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Chapter 1

Introduction

In this work we survey some fields of nonparametric statistics, namely regres-
sion function estimation, pattern recognition and functional estimation. In
all cases we have a random variable with unknown distribution. Our aim is
to estimate a characteristics determined by the distribution. The estimation
is based on independent samples drawn from the distribution. In order to
measure the goodness of an estimate, we have a loss function defined in the
particular models. We are mostly interested in the asymptotic behaviour of
the expected loss.

For all of these problems we have universal consistency, that is, we have
estimates for which the loss tends to zero in some sense for all distributions.
But it turns out that there are no such estimates, for which the expected
loss tends to zero with a guaranteed rate of convergence for all distributions.
Hence the rate of convergence of any estimate can be arbitrary slow for a
“bad” distribution.

In order to get rate-of-convergence results, we have to restrict ourselves
to a class of distributions instead of allowing every distribution. For certain
classes such rates of convergence are known. In many cases they are also
proven to be optimal by corresponding lower bounds for the expected loss.
Such an optimal rate of convergence determines the rate of convergence of
the worst-case expected loss of the best estimate.

However, theoretically, the rate of convergence of the worst-case expected
loss can be different from that of the expected loss for every single distribu-
tion. For example, it is possible that while the worst-case expected loss
tends to zero only at a polynomial rate, the rate is exponential for every sin-

gle distribution. The former will be called minimax approach, the latter as
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individual approach. We are concerned with recent results of the individual
approach, especially extending the earlier minimax-rate results to individual
rates.

More formally, let X be a random vector variable taking values from a
set X C R% The distribution of X is unknown. We would like to guess
or estimate a characteristics P of the distribution of X. Its value can be
real, a function or even a distribution. As an input we are given indepen-
dent samples Xi,..., X,,. The estimate is a function P, on X" assigning a
possible value of P to every particular sample sequence (X7i,...,X,). We
have a nonnegative loss function [(+,-) (a metric or not). The loss [(P,, P)
measures the goodness of an estimate. We are interested in the convergence
of [(P,, P) to zero. (For example, in the case of regression analysis, the
random variable is the pair (X,Y"), the characteristics is the regression func-
tion m(x) = E{Y|X = z}, and the loss function is the mean square error
I(m',m) = E{(m'(X) — m(X))?}, see Section 2.1.) Henceforth we assume

measurability where needed.

DEFINITION 1.1. An estimate P, is called (strongly) consistent for a
distribution of X if

El(P,P) =0 ((P,P)—=0 as)

(where a.s. means almost surely). An estimate P, is called (strongly) uni-
versally consistent if it is (strongly) consistent for all possible distributions

of X. a

Both consistency and strong consistency imply weak consistency, that is,
[(P,,P) — 0 in probability.

As we will see in our problems, usually we have universally consistent esti-
mates (see, e.g., (2.2) for the regression analysis).
The next question is whether there are estimates with the expected loss

tending to zero at a specified rate for all distributions. Disappointingly, in
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many cases, such estimates do not exist. The first kind of negative results
shows that for any estimate and for any (or infinitely many) fized n, there
exists a distribution such that the expected loss is larger than some e.

Another question is whether a certain universal rate of convergence is
achievable for some estimate. For example, the previous kind of results do
not exclude the existence of an estimate such that for all n, El(P,, P) <
¢/n for all distributions, for some constant ¢ depending upon the actual
distribution. The next kind of negative results is that this cannot be the
case. These slow-rate-of-convergence results state that the expected loss of
any estimate is larger than (say) b, = ¢/logloglogn for every (or infinitely
many) n for some distribution, even if ¢ may depend on the distribution. If we
allow all distributions, the rate of convergence of any sequence of estimates
can be arbitrary slow, that is, given a sequence {b,} tending to zero, for
every sequence of estimates there is a distribution such that El(P,, P) > b,
for every (or infinitely many) n (see, e.g., Theorem 2.1 for the regression
analysis).

Thus, in practice, no estimate ensures small loss, unless the actual distri-
bution is known to be a member of a restricted class. Rate-of-convergence
studies for particular estimates must necessarily be accompanied by condi-
tions on X. Under certain regularity conditions it is usually possible to obtain
upper bounds for the rates of convergence of El(P,, P) for some estimates.
Then it is natural to ask what the fastest achievable rate is for the given
class of distributions. A minimax theory was worked out by Stone (1982) for
regression function estimation. For related results on the general minimax
theory of statistical estimates see, for example, Ibragimov and Khasmiski-
i (1980), (1981), (1982), Bretangole and Huber (1979), Birgé (1983), and
Korostelev and Tsybakov (1993).

To formulate these concepts introduce the following notations:

DEFINITION 1.2. For a class D of distributions and a sequence {a,} of pos-
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1tive numbers let

of . . El(P,, P
lmnm (D, {an}) 4 )im sup inf sup ¥

n—oo  Pn XeD Qp,

(for the minimazx rates), and

. . EI(P,P
lina(D, {an}) 4 inf sup lim sup El(Fn, P)

{Prn} XeD n—oo Qp,

(for the individual rates), where the infimum is taken over all estimates (or
sequences of estimates), while the supremum is taken over all distributions

m D. O

The obvious relation among these quantities is:

lmm(D, {an}) > lina(D, {an}) .

If the worst case expected loss of the best estimate has order of magnitude a,,,
then its constant coefficient is (D, {a,}). (Moreover, l,n(D, {a,}) =0 or
Imm(D, {an}) = 0o mean that the order of magnitude is less or greater than
{a,}, respectively.)

lina(D, {ay}) is the constant coefficient of a,, in the order of magnitude of
the expected loss in case of the worst fixed distribution and the best sequence
of estimates. (Now ling(D,{a,}) = 0 means that for the best sequence of
estimates for every distribution the order of magnitude is less than {a,},
while liya(D, {a,}) = oo means that for every sequence of estimates for the
worst distribution the order of magnitude is greater than {a,}.)

Assume first that D contains all possible distributions. We realize that

universal consistency means that
lind(Da {1}) =0 )

where {1} stands for the sequence of constant 1. The weaker kind of negative

result above means that

Imm(D,{1}) > 0.
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The slow-rate result means that for every positive sequence {b,} tending to

Zero

lind(Da {bn}) =0 .

DEFINITION 1.3. A positive sequence {a,} is called minimax lower rate

of convergence for the class D if
lmm (D, {a,}) >0 . O

In many cases the limes superior in the definition of l,n(D, {a,}) could
be replaced by limes inferior or infimum, because the lower bound for the
minimax loss holds for all (sufficiantly large) n.
Call {a,} a minimax upper rate of convergence for the class D if
for some P,
El(P,, P)

lim sup sup ———= < o0,
n—oo  XeD Qp

that is, if supycp El(P,, P) = O(a,), and call it a minimax optimal rate
of convergence for the class D if it is both minimax upper and lower rate
of convergence (see, e.g., (2.3) and Theorem 2.2 for the regression analysis).

In some sense, lower bounds in minimax form are not satisfactory. They
do not tell us anything about the way the loss decreases as the sample size is
increasing for a given distribution. These bounds, for each n, give informa-
tion about the maximal error within the class, but not about the behaviour
of the loss for a single fixed distribution as the sample size n increases. In
other words, the “bad” distribution, causing the largest error for an estimate,
may be different for each n. For example, the existence of a polynomial min-
imax lower rate does not exclude the possibility that there exists a sequence
of estimates {P,} such that for every distribution of X the expected error
El(P,, P) decreases at an exponential rate in n. Indeed, there are such exam-
ples in Chapter 3. We are interested in “individual” minimax lower bounds
that describe the behavior of the loss for a fixed distribution of X as the

sample size n grows.
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DEFINITION 1.4. A positive sequence {a,} is called individual lower rate

of convergence for the class D if
lind(Da {an}) >0. O

A slightly different, but essentially equivalent, definition requires that for
some ¢ > 0 for all sequences {P,}, there exists a fixed distribution of X
such that El(P,, P) > ca, for infinitely many n. In some cases the limes
superior in the definition of lj,q(D, {a,}) could be replaced by limes inferior
or infimum, because the lower bound for the loss of the worst distribution
holds for all (sufficiantly large) n.

Call {a,} an individual upper rate of convergence for the class D
if for proper {P,}

El((P,, P)

sup lim sup ———= < oo,
XeD n—oo Qp

which implies only that for every distribution in D, EI(P,, P) = O(a,),
possibly with different constants. Call {a,} an individual optimal rate
of convergence for the class D if for every sequence {b,} tending to zero
{a,/by,} is an individual upper and {b,a,} is an individual lower rate of
convergence (see, e.g., Theorem 2.3 for the regression analysis).

To be minimax upper rate is stronger than to be individual upper rate,
and to be individual lower rate is stronger than to be minimax lower rate.
It is a reasonable aim to extend minimax lower bounds to individual lower
bounds. As we will see, the extension is possible for many important classes.
Certainly, all lower rate results still hold if we increase the class by leaving
some condition on the distributions.

Now the first kind of negative result means that the sequence {1} is a
minimax lower rate of convergence for the class of all distributions, while the
slow-rate result means that every sequence tending to zero is an individual
lower rate of convergence for this class.

Let us mention some earlier individual lower bounds for the sake of illus-

tration:



INTRODUCITION o]

The first example in this respect could be the problem estimating a dis-
tribution function F(x) on X = R¢ (d > 1), that is, the characteristics of
the distribution is F' and the loss is the supremum norm

U(F, F) = sup |Fo(z) - F(a)] .
zER

Here the uniform convergence of the empirical distribution function F,(x),
that is, the Glivenko-Cantelli Theorem holds for all F(z):

lim sup |F,(x) — F(z)|=0 as., (1.1)

n—o0 :DERd

and also there is a ¢, such that for all F'(x)

El(F,,F) < C\/E,
n

that is, we have strong universal consistency, and {1//n} is a minimax upper
rate of convergence for the class of all distributions. The Glivenko-Cantelli
Theorem 1is really distribution-free, and the convergence in Kolmogorov-
Smirnov distance means uniform convergence, so virtually it seems that there
is no need to go further. However, if, for example, in a classification problem
(see Chapter 3) one wants to use empirical distribution functions for two
unknown continuous distribution functions for creating a kind of likelihood
test, then these estimates are useless. It turns out that we should look for
stronger error criteria.

For this purpose it is obvious to consider the total variation as a loss
function: if y and v are probability measures on R¢ then the total variation

of u and v is defined by

p,v) =V (p,v) = sup [n(A) —v(4)],

where the supremum is taken over all Borel sets A.
However, if u stands for the common distribution of {X;} and p, denotes

the empirical distribution then for nonatomic p

V(g ) =1 as.,
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so the empirical distribution is a bad estimate in total varition.
One may expect to find a more sophisticated sequence { .} of distribution

estimates of p which is (strongly) universally consistent in total variation:

lim V(p, ) =0 as.

n—00

Theorem 1.1. (DEVROYE AND GYORFI (1990)) Given any sequence of

distribution estimators {pk} there exists a probability measure p for which
V(g pr) > 0.5 foralln a.s. O

This implies lj,q(D, {1}) > 0.5. This negative finding means that the total
variation is a much stronger error criterion than the Kolmogorov-Smirnov
distance and it is impossible to construct a distribution estimate with uni-
versal consistency in total variation. For meaningful results either the class
of sets, over which the supremum is taken in the definition of [(-,-), or the
class of permitted distributions must be restricted.

If the class of sets is between the two extreme cases mentioned above (only
the octants and all Borel sets in R?, respectively), then the celebrated theory
of Vapnik and Chervonenkis yields that for Vapnik-Chervonenkis classes (see
Section 3.4) the situation is the same as for Kolmogorov-Smirnov distance.
We have strong universal consistency and {1//n} is a minimax upper rate.

Now let the class D of distributions be the class of absolutely continuous
distributions with respect to a o-finite measure A. If © and v are in D with

densities f and g respectively, then

I = gli= [ 1) = gla) Adz) =2V (u,0)

This relation results in a way of distribution estimation consistent in total
variation via L;-consistent density estimation: assume that f,, is (strongly)

universally L-consistent, that is,

lim ||f, — f]|=0 as.

n—0o0
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Introduce the distribution estimate induced by the density estimate f,,:

piA) = [ fal@)A(do),

then
lim V(p, ) =0 as.

n—0o0
Standard examples of universally L;-consistent density estimates are the his-
togram and the kernel estimates when A is the Lebesgue measure (see De-

vroye (1983a) and Devroye, Gyorfi (1985)).

Theorem 1.2. Assume that p has a density f. There are estimates (his-

togram, kernel) that

lim ||f = full=0 as O

n—0o0

This implies consistency over D in expectation, that is, linq(D,{1}) = 0. The
beauty of Theorem 1.2 is that L;-consistency holds without any condition on
the density f, thus we have distribution estimates consistent in total variation
if 11 is absolutely continuous with respect to the Lebesgue measure.
Obviously one can ask for rate-of-convergence results. However, it is
again impossible, since for any sequence of density estimators {f,,} the rate
of convergence of the expected L; error E||f — f,|| can be arbitrary slow.
Even an infinite discrete distribution with known support cannot be es-

timated with a guaranteed rate of convergence in total variation:

Theorem 1.3. (DEVROYE, GYORFI AND Lucos1 (1996)) Assume that u
15 a probability measure on the set of positive integers. For any sequence of
positive numbers b, < 1/16 tending to zero, and any sequence of distribution

estimators { '}, there always exists a probability measure p for which
EV (uy, 1) > b, foralln. O

This implies that every sequence tending to zero is an individual lower rate

of convergence for the class D of distributions on the positive integers. The
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proof is based on Theorem 3.1, a similar slow-rate result of pattern recogni-
tion.
This theorem implies the following negative result for density estimation

for a dominated class:

Theorem 1.4. (BIRGE (1986), DEVROYE (1983B), (1995)) Given any
sequence of density estimators {f,} and any sequence of positive numbers
b, < 1/32 tending to 0 there exists a density f on [0,1] bounded by 2 for
which

E|f — ful| > b, for alln. O

This means that every sequence tending to zero is an individual lower rate
for the class of densities on [0, 1] bounded by 2. It is easy to see that the slow-
rate result also holds over the class D of absolute continuous distributions
(with the total variation loss), if we allow any distribution estimate (not
only absolute continuous ones), that is, every sequence tending to zero is an
individual lower rate for D.

According to these facts, if P is the density function and the loss is the
Lq-distance one can have an universally L-consistent density estimator, but
its rate of convergence can be slow unless we have some conditions on the
unknown f. Such conditions can be formulated, for example, in term of
metric entropy: for the class D of densities, let N be the cardinality of the
smallest subclass A of D with the property that for every f € D there is a
g € A such that sup,.a |f(z) —g(x)| < e. Let log N be the e-metric entropy
of D.

Theorem 1.5. (BIRGE (1986)) If D° is a class with densities such that its

e-metric entropy is O(e7°) as € — 0, then
1
n 2+é

is a minimaz upper rate of convergence for D°. O
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In particular, for given k € Ny (where Ny = {0,1,2,...}), 0 < 8 < 1,
p=Fk+pBand M > 0, let F®M) be a class of smooth densities on a convex
compact subset of R?, that is, for f € F®M) for every a = (ay, ..., ag) with
a; € Ny, E o=k

[D*f(2) = D*f(2)| < M|z — 2|,

where D® denotes the partial derivative belonging to a. Then {n_ﬁ} is
a minimax upper rate of convergence for F®M) (see, e.g., Birgé (1986)).
This rate is also a minimax optimal rate, but Birgé (1986) also proves the

following stronger statement

Theorem 1.6. (BIRGE (1986)) For the class FPM) of smooth densities on

a convex compact subset of R for every sequence {b,}
v
b,n" 2»+d

s an individual lower rate of convergence. O

(See Chapter 2 and 3 for corresponding results on regression function esti-
mation and pattern recognition.)

