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New Developments in the Theory of
. Positive Systems

B.D.O. Anderson!

1 Introduction

This paper dedls with some spetial finite-dimensional hnea.r systems prob-
lems, broadly speaking ones where the underlying matrices in state-variable
descriptions of the systems considered contain nonnega.twe or pomtwe en-
fries.

The problems tend to be difficult, for a number of reasons. Th&se in-
clude the fact that one of the common tocls of linear system theory, that

-of replacing a triple {4,b,c} realizing a transfer function matrix H{z} =
eT(zI - A)~1b by {T’A’.’i’"1 Tb,(T-*)Tc} for an arbitrary nonsigular T, is
in general not available, since such a ttansformatmn in general will destroy
.the nonnegativity.

' The paper actually fociises on three problems: the so-called poslﬁve
linear system realization problem, the problem of exponential forgetting
of initial conditions and an’associated smoothing issue in hidden Markov
models, and the problem of realizing a hidden Markov modei, given the
collection of probabilities of output strings. The latter problem very much
draws together ideas from the first two problems.

We begin however with {wo motivational sections: one seis ont some
examples of positive systems and the other records some broad questions
associated withsuch systems. We then briefly review the Perron-Frobenius
theory on the eigenstructure of nonnegative matrices before tackling the
three problems above. For the latter two problems, a sort of time-varyirig
generalization of the Perron-Frobemus theory is needed; we use the tréat-
ment of [1] as a base.

In the final section, we record some open problems.

The following individuals helped greatly in the development of the ideas
of this paper: Manfred Deistler, Subhrakanti Dey, Lorenzo Farina, Hajime
Maeda, John Moore and Louis Shue :

"fhe a.uthor mshes to acknowledge the funding of the activities of the Cooperative -
Reseaich Centre for Robust and Adaptive Systems by the Australian Commonwealth
Government under the Cooperative Research Centres Program.
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2 Some Examples of Positive Systems

For convenience, we shall restrict attention to discrete-time systems. In
nearly all instances, to a discrete-time result there conesponds a continuons-
time result. :

2.1 Deterministic Systems

Consider the equation
z(k + 1) = Ax(k) + bu(k). (2.1).

This equation is a discrete-line Leslie population model {2}, {3} when each
entry of z(k) corresponds to members of a population in a given age cohort
at time instant k. In a closed population, b = 0 and entries of A are
nonnegative (most are in fact zero). ¥ immigration is allowed, then b has
nonnegative entries and #(-) is nonnegative. Obviously all entries of z(-)
. are nornegative, and the total population is given by

gk =calk), (22)

vhete ¢ = : {1...1]. Variants of this mode} can be nsed to distinguich snbse‘t.s
of the population, e.g. males and females.

A second class of positive deterministic systems is exemplified by com-
partmental models, [4, 5] where the entries of = corresponds to the quanti-
ties of different entities (chezmca.ls, water, heat, telephone calls, etc.)

As a final example, we cite charge routing networks, which are a special
form of realization of a digital filter using MOS technology, [6]. The entries
of A b,c,:z;, y and u are necessarily nonnega,twe

2.2- Markov Chains and Hidden Markov Modelé

If Xp, k= 0,1, ... is a state moving at discrete time instants between one of
afinite iumber of states 1,2,..., N in a Markov manner, it is termed a finite
state Markov chain, [7]. If Pr [X;,.H =i | Xi = j| = ai; is independent of
k, it is gtationary. Let :

n{k) = vector with i-th entry Pr{X; = i}. (2.3)
Then - ' ‘-
- w(k + 1)y = An(k). (24)

Here, entries of A and 7 are nonnegative.
. In a hidden Markoy model [8, 9] in addition to the state process, there
is an observation or measurement process Yy, assuming values in the set
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{1,2,..., M}, with Y, depeénding probabilistically on X}, via an M x N
matrix C with ¢g; = Pr{Yy =i} X, =4l Let -
o o{k) = vector with j-th entry PriY; = j). (2.5)
Then . o S
o(k) = Cr(k). (2.6)
Now (2.4) and (2.5) together define a positive system.

