..

A Note on the Coefficient of Ergodicity of a Column-Allowable
Nonnegative Matrix

Marc Artzrouni* and Xuefeng Li

Department of Mathematics and Computer Science
Loyola University
New Orleans, Louisiana 70118

Submitted by Richard A. Brualdi

ABSTRACT

We give a simple proof of a closed-form expression for the coefficient of
ergodicity of a column-allowable nonnegative matrix.

1. INTRODUCTION

The coefficient of ergodicity of a column-allowable nonnegative n X n
matrix T = (tij) is defined as

. d(X'T,Y'T)
T = su —_—
Xrsorxerr (XY

where d(X',Y’) is the projective distance between the vectors X = (x,) and
Y = (y,) in the positive quadrant. In general uppercase letters will denote
vectors or matrices, and the corresponding lowercase letters will represent
their entries; X' is the transpose of X, and the projective distance d(X',Y")
is defined as

(1.1)

max In
i ]

/Y )
%;/Y;
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(Seneta, 1981). A column-allowable matrix has at least one nonnegative entry
in each column. This condition is necessary for (1.1) to be defined.

The following theorem provides a result on the coefficient of ergodicity of
a column-allowable matrix T.

THEOREM 1.1 (Seneta, 1981, p. 108). If T is positive, then

1-— ¢0.5
(1) = T3 g7 (12)
where
= ! 1.3
d)-max””,”,/t“t“ (1:3)

If T has a row with at least one positive and one zero entry, then 7(T) = 1.
If the only zeros are in zero rows, then (1.2)—(1.3) still hold, except that the
entries t,; appearing in (1.3) must be replaced by the entries a,; of the matrix
A formeé from T by deleting its zero rows.

It is easily seen that Theorem 1.1 can be paraphrased by saying that for
any column-allowable matrix T, the result of (1.2) holds in all cases with

tt]t]'l
= min ——— 14
¢ it #0 Lol ( )

tyjti jilit
In this paper we give a direct and relatively simple proof of this result. In
the process we demonstrate a simple connection between 7(T) and the
coefficient of ergodicity 7,(P) of a row-stochastic matrix P = (p,;) closely
related to T. The coefficient 7,(P) is defined as

7(P) = 0.5max Y |py — pul = max ¥ (pu — p)s
LAV A Lj kea

= {klpu — Pix > 0}. (1.5)

2. THEOREM

Given a column-allowable nonnegative matrix T, and a positive probabil-
ity-normed vector Y = (y,) (i.e., Ly; = 1), we let P(Y) denote the row-sto-
chastic matrix with entry P(Y), ; = t;;y;/ X, y,t; in its ith row, jth column.
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THEOREM 2.1. If T = (¢,) is a column-allowable nonnegative matrix,
then

1 — ¢05
T(T) = 1+ ¢0,5 = ;E%TI[P(Y)L
={y=(y)Zy;=1,4,>0,i=1,2,...n}, (2.1)
where
totas
¢ = min AL (2.2)
trits#0 t“t,r,

Proof. We first note that because T is column-allowable, ¢ is well
defined (i.e., the set of indices 4,4, j, j' such that ¢,,¢,, # 0 is nonempty).
Beanng in mind the definition (1.1) of 7(T), we consider for fixed X = (x),

= (y;) (X, Y > 0) the ratios x,/y;, and we let C be the minimum of these
ratios. If D is such that C + D = max; x,/y; [ie., D= max, x,/y, —
min, x,/4y;, and D is called osc( X/Y )], then each ratio x,/y; can be written
as x,/y, = C + De,, where C is the minimum and C + D the maximum of
these ratios. The vector E = (¢;) has components between 0 and 1, with at
least one of the e;’s equal to 0, and one equal to 1. We then have
x;=y[C+Deli=12,...,n

The distance d(X’,Y’) is now simply In[(C + D)/C] = In[1 + D/C].
The ith component of X'T is ¥;x:t;;, and the jth component of Y'T is
L Yxti; Therefore

n
Z xktkz/ Yyt
k=1
maxln —
i,
x Xity; )» Yityj
k=1 k=1

d(X'T,Y'T)

2

1+ (D/C) Z ekyktkz/ Yilii

max In

na: (2.3)
" 1+(D/e) Zekyktk]/

|| M: u =
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We let A" = Lieiyit /Tyt = Ly P(Y), ;, Al = Ty Yitr)/ Loyt
=X, P(Y)j,k, and x = D/C. If we let G(E, Y, x, i, j) be the argument of
the logarithm on the right-hand side of Equation (2.3), i.e.,

1+(D/C) ¥ ekyktki/ Y et ;
L. k=1 k=1 1+2xA
G(E.Y, x,i.j) = - = )
1+ (D/C) ¥ ekyktkj/ 2 ity
k=1 k=1

we then have

i

1+x
d(X'T,Y'T) = maxlh G(E,Y, x,i, j) = maxln———, (2.5
( ) maxn ( x,i, f) maxIn 3=—75 (2.5)

and therefore

o 1 + xA
h e G(EY, x4, j) pb e T
T) = —— = _—
e A T R
(2.6)

where the supremum is for x > 0. The components of E = (e,) are between
0 and 1, with at least one ¢, = 0 and at least one ¢, = 1; Y is positive, and
without loss of generality can be assumed probability-normed.