For distribution estimation we may consider other error criteria. Such
error criteria can be derived from dissimilarity measures of probability mea-
sures, like f-divergences introduced by Csiszar (1967) (see also Liese, Vajda
(1987) and Vajda (1989)). The three most important f-divergences in math-
ematical statistics are the total variation, the information divergence and the
x2-divergence.

If 1 and v are probability measures on R? then the information divergence
(or I-divergence, relative entropy, Kullback-Leibler number) of u and v is

defined by
p(4))

v(4;)

where the supremum is taken over all finite Borel measurable partitions {A,}.

Wp,v) = 1(p,v) supZu ) log 220
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The following inequality, also called Pinsker’s inequality, bounds the total
variation in terms of I-divergence (cf. Csiszéar (1967), Kemperman (1969) and

Kullback (1967)):
2V ()P < T(,v) (12)

By Pinsker’s inequality (1.2), the information divergence dominates the
total variation, so it follows from Theorem 1.1 that given any sequence of
distribution estimators {u}} there exists a probability measure p for which
the sequence {p} is not consistent in information divergence. The situation
is even worse, a discrete distribution with known support cannot be estimated

consistently in information divergence:

Theorem 1.7. (GYORFI, PALI AND VAN DER MEULEN (1994)) Assume
that p is a probability measure on the set of positive integers. Given any

sequence of distribution estimators {u}} there exists a probability measure i

with finite Shannon entropy H(pu) = — 3232, u({i}) log u({i}) for which
I(p, ) =00 foralln a.s. O

This implies linga(D, {a,}) = oo for any sequence {a,} of positive number-
s, where D is the class of distributions on the positive integers with finite
entropy. This remains true, if D is the class of those absolute continuous
distributions on R, whose densities have finite differential entropies and ar-
bitrary many derivatives.

In Chapters 2, 3, and 4 we show results concerning regression function

estimation, pattern recognition and functional estimation, respectively.



Chapter 2

Regression estimation

2.1 Regression problem

Let (X,Y), (X1,Y}), (X5,Y3), ... be independent identically distributed R¢ x
R-valued random variables with E{Y?} < oco. In regression analysis one
wishes to estimate Y given X, that is, one wants to find a function f defined
on the range of X so that f(X) is “close” to Y. Assume that the main aim

of the analysis is to minimize the mean squared error:
fB{(/(Y) - )2}, (2.1)

Let
m(z) = E{Y|X =z}

be the regression function, and denote the distribution of X by u. For ¢ > 1

introduce
def q v ARRL
11 ([ 117d) = @01
for the L,(1) norm of a real function on R%. ||f]|| stands for the || f||2 norm.

It is well-known, that for each measurable function f : R — R the

relation

E{(f(X)-Y)*} = / | f(z) = m(2) [* plde) + E{(m(X) - )}

holds. Therefore the regression function m achieves the minimum in (2.1),

and the mean squared error of an arbitrary function f is close to its minimum

(2.1) if and only if

1f = ml? = [ 1f(2) = m(@)Pu(da)
is close to zero.

14
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In the regression estimation problem, the distribution of (X,Y’) (and
therefore also m) is unknown. Given only the independent sample D, =

{(X1,Y1),...,(X,,Y,)}, one wants to construct an estimate
mp(2) = mp(z,D,) : R x (REx R)" = R

of m(x) such that ||m, — m||? is small.
Hence now the pair (X, Y") and m play the roles of X and P of Chapter 1,

respectively. The loss function is the mean squared error

U(mp,m) L |lm, —m|)? .

The class D of distributions is often determined by giving a class D; of
allowed distributions of X, a class D, of allowed regression functions and
the type of the conditional distributions of Y given X. For example, D;
may consist of all distributions (distribution free approach), or one particu-
lar distribution (distribution sensitive approach), or all absolute continuous

distributions.

2.2 Slow rate of convergence

It is well-known, that there exist universally consistent estimates, that is,
which satisfy
E{||m, — m[*} =0 (n — c0) (2.2)

for all distributions of (X,Y) with E{Y?} < oo. This was first shown in
Stone (1977) for nearest neighbor estimates.
A slow-rate-of-convergence result is also known and follows from a similar

result of pattern recognition (see Theorem 3.1):

Theorem 2.1. Let {b,} be a sequence of positive numbers converging to zero
with 1/64 > by > by > .... For every sequence of regression estimates, there
exists a distribution of (X,Y), such that X is uniformly distributed on [0, 1],
Y =m(X) and

E{[[m, —m|[*} = by
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for all n. O

This implies that for every sequence {b,} tending to zero, linq(D, {b,}) = o0
for the class D of distributions with X ~ Uniform[0, 1] and Y = m(X), hence

every sequence tending to zero is an individual lower rate of convergence.

2.3 Minimax lower bounds

In Stone (1982) we find minimax optimal rates of convergence for the class

DP-M) defined below:

DEFINITION 2.1. For given k € Ny, 0 < <1, p=k+ [ and M > 0, let
F®M) be the set of functions f : R — R such that for every o = (o, . . ., aq)
with a; € Ny, Y4 o = k

7=1
D f(x) — D*f(2)| < M|z - z]”,
where D denotes the partial derivative belonging to .

FPM) is a class of functions “smooth” enough. In absence of other infor-
mation, smoothness is a quite natural assumption. We show minimax and
individual lower rates on the analogy of the one in Theorem 1.6 for the class

of smooth densities.

DEFINITION 2.2. Let DPM) be the class of distributions of (X,Y) such that
(i) X is uniformly distributed on [0, 1]¢,
(1)) Y = m(X) + N, where X and N are independent and N is a standard

normal random variable,

(iii) m € FP-M),
It is known, that there exist estimates m,,, which satisfy

E _ 2
lim sup sup {llrn 2pm|| ! < 00
n—o0  (X,Y)eD®M) n 2p+d

(2.3)

2
(see, e.g., Barron, Birgé and Massart (1995)), hence {n~ %} is a minimax
upper rate of convergence for a class D) It is also minimax optimal rate

by
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Theorem 2.2. (STONE (1982)) The sequence

__2p
ap =N 2p+d

is a minimaz lower rate of convergence for the class D®M).

REMARK. Stone (1982) also considered the estimation of the derivatives of

a regression function, as well as rates for tail probabilities. O

We give a different proof from Stone’s. The reason is that the new proof
may be easily modified to prove the individual lower bound in Theorem 2.3.

Our proof applies the following lemma:

Lemma 2.1. (ANTOS, GYORFI AND KOHLER (1999)) Let u be an [-di-
mensional real vector, let C' be a zero mean random variable taking values in
{=1,41}, and let N be an l-dimensional standard normal random variable,
independent of C', and

Z=Cu+ N .

Let g* : R' + {—1,+1} be the Bayes-decision for C based on Z, that is,

) 1 fP{C=1|Z=2}>P{C=-1Z=2},
9" (2) =

—1 otherwise

(see also Chapter 3). Then the error probability of g*

P{g*(Z) # C} = (=|lul)) ,

where ® is the standard normal distribution function.

PROOF. The case u = 0 is obvious. Assume that v # 0. Let ¢ be the den-
sity of an [-dimensional standard normal random variable. The conditional
density of Z given C' = 11is ¢(z —u), and given C' = —1 is (2 + u), therefore

the equivalent version of the Bayes-decision is

. 1 ifp(z—u) > p(z+u),
9°(z) = -
—1 otherwise.
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This, together with
©(z —u) > p(z +u) & 2 is closer to u than to —u < (u,2) >0

implies that ¢g*(z) is the sign of the inner product (u, z).
Set N = (u,N)/||u||. Then N is a one-dimensional standard normal

variable independent of C'; and Z = C'u + N implies

u, 2 u, N -
( ):C’||u||—|—( ):C-||u||+N.
Il Il

Therefore the error of the Bayes-decision is given by

P{g"(Z) #C} =P{C = —1,(u, Z) > 0} + P{C = +1, (u, Z) < 0}
= P{C=-1}-P{(u,2) > 0|C = —1}
+P{C = +1} - P{(u, Z) < 0|C = +1}

1 - 1 .
= 5P{C- |ul| + N > 0|C = -1} + 5P{C- |ul| + N < 0|C = +1}

= SPIN > [lull} + 5PN < —Jull} = &(—Jul) . O

PROOF OF THEOREM 2.2 First we define a subclass of distributions (X,Y)

PM) We pack infinitely many disjoint cubes into [0,1]¢ in

contained in D!
the following way: For a given probability distribution {p,}, let {B;} be a
partition of [0, 1] such that B; is an interval of length p;. We pack disjoint

cubes of volume p;l into the rectangle
B; x [0,1]4°1.

Denote these cubes by
Aj,la s 7Aj,5'j )

d—1
1
51"
pj

Let a;; be center of A;;. Choose a function g : R¢ — R such that

where

11

(I) the support of g is a subset of [—3, 5]‘1,
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(ID) [ g*dp > 0,
(III) g € FeM270),

The subclass of regression functions is indexed by a vector

C = (Cl,la 01,2, .. .,01751, 02,1, 02,2, Cey 62,52, .. )

of +1 or —1 components. Denote the set of all such vectors by C. For ¢ € C

define the function

oo S
m(z) =33 cingin(x),

j=1k=1

where
gix(x) = Phg(p; ' (z — ajp)).
Then it is easy to check (cf. Stone (1982), p. 1045) that because of (III)

ml) ¢ Flo.M)

Hence, each distribution (X,Y) with Y = m(©(X) + N for some ¢ € C is

contained in D®M) which implies
E n — ml|?
inf sup lim sup Ul = mlI"}
{mn}(X,Y)GD(p,M) n—o0 bnan
E . — ml9||2
> inf sup lim sup {limn = m™ I} (2.4)
{mn} (X,v):X~Unif[0,1]4,Y =m(©) (X )+ N,ceC 100 bnan

Let m,, be an arbitrary estimate. By definition, {g; : j,k} is an orthog-

onal system in Ly(s), therefore the projection 1, of m, to {m(®) : ¢ € C} is

given by
my(x) = Z Cn,j k05 (),
.k
where
; fAj,k My (7)gjk(7) do
n,j,k —
! fAj,,c Q?k(ﬁ) dx

Let ¢ € C be arbitrary. Then
[y, — m | > (1, — mD > = /A (CnjkGik(T) = Cingin(x))? da
ik Ak

= %, (e 00 =l e — )
ik Ak “
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Let ¢, ;% be 1if ¢, > 0 and —1 otherwise. Because of

|Cngie = Cikl = |Cnje — €kl /2 = Tz, ; ptes i}
where I, denotes the indicator function of the event A, we get

d
[ —mON2 > [1g]P Y L s ey p

Jsk
This proves
E{|lm, — m©|?} > [|g][* - Ra(c) (2.5)
where
Sj
Ru(c)= 3 3 p Plewsn # o} (2.6)
j:an_erdSl k=1
(2.4) and (2.5) imply
E n—m||?
inf sup lim sup Ul = mil"}
{mn}(ny)E'D(p,M) n—o0 bnan
R,
> J|g||? inf suplimsupﬁ (2.7)
{mn} cec n—oo nQn

To bound the last term, we fix a sequence {m,} of estimates and choose
c € C randomly. Let (Cy4,...,C15,,C21,...,Cas,,...) be a sequence of in-
dependent identically distributed random variables independent of (X7, Ny),
(X2, N3), ..., which satisfy

1
P{Cl,l - 1} - P{Cl,l = —1} = 5
Set
C — (Cl’l,...,01751,0271,...,02,52,...).

Next we derive a lower bound for

S;
ER,(C)= Y Y " Plengn # Cin} -

jmp2rti<y k=1

Cn,jk Ccan be interpreted as a decision on C}, using D,,. Its error probability
is minimal for the Bayes decision C,, jx, which is 1 if P{C;; = 1|D,} > 1/2
and —1 otherwise (see Chapter 3), therefore

P{¢njkx # Cix} > P{Cpnjr # Cix} .



4. NEGRESSION FUNCOLTION S TIMATION

Let X;,,..., X be those X; € A;;. Then

()/7;17 . '?)/iz) = Cj,k ’ (gj,k(Xil)v cee ?gj,k(Xil)) + (Ni17 . "Nil)7
while
(Y., Y )\ (Yiy, ..., Y)

depends only on C'\ {C;;} and on X,’s and N,’s with r & {iy,...,4},
therefore is independent of () given X;,...,X,. Now conditioning on
Xi,...,X,, the error of the conditional Bayes decision for Cj; based on

(Y1,...,Y,) depends only on (Y;,,...,Y;), hence Lemma 2.1 implies

P{Cpjn # CiplX1,..., Xp} = @ (—« ng,k(Xir)> = (—« ﬁ:g}{d&)) :

Since ®(—+/) is convex, by Jensen-inequality

P{Chir#Cixt = E{P{Chjr# Cix| X1, .., Xn}}

o (£

> 9 —JE{ig;{k(Xa})

(—/nB{gZ(X0})
(= o)

)
)
independently of k. Thus

Si
BR.C) = X S i~/ o)

j:npjz_P+dS1 k=1

d

> o(—lgl) Y St
j:npjz.p+d§1

> K- Y. pth (2.8)

jmpP i<t

where

K=o (ol (1)



4. NEGRESSION FUNCOLTION S TIMATION

Setting
1\ % . 1
ER,(C) > K |n% |n % = K a,(1 — o(1)),
SO
R ER,(C
lim sup inf sup M > lim sup infﬁ > K >0. (2.9)
n—oo Mn ccc Ay n—oo Mn (0%

This together with (2.7) implies the assertion. O

The vast majority of the rate-of-convergence results for nonparametric
regression estimation is for bounded |Y| (see, e.g., Devroye, Gyorfi, Krzyzak
and Lugosi (1994)), so it is reasonable to consider the minimax lower bounds

for such classes.

DEFINITION 2.3. Let D*PM) be the class of distributions of (X,Y) such that
(i’) X is uniformly distributed on [0,1]¢,

(') Y € {0,1} a.s. (thus m(z) =P{Y =1|X ==z}),

(iii’) m € F®M),

It turns out that the minimax lower (and upper) rates are the same
for D®M) and D*®M)_ (The lower bound follows from results on pattern

recognition, Theorem 3.2).

2.4 Individual lower bounds

2
We will show that for every sequence {b,} tending to zero, {bnrfﬁ} is
an individual lower rate of convergence for the class D®M). Hence there
exist individual lower rates of these classes, which are arbitrarily close to the

minimax optimal rates.

Theorem 2.3. (ANTOS, GYORFI AND KOHLER (1999)) Let {b,} be an

arbitrary positive sequence tending to zero. Then the sequence
{bnan = bnn%}

is an individual lower rate of convergence for the class D®M).
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REMARK 1. Applying for the sequence {1/b,}, Theorem 2.3 implies

lina (DM {ba,}) =00 . O

. _ o
REMARK 2. Since {n~?+2} is also an individual upper rate of convergence,

2 . NETHE .
{n~?+a} is an individual optimal rate of convergence. 0

The following lemma provides a simple way of proving individual low-
er bounds. A somewhat weaker version is implicitely used by Schuurmans
(1996). A stronger form and more discussion can be found in Antos and

Lugosi (1998).