2.3 Multidimensiongil Positive Systems

Equations of the form

"s(h+L,k+1) = Azlhk+1)+Bz(h+1L,k)
- +Cu(h, b+ 1) + Du(h + 1, k)

y(h: k) = H:B(h, k) + Jﬂ'(h: k):

in which all matrices and vectors are nonnegative, have been used in the

modeling of river pollution, gas absorption, and the diffusion and advection

of biological materjal,[10]. Of course, h, k refer to two spatial variables.
Equatmns of the form

o+ Lk +1) = Az(h, k + 1) + Bz(h + 1, k),

where z is a vector of probabilities, and A = aP,B = (1 — a)@ with
0 < a <1 and P7,QT stochastic matrices have been used to model two-
dimensional Markov chains, [11]. Such chains can be used as signal models
in designing image processing algorithms.

3 Some Broad Questions

Based on standard ideas of linear systems, deterministic and stochastic,
there ave a number of idéag which present themselves in re]atmn to positive
systems. Some of these are as follows:

(i) Is there a realization theory, ile. a way of passing from an external’
(input/output or transfer function) description to an internal (state
variable) description of a deterministic positive system? -

(ii) Is there a realization theory for hidden Markov models, i.e. a way of
" passing from the collection of joint probabilities associated with the
output process to 2 HMM description?

(iit) "How. may one approximate a high order positive system by a low order
positive system?
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the poles of the transfer function. It is remarkable that if A is primitive,
this is not the case:

Lemma 5.1 Let H (zj be a nonzero rational transfer function with non-
negative realization ¢?'(zI — A)~b in which A is primitive. Then p(4) is
necessarily a pole of H(z). .

Proof. By pnmltmty, there exist positive » and w for which Av =
p{A)v, wT A = wT p(A); since p(A) is the only exgenvalue of A of this mag-
nitude, it is easily checked that p{A)~*A¥ — yw” as k — co. Hence

p(A)*T A% — FowT.

Since H(z) is nonzero, ¢ and b are not identically zero. Hence ¢¥v > 0,
wTb > 0 and ¢TvwTb > 0. Thus p(A)* shows up in A(k), i.e. p{A) is a pole
of H(z).

What if we drop the assumption that A i3 primitive? Then a simple
argument shows that either p(4) is a pole of H(z), or with no loss of non-
negativity, unconirollable and/or unobservable states can be removed to
construct a smaller dimension nonnegative realization. We give the unob-
séfvable case in detail.

Lemma 5.2, Let H(2) be a nonzero rational transfer function with non-
negative realization ¢(21 — 4)~%5. Then either p(A) is observed-or unob-
servable states can be removed without losing nonnegativity.

Proof. Suppose Av = p{A)v, and suppose siates are ordered so that ¢* =
(¢f 0 D)andoT = ©o o¥) w11:h €1,3 positive. ‘Then the nonnegativ-
ity/

positivity constraints and the equation

Au ,Am .“_-A13 ' 0 0 S
An Axp A 0 J=p(4)] O L
Az Asz As v3 73 .

imply 13" = 0,4z = 0, and ‘a lower dimension realization of H (z) lS

prowded by
( An A12 : -51‘) a )
Axn A2 P\ B J7\ 0 J°
We have an immediate consequence.

Theorem 5.1 If » rational H(z) with nonnegative impulse response has 2
nonnegative realization, the poles of H(z) of maximum modulus must be
a subset of those which are aJlowed eigenvalues of maximum modulus of a
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Example. (Rational H(z), nonnegative (k) with no finite dimen~
sional nonnegative realization). Consider h(k) = (3)*sink for which

1

@ =3 |- z(%mz)_.;.]_

z—% A -—-zc02+1%
The maxlmum modulus poles of H(z} are 3 2, $exp(4:25), and these are not
of the form 1 zwi, where w; is a k-th root of unity for some integer k. So no
finite dimensional nonnegative realization exists.

