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Abstract. The local coefficient of ergodicity τ(T, Y ′, w) of a nonnegative column-allowable
matrix T at a fixed positive vector Y is defined as the supremum of d(X′T, Y ′T )/d(X′, Y ′) for X
not colinear to Y and d(X′, Y ′) ≤ w (d is the projective distance in the positive quadrant). A
near-closed-form expression is given for τ(T, Y ′, w). If T ′ is scrambling (i.e., no two rows of T ′
are orthogonal), then for any Y > 0, w < ∞ we have τ(T, Y ′, w) < 1. When Y is a positive left

eigenvector of T and Xo > 0, these results can be used to prove the convergence in direction of X
′
oT

p

to Y ′. Results are illustrated with a numerical example.
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1. Definitions and first properties. In the theory of nonnegative matrices
the coefficient of ergodicity τ(T ) of a column-allowable n×n matrix T = (tij) (i.e., a
matrix having no zero column) is defined as

τ(T ) = sup
X,Y >0;X �=λY

d(X ′T, Y ′T )
d(X ′, Y ′)

,(1.1)

where d(X ′, Y ′) = maxi,j ln(xiyj/xjyi) is the projective distance between the positive
vectors X = (xi) and Y = (yi) [4, p. 83].

The quantity τ(T ) (which is between 0 and 1) is a contraction coefficient for the
linear operator T since d(X ′T, Y ′T ) � τ(T )d(X ′, Y ′); τ(T ) takes its full usefulness
when it is < 1 since T is then a contracting operator.

For an initial vector Xo > 0 we may be interested in the dynamical system
X ′

p = X ′
oT

p, p = 0, 1, . . .. Suppose Y is a left Perron vector of T . The corresponding
eigenvalue is the spectral radius ρ(T ) of T [3, p. 493] and Y ′T p = ρ(T )pY ′ for any
integer p ≥ 1. The projective distance between Y (the fixed point of T ) and Xp then
satisfies

d(X ′
p, Y

′)= d(X ′
oT

p, Y ′)= d(X ′
oT

p, Y ′T p) � τ(T )pd(X ′
o, Y

′), p= 0, 1, . . . .(1.2)

If τ(T ) < 1, then (1.2) shows that the vectors X ′
oT

p approach Y in direction
when p→ ∞.

The problem is that τ(T ) < 1 only for T positive, which is a rather strong
condition. With a single zero element in the matrix, the coefficient τ(T ) is 1; T
is then not a contraction and (1.2) can no longer be used to easily conclude that
d(X ′

oT
p, Y ′) → 0.

If T is primitive, then a power of T is positive and the same result holds. However,
there are cases where T is imprimitive or even reducible and one would still like to
use a simple contraction-type argument to see whether d(X ′

oT
p, Y ′) → 0 for p→ ∞.
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The approach used here will hinge upon the fact that one of the two vectors
appearing in the projective distances of (1.2) (i.e., Y ′ or Y ′T p) is always a scalar
multiple of Y . Therefore in the definition (1.1) of τ(T ) the vector Y could be fixed.
Furthermore, it may not be necessary to find a supremum for arbitrarily large values
of d(X ′, Y ′) in the denominator. Indeed, in the example of (1.2) it would suffice for
τ(T ) to be a supremum over all d(X ′, Y ′) bounded by some positive w > 0 since the
projective distances between the iterates X ′

oT
p and Y ′ are nonincreasing.

In order to address these issues we define B(Y,w) as the ball of center Y and
radius w > 0 for the projective distance, i.e., X ∈ B(Y,w) ⇐⇒ d(X ′, Y ′) ≤ w. We
now consider the following definition (in which the vector Y is an arbitrary positive
vector; Y is not assumed to be a Perron vector of T ).