We will first dispose of two special cases:

(1) ¢ = 0. This can occur if and only if there exist i*, j*, k* (i* # j*)
such that t;xx # 0 and 3« » = 0 (i.e., there is a row k* with one zero and
one positive entry). If we let the component y+ of Y approach 1 (with Y
remaining probability-normed and e+ = 1, e; =0 for j+ k*), then A™
approaches 1 and A7 = 0. The corresponding G(E, Y, x, i*, j*) approaches
1 +x as y;+ — 1, and therefore 7(T) = 1, by consideration of Equation
(2.6). For the same vector Y with y;« — 1, it can also be seen that
7,[P(Y)] — 1, which proves that Equation (2.1) holds in this particular case
with 7(T) = 1.

(2) ¢=1. For any i,i,j,j such that t,t, # 0, we have toi/t =
ty;/ts;, and therefore the nonzero rows of T are proportional. (Any zero is
necessarily in a row of zeros, since otherwise ¢ would be 0.) The coefficient
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of ergodicity 7(T) is then trivially 0, and 7,[P(Y)] = 0, since the rows of
P(Y) are all equal.

In the sequel we will assume that 0 < ¢ < 1. The proof will proceed in

two steps. First we will show that 7(T) < (1 — ¢%5)/(1 + ¢°%). [We define

= (1 — ¢/ + ¢°%).] Then we will show that for any & > 0 there exist
E,Y, x, i, and j such that

[lnG(E,Y, x,i,j)] /In(1 + x) — K| < &. (2.7)

We first consider the following proposition, which is easily proven by
induction:

ProrosITION 1. Let {u,} and {v,} be two sets of n positive numbers.
Suppose that u, /v, is the smallest of the ratios u,/v,. Then Xu,/Xv; > u,/v,.

We will now use the proposition to prove that for any i, j

AJ'>—AI'¢_____ 28)
T AP+ (1-AY) (2.

Given that A’ and A’ are between 0 and 1, (2.8) is trivially true if A’ = 0 or
AJ = 1. In other cases (2.8) is equivalent to ¢ < A/(1 — A)/[A'(1 — AY)].

We now let i* i, j*, j* be the indices for which ¢,t,,/t;t,; (with

tote, #0) reaches its minimum, i.e., @ = tye s tmpn/tys jutimie < bt/ byty,
or any i, j, j' such that ¢,t,, # 0. By virtue of Propos1t10n 1 we have

Ai(1 — A . [kgl'ektkjyk]
Al(1 — AY) [ z": ektk-yk”
k=1

é 1- ek)tkzyk]
ra

ek)tkjyk]
> min =% X min - > ¢, (2.9)

the minima are over the ratios for which both the numerator and the
denominator are nonzero. If both are zero, the ratio contributes nothing, and
the case of only the numerator (or only the denominator) being zero is
excluded because it was dealt with earlier (i.e., ¢ is assumed > 0). Now that
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(2.9) is established, we have

1 + xA 1 + xA°
1+ <A/ A
+ -
A'p + (1 — AY)

G(E,Y,x,i,j) =

(A '2(p- 1) +A(—1+x) +1
B A(xp+ d—1) +1

. (2.10)

Elementary considerations show that the right-hand side of (2.10), considered
as a function M(A?) of A’ € (0,1), reaches a maximum M* =1+ (1 —
d)x/[1 + (P{1 + 2O for A' = 1/[1 + ({1 + x})°*5] [we note that M*
> M(0) and M* > M(1) because M* > 1 and M(0) = 1 = M(1)]. There-
fore

In|l + [ (- 9)x ]2
1+ (¢{1+x})
(T) = :li[())k(x), k(x) = (1 + 1) . (2.11)

We will now show that sup, . o k() = (1 — ¢%5)/(1 + ¢°°) (recall that
this quantity is denoted K). We first note that lim, ,,k(x) = K and
lim_ ., k(x) = 0. We prove the result by contradiction and assume that
sup, » o k(x) > K. The means that 3x, > 0 such that k(x,) > K. Given that
lim, 4 k(x) = K and lim, ,, k(x) = 0, there is necessarily a point x,
where the derivative k’(x,) equals 0 [since the function k(x) is continuous
and differentiable]. If f(x) denotes the argument of the logarithm in the
numerator of k(x), and g(x) the argument 1 + x of the logarithm in the
denominator, elementary considerations show that k'(xy) = 0 is equivalent
to

