for X, and Y, are updated by the constant
system matrices A (the state transition probability
matrix) and C (observation matrix), with
A=A{a;} = {Pr(Xp+; =i| X, =j)}, and C=
{Cmn} = {P(Yy =m| X, =n)}. Further, unless
otherwise stated, a; >0 and c,, >0, Vij,
ne{l,2,...,N},Vme{1,2,...,M}.

Remark 1. In the present definition, 4 and C are
column-stochastic matrices, ie. Zf;laij =1 and
Zf,‘,‘= 1&ms = 1. This may be contrary to other nota-
tions and must be kept in mind to avoid possible
confusion.

Remark 2. For the case. of independent and
identically distributed (iid) processes, in which
all state transitions are equally likely, A has
identical entries in each row and consequently col-
umns in A4 are identical. For a similar situation
involving the C matrix, the interpretation is

that the output process is independent of the state
process. '

3.2. Evolution of filtered distributions

Let ITi; and IT, 4 be the filtered and one-step
prediction probability vectors, with the ith entry
being Pr(X, =i|Y,,Y,,...,Y,) and Pr(Xyy; =
i]Yo,Yy,..., Y}), respectively. By using a combina-
tion of Bayes’ rule of conditional probability and
the Markov property, the time evolution relations
for the filtered probability vector are found to be

Hk+1|k = AHka (3.1

1

Mot =0
NYyeo Hk+ 1]k

Coei it 1 (3.2)

where 13C,,, My =[1...11C,,, My s
a scaling normalising constant to ensure the entries
of Myiyp+y sum to 1, and C,,,, = diag(cy,cp,
Ci3,..-,Cix), When yrq =1

Yr+1

3.3. Exponential forgetting

By iterating (3.1) and (3.2), the filtered probability
vector at time k can be expressed in terms of an
arbitrarily chosen initial distribution Ioe:

1
H =_“—‘—'—“_'—CkAH —1lk—-1
TG, ALy T
1 (
= C, AC,, A...
13C, AC,_A...C, Allgo ™"
1
=Tyl 33
Gy, A0 T alon 1xdlojo (3.3)
where
Ty =C,AC,_ A...C, A. (3.4)

We now proceed to derive initial-condition forget-
ting of the filter by appealing to the generalised
Perron-Frobenius result (see Appendix A, in par-
ticular Corollaries A.1 and A.2 and also [15]) for an
inhomogeneous product of matrices. Broadly, this
theorem states that, under certain very general con-
ditions, a product of positive matrices, of the form
T,,=H,H,_, ... H,, tends to a dyadic matrix” as
r— 0.

As stated previously, 4 > 0 and C > 0; therefore
(3.4), a product of successive C, 4, is strictly posit-
ive, and the requirements of the aforementioned
theorem are automatically satisfied. This means
that, as k - oo,

Tyx = URVT (3.5)

for some positive column vector U(k), and positive
row vector VT. Without loss of generality, let
v; = 1. Hence the normalised filter probability vec-
tor becomes

1

My = INT 1 oo

T1xlloj0

2The term dyadic means that a matrix is of rank 1.



uy (k)
1 u,(k)
-—)m 22 (l U, U3 "'vn)HOIO
Un (k)
1

This is independent of the initial distribution IT 0l0-
The rate of convergence of (3.6) is exponential and
rates are computable [15].

3.4. Relaxing the positivity constraints on A and C

In the above analysis we have assumed that
A and C have all positive entries. We can actually
relax this constraint to one requiring a form of
observability, [16].

In mathematical terms the exponential conver-
gence to a dyad remains if we require that there
exists an L such that for any selection y,,...,y;,
each row of the matrix

T,L.=C,AC, A..C, A

is either entirely zero, or entirely nonzero. This
means that at time L, each possible state x; =i
is either such that it could have risen from
Yi,YL-15---,¥1 and any state xo =j,j=1,...,Nor
xp =i 1is incompatible with the sequence
YL,YL-1,---¥1 and all possible x, = j. Put another
way, whether or not one can be in state i at time
L depends only on the last L measurements, and
has nothing to do with the state at time 0.

Obviously, if this property holds, it also holds
with L replaced by any L’ > L.

Two important special cases are as follows.

Suppose A4 is a primitive matrix, which is equiva-
lent to having the underlying state process irredu-
cible and aperiodic. Suppose further that C > 0 (a
given measurement can come from any state). Then
T, will be positive, where L is the least integer for
which A" is positive.