Lemma 2.2. (ANTOS AND Lucost (1998)) Let {R,(c)} be a sequence of
nonnegative numbers parametrized by an abstract parameter ¢ from a set C.

If there exists a random wvariable C taking its values from C such that the

()

sequence

18 bounded, then

R
sup lim supﬂ > 1,

ceC n—o0 ERn(C) -
that is, there exists a ¢ € C such that for every 0 < e < 1,

R,(c) > (1 =€) ER,(C) for infinitely many n.

PROOF. By condition (2.10) Fatou’s lemma may be applied to the sequence
of random variables {R,,(C)/ER,,(C)}:

R, (c) R,(C) R,(C)

) > E{limsupi} > limsupE{i} =1.0

li
i o n—00 ERn (C) n—00 ERn (C)

ceC n—oo n(
REMARK. Lemma 2.2 states that minimax lower bounds obtained by using
the simplest form

sup R, (¢) > ER,,(C)

ceC
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of the probabilistic method can be extended to their individual form if the
randomization C' does not depend on n, and, in addition, the boundedness

of
(e el0)

is verified. An example in Chapter 3 demonstrates that this additional con-
dition cannot be dropped, and some kind of stability condition is necessary.

O

PrROOF OF THEOREM 2.3. We use the notations and results of the proof of
Theorem 2.2. Now we have by (2.5)

E{||m, —m©|*}

inf sup lim sup
{mn}(X,Y)eD(p,M) n—00 bnan
Ry,
> ||gl)* inf sup lim sup () : (2.11)
{mn} ce¢ n—oo bnan

In this case we have to choose {p,} independently from n. Since b, and a,

tend to zero we can take a subsequence {n;}iear of {n}nen with
b, <27

and

a1/2p < 27t

nt — :
2t 2t
@ Lﬁf”l ’

qis - 541592, -« G2y - -5 Gty - o5 Gty e o ey

Define ¢; such that

and choose {p;} as

where ¢, is repeated 27!/¢; times. So

Z p§p+1 _ Z 2__tq1t2p+1

j:np?.p+d§1 tng?P <1 e

> Y bug?

t:nqtzp+d§ 1
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2p
2—t
_ ) b |
t:[2-ta, /PP >2-tay /PP L%J
2p
27t
> Y by | =
t:antgan a1/2p + ]'
ng
1/2p 2p
a
— Z bnt ( = 1/2 )
ting>n 1+ 2tant P
bn, n,
> > o
ting>n
by al/?* < 27! and, in particular, for n = n,, (2.8) implies
K K
2p+1 1 1
ERTLS (O) Z Kl Z p]p Z % antant Z %bnsans . (212)
jinspiP <1 t28

Using (2.12) one gets

. . R,(c . . R, (c
inf sup lim sup ﬁ > inf suplimsup L()
{mn} ce¢ n—oo bnan {mn} cecCc s—0 bns Qg

> ﬁ inf sup lim supM .
- 22p {mn}’ ceC 5§—00 ERnS (C)

Because of (2.8) and the fact that for all c € C

Ryc)< Y Sprti< S ptt,

jmpP i< jmp2P i<t

the sequence {sup, R,(c)/ER,(C)} is bounded, so we can apply Lemma 2.2
for the subsequence {n} to get
R s (C) K1

inf sup lim su fn(c) > 5 inf suplimsup —=-~2_>_—— > ()
{mn} ceg n%oop bnan - 22 {mn} ceg s%oop ERnS (O) - 22 '

This, together with (2.11) implies the assertion. O

Again, the individual lower (and upper) rates are the same for D®M) and

D*P:M) (see Theorem 3.3).



Chapter 3

Pattern recognition

3.1 The pattern recognition problem

Let (X,Y),(X1,Y}), (X5,Y3), ... be independent identically distributed R% x
{0, 1}-valued random variables. In pattern recognition (or classification) one
wishes to decide whether Y (the label) is 0 or 1 given X (the observation),
that is, one wants to find a decision function ¢ defined on the range of X
taking values 0 or 1 so that g(X) equals Y with high probability. Assume

that the main aim of the analysis is to minimize the probability of error:
inf Z(g) o inf P{g(X)#Y} . (3.1)
Let
n(z) =P{Y =1|X =z} =E{Y|X =z}
be the a posteriori probability (or regression) function. Let

J(2) = 1 ifn(z)>1/2,

0 otherwise
be the Bayes-decision. Let
% def * *
'€ L(g") = P{g"(X) # YV}

be the Bayes-error and denote the distribution of X by pu.
It is well-known (see Devroye et al. (1996)), that for each measurable

function g : R%+ {0, 1} the relation

. 1
Lig) - L =2 ‘n - 5‘ Ity sgmy dpt (3.2)

holds, where I, denotes the indicator function of the event A. Therefore the

function g* achieves the minimum in (3.1) and the minimum is L*.

26
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In the classification problem we consider here, the distribution of (X,Y)
(and therefore also n and ¢*) is unknown. Given only the independent sample

D, ={(X1,Y1),...,(Xp,Y,)}, one wants to construct a decision rule
Gn() = gn(z, Dy) : R x (R? % {0,1})" = {0,1}

such that
L(gn) = P{ga(X) #Y|D,}

is close to L*.
Hence now the pair (X,Y’) and ¢g* play the roles of X and P of Chapter 1,

respectively. The loss function is the additional error

(gn, g*) < L(gn) — L* .

Since now p and 1 determines the distribution of (X,Y), the class D of
distributions is often given as a product of a class D, of allowed distributions
of X and a class D, of allowed regression functions. In this chapter we are
going to examine two kinds of restricted class. First, n has to be smooth as in
Chapter 2, second, n has to be {0, 1}-valued and D, is a Vapnik-Chervonenkis
class (see Section 3.4). For minimax lower rate results on other types of
distribution classes see Devroye et al. (1996) and the references therein.

If we have an estimate 7, of the regression function 1 and we derive a

plug-in rule g, from 7, quite naturally by

1 ifn,(z) >1/2,

gn(x) = .
0 otherwise,

then from (3.2) we get easily (see Devroye et al. (1996))

L(gn) — L* < 2| — 1)1 < 2|9 — 1| (3.3)

(as in Chapter 2, || - ||; and || - || denoteL; () and Ly(u) distances, respec-
tively). This shows that if ||n, —n|| — 0 then L(g,) — L* in the same sense,
and the latter has at least the same rate, that is, in a sense, classification is

not more complex than regression function estimation.



J. IAl'lERN RECOGNITION
3.2 Slow rate of convergence

As a consequence of (3.3), there also exist universally consistent rules, that

is, rules which satisfy
EL(g,) = L* (n — o0)

for all distributions of (X,Y).

The slow-rate-of-convergence result is also known. First Cover (1968)
showed that for every sequence of classification rules, for sequences {b,,} con-
verging to zero at arbitrary slow algebraic rates, there exists a distribution,
such that EL(g,) — L* > b, infinitely often. Devroye (1982) strengthened
Cover’s result allowing sequences tending to zero arbitrary slowly. The next

result asserts that EL(g,) — L* > b, for every n.

Theorem 3.1. (DEVROYE ET AL. (1996)) Let {b,} be a sequence of pos-
itive numbers converging to zero with 1/16 > by > by > .... For every

sequence of classification rules, there exists a distribution of (X,Y), such

that X is uniformly distributed on [0,1], Y =n(X) (L* =0) and

EL(gn) = bn
for all n. a
This implies that for every sequence {b,} tending to zero, liq(D, {b,}) = o0

for the class D of distributions with X ~ Uniform[0, 1] and Y = n(X), hence

every sequence tending to zero is an individual lower rate of convergence.

3.3 Lower bounds for smoothness classes

Classification is actually easier than regression estimation in the sense that

if E||n, —n|[1 — 0, then for the plug-in rule
EL(g,) — L*
E{[[n. —nl|*}

(3.4)
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(see Devroye et al. (1996) Chapter 6), that is, the relative expected error
of g, decreases faster than the expected Ly(u) error of n,. Moreover, if
l|7n — n|]1 — 0 a.s., then for the plug-in rule
L(gn) — L*
|70 — 1l
(see Antos (1995)), that is, the relation also holds for strong consistency.

— 0 a.s.

However the value of the ratio above can not be universally bounded, the
convergence can be arbitrary slow. It depends on the behavior of n near 1/2

and the rate of convergence of 7,.

3.3.1 Minimax lower bounds

Yang (1999) points out that while (3.4) holds for every fixed distribution for
which {n,} is consistent, the minimax optimal rates of convergence for many
usual classes are the same in classification and regression estimation. He
shows many examples and some counterexamples to this phenomenon with
rates of convergence in terms of metric entropy. Classification seems to have
the same complexity as regression function estimation for classes which are
rich near 1/2. (See also Mammen and Tsybakov (1999).)

For example, it was shown in Yang (1999) that for classes D*®M)  the
minimax optimal rate of convergence is n_ﬁ, the same as for regression
estimation (see Chapter 2). It is obviously a minimax upper rate of conver-

gence as a consequence of regression estimation (see (2.3) in Chapter 2).
Theorem 3.2. (YANG (1999)) The sequence

(o)
is a minimaz lower rate of convergence for the class D*®M),

Yang’s proof is based on some information-theoretic tools such as Fano’s

inequality. Here we give a new proof which applies the following lemma:

Lemma 3.1. (ANTOS (1999A)) Let u = (uy,...,u;) be an l-dimensional

real vector taking values in [—1/4,1/4]", let C be a zero mean random variable
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taking values in {—1,41}, and let Yi,...,Y, be indepedent binary variables
given C with
1
P{Yi:1|C}:§+Cui 1=1,...,1.

Then for the error probability of the Bayes decision for C based on Y =
(1/'17 et }/2)’

log l%qq

L*zq(l— \/ z

for any q > 0. In particular,

> 16710\/21, uf 47, uiu
p— 4 .

PrROOF. The Bayes decision is 1 if P{C = 1|Y'} > 1 and —1 otherwise.

Therefore,

L* = E{min(P{C = 1|Y},P{C = —1|Y})} .

Denote min(P{C = 1Y}, P{C = —1|Y'}) by . One can verify that

T
(C=1V}= 777
where
L 1 1 2Y;—1
f =+ u; = — Us Ly
_ Xaa®iDlos It Y %
where

Z; ¥ (2Y; — 1) log

For arbitrary 0 < ¢ < 1/2
™= q
if and only if

]__
[log T| < log — |
q

and therefore

]__
L* = B{r} > ¢P{r > g} =qP{|logT| < log q} |
q
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By Markov’s inequality,
~ E{|logT][}

log l%qq

1—
P{|logT| < log—q} >1
q

Moreover because of

|logT| = ZZi ,
i<l
we get
E{{logT} = EXzZ|< |BE(X 7] = [EXX 22+ 27
i<l i<l i il
- |[EB TR
i i
For —1/4 <z <1/4
1+2
log . T 2x = |log(1l+ 2x) — log(1 — 2x)| = log(1 + 2|z|) — log(1 — 2|z])
-2z

< 2|z| +log4 - 2|z| < 5|z .

Using the above inequality, we obtain on the one hand

and on the other hand
E{(2Y; — )25 — 1)} = 4B{¥}Yy} — 2B{Y}} — 2B{¥;} + 1
= 4E{Y}Yy|C=1}P{C =1} + E{V}Y|C = -1}P{C =-1}) — 1
_ 4<<l+ ) <1+ _>1+<1 ) (l >l> 1
- g T\ )T g T ) (o T ")
= 4uiuzv y

SO

E{Z,7:,% = E{(2V; - 1)(2Yy — 1)}1 1
(Z:Z:) = B{QY—1)(2Y; - )}log =5 log =5

du;uy log log
1—2u; ©1— 2uy

IN

A|u;| |log |ug | |log

100u2u?

7 Z’I.

IN
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Hence

i#£d!

E|logT| < \/25Zu +100 Y u2u2

Thus,

- log =4 logqu

4 U
sy (1 E{|logT|}> _q( 5/ u? + 45 utud )

By choosing

1
q 1+5\/Eu+421#,u u,
we obtain
o> 1 1

L exp(1 453 uf + 450 utud) 145,/ 02 + 4%, 0 udu?
S 1
o 10 44 uu?

DS

1 710\/2 u; +4Zl¢l,u u,
4 .

PrOOF OF THEOREM 3.2. Unlike Yang’s proof, our proof can be easily
modified to individual lower bound in Theorem 3.3. First we define a subclass
of distributions (X, Y’) contained in D*®™). We pack infinitely many disjoint
cubes into [0, 1]¢ in the following way: For a given probability distribution
{p;}, let {B;} be a partition of [0, 1] such that B; is an interval of length p;.

We pack disjoint cubes of volume p? into the rectangle
B; x [0,1]41.

Denote these cubes by

where
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Let a;; be the center of 4;;. Choose a function m : R? — [0,1/4] such that
(I) the support of m is a subset of [—1, 1]
(IT) fmdu > 0,

(IT1) m € Fe:M2"7"),

The class of a posteriori probability functions is indexed by a vector

Y

C = (Cl,la 01,2, .. .,01751, 02,1, 02,2, Ceey 62,52, .. )

of +1 or —1 components. Denote the set of all such vectors by C. For ¢ € C
define the function

1 XY

n(@) =5+ 323 ciamye(),
j=1k=1
where
mjx(@) = pim(p; " (¢ — ajx)).

Then it is easy to check (cf. Stone (1982), p. 1045) that (®(z) € [0,1] for
all z € [0,1]* and because of (III)

0@ ¢ FoM)

Hence, each distribution (X,Y) with Y € {0,1} and E{Y|X =z} = P{Y =
11X =z} = () for all x € [0,1]¢ for some ¢ € C is contained in D*PM),

which implies

: : EL(g,) — L*
lim sup inf sup —_—
n—oo an (X,Y)GD*(p’M) aTL
EL —L*
> limsupinf sup L (3.5)
n—oo  In (X V). X~ Unif[0,1]¢,E{Y| X =2} =n(°) (z),cEC an

Introduce the measure v by

) [

Then by (3.2), for an arbitrary rule g,

1
—Zldp.
772‘u

* 1 *
L(gn) — L = 2/‘77_ 5‘[{gn¢g*}dﬂz Q/I{gn;ég*} dv = 2/(9n —-g )ZdV-



9. IFATTERN RECOGNITION
Let ¢ € C be arbitrary and 1 = n®. Then
1
v(A) :/ ‘n(c) — —‘ du = /ij,kdu .
A 2 Y

By definition, {I4,,/2: j, k} is an orthogonal system in L,(v), therefore the

projection g, — % of g, — % is given by

. 1 R IA. (37)
gu(®) = 5 =D lujr—25
2~ 2
j
where
n— 1/2)dv
ey 2de AT
n,j,k — 2 -
1dv
I (Ia,,/2) dv Af k
J (gn —1/2)mk dp [ gamjidp
J mypdp ] mjrdp
Aj,k Aj,lc
Note that ¢, ;, € [—1,1] and ¢g* = % + 2k Cj’]gIATj’k. Thus

L(gn) — L = 2/(gn —g")dv

1 ) y
= 5limlh > (En — cip) "D
j.k
Let ¢, ;% be 1if ¢, > 0 and —1 otherwise. Because of
|Cngie = Cikl = |Cnje — €kl /2 = Tz, ; ptes i}
we get

Do =

d
Iml[s D" T s es iyt
7,k



J. FALTTERN RECOGNITION

This proves

—_

EL(gn) = L* = S[m|l1 Bn(c) , (3.6)

[\]

where

Ryc)= ijg?”-P{en,j,Hécj,k}. (3.7)

j:np?p+d§1 k=1
(3.5) and (3.6) imply
EL(g,) —L* _ 1 R,
limsupinf  sup L —||m||111m suplnfsup () . (3.8)
n—oo 9n (X,Y)eD*@.M) (07% 2 In cec Ay

To bound the last term, we fix the rule g, and choose ¢ € C randomly. Let
(Ciay...,Cs,,Co1,...,Ch4,,...) be a sequence of independent identically
distributed random variables independent of X, Xs, ..., which satisfy

1
P{Cl,l - 1} = P{Cl,l = —1} - 5 .
Set
C — (01,1, .. .,01751,02’1,. . .,02,52, .. ) .

Next we derive a lower bound for

ER,(C)= Y Z P PG # O}

jan]Z-p+dS1 k=1

Cn,jk Ccan be interpreted as a decision on C}, using D,,. Its error probability
is minimal for the Bayes decision C,, j, which is 1 if P{C};, = 1|D,} > 3

and —1 otherwise, therefore

P{¢njx # Cix} > P{Cpnjr # Cix} .