F(x0)  k(xo)

= . 2.12
o)~ 2(o) (242)
Given that k(x,) is assumed larger than K, Equation (2.12) yields
' K
fxo) | (2.13)

(%) 1+x0'
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The derivative f'(x,) is equal to

(1- ) yT+x, +V9)
VI+x,(1+ V(1 + o) )3

fi(x) = (2.14)

Bearing in mind the definition of K and Equation (2.14), it can be seen after
elementary algebraic manipulations that (2.13) results in a contradiction.
Therefore sup, . o k(x) = K.
For any & we will now find E, Y, x, i, and j such that In G(E, Y, x, i,
7)/In(1 + x) — K| < &. Recalling Equation (2.6), this will ensure that 7(T)
=K. Welet H(E,Y, x,i,j) =InG(E,Y, x,4, j)/In(1 + x) and note that

I 1 + zA
S WmG(EY.xij) T
H(E,Y,x,i,j) = In(1 +x)  In(1+2)

1+xXi e P(Y) s

_ n 1+xX3 e P(Y )k (2.15)
In(1 +x) . |

We then have

im H(E,Y,x,i,j) = Y e [P(Y)ix — P(Y)]-,k]difH*(E,Y,i,j).
x=0 k=1

(2.16)

Given i*, j* i'*, j* defined earlier, we set i =i*, j =j* in (2.15) and

(2.16). We also define

ti'* i* tir*]-*
Sl (2.17)

>
tj/* i* th*j*

which is well defined and nonzero because ¢ > 0. For any sufficiently small
7, we can define, for n > 3, the probability-normed vector Y, = (y,) (i =
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1,2,...,n)as

1 Qs

Yix = 1+ Q% n, Yy = 1+ Q% n

27’ T2 L
) for k # i, ™. (2.18)

If n (the dimension of T) is equal to 2, then set 1 = 0: y,« and y,« are the
only components of Y,. We also define the vector E as E* = (0,0,...,
1,0,...,0): E* has a l in the i"* th position and zeros elsewhere. Then

I*_

H*(E*’ st ’j*)=P(Yﬂ)i*,i'* P(Y)* i'*
yi’*ti’*i*

2n
[ Y Yt

n — 2 k*i'*,j'*

+ yir* ti'*i* + yj:* tj’*i*

Yx ti’* %

J
X Yitrje

ke j*

27
n—2

+ y’.:* ti'*j* + yjl*tj’*j*

(2.19)

>

Now H*(E*,Y,,i*, j*) = K when 1 > 0 [if n = 2 then H*(E*,Y,,*

j*) = K]. Therefore, glven e there is 7 (and Y, ) such that IH*(E*, 0 0
*) - K| < 8/ 2 Once i*, j*,Y,, and E* are ﬁxed there exists x* such that
|H(E*,Y,), x*, %, %) — H*(E*, 0 85§ < £/2. By the triangle inequal-
ity we finally have

|H(E*,Y,, x*,i*, j*) - K|

b ‘n’
<IH(E*.Y,, 2%, %, j*) — H*(E*, Y, i, j*)|
+H*(E*,Y,,i*, j*) — Kl < s, (2:20)

which proves that 7(T) = K
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To prove the result of (2.1) concerning 7,[ P(Y)] we first recall that for
fixed Y

7 [P(Y)] = max T [P(Y),, — P(Y);4].
L] keA

A={kl[P(Y):r—P(Y);«] >0} (2.21)

The fact that H*(E*,Y,, i*, j*) of Equation (2.19) approaches K as n — 0
already shows that sup,’7,[ P(Y)] > K.

Let us see what happens if supy 7,[P(Y)] > K. We define p =
supy 7[P(Y)] — K and the vector E' = (¢;), where ¢, =1 if k € A and
e, =0 if k & A; then 7,[P(Y)] = max, ; H*(E',Y, i, j). Therefore there
exist i', j,Y' such that H*(E",Y’,#,j) > K + 3u/4. Recalling (2.16), it is
then possible to find x such that H(E',Y’, x,#,j) > K + /2, which
contradicts the fact that 7(T') = K. Therefore necessarily sup, 7,[P(Y)] = K,
which completes the proof. [ |

A result by Seneta (1981, p. 110) appears as a special case of Theorem
2.1. Indeed, for any probability-normed vector Y, Equation (2.1) shows that
7(T) > 7,[P(Y)} If T is then a column-stochastic matrix, and if we let Y be
the n-dimensional vector with each entry equal to 1/n, then Equation (2.1)
shows that 7(T) > =(T").

The authors wish to acknowledge the useful comments of a referee on a
previous version of this paper.
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