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P reface

This thesis concerns the development of e(Ecient algorithms for estimation in con-
tingency tables, implementation of these algorithms in a computer program together
with procedures for model selection, and inclusion of the program in a modern system
for statistical analysis. The class of models is limited to models for discrete variables.

The thesis can be divided into three parts:
e E(Ecient algorithms the analysis of contingency tables,
e The program CoCo,
e Inclusion of CoCo into the system XLISP-STAT.

The study has been partly theoretical and partly practical. CoCo and the inte-
gration of CoCo in XLISP-STAT is the result of the practical part. This software is
available by anonymous ftp over the internet from ftp.iesd.auc.dk.

This book is volume 1 of the thesis, and contains besides the danish summary and
the english summary and overview, chapter 1, four chapters on e(Ecient algorithms
for the analysis of contingency tables. (The paper Badsberg (1992) of the second part
of the thesis is placed in this grst volume as chapter gve.) 1A Guide to CoCoj and
1Xlisp+CoCo — A Tool for Graphical Models) is respectively volume 2 and 3 of the
thesis.

The items of the individual parts are self-contained, and thus the same text may
appear in more than one item. The items of each of the parts have not been published,
except the paper on the model selection strategies implemented in CoCo, which has
appeared in a conference proceeding volume.

I wish to thank Steceen L. Lauritzen for inspiring the creation of CoCo, for en-
couraging me to apply for the scholarship, and for many stimulating discussions and
valuable comments during the work.

I also wish to express my gratitude to the GRAM group, David Edwards, Poul
Svante Eriksen, Morten Frydenberg, Svend Kreiner and Steceen L. Lauritzen, for provi-
ding a very stimulating environment. Also the ODIN group at Aalborg University has
provided a stimulating environment.

From January to April 1990, I was a visiting student at the Department for Sta-
tistics and Actuarial Science, Waterloo University, Canada. I wish to thank all the
people there for a very stimulating and memorable experience, and for making me feel
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very welcome. Special thanks to R. Wayne Oldford for stimulating discussions, and
for aiming my focus on Lisp as an environment for statistical computing.

Many thanks goes to the users of CoCo, especially those who reported errors of
CoCo.

Finally, I am indebted to my sister Annette Badsberg for helping me with the
English language and for correcting the English of many parts of the thesis.

The study has been funded in part by the Danish Research Consils through the
PIFT programme.

Aalborg, Danmark, March 15th 1995,
Jens Henrik Badsberg
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Sum m ary in D anish ,

D an sk resum e

Program meringsom givelser for

grapske associationsmodeller

Gragske modeller for statistisk analyse af data har opnet betydelig opmrksomhed
gennem det sidste rti. De gragske modeller giver en umiddelbar let forstelse af
modellerne og muliggr hndtering af mere komplekse modeller. Endvidere er der
ved graf-teoretiske resultater omkring disse modeller udviklet eceektive algoritmer for
estimation og model-selektion under klassen af hierarkiske log-linere modeller.

Gragske modeller anvendes ikke alene indenfor det statistiske omrde, men bruges
ogs af bl.a. dataloger i forbindelse med ekspertsystemer og kunstig intelligens.

Hvad er en gragsk model?

Dette projekt vedrrer analyse af kontingenstabeller: Betragt tabellen, der fremkom-
mer ved at man tager enhver kongguration af en mngde af diskrete variable, dvs.
kvalitative variable. Betragt f.eks. tabellen med de 8 celler, der er ndvendige, nr
man vil klassigcere en person efter hvorvidt personen ryger, personens far ryger og
personens mor ryger. Kontingenstabellen er da tabellen, der fremkommer som antal-
let af observationer i enhver celle af tabellen, nr et st af personer klassigceres med
hensyn til tabellen.

Gragske modeller er de log-linere modeller for kontingenstabeller, der kan re-
prsenteres ved en simpel ikke-orienteret graf med s mange knuder som tabellen
har dimension. Disse modeller kan fortolkes ved betingede uafhngigheder, og denne
fortolkning kan lses direkte af grafen.

Gragske modeller er en delklasse af hierarkiske modeller, men indeholder klassen
af dekomposable modeller. Disse gragske modeller vedrrer symmetriske associationer
mellem diskrete variable, men ogs asymmetriske associationer kan hndteres ved
orienterede grafer for rekursive modeller.

Andre modeller

Analogt til gragske modeller for diskrete variable, dvs. kontingenstabeller, kan gragske
modeller for kontinuerte variable degneres. Disse to klasser af modeller er delklasser



2 Indhold

af klassen af de gragske interaktions modeller, introduceret i Lauritzen & Wermuth
(1984).

Afhandlingens dele

Denne afhandling vedrrer udvikling af eceektive algoritmer for estimation og model-
selektion i kontingenstabeller, implementation af disse algoritmer i et afrundet program
og integration af dette program i et moderne milj for statistisk analyse.

Afhandlingen kan derfor naturligt opsplittes i tre dele, hvoraf den frste kan be-
tragtes som teoretisk og de to sidst som praktiske:

e Eweektive algoritmer for analyse af kontingenstabeller,
e Programmet CoCo,

e Integration af CoCo i systemet XLISP-STAT.

Eceektive algoritmer

Den frste del af afhandlingen bestr ud over den engelske sammenfatning kapitel 1
af tre kapitler: Kapitel 2 handler om hvorfor dekomposition af de log-linere model-
ler er vigtig for at opn eceektive algoritmer for estimation i disse modeller, samt om
en plads-besparende implementation af den ndvendige iterative algoritme for ikke-
dekomposable modeller. Kapitel 3 i denne del er om eceektive algoritmer for lsning
af de graf-teoretiske problemer omkring dekomposition af log-linere modeller. En-
delig indeholder denne frste del af afhandlingen kapitel 4, der giver algoritmer for
bestemmelse af den mindste mngde, hvorp en log-liner model er kollapsibel, og
som indeholder en given mngde.

CoCo

Anden del af athandlingen bestr af programmet CoCo, et program for estimation,
test og model-selektion i log-linere modeller p store kontingens-tabeller. Ud over
de beskrevne eceektive algoritmer for estimation i kontingenstabeller er der i dette
program implementeret algoritmer for model-selektion. Ved stepvis forward selektion
eller backward elimination af kanter eller interaktioner kan en minimal acceptabel
model identigceres, eller hele rummet af modeller kan ved den skaldte EH-procedure
deles i en klasse af acceptable og en klasse af kassable modeller. Derudover kan der
i CoCo beregnes eksakte testsandsynligheder ved Monte-Carlo simulation for et test
mellem en dekomposabel model og en vilkrlig dekomposable delmodel heraf, der
kan gives initiale vrdier til IPS-algoritmen og tabeller med strukturelle nuller kan
sledes hndteres, et justeret antal frihedsgrader kan beregnes og endelig er en af de
betydelige egenskaber ved CoCo, at ufuldstndige observationer kan hndteres ved
EM-algoritmen.

Del II er en guide til dette program. Denne del indeholder ogs artiklen Badsberg
(1992) om strategier for modelselektion implementeret i CoCo.
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Lisp-CoCo

I den tredje del af athandlingen beskrives integrationen af CoCo i Lisp systemet
XLISP-STAT. Denne integration muliggr en gragsk bruger&ade til CoCo og giver
mulighed for at skrive Lisp-funktioner, der regner videre p estimater og andre re-
sultater fra CoCo, hndtering af kausale modeller, etc. Dette system Lisp-CoCo er
dokumenteret i del III af afhandlingen.

Den gragske brugerFade til CoCo bestr af associations-diagrammerne: Associa-
tions-diagrammer er et meget tiltalende vrktj ved model-selektion. Associations-
diagrammet kan editeres ved at knuder, punkter for variable i kontingens-tabellen,
trkkes med musen, og kanterne til de AEyttede knuder vil da flge knuderne. Nye
diagrammer kan skabes fra et diagram ved at kanter tilfjes eller fjernes med musen.
To variable kan testes betingede uathngige ved at kanten mellem de to knuder for
variablene klikes med musen. Kanterne kan tegnes med en tykkelse, der er proportional
med hvor signigkante kanterne er. Kanter kan ogs forsynes med en vrdi beregnet
fra testet for fjernelse af kanten, f.eks. med p-vrdien eller en IC-vrdi. Kanterne kan
tegnes med en farve, der afhngiger af om kanten er besgt eller ikke. Hvis der under
en model selektion p baggrund af et associations-diagram ikke beregnes test for en
kant, dvs. hvis kanten ikke besges, tegnes kanten med en farve afhngig af hvorfor
kanten ikke besges. Et besg af en kant kan undlades, fordi kanten er tvunget ind
i modellen, fordi fjernelse af kanten er forkastet ved koherens, eller fordi fjernelse af
kanten resultere i en ikke-dekomposable model, etc.

Kausale modeller kan hndteres i associations-diagrammerne, og metoder for ba-
ckward elimination og forward selektion af kanter i associations-diagrammer er ogs
implementeret i Lisp-kode.

Ud over associations-diagrammer for kausale modeller introducerer dette vrkt;
ogs 1model dynamiske rotations plots) og en imodel manageren). Et imodel dyna-
miske rotations ploty er et dynamisk 3-dimensionalt plot, hvor vrdierne i plottet
opdateres ved ndring af modellerne, hvorunder vrdierne i plottet beregnes. iMo-
del manageren) er en graf, der holder styr p alle aktive associations-diagrammer i
Xlisp4+CoCo. Test mellem to modeller kan i plottet for model manager udfres ved
at en kant trkkes fra punktet for den ene model til punktet for den anden model i
model manageren.
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K apitel 1

A n E nvironm ent for G raphical

M odels

1.1 Introduction

Graphical models for statistical data have obtained considerable attention during the
last decade. The use of graphs gives a better understanding of the models and enables
handling more complex models. Besides, e(Ecient algorithms for estimation and model
selection have been developed by the use of graph-theoretical results.

Graphical models are not only used within the statistical community, but also
among computer scientists for expert systems and artigcial intelligence (Lauritzen &
Spiegelhalter 1988, Spiegelhalter, Dawid, Lauritzen & Cowell 1993, Jensen, Lauritzen
& Olesen 1990).

Graphical Models on Contingency Tables

Graphical models are for contingency tables log-linear interaction models that can be
represented by a simple undirected graph with as many vertices as the table has dimen-
sion. Further, all these models can be given an interpretation in terms of conditional
independence and the interpretation can be read directly oce the graph in the form of a
Markov property. In Darroch, Lauritzen & Speed (1980) graphical models are degned
by the close connection between the theory of Markov gelds and that of log-linear
interaction models for contingency tables. The class of graphical model is a proper
subclass of the hierarchical models, but the class strictly contains the decomposable
models, e.g., Haberman (1974) and Lauritzen (1982).

These graphical models concern symmetric associations among discrete variables,
but also asymmetric associations can be dealt with by directed graphs for recursive
models (Wermuth & Lauritzen 1983).

Other Models

Similar to graphical models for discrete variables, i.e., contingency tables, graphical
models can be degned for continuous variables (Wermuth 1976a, Wermuth 1976b).

7
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These two classes of models are subclasses of the graphical association models,
introduced in Lauritzen & Wermuth (1984). Theoretical aspects of this general class of
models for both discrete and continuous variables are further investigated in Lauritzen
(1989), Lauritzen & Wermuth (1989), Wermuth (1988), Wermuth & Lauritzen (1990),
Edwards (1990), Frydenberg & Lauritzen (1989), Frydenberg (1989) and Frydenberg
(1990).

With the growing use of the above models, the demands for e(Ecient state-of-art
software for handling the graphical models have become more intense.

The Parts of the Thesis

This thesis concerns the development of e(Ecient algorithms for estimation in con-
tingency tables, implementation of these algorithms in a computer program together
with procedures for model selection, and inclusion of the program in a modern system
for statistical analysis. The class of models is limited to models on discrete variables.

The thesis can be divided into three parts:

Part 1: E(Ecient algorithms for analysis of contingency tables:

This grst part of the thesis consists of three papers: A paper descri-
bing how decomposition is crucial for achieving e(Ecient algorithms for
estimation in the log-linear models and also describing a space saving im-
plementation of the necessary iterative algorithm for non-decomposable
models, a paper on algorithms for solving the graph theoretical problems
around decomposition of the models, and gnally a paper on algorithms
for collapsing log-linear models.

Part 2: The program CoCo:

CoCo is a program for estimation, test and model search among hierar-
chical interaction models on large contingency tables. In this program
the described methods for estimation are implemented. Badsberg (1991)
and Part II is a guide to this program. This part also contains a small
paper on the model selection strategies implemented in CoCo.

Part 3: Integration of CoCo in XLISP-STAT:

In the third part CoCo is included in the Lisp system XLISP-STAT. This
enables a graphical user interface to CoCo, the ability to write functions
for doing further computations on estimates and other results from CoCo,
handling of causal models, etc.

The study has been partly theoretical and partly practical. CoCo and the inte-
gration of CoCo in XLISP-STAT is the result of the practical part. This software is
available by ftp, see Part II or III.

The following three sections give a resume of each of the parts of the thesis:
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1.2 E@E cient Algorithm s for Analysis of Contingency
Tables

1.2.1 Computation of Maximum Likelihood Estimates,
Marginal Tables and the Deviance in Log-Linear Models

The Problem

Darroch et al. (1980) degned graphical models for contingency tables, where every
vertex of a graph is associated with a discrete random variable, and a missing edge in
the graph corresponds to the conditional independence of the two variables associated
with the two vertices of the missing edge. If a graph corresponds to a graphical model
for a contingency table, and the graph is decomposable into subgraphs by a clique se-
parator, then the maximum likelihood estimates for the parameters of the model can
easily be derived from the models on the lower-dimensional tables and represented
by the simpler subgraphs. The complexity of algorithms for computing the maxi-
mum likelihood estimates in log-linear models without decomposition is exponential
in the dimension of the table, and thus the divide-and-conquer approach based on the
decompositions will enable handling of much larger tables. For hierarchical log-linear
models on contingency tables analogous results can be achieved by decomposing the
hypergraph associated with the hierarchical model. Decompositions of hypergraphs
are degned in Lauritzen, Speed & Vijayan (1984).

Solution, Other Works and Applications

By application of graph-theoretical results, closed-form expressions of the maximum
likelihood estimates in decomposable log-linear models for contingency tables are fo-
und. For the remaining graphical and hierarchical models the problem of gnding the
estimates is reduced by decomposition of the models into the irreducible components,
an approach also suggested in Malvestuto (1989). The application of the iterative
proportional scaling procedure, the IPS procedure, is limited to these irreducible com-
ponents, and by representing the distributions of the irreducible components in an
economical way as described in Jirouek (1991), the iterative procedure is optimized.
The IPS-algorithm is also known as the iterative proportional gtting or the Deming-
Stephan algorithm (Deming & Stephan 1940, Fienberg 1970, Darroch & Ratclice 1972).
An implementation of the IPS-algorithm is given in Haberman (1972).

In chapter 2 it is argued that by these methods it is possible to compute the
deviance in hierarchical models for several hundreds of variables in each irreducible
component (under some constraints). Also exact computations are possible in expert
systems based on causal probabilistic networks by exploiting these methods (Lauritzen
& Spiegelhalter 1988).