Definition 1.1. The local coefficient of ergodicity (LCE) of a nonnegative matrix
T in a neighborhood B(Y,w) of a vector Y > 0 is defined as

τ(T, Y ′, w) def
= sup

X>0;X �=λY

X∈B(Y,w)

d(X ′T, Y ′T )
d(X ′, Y ′)

.(1.3)

If X ∈ B(Y,w), then

d(X ′T, Y ′T ) ≤ τ(T, Y ′, w)d(X ′, Y ′),(1.4)

and if τ(T, Y ′, w) < 1, we say that T is a local contraction with respect to Y .
The definition and properties of τ(T ) insure that τ(T, Y ′, w) is defined and is

≤ 1. The LCE has a submultiplicative property similar to the one that holds for
τ (i.e., τ(T1T2) ≤ τ(T1)τ(T2)). Indeed, let {Ti}i=1,2,... be a sequence of column-
allowable matrices and define the forward product Up = T1T2 . . . Tp. The submulti-
plicative property is then given in the following proposition.

Proposition 1.2. For positive vectors X,Y we define wo
def
= d(X ′, Y ′). With

the notation given above, we then have

τ(T1T2, Y
′, wo) ≤ τ(T2, Y

′T1, wo)τ(T1, Y
′, wo)(1.5)

and more generally

τ(Uk, Y
′, wo) ≤ τ(Tk, Y

′Uk−1, wo)τ(Tk−1, Y
′Uk−2, wo) . . . τ(T1, Y

′, wo).(1.6)

Proof. Because d(X ′T1, Y
′T1) ≤ d(X ′, Y ′) we have

τ(T1T2, Y
′, wo) = sup

X>0;X �=λY

X∈B(Y,w)

d(X ′T1T2, Y
′T1T2)

d(X ′, Y ′)
(1.7)

≤ sup
X′T1 �=λY ′T1

X∈B(Y,w)

d((X ′T1)T2, (Y
′T1)T2)

d(X ′T1, Y ′T1)
sup

X>0;X �=λY

X∈B(Y,w)

d(X ′T1, Y
′T1)

d(X ′, Y ′)

≤ τ(T2, Y
′T1, wo)τ(T1, Y

′, wo),
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which is the desired result of (1.5), from which (1.6) follows by induction.
When all the matrices Ti are equal to some T , and Y > 0 is a left positive

eigenvector of T , then Y ′Up = Y ′T p; Y ′T p and Y ′ are colinear for all p and (1.6)
yields

d(X ′
oT

p, Y ′)=d(X ′
oT

p, Y ′T p)≤τ(T p, Y ′, wo)wo≤τ(T, Y ′, wo)
pwo, p=0, 1, . . . ,

(1.8)
which shows that d(X ′

oT
p, Y ′) approaches 0 exponentially fast if τ(T, Y ′, wo) < 1.

We will see that τ(T, Y ′, wo) is < 1 under conditions that are much weaker than
the positivity assumption needed for τ(T ) < 1. In fact we will show that for any Y > 0
(not necessarily a positive eigenvector) the LCE τ(T, Y ′, w) is < 1 for any finite w as
soon as T ′ is scrambling (i.e., any two rows of T ′ have at least one positive entry in
a coincident position, which means that no two rows are orthogonal). This result is
not entirely surprising because when T ′ is scrambling, then d(X ′T, Y ′T ) < d(X ′, Y ′).
However, this inequality alone is not sufficient to make a contraction-type argument
as in (1.8) when τ(T, Y ′, wo) < 1.

The scrambling condition is obviously much weaker than the condition T > 0,
which must be satisfied in order to have τ(T ) < 1. For these reasons the LCE is useful
not only here but also in other similar situations when we are interested in the ratio

R(X,Y )
def
= d(X ′T, Y ′T )/d(X ′, Y ′)(1.9)

with X and Y not colinear. The remainder of this paper is devoted to the study of
τ(T, Y ′, w), with an emphasis on the conditions under which τ(T, Y ′, w) < 1.

2. Preliminary definitions and results. We first define the subset Ω of the
nonnegative quadrant R

n
+ as the set of all vectors with components between 0 and 1,

with at least one component equal to 0 and one equal to 1:

Ω = {E = (ei) ∈ R
n
+ : 0 ≤ ei ≤ 1; at least one ei = 0, one ei = 1}.(2.1)

With T column-allowable, we define for a fixed vector Y = (yi) > 0 the row-
stochastic matrix P (T, Y ) as

P (T, Y )ij
def
=

yjtji∑q=n
q=1 yqtqi

, i, j = 1, 2, . . . , n.(2.2)

The matrices P (T, Y ) and T have “transposed incidences”: the incidence of P (T, Y )
is that of T ′. If we let P (T, Y )i denote the ith row of P (T, Y ), and if E = (ei) is a
vector of Ω, we note that P (T, Y )iE is the scalar product

∑n
k=1 P (T, Y )ikek.