Second, suppose 4 is positive, but C is not neces-
sarily positive. Then T, ; will have the prescribed
property for all L.
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3.5. Other forgetting properties

It is clear that in addition to exponential forget-
ting of an initial condition, there is exponential
forgetting of a particular past measurement, and of
a particular round-off or other computational
eITor.

3.6. Conditional mean and maximum a posteriori
estimation

For the formulation we have given, there is not
much point in talking about a conditional mean
for the state. The maximum a posteriori state is
however

argmax {pGa =il Yo, -, yi)}»

ie. the index of the maximum entry of ITy.

Suppose that the effective forgetting time for
initial conditions is L. Suppose also that the vector
I, for every sequence of measurements of length
L has a unique maximum entry. Since the effective
forgetting time for initial conditions is L, this means
that the index of the maximum entry in II;y for all
k > L depends simply on yx_r+1,-..,yx and no
earlier measurements, i.e. as far as MAP estimation
is concerned, there is finite-time forgetting of initial
conditions.

In contrast to the Kalman filtering situation, if
a maximum a posteriori trajectory x§, ... x§ is ob-
tained, given measurements y,, ..., yi, there is no
guarantee that

x = argmax {p(x = i| yo, .., y)}-

i

4. Hidden Markov model smoothing

For the hidden Markov model of the previous
section, we can conceive of solving a smoothing
problem, ie. obtaining recursively the vector
Iy + 4, the ith entry of which is

P =ilY0, Y154+ 5 Vi+a)-

Fixed-lag smoothing corresponds to 4 fixed and
k varying, and, as for Kalman filtering, there is the
disadvantage of delay in computation but the
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advantage of more accurate determination of x, (or
its conditional probability vector). Ref. [16] devel-
ops the relevant equations.

4.1. Exponential decay in smoothing

Let Z be a matrix with N? rows and N columns
with zeros in all rows except row 1, N + 1, 2N + 1
and (N — 1)N + 1. In these rows, there are all zeros
except for a unity entry in columns 1,2,..., N, re-
spectively. Then the unnormalised equation for
Iy + 4 turns out to be

ﬁklkhi =[Uy®(I§ T+ 11+ 4) 21 g, 4.1)
where
Ti+1k+a =C,,, ,AC,,,,  A...C, A 4.2)

and the vector IT ki +4 18 a scalar multiple of ITy ;. + 4.
For fixed k and varying 4, one can consider how
(4.1) behaves. The key is of course (4.2), and the
essence of the matter is that T, ;.44 for 4 varying
inherits the convergence properties of T,, for
k varying, which were relevant in considering
HMM filtering. For k fixed, as 4 — oo exponential
convergence occurs:

Tistji+a = UAVT
for some fixed row vector VT; then
e+ s > Un @EuA)V I Z iy

= [Zu;(4))(Diag v;)[T i

and on normalising, the 4 dependent term, viz.
Zuy(4), disappears. This means that all the im-
provement that can be gained by smoothing is
attained after some finite 4, and no significant gains
can be made as the lag is extended further.

4.2. Example

Some examples of the above are in [16]. Here,
we want to recall a much earlier paper [12],
more than 20 years old. In that paper, the hidden
Markov model was actually a continuous-time
model, with a continuous measurement set. The
state process was defined by a random telegraph
signal (switching between +1 and —1 according
to a Poisson law), with measurements com-

prising the state contaminated by gaussian white
noise.

The paper developed smoothing equations, and
demonstrates with simulations the improvement
flowing from selecting 4 away from zero, noting the
exponential decay of the rate of improvement.
However, no theory could be given to explain the
results. _

Reproduced as Fig. 1 are simulation results
reported originally in [12] which confirm strikingly
the improvement that smoothing offers over
filtering (lag = 0), and also display the exponential
dependence of the behavior on the smoothing
lag 4.

The results are actually obtained by running
a discrete-time approximation of the continuous
time smoother on noisy measurements of a
continuous time random telegraph wave.
Transitions between the two states in the signal
model are governed by a Poisson process and
occur on average every 83 time units. The signal-
to-noise ratio is fairly high, and with zero lag,
the filter gives an error rate (for MAP estimation)
of 45 in 1000. By allowing a lag of about 30 time

30
20

01020304050607080901(')0
Number of intervals of lag

Average mean square
error (percent)

50

ol
30
20

10

Average number of
errors per 1000 points

0 - L )
0 10 20 30 40 50 60 70 80 90 100
Number of intervals of lag

Fig. 1. Plots of mean-square error and error rate against
smoothing lag for MAP smoothed state estimate from a
discrete-time filter of a continuous time random telegraph
wave.



units (less than the time constant for the under-
lying process), it is possible to gain all the possible
improvement over filtering; this improvement,
yielding an error rate of about 15 in 1000, is very
substantial.