- A major advance was obtained by reformulating the realization problem
using cones. Let X = {z;,¢ = 1,2...},z;eR". Then X = cone X =
{3z, 05 2> 0,5 > 0 for finitely many i}. The dual of X, is X* = {y |
¥z > 0V zeX’}. For a matrix P,P = cone P is the cone generated by the
columns of P.

Obta, Maeda and Kodama {14] proved

Theorem 5.2 Let an n-th degree H(z) with nonnegative impulse msponse
have a minimal realization hT(zI — F)~1g. Let R.= cone [g, Fg, F2g,.. }.
Then H(z} has a nonnegative realization of dimension N if and only if there
existsan X N P and P = cone P with

RCP FPCP  heP*

Noté that J.f P is known, construct:on of nonnegatwe A,b and ¢ is easy:
RC’P=>ge‘P:>g-beorsomeb>0 F?’C’P=>FP PA for
"some A > 0; heP* = RTP =T for ¢ > 0. Then hTF"g = hTF*Ph =
KT P Ak = TA"b

‘When does P exist? How may it be found? Answers are {o be found in
[13].

Theorem 5.3 :Suppose an n-th degree H (2) with nonnegative impulse re-
sponse and minimal realization AT (zI—F)~1g has just one pole of maximum
modulus, and this pole is simple and positive real. Then a P as in Theorem
5.2 can be found.

The idea behind constructing P is as follows:

(1) Normalize g, Fg, F2g...eR" to unit length (the normalized vectors
span the same cone) '

- (ii} Let Fo = p(F}v,v > 0. Then v/ ﬂvll i the lmnt of the normalized
. vectors in (i).

(iii) Let B, be a box of side length 2¢ symmetrically positioned about
" v/ |Joll. Let B, be the cone formed by vectors from the origin to the
~ corners of B.. Then for certain finite Ml,Mz one can take

P = cone[g Fg...FMlg B FB,. FM"'BC]
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The above result assumes there is just a single and simple maximum
modulus pole. Extending o the case of a single multiple pole is easy, {13].
With more work, the case of more than one pole of maximum modulus
can be treated. Partial results are in [13] and the complete results are in
unpublished work of Farina, Maeda and Kitano, [15, 16]. The key to the
complete results is the following theorem.

Theorem 5.4 Suppose an n-th degree H(z) has a nonnegative'impulsé
response i(k). For any integer K define K impulse responses obtained by
sampling h(k) at K time units apart:

hi(k) = h(kK)
ha(k) = A(KK +1)

hx(k} = h(hK + K —-1).

Then Hh(k) has a nonnegative realization if and only if
hi(k), ..., hx(k} all have nonnegative realizations.

Qutline of Proof. If H(z) = ¢T(2I — A)~*b with nonnegative 4,b,¢
then Hi(z) = cT(2l —~ AXY2Ath. Also, if Hy(2) = cf (2 — A}l
for nonnegative 4;, 4, ¢; with impulse response h(k), define H;{z) to have
impulse response {0,...,0,h;(1), 0,0,...k;(2),...} with h;{1) the response
at the i-th time, h;(2) the response at the (K+i)-th time ete. Then Hy(z) =
&F (21 — A;)'5; where

0 I o 0 0

0 01 ... 0 0
L=y i | b= ;

I 0

4 0 0 0 bi

& =[0...¢f0...0,

with ¢f occurring in block K ~ i + 1. Finally h(k) = 3 hi(k), H(z) =
Y H;(z) and a nonnegative realization is immediate. _

How is this applied? To test for and obtain a nonnegative realization
firgt refer to Theorem 5.1. Assume the necessary conditions of Theorem 5.1
are fulfilled. A

If H{(z) has a single maximum modulus pole, Theorem 5.3 gives real-
izability just when the pole is positive real. If H(z) has more than one
maximum modulus pole, a necessary condition for realizability {(by Theo-
rem 5.1) is that for some integer K, N¥ for any maximum modulus pole X
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is positive real. Now each transfer function associated mth hy (k). . hE(k)
either has a single maximum modulus pole at AX, in which case Theorem
5.3 gives a positive realization, or there is one or more maximum modulus
poles at a smaller value than A* and et the same time 2 smaller degree than -
H(z). (This second possibility will arise if the maximum modulug poles of
H(z) are not observed in a particular set of K-spaced impulse response
samples). .