We next let A ◦B be the Hadamard (componentwise) product of two matrices or
vectors. As in [2] we will express any vector X > 0 in a way that will simplify the
expressions for d(X ′, Y ′) and d(X ′T, Y ′T ).

Proposition 2.1. For any X = (xi) > 0 not colinear to Y > 0 there exists a
unique s > 0 and a vector E ∈ Ω such that Y + sY ◦ E and X are colinear. Then

d(X ′, Y ′) = d([Y + sY ◦ E]′, Y ′) = ln(1 + s),(2.3)

d(X ′T, Y ′T ) = max
i,j

ln

(
1 + s× P (T, Y )iE

1 + s× P (T, Y )jE

)
.(2.4)
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Proof. The components xi of X can be written as xi = yi(r + σei), where r
def
= mini xi/yi, σ

def
= maxi xi/yi − mini xi/y, and E = (ei) = (xi/yi − r)/σ (σ > 0

because X and Y are not colinear). Then

X = Y r + σY ◦ E,(2.5)

which after setting s = σ/r shows that Y + sY ◦ E and X are colinear. This proves
(2.3). Also

d(X ′T, Y ′T ) = d([Y + sY ◦ E]′T, Y ′T ) =max
i,j

ln

[
1 + s

∑
k ekP (T, Y )ik

1 + s
∑

k ekP (T, Y )jk

]
,(2.6)

which is the desired result of (2.4).

If we define w∗ def
= exp(w)− 1, we then have

τ(T, Y, w) =max
i,j

sup
0<s≤w∗

E∈Ω

ln
[

1+sP (T,Y )iE
1+sP (T,Y )jE

]
ln(1 + s)

.(2.7)

We will now proceed in two steps: First we will find for fixed s, i, j the sup over E
of the bracketed expression in the numerator. Then we will seek the supremum over
0 < s ≤ w∗ of the ratio of the two logarithms.

2.1. Supremum over E. We define for two probability-normed vectors a =
(ai), b = (bi) the function

Z(s, a, b, E) =
1 + sa′E
1 + sb′E

,(2.8)

of which we seek the supremum for E = (ei) ∈ Ω. (a′E =
∑n

k=1 akek, b
′E =∑n

k=1 bkek, so that a and b represent the ith and jth rows of P (T, Y ).)
A supremum is necessarily reached for each ei equal to either 0 or 1. In this

context we define the finite subset Ω′ of Ω consisting of vectors having their last k
components equal to 1 (k = 2, 3, . . . , n) and the others equal to 0:

Ω′ = {E(k) = (0, 0, . . . , 0, 1, 1, , , 1), first “1” in kth position, k = 2, 3, . . . , n}.(2.9)

We now reorder the components (ai, bi) in the following way. We first have those
components that are both 0. Then we have in increasing order of the ratios ri = ai/bi
the components for which bi > 0. Finally we have in increasing order of the ai’s
those components for which bi = 0. For example, if a = (0.3 0 0 0.2 0.5) and b =
(0 0 0.2 0.1 0.7), then the vectors with reordered components are a = (0 0 0.5 0.2 0.3)
and b = (0 0.2 0.7 0.1 0). The corresponding vector of increasing ratios is r =
(0/0 0/0.2 0.5/0.7 0.2/0.1 0.3/0).

In what follows we will assume that the components of a and b have been reordered
in this manner, and we say that the pair (a, b) has the increasing ratio property (IRP).
(Note that in general the reordering of (a, b) and of (b, a) are not the same. In fact
the two orderings are mirror images of one another.)

We first dispose of two trivial cases:
i. If a = b, then Z(s, a, b, E) is 1 for any E.
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ii. If a and b are orthogonal (i.e., do not have a positive term in a coincident posi-
tion, which means aibi = 0 for all i), then there exists an E(k) such that Z(s, a, b, E(k))
is equal to its maximum possible value 1 + s.