The problems of computing marginal tables of counts and estimated values are
also addressed in chapter 2.

A crucial point of the complexity of the space saving implementation of the IPS-
algorithm is gnding a ¢ll-in giving a small state space, a problem considered in Rose
(1970), Rose (1973), Beeri, Fagin, Maier & Yannakakis (1983), Wen (1990), Kjrulee
(1990) and Kjrulee (1992). Junction trees can be used in the implementation of the
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space saving algorithm, see Jensen (1988) and Jensen & Jensen (1994) about junction
trees.

1.2.2 Decomposition of Graphs and Hypergraphs with Identi-
gcation of Conformal Hypergraphs

The Problem

The graph theoretical problem of decomposing log-linear models is considered in chap-
ter 3.

Other Works

In Geng (1989) the algorithm HiModel is presented. The algorithm checks whether
or not a log-linear model is decomposable, collapses the model onto a given set, and
decomposes the generating class into sub-generating classes as small as possible. The
algorithm has a complexity around O(nm?) of a graph with n vertices and m genera-
tors.

Solution

But a complexity of O(ne+nm min(n, m)) for identifying and decomposing models can
be achieved by the algorithms presented in Rose, Tarjan & Lueker (1976), Tarjan &
Yannakakis (1984) and Tarjan (1985). If the model class is restricted to graphical mo-
dels, then decomposable models can be identiged and decomposed in O(e + nmlogm)
with m < n, e is the number of edges in the 2-section graph. Compared to the com-
plexity around O(nm?) of the algorithm of Geng (1989) this is much better, unless
e > nm?, ie., the number of edges in the 2-section graph is very large compared
to the number of edges in the hypergraph. Working directly on the hypergraph,
decomposable models can be decomposed and the index of the graph computed in
O(n 4+ m' + nwlogw), m' the total size of the generating class. Graphical models
can often be handled in O(ne + nm + nwlogw) with w < min(n,m) the number of
decompositions with respect to minimal separators.

The algorithms for decomposing the model is based on the algorithm of Tarjan
(1985) for gnding the clique separators of a graph, an algorithm with a complexity of
O(ne +n?). An optimal version of this algorithm, in the sense that the separators are
minimal and that the graph is only decomposed into the irreducible components, is
presented in Leimer (1993). In Tarjan (1985) and Leimer (1993) algorithms for gnding
the vertex-sets of the irreducible components of the graphs are given. In chapter 3
also the problem of decomposing hypergraphs and the problem of gnding the cliques
(generators) of the irreducible components are considered. Furthermore, we for each
minimal clique separator count the number of components of the graph resulting from
eliminating the separator.
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1.2.3 Algorithms for Collapsing Log-Linear Models onto the
Smallest Set Containing a Given Set

The Problem

Asmussen & Edwards (1983) degned necessary and su(Ecient conditions for collapsi-
bility of hierarchical log-linear models for a multidimensional contingency table.

The problem addressed in chapter 4 is as follows: given a graphical (or a hierarchi-
cal) log-linear model M and a subset of the factors of the model, what is the minimal
set containing the given subset, such that M is collapsed onto the set? The problem
solved in this chapter can be given a pure discrete mathematical formulation: Given
a graph (or hypergraph) and a subset of the set of vertices of the graph, what is the
smallest set containing the given set such that the boundary of each connected compo-
nent of the graph induced by the complement of the found set is complete (contained
in an edge of the hypergraph)?

In chapter 4 two algorithms are presented. For graphical models and hierarchical
models respectively we give an algorithm to gnd the smallest set containing a given
set and onto which the model is collapsible.

Other Works

This set can be found by the algorithm HiModel of Geng (1989). This algorithm has a
complexity of at least O(nm?), with m the number of generators of the model and n the
number of variables. In Madigan & Mosurski (1990) an algorithm solving the problem
in O(m/) time for decomposable models only is considered. m’ is the total size of the
generating class of the model. They show that an algorithm for selectively reducing
an acyclic hypergraph given by Tarjan & Yannakakis (1984), in context of answering
queries in relation databases, can be used to solve the problem here considered for
decomposable models.

Solution and Applications

In chapter 4 an algorithm for solving the problem for graphical models in O(ne) time
is presented. By a simple modigcation the algorithm can also handle non-graphical
models in O(ne + nmw). Here e is the number of edges in the 2-section graph of the
model and w is the number of decompositions with respect to minimal separators. The
algorithm uses the notion of graphs with marked vertices presented in Leimer (1989).

Madigan & Mosurski (1990) write that their algorithm has applications in expert
systems: In the context of expert systems, by reducing a probability in Euence network
onto only the relevant nodes, the algorithms reduce the required computation and
simplify interpretation. Chapter 4 gives e(Ecient algorithms for an extended class of
problems. The algorithm of this chapter is also crucial in computation of an adjust-
ment of the number of degrees of freedom in tests between two log-linear models, see
Badsberg (1991) or Part II.



12 Kapitel 1. An Environment for Graphical Models

1.3 CoCo

1.3.1 Introduction

CoCo is a program for estimation, test and model search among hierarchical interaction
models for large contingency tables. CoCo works especially e(Eciently on graphical
models, and some of the commands are designed to handle graphical models, but also
non-graphical models can be handled. Badsberg (1991) and Part II is a guide to this
program. The work on CoCo was initiated in the master thesis Badsberg (1986). The
name CoCo is derived from 1Cojmplete 1Cojntingency tables, since the initial program
could only handled complete tables, but the program has been enhanced to handle
incomplete tables as well.

CoCo is a program designed to perform estimation and tests in large contingency
tables. By using graph-theoretical results (Rose et al. 1976, Tarjan & Yannakakis
1984, Tarjan 1985, Leimer 1993) the hierarchical log-linear interaction models are
decomposed. The IPS-algorithm is not used on the full table, but only on the non-
decomposable irreducible components (chapter 2). Furthermore, the optimized version
of the IPS-algorithm of Jirouek (1991) is used on these non-decomposable atoms.

If one model is tested against another and the two models have common decom-
positions, then the test can be partitioned in tests on smaller tables (Goodman 1971).
Collapsibility (Asmussen & Edwards 1983) of models and tests is used. If two large
sparse models (many factors but few interactions) have no common decompositions,
they can be tested against each other by computing the deviance for each model, not
by summing over all cells in the full table, but by summing over only cells in su(Ecient
marginal tables (chapter 2).

By using these methods the following procedures, depending of the size of the
tables, are useful:

Size of Tables

Tiny tables: 2 and 3 dimensional tables;

In these tables a wide range of measures of associations on the
2-dimensional tables given other variables can be computed.

Small tables: tables with up to between 7 and 10 variables;

On small tables the global model search procedure of Edwards &
Havrnek (1985) is useful, and will terminate after an acceptable
computing time. Also exact tests by Monte Carlo simulation and
the EM-algorithm are useful on these tables.

Before any computation all the marginal tables are found to reduce
the computing time (unless some cases have unobserved variables).

Medium tables:  tables with up to 20 variables;

Any test between two hierarchical models can be performed. The
procedures for backward elimination and forward selection of edges
in graphical models are useful.
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Large tables:

In these tables only su(Ecient tables of observed counts and tables
of estimated probabilities for few tables can be stored internally
in the computer.

tables with more than 20 variables;

We do not say that all models on large tables are large, e.g., a
model with only main eceects is called a small model. If all the
tables of the su(Ecient marginals of a model cannot ¢t in the com-
puter memory at one time together with the state spaces of all
the non-decomposable components of the model, then the model
is large. A model is very large, if any of the su(Ecient marginal
tables cannot gt in the computer memory. We cannot handle very
large models, if we cannot at least store the state spaces of the
non-decomposable components of the model one by one. Such mo-
dels are called huge models. Thus, in very large models the largest
clique of the gll-in graphs of non-decomposable atoms of the graph
of the very large model cannot have more than 14 binary vertices
(24 on workstations).

One model can be tested against another by using partitioning and
collapsibility of tests, or by computing the deviance for each model
by summing over only non-zero cells in the su(Ecient marginal
tables as described in chapter 2 . These tests can be performed
between any two large (or very large) models, but if the parts
of the test involve tests on large tables, then only the deviance
can be computed, and the adjusted degrees of freedom cannot be
computed, if the parts involve large models.

The procedures for backward elimination and forward selection of
edges in graphical models are still useful on large tables. (Various
runs of model selection by respectively forward selection and ba-
ckward elimination has been performed on the 121 dimensional
table with 10.000 cases of Wedelin (1993).)

In large tables the observations are placed as a case list on an
internal gle.

This crude classigcation of tables follows the classigcation of datasets by Huber
(1994): Tiny datasets are suitable for black-boards, a small set can be printed on a
few pages, a medium set gts on a Aoppy disk, a large dataset requires a tape, and a
huge dataset requires many tapes.

Model Control and Data Selection

Besides functions for tests and model search CoCo also has some procedures for model
control. The test of one decomposable model against another decomposable model can
be factorized into a sequence of tests with one edge (Sundberg 1975, Frydenberg &
Lauritzen 1989), and the test between any two submodels can be factorized in tests
with one interaction. Functions for producing these factorizations are available in
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CoCo. CoCo also has a function for computing a wide range of measures of associations
on 2-dimensional tables.

Observed counts, estimated counts and probabilities and residual (absolute, adju-
sted, standard, Freeman-Tukey, etc.) can be listed, plotted pairwise, printed in tables
and given a univariate description with mean, variance, median, range, etc.

Finally, to make the use of CoCo somewhat easier and more Aexible some data
selection is possible and cases with missing values (incomplete observations) can be
excluded at various levels in CoCo or the EM-algorithm applied. CoCo can exclude
all observations with any variable marked as unobserved, when reading the observa-
tions, exclude observations with variables unobserved in a given set, after reading the
observations, or exclude observations with relevant variables for a given test marked
as unobserved, when performing the test.

1.3.2 Model Selection

In the paper Badsberg (1992) a short presentation of the two main model selection stra-
tegies of CoCo is given: The incremental search by backward elimination and forward
selection and the global search procedure, the EH-procedure, from Edwards & Havr-
nek (1985). By incremental search a single minimal acceptable model is identiged. By
the principles of weak acceptance and weak rejection the class of minimal acceptable
models are found in the EH-procedure. In CoCo each of the model searches can be
done by a single command, or CoCo can be guided through the search in a highly user
controlled fashion.

Selection Criteria

In the model selection in CoCo the acceptance and rejection of a model can be based
on the likelihood ratio test statistic, Pearson’s y? test statistic or the power divergence
statistics (Read & Cressie 1988). For these test-statistics asymptotic p-values can be
computed using either the an unadjusted degrees of freedom or using an adjusted
number of degrees of freedom, or in tests between any two nested decomposable models
exact p-values can be computed by Monte Carlo simulation.

Instead of p-values information criteria can be applied, e.g., Akaikes information
criteria (Akaike 1974, Sakamoto & Akaike 1978) or the Bayesian information criteria
(Schwarz 1978).

Variables can also be declared as ordinal, and when two ordinal variables are
tested conditionally independent, Goodman and Kruskal’s Gamma coe(Ecient can be
computed. The acceptance of a model can then be based on asymptotic or exact
p-values of this coe(Ecient.

Incremental Search

The incremental search in CoCo is performed by forward inclusion (Dempster 1972)
and backward elimination (Wermuth 1976b) of edges (or interaction-terms). In the
backward elimination of edges in graphical models, edges are sequentially eliminated
from the independence graph. In the forward selection the edges are sequentially added
to the independence graph.
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Wermuth (1976b) considers stepwise edge elimination on decomposable models.
Two recent books Christensen (1990) and Whittaker (1990) each contain a chapter
on model selection. In Whittaker (1990) with the title 1Graphical Models) the model
selection is of course treated in relation to graphical models, but also in Christensen
(1990) an excellent discussion of model search on graphical log-linear models is gi-
ven. Edwards (1993) considers some computational aspects of both the stepwise edge
selection and the EH-procedure.

Incremental Search in CoCo

In CoCo the backward elimination and the forward selection can be started from
any initial model. The backward elimination procedure is not restricted to work on
edges, but can also perform stepwise elimination of interaction terms. Analogously with
the forward selection. Steps, the action of visiting a set of edges and then, based on
acceptance/rejection of the edges, remove or add a subset of the edges to the considered
model, of the backward elimination and the forward selection can be mixed together
in any order, and between each step any set of edges or interaction terms can be added
or eliminated. Thus, the functions for stepwise edge selection can, together with some
model-editing commands for adding and removing edges and interaction, be used in
a highly user-controlled semi-automatic interactive model search. The procedures can
be used to identify a single (or a few) minimal acceptable model(s).

The incremental search procedures can be controlled by several options: In back-
ward elimination local tests, i.e., tests against the previously accepted model, or global
tests, i.e., tests against a gxed base model, can be applied. Coherence can be applied,
i.e., in backward elimination, once a model is rejected, no sub-models of the rejected
model are considered. In forward selection elimination, in each step, either all edges
signigcant can be added, or only the most signigcant edge added. Analogously in ba-
ckward elimination, in each step, either only the least signigcant, or all non-signigcant
edges are removed. Also options for additional model control are available: e.g., in
backward elimination, for each edge to remove, besides the global test also test whet-
her the pair of variables of the edge is conditionally independent given each minimal
separator.

A recursive backward elimination strategy, where the grst edge found to be non-

signigcant is eliminated in each step is implemented in CoCo. In each step of this
headlong backward elimination, edges with p-value less than a given limit (e.g.
1% or 5%) are rejected, and, when the principle of weak rejection is applied, the
are not considered in sub-sequential steps. The grst edge found in each step with p-
value greater than a second limit (e.g. 20%) is removed. Visited edges in the current
step with a found p-value between the two limits and all not visited eligible edges in
the current step are eligible in the next step. This gives a faster elimination than a
backward elimination where all eligible edges in each step have to be visited to gnd the
least signigcant edge. Analogously a headlong forward selection is implemented.

Not to favour the removal of edges with, e.g., a low lexicographical order, the edges
in this headlong backward elimination are visited in a random order. Hence several
calls to the procedure might give diceerent results, and a sample of models with all
edges signigcant to a selected level of signigcance can be generated.
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The Model Selection in CoCo Compared with Model Selection in Lisp

The result of the model selection considered in this section, the model selection in the
stand-alone version of CoCo, is printed on standard output and models are added to a
list of models. In the Lisp Stat environment extended with CoCo, see the next chapter,
also a function for stepwise edge selection on association diagrams is implemented. The
results of the model selection on association diagrams can be new association diagrams.

For performing the same model selection, the selection in CoCo is the fastest, since
it is performed in a compiled program, but in addition to giving a visual picture of
the selection, the model selection on association diagrams is more Aexible: E.g., the
user can program the selection criteria, and model selection on block-recursive models
is possible.

Only in the model selection in the stand-alone CoCo forward selection and back-
ward elimination of interaction terms are possible, and for each edge/interaction-term
tested some model control is available.

The Model List

The resulting models from each cycle of the backward elimination and the resulting
model from the forward selection are added to a linked list of models in CoCo. This
list of models in CoCo has been found to be very useful. Besides models generated
by the incremental search procedures the model list also contains all models read into
CoCo. The list of models helps keeping track of the search. The models in the list
can be edited: edges or interaction-terms added or removed, the models tested against
each other, gtted values in models tabulated, plotted, etc.

