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New Developments in the Theory of 
Positive Systems 

B.D.O. Andemnl 

1 , Introduction 
This paper deds with some special finite-dimensional linear systems prob- 
lems, broadly speaking ones where the underlying matrices in statevariable 
descriptions of the systems considered cont& nonnegative or positive en- 

. tries. . . 

The problems tend to be difficult, for a number of reasons. These in- 
clude the fact that one of the cotomon tools of linear system theory, that 
oi replacing a triple {A, b,c) waking a transfer £unction matrix H(z)  = 
cT(zI -A)-'b by {TAT-~,T~,(T-~)~c} for an arbitrary nons@igular T; ii 
in general not available, since such a transformation in general will destroy 

. . 
t h e  nonnegativity. 

The paper actually f O C k  on three problems: t he  s&called positive 
line& system realization problem, the problem of exponentid'for@ttidg 
of initial 6nditions and &'associa;ted smootiiing issaeiihidd'&ii Markov 
models, and the problem of re&ing a hidden Markov model, giten the 
collection of probabilities of output strings. The latter very mnch 
draws together ideas from the first two problems. 

We begin however with two moti?ationaI sections: one sets out some 
examples of positive systems and the other records some broad questions 
eciatedwith-such system We then bndy review the Pertoh-~robeni& 
theory on t h e  eigenst~cture of nonnegative matdcesbefore tackling the 
three problems above: For the lattei two problems, a sort of timevarying 
generalization of the Perron-Frobenius theory is needed; we I& the ' t~ea t  
ment of 111 as a base. . . 

In the find section, we record some open problems. 
The following individuak helped greatly in the development of the ideas 

of this paper: Manfred Deistler, Subhrakanti Dey, Lorenzo Farina, Hajiie ,. ~~ . . 
Maeda, ~ o h n  Moore and Louis $hue; 
... -- ~ - . .~ 

'The author wishes t i  ackoowlal~e the hding  of the activities of the ~ o o o d v e  
Research Centre for %bust and ~d&tive systems by the Australian ~ o m ~ n w e d t h  
Government under the Cooperative W e b  Centrep Program. 
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2 Some Examples of Positive Systems 
!?or wnvenience, we shall restrict attention to discretetime systems. In 
neasly allinstances, to adiscrete-tirnermult there wmesponds a continuous- 
time result. 

2.1 Deterministic Systems 
Consider the equation 

This equation is a discsetdine Leslie population model \2j,\3) when each 
entry of ~ ( k )  corresponds to members of a population in a given age cohort 
at time instant k. In a closed population, b = 0 and entries of A are 
nonnegative (most are in fact ziero). If immigration is allowed, then b has 
nonnegative entries and i(-) isnonnegative. Obviously all entries of z(-) 
are nonnegative, and the total population is given by 

wheie e = [l . . .1]. Variants of this model can be ised to distinguish subsets 
of the population, ag. males and females. 

A second class of positive deterministic systems is exemplified by wm- 
partmental models, [4,5] wherethe entries of z corresponds to the quanti- 
ties of different entities (chemicals, water, heat, telephone calls, ek.) 

As a find example, we cite &qe routing networks, which are a special 
formof reahation of a digital filter using MOS technology, [6]. The entries 
of A,b,c,z, y and u are necessarily nonnegative. 

. . 

2.2.. Markov Chains and Hidden Markov Models 
. . ax;, k = 61,:. . &a @ate moving at disnete t&instants between.& i f  

a6nite:numberof s tate  1,2,. . . ,Nin aMa$ov,mawer, it is termed afinite 
state Markov ch&, (71. If Pr [Xk+I = i I. Xk = j ]  = acj is independent of 
k,it is stationary. Let 

n(k) = vector with i-th entry Pr[Xk = i]. (2.3) 

Then .. 
, > 

~ ( k  + 1) = An(k). (2.4) 

Here, entries of A and a are nonnegative. 
. . In a hidden Maikov model [S, 91 in addition to the state process, there 

is an observation or measurement process Yk, assuming values in the set 
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{l,2,. ..,MI, with & dipending probabilisticallyon Xk, via an M x N 
matrix C with cij = PT[Y~ = i \ Xk = j]. Let 

. .  . 
u(k) = vector with j-th entry PTIY~ = j ] .  (2.5) 

. . Tlien' ' .  

u(k) = Cr(k).  (2.6) 

Noiv.(2.4)..and (2.5) together dehe  a positive system. 