If the transfer function :esultmg in this second case has more than one
maximum modulus pole, realizability is either ruled out on account of lack
of rotational symmetry of the maximum modulus poles of the spectrum
(Theorem 5.1), or subsampling is used again, The whole process must
ferminate in view of the degree reduction which occurs if a subsampled
transfer function has more than one pole of maximum modulus.

~ Tt iz not stra:ghtforwa.rd to define the minimal dimension of nonnegative
realizations, nor to characterize the set of (possibly minimal) nonnegative
realizations in terms of one, nor to approximate (with a nice ervor formula)
one nonnegative realization by a lower dimension one. It is in principle pos-
sible to answer the question: “does there exist a realization of a patticular
dimension N > n?” using Tarsla-Seldenberg Theory [17] For the question
can be restated as: do there exist “ag,bj,¢5,i=1,2,...,N,j=1,2,...N
suchthatay; >0, B >0, ¢; >0, hy=cT4* 16 k= 1,2,..- ,2N”‘?
This is an existence question involving real solutions of polynomlal equali-
};ms and inequalities, which is the. sub,]ect of the Ta.rsln—Seldenberg theory,
17]

6 Imtlal Condition Forgetting and Smooth-
. ing in Hidden Markov Models

In Section 2.2, we defined a hidden Markov model. Filtering for # hidden
Markov model is the process of computing recursively the filtered probabil-
ity vector #/e with i-th entry Pr[Xp =i | ¥ = %, Y1 = yg—1,.-]. b is
-also useful to work with my41/%, the one-step-ahead prediction probability
vector, with i-th entry PriXpp =¢| Vi =9, Vi1 =11 .. )

6.1 Initial Condition Forgetting

The first question we want to consider is: as k — oo, doés myj; become
independent of my {initial condition) or equivalently, old measurements?
Why is this an important question? First, in practical applications of an
HMM problem, there will be many situations in which initial condition
data is very poor; otie would like to know that the filter can “recover”
from such inradequacy. Second, if there is not some form of exponential
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forgetting, there is a risk that round-off and quantization errors present in
the numerical implementation of a filter may accumulate to the point where
for large time, compnitational accuracy is lost and the filter is of no use.
To treat the exponential forgetting question, we shall explain how 3
evolves [8]. Let '
Cn = dia'g[cmls Cm2ye o 1cmN]:

and let C,, denote that matrix in the set Cy,Cs,...,Cx resulting when
Y}, assumes the value ;. Bayes’ rule leads to ‘

Try1/p = Amgpp(time update) ~(6.1)
" - Gsi':-+17rk+1/k
keijke 1. NCuperaze

If we let ﬁk—]—l 1k and 7, k+i JE+1 denote positively gcaled versions of Tht1/k>
rp1/k42 (the latter have entries summing to unity), we have unrormalized
update equations: )

( measurement update). (6.2)

g = AFepe Tapafe = Cpoa i

or - S _
Tar1/ke1 = (Cpapr Axse- _ . (6:3)
Fvidently, : -
‘Fefe = ExBr— .- Eafojos (6.4)

where each Ej is drawn from the set of matrices {14,024, ....C A}

Products of nonnegative and positive matrices exhibit some properties
like those of powers of nonnegative or positive matrices. An extensive
analysis has been presented by Seneta (1] using a tool called the Birkhoff
contraction coefficient. The key result is that if A, C are both-positive, then
the columns of D{k) == ExFj.; ... E; tend to proportionality exponentially
fast as k — o0, Le.