Let X, ,..., X;, be those X; which fall in A;;. Then given X,,..., X,
(Yvila sy lez)
is distributed as (Y3,...,Y;) under the conditions of Lemma 3.1 with u, =

mj,k(XiT), while
Y, Y) \ (Y, Y5)
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depends only on C'\{C};} and on the X,’s with r & {iy,...,%;}, and therefore
it is conditionally independent of C;; given X;,...,X,. Now conditioning
on Xi,...,X,, the error of the conditional Bayes decision for C}; based on
(Y1,...,Y,) depends only on (Y;

15+, Y;), hence Lemma 3.1 implies

P{On7jvk % C]ak|X17 et ’Xn}

16—10\/ZT m2 (Xi )44 Y, m (Ko )m2 (X )
4

16—10\/21. m3  (Xi)+4 Zi#, m? (Xi)m? | (Xy)
1 .

By Jensen’s inequality,

P{Cy i # Cjr} = E{P{Crjr # CjplX1,..., Xp}}

> %E {610\/2im§,k(xi)+4zi#, m?,k(Xi)m?,k(Xi’)}

1671013{ \/Zi m3 . (Xi)+4 Zi#, m]?,k(Xi)m]?,k(Xi/)}

1 6—10\/21. B{m?2, (X0)}+4 3, B{m2 , (X)m? (X))
4

L —10y/|lm[2np - fm (0 1)+

—€

4

independently of k. Thus,

S; _10llmlls [np2P+d ol 2r(n—1)p P+ 2d
ER,(C) > - Y St I/ Al ml 2 1)p

j:np]z.p+d§1 k=1
> %6—10||m||\/1+4m2 T st
jmpP i<t
1
> KoY, it (3.9)
j:np?p"_dgl
where .
5o = L o—10jmil\ /T mP (1)
Ty 2 '
Setting

1\ % . 1
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ER,(C) > K |n% |n %1 = Kjan(1 — o(1))

SO
. . R, (c . . .ER,(C
lim sup inf sup ﬁ > lim supinf M
n—oo 9n ccC anp n—oo Yn anp

>Ki>0.

This, together with (3.8), implies the assertion. O

3.3.2 Individual lower bounds

We show that for every sequence {b,} tending to zero, {b,n %} is an
individual lower rate of convergence of the class D*®M)  Hence there ex-
ist individual lower rates of these classes, which are arbitrarily close to the
minimax optimal rates.

Both these individual lower rates and the ones in Chapter 2 are optimal
(see (2.3) and also Remark 2 below), hence we extended Yang’s observation
for the individual rates for these classes.

Our results also imply that the ratio (EL(g,) — L*)/\/E{||n, — nl|?} can

tend to zero arbitrary slowly (even for a fixed sequence {n,}).

Theorem 3.3. (ANTOS (1999A)) Let {b,} be an arbitrary positive sequence

tending to zero. Then the sequence
{bnan = bnn_%’ﬁ}

is an individual lower rate of convergence for the class D*®M).

REMARK 1. Applying for the sequence {1/, }, Theorem 3.3 implies

lind(D*(p’M), {bnan}) =00 . O

REMARK 2. Since {n*ﬁ} is also an individual upper rate of convergence,
{nfﬁ} is an individual optimal rate of convergence. Moreover (2.3) in
Chapter 2 (more exactly, its version for D*®M)) and (3.4) imply that for
classification

lind(D*(p,M)a {niﬁ}) = 07
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which shows that Theorem 3.3 cannot be improved by dropping b,. This
shows the strange nature of individual lower bounds, that while every se-
quence tending to zero faster than {n %} is an individual lower rate for

DwM) {n’ﬁ} itself is not that. =

ProOOF. We use the notation and results of the proof of Theorem 3.2. Now
we have by (3.6)

; : EL(g.) — L*
inf sup limsup ————
{gn} (X,Y)E'D*(p’M) n—oo bnan
1 R, (c)
> —||m/||; inf sup lim su . 3.10
> 5l ||1{gn} up lim sup = - (3.10)

In this case we have to choose {p,} independently from n. Since b, and a,

tend to zero we can take a subsequence {n;}iear of {n}nen with
by, <27

and

a;{p <27t
27t 27t
@ L&ﬂ ’

qis - 541592, - - G2, - -5 Gty - o5 Gty e ey

Define ¢; such that

and choose {p;} as

where ¢, is repeated 277/¢; times. So

27t
oot = Y ="

j:npf.erdgl t:anp+d§1 e

> > b

tngP <1
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p
27t
> > bny | —
t:an, <an W +1
ni
al/P p
- Z bnt( nt 1/p>
ting>n ]- + 2t Any
by, i,
D D T
ting>n

by a}l{p < 27% and, in particular, for n = ng, (3.9) implies

. K
ER, (C)> K, > p> > ant n, > bnsans . (3.11)

4t nsp2p+d<1 t>s

Using (3.11) one gets

R, . : Ry
inf sup lim sup () > inf sup lim sup ﬁ

{gn} ccC n—oo nn — A{on} ceC S§—00 nsAng

> 5 inf sup lim su L(C)
- P {gn} ceg s~>oop ERns (C)

Because of (3.9) and the fact that for all ¢ € C

Rn(C) < Z Sjp]]qud < Z p]]qul ’

jmpiP i<t jmpPti<i

the sequence {sup, R,(c)/ER,(C)} is bounded, so we can apply Lemma 2.2

for the subsequence {n} to get

inf suplimsup 24 > K i qupi Rlo S Ky

inf sup lim su — inf suplimsup =———~-~ > —

{g9n} ceg n%oop bnan - 2r {gn} Ceg s%oop ERnS (C) - 2p

This, together with (3.10) implies the assertion. O

3.4 Lower bounds for VC classes

In this section we are concerned with the special case of concept learning (see
Devroye et al. (1996) and the references there). Let C be a class of subsets
of R%. Members of C are called concepts, and C is a concept class. Let D be

the class of distributions of (X,Y") such that ¥ = I{x¢cy, C € C. Hence in
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this case an unknown concept (or target) C' € C is to be learnt based on the

data
Dy, = (X1, Iix,ecy)s - - - (X, Iix,ecy))-

For these distributions L* = 0, thus I(g,¢*) = L(g). The joint distribution
of (X,Y) is determined by the pair (i, C), which will be referred to as a
distribution-target pair.

The expected probability of error is a useful quantity in describing the
behavior of L(g,). However, it is rather the tail probabilities

P{L(g,) > €}, e€]0,1]

that completely describe the distribution of the probability of error. In this

section we are also concerned with tail probabilities.

3.4.1 Minimax lower bounds

The minimax behavior of the expected probability of error has been thorough-
ly studied. It is a beautiful fact that for a given n, the minimax expected
probability of error is basically determined by the vC dimension V of the
class C, and it is insensitive to other properties of C. V is defined as the
largest integer k > 1 with s(k) = 2*, where the k-th shatter coefficient s(k)

of the class C is defined as the maximal number of different sets in
{{z1,..., 2} NC;C € CY,

where the maximum is taken over all zy,..., 2z, € R% If s(k) = 2F for all
k, then, by definition, V = oco. If V < o0, then C is said to be a Vapnik-
Chervonenkis class.

Haussler, Littlestone, and Warmuth (1994) showed that there exists a
learning rule such that for all distribution-target pairs,

v

EL(g,) < —, (3.12)

that is, {V/n} is a minimax upper rate of convergence for the class D. It is

also minimax optimal rate by
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Theorem 3.4. (VAPNIK AND CHERVONENKIS (1974)) For everyn >V —

1, and every classifier g,, there exists a distribution-target pair such that

EL(gn)zV_l(l—l) ,

2en n

that is, the sequence {V/n} is a minimaz lower rate of convergence for the

class D. 0

(3.12) and Theorem 3.4 together state that for V' > 2

RN THESE

The minimax problem for the tail probabilities is a more interesting (and
harder) problem. Here one is interested in the quantity

inf sup PAL(g) > e}
I (u,C)

if n, € and C are given. Now the loss function is the indicator

«\ def
[{9n}:9) = Lgllgn 110, 0y>e) »

which depends on n if € = ¢,. The vC dimension also appears in mini-
max upper and lower bounds for the tail probabilities. For example, results
of Anthony et al. (1993) and Lugosi (1995) (see also Vapnik and Chervo-
nenkis (1974), Blumer et al. (1989)) state that if g, is any classifier such that
9n(Xi) = Iixiecy for alli = 1,...,n, and {z : g,(x) = 1} € C, then for

ne >V +2
n4e

9 v

Piiia) z g <2([] @) e (3.13
that is, {(n%¢/V)Ve <} is a minimax upper rate of convergence for the class
D. Corresponding minimax lower bounds were first proved by Blumer,
Ehrenfeucht, Haussler, and Warmuth (1989), and Ehrenfeucht, Haussler,
Kearns, and Valiant (1989).
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Theorem 3.5. (DEVROYE AND Lucost (1995), SEE ALSO DEVROYE ET

AL. (1996)) For any classifier g,, there exists a distribution-target pair such
that

1 ( 2nee >(V_1)/2 —ine
2e\/m(V —1) \V =1

IS
whenever V> 2,n > V—1 and e < 1/4, that is, the sequence (%) T T }

P{L(gn) > 6} >

s a mintmax lower rate of convergence for the class D. O

The combination of (3.13) and Theorem 3.5 yield that for any concept class
C,withV >2 ne>V+2ande<1/4,

1 ( 2nee >(V1)/2 —dne

e1—4e S
2e\/m(V —1) \V =1

2 \%4
< inf sup P{L(g,) > €} <2 <{%-‘ 62> e "

I (1,0
3.4.2 Counter-examples

As mentioned in Chapter 1, the lower bound of Theorem 3.4 does not ex-
clude the possibility that there exists a sequence of classifiers {g,} such that
for every p and C' the expected error EL(g,) decreases at an exponential
rate in n. Indeed, it is easy to see that such classes exist with arbitrarily
large, and even with infinite, vC dimension (see Theorem 3.6 and 3.7 below).
Schuurmans (1996) studied the question when such exponential decrease oc-
curs, and characterized it among certain “one-dimensional” problems. We
illustrate through a simple example why it is impossible to give an individual
extension of the lower bound of Theorem 3.4 for all vC classes. It can be
seen similarly that no individual extension of Theorem 3.5 can be given for
all VC classes either.

Let C be any class containing finitely many concepts. Then consider a
learning rule that selects a concept C,, from C which is consistent with the

data D,, that is, gn(2) = I{zcc,y for some C,, € C, and

gn(Xz) :I{XiEC} for all 7 = 1,...,n,
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where C' € C is the true concept. Then (3.13) implies that

< log|C|+1 .
n

EL(gy,)

The beauty of this bound is that it is independent of the distribution-target
pair, and that it is essentially the best such bound by Theorem 3.4. However,
for all distribution-target pairs, the error decreases at a much faster rate.
This can be seen from the simple fact that g, can only make an error if
there is at least one concept C' € C with pu(C'AC) > 0 such that no one of
X1,..., X, falls in the symmetric difference of C" and C'. The probability of
this event is at most

> (-p@ac)y <] max (1 p(C'AC)"

C'eC:u(C'AC)>0 C'eC:u(C'AC)>0

which converges to zero exponentially rapidly. Since a finite concept class

can have an arbitrary vc dimension, this proves the following:

Theorem 3.6. (ANTOS AND LUGosI (1998)) Let V' be an arbitrary positive
integer. There exists a class C with vC dimension V' and a corresponding se-
quence of learning rules {gn} such that for all distribution-target pairs (u,C)
with C' € C and for all n,

EL(g,) <a-0",

where b < 1. The positive constants a and b depend on the distribution-target

pair. n

In other words, while {V/n} is a minimax optimal rate for this class, for
every subexponential sequence {a,} (e.g., a, = e™V") lina(D, {a,}) = 0, that
is, {a,} is an individual upper rate and cannot be an individual lower rate
of convergence.

If a concept class C is finite, its n-th shatter coefficient s(n) is bounded
above by |C| for all n, that is, the shatter coefficients do not increase with

n for large n. In such cases it is not surprising that the error can decrease
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at an exponential rate for all distribution-target pairs. It is natural to ask
whether the growth of s(n) determines the rate of convergence of the error.
This conjecture is false, and in fact, we may have an exponential rate of
convergence for all distribution-target pairs even for classes with infinite vc

dimension (for which s(n) = 2" for all n):

Theorem 3.7. (ANTOS AND Lucost (1998)) There exists a class C with
V = oo and a corresponding sequence of learning rules {g,}, such that for

all distribution-target pairs and for all n,
EL(gn) <a-b",

where b < 1. The positive constants a and b depend on the distribution-target

Pair.

PROOF. Let d =1 and let C contain all finite subsets of R. Let g,(x) =1 if
and only if there exists an X; such that z = X; and I;x,ccy = 1. O

Now while {1} is a minimax optimal rate for this class, every subexpo-
nential sequence is an individual upper (and not lower) rate of convergence.

The following example demonstrates the fact that the stability condition
in Lemma 2.2 cannot be dropped. Let C = {{i} : i € N'} be the class of one-
point concepts on the domain A of positive integers. Let {g,} be an arbitrary
sequence of learning rules, and for z € N/, define R, (2) = P{g.(X, D, (2)) #
Y(2)}, where Y (2) = I{x=» and D,(2) = (X1, I1x,=2), - - - (Xn, I{x,=2}))-

Let P{X = i} = ¢/(ilog®i) for an appropriate normalizing constant c,
and introduce the random variable Z distributed as X, and independent
of X, Xy,...,X,. Using a similar argument as in the proof of Theorem 3.8
below, one sees, for example, that for every n, ER,(Z) > const./nlog"(n+1).
However, similarly to the proof of Theorem 3.7, one can show easily that
there exists a sequence {g,} such that for every z, R,(z) converges to zero
exponentially rapidly. This demonstrates the fact that a minimax lower

bound for R,(z) cannot necessarily be converted into an individual lower
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bound, even if the randomization Z is independent of n. An additional
condition, such as the boundedness of

sup, R,(z)
ER,(Z)

needs to be satisfied.