Global Search

By the principles of weak acceptance and weak rejection, coherence, the search space of
all hierarchical models on the contingency table is divided into two sets of models: the
class of minimal acceptable models and the class of maximal rejected models. Hence,
after using the ‘Fast Procedure for Model Search’, the EH-procedure, by Edwards
& Havrnek (1985) and Edwards & Havrnek (1987) any model can be labeled as
accepted or rejected.

By the EH-procedure the models (or sub-models of a specigc base model) are
classiged into two regions A and R: weakly accepted models and weakly rejected
models. Weakly accepted models are models that include an accepted model, and
weakly rejected models are models that are included in a rejected model. In turn, a
boundary below the weakly accepted models and a boundary above the weakly rejected
models, the R-dual Dr(.A) and the A-dual D 4(R) respectively, are gtted. The search
stops when either all models in D4(R) \ A are accepted or all models in Dr(A) \ R
are rejected.

In CoCo the global search can be started with the accepted class containing the
saturated model and the class of rejected models containing the model with only main-
eceects, or any models can be entered into the two classes. Three strategies for selecting
the dual to ¢t is implemented. The EH-procedure is implemented in CoCo both in the
graphical and the hierarchical version.
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1.3.3 Miscellaneous
Exact Tests

In large sparse tables the approximate p-values are completely unreliable (Kreiner
1987). Thus exact tests are needed.

Mehta & Patel (1983) give a network algorithm for performing Fisher’s exact test
in 7 x ¢ contingency tables, and Morgan & Blumenstein (1991) give an algorithm for
exact conditional tests for hierarchical models in multidimensional contingency tables.
Both algorithms depend on complete enumeration, and will thus give the exact p-value,
but the feasibility of using the algorithms is thus limited to what is here termed very
small tables.

But to any degree of accuracy approximation to exact p-values for tests between
any two nested decomposable models can be achieved by Monte Carlo simulation.

Pategeld (1981) give an e(Ecient method of generating random r x ¢ tables with
given row and column totals. In Kreiner (1987) this algorithm is used to calculate
approximations of exact p-values for tests for zero partial association, i.e., tests of two
variables conditionally independent.

The Monte Carlo algorithm of Pategeld (1981) can also be extended to give ap-
proximation to any degree of accuracy of exact p-values for tests between any two
nested decomposable models (Lauritzen 1993). This is implemented in CoCo.

Also e(Ecient methods for handling non-decomposable models are needed.

Incomplete Tables and Initial Values to the IPS-algorithm

Among the applications of arbitrary initial values for the IPS-algorithm is the ability
to handle incomplete tables, i.e., tables with 1structural zerosj. Thus, tables of initial
values for the IPS-algorithm can be entered into CoCo, and a modiged version of the
IPS-algorithm is used on these tables.

Adjustment of the Number of Degrees of Freedom

In sparse tables, i.e., tables with a considerable number of cells with zero counts, and
incomplete tables, an adjustment of the number of degrees of freedom of a test is
necessary, if the dimensions of the models are computed by the usual formulas, e.g.,
the formula given in Lauritzen (1982) for the dimension of log-linear models without
vanishing cell probabilities.

Haberman (1974) gives an algorithm for computing dimension of a log-linear model
adjusted for zero cells. The computations involve Gaussian elimination on a set of size
the unadjusted dimension of the model of vectors with as many entries as the table.
Haberman (1974) notes that 1the sort of calculations involved are hardly suitable for
the back of an envelopej.

Badsberg (1991) (Part II) gives a short formula for computing an adjusted number
of the degrees of freedom of a test. The calculation of this adjustment, implemented
in CoCo, involves visiting cells of expected su(Ecient marginal tables, and can be
computed also for fairly large tables. But the adjustment is probably only correct for
decomposable models on non-separable tables.
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EM-algorithm

Besides excluding cases with missing values (incomplete observations) at various levels,
CoCo can also handle incomplete observations by the EM-algorithm. The implemen-
tation given in CoCo is straight forward after the degnition of the EM-algorithm, see,
e.g., Fuchs (1982).

The EM-algorithm can be made more e(Ecient by the methods described in
Lauritzen (1991), Geng & Asano (1988) and Geng, Asano, Ichimura & Kimura (1993).

The EM-algorithm in CoCo is tested on data from Fuchs (1982) for an example
with sporadic missing observations, and on Dawid & Skene (1979) for an example with
latent class variables.

1.4 CoCo within XLISP-STAT and Association Dia-

gram s

The guide Part IIT is about CoCo within XLISP-STAT. The system 1Xlisp+CoCo —
A Tool for Graphical Models) is obtained by loading CoCo into XLISP-STAT. This
gives a graphical user interface to CoCo, and a model selection on graphical models
can be performed by mouse interaction with plots of independence graphs.

The purpose of loading CoCo into XLISP-STAT is, besides Xlisp+CoCo to allow
the end user to write Lisp programs using the procedures of CoCo as functions, to be
able to do further computations on tables of gtted values and statistics computed in
CoCo, plot output from CoCo by high-resolution graphics or, e.g., do a model search
by a strategy implemented by the end user in Lisp, etc.

Why XLISP-STAT?

In Tierney (1990) of course a lot of reasons are given for using Lisp as a platform for
a computer environment for statistical computing. Some of them are contained in the
following:

e Interactive: The days of computer interaction limited to punctuation cards
and batch jobs are long gone. In a computer environment for statistical com-
putation it must be possible to write expressions such as, e.g., the mean of the
elements of a vector divided by the square rote of the variance of the same
elements, or a matrix product involving the inverse of a matrix. The values of
these expressions should appear immediately on the screen without the tiresome
task of, e.g., calling a compiler. Thus the computer environment for statistical
computation must contain a high-level interactive programming language.

e Incremental: One may need to evaluate the same expressions over and over
again, but on diceerent sets of data, and thus it should be possible to write
functions in the computer environment, i.e., the language should be incremental.

e Object oriented: Experience has shown that object oriented programming is
very useful for graphics programming in general and statistical graphics pro-
gramming in particular (Stuetzle 1987, McDonald & Pedersen 1988, Hitz &
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Hudec 1994). Object-oriented methods have also many other applications wit-
hin a statistical system (Tierney 1990). They can be used for developing Kexible
data structures (McDonald 1986, Stuetzle 1987) and for representing statistical
models (Oldford & Peters 1988).

Instead of using an object oriented language one could have used a functional
programming language. This approach is for generalized linear models tried in
Gilchrist & Scallan (1988). Functional languages are in some sense the opposite
of object-oriented languages. In a functional language there is no state, i.e., no
objects holding variables, so there can be no confusion about which values are
owned be which objects, and thus debugging is easier. But graphics programming
would be a challenge in a functional language, since there is no way of storing
the characteristics of the graph windows in a functional language.

e Extendable: A very important feature of the computer environment for this
current project is that the language is extendable, meaning that functions and
procedures written in some other languages, e.g., C, PASCAL and FORTRAN,
can be loaded into the computer environment after compilation, and then used
as builtin functions in the computer environment.

e 1Statistical functions): Vectorized algebra, matrices and operations on
these, probability functions, graphics, etc. These are some of the features, im-
portant for statisticians, added to Xlisp by Luke Tierney to get XLISP-STAT.

Several other languages have been suggested and used as the basis for statistical
environments. A language that has received considerable attention is APL. APL has
many useful features especially for statisticians, including a wide range of functions for
handling matrices and arrays. But it does not have the ability to easily handle high-
level data, such as functions or expressions, nor does it lead itself readily to support the
object-oriented programming style that is so important for graphical programming.
Adding these features to APL appears to be considerably harder than adding matrices
and functions to Lisp (Tierney 1990).

In stead of adapting an existing language for statistical computation one could
develop a new high-level language from scratch. This approach has been taken in
developing the S system (Becker, Chambers & Wilks 1988, Chambers & Hastie 1991).

The S system is also extendable. CoCo can be loaded into this system, and the
most basic interface functions have been made. But S-Plus does not support graphics
programming as well as XLISP-STAT, and I found the programming in XLISP-STAT
more elegant than the programming in S-Plus. Thus the work of writing interface
functions between CoCo and S-Plus has been terminated and no graphical interface
is made.

1.4.1 Association Diagrams

The association diagram is a graph window with the independence graph of an as-
sociation model. The model can be causal or not, and the variables can be discrete,
ordinal, continuous etc. The independence graph, association or interaction graph, is
a simple undirected graph with as many vertices as the table has dimension. A vertex
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for each variable. Two vertices are adjacent in the independence graph for the model
unless the two variables are conditionally independent given the other variables.

The association diagram is a very appealing working tool for model selection.
The layout of the graph, the association diagram, can be edited by dragging vertices,
points for variables, with the mouse, and the edges will then follow the vertices. New
association diagrams can be created from a diagram by adding or dropping edges
by the mouse. Tests of two variables conditionally independent can be performed by
clicking on the edge between the two variables by the mouse. Edges are then drawn
with a width proportional to the signigcance of the edges. Edges can also be labeled
with a value computed from a test statistic for removing the edge, e.g., a p-value or
an IC-value. Causal models can be handled in the association diagrams. Methods
for backward elimination and forward selection of edges in association diagrams are
implemented. In the backward elimination of edges the edges are redrawn with a width
proportional to the signigcance of the edges as they are visited. The edge will be drawn
with a color depending on whether the edge is gtted or not. If the test of an edge is
not computed, then the edge will be drawn with a color depending on whether the
edge is gxed, the edge is rejected by coherence, removing the edge will result in a
non-decomposable model, etc.

1.4.2 Block Recursive Models

Block recursive models, Chain graph models, are models with both symmetric and
asymmetric associations between variables. The symmetric associations have been
dealt with so far in this thesis.

At the asymmetric association, directed association, between two variables, the
second variable might depend on the grst variable, but the grst variable is independent
of the second variable. The grst variable is then explanatory to the second variable,
the response variable. In the graph we then draw an arrow from the grst variable to
the second variable. The explanatory variables are also called the exogenous variables
and the response variables the endogenous variables. The endogenous variables have
an undirected graph associated with them. Each endogenous factor is the end point
for one or more direct edges. The directed edges can originate at either exogenous or
endogenous variables.

In recursive models response variables of some explanatory variables cannot be
explanatory variables to the same explanatory variables, i.e., in the graph there can-
not be any oriented cycles, cycles where one goes along undirected edges and in the
direction of arrows.

Conditional independence statements for recursive causal models are examined
in Wermuth & Lauritzen (1983). The so-called block recursive graphical models or
graphical chain models are further treated in Lauritzen & Wermuth (1989), Lauritzen
(1989), Wermuth & Lauritzen (1990), Lauritzen, Dawid, Larsen & Leimer (1990).
The chain graph Markov property is investigated in detail in Frydenberg (1989). Mo-
del selection methods for creating a diagnostic system by causal models on discrete
variables are discussed in Lauritzen, Thiesson & Spiegelhalter (1992). Also the text
books Lauritzen (1993), Whittaker (1990) and Christensen (1990) contain chapters on
block recursive models.

The tool for association diagrams implemented in the Lisp extension of CoCo are
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able to handle block recursive models. In these diagrams incremental model search
on block recursive models can be performed by backward elimination and forward
selection.

1.4.3 Miscellaneous

Besides introducing association diagrams with the ability to handle block recursive
models and dumping TeX picture-code for the diagrams, this tool also introduces the
model dynamic spinning plot and the model manager. Also a method for doing a
model selection with resampling is implemented.

Model Dynamic Spinning Plots

The model dynamic spinning plot is a spinning plot, where the values in the plot are
updated when models are modiged. Spinning plots are rotatable three-dimensional
scatterplots. In the model dynamic spinning plot each of the variables are linked to
a model, and when the model is modiged the plot is redrawn with the new values
of the model. These spinning plots can, of course, be linked to other spinning plots,
histograms, etc. and points of one plot highlighted when the corresponding points are
brushed in other plots or histograms.

Model Manager

The model search by association diagrams may generate numerous windows with
graphs, and to handle these windows, the model manager has been made. The model
manager is an overview graph, where each point in the graph corresponds to a model.
Tests can be performed by dragging edges between points in the model manager.

Model Selection with Resampling

To show the advantages of including CoCo in XLISP-STAT, a method for resampling
from the case list, and do a backward elimination on each sample, has been implemen-
ted. The edges of the association diagram can be drawn with a width growing with
the reciprocal of the p-value or growing with BIC, the Bayesian information criterion.
But we can also let the width of the edges be proportional to the number of times
the edges are found in the gnal models of headlong backward eliminations on random
subsets of the cases.

This method is implemented in a few lines of Lisp code, and the full implementation
is shown in part ITI, 1Xlisp+CoCo — A Tool for Graphical Models), of the thesis as an
example of what can be made by the end user in XLISP-STAT extended with CoCo.

1.4.4 Discussion

The current tool may be considered an ad-hoc development of CoCo.

To handle mixed interaction models another approach should be adopted. The
tool should be built around the hierarchy of models. For each class of models an
estimation function should be implemented. The CoCo object with the data should
be removed. Functions for gtting models, returning gtted values from models, testing
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models against each other and search routines should be extracted from the code of
CoCo. Necessary data to the resulting functions should be given as arguments to the
functions. This will be at the cost of some computational speed, e.g., because the code
for reusing already computed tests thus cannot be implemented as e(Eciently as in
CoCo.

It should be possible to put variables (objects with information whether they are
discrete, ordinal, continuous, which variables the variable is a response variable to
etc.) into a model, and then the model object should be specialized appropriately
to whether the model is a general mixed interaction model, a linear regression, a
log linear model on a contingency table, a block recursive model, etc. These variable
objects could also know where to position themselves in the association diagram, etc.
Hierarchy of models is discussed in Anglin & Oldford (1993) and Tierney (1991). The
notion of data frames of Chambers & Hastie (1991), i.e., a collection of named vectors
of the same length, may also be useful here.

e Speed: The current implementation of the association diagrams has been made
to investigate the usefulness of these diagrams, and the diagrams are implemen-
ted so new features can easily be added, but no attempts to make fast code have
been made.

The performance of the current implementation is gne for small graphs, i.e.,
graphs with less than 10 variables. Editing the layout of a graph with 40 variables
is bearable. The code for the drawing of the graphs should be optimized.

e Variables as objects: Variables should be objects (Oldford & Peters 1986,
Oldford 1988), and when the variables are put into a model, the model object
should be created appropriately as a pure discrete model (a CoCo model), a
linear regression, a mixed interaction model, a block recursive model, etc. as
discussed above.

e Graphical interface to variables: It should be possible to click the vertex
for opening a dialog window for setting vertex position, vertex label, position of
vertex label, variable type, stratum, list marginal table, list values, etc.

e Model formulas: Besides building the models by graphical interaction it should
also be possible to specify the models by commands. An extension of the GLIM-
language (Wilkinson & Rogers 1979) would be nice. This language is also used
in Chambers & Hastie (1991). A language for mixed interaction models is con-
sidered in Edwards (1989) and Edwards (1990).

e Mixed models: The tool should be extended to handle mixed models: The sym-
bols should depend on the type of variable: Continuous (circles) and discrete
(dots). The association diagram is ready for this change. Discrete nominal vari-
ables are drawn with dots and ordinals with squares.