Ref. [12] also contains simulation results demon-
strating that for lower signal-to-noise ratios, the
improvement offered by fixed-lag smoothing over
filtering is not so great. (This is also the case for
Kalman filtering and smoothing). No quantitative
explanation of this has however yet been offered in
the HMM case.

4.3. Maximum a posteriori estimation

In the light of the HMM filtering results it is no
surprise that if x§, ..., x}, 4, denotes the most prob-
able state trajectory given the measurements

Yos---»Yk+4, then in general there is no guarantee
that

x§ = argmax {p(x, =1|Y0,V1, > Vi+a)}-
i

5. Maximum a posteriori trajectories
5.1."MAP trajeciories and max plus algebra

In Kalman filtering, the solutions of the filter-
ing and smoothing problems yield (individual
points on) maximum a posteriori trajectories.
This is not so in the HMM context. In this section,
we shall present the MAP trajectory determina-
tion problem using max plus algebra ideas (see [8]
for an introduction to max plus algebra -
this reference also describes the MAP trajec-
tory determination problem in max plus algebra
terms).

We retain the notation of Sections 3 and 4. Then
Pr[xo =.i0’x1 =j1’ eee s Xg =jk’

Yo =g, .-e, Vi = ii]

=

= Zl Ci’j’aj’j’_l Pr(XQ =jo) (5.1)

p=

Let L denote the logarithm of the above joint
probability. Define matrices B,, and vectors
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b,,y=12,...,M, by

B,(a,B) = In[c,4a44], (5.2)

b,(®) = In[c,, Pr(xo = a)]. (5.3)

Then

L = By, (jxsjk-1) + B, k- 15dk-2) + =+ + by, Go)-
(5.4)

Estimating the MAP trajectory over [0, k] is a mat-
ter of finding, for a given set io,...,i, the set
Jj&,...,j¥ which maximizes (5.1) or equivalently (5.4).

Based on standard concepts of max plus algebra,
see Appendix B, there holds

max L=1"®B;® --- ®B;, ®b;,. (5.5)
Jks -ee 5o

If matrices A and C are positive, all entries of the
B, and b, are finite. However, if some entries of
A and C are zeros, then certain entries of B, or
b, are — oo (which is allowable in max plus alge-
bra; in the associated transition graph, a weight of
— oo corresponds to absence of an arc).

The Viterbi algorithm, [17] conventionally used
for MAP trajectory determination, is in effect a de-
vice for calculating very efficiently the max plus
product; in the course of the calculation, the maxi-
mizing sequence j§, ...,j& is computed. The maxi-
mizing sequence identifies a particular path in the
transition graph for the right-hand side of (5.4), viz.
with maximum weight end-to-end.

5.2. Forgetting

We would like to obtain an analog of the forget-
ting concept of Section 3. Recall that in Section 3,
we established an exponential forgetting of initial
condition property of II;,, while under certain
conditions

argmax [p(xi = /Yo, > ye)];

might depend only on the most recent L measure-
ment values yx—p+1,---, Yk This is a form of finite
memory.

For MAP trajectories, the analogous question
can be posed as follows. Suppose k is large, and we
have somehow obtained the MAP trajectory
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J&,-..,j¥. Let P be fixed, and we want to focus on
JE-p+1,---,JF,1e. the P + 1 last points in the MAP
trajectory. Is it the case that for some Q, these P last
points depend only on the P + Q last measure-
ments, Viz. iy, ix— 1, ...,ik—p-g+1?

Evidently, the examination of the MAP state in
Section 3 amounts to considering just P = 1.

