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Augment information geometric measures
in spaces of distributions, via explicit ge-
ometric representations of neighbourhoods

for these important states for stochastic pro-
cesses:

e randomness,
e uniformity,
e independence.

Significant theoretically because very gen-
eral, and practically because topological so
stable under perturbations.



Gamma manifold and randomness

e¢ Gamma manifold ¢

e Fisher information

e o-Connection

e «o-Curvatures

e Randomness

e Log-gamma manifold and uniformity



Gamma manifold ¢

v _v—1
p(z, B,v) = (%) Iai(y) e~ T/B  for B,v &€ Rt

where (3 is the scale parameter, v is the
shape parameter.

Then z = 3 and Var(z) = 32/v.

The special case v = 1 corresponds to the
situation of the random or Poisson process
with mean inter-event interval 5.
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Gamma probability density functions p(z; 3, v)
with unit mean g =1, and v = 0.5,1,1.5.
The case v = 1 corresponds to an exponen-
tial distribution from an underlying Poisson
process; v < 1 corresponds to clustering and
conversely v > 1 corresponds to smoothing.



Gamma Fisher information metric:
1

ds2 = id52+(¢’(u) _ —) d? for B,veRt.
32 v

where ¥ (v) = ';/((VV)) is the digamma function.

a-Connection

The independent components of the vi(a)_
connection are given by:
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a-Curvatures

The non zero components of the a-RICCI
tensor, are:
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The a-eigenvalues and the a-eigenvectors
for the a-Ricci tensor:
—v (Y (v)+v w"<u2>)
2 _ 432 (vy/(v)-1)
1
G — (' W) +r " ()
4v (vy'(v)—1)

(5 7)




The a-Gaussian curvature:

(@) — (@2 = 1) W) +vi" (W)

4 (v (v) —1)°

K (0)

-0.25
-0. 3!
-0. 35|
- 0. 4}

-0.45;

Note that K(®(8,v) — —1 as v — 0
and K(O)(ﬁ,u) — —% as v — oo.



Randomness

Proposition

Every neighbourhood of a random process
contains a neighbourhood of stochastic pro-
cesses subordinate to gamma distributions.

Proof

Dodson and Matsuzoe provided affine im-
mersion in R3 for G, manifold of gamma
pdfs.

Natural coordinates (u = %, v) Then G is the
graph of the affine immersion {h, &} where &
IS a transversal vector field along h

h:G—R>: (uv) = (1v,9), £ =(0,0,1).
where ¢ = log [l (v) — v log p.

Submanifold of exponential pdfs is curve

1
(0,00) - R3: {,u,l,log;}



Tubular neighbourhood in R3

0.6 cos6 —0.6p cosf

it Jiam o

0 € [0,27) contains all immersions for small
enough perturbations of exponential distri-
butions.

,1 —0.6sin80,

This tubular neighbourhood intersects with
the gamma manifold immersion to yield the
required neighbourhood of gamma distribu-
tions. []



Gamma manifold affine immersion in nat-
ural coordinates ¢ = v/3,v as a surface
in R3.

Tubular neighbourhood surrounds all ex-
ponential distributions—these lie on the
curve v = 1 in the surface.



Continuous image of gamma manifold
affine immersion as surface in R3 using
standard coordinates.

Tubular neighbourhood surrounds all ex-
ponential distributions—these lie on the
curve v = 1 in the surface.



Log-gamma manifold £ and uniformity

The pdfs for random variable N € [0, 1] given

for B,v € RT.

Uniform distribution

[lgimlg(N,ﬁ, 1) =9g(N,1,1)=1.



Log-gamma pdfs g(N; 3,v), N € [0, 1], with
central mean < N >=0.5,and vr =0.5,1, 2, 5.
Cases v < 1 correspond in gamma dis-
tributions to clustering in an underlying
spatial process; conversely, v > 1 corre-
sponds to dispersion and greater even-
ness than random.
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Family of log-gamma pdfs with mean

0. 25

010

N|—



Neighbourhood of the uniform distribu-
tion

L isometric with gamma manifold, . Hence,
immersion of G in R3 above, represents also
the log-gamma manifold £. Then, since the
isometry sends the exponential distribution
to the uniform distribution on [0, 1], we ob-
tain a general deduction

Proposition (Dodson)

Every neighbourhood of the uniform dis-
tribution contains a neighbourhood of log-
gamma distributions. []

Equivalently,

Every neighbourhood of a uniform stochas-
tic process contains a neighbourhood of stochas-
tic processes subordinate to log-gamma dis-
tributions. []



Freund bivariate exponential 4-manifold
F' and independence

e Freund bivariate exponential distributions
and correlation

e Freund Fisher information

e Natural coordinate system and potential
function

e -Connection

e -Curvatures

e Freund submanifold Fj

e F7 and independence

e Neighbourhood of independent



Freund distributions

Freund’s joint density function of X and Y

is
o) — a1 BoePry—(a1taa=P2)r forg < x < v,
DY T anBrefre—(ataa—By forQ <y < gz

where «;,6; >0 (1 =1,2).