[ du(k)  wedu(k) ... vwdu(k)

D) — o : :
| dma (k) vadmi(k) ... vwdwi(E) |
[ (k) . N
= : [1 Ug.ue ‘DN].
| dra(k) )

('The convergence is also provable if A is primitive with C positive, or if 4
is positive and C is nonnegative, see [18]). It follows that
du (k)
At — [ 2. -UN|Toj0,
dmi (k)
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or that
S 1 dii (k)
k/k Ejdjl (k) d A .(k) )

and s0 there is exponential forgettmg of Tgzg. '

A related result can be found in [19], obtained by a different but similar
tool, perhaps more suited to considering products of stochastic matrices,
rather than general nonnegative matrices. Full details of the above argu-
ment are in [18], which also indicates how convergence rate bounds are
computable, and demonstrates that fotgetting oteurs at least as fast as the
underlying Markov state, process forgets its initial probability vector. |
.. As noted above, the convergence results allow A to be only nonnegative
as fong as it is primitive, or C o be nonnegative, but apparently not both
relaxations simultaneously. Indeed, one can construct examples of primitive
Aand nonnegative C' where in the worst case, there is no forgetting of an
initial condition, although-on average there is a forgetting.

These results are similar to those obtained in Xalman filtering prob-
lemas, where exporiential forgetting of ‘initial conditions is a consequence
of detectability and stabilizability assumptions [20}; without exponential
forgetting, the numerical behaviour of both an HMM ﬁlter and a Kalman
ﬁlter is hker to be unrehable

6 2 leed.-Lag Smoothmg of Hldden Markov Models

Thie vector g% SUMS up what the measurements up till time % tell us
about Xi. For some fixed A (and variable k), the vector Te/ea With i
th entry PriXe =i | Y3 =955 < By A} (termed a fixed lag smoothed
probability vector) sums up what the measiivéments up till £ and then on
till £+ A tell us about Xi. The vector cannot be computed uniil time
kA, but it should tell us more about X than #gj;. Provided the delay
in' availability is acceptable ‘ﬂ'klk.i.A (which is not difficult to compute)
i¥"a more useful vector than Tifks because it w111 be more informative
dbout Xi. A key question is: how does mg/xya behave with A. Work
in [18] shows that for a fixed k, Th/k+A appma.ches a'limit as A — oo,
at an exponentially fast tate that is the samé as that associated with the
forgettmg of initial conditions (and is certainly mﬁorm in k). Thus when A
is taken as several times the time constant of this,exponential rate, virtually
all the improvement which smoothing offers over filtering is extracted.

These results verify conjectures (which were bolstered with simulation
data made more than two decades ago, [21]), and parallet results in Kalman
filter theory, [22].
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T 'The HMM Realization Problem

For convenience, we shall work with a slightly modified definition of an
HMM in this section. As before, X is a stationary Markov state process
which can assume N disérete values, 1,2,..., N. We shall assume that the
output process Y; can assume M output levels, and thaf outpuis are asso-
ciated with states according to a set of stationary conditional probabilities:

ag(y) = Pr(Xen =5, Ve =y | X =9, (71)

It follows that _ o . A
A=AQ)+...+AM) - (1.2)
is a stochastic matrix, with 774 = &7 for some nonnegative vector «

and de =ewheree={1 1...1J7. It is reasonable to assume that 4 is
irreducible, so that 7 is positive.
Eet %a1Yaz - - ~Yag be an output gtring (starting mth Y1 and endmg
with ‘¢zg). Then it is not hard to verify that Pr(Y; = %a1, Y41 = y.,g,
Yi—l-q--l = Yag), Wni;ten P T(!fal'yaz ?aq) 13 gwen by

P r(yal y&2 yc:g) “TA(yal )A('ycﬂ) A_(ya&)e' ! (7'3)

The reahzatmn pmblem is: gwen the set of : quantities
Pr{¥a1¥az-- 'yaq) find 7 > 0, A(L),... , A(M) with-A =), A(#) stochas-
tic, and 7T A == z7 such that the formula. (7.3) holds. (Einbedded within
the problem is of course the question of existence: what conditions on the
collection of Pr{Ya1 ¥a3...Yag) allow solvability of the problem? Obvi-
ously, if the quantities Pr(ymyag ~¥Yeg) a1€ known to result from some
unknown HMM, then the existence queatmn is bypassed).