We now assume that a 
= b and that a and b are not orthogonal. Then there is
necessarily at least one ratio rm = am/bm that is strictly less than 1 and one that is
strictly larger than 1 (and possibly + ∞). We thus define

m1 = {m/ rm ≤ 1 < rm+1},(2.10)

m2 = min {m/ rm = rm+1 = · · · = rn}.(2.11)

In words, rm1
is the largest ratio in the list {rk}k=1,2,...,n to be ≤ 1; rm2 is

the first in the list to be equal to the last (and largest) ratio rn (where rn may
be +∞). With the example a = (0 0 0.5 0.2 0.3), b = (0 0.2 0.7 0.1 0), r =
(0/0 0/0.2 0.5/0.7 0.2/0.1 0.3/0), we have m1 = 3,m2 = 5. If a = (0.56 0.4 0.04),
b = (0.67 0.3 0.03), then r = (0.56/0.67 0.4/0.3 0.04/0.03) so that m1 = 1,m2 = 2
(m2 is strictly larger than m1 because a 
= b).

We will now use this reordering to partition the set of all positive real numbers
into intervals I(k) within which the sup of Z(s, a, b, E) over E is attained for E(k).
We define the m2 −m1 half-open intervals

I(k)
def
= [S(k − 1), S(k) ), k = m1 + 1,m1 + 2, . . . ,m2,

where the quantities S(k) are given by

S(m1) = 0; S(k) =
ak − bk

bk
∑n

p=k ap − ak
∑n

p=k bp
, k = m1 +1,m1 +2, . . . ,m2.

(2.12)
The S(k)’s are nonnegative numbers that satisfy

S(m1) = 0 ≤ S(m1 + 1) ≤ · · · ≤ S(m2 − 1) < S(m2) = +∞,(2.13)

Z(S(k), a, b, E(k)) = rk, k = m1 + 1,m1 + 2, . . . ,m2.(2.14)

In short the m2 −m1 intervals I(k) constitute a partition of the set of real positive
numbers such that

s ∈ I(k) ⇐⇒ rk−1 ≤ Z(s, a, b, E(k)) < rk.(2.15)

We will now show that when (a, b) has the IRP, then for a fixed s in any I(k), the
supremum of Z(s, a, b, E) over E = (ei) ∈ Ω is attained at Z(s, a, b, E(k)).

Proposition 2.2. For two probability-normed vectors (a, b) having the IRP, with
m1,m2 given in (2.10)–(2.11), we have

s ∈ I(k) ⇒sup
E∈Ω

Z(s, a, b, E) = Z(s, a, b, E(k))

=
1 + sa′E(k)
1 + sb′E(k)

, k = m1 + 1,m1 + 2, . . . ,m2,(2.16)

b′E(k) ≤ a′E(k) ≤ 1.(2.17)
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Proof. The proof will hinge upon the following elementary numerical results
concerning four nonnegative numbers u, u′, v, v′:

u+ u′

v + v′
� u′

v′
⇐⇒ u

v
� u′

v′
⇐⇒ u

v
� u+ u′

v + v′
.(2.18)

We recall that a sup is necessarily reached with each ek equal to either 0 or 1. Let us
assume that the sup is reached for some E∗ = (e∗k) that has a “1” to the left of a “0”:

sup
E∈Ω

Z(s, a, b, E) = Z(s, a, b, E∗) =
1 + s

∑n
i=1 aie

∗
i

1 + s
∑n

i=1 bie
∗
i

, ∃ w < q with e∗w = 1, e∗q = 0.

(2.19)
We will show that a contradiction will follow, which will leave only the elements

of Ω′ as candidates for the optimum E. Indeed if Z(s, a, b, E∗) ≤ rq, then (2.18) shows
that Z(s, a, b, E∗) can be increased by changing e∗q to 1. If Z(s, a, b, E∗) > rq, then
(2.18) shows that Z(s, a, b, E∗) can be increased by changing e∗w to 0. This contradicts
the assumption that E∗ is a supremum and shows that the sup is necessarily reached
for some element of Ω′. (We note in particular that en, the last component of E,
is necessarily 1 at the optimal value. This insures that one component is indeed 1,
which was an early requirement.)