2.3 Multidimension+ Positive Systems 
Equations of the form 

z ( h + l , k + l )  = Ax(h,k+l )+Bx(h+l ,k)  
+Gu(h, k  + 1) + Du(h + 1, k) 

~ ( h ,  k) = Hqh,  k) + Ju(h, k), 

in which all matrices and vezhTs..are nonnegati~e, have been used in the' 
modeling of river pollution, gas absorption, &d the diffusion and adveetion 
of biological material,[lO]. Of course, h, k refer to two spatial variables. 

Equations of the form 

where z is a vector of probabilities, and A = nP,B = (1 - a)Q with 
0 i: a ( 1 and PT,QT stochastic matrices have been used to model two- 
dimensional Markov chains, [ I l l .  Such chains can be used as signaI models 
in designing image processing algorithms. 

3 Some Broad Questions 
Based on standard ideas of linear systems, deterministic and stochastic, 
there ate anumber of ideas which present themselves in relation to positive 
systems. Some of these are as follows: 

(i) Is there a realization theory, i.e. a way of passing from an external 
(input/output or transfer function) description to an internal (state 
variable) description of a deterministic positive system? 

(i) .h there a reahation theory for hidden Markw models, i.e. a way of 
passing from the collectionof joint pmbabiities associated with the 
output process to a EMM description? 

(6) '3Iow.may one approximate a high order positive system by a low order 
positive system? 
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the pot& of the transfer function. It is remarkable that if A is primitive, 
this is not the case: 

Lemma 5.1 Let ~ ( z )  kte a no-o rational transfer function with non- 
negative realization cT(zI - A)-lb in which A is primitive. Then p(A) is 
necessarily a pole of H(z).  

Proof. By primitivity, there exist positive v and w for which Av = 
p(A)v, wTA = wTp(A); since p(A) is the only eigenvalue of A of this mag- 
nitude, it is easily cheeked that p(A)-&Ak -t wT as k -+ m. Eence 

S i e  H(z) is nonzero, c and b are not identidy zero. Hence cTv > 0, 
wTb > 0 and cTwTb > 0. Thus p(A)k shows up in h(k), i.e. p(A) is a pole 
of H(z). 

What if we drop the assumption that A is primitive? Then a simple 
argument shows that either p(A) is a pole of H(z), or with no loss of non- 
negativity, nucontrollable and/or unobservable states can be removed to 
co@mct a smaller dimension nonnegative realization. We give the unob- 

. . 
&able case in detail. 

Lemma 5.2. Let H(z)  be a nonzero rational transfer function with non- 
negative realization eT(.zI - A)-lb. Then either p(A) is observed or mob- 
senmble states can be removed without losing nonnegativity. 

Proof. Suppm Av = p(A)v, and suppose states are ordered so that cT = 
(g 0 0) and vT = (0 0 vT) with q , w 3  positive. Then the nonnegativ- 
ity/ 

constraints and the equation 

'Al3. = 0, AZ3 = 0,; and :a lower dimension realization of H(z) is 
providd by 

. . . .  

We haw an %mediate Cc)nsequence. 
. . . . 

Theorem 5.1 If a rational H(z) with nonnegative impulse response has a 
nonnegative realization, the poles of H(z) of maximum modulus must be 
a subset ofthose which are allowed eigenvalnes of maximum modulus of a 
nonnegative .mat.x,,.sdan$.ude a positive real pole. 
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Example. (Rational H(z), nonnegative h(k) with no finite dimen- 
sional nonnegative realization). Consider h(k) = ($)ksin?k for which 

The m a X i m ~  modulus poles of H(z) are 3, Hezp(&2j), and these are not 
of the form i w i ,  where wi is a k-th root of unity for some integer k. So no 
finite dimensional nonnegative realization exists. 

A major advance was obtained by reformulating the realization problem 
using cones. Let X = {zi,i = 1,2 ...), xieRn. Then X = cone X = 
{xaizi,ai I 0,zr > 0 for 6nitely many i). The dual of X, is X* = (y ( 
yTx 2 0 V 2~x1. For a matrix P, P = cone P is the cone generated by the 
wlumna of P. 