Finding a fixed random variable Z such that ER,(Z) > a, for all n, is
useful in a different situation, even if the additional stability property above
cannot be verified. It allows us to derive lower bounds for the cumulative
error (see Section 3.4.4). In particular, in such a case we have, for every n,

that

sup ( no Ri(z)> > éERi(Z) . (3.14)

z2€EZ =
3.4.3 Individual lower bounds

Because of the reason mentioned above, extending the lower bounds of The-
orem 3.4 and 3.5 to their individual forms is clearly not possible for all vc
classes. However, the extension is possible for many important geometric
concept classes, and the role of the vc dimension is played by the number
of parameters of the class, which, in all of our examples, is closely related
to the vC dimension of the class. Thus, the situation here significantly d-
iffers from that of the usual minimax theory, where a single combinatorial
parameter—the vc dimension—completely determines the behavior of the
concept class.

In this subsection we provide examples of concept classes for which the
minimax lower bound of Theorem 3.4 for the expected probability of error
EL(gn) = P{gn(X) # I{xecy} can be extended to its individual version. All
examples shown here are based on lower bounds obtained for a very simple
concept class introduced in Haussler et al. (1994): The class Cy of unions of
k initial segments is defined as follows: let X = [0,1] x {1,2,...,k} be the
support of X, and

Cr = {U([o,zj] x {j}) : 2z €0, 1]’“} : (3.15)

=1
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The class Cy, is therefore parametrized by a vector of k& parameters: z =
(21,...,2¢) € [0,1]%. Clearly, the vc dimension of C; is also k, thus the
following result states that there always exists a distribution-target pair such
that the error is essentially within a factor of two of the upper bound of

(3.12) infinitely many times.

Theorem 3.8. (SCHUURMANS (1996), ANTOs AND Lucost (1998)) Let
i be the uniform distribution on X. For every sequence of learning rules
{gn}, there ezist a C € Cy such that if C is the “true” concept, then for all
0<e<,

EL(g,) > (1 — 6)% for infinitely many n,

that is, lina(D,{k/2n}) > 1 and {k/n} is an individual lower rate for D.

REMARK. Haussler et al. (1994, Theorem 3.2) showed for the class Cy of
unions of k initial segments that for every learning rule, and for every n,

there exists a C' € C;, such that

k -2
EL(g,) > %—O(n )

Furthermore, in their proof of this lower bound, the randomization is inde-
pendent of n. To make the proof of Theorem 3.8 short, we use many elements

of the proof of the above inequality. O

REMARK. Note that the lower bound k/(2n) — O (n™?) for the minimax
expected error is better in the constant factor than the bound of Theorem 3.4.

However, it is less general, since it does not apply to any vcC class. O
REMARK. It is clear from the proof of the theorem that the uniform distri-

bution may be replaced by any nonatomic distribution on X. O

PROOF. Let z € [0,1]% be the parameter that determines C' € C;. First

we introduce some notation. Let Y (z) = Iixecy, Yi(2) = Iix,ecy, and
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D, (z) = ((X1,Y1(2)),..., (Xn,Ya(2))). Denote X = (U, M) so that U is
uniformly distributed on [0, 1], M is uniform on {1,...,k}, and U and M

are independent. Introduce

l=max{u€[0,1] :u < U and (u, M) € {Xy,..., X, } U(0, M)}
and

r=min{u € [0,1]: u > U and (u, M) € {Xy,..., X, } U (1, M)} ,

that is, [ and r are the left and right neighbors of U among the data points
falling on the M-th segment. Finally, define the following (random) sets of

parameters:
Ly={z€[0,1]: 2y € [LU)} and Ry={z€[0,1]": 2y €[U,r)}.
Clearly,
EL(g,) > Rn(2) € P{g,(X,D,(2)) £ Y (2),2 € L, UR,} .

We apply Lemma 2.2 for R,(z). (The reason why we do not define R,(z)
as the expected probability of error EL(g,) itself is that this is the only
way we can ensure that the additional stability property (2.10) required by
Lemma 2.2 holds.) We will show that if the random vector Z = (73, ..., Z)
is uniformly distributed on [0, 1)* and independent of X, X;,..., X, then

B{f.(2)} = 2(71]:— 0 2ns 1k)2(n+2) (1 -(1- %)nH) . (316)

and {sup, R, (2)/E{R,(Z)}} is bounded, from which the theorem follows.

First we prove the lower bound for the expected value of R,(Z). By the
independence of Z and X, X;,..., X,

R.(Z)=P{g9.(X,D,(2)) #Y(Z),Z € L, UR,|Z} , (3.17)
and

E{Rn(2)} = P{gn(X, Dn(2)) #Y(Z),Z € Ln U Ry}

= E{P{g.(X,Dn(2)) #Y(Z),Z € L, UR,|X, X1,..., X,,)}}
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= E{P{0.(X,D0(2)) # Y(2)|Z € Lo, X, X1,..., Xp}
P{Z € L)X, X;,..., X,,}
+P{g.(X,Dn(2)) £ Y (2)|Z € Ry, X, X3, ..., X}
P{Z ¢ Rn|X,X1,...,Xn}}
> E{min(P{Z € L,|X,X1,..., X,},P{Z € R\[X, X\,..., X, })}

= E{min(U—-1,r-0U)}

- 2(n11 1) a 2(n + 1k)2(n—|— 2) (1 a (1 a %)nH) ’

where the last equality follows from direct calculation, which is detailed in
the proof of Theorem 3.2 in Haussler et al. (1994).
On the other hand, we observe that for each fixed z € [0, 1]*,
2k
R,(2) <P L,UR,} < ——. 3.18
() SP{zel R} < — (3.15)

This may be seen by conditioning on the set {X, Xy,..., X, }, and observ-

ing that since X, Xy,..., X, are i.i.d., the probability remains the same by
permuting them. Of the (n + 1)! permutations, there are at most 2kn! such
that X is a neighbor of one of the z;’s. Therefore,

sup, R,(2)
ER,(Z)

so the condition of Lemma 2.2 is satisfied, and the proof of the theorem is

<4+ o(1),

complete. O

We extend Theorem 3.8 to more general classes of geometric concepts
by embedding, showing that the above lower bound remains true for many
other important classes of “dimension” k. (Here by dimension we mean the
number of parameters of the class, which, in most of our cases, essentially
coincides with the vc dimension of the class.) These examples include the
class of halfspaces, the class of d-dimensional intervals, the class of euclidean
balls, the class of all ellipsoids, certain classes of neural networks, etc.

For example, we have the following straightforward corollary of Theo-

rem 3.8.
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COROLLARY 3.1. (ANTOS AND Lucost (1998)) Let C be a class of con-

cepts. If there exist invertible measurable mappings fi,..., fr : [0,1] — R4
such that the sets fi([0,1]) are disjoint and for all z = (z1,...,2,) € [0,1]*
there exists a C' € C with

cn (fl([oa 1]) u---u fk([oa 1])) - fl([oazl]) u---u fk([oazk])a

then for any sequence of classifiers {gn}, there exists a distribution-target
pair (p, C') with p concentrated on fi([0,1]) U---U fx([0,1]) and C € C such
that for all 0 < € < 1,

k
EL(g,) > (1 — 6)2— for infinitely many n,
n

that is, lina(D, {k/2n}) > 1 and {k/n} is an individual lower rate for D. O

The above corollary may be applied to many important geometric con-
cept classes. Below we give a short list of examples. The proofs are quite

straightforward, most of them can be found in Haussler et al. (1994, p.279).

1. If C is the class of subsets of R that can be written as a union of m

intervals, then k£ = 2m.

2. k = d for the class of d-dimensional octants:
{xERd:xi Sai,izl,...,d}, ai,...,aq0 € R,

where x4, ..., x4 are the components of the vector x.

3. k = 2d for the class of d-dimensional intervals:
{xERd:ai <z sz,lzl,,d} ,

where a,b1,...,aq,b5 € R.

4. k =d if C is the class of halfspaces of R, that is, sets of the form

d
{x:Zaixi—l—aOzO}, ao, G1,...,00 € R .

=1
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5. k=dif

C:{{xERd:ﬁ(xi—ai)ZO}: al,...,adER} .

i=1
6. k = d+ 1 for the class of balls in R¢:
d
{x eR: D (wi—a;)* < 7"} ;
i=1

where aq,...,aq,7 € R,7 > 0.

7. k = 2d for the class of all d-dimensional ellipsoids:
d (o _ o \2
{xERd:Zwﬁl} ,
i=1 i

where a,b1,...,aq,b5 € R.
8. k = md for the class of convex polyhedra of m faces in R?.

9. k = md for the class C of all neural network classifiers on R? with m
hidden nodes in their single hidden layer, that is, each C' € C is of the form
{x : Zaia(bincT +¢) +ag > 0} ,

i=1
where ag,...,0m,C1,....Cm € R, b1,...,bm € R and o is the threshold

sigmoid () = Ifz~03. (2" denotes the transpose of a vector z.)

REMARK. Based on Corollary 3.1, we may define a new “dimension” A for

a concept class C as follows: let A be the largest integer £ such that there

exist & invertible measurable mappings fi,..., fx : [0,1] — R? such that the
sets f;([0,1]) are disjoint and for all 2 = (21,...,2,) € [0,1]" there exists a
C € C with

Cn (A0, 1) U= U £((0,1]) = f(10, 20]) U+ - U fr ([0, 21)).-

If no such mapping exists then A = 0, and if for each k there are k£ mappings
with the above property, then A = oo.
Corollary 3.1 shows the relation of A to individual lower bounds for the

expected error. Lower bounds for A may be obtained in specific cases by
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construction. For upper bounds, note that it is easy to see that A <V, since
aset {x1,...,xa} is shattered by C if for each i < A, z; € f;([0,1]). Further,

it is easy to see that for each n,
A
n
> | —

o(m) 2 {AJ
(just put at least |[n/A| of the n points on each image f;([0, 1]) of the segment
[0,1], 4 =1,...,A), which means that also A < D, where D is the Assouad
density of C, defined as

D:inf{r>0:sup@<oo} ,
n n’

see Assouad (1983). (It is well-known that D < V| D < oo if and only if
V' < 00, and that for each £ there exists a class C with V' =k and D = 0.)
Thus, we have

ALSD<LV.

On the other hand, it follows from Theorem 3.7 and Corollary 3.1 that there
exists a class C such that D =V = oo, but A = 0. O

3.4.4 Cumulative error bounds

Let {g,} be a sequence of learning rules. The cumulative error is defined as

ﬁZI{gl i+1,Di)#x; ecy} o

that is, the relative frequency of errors committed by the sequence in the
first n steps, if the first ¢ labelled examples are always used to predict the
label of the i 4+ 1-th example. Now the loss function is the cumulative error

probability

of 1
({gl i=19 df Zng

Based on the results of the previous subsection, it is easy to obtain indi-

vidual lower bounds for the expected value of the cumulative error.
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It is a direct consequence of (3.12) that there exists a sequence of learning

rules such that for all distribution-target pairs

Vieg(n+1)+1

{ Z[{gl Xiq1,D #I{Xl+1€(”}}}< ’

n

which means that for the expected cumulative error {Vl—og—n} is a minimax

upper rate of convergence for the class D (see Haussler et al. (1994)).
Haussler et al. (1994) considered minimax lower bounds for the expected

cumulative error. The observation (3.14) is at the basis of the proof of their

result:

Theorem 3.9. (HAUSSLER ET AL. (1994)) For the class Cy, introduced in
Section 3.4.3, for every n, and for every sequence of learning rules, there ex-

i1sts a distribution-target pair such that the expected cumulative error satisfies

k n+1 1
Zf{f“ X DDAl x ecr) ( 2 5, <log k _1> 4n’

that is, for the expected cumulative error the sequence {klo%} 1S G MINIMax

lower rate of convergence for the class D. O

We have the following individual extension of the above minimax lower

bound:

Theorem 3.10. (ANTOs AND LucosI (1998)) Let p be the uniform dis-
tribution on [0,1] x {1,2,...,k}. For every sequence of learning rules {g,},
there exist a C' € Cy such that for all 0 < e <1,

k . .
{ ZI{gz Xir1,D ¢I{X1+160}}} (1-— 6)% logn for infinitely many n,

that is, for the expected cumulative error lina(D, {£logn}) > 1 and {k'E2}

15 an individual lower rate for D.

Proor. We apply Lemma 2.2 with

) LS PN, D) # Yin(2), 2 € LU R
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(Recall the definition of Y;(z), D;(z), L; and R; from Section reflower.)
Clearly,

n

{ I{gz Xit+1,Di )#I{X1+1€C}}}
1=1

§|'—‘

- %ﬁzp{gz( 1 Di(2) # Vi (2)) = Ral2)

Then it follows from (3.16) that if Z is uniform on [0,1] x {1,2,...,k}, and
independent of X, X7, X5..., then

k
ER,(Z) > o (log

n+1 1) 1
k dn

(For the details see Haussler et al. (1994, p.278).) On the other hand, (3.18)

implies that for each z,

<

2
2k log(n+1) ,
n

§|*—‘

i

1+ 1

so condition (2.10) is satisfied, which completes the proof. O

3.4.5 Bounds for the tail probabilities

The purpose of this subsection is to give individual lower bounds of the
following type: let C be a class of concepts, and let {¢,} be a sequence of
positive numbers. Then for any sequence of learning rules {g,}, there exists

a distribution-target pair (i, C') with C' € C such that
P{L(g,) > €,} > a,, for infinitely many n.

Here we would like to have

Jerk g—canen

a, & (coney,

for some constants ¢, ¢, ¢, where k is the “dimension” of C so that the result
is indeed an extension of Theorem 3.5. Clearly, these bounds are much more

informative than bounds for the expected value of L(g,). For some sequences
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of {€,}’s (which we believe to be the most interesting ones) we will be able
to prove such results if C is one of the geometric concept classes discussed in
Section 3.4.3.

Clearly, the most interesting values of €, are constant multiples of 1/n,
since this is the range where the probability of error L(g,) of a good learning
rule g, is expected to be with high probability. Our result extends Theo-

rem 3.5 to such values of €,:

Theorem 3.11. (ANTOS AND LUGoOsI (1998)) Let Cy. be the class of unions
of k initial segments as defined in (3.15), and let pu be the uniform distribution
on X = 10,1 x {1,...,k}. Let €, €, ...be nonnegativ numbers such that

{vn = ne,} does not tend to oo as n — oco. For any sequence {g,} there

exists a C' € Cy, such that for each § € (0,1),

1 k—1 n 7
P{L(g,) > e} > (1 — 5)5 > @e‘c% for infinitely many n, (3.19)
=0 v
where ¢ = 10g256 ~ 5.545, $0 lina(D, {3 (cne,/(k — 1))*temmn}) > 1, that
is, {(cne, /k)F~te= } and so {1} is an individual lower rate for D. O

REMARK. At the price of more complicated arguments, the value of the

constant ¢ may be improved to something slightly larger than 2. a

REMARK. A possible choice is €, = v/n for any v > 0. O

REMARK. Note that since

k-1 i k—1
> —(Cyn)le*”" > (—C% ) e M
= ! k—1

apart from constants, the lower bound of Theorem 3.11 has the same form

as that of Theorem 3.5. O

REMARK. By the same embedding argument as the one used in Corollary
3.1, Theorem 3.11 can be extended to the concept classes listed in Section

3.4.3. 0
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The intuitive idea behind the proof of Theorem 3.11 is that in each of the
k segments, inside the interval between the rightmost data point labelled by 1
and the leftmost data point labelled by 0, no learning rule can do better than
mere guessing. Thus, the sum of the lengths of these intervals determines the
size of the minimal probability of error. In the proof we exploit the fact that
the length of these intervals have approximately exponential distribution, and
they are almost independent, therefore we may approximate the minimax tail
distribution of L(g,) by the tail of an appropriate gamma distribution. The
proof is quite technical, so parts of it are given in lemmas after the main line

of the proof.