We now show that E(k) is the element of Ω′ at which the supremum in reached.
To simplify the writing we define h(k) = Z(s, a, b, E(k)). We will show that if s ∈ I(k),
then h(k) is the maximum value of h(m) for all m. First h(k + 1) ≤ h(k) because
we obtain h(k + 1) by removing (ak, bk) from the numerator and the denominator of
h(k), which from (2.18) decreases h(k) since h(k) < rk ≤ rk+1; h(k + 2) is obtained
by removing (ak+1, bk+1) from h(k + 1) but h(k + 1) ≤ h(k) < rk+1 so h(k + 2) ≤
h(k + 1). Hence with each increase in the index j, h(k + j) becomes smaller because
pairs (ak+j , bk+j) with increasing ratios rk+j are removed while h(k+ j) decreases. A
similar reasoning holds if j decreases: h(k− 1) ≤ h(k) because we obtain h(k− 1) by
adding (ak−1, bk−1) to the numerator and the denominator of h(k), which from (2.18)
implies rk−1 ≤ h(k−1) ≤ h(k); h(k−2) is obtained by adding (ak−2, bk−2) to h(k−1);
however, rk−2 ≤ rk−1 ≤ h(k − 1), which insures that rk−2 ≤ h(k − 2) ≤ h(k − 1).
Hence with each decrease in the index j, h(k− j) becomes smaller while staying larger
than rk−j . This shows that for s ∈ I(k), the maximum value of h(m) is h(k).

2.2. Supremum over s. Now that we have Z(s, a, b, E(k)) as the supremum of
Z(s, a, b, E) over E in each I(k), we seek the supremum of ln[Z(s, a, b, E(k)]/ ln(1+s)
for s ∈ I(k). We thus consider the function

Q(s, α, β)
def
=

ln 1+sα
1+sβ

ln(1 + s)
, s > 0; 0 ≤ β < α ≤ 1,(2.20)

whose derivative Q′(s, α, β) with respect to s is

Q′(s, α, β) =

(1+s)(α−β)
1+βs

1 + αs
−

ln
(

1+αs
1+βs

)
ln(1 + s)

(1 + s) ln(1 + s)
.(2.21)

Two examples of the function Q(s, α, β) are given in Figure 2.1, one with α+β =
1.3, the other with α + β = 0.35. As we will see below, the function is monotone
decreasing when α+ β ≥ 1 and has one maximum when α+ β < 1.
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Fig. 2.1. Two examples of the function Q(s, α, β).

Proposition 2.3. When α > 0 the function Q(s, α, 0) increases monotonically
from α to 1 as s grows from 0+ to +∞.

i. If α + β ≥ 1, β > 0, then Q(s, α, β) decreases monotonically from α − β to 0
with s.

ii. If α + β < 1, β > 0, then Q(s, α, β) first increases from α − β to a maximum
Q∗(α, β), then decreases to 0 as s → +∞. The maximum Q∗(α, β) is reached at a
value s∗ = s∗(α, β) of s that is the unique positive root of the equation (in s)

(
1 + sα

1 + sβ

)
= (1 + s)

(1+s)(α−β)
(1+αs)(1+βs) .(2.22)

Then

Q∗(α, β) =
ln 1+s∗α

1+s∗β

ln(1 + s∗)
=

(1 + s∗)(α− β)

(1 + αs∗)(1 + βs∗)
≤ (α− β)/(α+ β) < 1.(2.23)

Proof. By setting Q′(s, α, β) of (2.21) equal to 0, one obtains (2.23) and thus
(2.22). The upper bound (α − β)/(α + β) for Q∗(α, β) is the maximum (over s∗) of
the third term in (2.23). Other elementary details are omitted.

There is no closed-form expression for s∗(α, β), the root of (2.22). However,
calculating s∗(α, β) is an elementary numerical problem because Q(s, α, β) is then a
simple function that increases then decreases.
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Bearing in mind the expression for τ(T, Y, w) given in (2.7), we now have

τ(T, Y, w) =max
i,j

sup
0<s<w∗

E∈Ω

Q[s, P (T, Y )iE,P (T, Y )jE].(2.24)

We will partition [0, w∗) using the intervals I(k) in which we now know that the
supremum over E is E(k). If for any z > 0 we let k(z) denote the index of the interval
that contains z, then w∗ ∈ I(k(w∗)) = [S(k(w∗) − 1), S(k(w∗))). Then the interval
[0, w∗) is the union of the intervals I(k) = [S(k − 1), S(k)) for k going from m1 + 1
to k(w∗)− 1, to which we add the interval [S(k(w∗)− 1), w∗) (which for simplicity of
notation we will call I(k(w∗)) below, even though strictly speaking it is contained in
I(k(w∗)) and not equal to I(k(w∗)). The next section gives the main result, which
hinges upon this particular partitioning of the interval [0, w∗).