We can state the following (new) result:

Theorem S.1. With the HMM defined by matrices
A and C as earlier described, and the matrices B, and
b, as defined in (5.2) and (5.3), suppose that any
product of length Q of the B;_ is a dyad (in the max
plus algebra sense). Suppose that k > P + Q. Then
the section (j§_p+1,...,j&) of the maximum a poste-
riori trajectory depends just on the values

lk-p—Q+15---,ix Of the measurements over time
k—P—-Q+1tk

Proof. Observe that
I'®B,® - ®B,_,,,®B,_,® - ®B,_,_,.,
®B,_,,® - ®b;,
= (I"®B,® - ®B;,_,,,)@c®d"
®(Bi,_, ,® - ®by,),

where ¢ and d are vectors depending on
ix-p-g+1 tO ix_p, existing by hypothesis).

= (1"®B,® --- ®B;,_,., ®)®a.

Here o is a scalar (viz. dT®B,;, , ,® --- ®b,).

The path in the transition graph corresponding
to 1"®B, ® .- ®B,,_,,, ®c which has maximum
weight is independent of the scalar a.

This path, (j§_p, ...,j¥) is such that

1"®B,® - ®B,_,.,®c
= B, (¥,j¥-1) + -+ + Bi_,..(¥-p+1,JE-p)
+ c(j¥-p)

= max {Bi,(x>jk—1) + -+

Jk=Ps e sdi
+ B, _,..(k-p+1,Jk-p) + clk-p}.

The matrices and vector inside { ... } are dependent
on measurements i,_p_gp4+; to i—p (for ¢(.)) and

i,_p+1,-.,i for the B matrices. Accordingly, the

section j¥_p, ..., j§ of the maximizing trajectory de-

pends only on these same measurements.

The above theorem naturally throws up the fol-
lowing question. Suppose there is prescribed
a finite set of N x N matrices, viz. {By,...,By}.
Under what circumstances does there exist an inte-
ger g such that the (max plus algebra) product of
any selection of g of the B; is expressible as a dyad.
(Note: if such a condition holds, it is trivial that for
any q' > g, a product of any selection of g’ of the
B; will also be expressible as a dyad).

An exact answer is not known. However, there
are several pertinent remarks which should be
made.

(a) The Perron-Frobenius theory for a positive
and some nonnegative square matrices
A guarantees that as p— o0, A” — 2Puv” for
some positive real A and positive vectors u and
v, with the convergence exponentially fast.
Analogously, max plus algebra guarantees that
as p — oo, for matrices A satisfying a max plus
version of the primitivity conditions for non-
negative matrices A? — A P where P is a sum
of dyads, and often comprises just one dyad;
further, the convergence occurs in a finite num-
ber of steps, i.e. theré exists Q such that for all
p=0Q, A = APP.

(b) The Perron-Frobenius theory, as explained in
Appendix A, generalises to cope with in-
homogeneous products of nonnegative ma-
trices, so that a form of exponentially fast
convergence to rank one occurs.

In the light of (a) and (b), it is reasonable to postu-

late a form of max plus algebra Perron-Frobenius

theorem for inhomogeneous products. Such a result
is exactly what is needed for the hypothesis of the
theorem to be fulfilled.

Simulation data suggest the reasonableness of
the result. However, just as there are exceptions to
the Perron-Frobenius result (which are dealt with
by imposing requirements of for example irreduci-
bility or primitivity, to exclude the awkward cases),
so is this true in the max plus algebra situation.

The successful operation of a Viterbi decoder
rests on the presumption that the conclusion of the
main Theorem is valid, at least under normal op-
eration, or for almost all symbol sequences. This



raises the issue that there may be a probabilistic
version of the result needed to underpin the the-
orem. It might be something like the following.

Conjecture. Consider a set of M generic square
matrices By ...,By and consider max plus
algebra products 11, of length q of any of the B,.
Then there exist positive constants o and f with § < 1
such that

Pr{Il, is expressible as a dyad} = 1 — aff?.

An important additional task would be to pin
down the convergence times (effectively Q in the
theorem and (roughly) ! in the conjecture); these
should underbound the length of a Viterbi decoder.
It would be comforting if these convergence
times could be related to the time constants of
the signal model (as is roughly possible for the
Kalman filter and indeed the normal HMM filter,

when their forgetting properties are being
considered).

6. Conclusio:i

In this paper, we have indicated a number of
parallels between Kalman filtering and smoothing
results on the one hand and HMM filtering and
smoothing on the other. These results are linked to
forgetting of initial condition data, coping with
round-off error, and choice of a lag for a fixed-lag
smoother.