The HMM problem is a comphcatlon of the normal linear system rea.l
ization problem in several respects: . . .

(i) E is 2 multivariable pmblem I:u the. ugual linear system realization
problem, one is given 3 sequence ch T Ab, T A%D,.. . corresponding

' to-the terms in a Laurent series expansion of cT{zI — A)~1} and one

. has to find ¢ A,b. Here, in case there are just two output levels, one
is given ¢Tb,.cT Ab, T Asb, cT A2b, ¢T AL Ash, T Az Asd, T AZD etc.,
these terms c0rresp0ndmg to coet'ﬁclents in a Laurent series expansion

of ¢T(I = 27" A1 —~ 23  Az)~1b. More genera.ﬂy, one has coefficients in

the expansion of ¢ [I Pt 1A(z)] b, and one has to-find the
A(),band e ‘

(i) Itis a nannegatwe rea.hza.tmn problem, Just like the problem of Sec-
tion 5.
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(fif) There are special constramts A =M A(3) must be stochastic,
Ae=eand 7T A =T

The problem has been studied for almost three decades, see e.g. [23, 30].
The most comprehensive resulis are to be found in [31]. We shall give only -
an outline of the resalts here.

~ We shall first describe how the multwanable nature of the problem is
handled. . .

7.1 The Generahzed Hankel Matrlx

Let Y™ denote the set of finite strmgs of Y, let Y,{" denote
{}?-1-1:1’}4-2, .} and let ¥; denote {...,¥i-1,¥;}. '

Let us enumerate the strings »; of Y" le:ncographlcally, ordering entries
of a string from left to right, such that the length |u;] increases monoton-
ically with:¢. Include the empty sequence as the first element of the enu-
meration. Thus the Ordermgls {¢.0,1,00,19,01,11,000,100,...}. Further,
position along the time axis so. that the right most (or Tast occurring)
symbol occurs at time ¢. Thus u;c¥; .

. Consider a second enumeration {v;}; identical save that string entries

are .ordered from right . to. Ieft thus . the ordering is ¢,0,1,00,01,
10 Il 000, 100,. .. Furgher, v; is. so pos;tloned that the left most symbol
(the first occumng in timie) cecurs at time $ 4 1. Thns 'u:,ch;P '

< 'The generalized Hankel matrix H is defined to have i—j element p{u;v;),
where g, ;2 the § — th and. j.— th elements of the two ennmerations,

- Thns with two output symbols the top left corner of H will appear as

R o 1 _.on 91 10 11
gr1 -1 a(0)  pQ) -|"p(00) “p(01) Cp(l0)  P2Y -1
"0 1 p(0) | p{00) p(01) | p(000) p(0OL) p(0Z0) p(011) - |-
1} p(1) § p(10) »(11) | p(100) p(101) -p(110) - p(111) -
00 |- p(00) | p(000) p(001) | p(0000) p(0001) p(0010) P{00LL) -
10 | p(10) | p(100). p(101) | (1000) p(1001) p(1010) p(1011) -
01 p(01) | p(010) p(un) 2(0100) p{0101) p(0110) p(0111) -
T P(l_l) p(uo) p(lll) p(IlUB) p(11o1) p(nm) p(1111)

We shall let Hy, denote the block matrix of H g‘wen by

- [y} sl = K, s | = Zj.
The fop Ie& corner of H above is partmoned as

Hpy Hpy Hpy
Hyy, Hy Hy

H=
Hzxy Hyp Hoy
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Conventional Hankel matrices have 3 structure associated with blocks
parallel to the anti-diagonal. This is true also of H. Consider

Hypy = [He(n) Hrp(v2)- - - Hr,L(¥m)]s
with the definition

Hg,r(y1) = plunvs), with juf =K, ol = L

(The enumeration scheme for the columns is relevant here}.
Because of the row enumeration scheme, we can also evidently write