The problem is the estimation in the mixed causal models and the hierarchy of
models. Algorithms for estimation in mixed undirected models are implemented
in MIM (Edwards 1989).

e Hypergraphs: The tool should be extended to handle hierarchical non-graphical
models. It should also be possible to draw graphs as hypergraphs.
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e Methods without graphs: It should be possible to declare a CoCo model ob-
ject as a block recursive model, and then perform a model search among block
recursive models on the model without the graph. This will also enable a model
search on undirected models by a criteria programmed by the end user.
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Abstract: By application of graph-theoretical results, closed-form expressions
of the maximum likelihood estimates in decomposable log-linear models for con-
tingency tables are found. For the remaining graphical and hierarchical models
the problem of gnding the estimates is reduced by decomposition of the models
into irreducible components. The application of the iterative proportional gtting
procedure is limited to these irreducible components, and by representing the
distributions of the irreducible components in an economical way, the iterative
procedure is optimized.

By these methods it is possible to compute the deviance in hierarchical
models for several hundreds of variables in each irreducible component (under
some constraints).

The problems of computing marginal tables of counts and estimated values
are also addressed.

Key Words: Contingency Tables, Hierarchical Log-linear Model, Decom-
position, Irreducible Components, Junction Tree, Fill-In, Iterative Proportional
Fitting.

2.1 Introduction

In model selection for contingency tables (Edwards & Havrnek 1985, Edwards 1993)
e(Ecient algorithms for computing the maximum likelihood estimates are needed. The
methods considered in this chapter will enable estimation and computation of the

24
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deviance in tables with several hundreds of variables. Also exact computations are
possible in expert systems based on causal probabilistic networks by application of
the methods (Lauritzen & Spiegelhalter 1988).

Darroch et al. (1980) degned graphical models for contingency tables, where every
vertex of a graph is associated with a discrete random variable, and a missing edge
in the graph corresponds to the conditional independence of the two variables associ-
ated with the two vertices of the missing edge. If a graph corresponds to a graphical
model for a contingency table, and the graph can be decomposed into subgraphs by
a clique separator, then the maximum likelihood estimates for the parameters of the
model can easily be derived from the models on the lower-dimensional tables and re-
presented by the simpler subgraphs. The complexity of algorithms for computing the
maximum likelihood estimates in log-linear models without decomposition is exponen-
tial in the dimension of the table, and thus the divide-and-conquer approach based
on the decomposition algorithms of this chapter will enable handling of much larger
tables. For example, by these methods it is possible to compute the deviance in hierar-
chical models with several hundreds of variables in each irreducible component (under
some constraints to be given later). For hierarchical log-linear models on contingency
tables analogous results can be achieved by decomposing the hypergraph associated
with the hierarchical model.

The graph theoretical problem of decomposing log-linear models is considered in
chapter 3. Based on Tarjan & Yannakakis (1984), Tarjan (1985) and Leimer (1993)
algorithms are given for gnding the irreducible components of hypergraphs and the
generating classes of these are presented. These algorithms for decomposing the models
and the optimized IPS-algorithm of Jirouek (1991) are implemented in the program
CoCo (Badsberg 1991), see chapter 5 and Part IT and IIL

2.2 Preliminaries

Contingency Tables

Consider a gnite set of classifying factors, variables, A. Let i € 7T = XsecaZs and
1q € Tn = Xseals be vectors of indices, where Zs is the possible levels of the variable
d, 6 € A, and a is a subset of the variables A. Write the observed counts in the cell 4
and in marginal cell i, as N(i) and N (i,) respectively. The total count is denoted by
N or N(ig). We are interested in the probabilities p(¢) of an object falling in the cell
i, and the corresponding marginal probabilities p(i,) formed by summing p(i) over a®.
The table of counts is assumed to be multinomially distributed. A generating class is a
set of subsets of a gnite set such that no element in the generating class is a subset of
another element. If M is a generating class, then a probability distribution p belongs
to the hierarchical log-linear model M, if and only if

logp(i) = ) dali), (2.1)

aCA

where ¢, (i) = 0 for all i, € Z, unless a C ¢ for some ¢ € M. In this chapter we consider
limits of such probabilities denoted by M*. Let M, denote the hierarchical model
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with the sub generating class which is formed by restricting M to a, i.e., deleting all
variables not in a from the generating class M and subsequently, from the resulting
set, removing elements which are subsets of other elements. Denote the maximum
likelihood estimates of the probability in the cell i, under M, as p,(is).

For a given log-linear model M we degne the interaction graph G = (V(G), E(G))
of M as the undirected graph whose vertices V(G) C A correspond to the classifying
factors A and whose edges F(G) are given by the 2-factor interactions present in the
model. The interaction graph is the 2-section graph of the generating class M. One may
interpret the interaction graph in the following way, (Darroch et al. 1980, Asmussen
& Edwards 1983): If two disjoint subsets of vertices a and b are separated by a subset
¢ in the sense that all paths from a to b go through ¢, then the variables in a are
conditionally independent of those in b given the variables in c.

Clearly, many diceerent log-linear models may have the same interaction graph, as
long as they contain the same 2-factor interactions. Models with the maximal permis-
sible higher-order interactions corresponding to a given graph are termed graphical
models; it is shown by Darroch et al. (1980) that all decomposable models are grap-
hical. More specigcally, decomposable models are graphical models whose graphs are
triangulated, i.e., contain no cycles of length greater than 3 without a chord.

Graphs

In this chapter we consider simple undirected graphs G = (V(G), E(G)) with vertices
V(G) C A and edges E(G). A graph is simple, if it does not contain multiple edges
and loops, i.e., no identical edges and no edges with identical vertices.

A path in G between vertices v, w € V(G) is a sequence vg, vy, -, v, € V(G) with
{v,w} = {vo,vn} and {v;_1,v;} € E(G) for i =1,2,---,n. Two vertex sets a C V(G)
and b C V(G) are separated by ¢ C V(G), if every path from a vertex in a to a vertex
in b contains a vertex from c.

We say that two vertices in a graph are adjacent or neighbours, if there is an edge
between them, and we degne the boundary of a subset a of A, written Ja, as those
vertices that are not in a but are adjacent to some vertex in a. A set a is called
complete, if all possible edges between the vertices of a are present in the graph. If a
is complete and a is not a subset of another complete subset of the graph, then a is
called a clique. A vertex v is perfect, if the set dv of neighbours of v is complete. The
subgraph induced by a subset A C V(G) of the vertices of a graph G = (V(G), E(G))
is the graph G4 = (A4, E4), where E4 C E(Q) are the edges {v,w} € F(G) with both
v € A and w € A. The connected components of a graph are a partitioning of the
graph into subgraphs such that two vertices are in the same connected component, if
and only if there is a path between the vertices. If a graph only contains one connected
component, then the graph is connected.

Degnition 1 Two subsets a and b of V(G) form a decomposition of a graph G =
(V(G),E(G)), ifaUub=V(G),a\b#0,b\a##0,a\band b\ a are separated by
a N b in the graph, and a N'b is a complete subset.

In words, for the 2-section graph of a graphical model, two subgraphs of the 2-
section graph form a decomposition of the graph with respect to a subset ¢ of the
vertices of the graph, if the graph is the union of two subgraphs and the intersection
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¢ between the two subgraphs is complete. The set c is a clique separator. The graph is
decomposed into the two subgraphs. The subgraphs may be further decomposed into
subgraphs.

Degnition 2 If a graph and its subgraphs can be decomposed recursively until all
the subgraphs are complete, then the graph is decomposable.

Note that a graph may be decomposed without being decomposable. We say that
the graph is reducible, if it can be decomposed, i.e., its vertex set contains a clique
separator, otherwise the graph is said to be irreducible, a prime or a non-separable
atom. A subgraph G of a graph G is an irreducible component or a maximal prime
subgraph of G, if G4 is irreducible and G is reducible for all B with A ¢ B C V(G).

A graph is triangulated, if it contains no cycles of length greater than 3 without a
chord. Tt is a well-known fact (Lauritzen et al. 1984) that the decomposable graphs
are the triangulated graphs, the chordal graphs or rigid circuit graphs.

Hypergraphs

Restating, a generating class is a set of subsets of a gnite set so no element in the
generating class is a subset of another element.

The generating class M of a model may be viewed as the edges of a generating
class hypergraphs, in this chapter called hypergraphs: a graph M = (V(M), M) with
vertices V(M) C A the variables of the model and edges M the maximal permissible
interaction terms.

The edges M are a generating class and are not only subsets of cardinality 2 of
the variables, but subsets of any size of the set of vertices.

The 2-section graph of a hypergraph M = (V(M), M) is a simple undirected
graph GM = (V(GM), BE(G™)) with vertices V(GM) = V(M) and edges E(GM) =
{{v,w}| Je € M : {v,w} C c}. To distinguish the edges of the hypergraph from the
edges of the 2-section graph, we call the edges of the hypergraph, i.e., the elements of
the generating class, generators.

A hypergraph is conformal, if the cliques of it’s 2-section graph are the edges of
the hypergraph. Thus a model M is graphical, if the hypergraph with generators, i.e.,
edges, M is conformal.

Degnition 3 Two subsets a and b form a decomposition of V(M) relative to a hy-
pergraph M = (V(M), M), if aUb =V (M), a\b# 0, b\ a # 0, a and b are separated
by a N'b in the 2-section graph of M, and a Nb C ¢ for some generator of M.

If a hypergraph is conformal and further the 2-section graph of the hypergraph is
decomposable, then the hypergraph is acyclic. For a hierarchical model to be decom-
posable, the hypergraph of the model has to be acyclic, i.e., the hypergraph has to be
conformal and the 2-section graph of the model has to be decomposable. (A hyper-
graph need not be a generating class hypergraph to be an acyclic hypergraph, e.i., an
acyclic hypergraph may contain edges that are subsets of other edges.)

The terms reducible, irreducible (prime) and irreducible component (maximal prime
subgraph) are for hypergraphs degned analogously to graphs.
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The Fill-In Graph

An elimination ordering 7 is an ordering {v1,---,v,} of the vertices in a graph. The
gll-in F; caused by the ordering 7 is the set of edges degned as follows:

Fr = {{v,w}| v # w, there is no edge between v and w, and there
is a path v = v(1),v(2), - -, V) = w such that (2.2)
m(vey) < min{m(v), 7(w)} for i =2,--- k—1}.

An elimination ordering 7 is perfect, if the g¢ll-in caused by the ordering is empty,
minimum, if |F,| is minimum over all possible orderings, and minimal, if there is no
ordering o such that F, C Fy. It is a well known fact, see e.g. Rose et al. (1976), that
a graph has a perfect vertex ordering if and only if the graph is decomposable, and
that an ordering {vi,---,v,} of the vertices vy, i = 1,---,n, in a graph is perfect
if Ov; N{wv;, -+, v,} is complete for each vertex v;, i = 1,---,n, in the graph, i.e., if
and only if v; is perfect in the subgraph induced by {v;,---,v,}. The ¢ll-in graph of a
graph G = (V(G), E(G)) for an ordering  is the graph F = (V(G), E(G) U F;;) with
the gll-in F,; added. The boundary 0,v are the vertices adjacent to v in the gll-in
graph.

RIP orderings

If a system ¢ = {Ry,---,Rs} of J, J > 1, subsets R; C A are ordered in a sequence
(Ry,- -+, Ry) such that

j—1
Vji=2,-,J 3k1<k<j: (Rjn|JR)C Ry, (2.3)
=1
then the sequence (Ry,---, Ry) fulglls the running intersection property.

Le., if Rj, j = 1,---,J, are the cliques of a graph, then the sequence (Ri,---,R;)
fulglls the running intersection property, if the cliques in the sequence are ordered
such that for each clique the intersection between the clique and the union of previous
cliques is a subset of a previous clique. A graph is decomposable, if and only if such
an ordering of the cliques exists.

Junction trees

Let M be a gnite collection of subsets of a set A, e.g., a generating class. The junction
graph J(M) = (M,E(J)) for M is a graph with vertices V(J) = M the elements of
M and edges E(J) = {{¢;,¢;} € M| ¢;N¢j # 0}, i.e., there is an edge between two
nodes of the junction graph, if the intersection of the two vertex sets of the two nodes
is not empty.

A spanning tree for J(M) is a junction tree for J(M), if for any pair ¢;,¢; € M
all vertices on the path between ¢; and ¢; contain ¢; N ¢;, see also Jensen (1988). If
J(M) is not connected, then the graph J(M) does not have a junction tree, but each
connected component of J(M) may have. A connected component of a graph has a
junction tree, if and only if the connected component is decomposable, (Jensen 1988).
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A junction tree can be constructed from a sequence (Ri,---,Ry) fulglling the
running intersection property: the tree is given vertices (Ry,---,Ry), and for j =
2,---,J the vertex R; is connected to one of the vertices Ry fulglling (2.3). Also a
sequence fulglling the running intersection property can be read oce a junction tree:
Pick any vertex as root, and then by either Breadth-grst search or Depth-grst search
visit all vertices of the junction tree letting R; be the elements of the i-th visited node
of the tree.

Through this chapter m will denote the number of generators in the generating
class M, m’ will denote the total size of the generating class, i.e., the sum m’ =
Zi:l,---,m |ci], where M = {c;,i =1,---,m}, n the number of vertices in the 2-section
graph GM = (V(GM), E(GM)) for the hypergraph M = (V(M), M), e the number
of edges in the 2-section graph, and e’ will denote the number of edges in a gll-in graph
of the 2-section graph. w will denote the number of decompositions with respect to
minimal separators. ¢ will denote the number of cycles in the IPS-algorithm, |Z| will
denote the size of the full table, and s will denote the size of the state space, see
expression 2.18.

Collapsibility and Decompositions of Models

Degnition 4 M is collapsible onto a, if one of the two following equivalent properties
hold:

i) for all p = p(i) € M, we have that p(i,) € M,,
ii) for all i, € Z,, p(ia) = Pa(ia)-

For proof of equivalence, see Asmussen & Edwards (1983). Note that p(i,) is the
marginalized maximum likelihood estimate whereas p, (i,) is the maximum likelihood
estimate in the restricted model M,.

Theorem 2.3 of Asmussen & Edwards (1983) states that a hierarchical model M
is collapsible onto a, if and only if the boundary of every connected component of a¢
is contained in a generator of M.