We have also indicated open issues. The two big
ones are as follows:

o Can one establish for HMMs that the benefit
offered by smoothing over filtering is greater at
higher SNRs?

e Can one establish a deterministic or stochastic
max plus algebra version of the Perron-
Frobenius theory for inhomogeneous matrix
products, from which would flow a forgetting
result for MAP trajectory estimation in HMMs,
and thereby justify the use of finite length Viterbi
decoder?

Of course, for both these problems, quantitative
or rather than just qualitative conclusions would be
welcome. The first question is addressed in a pre-
print available from the authors.
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Appendix A. Generalisations of the Perron-
Frobenius theorem for inhomogeneous product
of matrices

In this appendix, we summarise certain key ideas
relating to products of nonnegative matrices and
positive matrices from [13].

Definition A.1. An (nx n) matrix T > Ois said to be
row-allowable if it has at least one positive entry in
each row. It is said to be column-allowable if T is
row-allowable. It is said to be allowable if it is both
column- and row-allowable.

Remark 3. A column-allowable T has the property
that x > 0 implies x'T > 0.

Definition A.2. For two vectors x' = (x; ...x,) >0
and y = (y; ...y,) >0, a pseudo-metric® can be
defined as

oy maxi Oafyi) | | XiYi
)= S | - 25

PA

This is a measure of the alignment between two -
given vectors, x and y, and d(x',y") = 0 iff x = Ay,
for some scalar 4 > 0.

For x,y > 0 and column-allowable T (to ensure
x'T >0 and y'T > 0) the function d(.,) has the
following contraction properties:

(1) dxX'T,y'T) < d(x',y").

(2) Given a T which also has at least one positive
element in a coincident position in any two
rows, d(x'T,y'T) <d(x',y"). This guarantees
that for x,y > 0, multiplication by a strictly
positive T always tends to align the two vec-
tors x and y.

Remark 4. A direct consequence of above proper-
ties is that, under certain conditions as kK - o,

d(x'Tl Tz cee Tk, y'Tl Tz aes Tk) kg 0,

3 A pseudo-metric has the properties of a metric save that
d(x',y") = 0 can occur even if x # y.
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where each T; is allowable, 1 <i <k, provided
x,y > 0.

Definition A.3. The Birkhoff’s contraction coeffic-
ient is defined as

w(T)= sup M (A2)

x,y>0,x# Ay d(x’> yl) '
Birkhofl’s contraction coefficient places an upper
bound on the rate of contraction due to the multi-
plication with an allowable matrix T, by providing
a ratio between the pre- and post-multiplied metric

of two vectors by T. As will be shown below, the
case when 75(.) = 0 is of special interest.

Remark 5. For an allowable matrix T, an explicit
form (for the long derivations, see [13]) for 15(T) is

1= /o)
T)=—""r—, A3

where

min & if T >0,
H(T) = {ijkt (A4)
. |0 if T# o

If T is column-allowable but not row-allowable, let
A = {a;;} be the matrix formed by deleting any row
of zeros, so that 4 is row-allowable, then
$(A4) = 9(T).

For column-allowable T and U, tg() has the
following properties,
(1) 0<w(T)<1L
(2) (TU) < tp(T)rp(U), hence 15(TU) < t5(T)

and TB(TU) < TB(U).

(3) For a positive diagonal matrix U, t3(U) = 1.
(4) g(U)=0iff U is also rank 1.

Definition A.4. The products T,,, = Hp4 1 Hp43 ...
H,,,, formed from allowable matrices {H,}
in some specified order for p >0, r > 1, are said
to be weakly ergodic if, as r— o, T,, ap-
proaches a rank 1 matrix, or equivalently, as
r— 00,15(Tp,) — 0.

With the above definitions in mind, the next
theorem follows naturally.

Theorem A.1 (Seneta). If T,, =Hp+1Hpys ...

H,.,,and all H; are nonnegative and allowable, then
(T p,) > O (i.e. weakly ergodic) for each p >0, iff
the following condition holds:

T,, >0 forallr>=rop)
Further, there then holds:

ts{;')

t%,,,4W$5?>0 asr— oo
J!

for all i, j, p, k where the limit is independent of k, i.e.
the rows of T, tend to proportionality as r — 0.
Equivalently, T,, - UVY(r), where U is a constant
vector, and V'(r) some positive row vector.

Corollary A.l1. For a reverse product, of the form
Tp,r=Hp+er+r—1 “'Hp+1=(Hp+1Hp+2 ~”Hp+r)Ta
the same result holds except that as r > oo the col-
umns tend to proportiondlity, i.e. T,, - UrV",
where U and V' have the same meaning as in
Theorem A.1.