Ohta, Maeda and Kodama 1141 proved 

Theorem 5.2 Let an n-th degree H(z) with nonnegative impulse response 
have a minimal realization hT(zI - F)-lg. Let R =  cone Lg, Fg, Fag,. . .]. 
Then H(z) has a nonnegative realization of dimension N if and only if there 
exists an n x N P and P = cone P with 

~ o t e  that .k P is known, construction of nonnegative A, b and c is eaiy: 
R c  P j g e p . 3  g = Pbforkme b l  0; FP C P  e. FP = PAfor 
some A 2 0;heP* =+ hTP = cT for c 2 0. Then hTFkg = hTFkPb = 
hTPAkb = cTAk b. 

When does P exist? How may it be found? Answers are to be found in 
1131. 

Theorem 5.3'Suppose an n-th degree H(z) with nonnegative impulse re- 
sponse and minimal realiiation hT(z1-F)-lg has just one poleof maximum 
modulus, and this pole is siniple and positive real. Then a P as in Theorem 
5.2 can be fowid. 

The idea behind const~cting P is as follows: 

(i) Normalize g, Fg, Fag.. . eRn to unit length (the normalized vectors 
span the same cone) 

(ii) Let Fu = p(F)u, v > 0. Then v/ JJuJJ is the limit of the normalized 
W o r s  in (i). 

(i) Let B6 be a box of side length 2e symmetrically positioned about 
u/ llull. Let B, be the cone formed by vectors from the origin to the 
comers of Be. Then for certain finite MI, Ma one ean take 

P = cone Fg.. .FMlg 'B, FB,. . ..FM2B,]. 
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The above result assumes there is just a single and simple maximum 
modulus pole. Extending to the case of a single multiple pole is easy, [13]. 
With more work, the ease of more than one pole of maximum modulus 
ean be treated. Partial results are in [13] and the complete results are in 
unpublished work of Farina, Maeda and Kitano, (15, 161. The key to the 
complete results is the following theorem. 

Theorem 5.4 Suppose an n-th degree H(z)  has a nonnegativeimpulse 
response h(k). For any integer K define K impulse responses obtafned by 
sampling h(k) at K time units apaa: 

Then h(k) has a nonnegative realization if and only if 
hl(k), . . . , h ~ ( k )  all have nonnegative realizations. 

Outline of F'roof. If H(z)  = $CT( - A)-lb with nonnegative A,b,c 
then H;(z) = cT(zI - A*)-'Ai-'b. Also, if Hi(z) = - Ai)-'bi 
for nonnegative As, b i , ~  with impulse responze hi(k), define Hj(z) to have 
impulse response {O,. . . ,0, k ( l ) ,  0,0,. . . hi(2), . . .} with hi(1) the response 
at the i-th t i e ,  h42) the response a t  the (K+i)-th time etc. Then H:(z) = 
6: (zI - where 

0 I 0 ... 0 

& =  11 " 1:: ;I, . = [ ; I ,  

& 0 0 ... 
c: = [O . . . $0.. -01, 

with cT occurring in block K - i + 1. Finally h(k) = C7i i (k ) ,A( z )  = 
C & ( z )  and a nonnegative realization is immediate. 

How is this applied? To test for and obtain a nonnegative re&tiou 
first refer to Theorem 5.1. Assume the necessary conditions of Theorem 5.1 
are ful6Ued. 

I f  H( z )  has a single maximum modulus pole, Theorem 5.3 gives real- 
izab'ity just when the pole is positive real. I£ H ( z )  has more than one 
maximum modulus pole, a necessary condition for realizability (by Theo- 
rem 5.1) is that for some integer K, XK for any maximum modulus pole X 
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is positive real. Now each transfer function associated with hl(k), . . . h ~ ( k )  
either has a single maximum modulus pole .at AK, in which case Theorem 
5.3 gives a positive realization, or thew is one or more maximum modulus 
polesat a smaller value than XK and at the same time a smaller degree than 
H(z). (This second possibility will arise if the maximum modulug poles of 
H(z) are not observed in a particular set of K-spaced impulse response 
+p14. . . 