Theorem 1 If @ and b form a decomposition of A relative to a hierarchical log-linear
model M, then

pa(i) = %, where 0—00 =0 (2.4)
and
ﬁA(ia) = ﬁa(ia)- (25)

Proof This is Theorem 2.1 of Asmussen & Edwards (1983). Proof of the grst for-

mula is given by Haberman (1974), Andersen (1974), and Lauritzen (1982), and for the
graphical situation in Darroch et al. (1980). Partitioning of the maximum-likelihood
estimates was introduced by Goodman (1971). See also Sundberg (1975). If the deno-
minator N (iqnp) is equal to zero, then also both numerators are zero. The second
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formula follows by summing over b\ a and noting that py(isnp) = N(ianp)/N since
aNb is contained in a generator of My,. |

Degnition 5 M is decomposable with respect to the system ¢ = {Ry, -+, Ry} of J,
J > 1, subsets R; C A, if there exists an ordering (R, (1), -, Ry(s)) of the J subsets
such that

p(iRa(2)) o p(iRa(J))
p(iRo(2)nRU(l) ) p(iRa(J)m(Ra(l)U"'URa(J—l)))

p(i) = p(ir,q,) forall p e M. (2.6)

Formulas for Maximum Likelihood Estimates

If the model is decomposable and the ordering {vi,---,v,} of the vertices in the
graph is perfect, then repeated use of the above formula gives the following closed
form expression of the maximum likelihood estimates for the cell-probabilities

N (tgy RO
pai) = [ FUluuonntnn) 2.7

k=1..n N(iavkm{vkin'yv'ﬂ})

which can be reduced to

pa() =c [T N(ia) ™, (2.8)

k=1..u

where ay, are cliques or intersections of cliques of the 2-section graph of the model and
the index v is also known as the adjusted replication number (Haberman 1974, Darroch
et al. 1980). Thus the maximum-likelihood estimates are simple to calculate from
marginal tables when the index is known for each subset of the vertices of the graph
associated with the model. The algorithms of chapter 3 calculates for decomposable
models precisely this index. The constant ¢ is equal to 1/|Zac|, where A is the union
of variables in the model.

If the model can be decomposed, but the model is not decomposable, then the
maximum likelihood estimate for the cell-probabilities can be expressed as

pali)=c H N(iak)u(ak) H B, (iv,), (2.9)
k=1..u I=1..v

where ) are the generating classes for irreducible components that cannot be decom-
posed further. The sets a; and b; are vertex-sets for the subgraphs, into which the
graph is decomposed, or for some of the ay’s, separators. The maximum likelihood
estimates pp, for the cell-probabilities on the irreducible components b; are found
by the IPS-algorithm, the iterative proportional scaling algorithm, here M = B} and
Z = Iy, for simplicity:

i) Set the initial values,

1
PO @) = ik for all i€ T; (2.10)
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ii) For each generator ¢ in M,

i)/ N
prI() = ﬁ(r)(i):i/) for all i € Z, where og =0. (2.11)

Repeat step ii) until convergence. Note that all cells in the table Z have to be visited
for each generator ¢ in M for each cycle of step ii). Thus, if ¢ cycles of ii) are necessary
for convergence, the complexity of the IPS-algorithm is of the order O(¢gmn|Z|). The
factor n is because the cells of the tables cannot be addressed in constant time. If all
variables are binary, and there are n of them, then the complexity is O(gmn2"), i.e.,
the complexity is exponential in the dimension n in the version here described. See,
however, section 2.4 for an e(Ecient implementation

The adjustment need not be with marginal tables of observed counts, but can be
with any consistent system of marginal distributions, see Malvestuto (1989).

The IPS-algorithm is also known as the iterative proportional ¢tting or the Deming-
Stephan algorithm (Deming & Stephan 1940, Fienberg 1970, Darroch & Ratclice 1972).
An implementation of the IPS-algorithm is given in Haberman (1972). Alternatively,
e.g., the Newton-Raphson method could be applied. The Newton-Raphson method has
the advantage over the IPS-algorithm, which is very simple to implement, of needing
very few iterations. In some situations the IPS-algorithm after some initial iteration
will converge slowly to the maximum likelihood estimates. But the Newton-Raphson
method needs to compute the matrix of second derivatives of the log-likelihood and
the inverse of this matrix. For a higher dimensional contingency table with many para-
meters, the calculation of the inverse matrices, whose orders may be up to thousands,
aceects the e(Eciency of the Newton-Raphson method. Because the IPS-algorithm is in-
sensitive to the initial values, and in a few iterations gives an estimate fairly close to the
maximum likelihood estimates, and because the Newton-Raphson method with good
initial values converges fast, one could consider a gtting procedure which combines
the IPS-algorithm and the Newton-Raphson method for small irreducible components
(without empty cells). The Newton-Raphson method can not handle tables with empty
cells.

The e(Eciency of both the IPS-algorithm and the Newton-Raphson method will be
improved by reducing the use of the iterative algorithm to the irreducible components.

2.3 Identigcation and Decom position of the Model

By the algorithms presented in Tarjan & Yannakakis (1984) and Tarjan (1985) hierar-
chical log-linear models can be identiged and decomposed into irreducible components
in O(ne + nmmin(n, m)) time, see chapter 3 for this algorithm. If the model class
is restricted to graphical models, then decomposable models can be identiged and
decomposed in O(e + nmlogm) with m < n. Graphical models can often be handled
in O(ne + nm + nwlogw) with w < min(n, m). Working directly on the hypergraph
decomposable models can be decomposed and the index of the graph computed in
O(n +m’ + nwlogw) time by the algorithm of Tarjan & Yannakakis (1984).
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2.4 Partitioning of the Irreducible Components

The space saving modigcation of the IPS-algorithm

In Jirouek (1991) a space saving modigcation of the IPS-algorithm is given. Consider
any hierarchical model M. Then Theorem 1 of Jirouek (1991) say that the maximum
likelihood estimate of p under the model M is decomposable with respect to any
system {Ry,---, Ry} fulglling the following two conditions:

(1) there exists a permutation o such that (Ry(1),---, Ry(s)) meets the running
intersection property,

(2) for every ¢ € M there exists j € {1,---, J} such that ¢ C R;.

Note that a model need not to be decomposable to be decomposable with respect to
the system {R;,---, Ry}

E.g., consider for n variables a model consisting of a cycle, i.e., consider the model
[[1,2][2,3]--- [n — 1,n][n,1]]. If all edges from 1 to all other variables not adjacent
to 1 are added, then we get the system {{1,2,3},{1,3,4},{1,4,5},---{1,n— 1,n}}.
The edges added such that the resulting system can be permuted to meet the running
intersection property is a g¢ll-in. If all variables are binary, then the un-decomposed
maximum likelihood estimate requires 2" reals to store. Applying the decomposition
of the maximum likelihood estimate the estimate only requires (n —2)23 reals to store.

Together with Lemma 2 and Theorem 2 of Jirouek (1991), which ensures that
the probabilities of each step of the following algorithm also are decomposable with
respect to the system {Rj,---, Ry}, the above theorem gives the following modiged
IPS-algorithm. M is a hierarchical model and {Ry,---, R;} is the cliques of a decom-
posable graph such that for every ¢; € M, i =1,---,m, there exists a j € {1,---,J}
such that ¢; C R;. For e(Eciency, M is a irreducible component, i.e., the model contains
no variables only in one generator and the model cannot be decomposed:

i) Set the initial values,

1
P (ir,) = e for all ip, € Ig,; forall j=1,---,J. (2.12)
R;
ii) In the r-th cycle, for each generator ¢; € M,i=1,--- ,m,

a) Choose any permutation o;(1), - - -, 0;(J) such that (R,,(1)," -+, Rs, (7)) me-
ets the running intersection property and such that ¢; C R, (1)-

b) Adjust the part R, ) with the margin c;:

. . . . N(i.,)/N .

+1 c;

pf,:(l))(ZRai(l)) :pz(fi)(1)(ZRai<1))7A(r) i) for all ig, ., €ZIr, ., (2.13)
0'7,(1) Ci

The marginal ﬁf:)(l)(i R,,) is before the adjustment further marginalized

((7:)(1)(2'@) within an auxiliary store.

to get p
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c) Distribute the adjustment:
For j = 2,---,J: Let d; ; be the intersection R, ;jyN(Ry,(1)U---UR4, (j—1))

between the part R, ;) to update and the parts (R,,q)U---U Rgz(j_l))
already updated in this cycle, i.e., this adjustment with the marginal table

N (i, ).

1) The marginal ﬁf:)(j) (iR, ) is further marginalized to get the marginal

table p1 ;) (i, ,)-

2) The marginal ﬁff:?rkli)j)

ginal table ﬁffr_zrkl_),)(idi’j), where k; ; is the one of the indices whose

existence is guaranteed by the running interception property:

(iR, , j)) is further marginalized to get the mar-

1<ki;<j and d;; C Rgi(ki’j). (2.14)
3) Compute
~(r+1) .
Do (5, oy (Pds ;)
~(r+1) . ~(r . (ki ) \" i .
pfn(j)) (iR, ) = pz(n)(j) (R, ) —0 forall ip, ., €I, -

ai(4) (id"'j )
(2.15)

Repeat step ii) until convergence.
The adjustment need not be with marginal tables of observed counts but can be
with any marginal distributions, see Jirouek (1991).

The permutation

Assume grst that the gll-in is given.

For each marginal ¢; to adjust we in step ii) need a permutation o;(1),---,0;(J)
of the indices 1,---, L such that the sequence (R, (1), -, Ry, (7)) meets the running
intersection property and such that ¢; C R, ;). These m = | M| permutations can
of course be found once and for all and stored together the k; ;’s of step 2) for each
margin before starting the iterations. The permutations can be found with the help of
the restricted maximum cardinality search algorithm described in Tarjan & Yannakakis
(1984) by ¢rst numbering the vertices of ¢;, or junction trees can be used. About
junction trees, see also Jensen (1988), Lauritzen & Spiegelhalter (1988) or Jensen et
al. (1990).

The algorithm restricted maximum cardinality search runs in O(m'), and thus the
m permutations can by this algorithm be found in O(mm’).

Choosing an optimal permutation given the gll-in

Given the gll-in graph with cliques {R1,-- -, R;} and the permutation o;(1),- -, 0;(J)
such that (R, (1), -, Rs,(s)) meets the running intersection property and such that
ci € Ry, (1), the sets d; ; of step c) are uniquely determined. We also observed that the

(r) (iq, ;) and the adjustment of step 3)

ai(j)
is independent of the size of Zy, ;, when the marginal table ﬁf:zrkl_) ,)(idw) is found. But

complexity of computing the marginal table p
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the time used in step 2) to marginalize the marginal table ﬁ((?:zrkli)j)(i Ro,, j)) to get

ﬁﬁ:zrkl,,)yj)(idi,j) depends on the size of Zg,, () and the k; ; of this step is not uniquely

determined. So we want to choose k; ; such that |IRUi s j)| is as small as possible. By
a trivial algorithm these k; ;’s for all permutations and all intersections d; ; can be
found in O(nm3) given the permutations.

If the choice of k; ; is ambiguous, then the smallest marginal table containing the
factors d; ; already has been found in the current adjustment with a margin: Assume
dij € Ry, sy and dij € R, ) with s <t < j. Then D = R, (5) N Ry,r) # 0 and
d;; C D, and the marginal table determined by D was found in the ¢-th step of this
adjustment.

We also observe, that among permutations o;(1), - - -, 0;(J) such that the sequence
(Ro;(1), - Ro,(y)) meets the running intersection property and such that ¢; C R, (1)
we should choose the one such that if d; ; C d; 5, then s < t.

We wish to ¢nd the permutation o;(1), - -+, 0;(J) such that >, _, ; |IRa;(k;,j) |is as
small as possible. The computations of step c) are analogously to that of distributing
evidence in expert, systems based on causal probabilistic networks, see Lauritzen &
Spiegelhalter (1988) or Jensen et al. (1990). An algorithm to construct a junction tree
such that the sum of a 1Isymmetric measure; on the separators, i.e, the intersections
d; j, e.g., the sum Zj:2,---,J |Z4; |, is minimized, is presented in Jensen & Jensen
(1994). But since the weights of the links in our situation are not symmetric, the
permutations giving the the minimal sums »,_, _ ; |IRa;(k;,j)| cannot be read oce a

junction tree constructed by the algorithm of Jensen & Jensen (1994). We need to
construct a maximal spanning tree for the directed (junction) graph with weights on
directed edges, i.e., the graph achieved by replacing each edge of the junction graph
with two opposite directed edges from and to the vertices of the edge to be replaced.

Workspace and Complexity

It is clear that in each adjustment of step ii) we have to visit all the cells of the
tables of probabilities at least once. Thus we start the analysis of the complexity by
computing the size of the required workspace.
Our tables N (i.,), ic; € Ze;, @ = 1,- -+, m, to which the margins should be adjusted
have a total size of
SM = Z |ICi

c;EM

. (2.16)

The size s of the state space, the tables ﬁj(iRj), ir; €Ir;, j=1,---,J,is

sp= Y |Igl. (2.17)

j=1,d

Thus the total size s of workspace is then given by

SWw =8M+ SR+ 54 = Z |Ze, + Z | TR, | + 2j_HllaXJ TR, |, (2.18)
cieEM j=1,-,J T
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where s4 is some auxiliary store of the order 2 - max;j—1,... s |Zg,| needed in step b),
step 1) and step 2).

Thus given the gll-in, the complexity of the algorithm is then of the order O(gms),
where ¢ is the number of cycles needed for convergence, m is the number of generators
in the generating class and s = sp is the size of the state space. For a detailed
comparison of the complexity of the modiged IPS-algorithm with the complexity of
the ordinary IPS-algorithm, see Jirouek (1994).

The Fill-in

The crucial point for the complexity of the algorithm is thus to determine a gll-in such
that state space is as small as possible. Having implemented the algorithm Maximum
Cardinality Search of Tarjan & Yannakakis (1984) to decompose graphical models, it
is tempting to use the vertex ordering produced by this algorithm and then gnd the
gll-in by the algorithm Fill-In Computation of the same paper. But since Maximum
Cardinality Search is designed to test for a zero gll-in fast, and not to ¢nd a vertex
ordering giving a small state space, this is not recommended. The gll-in produced
this way is not even minimal, i.e., a subset of the produced gll-in may also be a gll-
in giving a decomposable graph. Finding the optimal g¢ll-in, i.e.; a gll-in giving the
smallest state space, is NP-hard (Wen 1990). The following simple greedy algorithms
will often give a smaller state space than Maximum Cardinality Search: Choose a vertex
ordering {v1, -+, vy}, such that the i-the vertex v; is selected, such that either

degciency: the number of gll-in edges resulting from picking v; at this step,
i.e., the number of edges missing to complete the subgraph induced
by dv; N {v;, -+, v,} in the graph with the gll-in edges resulting
of previously ordered vertices added,

degree:  the number |0v; N {v;,- -, v, }| of vertices adjacent to v; and not
yet ordered, or

weight: the size |Zvyusvinfvi,-va}| Of the state space of v; and the vertices
adjacent to and following v;

is minimized among the vertices not yet ordered, and then gnd the gll-in corresponding
to that vertex elimination ordering. The algorithms based upon the last tree heuristic
rules will be called the minimum degciency heuristic, minimum degree heuristic and
minimum weight heuristic, respectively. Minimum degciency heuristic has the advan-
tage to minimum degree heuristic of producing a perfect ordering, if such an ordering
exists, but minimum degree heuristic is faster, Rose (1973). In Kjrulee (1990) mini-
mum weight heuristic is found to be superior to the minimum degciency heuristic and
to the minimum degree heuristic of Rose (1973), (Kjrulee 1992). In Kjrulee (1992)
algorithms for gnding a gll-in given a small state space based on simulated annealing
are discussed. These algorithms are better, but very slow.
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The result of the algorithm

The output of the above algorithm will be a set of distributions ﬁggj) (ir;),j=1,---,J
such that the maximum likelihood estimate can be determined by:
Dins (ir,) Dias (ir,)

~(00) /-

pR2 (ZR2ﬂR1) ﬁg%oj)(iRJﬂ(Rlu---Uijl))

A(0)

ﬁA (Z) = PR, (iRl)

: (2.19)

when the cliques R;, j = 1,---,J, are ordered such that (Ri,---,R;) meets the
running intersection property.
If the iintersecting distribution) is divided into the denominator:

ﬁgzoj)(iRj)

wj(iRj) =

pﬁ%ojo) (iRjﬂ(R1U"'URj71))

, for all iRai(j) S IRai(j)’ for all j=2,--,J,

(2.20)
then the maximum likelihood estimate can be computed as

Pa(i) = PE (ipy )a(iny) - P (iny)- (2.21)

For the huge models, the algorithm of Jirouek (1991) makes the diccerence of being
able to handle these models or not. Although among all hierarchical models there may
only be a few that can be partitioned further by the algorithm of Jirouek (1991),
as decomposable models are rare among hierarchical models, the algorithm extends
considerably the class of models, that can be handled.