Corollary A.2. Consider a sequence of positive inte-
gers {ks}, s >0 and ki — ks = g, g a constant. If
we redefine product T ,,, by grouping g matrices {H,}
into- composite ‘terms, so that T, = H, 1 Hp 5.

Hyprr=Tpuy—p Tio s ko Thio—ky =+ T =t T
for some allowable T* where k, is the nearest mem-
ber of {ks} not greater than r, and if further,

T i, -1) =€

then the rate at which tg(T,,) >0 as r — oo (see
[13]) can be overbounded, e.g. in the case of p = 0, as
Jfollows:

| — g\ ~Geld=17] _ g\rls
. AS
alo<(150) (1) (49

Appendix B. Max plus algebra

Definition B.1 (Max plus algebra). The max plus
algebra (R...,®,®) is defined as follows:

() Riax = Ru{ — oo}, where R is the set of real

numbers,



(2) © is maximisation in conventional algebra, so
that x® yd-—if max(x, y), and
B ® is
def
x®y= x+y.

conventional addition, where

The notation was chosen so that a number of
results from conventional linear algebra can be
directly transferred to max plus algebra by replac-
ing the + and x signs by @ and ®, respectively.
In particular, ® is commutative over R,,,, and
® is distributive over ®. The symbol ¢, with the
numerical value of — oo, is the neutral element
with respect to maximisation; similarly, the symbol
e, with the numerical value 0, denotes the neutral
element with respect to addition. That is, Vx e R:
o x@Pe=x, and

o Xx®e = X.

For suitably dimensioned matrices 4 = {a;;} and
B = {b;;}, the following operations are defined:

Definition B.2 (Scalar multiplication). The multi-
plication of a matrix 4 and a scalar c is

(c®A4);j = c®a;; = ¢ + a;;. (B.1)

Definition B.3 (Matrix sum). The matrix sum
A®B is defined to be

(A®B);; = a;;®b;; = max(a;, b;;). (B.2)

Definition B.4 (Matrix product). The matrix prod-
uct A®B is defined by

(ADB);; = (2:; ®b1;)D(ai, ®b,;)D(a;3 ®b3;)® ---
®(ain ®bnj)

=@ ay ®bkj
k

= max
k=1,2,....n

(ax + by;). (B.3)

Definition B.5 (Rank of a matrix). The rank of
a matrix Z is the smallest number of dyads U;®V;,
i=12--k and that Z=U,QVI®U,®
Vi® - ®@U, ®VE. Here, U, and V; denote vectors
and the superscript T denotes transpose in the
normal matrix sense. Note that various approaches
to the definition of rank can be considered; the
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definition adopted here is the most convenient for
our paper.

Remark B.1. As in conventional linear algebra,
multiplication of two matrices can never increase
rank and may lead to a reduction. That is, for two
matrices A, B, rank(A® B) < min(rank(A4),rank(B)).

B.1. Graph concepts

To facilitate the analysis of convergence proper-
ties, we recall the following graph theoretic con-
cepts, some which have been adapted from analysis
of nonnegative matrices.

Definition B.6 (Directed graph). A directed graph
(or digraph for short) ¢ is defined as a pair (¥,£),
where 7" is a set of elements called nodes, num-
bered from 1 to n, and & is the set of directed arcs
joining any node pair. An arc joining nodes i and
j is denoted as i —j.

Definition B.7 (Path). A path is defined as a se-
quence of nodes (iy,i,, -+, i,) such that there is an
arc from node i;_, to node i; for j=2,3,...,p.
Equivalently, a path can also be defined as a se-
quence of arcs which connects a sequence of nodes.
An elementary path is one in which no node ap-
pears more than once. We will denote a path either
in full as iy =i, =iy > --+ = ip, Or iy = —i,, in-
dicating only the terminating nodes for short.

Definition B.8 (Circuit). A circuit is a path for
which the initial and terminating nodes are identi-
cal. Similarly, an elementary circuit is defined as
one in which no intermediate nodes occur more
than once.

Definition B.9 (Precedence graph corresponding to
a matrix). The precedence graph corresponding to
an nxn matrix A, denoted as %(A), is a weighted
digraph with n nodes. An arc from node j to node
i is present in %(A) if and only if a;; # . The value
of a;; is then called the weight of this arc.