3. Main result and applications. With the notation given above, the follow-
ing theorem provides a near-closed-form expression for the LCE τ(T, Y, w).

Theorem 3.1. For a column-allowable matrix T and a positive vector Y , the
LCE τ(T, Y, w) is equal to

τ(T, Y, w)

= max
i,j

max
p=m1+1,m1+2,...,k(w∗)−1,k(w∗)

sup
s∈I(p)

Q[s, P (T, Y )iE(p), P (T, Y )jE(p)],

(3.1)

where the vectors (P (T, Y )i, P (T, Y )j) have the IRP, i.e., the ratios

rk = P (T, Y )ik/P (T, Y )jk(3.2)

are increasing for k = m1,m1 + 1, . . . ,m2, with m1,m2 defined in (2.10), (2.11).
(m1,m2, and k(w

∗) depend on the particular pair of indices (i, j).)
If T ′ is not scrambling (i.e., T ′ has two orthogonal rows), then two vectors

P (T, Y )i and P (T, Y )j are orthogonal and τ(T, Y, w) = 1. If the columns of T are
multiples of a common nonzero vector Z (T of rank 1), then all the rows of P (T, Y )
are identical and τ(T, Y, w) = 0.

In the general case (T scrambling and of rank > 1), we recall the notation

S(m1) = 0,(3.3)

S(k) =
P (T, Y )ik − P (T, Y )jk

P (T, Y )jk
∑n

p=k P (T, Y )ip − P (T, Y )ik
∑n

p=k P (T, Y )jp
;(3.4)

k = m1 + 1,m1 + 2, . . . ,m2,

and w∗ = exp(w) − 1. For p = m1 + 1,m1 + 2, . . . , k(w∗) − 1 the intervals I(p) in
(3.1) are I(p) = [S(p− 1), S(p)) as in (2.12). The last interval I(k(w∗)) stops at w∗

and is [S(k(w∗)− 1), w∗) rather than [S(k(w∗)− 1), S(k(w∗))).
We next define the values Q

(p)
le and Q

(p)
re of the function Q[s, P (T, Y )iE(p),

P (T, Y )jE(p)] at the left end (le) and right end (re) of the corresponding interval
I(p), i.e.,

p = m1 + 1 ⇒
{
Q

(p)
le = P (T, Y )iE(m1 + 1)− P (T, Y )jE(m1 + 1),

Q
(p)
re = ln(rm1+1)/ ln(1 + S(m1 + 1)),

(3.5)
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p = m1+2,m1+3, . . . , k(w∗)−1 ⇒
{
Q

(p)
le = ln(rp−1)/ ln(1 + S(p− 1)),

Q
(p)
re = ln(rp)/ ln(1 + S(p)),

(3.6)

p = k(w∗) ⇒




Q
(p)
le = ln(rk(w∗)−1)/ ln(1 + S(k(w∗)− 1)),

Q
(p)
re = ln

(
1 + w∗P (T, Y )iE(k(w∗))
1 + w∗P (T, Y )jE(k(w∗))

)
/ ln(1 + w∗).

(3.7)

When P (T, Y )iE(p) + P (T, Y )jE(p) < 1, we let s∗ be the value at which
Q[s, P (T, Y )iE(p), P (T, Y )jE(p)] reaches its maximum (see Proposition 2.3).