If the transfer function resulting in this second case has more than one 
maximum modulus pole, reahability is either ruled out on account of lack 
of rotational symmetry of the maximu& modulus poles of the spectrum 
(Theorem 5.1), or subsampling is used again. The whole process must 
terminate in view of the degree reduction which occurs if a subsampled 
transfer function has more than one pole of maximum modulus. 

It isnot'stfaightforward to d e h e  the minimal dimension of nonnegative 
realizations, nor to characterize the set of (possibly minimal) nonnegative 
realizations in terms of one, nor to approxiinate (with a nice error formula) 
one nonnegative realization by a lower dimension one.. It is in prindple pos- 
sible to answer the question: 'does there exist a realjzatiin of a pwticular 
dimension N 2 n?" using Tarski-Seidenberg Theory [lq. For the question 
&be restated as: do there exist "acj, bi, 9, a' = l,2,. . ., N, j = 1,2,. . . N 
such that oij 2 0, bi 2 0, c j  2 0, hk = cTAk-'4 k = 1,2,. . . ,2P? 
This is an existence question involving real solutions of polynomial equali- 
ties &d inequalities,whicli is the:subject of the TmE-Seidenberg theory, 
P71?. ; 

6 1nitiali Condition Forgetting ' and Srnooth- 
. ing innidden Markov Models 

Ln Section 2.2, we defined a hidden Markov model. Filtering for a hidden 
Markov model is the process of computing recutsively the filtered probabil- 
ity vector rr/b with i-th entry Pr[Xk = i I Yk = yk,Yk-l = yk-I,. ..I. It is 
atso useful to work with rh+1/1;, the onestepahead prediction probability 
vector, with i-th entry P T [ X ~  = i I Yh = yk,Yg-l= yx-I.. .]. 

6.1 Initial Condition Forgetting : 

The first 'question we want to consider is: as k -+ oo, does rklk become 
independent of ~ 0 1 0  (initial condition) or equivalently, old measurements? 
Why is this ~JI important question? F i t ,  in practical applications of an 
HMM problem, there will be many situations in which initial condition 
data is very poor; one would like to h o w  that the filter can 'kewver" 
from such inadequacy. Second, if there is not some form of exponential 
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forgetting, there is a risk that round-off and quantization errors present in 
the numerical implementation of a filter may accumulate to the point where 
for large time, computational accuracy is lost and the filter is of no use. 

To treat the exponential forgetting question, we shall explain how ?rk/r, 

evolves [S]. Let 
C, = d i a g [ w , ~ , .  . .AN], 

and let C,, denote that matrix in the set Cl, Ci,  . . . , CM d t i n g  when 
Yk assumes the value yk. Bayes' rule leads to 

y h l k l k  ( measurement update). (6.2) 
?rk+l'k+l = [l I , . .  l]Cyh+l~k+l/k 

If wi: let *k+l/k and *k+l /kf l  denote positively scaled v&m of ?rk+l/k, 
?Fk+l/k+l (the latter have entries summing to unity), we have unnormalized 
update equations: 

or 
*k+l/k+l = (Cyl+lA)+k/k, (6.3) 

Evidently, 
gkIk = EkEb-1 . . .El*o/o, (6.4) 

where each Ed is drawn from the set of matrices FiA,CzA,. . . ,Cna&. 
Products of nonnegative and positive matrices exhibit some properties 

like those of powers of nonnegative or poaitive matrices. An extensive 
analysis has been presented by Seneta [I] using a tool called the B i o f f  
contraction coefficient. The key result is that if A, C are both positive, then 
the columns of D(k) = EkEk-~ . . . & tend to  proportionality exponentially 
h t  as k -+ 00, i.e. 

[ 
dll(k) v2Ql(k) . . . v ~ d i i ( k )  

D(k) -+ 

d ~ l ( k )  Q , ~ N I ( ~ )  . . . V N ~ N I ( ~ )  

dll(k) 
1 

- - [ d N i ( k ) ]  [l W ~ . . . V N ~ -  

(The convergence is also provable if A is primitive with C positive, or if A 
is positive and C is nonnegative, see [IS]). It follows that 