PrROOF OF THEOREM 3.11. We assume that v, = v > 0, the proof of the

general case is identical. First we introduce some notation:

U,; = max{u € [0,1] : (u,5) € {X;: ;i =1} U(0,/)} ,

U:{j =min{u € [0,1] : (u,j) € {X;: Y;=0}U(1,5)},

A= (U5 U5

nj’ ~'nj

k
Ay = A .
7j=1

Step 1. We apply Lemma 2.2 for R,(z) = R, ,(z), where for each € > 0,

def
Rpe(2) = P{L(gn) > €} =P { / Lig, (2,00 () £Y (0} Api(x) > 6} :
X

(Here Y'(x, 2) = Ijzec.y, where C, is the concept associated with the param-
eter z € [0,1]%.) Just like in the proof of Theorem 3.8, let Z = (Zy,..., Z};)
be uniformly distributed on [0, 1]¥, and independent of X, X1, ..., X,. Since
Ry, (z) is always bounded above by 1, and since the desired lower bound
of (3.19) does not tend to 0 as n — oo, it suffices to prove a suitable lower
bound for ER,, .(Z), as the stability property (2.10) is automatically satis-
fied, that is, {sup, R,(z)/ER,(Z)} (or at least one of its subsequences) is
bounded.
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We will show that for each n and e,

i e[ )

(where v = ne), which proves the theorem, since the term inside the brackets

‘)

/ g (@, Da(z) 2y @2y () > €| Z

[\]

converges to zero rapidly as n — oo.

Clearly, by the independence of Z and X, Xy,..., X,

R, (2) = P { / Lg. (@, (2)£Y (2,20} () > €
X

Y

Thus, we have

ER, . (Z)

v

/ Lga(e,pn(2) 2y (@23} dp() > €
= EqP / Lga (e, Du(2))2 (.2} dp(2) > €] Dn(2)

= EqP /I{gnwn( DAY (.20} dp(x) > €| Di(2)
Jj= 1,4

nj

Step 2. In this step we obtain a lower bound for P{L(g,) > €} in terms of
the spacings containing the Z;’s. Let §,; = U;“j —U,;. For all n and € > 0,

1 1&E
j=1

ProoOF or STEP 2. Clearly,
1 1
/ Ligu@u@)2y @2} Ai(7) = 2 M(Anj N (Baj & C)) = - A(Bng & Cnj)

Anj

where A is the one-dimensional Lebesgue measure, and

B, ={x € A, : gu(z,Dn(2)) =1},
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and
Cri =CNA, .

Then it follows by Lemma 3.2 below that

1y
/ Lg.(@.0u(2))27 @2} di() 2 o |Uns + M(Buj) = Z;

Anj

and therefore

k
P Z / Ly, (@,00(2))£Y (5,2)} du(x) > €| D, (Z)
jzlAnj
= { Z|U + A(Brj) — Zj| > ¢ Dn(Z)}
1

= e

where the last inequality is proved in Lemma 3.3 below. Taking expected

{ Z&m > 46}

as desired. O

values of both sides, we obtain

ER, (Z) >

l\DI»—t

Step 3. Obviously,
R R
P oY &> dep >Peod 6> 46 YN; > 00,
J=1 J=1
where N; denotes the number of X;’s falling on the j’th segment [0, 1] x {;}.
If N; > 0, given N;, the conditional distribution of &,; is the same as the
distribution of the sum of two spacings defined by N;+1 i.i.d. uniform random

variables on [0, 1], that is, for all € € [0, 1],
P{&; > €Ny, ..., Ni} = P{&; > €| N;} = (1 — €)™ (1 + Nye)

(see, e.g., Reiss (1989)). A crucial step of the proof is approximating the
conditional distributions of the &,;’s by appropriate exponential distribu-

tions. For N; > 0, define \; = N;log4 — 2log(1 + N;/2), and define the



J. FALTTERN RECOGNITION

random variables &, ..., &, such that given Ny, ..., Ni, they are condition-
ally independent, and the conditional distribution of f{zj is exponential with

parameter );, that is,
P{&,; > e[Ni,... Ni} = P{g,; > e N;} = e

, ) : N

i — ) ;= Ty=v -y .
(If N; = 0 for some j, then P{{ . > ¢/N Ny} is defined arbitrarily.)
Then, by Lemma 3.4 below, for all e,

=3
—~
T
1S
~—

1Kk 1Kk _
P{%Zgnj > 4e,VN; > 0} > P{EZI% > 4e,VN; > 0} — ke
J:

=1

Step 4. To finish the proof of (3.20), it remains to show that

LA =1 (o) Y ok
P E;ﬁnj246,VNj>0 ZZZ:% e (1—ke )

To do this, we may proceed as follows:

1& 1&
P {% Zdu Z 46,\V/N]’ > 0} =E {]{VNJ->0}P { % Zdu Z 4e
Jj=1 Jj=1

1k
> E{[{VN]->0}P{E2:1§ZJ-Z4€ Nl;---aNk}}
]:

(where the &n; are defined exactly as the

NN}}

n; but with A\; replaced by A = N;log4)

k I ¢n

o\
E {[{VNJ->0}P{M > 4€‘N1,. . ,Nk}}

Z?:l )\;
N Nk}}

(by Lemma 3.5 below)
(where given N, ..., N, the random variable ®; has

v

k
= E {]{VNJ->0}P {(I)k Z 462)\;

=1

k-th order gamma distribution with parameter 1,

"

since given NN;, each )\; nj has exponential

distribution with parameter 1.)
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= E{Iyn>0P{® > dnelogd| Ny, ..., Ny}}

(since 8 | X = nlog4)

i=1"

=1 ()i
{I{VNj>0} > () e w}
i=0

2!

I
=

o
3

= ) e "P{VN; > 0}

v

e 7 (1 — ke’”/k) ,
since
1 n
P{VNj>0}2l—kP{leo}zl—k<1—E> >1— ket

and the proof of (3.20) is finished, so the proof of the theorem is complete.
O

The following lemmas are used in the proof above. We use the notation

introduced in the text.
Lemma 3.2. Let
Enj = (Uns: Upj + A(Buj)) x {5} -
For alln, j € {1,...,k}, 2 € [0,1]¥, and data points X, ..., X,,

AN(Bpj & Crj) > MEyj A Cpj) .

PRrROOF. Clearly, A(E,;) = A(Byp;). Assume, on the contrary, that
ME,j A Chj) > MBaj A Chyj) -
Then
either  A(Ey,; N Crj) > AN(Bp; NCyj) or  AN(En; N Chy) > AN(Bnj N Chj)

where A = [0,1] x {j} — A is the complement of a set A C [0,1] x {j}. In

the first case C,; C F,;, so we have

)\(En]) = )\(En] N C—n]) + )\(En] N Cn]) > )\(Bn] N C—n]) + )\(Cn]) > )\(Bn]) ,
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a contradiction. In the second case E,; C C,;. Then similarly to the first

case,
A(Eny) )‘(Enj N Cny) + A(Eny N Cny) > )‘(C—m) + )‘(B—nj N an) > >‘( nj) )
again a contradiction. O

Lemma 3.3.

{ Z|U + A(Buy) — Zj] > €

1
Dn(Z)} > 5Tus sy

PROOF. Since given D,, the Z;’s are independent and uniform on the sets

Al
{ Z|U + A(Brj) — Zj|>€Dn(Z)}

nj?
M({z € ®j:1 Anj : 1 |Unj + AM(Buj) — zj| > €})
Ak( j:l A;“L])

where A is the one-dimensional, and Ay is the k-dimensional Lebesgue mea-

sure. Define M,; = £(U,; + U,}), and

k
T, % Q (M., U)

7j=1
Then

({2 € @y Ay 550 Uy + ABuy) — 55 > €})
Ak( j:lA;z]) N

({ZE® An]:llgzkl|ZJ_Mnj|>€})

>

- )\k( AL )

2Nz eT g Ejzl(zj — My;) > €})

B 26\ (Tr)

> M({z €T, %Z?:I(Zj M) > & Z] 1 gzj }
- M (Th)

Y

(T N {22 Sy (2 — (Mg + %)) > 0})
M (Th)
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whenever % Z?Zl &nj > 4e. Observe that the last expression equals 1/2, since
the numerator is the volume of the intersection of the rectangle 7,, with a
halfspace defined by a hyperplane containing the center of the rectangle. The

proof is complete. O

Lemma 3.4. Let the random variables &,; and 57’” be as defined in the proof

of Theorem 3.11. Then for all e,

1F 1 .
P{%ng > ¢, YN; >0} ZP{EZ&J- > ¢, YN; > 0} — ke

J=1 J=1

=3
~~
—
|
el
N——

PROOF. It is easy to see that for all N; > 0,
P{&,; > €|N;} > P{¢; > €|N;}

whenever € < 1/2, and we have equality for e = 1/2. Thus, if VN; > 0,

vV
w

v

w
——
x| =
S”l

\Y%

™
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1 k
> P{%Z&ge
j=1

Clearly, for each j with N; > 0,

k

1

e - P {8, 5[0}
J:

Using the fact that N; is a binomial random variable with parameters n and

1/k, we get, by straightforward calculation, that

1 1
Ple, 258 >0} = ElluaP {6, 2 5| V]
< E {efNj(longl/Z)}

Taking expected values, we get the desired inequality. O
Lemma 3.5. Let &,...,& be independent exponential random wvariables
with parameters A1, ..., \p > 0, respectively. Then for each €,

i By e
P{%;§j>e}ZP{M>G}:P{®’“>I€O‘}’

j=1 )‘j

where A = %Ele Aj, and the random wvariable ®y has k-th order gamma

distribution with parameter 1.

PROOF. We prove the lemma by induction for k. We will use two simple

facts:

FacT 1. Let n,& & be real-valued random variables such that 7 is in-
dependent of (&,£') and P{{ > z} > P{¢ > z} for all z € R. Then
P{{+n >z} >P{ +n >z} for all z.

Fact 2. Let & and & be independent, exponential random variables with

parameters A; and \,, respectively. Assume 0 < A < Xy, and let 6 =
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(A2 — A1)/2. Then for all € > 0, the probability P{& + & > €} is monotone
increasing in 0 (while holding A\; + A, fixed). In particular, P{& + & > €} >
P{(I)Q > )\,6} for \' = ()\2 + )\1)/2

PRrROOF OF FAcT 2. Straightforward calculation shows that for 6 > 0,

)\26_/\; — ;16_)‘25 e <)\,€Sinh(5e)
2= A1

P{& +& > e =

and for § = 0,

€

+ Cosh(é.s)) :

P{& +& > el =P{® > Ne} = (14 Ne)e ™.

Since sinh(z)/z and cosh(z) are monotone increasing on [0, 00), Fact 2 fol-

lows.

Now we are ready to prove the lemma. The statement is trivially true for
k =1, and by Fact 2 for £ = 2. Let k£ > 3, and assume that the statement
is true for £ — 1. There exist two indices j, 7' < k such that A; < X and
Ay > A. Without loss of generality, we assume that A\; < A and Ay > A.
Let &) and & be independent exponential random variables with parameter
Aand A; + Ag — A, also independent of all §;. Since

[\ = Ao A A
2 2

-

Fact 2 implies that

P{&i+&>e} >P{ +& > €} .

Also, by the inductive assumption,
P {{; + ijfj > 6} > P{(I)k_l/A > 6} .
j=3
Using these and Fact 1 twice, we obtain
P{zk:fj >6} > P{ﬂ+§;+§:§j > e}
j=1 j=3

> P{gi + (I)k—l/)\ > 6}

= P{(I)k > )\6} .



Chapter 4

Functional estimation

4.1 Functional estimation problems

We are given n i.i.d. observations D,, = {X},..., X, }, drawn from the com-
mon unknown distribution of X on the discrete set X'. Let F' be a functional
assigning a real (possibly infinite) value to each possible distribution of X.
In many cases it is of great importance to be able to estimate F' accurately
if it is finite, that is, find an estimate F,, = F,,(X1,...,X,,) of F such that

|F,, — F| is small. Hence the loss function is the obvious distance
I(F, F) ¥ |F, — F|.

Important special cases are, when F' is the expectation, the entropy, the

mutual information and the Bayes-error in pattern recognition.

Expectation. In the first case X has a distribution p(i) on X C R, and

the expectation of X is

F=m®EX =Y i

1eX

Also one would like to estimate the moments (and so the variance) of X,

P EB{X") =Y (i)

1eX

which leads again to the estimation of the expectation.

Entropy. In the second case assume that X has a distribution p(i) on the

set of the natural numbers A, and consider the entropy of X, given by

F=Hg%_ Zp log, p(7)

64
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This quantity has crucial importance in information theory (see, e.g., Cover

and Thomas (1991)).

Mutual information. In the third case we consider, we have a two-di-
mensional variable (V, W) with distribution p(z, j) on N? and marginal dis-
tributions py (i) and pw(j). The mutual information of V' and W is defined

as

F=1% p(i, ) logy —————— .
St lon G

Bayes error. In the fourth case, we consider a two-dimensional variable
(X,Y) with distribution v(4, j) on N x {0,1}. The distribution of X is (%)
and the conditional distribution of Y given X is given by P{Y = 1|X =i} =
n(i). The Bayes-error
P 1 3 ) min((),1 = 1) = 3 min(o (i, ) (6.0

i=1
is the best possible probability of error we can achieve in classification, see
Chapter 3. Thus it is important to estimate L* accurately, even before pat-
tern recognition is attempted. Also, a comparison of estimate of the error

probability L(g,) of a decision rule and that of L* gives us an idea how much

room is left for improvement.

4.2 Consistency

First we prove a consistency result under general assumptions. If p(i) deter-

mines the distribution of X, let the functional F' be given in the form:

F (Zf@p )

where f : N x [0,1] = R and g : R — R are real-valued functions. The
plug-in estimate of F' is defined by

Fy dﬁfg(;f(i,pn(i))> :
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where
1 n
pali) = = > Iix;=iy
n i
denotes the relative frequency of the occurence of ¢ in the sample of size n.

Theorem 4.1. (ANTOS (1999B)) Assume that for each i € N, f(i,-) :

[0,1] — R is nonnegative, concave, continuous and for each integers n and

e50) - ()<

for some positive constants p and K. Also suppose that g : [0,00) — R is

0 < j <n it satisfies

monotone increasing, concave, and Lipschitz(q, K'), that is,

lg(z) —g(y)| < K'lz —y|?, z,y €[0,00) .

If pg > 1/2, then the plug-in estimate of F is strongly universally consistent,
that s,
lim F,,=F a.s.

n—o0

If F < oo, the estimate is also consistent in Lo, that is,

. 21
JHEOE{(F”_F) }=0.

The proof of Theorem 4.1 uses the following lemmas:

Lemma 4.1. (McDIARMID (1989)) Let X, ..., X, be independent random

variables on X, and assume that f : X™ — R satisfies
sup X|f(x1,...,xn) — flz, i, X my,xn) | < g, 1< i <n
1y €
Then for all e > 0
P{f(Xy,....X,) —Ef(X1,...,X,) > e} <e?/Xin | O

Lemma 4.2. (DEVROYE (1991)) If the conditions of Lemma 4.1 hold, then

1.
Var{f(XlaaXn)}SZZC? O
i=1
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PrROOF OF THEOREM 4.1. We prove the following properties of F,:

(a) For every n

(b) For every n

(c) For every € > 0
P{|F, — EF,| > ¢} < 2¢ K™™'

where K| =

()

2
K2 (2K)2q .

1
Vaan S W

(a) is obvious, because g is monotone.