2.5 Computation of Tables of Marginal Counts

We need to compute the tables N(i,) for some subsets a of A to gnd the maximum
likelihood estimates of the cell probabilities and to ¢nd the deviance. Assume grst
that the observations are given in the form of the saturated table N (i), i € Z. To
compute the table N(i,), i, € Z,, we grst have to make all cells of the marginal table
zero, and then visit all cells of N (i), ¢ € Z, for adding up. To be precise, for each
count to add in the marginal table, we cannot identify the cell in the marginal table
in constant time, but computing the index of the table takes time of the order O(n).
Thus the complexity of computing a marginal table N (i), iq € Z,, is of the order
O(nl|Z]), or, if all variables are binary O(n2"). If a C b and the marginal table N (i) is
already computed, then the table N(i,) of course can be found by adding the counts
of the b table, i.e., in O(n|Zy]|). Since the separators are subsets of the vertex-sets of
the components, this will be the case for about half of the marginal tables to gnd to
compute the deviance of decomposable models.

Now assume that the observed counts are only available as a case list, but that we
can still store the marginal table N(i,), i, € Z,. We have to clear the table, which
takes O(|Z,|). Then all cases have to be visited for adding them up in the marginal
table. For each case we have to identify the cell to which the case belongs. Thus we
get the complexity O(n(|Z,| + N)).

Finally, assume that neither the marginal or the saturated table can be stored. We
are only interested in the counts in cells with non-zero count. These counts can be
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found by sorting the cases according to the vectors I,, i.e., the values of the variables
a for each case, and then for each congguration found of the variables a in the case
list count, the number of cases with that congguration. If the case list is not too long,
i.e., for the time being it may be stored in a few Mbytes, then this sorting can be
performed internally in a computer by a sorting algorithm as Quick-Sort or Heap-
Sort in O(nN log N) or Shell-Sort in O(nN!5). For huge datasets an external sorting
procedure, as, e.g., Merge-Sort in O(nN log N), is necessary.

The complexity of computing the marginal table N (i), i, € Z, (for non-zero cells)
can then be expressed by:

O(n|Z]) if |Z] <N,
O(n(|Ta] + N)) if |Z] > N and | T < NlogN,
O(nNlog N)  if |Z,| > NlogN.

2.6 Computation of the Deviance

Since the maximum likelihood estimate can be expressed as
pa(@)=c [] NGa)" ™ T ps i) (2.22)
k=1..u I=1..v

the deviance can be computed as:

logL = > log(pa(i)¥®)
el

= ZN(i)log(c H
k=1..

N(iak)y(ak) ﬁBl (ibz)>
i€l I=1..v

= Nlog(c) “ (2.23)
+ > vlar) Y Nlia,)log(N(ia,))

k=1.u iay, €la),

+ Z Z N(Zbl) log(ﬁBl (Zbl))

I=1..viy, €Iy,

u

Hence we only need to sum over non-zero cells in su(Ecient marginal tables for the
decomposable models.

The formula for the maximum likelihood estimates, i.e., the vertex-sets a; with
indices v(ay) and the vertex-sets b; of the non-decomposable and irreducible compo-
nents with generating classes B (2.22) are found in O(ne+ n?+nm min(n,m)) by the
algorithms of chapter 3.

Assume grst that the model is decomposable. Then the deviance can be computed

as

logL = Nlog(c)+ > |vlax) > N(ia,)log(N(ia,)) | - (2.24)

k=1..u tay, €lay,
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The terms Ziak el., N (iq,, ) log(N(i4,)) can be computed one by one, and we only
have to know counts in non-zero cells. The previous section shows that the non-zero
counts in table Z, can be computed in O(n|Z|), if the saturated table 7 is small, in
O(n(|Za] + N)), if the saturated table Z is too large to handle, but the marginal table
can be stored, and in O(nN log N), if the table Z, is also too large to handle. Thus,
unless we only have a very few observations, the computation of the marginal tables
is much harder than the determination of the expression. In statistical applications
the number of observations is often so that the computation of the marginal tables
is the hardest, but in expert system applications one can have networks with several
hundred variables on only a few dozen cases.

The total complexity can be expressed as

O(ne+n*+nmmin{n, m} +nm- min{max(mz}\)/l((|l'a|), min{|Z|,N}),NlogN}). (2.25)
ac

Note that v < 2m. This can also be written as:
O(nmlz]) if 7] < N,

O(ne+n?+nmmin(n, m))+ O(n(Y4epm [Za] +mN)) if |Z] > N and
maxgzem(|Za]) < NlogN,
O(nmN log N) if maxgem(|Zal) > NlogN.
(2.26)
If maxgem(|Za]) > NlogN, then only some of the tables have to be found in
O(nN log N), others, the small, can be found in O(n(|Z,| + N)).
If the model is not decomposable, then also the last sum of (2.22) can be computed
by ¢nding the terms >, ;N (iy,)log(pg, (is,)) one by one. As discussed in section
1 l
4, computing the probabilities of these terms has complexity O(gms), where ¢ is the
number of cycles needed for convergence in the IPS-algorithm, m is the number of
generators in the generating class and s is the size of the state space.

In Wedelin (1993) a fast method for computing an approximation to the deviance
is considered.

2.7 Marginalization of Estim ates

Consider the problem of gnding the marginal table of probabilities p(ip) under some
model M for some subset b of A. We then grst ¢nd the smallest model M, onto which
M is collapsible and such that b C a. This set can be found by the algorithm of Geng
(1989), an algorithm with a complexity of at least O(nm?).

But the set can for decomposable models be found in O(m’) time by the algorithm
of Tarjan & Yannakakis (1984) for selectively reducing an acyclic hypergraph, see also
Madigan & Mosurski (1990).

For non-decomposable models we use algorithms investigated in details in chapter
4: To the graph we grst add a new vertex w not in the 2-section graph of the model
and connect it to all the vertices of b. We then, by Lex M of Rose et al. (1976), ¢gnd a
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minimal vertex ordering such that the new vertex w is given the highest ordering, i.e.,
the new vertex w is ordered grst. By a lemma of Leimer (1989) we have a decomposition
eliminating vertices not in b if and only if we have a decomposition eliminating the
same vertices from the new graph. Finally we by the algorithms of chapter 3 perform
decompositions eliminating components not containing any vertices from b by visiting
the vertices with respect to the found vertex ordering. This algorithm has for graphical
models a complexity of O(ne), for non-graphical models a complexity of O(ne+nmw).

After gnding the smallest model M, onto which M is collapsible, and such that
b C a we then for each cell i, € I, have to sum the expression

P (ia) =¢ TT Nia )" ™) T d5lin) = ¢ d1ic)) - burolic,y,)  (227)

k=1..u l=1..v

over cells 7,5 € I\ Since

S [Qo)- ¥ (z 1 mack)) I o). @29

ia\bE€La\p k ia\{bUs} €La\ {bUS} is€1ls k:d€cy k:8&cy

we marginalize variables in a \ b, 1the things sticking outj, before multiplying the
expressions, and gnally for each cell i, € I, we multiply the expressions together.

Obviously the variables, vertices, only in one clique (of the graph induced by a
and with ¢ll-ins added to the non-decomposable irreducible components) should be
marginalized out grst. Such vertices must belong to non-decomposable irreducible
components: If the boundary of a vertex v is complete, then the graphical model M
is also collapsible onto a \ {v}.

For variables d in more than one of the sets, ¢, the tables ¢y (ic, ), k : 0 € ¢k, have
to be replaced by a table ¢5(iuk:d€%ck\{5}). The size |IUk:<5€cka\{5}| of this table is
usually greater than the total size ), 5c.. |Zc,| of the replaced tables, and the required
workspace may become too large. The computing time and space requirements depend
on the order, in which these variables are marginalized out.

The gll-ins added to the non-decomposable irreducible components should be such
that the model associated with the graph induced by a and with g¢ll-ins added to
the non-decomposable irreducible components can be collapsed onto a set as small
as possible containing b. This is possible, if the state space does not become too
large, simply in each non-decomposable irreducible component, start by completing
the boundary of each connected component of a'\ b, and then add a gll-in. Then subsets
of vertices can be eliminated without marginalization and computing new marginal
tables.

Concerning computing a table of marginal probabilities given some of the variables,
see Lauritzen & Spiegelhalter (1988).



K apitel 3

D ecom position of G raphs and
H ypergraphs with Identipgcation

of C onform al H ypergraphs

Abstract: Decompositions of graphs and hypergraphs by clique separators are
investigated. Not only the problem of determining the vertex-sets of the irre-
ducible components is considered, but we also consider the problem of gnding
the cliques (the edges in hypergraphs) of the irreducible components. Further-
more, for each minimal clique separator we count the number of components
of the graph resulting from removing the separator, i.e., the index.

Key Words: Graphs, Hypergraphs, Decomposition, Index, Irreducible
components, Cliques and edges of irreducible components, Hierarchical log-
linear models.

3.1 Introduction

Tarjan (1985) presents an algorithm for gnding the clique separators of a graph with
n vertices and e edges in a total time of O(ne + n?). An optimal version of this
algorithm is presented in Leimer (1993). The algorithm is in Leimer (1993) optimized
in the sense that the separators are minimal and that the graph is only decomposed
into the irreducible components. The algorithm presented here is also a little faster
than the algorithm of Tarjan (1985), although the complexity of the algorithm remains
the same. Tarjan (1985) and Leimer (1993) give algorithms for gnding the vertex-sets
of the irreducible components of the graphs. Here we also will consider the problem of
decomposing hypergraphs and the problem of gnding the cliques (generators) of the
irreducible components.

In Tarjan (1985) four examples are given, where decomposition by clique separators
can be used to solve graph problems e(Eciently. Tarjan considered minimizing the gll-

40
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in caused by Gaussian elimination, ¢gnding a maximum clique, graph coloring, and
gnding a maximal independent set.

Decompositions of a graph are of similar importance in a statistical context. Dar-
roch et al. (1980) degned graphical models for contingency tables, where every vertex
of a graph is associated with a discrete random variable, and a missing edge in the
graph corresponds to the conditional independence of the two variables associated
with the two vertices of the missing edge. If a graph corresponds to a graphical mo-
del for a contingency table and the graph can be reduced to subgraphs by a clique
separator, then the maximum likelihood estimates for the parameters of the model
can easily be derived from those in the models for the lower-dimensional tables, rep-
resented by the simpler subgraphs. The complexity of algorithms for computing the
maximum likelihood estimates in log-linear models without decomposition is exponen-
tial in the dimension of the table, and thus the divide-and-conquer approach based
on the decomposition algorithms of this chapter will enable handling much larger tab-
les. For hierarchical log-linear models on contingency tables analogous results can be
achieved by decomposing the hypergraph associated with the hierarchical model.

By these methods it is possible to compute the deviance in hierarchical models with
several hundreds of variables in each irreducible component (under some constraints;
see Chapter 2).

The algorithms of this chapter for decomposing the log-linear models on contin-
gency tables are implemented in the program CoCo (Badsberg 1991). The chapter is
written with the applications in contingency tables in mind, but the problems are
given a pure discrete mathematical formulation for possible application in other areas.

3.2 Notation

Graphs

See the corresponding subsection of chapter 2.

The Fill-In Graph

See the corresponding subsection of chapter 2.

The Index

In decomposable log-linear models for contingency tables, the problem of gnding a
closed form expression of the maximum likelihood estimates is a matter of computing
the index or the adjusted replication number for subsets of the graph associated with
the model (Darroch et al. 1980).

To degne the index we also have to degne the pieces of the graph relative to some
subset of the vertices: Let G = (V(G), E(G)) be a connected graph and d C E(G) be
a complete subset. The pieces of G relative to d are degned as follows: remove d from
G and form the subgraph Gy (g)\q with vertices V(G) \ d and edges which are those
in E(G) that do not involve vertices in d. Gy gy« now has one or more connected
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components A;, t € T, say. Let G be the subgraphs of G obtained be rejoining d to

the subgraphs A, i.e., G; has the vertex set A; Ud and edges which are those in F(G)

that only involve vertices in A; Ud. G, t € T, are the pieces of G relative to d.
Then for each complete subset d of E(G) the index v(d) is degned as follows:

v(d) = 1 — the number of pieces of G relative to d in which d is not a clique. (3.1)

If a graph G with index v¢ is decomposed into the two subgraphs A and B, and
these are both connected graphs with indices v4 and vp and with vertex sets a¢ and b
respectively, then the indices v4, vp and vg will satisfy

va(d) +vg(d ford;éaﬂb,
valdy =4 DT sl (32)
VA(d)+VB(d)—1 ford=anh.

This is Lemma 8 of Lauritzen et al. (1984).

In this chapter we for a decomposable graph for every (complete) subset d of the
vertices of the graph will compute the index degned by the sum of the indices of the
connected components of the graph. If d is not a subset of the vertices of a connected
component, then v(d) = 0. For d = () we have v(d) = v(#) = 1 — |T'|, where |T| is the
number of connected components of the graph.

Hypergraphs

See the corresponding subsection of chapter 2.

The index v of the hypergraph of any hierarchical log-linear model will together
with the maximum likelihood estimates of the irreducible components of the model
and marginal tables of counts for subsets for which the index is diceerent from zero
enable a fast computation of the maximum likelihood estimates in the model.

On contingency tables a decomposable model is a log-linear model associated with
a decomposable graph or an acyclic hypergraph, a graphical model is associated with a
graph or a conformal hypergraph, and each (generating class) hypergraph corresponds
to a hierarchical model.

Through this chapter m will denote the number of generators in the generating
class H, m’ will denote the total size of the generating class, i.e., the sum m’ =
Zi:l,m,m |ci|, where H = {c;,i=1,---,m}, n the number of vertices in the 2-section
graph Gt = (V(G™), E(GM)) for the hypergraph H = (V(H),H), e the number of
edges in the 2-section graph, and €’ will denote the number of edges in a gll-in graph
of the 2-section graph.

3.3 A Simple Algorithm for Decom position

In Geng (1989) the algorithm HiModel is presented. The algorithm checks whether
or not a hypergraph is decomposable and decomposes the hypergraph into sub-
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hypergraphs as small as possible. In this recursive algorithm an algorithm for eli-
minating vertices only in one clique is used. This sub-algorithm will handle and give
the gnal result of decomposable hypergraphs.