%k/k [ ] [I w.. .vN]+o/o, 
dNl(k) 
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or that 

and'ao there is '&bonential forgetting of 
A related result can be found in [19], obtained by a different but similar 

tdil, perhaps more suited to considering products of stochastic matrices, 
rather than general nonnegative matrices. Full details of the above argu-' 
me@ are in [IS], which also indicates boy convergence rate bounds are 
&imputable, and demonstr&tes that forgetting &FS at least as fast as the 
underlying .~~kov.state,prooess forgets its :mitial probability vector. , :., 

As noted aboveithe convergence results allow A to be only nonnegative 
long as it is primitive, or C to benonnegative, but apparently not both, 

relaxations simultaneously-, Indeed, one can ~ns t rkc t  examples of primitive 
A and nonnegative C w h e ~  in the worst case, there is no forgetting of an 
initial condition, althoughon .average there is aforgetting. . 

These results aresjmilar to those obtained in Kalman filtering prob- 
lems, where expodentid forgetting of ' ini tg~ conditions is a consequence 
of detectability and s tab i ib i i ty  assumptions [20]; without exponential 
forgetting, the numerical behaviour of both an HMM filter and a Kalmaii 

. . . . . .  Bter-is likely to be unreliable. . . 

. . .. ~. . . . . . . . . . . .  . . .,. . . .  
. . 

6.2 ... ': F & & ~ + L ~ ~  . . .  ,$mo&t~9g of.m&& M& ~ ~ d ~ l ~ . .  

The vector ~ Q ~ ~ ' S U & S  .kpwhat ththe- measurem&ts:ip till time k tell is 
about X k .  For some fixed A (ad +idle k), the vector Xk,k+& with i- 
th entry P T [ X ~  = i ( Yj'= %, j 5 li + A](termed a 6xed lag smoothed 
probability vector) sums up what the me&jiiraents up till k and then on 
till k + A tell.us about Xk. T h e w t o r  cqmot be computed until time 
k+ A, but it biiould telt $more about Xkth&iitkjk. Provided tihe delay 
in &ihbiility is accept@le, (which is not difficiilt to kompute) 
&.'a more. useful vectorrthan #ilk; h a &  it &e more inforinative 
About Xk. A k6y question is how does itsik+a behave drlth A. Work 
in [IS] shows that foe aked k, appmaches %limit as A +  m, 
at an *oneiitially fast rate that is the same'.& that, associated with the 
foigettingof initial conditions (and.iscertainly uniform in k). Thus when A 
is taken several.iimes the-ti&e constant of th&iexpdnent&l rate, virtually 
all the im~rovement which smoothintr offers over filterinn is extracted. - - 

These results verify conjectuW (which were bolstered with simulation 
datamade more than two decades am, 1211), and parallel results ini(alman - .. - 
filter theory, [22]. 
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.7 The HMM Realization Problem 

For convenience, we shall work with a slightly modified definition of an 
HMM in this section. As before, Xb is a stationary Markov state process 
which can assume N discrete valuea, 1,2,. . . , N. We shall assume that the 
output process Yk can assume M output levels, and that outputs are assc- 
ciated with states according to a set of stationary conditional probaViti,ea: 

. . 
It follows that . . 

A=A(I)+ ...+ A(M) (7.2) 

is a stochastic matrix, with ?rTA = nT for somenonnegative 'vector ?r 

a id  Ae = e where e = [I 1.. . 1IT. It is reasonable to assume that A is 
irreducible, so that ?r is positive. 

Let !jely,z.-:yaq be an output string (starting with y-1 and ending 
withy=,). Then it is not hard toverify t h a t P ~ ( Y t  = &I, Yt+i =&, 
. . .Yt+q-i =yap). written PT(y,iy&. . .ye,) is given by 

. : ~  . . .  

P T ( Y ~ I Y ~ ~  . ... . ..yarl)= ? ;Pi~(~,~)~(y,z) .  . . A(&h)e. ! (7.3) 
. . ' . . . . ,  . . 

The realization- problem- is: . given : the set of : quantities 
Pr(y,ly,z. .. ye,), find ?r > 0, A(1), . .. ,-A(M)mith A = C,A(i) stochas- 
tic, and ?A = xT such that the formula (7.3) holds. (Embedded within 
the,problem is of course the question of e t e n c e :  what waditions on the 
collection of Pr(y,l y , ~ .  . . y,,) dl0W:~&1~ability of the problem? Obvc 
ously, if the quantities Pr(y,ly,z ,:.y+) are hown to result from some 
unknown HMM, then. the existenci question is bypassed). 