The suprema of (3.1) are now as follows:
i. If either (P (T, Y )iE(p) + P (T, Y )jE(p) ≥ 1 and P (T, Y )jE(p) > 0) or s∗is to

the left of the interval I(p), then the supremum is reached at the left end of I(p):

sup
s∈I(p)

Q[s, P (T, Y )iE(p), P (T, Y )jE(p)] = Q
(p)
le .(3.8)

ii. If either (P (T, Y )iE(p) + P (T, Y )jE(p) < 1 and P (T, Y )jE(p) = 0) or s∗ is
to the right of I(p), then the supremum is reached at the right end of I(p):

sup
s∈I(p)

Q[s, P (T, Y )iE(p), P (T, Y )jE(p)] = Q(p)
re .(3.9)

iii. If s∗ is inside I(p), then

sup
s∈I(p)

Q[s, P (T, Y )iE(p), P (T, Y )jE(p)] = Q[s∗, P (T, Y )iE(p), P (T, Y )jE(p)].

(3.10)
Proof. The expressions obtained in this theorem are direct consequences of previ-

ous results stemming from Proposition 2.3. Equation (3.1) reflects the partitioning of
the interval [0, w∗) into intervals I(p) over which the sup over E is Ep. The supremum
over each I(p) is at the left end or right end of I(p), or at the value s∗ at which
Q[s, P (T, Y )iE(p), P (T, Y )jE(p)] reaches a maximum, depending on the value of

P (T, Y )iE(p)+P (T, Y )jE(p) relative to 1 (see Proposition 2.3). The value Q
(p)
le given

in (3.5) for the left end of the first interval I(m1+1) = [S(m1), S(m1+1)) = [0, S(m1+
1)) is obtained by taking the limit of Q[s, P (T, Y )iE(m1+1), P (T, Y )jE(m1+1)] for
s→ 0.

We now give a simple condition for τ(T, Y, w) to be strictly less than 1.
Corollary 3.2. For a column-allowable matrix T , a positive vector Y , and any

w > 0, the LCE τ(T, Y, w) is strictly less than 1 if and only if T ′ is scrambling.
Proof. We showed above that T ′ is not scrambling =⇒ τ(T, Y, w) = 1. Conversely,

let us assume that τ(T, Y, w) = 1. From Proposition 2.3 a supremum of 1 can be
reached only if there is a P (T, Y )jE(p) = 0 and P (T, Y )jE(p) = 1, which means that
T ′ has two orthogonal rows and is not scrambling.

A simple numerical example is provided by the triangular matrix

T =


 1 0 0

1 1 0
1 1 2




with positive left eigenvector Y ′ =
(
2 1 1

)
and corresponding eigenvalue ρ(T ) =

2. No conclusion can be drawn on the iterates X ′
oT

p by considering the powers of this
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reducible matrix which has a coefficient of ergodicity equal to 1 and whose powers
remain triangular. However, T ′ is scrambling, and the results proved here immediately
yield the desired conclusion, namely, exponential convergence to 0 of the projective
distance d(X ′

oT
p, Y ′). Indeed

d(X ′
oT

p, Y ′) ≤ τ(T p, Y ′, wo)wo ≤ τ(T, Y ′, wo)
pwo −→

p−→∞ 0.(3.11)

With wo = 2 a Matlab program (available from the author) yields τ(T, Y, 2) =

0.88. As X ′
oT

p approaches Y ′ in direction, the quantity τ(T, Y, 0)def
= limw→0 τ(T, Y, w)

is an asymptotic rate of convergence equal in the present case to 0.75.
If in order to emphasize the dependence on (i, j) we write m1(i, j) for m1 of (3.1),

then

τ(T, Y, 0) = lim
w→0

τ(T, Y, w) =max
i,j

[P (T, Y )iE(m1(i, j)+1)−P (T, Y )jE(m1(i, j)+1)].

(3.12)
It can easily be seen that this asymptotic rate of convergence τ(T, Y, 0) is equal to

τ1(P (T, Y )), where τ1 is the classical coefficient of ergodicity defined on row-stochastic
matrices [4], i.e., for any row-stochastic matrix Q = (qij),

τ1(Q) = 0.5 max
i,j

∑
k

|qik − qjk| =max
i,j

∑
k∈∆(i,j)

∆(i,j)
def
= {k:qik−qjk>0}

(qik − qjk).(3.13)

We showed in [1] that τ(T ) = supY >0 τ1(P (T, Y )), and we thus come full circle
with

sup
Y >0;σ>0

τ(T, Y, σ) = τ(T ) = sup
Y >0

τ1(P (T, Y )) = sup
Y >0

τ(T, Y, 0).(3.14)
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