Provided that a1 + ap # (1, the marginal
density function of X is

D

a1 + o — 61

fx(@) = ( ) By e P4

a1 — P —(a1ta2)r . >
<a1+a2—ﬁ1> (a1 +az)e , >0

and provided that a1+a» # B>, The marginal
density function of Y is
o3

a1 + ax — B2

fy(y) = ( ) By e—Pavt

az — 2 —(a1ta2)y
<a1+a2—ﬁ2> (a1 +an)e ,y>0



This system of distributions termed bivari-
ate mixture exponential distributions rather
than simply bivariate exponential distribu-
tions.

The marginal density functions fyx(x) and
fy (y) are exponential distributions only in
the special case o; = 3; (1 =1,2).



Covariance and correlation coefficient

B1 062 —agas
B1 Ba (a1 + a3)?

p(X,Y) =

Cov(X,Y) =

B1 P2 — a1 as
\/0422+2041042+512\/0412+2041042+522

Note that —% < p(X,Y) < 1.

p(X7Y) — 1 as /817 62 — 00

p(X,Y) — —% as ag = ap and By, B2 — 0.

Independent case:

p(X,Y):O iff oy = F1and ar» = (G>.



Fisher information metric

F' the set of Freund bivariate mixture expo-
nential distributions becomes a 4-manifold,
metric

a12+C1)a1 o%) 0(32 8 8
817 (a1 +a2)
0 0 0422-|-1041 Qo O?
| 0 0 0 822 (af+a2> |

with respect to the coordinates (a1, 31, as, 52).



Natural coordinate system

It was noted by Leurgans, Tsai, and Crowley
that the family of Freund distributions forms
an exponential family, with natural parame-

ters

(01,02,03,04) = (a1 +B1, ap, 109 <a152> , B2)
a 31

and its potential function

01050,

730, 1 94) = —log(azB1).

p(0) = —log(



a-Connection

The nonzero independent components of
the V(®)-connection are given by:
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a-Curvatures

The a-RICCiI tensor:
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The a-eigenvalues and the a-eigenvectors
of the a-Ricci tensor are given by:
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The a-scalar curvature
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Note that the Freund manifold has a con-
stant scalar curvature.



The a-sectional curvatures
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Submanifold F; C F : a1 = an, 81 = B>

The pdfs are of form :

f(z,y,a1,B1) =
a11 e~ B1y—(2e1-P1)z forg < z < (7]
a1 01 e~ P12—(21-61)y foro < y <

Parameters a1,681 > 0. The marginal pdfs,
for X and Y are given by :

fx(x) =

] — 31z a1 — 01 —2a1x
<2a1_51> B1e Pl +<2a1—51> (2a1)e =™

fy(y) =

3! By [ o1~ P —2aqy
<2a1—51> Bre 1 +<2a1—[31> (2a1)e =™

with z,y > 0



F1 an exponential family with natural coor-
dinates (a1,31) and potential function

Y = —log(ay B1)

Covariance: Cov(X,Y) = % <a12 — 612) :
1

. ] 1 40412
Correlation: p(X,Y) =1 Sa24 5.2

Independence case: a1 = 31

1
o2 Y
0 i

Fy has Fisher metric: [g;;] =

Bt

The a-curvature tensor, o-Ricci tensor,
and a-scalar curvature of Fy are zero.



Freund manifold and neighbourhoods of
independence

Proposition

In the affine embedding of the Freund sub-
manifold Fy in R3, a tubular neighbourhood
of the curve a7 = 371 will contain all immer-
sions of bivariate exponential processes suf-
ficiently close to the case of independence.

The submanifold Fy can be realized in R3 by
the graph of a potential function, the affine
immersion {f,¢}:

f i RYTxRT = R3: (ay,81) — (a1, B1,%),
¢=1(0,0,1).

where ¢ = —log(aq B1).



The submanifold W C Fy consisting of the
independent case (a1 = (1) is represented
by the curve:

(0,00) — R3: (1) — (a1,a1,—2l0g a1).

This curve represents all bivariate distribu-
tions having identical exponential marginals
and zero covariance; its tubular neighour-
hood represents departures from indepen-
dence and will contain all immersions of bi-
variate exponential processes sufficiently close
to the case of independence. []



Affine immersion in natural coordinates
(a1, 31) as a surface in R3 for the Freund
submanifold Fj.

Tubular neighbourhood surrounds the curve
(a1 = [B1 in the surface) consisting of
all bivariate distributions having identi-
cal exponential marginals and zero co-
variance.