The HMM problem isa c6mplic&ion of the normal linear system real- 
ization problem in several xespeets:. . . .. . .: 

. . 

(i) X t  .is 3 multiwiable~~obleni.  In the. u d  linea~~system &+lihatio~ 
problem, one is giv.era sequence cTb, cTAb, mb, . . . corregpopding 
to:the terms aLaurent series expansion of.iT(zI - A)-'b andoqe 

. has to find %A, b. Here, in case there are just two output levels, o& 
is giyen cTb,.cTAlb, cTA2b, eTA;b,'fiAzb, cT&Alb, cTAib 'etc., 
these terms corresponking to koefficients in a Laurent 'series expansion 
of cT(I - t.;'Ai- ~ l A ~ ) - l b .  More gen&ally,one has c@ici~ts in . . 

the expansion of CT .[I:--cE~ ,zrl~(i)]:-' b, and one hab to. find the 
A(i) ,bandc ' . '  . ' .  

. : : .  

(ii) It is a nonnegative realization problem, just like the problem of See- 
tion 5. 
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(iii) There are special constraints: A = CE1 A(i) must be stochastic, 
Ae = e and lrTA =.wT.. 

The problem has been studied for almost thee decades, see e.g. [23,30]. 
The ma4 comprehesive results are to be found in 1311. We shall give only 
an outline of the results here. 

We shall h t  describe how the multivariable nature of the problem is 
handled. 

7.1 The Generalized . . . .  Hankel Matrix 
. . 

Let Y* denote the set of finite strings of Y, let Y;+ denote 
{&, &, .. .} and let Yt denote {:. . ,I&, 5). 

Let us enumerate the strings ili of Y* 1exiqgraphicaUy, ordering entries 
of a string from left to right, such that the length luil incseases monoton- 
i d l y  witki. Include the emptyisequence as the fust element of the enu- 
meration. Thus the o~dedngia.(q$,O, 1,00;1~,01,11,000,100,~.~ .}. Further, 
&iaon ui qong the  time a& b. that the right most (91 last occuning) 
symbol occurs at timi t i  Thus ui&. 
: . Consider a second enumeration {vj), identical saie that string entries 

are .ordered. from right . to. .,!eft; , t h ~  , the ordering is AO, I,00,01, 
. . 

ld;fl, ddb,.l00, ..~. .firth%, vi i>&-pbsitioned that the left most synibol 
(flieiirst occirring 6 t i e )  OC& at tinhd t + 1. Thus I v;iP t -  

;iTbageueralized~H+~.matrtc.H is defined to havei-j element p(uivj), : .. 
qhere;yi,vj,&:thei - th and, j:.- th elements of the two enumerations.. 

I Thps with two output symbols. . . . . . . . .  the top l&:corner of H will appear as 
. . 

We We let HKL denote the block matrix of H given by 

.... ~ . .  . . . . 
. Ip(uivi)/ 1uil = . . K, lvjl = L]. 

The top left &er of H above is 



30 B.D.O. Anderson 

Conventional Rankel matrices have a structure associated with blocks 
parallel to the anti-diagonal. This is true also of H. Consider 

HK,L+I = [HK.L(YI) HK,L(YZ) - . . H K , L ( Y ~ ) ] ~  

with the definition 

(The enumeration scheme for the &mns is relevant here). 
Because of the row enumeration scheme, we can also evidently write 

Thus although H K + ~ , L  # HK,L+I (as is n o d  for Hankel matrices), the 
identity is true provided same rearrangement of entries is pemitted. 

It is then possible to show 

Theorem 7.1 Let H be the infinite generalized Hankel matrix associated 
ivith a hidden Marbv model with N states. ... Thenrank H 5.N. 

. . . . 

Suppose now we were simply presented~th ananinfinite generalized Han- 
kel matrix H with finite rank N, say; We can proceed, a modest -distance 
towardsobtaining in HMM, b y  takixig.care of the multivariable finite- 
dimensional realization problem without taking a m u n t  of nonnegativity. 
This is done in the following theorem, which states how vectors z4 ,  y4 and 
matrice Fi can be defined.sa;tisfying an analog of :(7.3), but without a 
nonnegativity wnstraint on the entries. 