(b) follows directly from Jensen’s inequality and the concavity of the
functions f(7,-) and g.

Lemma 4.1 implies (¢). To see this, note that by changing the value of one
sample point X;, there can be two values, j and k such that p,(j) increases
by 1/n and p, (k) decreases by the same amount. Then by the properties of
the functions f(i,-), the value of 3, f (7, pn(i)) cannot change by more than

2K

np ’

hence, by the properties of the function g, the value of F,, cannot change by
more than
K'(2K)1
np4 )
Lemma 4.2 implies (d), similarly.
Noting that, by the strong law of large numbers, for each i, lim,,_, o, p, (i) =
p; a.s., continuity and Fatou’s lemma imply

liminf 3 £(.pa(i) > 3 f(i.p(i) s,

n— 00
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Since ¢ is increasing and continuous on (0, o)

liminf F,, = liminfg (Z f(i,pn(i))> >g <lim iani: f(i,pn(i))>

n— 00 n— 00 n— 00

> o(Sop) = as (@.1)
For pg > 1/2 it follows from (c) and the Borel-Cantelli lemma that

limsup F;,, = limsup EF,, a.s.,

n—o0 n—o0

which is at most F' by (b). This and (4.1) together imply
lim F,, = F a.s.
n—00
To get the Ly consistency, again by Fatou’s lemma, we obtain

F > limsup EF,, > lirgrl)gleFn > E{ligr_l)iongn} =F.

n— 00

Thus, lim,,_,,, EF,, = F', and since
E{(F, — F)*} = Var F, + (EF, — F)? , (4.2)

using (d), we conclude that for F' < oo, lim,_,., E{(F,, — F)*} = 0. O

We show that the plug-in estimates of the four functionals mentioned
above are consistent, that is, li,q(D,{1}) = 0, where D is the class of all

allowed distributions.

Expectation. The plug-in estimate of the expectation m is just the obvious
average estimate
T'L:I Xj . .
m, = =I——= = "ip,(i) .
n i€ex
Theorem 4.2. (LAW OF LARGE NUMBERS) The plug-in estimate of m is

strongly universally consistent, that 1s,

lim m,, =m a.s.
n—oo

For |m| < oo it is also consistent in Ly, that is,

lim E{|m, —m|} =0. O

n—0o0
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REMARK. Obviously an analogous statement holds for the moments of X.
a

Entropy. The plug-in estimate of the entropy H is

an ) log, pn(7) -

Theorem 4.3. (ANTOs (1999B)) The plug-in estimate of H is strongly u-

niversally consistent, that is,
lim H, = H a.s.
n—oo

For H < o0 it is also consistent in Ly, that s,

lim E{(H, — H)’} =0.

n—o0

Proor. We apply Theorem 4.1. Now

f,p(i)) = —p(i) logyp(i) and g(x) =

The conditions are satisfied with K’ =1, ¢ = 1, with any 1/2 < p < 1 and

K= m (e.g., p=3/4 and K = 3 are suitable). O

REMARK. Directly we could prove the following properties of H,:

(a) For every n

OSHn SlOgZTL

because H,, is just the entropy of a distribution concentrating on at

most n different points.

(b) For every n
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(c) For every € > 0
P{|H, —EH,| > ¢} < 2¢ 7<'/?login

because for each integers n and 0 < j <n

1 . ) . 1
]t log2‘7+ —llogzl S_oan‘
n n n
(d)
l 2
Var H, < P82 7
n

Mutual information. For the mutual information let
o 1 &
Pn(%]) = - Z I{Vk:i,Wk:j}
=

denote the relative frequency of the occurence of (7, ) in the sample of size
n, with marginal distributions {py,,(7)} and {pwn.(j)}. Using the identity
I =H(V)+ HW)— H(V,W), the results for entropy estimation show the
consistency of the plug-in estimate

. Pnliy J)
In =" puli,j)log, — ="~ .
2pnlid)log, o )

COROLLARY 4.1. (ANTOs (19998B)) If H(V,W) is finite then the plug-in

estimate of I is strongly universally consistent and consistent in Lo, that is,

lim I, =1 a.s.
n—00

and

lim E{([, - I)*}=0. O

n—00

REMARK. Note that it is possible that H(V, W) = oo while I = 0. O
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Bayes-error. In a first group of methods, the Bayes-error L* is estimated
by an estimate L, of the error probability L(g,) of some consistent classifi-
cation rule g,. As such, this problem has been attempted, for example, by
Fukunaga and Kessel (1971), Chen and Fu (1973), Fukunaga and Hummel-
s (1987) and Garnett and Yau (1977). Concerning the error estimation of
specific classification rules, see Chapter 10 in McLachlan (1992). Clearly, if
the estimate L,, we use is strongly consistent in the sense that L, —L(g,) — 0
with probability one as n — oo, and the rule is strongly consistent, then
L, — L* with probability one. In other words, we have a strongly consistent
estimate of the Bayes error probability.
For example, the plug-in estimate of L* is
R o0
L, => min(v,(i,1),v,(i,0)) ,
i=1

where

o 1 .
va(i, j) = — Y Iix=ivi=jy » 3 =0,1
k=1

denotes the relative frequency of the occurence of (i, 7) in the sample of size
n. This is just the resubstitution estimate of the error probability of the
histogram rule, if the cells of the partition are the points {i} (see Devroye et
al. (1996)). The consistency of this estimate can be proved the same way as
Theorem 4.1. But it is also a consequence of the consistency of the histogram

rule and that of the resubstitution estimate.

Theorem 4.4. (DEVROYE ET AL. (1996)) The plug-in estimate of L* is
strongly universally consistent and consistent in Ly, that is,

lim L, = L" a.s.
n— o0

and

lim E{|L, — L*|’}=0. O

n—o0

REMARK. The theorem also holds for any (not discrete) distribution, if
the plug-in estimate is defined by L, = Sy min(v, (A, 1), vn(Ani, 0)), where
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Un(Aniy §) = =50 Iixeeanyvi=y (7 = 0,1), and {A,;} is an appropriate
sequence of partitions (see, e.g., Devroye et al. (1996)). O

4.3 Slow rate of convergence

In this section we show that without assuming some conditions on F', there is
no method that guarantees a certain rate of convergence for all distributions
with finite value of F', that is, the convergence of the error of any estimates
can be arbitrary slow. Let F' be a general functional and let D be a class of
distributions. The next result establishes a general result for the convergence

in probability under some technical conditions.

Theorem 4.5. (ANTOs (1999B)) Let f : RT — R be continuous, stricktly
decreasing function with f(1) > 1/2 and Y32, f(k) < 1. Assume that for any
discrete weight vector {qo, q1,...} with >°,q¢ =1 and 0 < ¢; < f(i) (i > 1),
there is a subclass of distributions {j, : u € {0,1}N} C D parametrized by
a binary sequence u = (uy, us,...) with the following properties: There are
disjoint sets By, By, Bs, ... on X with p,(B;) = q; independently of u. For
© > 1, the restriction of p, to B; is chosen from two possibilities according to
the value of u;. Let F(u) = F(py). If u and v’ are two bit vectors coinciding
in all but the k-th bit (k > 1), then |F(u)— F(u')| > f(k). Assume moreover
that for all u, F(u) is finite. Then for any sequence of estimates {F,} and
for any sequence {b,} of positive numbers converging to zero, a distribution
on X may be found in D to be the distribution of X, such that F < co and
for any e > 0

1
P{|F, — F| > b,} > 5 € infinitely often.
REMARK. Applying for the sequence {v/b,} instead of {b,}, Theorem 4.5

implies that for any {F},} there is a distribution in D such that for any K > 0

limsupP{|F,, — F| > Kb,} > - . O
n— 00

N
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Denote the distribution of D,, by x(™. The proof of Theorem 4.5 uses the

following lemma:

Lemma 4.3. (ANTOS (19998B)) Consider a class of distributions p, , para-
metrized by a binary sequence u = (uy, uz, ...) and z with the following prop-
erties: The value of F(u) = F(fy,.) does not depend on z. Let Z be a random
variable taking the possible values of z and let A, C X" such that, on one
hand, ¢, = M&@(An,k) does not depend on (u,z), and on the other hand, if

u and u' are two bit vectors coinciding in all but the k-th bit (k > 1), then

for every o = (xq,...,2,) € Apg

Eu")(a7) = Eull, (z}) . (4.3)

For such coinciding u and v’ assume moreover that |F(u) — F(u')| > f(k).
Then for any sequence of estimates { F,} and for any sequence {b,} of positive
numbers converging to zero,

1
sup lim sup P{|F},(D,(u, 2)) — F(u)| > b,} > 3 hgﬁgp%,n ,

U,z  Nn—00

for any {k,} such that k, > 1 and f(k,) > 2b, for all sufficiantly large n.

PROOF. We use randomization such that (u, z) is replaced by the indepen-
dent random variables (U, Z), where U = (U, Us, .. .) is an i.i.d. Bernoulli(3})
sequence.

Let U¥ and UF denote the vector U, with the difference that U* forces
the k-th bit to be 1 and U* forces the k-th bit to be 0.

Introduce the notation
R, (u,z) = P{|F,(Dy(u,2)) — F(u)| > b,} .
Now R, (U, Z) < 1, thus by Fatou’s lemma

sup limsup R, (u, z) > E{limsup R, (U, Z)}

U2  N—»00 n—00

> limsupE{R,(U, 2)}
n—oo
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= limsup B{P{|F(Du(U, Z)) = F(U)| > bu|U, Z}}

= limsupP{|F,(Dw(U, 2)) = F(U)| > b}

2 limsup E{P{|F,(Dw(U, Z)) = F(U)| > ba| Du(U, Z) M, w21 4003} -
Conditioning on D,,(U, Z) in A, for k =k, > 1,

= P{|F.(D,(U, %)) — F(U*)| > b,,U, =0|D,(U, Z)}
+P{|F,,(D,(U, Z)) — F(U%)| > b,, Uy = 1|D,,(U, Z)}
= P{|F.(D,(U,2)) — F(U")| > ba|D,(U, Z)}P{U;, = 0|D,,(U, Z)}
+P{|F(Da(U, Z)) = F(UY)| > by | Du(U, 2)}P{U, = 1| Dy (U, Z) }
because (4.3) implies that P{U,, = 1|{U*, D,,(U, Z)} = 3 for every possible U*
and D, (U, Z) € A, x, and thus U* and Uy (or U¥ and Uy) are conditionally
independent given D, (U, Z) € Ay . Moreover P{U, = 1|D, (U, Z)} = 5 for
D, (U,Z) € Ay, s0
P{|F,(Dn(U, 2)) = F(UE)| > ba| Du (U, 2)YP{Ux = 01D, (U, 2)}
+P{|F.(Du(U, Z)) = F(UY)| > bu| Du(U, 2)}P{Ux = 1| D, (U, Z)}

= %P{|Fn(Dn(U, 7)) = F(UE)| > b,| D, (U, 2)}

L %P{|Fn(Dn(U, 7)) = F(UY)| > b, Do(U, Z)}

> %P{|Fn(Dn(U, 2)) = F(UY)| + |F,(Do(U, 2)) — F(UY)| >
> 2b,| Dy (U, Z) }

> ?qmwh—FWEDmeaam}

> %P{f(k)>2bn|Dn(UaZ)}

_ Tymemn
Lol

Taking expectation on A,

E{P{|Fn(Dn(Ua Z)) - F(U)| > bn|Dn(U7 Z)}[{Dn(U,Z)EAn,k}}
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I
> {f(k)2>2bn} o

In summary,

I 1
sup lim sup R, (u, z) > lim sup Mcn k, > = limsupcy,,
U,z n—oo n—oo 2 ’ 2 n—oo ’
by the choice of k,. O

PROOF OF THEOREM 4.5.  Since b, — 0, we can assume that b; < 1/4,
i =1,2,.... For a given {¢;} apply Lemma 4.3 in the case when z is fixed
to, for example, 0. Let A, x = {a} :4i z; € B;}. Then

Cnk = M(Ln)(An,k) = (1 - Qk)n

independently of u, and if v and « differ only in the k-th bit and 27 € A, 4,
then

p (@) = ()
Hence by Lemma 4.3 we get that for any sequence of estimates { F},} and for

any sequence {b,} of positive numbers converging to zero,

Y

DO | —

1
sup limsup P{|F,,(D,(u, 2)) — F(u)| > b,} > 5 limsup(1 — ¢, )" >

u,2  N—»00 n—00
if f(k,) > 2b, and g, < 1/n? for all sufficiantly large n.

This is satisfied if, for example, k, = [f7'(20,)] — 1(— 00), @& =
min (m, f(k)) and qo = 1 — >332, g

So for all {b,}, there is {gx} and w that limsup,_,. P{|F,(Dn(u)) —
F(u)| > b,} > 1/2, which implies that for all {b,}, there is {¢gx} and u that

for any € > 0
1
P{|F,(Dy,(u)) — F(u)| > b,} > 5 € infinitely often. O

COROLLARY 4.2. (ANTOS (1999B)) Assume the conditions of Theorem 4.5.
Then for any sequence of estimates { F,} and for any sequence {b,} of positive
numbers converging to zero, a distribution on X may be found in D to be the

distribution of X, such that F' < oo and

E{|F, — F|} > b, infinitely often. O
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REMARK. This means that every sequence tending to zero is an individual

lower rate of convergence for the class D of distributions. O

REMARK. Applying for the sequence {y/b,} instead of {b,}, Corollary 4.2
implies

lind(D, {bn}) =o0. O

REMARK. The phrase “infinitely often” cannot be dropped from Theorem 4.5
and Corollary 4.2 (that is, the limes superior cannot be replaced by limes
inferior here). Indeed, there exist deterministic sequences {f,} with |f, —
F| < ¢/y/n infinitely often for some constant ¢ for every F. Just consider
the dyadic sequence
, 1 1 2 3 4 1 2 6 1 2 64

and let fo,_1 = f; and fo, = —f). Now for every F, for every i large
enough, there is an element of the sequence in the first 2(1 +4 + - - - 4 4%) <
4 - 4° elements, whose distance from F is at most 27°. Thus ¢ = 2 is a
suitable choice. With F}, = f,, we thus obtain a very good estimate along an
(unknown) subsequence for every real functional. (This can be generalized

from R to certain finite dimensional spaces, see also Birgé (1986).) O

Now we can apply Lemma 4.3, Theorem 4.5 and Corollary 4.2 for the

four particular functionals.

Expectation. As an application of Corollary 4.2, we obtain

Theorem 4.6. (ANTOS (1999B)) For any sequence of estimates {m,} and
for any sequence {b,} of positive numbers converging to zero, a discrete dis-

tribution of X on R may be found such that |m| < oo and

E{|m, — m|} > b, infinitely often.

ProOOF. Take, for example, f(z) = 27*. Given {qo,q,...} with 0 < ¢; <
27" (i > 1), we find a sequence {I,[5,...} of positive integers to be specified
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later. Then we consider the sets By = {0} and B; = {27%,27"+1[;}, each with
two points. Let p,(B;) = ¢; independently of u, and for a bit vector u the
distribution p, of X on B; (i > 1) is described constructively as follows: if
u; = 1 then X = 274 [;, while if u; = 0, then X = 27*. For this distribution,
it is easy to verify that

o0 . o0 . o0 o0
m=m(u) =Y ¢2 " +uili) =Y 27" + D> wiqili < K+ qils,
i=1 i=1 i=1 i=1

where K = 32, ¢;27". If u and «’ differ only in the k-th bit, then

o0

m(u) —m(u') = ;(Uz — ug)qil; = (up — uy) qrly,

and thus, |m(u) —m(u')| = qely. For k > 1 the inequality 27% < gl < 2-27F
is satisfied if, for example, I}, = [ﬁ}, and thus m(u) < K + 2. O

This means that every sequence tending to zero is an individual lower

rate of convergence for the class D of all discrete distributions.