Definition B.10 (Weight, length, average weight,

_circuit mean). The weight w(p) of a pathp =i; —

iy > --- =>i;.y =i, is the sum of the weights'



38

of the individual arcs. The length I(p) of the same
path is equal to the number of arcs in the path.
The average weight of a path is its weight divided
by its length: w(p)/lip) = (ai;_, + a;_i, + - +
a;,;, + a,;,)/(I — 1). The circuit mean is the average
weight of a circuit.

Definition B.11 (Critical circuit). For a given pre-

cedence graph, any circuit of maximum average
weight is called a critical circuit.

Definition B.12 (Transition graph corresponding
to a matrix). As an extension to Definition B.9,
a transition graph J(A4) associated with 4 depicts
the node-to-node transitions (a;; being the weight
of the directed arc j — i) with explicit distinction of
the starting and end nodes achieved by ‘stretching’
out the precedence graph %(4), as shown in Fig. 2.

Remark B.2. In view of Definitions B.4, B.9 and
B.12, the matrix product C = A® B may be vis-
ualised as the concatenation of two transition
graphs in the order* shown in Fig. 3. Each c;; entry
denotes the maximum weight of a path over all
paths of length 2 (since this product consists of
2 terms only) from node j to node i. For example,
¢y =max(a;y + byy,ay5 + b,,). On the other
hand, a value of ¢ indicates the non-existence of
a path.

node 1 ® —a;;—————— @ node 1

D1
a3y

A
node2 @ L7
as

® node 2

a3
a3

node3 @ £a33——> ® node 3

Fig. 2. The transition graph of 4, a (3 x 3) matrix.

*The ordering of the two transition graphs follows from the

definition of weights of the directed arcs in the respective preced-
ence graphs.

B A
‘/"(N‘ T 'a»(\.k‘ T MMN.E\\.
node | @ Zbjj——————= @ 'zaj;———%, @ node 1
by ay
biy a
node 2 ® Zby, > o Zay, > @ node 2

Fig. 3. Graphical illustration of multiplication of two (2 x2)
matrices in max plus algebra.

Definition B.13 (Irreducibility, strongly connected-
ness). A square matrix A is irreducible if no per-
mutation matrix P exists such that the matrix 4
defined as

A=P"QAQP

has an upper triangular block structure. In the max
plus context, upper triangular means that the ele-
ments in the lower triangular portion all have the
numerical value ¢ = — o0.

The precedence graph associated with an irredu-
cible matrix A is called strongly connected, to re-
flect the easily proved consequence of irreducibility
that there always exists an elementary path be-
tween nodes i and j, Vi,j. The converse also holds.

Definition B.14 (Aperiodicity). An irreducible
square matrix A is aperiodic® if an N exists such
that for all k > N and for all i,j, it holds that
(Ak)ij # &

Lemma B.1. An irreducible matrix A such that
a;; # ¢ for at least one i, is aperiodic.6

Proof. An extension of the argument in [8]. O

Definition B.15 (Critical graph). The critical graph
G°(A) corresponding to an n x n matrix A consists
of those nodes or arcs of G°(4) which belong to
a critical circuit.

5 This is analogous to the notion of primitivity in conven-
tional linear algebra, which states that a nonnegative matrix 4 is
primitive if there exists a k such that A" is strictly positive for all
r=k.

$ This statement is sharper than a similar lemma [17], where
a similar result was stated, but with the requirement that every
diagonal entry be finite.



Definition B.16 (Cyclicity of a graph). The cyclicity
of a maximally connected subgraph (m.s.cs) of
a graph is the greatest common divisor of the
lengths of all its circuits. The cyclicity of the graph
is the least common multiple of the cyclicities of all
the ms.c.s’s.

Lemma B.2. Suppose that A is aperiodic, or equiva-
lently that G(A) is strongly connected. Then there
exists Q and an eigenvalue A and a matrix P such that

20, A*=X1P

if and only if the cyclicity of each m.s.c.s. of G(A) is
1. Moreover, Q is expressible as a sum of r dyads,
where t is the number of m.s.c.s’s of G°(A).

Corollary B.1. Suppose A is aperiodic and G(A) has
a single critical circuit of length 1. Then there exists
Q and vectors u and v such that Vq > Q,

AT = AMu®v.

(Note that for A? to have the dyadic form, it is not

necessary that it have a single critical circuit of
length 1.)
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