Theorem 7.2 Let H be the infinite generalized Hankel matrix of output 
string probabilities PT(U;V~) asociated with an unknown hidden Markov 
model with an unknown but finite number of states. Let rank H = N, anct 
factor H as  

r x+ 1 

where XK and YL correspond to w and vj  of length K and L respectively, 
and have N columns and rows respectively. Let denote the submatrix 
of [Ym K Y2 .. .] containing the first N linearly independent columns, 
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indexed by strings *I,%, . . .CN. Define %% to be those columns of Y 
indexed by -yi*l,yiiia,. . . , y j @ ~ . a n d  set 

Let z;, y,+ denote the first.row and first column of X and Y. 
Then 

p(uivj) = x ~ F ~ . .  . . @Fp' .. .y+, (7.6) 

where u r w j  consists of a0 ones, followed by twos, etc. (Any of the ad, Pi 

etc. may be zero). 

. ,  :It is obvious that z,+, y+ k d t h e  8 may not be nonnegative, let alone 
$at& hurther special constraints; e.g. CFj is stochastic with z$ and y+ 
left and right eigenvectors. Also, if H comes from,a EMM, the number of 
states in the EMM mayexceed N :in fact (justas in the positive systems 
realization problem) there may be no HMM realizing H with precisely N 
states; . . 

. - .. . . . . . . . . .  . .. .< . . 
. . ,.. . 

7.2. Introducing ~onne~ativity:v&~ones. ;; 

The result of Ohta et a1 allowing refomidation of the positive system real- 
ization problem has its parallel in the HMM problem, in that it gives the 
key b r  introducing nonnegative quantities in place of z+,y+ and the Fi in 
(7.6) above, [3, 8,14, 291. 
. . 

Theorem 7.3 ~ d o p t  the hypotheses of ~ h k r e m  6. Then a necessary and 
sufficient condition for the existence of nonnegative c, b and A, i = 1,. . . m 

. ~ . . 
for which , . 

. . 
Auivj) = c ~ A ~ ' .  . .A$AF . . . b, 

,'. 
. , (7.7) 

$ that there, exists a mat* R with associated R = cone R with 

. .  . . . 
,. .. ,.> . . . . .. ..z,+cw . . (7.io) 

. :  . . . . .  

7.3 -Cone Existence and Construction . . 

Theorem 7 reformulates, rather than solves, a mnltivariable nonnegative 
realization problem. In this subsection, we indicate sufficient (but very 
broad) conditions for the existence (and constructability) of a cone, [31]. 

Suppose first that H of finite rank N comes from an (unknown) HMM 
in which all the probabilities Pr(Xkti = j,Yk+' = y I Xk = i )  are positive. 
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Consider the submatrix of the generalized Hankel matrix comprising 
the &st N linearly independent rows. It has an infinite number of 
columns. 

Consider a factorization of this N rowed matrix as &Y, where 

Y = P(o fi &...I = [ ~ + ~ F ~ Y + . . . F M ~ + ~ F ~ ~ +  fiF2y4-..] 

and zN is a certain set of N linearly independent rows of X with 

xT = [x+ i F?Z+. . . F ~ X +  i (F:)=x+. .]. 
Suppose that, z+,Fi,i = 1,. . . , M and y+ have been identified, as in 
Theorem 7.2. . . 

. . 

Change the coordinate basis so that inthe new basis Xg =I. Then 
xz = [I 0..  .O] and Y is simply an-N-rowed submatrix of the Hankel 
matrix. . . 

a Evidently, the infinite set of columns of Y span a cone wntaining 
y+,x+ is in the dud  wne, and the cone is Fi-invariant for i = 
1,2,. . . , M. -If the wne is polyhedid, we would be done. However, 
given that:the cone has a. W t e  set ofgenerators, it may not be 

~> : . ,  . .  . 

It tu~ns. out that a large but finite number of columns'of Y, to- 
gether with perturbations around the coluins, do define a polyhe- ' 
dral cone containing all the wlumns of Y that is also Fi-invariant for 
i=1,2 ,..., M. . The reason-is that &lumns"of the generalized &el mat,+ cor- 
responding to very long strings obey (in the limit) some alignment 
properties. The same will be true of subvector& of these columns con- 
taining Nentries. The subvectoEswilI then be in a cone defined using 
early subvectors of the h h i t e  sequence, together with perturbations 
thereof. 