REMARK. Examine the parameter () = E{|X|logh(1 + |X|)} of the distri-
butions in the class above. For a distribution corresponding to u, [?)(u) =

e e (27F + ugly) logh (1 4+ 27F + ugly), so

Z qkuklk lOgg(l + uklk) S l(p) (u) S K1 quuklk logg(l + Uklk) + K2 .
k k

By the choice of g, [P (u) < oo if and only if 3, qrusli logh(1 + ugly) < oo,
thus () is finite over the class if and only if 3, qily logh(1 + ;) < oo, that
is, Sp qrlx logh I, < co. For monotone decreasing b,, a good choice is ¢ ~
2*’“) and

: 1
min (max{n:bn22—k} ’

» k 1 1\* k 1 ?
Z qrli logy I, = Z 2 log, — — log, ~ Z 2 logy, — — k
k k dk k dk

Qrl

is finite if 3, 2 % logh é is finite. For example, if b, = log;" n,r > 0, then

gr ~ min(272"" 27y ~ 272" and

1
> qrlilogh — ~ S 27 kp/)
k Ol k
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which is infinite for » < p and finite for » > p. This means that for » > p
the rate {log;n} is an individual lower rate of convergence for the class of
2

distributions with finite /?), and suggests that the rate {log;pn} can be achived
2

for this class. O

REMARK. Examine the moment parameter m® = E{|X[P} (p > 1) of
the distributions in the class above. For a distribution corresponding to w,

m® (u) = ¥ qr(27F + ugli)?, so
quuklz < m(”)(u) < gp-t (Z @27+ quﬂﬁ) )
k k k

By the choice of g, m® (u) < oo if and only if ¥, gruplt < oo, thus m®
is finite over the class if and only if 3 qxl¥ < oo. For monotone decreasing
b,, a good choice is g ~ min (m, 2"“) and ¥ qrlh ~ 3, W'
For example, if b, = n™",r > 0, then g, ~ min(27%/"27%) and ¥, qul5 ~
S 2 K- (-1 max(51) - which is infinite for < 1 — 1/p and finite for r >
1—1/p. This means that for r > 1 —1/p the rate {} is an individual lower
rate of convergence for the class of distributions with finite m®, and suggests

that the rate { =277} can be achived for this class (see Theorem 4.11). O

Entropy. As an application of Corollary 4.2, we obtain

Theorem 4.7. (ANTOS (1999B)) For any sequence of estimates {H,} and
for any sequence {b,} of positive numbers converging to zero, a distribution

of X on N may be found such that H < oo and

E{|H, — H|} > b, infinitely often.

PrOOF. Take f(x) = 27°. Given {qo,q1,...} with 0 < ¢; < 2774 > 1,
we find a sequence {ly,lq,...} of positive integers to be specified later. Let
l; = logy ll. Then we partition the positive integers into consecutive blocks

B; of cardinality [, = 1, I1, I}, I}, . ... Let u,(B;) = ¢; independently of u, and
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for a bit vector u the distribution p, of X on B; is described constructively
as follows: if u; = 1 then X is drawn uniformly over the [} integers in that
block, while if u; = 0, then X takes the first point in the block. For this
distribution, it is easy to verify that
o0 00
H = H(u) = ;UiQi log, I — ZO gilog, ¢i = Z uigil; ZO gi10g, ¢i -
If v and v’ differ only in the k-th bit, then

o0

H(u) — H(u') =Y (us — uj)qils = (up — uy)qel,

i=1
and thus, |H (u) — H(u')| = qlk. For k > 1 the inequality 27% < gl < 2-27*
is satisfied if, for example, I, = [21/@29] and thus H(u) < 4 + 22,27
O

This means that every sequence tending to zero is an individual lower

rate of convergence for the class D of all distributions on N.

REMARK. Examine the moment parameter H®) = Y. p(i)logh(1/p(i)) o

the distributions in the class above. For a distribution corresponding to w,

H®) (u) = Xk qr(—logy qr + ugly)?, so
1
S qrupll < H®)(u) < 2¢71 <Z qr logh — + ZQkuklz> :
k k Ol k

By the choice of g, H? (u) < oo if and only if ¥, qrurly < oo, thus H®
is finite over the class if and only if 3, ¢xl} < oco. For monotone decreasing
b,, a good choice is g, ~ min (m, 2*’“) and Y, qrlh ~ 3 p%
For example if b, = n",r > 0, then ¢ ~ min(27%/7,27%) and ¥, qkl/,c ~
¥ 2 K- (p-Dmax(L.0) which is infinite for 7 < 1 — 1/p and finite for r >
1 —1/p. This means that for r > 1 — 1/p the rate {=-} is an individual
lower rate of convergence for the class of distributions with finite H® | and

suggests that the rate {17} can be achived for this class. O
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Mutual information. As an application of Corollary 4.2, we obtain

Theorem 4.8. (ANTOs (1999B)) For any sequence of estimates {I,} and
for any sequence {b,} of positive numbers converging to zero, a distribution

of (VW) on N x N may be found such that I < oo and

E{|I, — I|} > b, infinitely often.

ProOOF. Take f(z) = 27°. Given {qo,q1,...} with 0 < ¢; < 277 (i > 1),
we find a sequence {lo,lq,...} of positive integers to be specified later. Let
l; = logy ll. Then we partition the positive integers into consecutive blocks
B! of cardinality [, = 1, I}, I}, I}, .... Let B; = Bl x B}. Let u,(B;) = ¢
independently of u, and for a bit vector u the distribution p, of (VW) on
B; is described constructively as follows: if u; = 1 then V' is drawn uniformly
over the [} integers in that block and W = V| while if u; = 0, then V' and
W are drawn uniformly and independenly over the /! integers in that block.
For this distribution, it is easy to verify that
I=1(u)= i wu;q; logy I — ifh log, ¢; = i u;qil; — ifh log, g;.
i=1 i=0 i=1 i=0

If w and u' differ only in the k-th bit, then

o0

I(u) = I(u') = (u; — uj)gilogy i = (uy — uj)qel,

i=1
and thus, |I(u) — I(u')] = qlp. For k > 1 the inequality 27% < gl < 2-27*
is satisfied if, for example, [, = [2/@297 and thus I(u) < 4+ $2,i27% O

This means that every sequence tending to zero is an individual lower
rate of convergence for the class D of the symmetric distributions of (V, W)

on N2 (that is, p(i, ) = p(j, ).

Bayes-error. If L, is an estimate of L(g,), though for many classifiers,
L, — L(gy) can be guaranteed to converge to zero rapidly, regardless what

the distribution of (X,Y) is (see Chapters 8, 23, 24 and 31 of Devroye et
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al. (1996)), in view of Theorem 3.1, the rate of convergence of L(g,) to L*
using such a method may be arbitrarily slow. Thus, we cannot expect a good
performance for all distributions from such a method.

The question thus is whether it is possible to come up with another
method of estimating L* such that the difference L,—L* converges to zero
rapidly for all distributions.

A weaker kind of negative result is known for this general case:

Theorem 4.9. (DEVROYE ET AL. (1996)) For every n, for any estimate

L, of the Bayes error probability L*, and for every ¢ > 0, there exists a
distribution of (X,Y"), such that

E{|L,-L|}>1/4—¢. O
Using Lemma 4.3, we can show the following slow-rate result:

Theorem 4.10. For any sequence of estimates {En} and for any sequence
{bn} of positive numbers converging to zero, a distribution of (X,Y) on N X

{0,1} may be found such that for any e >0

~ 1
P{|L,— L*| > b,} > 5 € infinitely often.

ProOF. Given {b,}, we find a sequence {ly,[s,...} of positive integers to
be specified later. Then we partition the positive integers into consecutive
blocks of cardinality ly,[5,13,.... Let z = (21, 2,...) be a vector assigning
a bit to each integer, and let u = (uy, ug,...) be a vector assigning a bit to
each block. Then the distribution v, , of (X,Y) is described constructively

as follows: first a block B is drawn from the geometric distribution:

1
— L i>1.
27,

P{B=i}=¢q =
Then X is drawn uniformly over the /g integers in that block. If ugp = 0,
then Y = zy, while if ug = 1, Y is Bernoulli(1/2), independent of X. For
this distribution, it is easy to verify that

L* =L (u) =) S

=1
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Observe that L* depends upon u only.
Apply Lemma 4.3 by replacing z by the i.i.d. Bernoulli(1/2) sequence
Z=(Z1,Zy,...). Let App ={(x1,y1), ..., (Tn,yn) : Vi, j; 25,2 € By = x; #

x;}. Then
2,2

Cnk = VunZ(Ank) Z 1-— " Gk
’ ’ ’ 2lk

independently of (u,z), and if u and «' differ only in the k-th bit and

(xla yl)a IO (xna yn) S An,k; then

Eyu?%((xla yl)a R (xna yn)) - EVq(;L,)Z((xla y1)7 et (xna yn)) .

Moreover, for such coinciding v and ', |L*(u) — L*(u')| = 27%~1. Hence
by Lemma 4.3 we get that for any sequence of estimates {L,} and for any

sequence {b,} of positive numbers converging to zero,
sup lim sup P{|L,, (D, (u, 2)) — L*(u)| > by}
U,z N—00
1 1 1

1. n?q? 1 o
SR (1 T, )T R e Ty

if 27k~ > 2b, I, > n? and lim, ,, k, = oo. This is satisfied if, for
example, k, = [logy(1/4b,)] — 1(— o0) and [; = max*{n : k, < i}.

So for all {b,}, there is {l},u and z that limsup, ,. P{|L,(Dy(u,z)) —
L*(u)| > b,} > 1/2, which implies that for all {b,}, there is {l;},u and z
that for any € > 0

~ 1
P{|L,(D,(u,2)) — L*(u)| > b,} > 3¢ infinitely often. O

COROLLARY 4.3. (ANTOS, DEVROYE AND GYORFI (1999)) For any se-
quence of estimates {L,} and for any sequence {b,} of positive numbers
converging to zero, a distribution of (X,Y) on N x {0,1} may be found such
that

E{|L, — L*|} > b, infinitely often. O

This means that every sequence tending to zero is an individual lower rate

of convergence for the class D of all distributions on N x {0,1}.
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REMARK. In pattern recognition, another important quantity is the asymp-
totic error probability of the nearest neighbor rule, Lyx = 2352, u(i)n(i)(1—
n(i)) (see Devroye et al. (1996), Chapter 5). We can also estimate Lyy con-
sistently by a plug-in estimate, the proof is similar to that of Therorem 4.1.
Observing that for the subclass of distributions used in the proof of The-
orem 4.10, Lyny = L*, we get that the slow-rate result also holds for the
estimation of Lyy. The same is true for the asymptotic error probability of
the k-nearest neighbor rule, Lyxy = Y00, (i) (n(7)), where «y, is a suitable

polinom (see Devroye et al. (1996), Chapter 5). O

REMARK. Noting that if n = p (on the support of X) then L* = min(p, 1—p)
(even, L* = 1/2 if and only if n = 1/2), one can interpret deciding whether
n = p or not, as a first small step toward estimating L*. Interestingly, in
spite of the slow-rate result above, for given p, testing whether n = p (and
so whether L* = 1/2) or not can be performed at an exponential rate, that
is, there is a sequence of tests {T,, : (N x {0,1})" — {0,1}}, such that
P{T,(D,) # Ity=p}} < a-b", b <1 for all distributions of (X,Y). O

4.4 Rate of convergence

According to the results of the previous section, in order to get rate-of-
convergence results, we have to assume conditions to the distribution. There
are such results for the expectation, and we show a rate-of-convergence result

for the plug-in estimation of entropy and mutual information.

Expectation. Asit was predicted in the second Remark after Theorem 4.6,

assuming m® = E{|X|P} < oo, the theorem below implies the upper bound

of
1
0 (nll/l’>

for the L; error of the plug-in estimates of the expectation.
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Theorem 4.11. (BAHR AND ESSEEN (1965), SEE THEOREM 2.6.20 IN
PETROV (1995)) For 1 <p <2, if E{|X|P} < oo then for

n
DY SP.¢
mn - )
n

CE{XPY'»

1
E{|mn - m|} S (E{|mn - m|p}) /r S nl—l/p

|

This means that for 1 < p < 2 for any sequence {b,} tending to zero,
lind(Dp,{bnl%l/p}) = 0, that is, {bn%up} is an individual upper rate of

convergence for the class D of distributions with finite m®.

Entropy. Assuming appropriate tail condition, the theorem below implies

logn
o (na/(l-i-a) )

for the L, error of the plug-in estimates of the entropy.

the upper bound of

Theorem 4.12. (ANTOs (1999B)) Assume that for some 0 < a < 1 there
exist positive constants ci, co > 0 and a suitable indexing of the weight vector

{pi} such that ¢, /i't® < p; < ¢p/i'™®. Then for the Ly error of the plug-in

estimate )
log”n
2y _
(1, — 17} = 0 ot )
REMARK. If a > 1 the proof gives O(log® n/n). O

PROOF. By (4.2) and (b) and (d) following the proof of Theorem 4.3, it is

enough to prove that

logn
H — EHn =0 (W) .

First we prove that

H-EH, <Y pilog, <1+ p) .

=1 npl
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Observe that for any 1,

E [—Pn i log2 Pn z]

- -3 host (k)pi?(l—pi>“k

-1 k—1 n—1—(k-1)
= _pzZIOgQ A=)

— k+1/n—-1
= —p; 1 - k 1— 7;n—l—kz
DI ( L
i (0 s 1))
n

—D)p;+1

where in the last step we applied Jensen’s inequality for the concave function

log, . Summing for ¢
> —1)p;+1
i=1 n

and so

1-—
H - EH, <2:p,log2 <1+ p><2pzlog2<1+
np

=1 3 i=1

)
pi)

Splitting this sum into two terms

1
szlogz<1+ ) < Z pzlogz + Z i

=1 { inp; <1 { inp;>1 npi

< Z Di 10g2 Z

inp; <1 ( IS npl>1

for n > 2. Now taking the bounds on p;, p; > 1/n implies i < (CQ”)H;D‘ and

p; < 1/n implies 7 > (cln)w;a. So for the second term

1

io: 1 < w < Céﬁnfﬁ )
wnp; >1 n n

For n large enough, the first term

o0

K :
Z D log2 < Z ZlTla log, @

imp; <1 Z‘z(cln)l/(l+a)



x. T UNCOCLIIONAL BESTIMATION

K, 70 log x J
x
log 2 xlte
(Cln)l/(1+a)—1

— Kl 1 ]_Og{L' 1 1 (Cln)l/(1+a)_1
~ log?2

o o? xo
0

logn

< G na/(+a)

concludes the theorem. O

Mutual information. Again, using the identity I = H(V) + H(W) —
H(V, W), the results for entropy estimation show that assuming appropriate

tail condition, the theorem below implies the upper bound of
logn
o (na/(l-i-a))
for the Ly error of the plug-in estimates of the mutual information.

COROLLARY 4.4. (ANTOSs (19998B)) Assume that the tail condition of The-
orem 4.12 holds for the distributions of V., W and also (V,W). Then for the

Ly error of the plug-in estimate
log*n
— 2 — -
E{(I,- 1)’} =0 (nza/(1+a)> . O

REMARK. If a > 1 the proof gives O(log® n/n). O
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