Hy,(n)
Hgpp = :
- ‘HK)L(yﬂ)

Thus although H k41,5 # Hx,r+1 (as is normal for Hankel matrices), the
identity is true provided samie rearrangement of entries is pemutted
~ It is then possible to show

Theorem 7.1 Let H be the infinite generalmed Hankel matrix assoclated
with a hidden Markov model with N sta.tes Then rank H < N. ‘

Suppose now we were simply presented With an infinite genera.h.zed Ha.n
kel matiix H with finite rank N, say. We can proceed a modest distance
towards obtaining an HMM; by'takixig'ca:e of the multivariable finite-
dimensioral realization problem without taking account of nonnegativity.
This is done in the following theorem, which states how vectors z4,yy and
matrices F; can be defined satisfying an analog of {7.3), but without a
nonnegativity eonstra.mt on the entna '

Theorem 7.2 Let H be the mﬁnite generalized Hankel matrix of output

string probabilities Pr(u;v;) associated with an unknown hidden Markov

model with an unknown but finite number 6f states. Let rank H=N, a,nd
factor H as

Xy

x|l
H=XY=|x, | 1 %.l (74)

where X x and ¥z correspond to ) and 9; of length K and L respectively,
and have NV columns and rows respectively. Let Yy denote the submatrix
of [Y3 Y1 Y:..) containing the first N linearly independent columns,
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indexed by strings @,%a,...08. Define ¥;x to be those columns of ¥
indexed by vi%, yis, ..., ¥¥Un and set

B =}-’1N?§1---FM=?MN?§1- (75)

Let a:f, ¥¢ denote the first row and first column of X and Y.
Then

pluw;) =25 Fre . FRF® .. _ (7.6)

where ;w5 consists of ayp ones, followed by B twos, etc. (Any of the oy, 5
etc. may be zero).

‘It is obvious that =4,y and the F; may not be nonnegative, lét alone
satisfy further special constraints; e.g. ) F; is stochastic with :c,p and vy
left and right eigenvectors. ‘Also, if H comes from.a HMM, the number of
states in the HMM may-exceed N - in fact (just as in the positive systems
realization problem) there may be no HMM realizing H with precisely N
stat&s

7.2. Intrdducing Nonne;gaf'iﬁty-via—.éoﬁes -

ization problem has its parallel in the HMM problem in that it gives the

key for introducing nonnegative quantltles in piace of 24,y and the F; in
(7.6) above, {3 8, 14, 29}. _

Theorem T 3 Adopt the hypotheses of Theorem 6. Then a 1eCessary and
sufficient condition for the existence of nonnega.twe e,b a.nd Ai=1,.
for which

p('u,'u_,) =T A%, Af° Aft..b, S (%))

is that there exists a matrix R with assomated R = cone R with"
' : FRcR  (78)
weR (9
T4eRT (7.10)

7.3 -Cone Existence and Construction

‘I‘heorem 7 reformulates, rather than solves, a multwa.nable nonnegatwe
realization problem. In this subsection, we indicate sufficient (but very
broad) conditions for the existence (and constructability) of a cone, [31].

Suppose first that H of finite rank N comes from an (unknown) HMM
in which all the probabilities Pr(Xgqy = 4, Yq1 = v | Xi = 1) are positive.
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# Consider the submatrix of the generalized Hankel mafrix comprising
the first N linearly independent rows. It has an infinite number of
~ columns, '

o Consider a factorization of this N rowed matrix as XY, where

Y=k 1 Yz J=1[y: FI?J¢ FMW'FHM Fle?ldb---]
and Xy is a certain set of N linearly independent rows of X with

= [:c.,.f Flzy.. Fiey:(F)as.. ).