Bivariate Gaussian 5-Manifold N and in-
dependence

e Bivariate Gaussian distributions and cor-
relation

e Bivariate Gaussian Fisher information

e Natural coordinate system and potential
function

e -Curvatures

e Submanifold Ni with zero means and
identical standard deviation

e N1 and independence

e Neighbourhood of independent



Bivariate Gaussian distribution

The pdf for the two-dimensional Gaussian
distribution has the form:

flz,y; p1,pu0,01,012,02) =

e—ﬁ (oz(m—ul)Q—Q 012 (x—p1) (y—u2)+01(y—u2)2>

271/

where —oo < 1 < 9o < 00,
—o0 < pu1 < puo < oo, 0 < 01,00 < o0, and
A\ = 0105 — 0122, 015 IS covaraince

Correlation coefficient : p = —212_

/o102

Marginal distributions are Gaussian with pa-
rameters (uq,01) and (uo,05).



Fisher information metric

The Fisher information metric with respect

to the parameters (u1,un,01,012,09) is:
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Natural coordinate system

g, — H192 — H2012
1 — 2
0102 — 012

_ H201 — H1012

0o

Y
0102 — 0122
03 = >\
2 (0102 — 012 )
012
04 = 5
0102 — 012
—0
95 — 1

2 (0102 — 0122)

and its potential function

2 2
o1 + oo — 2 o
£(0) = log(2m\/A)4H2 oL T K1 22 H1H2012




a-Curvatures

The a-RICCI tensor:
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2/\2 A2 4N2
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The a-scalar curvature:
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The a-sectional curvatures as a function
only of the correlation p:

Q(O‘) = <a2 — 1) .
0 1 1 14302 p2 ]
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O-Sectional curvature
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The a-mean curvatures as a function only
of correlation:
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Submanifold with zero means and iden-
tical standard deviation

N1 CN: pp=u>=0and oy =00 =0

The distributions are of form:

1
1 e—Q—A(Uwz—QU]_QCB y—|—0y2)

f(z,y;0,012) = S

where A = o2 — 5152,

The marginal functions are fxy = fy = N(0,0);
with correlation coefficient p = 712,

1
a—% 0
0 i

The Fisher metric: [g;;] =

Bt

The a-curvature tensor, a-Ricci tensor,
and a-scalar curvature of Fy are zero.



N1 and neighbourhoods of independence

Proposition

The Dbivariate Gaussian 5-manifold admits
a 2-dimensional submanifold through which
can be provided a neighbourhood of bivari-
ate distributions having identical Gaussian
marginals and zero covariance containing the
independent case.

Outline proof

Bivariate Gaussians with zero means (u1 =
> = 0) and identical standard deviation
01 = 0o = o IS represented by the surface in
R3 by the affine immersion {f, ¢}

fiNp—R3:(01,602) — (61,02,9(0)), £ = (0,0,1).

where (61,02) = (5%,742), A = 02 — 0122

and potential function ¢(8) = log(2w o).



Independent case

The Submanifold of the independent case
with zero means and identical standard de-
viation is curve

(—00,0) — R3 - (_i) _ (_i,o, 0g(2 7))

A Tubular neighbourhood represents depar-
tures from independence and will contain all
immersions of bivariate Gaussian processes
sufficiently close to the independence case.
[]

Corollary (Dodson)

Via the Central Limit Theorem, the tubu-
lar neighbourhood of the case of zero co-
variance will contain all immersions of lim-
iting bivariate processes sufficiently close to
the independence case for all processes with
marginals that converge in distribution to
Gaussians.



Affine immersion in natural coordinates
(01,02) = (5%,712) as surface in R> for bi-
variate Gaussian distributions with zero
means and identical standard deviation
c. Tubular neighbourhood surrounds curve
(012> = 0 In the surface) representing
all bivariate distributions having identi-
cal Gaussian marginals and zero covari-
ance. Tubular neighourhood contains
all small departures from independence.

01 -3
1 2




Continuous image of the affine immer-
sion as a surface in R3 using standard co-
ordinates for the bivariate Gaussian dis-
tributions with zero means and identical
standard deviation o. Tubular neigh-
bourhood surrounds curve of indepen-
dent states, (01o = 0,) and contains all
small departures from independence.




Results

Explicit representations in R3 of
tubular neighbourhoods that pro-
vide the following:

A. All processes sufficiently closel to a
Poisson? process

B. All processes sufficiently close to a
uniform process

C. All bivariate processes sufficiently close
to the independent bivariate Poisson?3
process

D. All bivariate processes sufficiently close
to the independent bivariate Gaussian®
process

YIn an information geometric immersion
2Via unique associated exponential process
3Marginals having same mean

4Marginals both N(O, o)
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