A grst look at this sub-algorithm suggests by the number of nested loops a com-
plexity of O(m?) set operations. For each set, i.e., generator, in the generating class
of the hypergraph all other generators are subtracted from the considered set. If the
resulting set is non-empty, then vertices that are in one and only one clique are iden-
tiged and eliminated. Such a step of checking all generators for vertices in one and
only one clique thus requires O(m?) set operations. This step is repeated until no
more vertices that are in one and only one clique are found. Ignoring the removal of
generators which are subsets of other generators, then, if only one generator is eli-
minated in each step, the complexity of the algorithm is O(m?) in set operations.
Consider, e.g., a sequence of variables with each pair of variables conditionally inde-
pendent given two consecutive and intermediate variables, i.e., the generating class
[[1,2,3][2,3,4][3,4,5] - - - [n — 2,n — 1,n]]. To prevent the algorithm from eliminating
more than one vertex in each step remove the grst 2-order interaction, i.e., consider the
generating class [[1,2][1, 3][2, 3, 4][3,4,5] - - - [n —2,n— 1, n]]. Empirical studies, see Mo-
del 3e in section 3.6, of this generating class with n the integers from 16 to 127 suggest
a complexity of O(m?) in set operations. Thus the complexity of the sub-algorithm is
probably O(nm?). Section 3.6 also gives empirical studies of other models.

The above gives a simple implementation of Graham’s algorithm to decompose
a hypergraph. Graham’s algorithm applies to decide acyclicity of a hypergraph the
following two operations repeatedly until neither can be applied:

e Eliminate a vertex that occurs in only one generator,
e Eliminate a generator that is contained in another generator.

For references, see Beeri et al. (1983) or Tarjan & Yannakakis (1984). This problem
can be solved more e(Eciently for decomposable models by the algorithm for selectively
reducing an acyclic hypergraph as discussed in Tarjan & Yannakakis (1984).

To handle non-acyclic hypergraphs, i.e., non-decomposable and/or non-graphical
models, Geng gives a recursive algorithm. Let C = (V(C),C) be the hypergraph to
decomposed. After eliminating successively all vertices only in one generator, this algo-
rithm searches for a generator ¢ € C according to which the hypergraph C = (V(C),C)
can be decomposed, and then calls itself recursively with the two sub-hypergraphs
A= (V(A), A) and B = (V(B), B) resulting from the decomposition.

Generators ¢ € C are visited until a generator ¢, according to which the hyper-
graph C can be decomposed, is found. For each generator ¢ of the hypergraph C (and
the empty set to decompose hypergraphs which are not connected) the following is
performed to test whether the hypergraph is decomposable with respect to c. First
an arbitrary generator a € C \ {c} diceerent from c is allocated together with ¢ to an
empty generating class, say .A. Then all other generators d € C\ A of C are visited, and
generators d intersecting the set diceerence between the vertices of A and the separator
¢, i.e., generators d with d N (Ugeaa \ ¢) # 0, are added to A. Such steps of searching
for generators to add to the generating class A are repeated until no generators are
added to A in a complete step of visiting all generators not on A, i.e., all generators
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of C\ A. The hypergraph can be decomposed according to the considered set ¢, if part
A is not the whole hypergraph to decompose, i.e., if A # C.

If only one generator is added in each step, then the process of checking whether
the hypergraph is decomposable with respect to a generator thus requires O(m?) set
operations. If the number of generators to visit before gnding a set according to which
the hypergraph is decomposable is proportional to m, and if in each decomposition the
size of the greatest of the two hypergraphs resulting of the decomposition is only a few
generators smaller than the hypergraph to decompose, then the total complexity of the
algorithm is O(m?*) in set operations. Consider, e.g., a sequence of variables conditio-
nally independent given two consecutive variables and all 2-order interactions removed,
i.e., the generating class [[1, 2][1, 3][2, 3][2,4][3,4][3,5] - - - [n—2,n—1][n—2, n][n—1, n]].
Empirical studies, see Model 3a in section 3.6, of this generating class with n the in-
tegers from 16 to 127 suggest a complexity of O(m31) in set operations. Maybe it
is possible to ¢nd generating classes showing that the complexity of the algorithm is
worse than O(m?3'1), but the above considerations show that the complexity is limited
by O(nm*). The complexity of the recursive algorithm seems to be O(nm?).

If the hypergraph by each decomposition is divided into hypergraphs with half the
number of generators, then the computing time to solve a problem of size n,m by
the algorithm is given by T'(n,m) = nm?3 + 27(n,m/2), and the complexity of the
algorithm is O(nm?).

But a complexity of O(ne + nmmin(n,m)) for identifying and decomposing hy-
pergraphs and returning the generators of the irreducible subgraphs can be achieved
by the algorithms presented in Tarjan & Yannakakis (1984) and Tarjan (1985). If
the class of generating class hypergraphs is restricted to conformal hypergraphs, then
decomposable graphs can be identiged and decomposed (with computation of the in-
dex) in O(e + nmlogm) with m < n. Compared to the complexity around O(nm?)
of the algorithm of Geng (1989) this is much better, unless e > nm?, i.e., the number
of edges in the 2-section graph is very large compared to the number of edges in the
hypergraph.

Working directly on the hypergraph, acyclic hypergraphs can be decomposed in
O(n+m’) time by the algorithm of Tarjan & Yannakakis (1984). Here m’ is the total
size of the generating class, i.e., the sum of the cardinality of the generators.

3.4 Graphs

Agsume ¢grst that the hypergraph is conformal. That is the cliques of its’ 2-section
graph are the edges of the hypergraph, and so the model is a graphical model. An
algorithm for decomposing non-conformal hypergraphs is given in section 3.5.

3.4.1 Identigcation of the Decomposable Graphs

The algorithm Maximum Cardinality Search of Tarjan & Yannakakis (1984) gnds an
ordering of the vertices in a graph in O(e + n) time.

In Maximum Cardinality Search the vertices are numbered from n to 1 in decreasing
order as follows. Give an arbitrary vertex the ordering n. As the next vertex to give
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Index-Decomposable-Graph(A, 9, 7 1)
local a, i, C}
Expression ::= Null;
for i =1 to |A]
C(r1(0)) = {m (i + 1), -, 7 (JAD} 1 9x ()
1u=1;
while i < |A]

a:=C(r71(i));
Update indexa U {w (i)}, 1, Expression);
while i < |[A] and C(r (i + 1) U{r~ i+ 1)} Ca

1o=141;
Update indexC(7—1()), —1, Expression);
tu=10¢+1
}
return(Expression);

Figur 3.1: Index of Decomposable Graphs.

a number, select the vertex adjacent to the highest number of previously numbered
vertices, breaking ties arbitrarily.

The ordering found is a perfect vertex elimination ordering, if the graph is decom-
posable. With the ordering found, decomposability can be checked in time O(e + n)
by the algorithm Test for Zero Fill-In of the same paper.

3.4.2 Decomposition of the Decomposable Graphs

Given a perfect elimination ordering of vertices in a decomposable generating class it
is a trivial task to ¢nd a closed form expression of the maximum likelihood estimates,
i.e., the index, in O(e 4+ n) time. Vertices are eliminated one by one according to the
perfect elimination ordering with recursive application of (3.2). Also from the graph
represented as adjacency lists for all vertices vy to eliminate in the graph the separators
Ovg N {vg+1, -+, v} and vertex sets {vg} U (Ovg N {vg41, -, vn}) of the eliminated
subgraphs can be found in a total time of O(e).

The index of the graph can also be found in O(e 4+ nmlogm) time. Instead of
eliminating vertices one by one, we in each step decompose with respect to a mini-
mal separator. Vertices are still visited according to the perfect elimination ordering.
The minimal separators are found analogously to how they are found for the non-
decomposable graphs, see the next section. A list of sets ax and indices v(ay) of those
sets is maintained. The procedure Update indexa, ¢, Expression) inserts v(a) = ¢ in
the list, if the index is not degned for that set. If the index is already degned for a
in the list, then the index v(a) for a is updated to v(a) + ¢. If the sets in the list
are stored in a binary search tree, then the complexity of inserting a set or updating
the index of a set in the binary search tree will be the logarithm of the number of
sets for which the index is already degned multiplied by the time used to determine
for two sets whether the one precedes the other. The list of sets has length less than
2m — 1, and has to be updated for each decomposition. Since the generating class is
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Index-Acyclic-Hypergraph((Ry, -+, Ry), 5,7)

local j;
Expression ::= Null;
forju=1tok

{

Update indexR;, 1, Expression);

Update indexR,; N U{;ll Ry, —1, Expression);
¥

return(Expression);

Figur 3.2: Index of Acyclic Hypergraphs.

decomposable, we have m < n, and we cannot perform more than m decompositions
with respect to minimal separators. Thus the generating class can be decomposed and
the index of the 2-section graph found in O(e + nmlogm) time.

Using Lex M instead of Maximum Cardinality Search to gnd the perfect elimina-
tion ordering would ensure that, when a separator occurs more than once, then the
graph is likely to be decomposed with respect to that separator in succession with
no decompositions with respect to other separators in between (see the next section).
If a separator occurs more than once, then the separator is contained in separators
occurring between its instances. Thus, if the separators are inserted in a list ordered
according to when the separators are used, we do not, when applying a separator, have
to scan the list to see, whether the separator is already in the list. But Lex M runs
in O(ne) time which should be compared to the complexity O(nmlogm) of updating
the list of the index. Since m < n for decomposable graphs and e ~ n?, the latter is
preferred.

By the orderings produced by the algorithm Restricted Maximum Cardinality Search
on Hypergraphs of Tarjan & Yannakakis (1984) it is possible to write an algorithm for
gnding the index of the graph in O(m’ 4+ nmlogm) time:

The algorithm Restricted Maximum Cardinality Search on Hypergraphs computes for
acyclic hypergraphs a perfect elimination ordering « of the vertices: a(v;) = ¢ and the
ordering {vy,---,v,} is perfect. The ordering is computed as follows. Pick as the grst
edge an arbitrary edge, and number all the vertices of that edge in increasing order.
When all the vertices of the selected edge are ordered, select as the next edge the edge
having as many numbered vertices as possible. Number all the unnumbered vertices
of the selected edge. Continue until all the vertices are ordered. The algorithm has a
complexity of O(m/’).

In addition to numbering the vertices, the program performs the following com-
putations: It numbers the selected edges from 1 to k in order of their selection; if S is
the ith edge selected, then S = R; and 5(S) = i, 8(5) is an index (diceerent from v)
of S. It extends this numbering to the vertices by degning

B(v) = min{B(R)| R is selected and v € R}. (3.3)

The integer (G(v) is the minimum number of the indices of the edges containing v.
Finally, for each edge S it computes v(5), degned by

~v(S) = max{B(v)| v € S}, (3.4)
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if S is not among the selected edges, and

7(8) = max{f(v)| v € S and B(v) < B(S)}, (3.5)

if S is among the selected edges. (All edges are selected for acyclic hypergraphs.) The
integer v(S) is the index of the edge selected latest before S such that the edge when
selected contained unnumbered vertices also in S.

Theorem 5 of Tarjan & Yannakakis (1984) states that a hypergraph H is acyclic
if and only if for each i € [1, k] and for each edge S of H such that v(S) = ¢ we have
Sn{v| B(v) < i} C R;. (Since S(v) = 4 implies v € R;, this condition is equal to
SN{v| B(v) < i} C R;.) This theorem enables an O(n + m)-time acyclicity test, see
Tarjan & Yannakakis (1984).

Since

j—1

R0 | Ri= R0 (o] Bv) < B(R)} = Ry 0 {o] Bv) <A(R)}  (36)
=1

we by the above theorem for acyclic hypergraphs have

j—1

(Rin|J R) € Ryr,). (3.7)
=1

Thus the algorithm Restricted Maximum Cardinality Search on Hypergraphs orders the
cliques R; of an acyclic hypergraph in the sequence (R, ---, Ry) such that

j—1
Vji=2,-,J 3k1<k<j: (BRjn|]JR)C Ry, (3.8)
=1
i.e., the sequence (,Rl’ -+, Ry) fulglls the running intersection property.

Thus R, and Ufz_ll R, forms a decomposition of the hypergraph induced by Uj_; Ri,
and we have an algorithm (ggure 3.2) for gnding the index v of an acyclic hypergraph.

Expression (3.6) gives various ways to compute the sets R; N U{:_II Ry, all in a
total time of O(m'), and thus the index of an acyclic hypergraph can be found in
O(m’ + nmlogm) time.

3.4.3 Decomposition of the Non-Decomposable Graphs
Decomposition

In Tarjan (1985) an algorithm for ¢nding the clique separators of a graph in a total
time of O(ne + n?) is presented. Leimer (1993) presents a version of this algorithm
that is optimal in the sense that the separators are minimal and that the graph is only
decomposed into the irreducible components.

The vertices of the graph are visited according to a minimal vertex elimination
ordering m. When visiting the i-th vertex v;, then, if the vertex set

C(v;) = 0xvi N {1, -+, Vn}, (3.9)
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i.e., the subgraph induced vertices adjacent to v; in the gll-in graph and following v; is
complete, and if C(v;) separates the graph into two non-empty components of which
one component contains v;, then the graph can be decomposed with respect to v;, and
the component with v; can be discarded as an irreducible subgraph.

This gives us the following decomposition algorithm:

e Find a minimal ordering 7 of G and compute C(v;) for each vertex v;.

e Repeat the following step for each vertex v; in increasing order with respect to :
Let A be the vertex set of the connected component of Gy (g)\¢(v,;) cOntaining v;,
and let B=V(G)\ (C(v;)UA). If C(v;) is complete in G and B # (), decompose
G into G' = Gsuc,) and G” = Guc(w,), separated by C(v;). Replace G' by
G"”, and discard G’ as a prime.

Visiting all the vertices according to this algorithm will perform all possible decom-
positions of the graph (Tarjan 1985):

Lemma 1 If G contains a clique separator, some decomposition step will be successful.

Proof This is Lemma 2 of Tarjan (1985). O

Lemma 2 The decomposition algorithm is correct.

Proof This is Theorem 2 of Tarjan (1985). O

Decomposition into the irreducible components with minimal separators can be
achieved by, if C'(v;) C dv;, i.e., there are no ¢ll-in edges from v; to vertices following
v;, not decomposing with respect to C(v;), but decomposing with respect to C(v;),
where

j= max (Clu;)U{v;}) € Clvy). (3.10)
Jj=i+1l,---n
Lemma 3 Let there be given an elimination ordering {v1,---,v,} of the vertices v ;),

i=1,---,n,in a graph G, and let ¢ be the smallest index such that C(v;) is complete.
If C(v;) C Ov;, then v; is a perfect vertex in G.