Suppose that =3, F;,i = 1,...,M a,nd_ ¥ have been identified, as in
Theorem 7.2

. C‘ha;nge the coordinate basis so that in the new basis Xy T — 1. Then

=[1 0...0landYis smply an'N -rowed submatnx of the Hankel
matnx

¢ Evidently, the infinite set of columns of ¥ span a cone containing

y¢,z¢ is in the dual cone, and the cone is F;—invariant for ¢ =

., M. -If the cone is polyhedral, we would be done. However,

gwen tha.t the cone has an. mﬁmte set of generators, it may not be
polyhedral e

s It turns out that a la.rge but finite number of columns of Y, to-
gether with perturbations around the columns, do define a p{)lyhe-r
dral cone conta.mmg all the columns of Y that is also F-mvanant for
i=1,2,..., M. .

« The reason is that columns of the generélized Hankel mat.;‘ix cor-
responding to very long strings obey (in the Limit) some alignment
propertics. The same will be true of subvectors of these columns con-
taining NV entries. The subvectors will then be in a cone defined using
early subvectors of the infinite sequence, together Wlth perturba,tmns
thereof.

The alignment property just referred to is a consequernce of assuming
positivity of Pr{Xz41 = f, Yesa = v | Xz = i) i.e. of the matrices A(f),? =
1,2,...,M and actually holds under weaker conditions; as we know, long
products of positive and some nonnegative matrices approach a rank one
matrix as the number of terms in the product approaches infinity. This
idea was used in Section 6 to establish an exponential forgetting property
of an mm ﬁlter Here, it can be used t6 establish the forgettmg ‘property

(@ | vt) . :p('ul | v)

| P(ﬁN‘i ) P(ﬁN | v)
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when [v] — o0, and [#] = 1. The convergence is exponential with Jv], and
uniform in v, 5. By Bayes’ rule, p(%; | vd) = p(@i;v%)/p{v8) and p(%; | v) =
p(@;v)/p(v). Hence the two conditional probability vectors above are scaled
versions of two columns of the N-rowed submatrix of H, corresponding to
the columns mdexed by v and »%.

7 4 Sat:sfymg the Spec1a1 Constraints

At this stage, let us suppose there has been constructed nonnegative ¢, b
and 4;,i =1,2,..., M sothat (7.7) holds. Wa now consider how the special
constraints (stochastlclty and eigenvector properties) can be achieved. By
way, of a preliminary calclation, let W* denote a don’t care sequence of
length k. If there is an underlying (but unknown) hidden Markov model
with posmve transmon probabxhtles, it is stra]ghtforward to show that

“ Pr(w¥*y) - Pr{u) Pr(v) as Tt — 0. {7. 11)

(This result is hardiy unexpected) Appealing to the formula (7. 6), one can
show that .

o '~IEE‘¢)"—>y¢$§-- st {ra)
> I oM

... Additionally, we have

Ep(w,) =p)  i=12..,8,

i=1
or ' : T
. _ XN[FIy¢+ +FM3}¢] XN!M,
whernice - N . S
(Z Fé)y.ﬁ =y . (7.13)
Similarly, | -
B SR LR =

- These facts establish tha.t z3 %1Ys arethe only. left and right eigenvectors
of M F; corresponding to e1genva.1ue 1; and all other eigeénvalues are of
lesser magnitude.

Thwe facts can be combined with the cone formufa FRCR etc. {from
which FiR == RA,) to coriclude that ¢7,b afe iiniqué left and right eigen-
vectors of Z‘,i_, A; corresponding to eigenvalue 1. A positive d1ag0nal basis
transformation takmg A; to AGA™ = A(G),bto Ab=e and ¢ to TA™L
ensures that Y20, A; i is stochastic. Simply take A~ = diag (b).
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8 Open Problems

There are a oonmderable number of open problems, some already alluded
to. We list some: . .

(1) For the nonnegative realization problem, how can one simply figure
the minimum dimension of nonnegative realizations? -

(i) How are all nonnegatively mzmmal realizations of rational H(z) with
hy 2 0 connected? .. ,

(iii) How can one approximate (systematically and preferably mth an eas-
* ily interpreted exror hound) a high state diménsion nonnegative real-
ization by a lower dimension nonnegative reahza.tlon T

(w) One can state variations on the above problems for HMMs,
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