The alignment property just referred to is a consequence of assuming 
positivity of Pr(Xk+l = j, &+I = y [ Xk = i) i.e. of the matrices A(i),i = 
1,2,'. . . , M and actually holds under weaker conditions; as we know, long 
products of positive and some nonnegative matrices approach a rank one 
matrix as the number of terms in the product approaches infhity. Thii 
idea was used in Section 6 to establish an exponential forgetting property 
of an HMM 6lter. Here, it can be used to establish the brgetting.property . . 

p(il 1 v) [""'"I + [ ] , 
A ~ N  I 96) P@N I v) 
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when [vl -i m, and 151 = 1. The mergence is exponential witb lul, and 
uniform in v,G. By Bayes' rule, p(% ( G) = p(ciz@)/&v8) and &Gi I v)  = 
P(~iv)/p(v). Hence the two conditional probabiity vectors above are scaled 
versions of two columns of the N-rowed submatrix of H, corresponding to 
the columns indexed by u and vit. 

7.4 Satisfying the Special Constraints 
At -this Stage, let us sippose there has been eonst~cted nonnegative c, b 
and Ai, i = 1,2,. ... M so that (7.7) holds. We now coirsider how the s p d  
~nstr@.uts (stochasticity and eigenyector properties) can be achieved. By 
*of a pieliminary calculation, let .qk den0te.a don't care sequence of 
length k. Ifthere isIan ~nderl$ng,(but ~k&wn),.hidden Mirkov model 
with positive traniition probabaties, it is straightfokvard to show that 

(Thii result is hardly unexpected). Appealing to the formula (7.6), one can 
show that 

M 
. . . . . :  .. . . . . .  T :.;. : .. . . { Z F ~ ) ~ +  y+x+.. . . .  ' (7.12) 

. . .  
&I . . . . 

.. . . .  Additionally, we have . . .  . . . . . . . . . .  . :  . . . .  . . 

M . . . . .  

C ~ ( % ~ j ) = p ( z i )  i31?2,.-- ,N, 
. . . . . . 

' '  i = 1  

or . . 
~N'[FIY+:+:.':. + F M Y ~ ]  = X N Y ~ ,  . . . . . . . . .  

... : . ~ 

. . . ~ 

. . wh&ce. : 
. . . .  . . ; M : .  . . . . .  . . .  . . . . . .  (c ~i)ar+ = Y+. ' ' (7.13) - 

. . . . .  . . . . . .  . . .  . . . . . . .  . . el.. .: 

Similaly, 
M . . 

. . : xT :.:,; .' . >  : . . 
........ ~. x;(.x F.) - +. 

. . .  . . . .  . . .  i - (7.14) 
. . .  . . . .  . .b1 . . . . 

;These facts establish that z;, y+ arethe onlyleftand right eigenvectors . . 

of cE, Fj corresponding to eigenvalue -1; &d.:.aII other eig6nvalues are of 
lesser magnitude. 

Th? ficts c+ be cti@bined with.tG co=e fo&IaFjR C Retc. (from 
which FiR= RAi)to condude that cT,b die&nique left aid right eigen- 
vectors of c ~ B _ ~  . A ~  corresponding to eigenvalue 1. A positive diagonal basis 
. t ~ f o ~ m a t i o n  taking. A; to U A - '  = A(i), b to Ab = e and cT to cTA-' 

.. ensures that ~ 2 ,  & is stochastic. Simply take A-1 .=. diag.(b). 
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8 Open Problems 
There are a considerable number of open problems, some already alluded 
to. Welist some: . . 

(i) For the nonnegative realization problem, how can one simply figure 
the minimum dimension of nonnegative realizations? . . 

. .  . 

(i) How are all nonuegatively minimal realizations of rational H(z)  with 
hk 2 0 wnneded? 

(i) How can one approximate (systematically and preferably with an'& 
ily interpreted error bound) a high state &&nsion nonnegative real- 
ization by a lower dimension nonnegati%re&ation ? 

(iv) One can state variations on the above problems for EMMs. 
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