Proof Let a be the vertices of the connected component of Gy (g)\c(v,) containing
vi, and let b be V(G) \ (a U C(v;)). Gy(a)\cv,) is the subgraph of G induced by
V(G) \ C(v;). Since C(v;) is complete, then Gyuc(v,)s Gouc(v;) i a decomposition
of G when b # 0. Assume that C(v;) is a subset of dv;. Then a = {v;} because, if
a\ {vi} # 0, then let v; be the vertex with the greatest order in a \ {v;}. From the
degnition of the gll-in graph, C'(v;) and « it follows that the order of v; is less than
the order of v;. (Assume that there are vertices in a \ {v;} with an order greater than
that of v;, and let v; be the vertex of these with the smallest order. Since v; is in
the connected component of Gy (g)\¢(v;) containing v; there must be a path from v;
to v; not parsing C(v;). If {v;,v;} is not an edge of G, then {v;,v;} is an ¢ll-in edge
for the vertex ordering, and thus v; € C(v;) regardless of {v;,v;} is an edge of G
contradicting v; € a.) Since Gauc(v,)s Gruc(v) 18 @ decomposition of G, and since
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vj € a there can be no edges in the gll-in graph from v; to vertices in b. C(v;) is thus
a subset of {v;} UC(v;), and thus C(v;) is complete contradicting the assumption that
v; should be the vertex with the smallest order such that C(v;) is complete. O

The above theorem is also given in Badsberg (1986).

Lemma 4 Let {v1,---,v,} be an minimal vertex elimination ordering of the vertices
vy, © = 1,---,n, in a graph G, and let v; be the minimum vertex such that C(v;)
is a clique separator of G. If C(v;11) U {viy1} C C(v;) then C(v;11) is also a clique

separator of G.

Proof Let a be the vertices of the connected component of Gy (g)\c(v,) containing
v;, and let b be V(G) \ (a U C(v;)). After eliminating a the decomposition algorithm
will be successful at v;11 since C(v;4+1) C C(v;) and thus is complete. By lemma 2 the
vertex v; 41 is thus separated from b by C(v;11).

(Without reference to lemma 2 we can show that the vertex v;;1 not is adjacent to
any vertex of b. Assume v;41 ~n vy for some vy € b, k > i+ 1. But then vy € C(vi41)
contradicting vy € b. Assume v; 1 ~; vp, for some v, € b, h < i. Then vy ~, vy for
some v € b, k > i+ 1, else C(v) C C(v;) and thus complete contradicting v; be the
minimum vertex such that C(v;) is a clique separator of G. Since thus vy, ~; viy1,
h < i, and vy, ~; vk, h < k, we must then have an edge {v;41, v} of the ¢ll in graph
of G, and thus v, € C(v;41) contradictiong v € b.)

We then have that a U {v;11} is separated from b by C(vi+1), and thus
GaUfvis13UC(vis1)> GouC(viy) 18 @ decomposition of G.

Since C(v;) is complet the vertex v;11 is adjacent to each vertex of C(v;) and
thus C(v;) = C(viy1) U {vit1}. We then have that the subgraph Gaufu,, 1uC(viss)
eliminated by C(v;11) the same subgraph as G,uc(v,) €liminated by C;.

O

Theorem 2 Let {vi,---,v,} be an elimination ordering of the vertices v(;), i =
1,---,n, of the graph G, let i be the smallest index such that C'(v;) is complete, assume
C(v;) C Jv;, that G is decomposable with respsect to C'(v;), and set

j= min (C(v;)U{v;}) Z C(v;) — 1. (3.11)

j=itLn
Then C(v;) is a minimal separator of G.

Proof By the above lemma C(v;) is a clique separator of G. O

If j is determined as above, then by the construction of Lex M there cannot be
vertices in C'(v;) following v; and not connected to at least one of the vertices following
the vertices of C(v;).

Because, if there were such a vertex vy in C(v;), then, when ordering v in the
lexicographical search (with a higher order) before v;, the label of v; is lexicographi-
cally greater than the label of vy, since v; is connected to vertices following vertices
of C'(v;) and vy is not connected to vertices following vertices of C'(v;), contradicting
that vy should be ordered before v;.



50 Decomposition and Identigcation

Theorem 3 Decomposing with respect to C(v;) as determined above is the same as
decomposing with respect to C’(v;), where

C'(v;) = {w € C(v;) | w is adjacent to at least one vertex in V(G) \ (a UC(v;))}.
(3.12)

Proof O

In Tarjan (1985) it is noted that decomposing with respect to C’(v;) will give
smaller separators and fewer components, and improve the algorithm slightly, but not
improve the worst-case complexity of the algorithm.

In Leimer (1993) it is proven that when decomposing with respect to minimal
separators and using the vertex ordering of Lex M, then a subgraph eliminated at
one stage in the elimination process cannot be a subgraph of subgraphs eliminated
previously. Thus the graphs are precisely decomposed into the irreducible components.

Generators

Tarjan (1985) and Leimer (1993) give algorithms for gnding the vertex-sets of the
irreducible components. Besides considering this problem, we will also consider here
the problem of gnding the cliques of the irreducible components.

Let v; be the vertex with the smallest order such that C(v;) is complete, i.e.,
C(v;) C ¢ for some ¢ € C. C are the cliques of the graph. Let a be the vertices of the
connected component of Gy (g)\¢(v,) containing v, and let b be V(G) \ (a U C(vy)). If
b # (), then divide the generators C into the two classes A and B: A = {c € C | cNa # 0}
and B = {c € C | cna = 0}. Since the following lemmas and theorem are also true when
decomposing hypergraphs, we write generators and not cliques. Also the following are
true regardless of whether we decompose with respect to all the sets C'(v;) such that
C(v;) C ¢ for some ¢ € C or only decompose with respect to the sets C'(v;) C ¢ for
some ¢ € C with b # ().

Lemma 5 If C(v;) € Ov;, then the generators of G,uc(y,) are AU {C(vi)} and the
generators of Gyuc(y,) are B.

Proof Clearly the generators of G,uc(y,) are a subset of AU {C(v;)} and the gene-
rators of Gyuc(v,) are a subset of BU {C(vi)}.

We prove that C(v;) C ¢ for some ¢ € B: C(v;) is complete, and thus C(v;) C ¢ for
at least one ¢ € C. Such generators ¢ must be allocated to B: Assume cNa # () for one
of these sets ¢. If v; € ¢cNa, then {v;} UC(v;) is complete since {v;} U C(v;) C ¢, and
thus C(v;) € Ov; in contradiction with the assumption of the lemma. Let v; be the
vertex with the highest ordering in ¢ N a. If there is such a vertex v; € ¢ N a diceerent
from v;, then the ordering of v; is lower than the ordering v;, and C(v;) C Jv; since
{v;} UC(v;) C c. Thus v; is connected to all vertices of C(v;), but by the assumption
of the lemma, v; is not connected to all the vertices of C(v;), and thus v; has a label
lexicographically higher than the label of v;, and thus should be ordered before v; and
with a higher ordering. Thus ¢Na = 0 and C(v;) C ¢ for some ¢ € B.

The above proves that C(v;) Z c for all ¢ € A and thus the generators of G U\ ¢(v,)
are AU {C(v;)}. O
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Lemma 6 If C(v;) C Ov;, then the only generator of Gy ¢ (v, is {vi}UC(v;) and the
generators of Gyuc(v,) are B, if ¢ € B exists such that C(v;) C c, else the generators
of Gyuc(v,) are BU{C(vj)}.

Proof If v; is the vertex with the smallest order such that C(v;) is complete, and
C(v;) C Ov;, then v; is a perfect vertex in the graph, and the two generating classes
{{vi} UC(v;)} and B’ are a decomposition of C, where B’ is B, if ¢ € B exists such
that C(v;) C ¢, else BU{C(vi)}. O

Let a(;) be the vertices of the connected component of GV(G)\(C(W)UA(i)) containing
v; when decomposing with respect to a complete subset C(v;), where

Au) = U ag), (3.13)

j<i and C(v;)Cc for cec

are the vertices removed from the graph before decomposing with respect to C(v;).
The irreducible components with vertices a(; UC(v;) can then be ordered with respect
to A such that a;y U C(v;) precedes a(;y U C(vy), if Ay C A(;). We write a(;y and
Ay and not a(v;) and A(v;) since the sets are not degned for all vertices v ().

Divide the generators C into the classes A; = {c € C | cNa(;y # 0 and cNA;y = 0}.
Let S be the set of separators C’(v;) for eliminating complete subgraphs. Note that the
same separator may occur more than once during the decomposition, i.e., there may
exists vertices v; and v;, v; # v;, such that C(v;) = C(v;) (or C’'(v;) = C'(v;)) but
agy # a(j)l. Divide the sets of S into the classes S; = {c € S | cNa) # D and cNA(;) =
0}.

Theorem 4 The generators of the non-decomposable component with vertices a; U
C(v;) are L;U{C(v;{)}US!, where S = {c€ S |Vac Si:cZ aandVae A4U{C(vy):
¢ Z a}. If a¢;y UC(v;) is a complete subgraph, then the only generator of the subgraph
is aey U C(Ul)

Proof By induction on the number of separators. O

The following theorem can be used to reduce the computing time to determine
whether a separator has already occurred during the decomposition of the graph. This
is done by inserting the separators into a list ordered according to the order in which
they are used and such that the last used separator is visited grst.

Theorem 5 If an elimination ordering 7 of the vertices is found by Lex M and for
two vertices v; and v;, ¢ < j, we have C(v;) C Jv;, then for ¢ < k < j we also have
C(v;) C vy,

Proof Pick a vertex vy, i < k < j. Assume C(v;) € Ovg. Then C(v;)\ Qv # 0. Thus
Ovy, must contain at least one vertex not in C(v;) to ensure that vy is ordered before
v;, since C(vj) C Ov;. Such a vertex must have order greater than the vertex with

Hf the separators ¢’ (v;) are simply added to S during the decomposition, then S is actually not
a set, but should be considered as a list, of elements, possibly not all diceerent.



92 Decomposition and Identigcation

the greatest ordering in C(v;) \ Oug, else the label of vy is lexicographically smaller
than that of v;, since C'(v;) C Ov;. (See the next section about the label and the
lexicographical order of the label.) But then the label of vy, is lexicographically greater
than the label of v; and thus v, should have been ordered before v; and with a larger
ordering. a

Corollary 1 ~ When complete subgraphs are eliminated with respect to the same se-
parator ¢ more than once, then, if the graph is decomposed with respect to another
separator a between decompositions with respect to the separator c, the separator a will
contain the separator c.

Proof Let two vertices v; and v;, ¢ < j, be eliminated with respect to the same
separator ¢ = C'(v;) = C'(v;) and let vy be eliminated between the two vertices v; and
vj, i < k < j, with respect to the separator a = C'(vi). If v; is a perfect vertex in the
subgraph induced by {v;, - -, v, }, then C(v;) C dv; and then, since C(v;) = C(v;), we
also have C(v;) C dv;, and it follows directly of the above theorem that C'(v;) C duy.
Since ¢ = C(v;), k < j and C(vj) C {v;,--,v,} we have ¢ = ¢ N {vg, -+, v,} C
Ovg N {vg, -+, vn}, and thus ¢ C a since dv, N {vg, -, v,} C a. ]

This means that when a separator occurs more than once, then the graph is likely
to be decomposed with respect to that separator in succession with no decompositions
with respect to other separators in between.

Complexity

The minimal ordering of the vertices can be found by the algorithm Lex M of Rose
et al. (1976) in O(ne). In Lex M the vertices are numbered from n to 1 in decreasing
order using a modiged lexicographical search, where lexicographical search is degned
as follows. For each unnumbered vertex v, maintain a label, a list of the numbers of the
numbered vertices adjacent to v, with the numbers in each list arranged in decreasing
order. For the next vertex to number, select the vertex whose label is lexicographically
the greatest, breaking ties arbitrarily. Although somewhat complicated, lexicographi-
cal search can be implemented to run in O(e + n) time (Rose et al. 1976), and the
modiged version of lexicographical search used in Lex M to gnd the minimal ordering
runs in O(ne) time.

Computing the sets C(v;) is essentially a matter of computing the gll-in F, which
takes O(e’ +n) with the algorithm Fill In Computation of Tarjan & Yannakakis (1984).
Here €’ is the number of edges in the gll-in graph. Given an appropriate representation
of the gll-in graph, e.g., adjacency-lists, where the vertices adjacent to a vertex are
sorted according to a given order, then it can be checked in O(e) whether C(v;)
is complete. The separators C(v;) and the vertices for which C(v;) is complete are
determined during gnding the vertex ordering by Lex M in Leimer (1993).

The vertices of the component containing v; can be found in O(e+n) by a function
Find Connected Componer{ts, v;, d), which from the vertex v; will visit vertices only
in a by a bfs, Breadth-grst search, and with the adjacency lists 0 as argument. Thus
applying the decomposition step to a single vertex takes O(e + n) time, and the total
decomposition into irreducible components takes O(ne + n?). By this we have only
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Index-Graphs(C, A, 9,C, 7~ 1)
local a,b,d, A, B,S,1i,j,u;

Expression ::= Null;
d=A;
b:=d,
1u=1;
S =0
while b # )
{
while ~Complete C(7~1(4)))
1 =141
u = L(i);
if C(u) C ou
then {
J =141,
while C(771(5)) U {r~1(j)} C C(u) and j < |A]
Ju=J+1
a = {u}UC(u);

Update indexXa, 1, Expression);
Update index(), —1, Expression);

1u=7—1;
w = L(i);
az=a\C(u);

A ::= Return and delete generatofs, C);
B ::= Return and delete generatofs,S)
} else {
a ::= Find Connected Componer(tl \ C(u), u, d);
A ::= Return and delete generatofs, C);
B ::= Return and delete generatofs, S);
A = Reduc AU {C(u)} U B);
Push Irreducible Componerit U C(u), A, Expression) };
S:={Cw)}US;
if d#aUC(u)
then {
Update indeXC(u), —1, Expression);
Update index(), 1, Expression) }

d:=d\ g

bu=d\ C(u);

in=i+1}
return(Expression);

Figur 3.3: Index of Simple Undirected Graphs.



54 Decomposition and Identigcation

identiged the vertex-sets of the irreducible components. The number e of edges is
often greater than the number n of vertices, and e < n(n — 1)/2 grows with n?, so the
complexity is often written as O(ne).

The procedure Push Irreducible Componert, A, Expression) will update the data
structure holding the result of the decomposition with an irreducible component
with the generating class A. If a is the only generator in A, then the execution of
Push Irreducible Componenta, A, Expression) will update (by Update indey v(a) to
v(a) + 1 and v(0) to v(0) — 1. The total time used in the procedure Update indexis
O(nwlogw), if a binary search tree is used.

We then consider the complexity of ¢nding the generators of the irreducible
components. It is important to avoid ¢nding the cliques of the irreducible compo-
nent solely from the vertex-set and the adjacency-matrix since this problem is NP-
complete (Rose 1970).

In O(n) time a generator can be returned and deleted from a data structure for
a generating class C, where for each vertex v we have a double linked list of double
linked references to generators ¢ € C containing the vertex v. In this adjacency matrix
for a hypergraph, an element for a generator in the double linked list of generators
containing a vertex is also an element in a double linked list of vertices contained in
the generator such that when a generator is deleted from the list of generators of one
vertex, then the generator can also in linear time in the number of vertices in the
generator be deleted from the lists of all other vertices of the generator.

Such a structure can be constructed in O(nm) time, or more precisely O(m’) time.
To determine the generating class A;, we for each vertex w € a(;) have to return (and
delete) generators containing w, where we visit the sets a(;) ordered according to the
decompositions. We only have to visit a total of n vertices. A total of m generators
has to be returned, so the generating classes A; can be found in a total time of O(nm).
Analogously the sets S; can be found in a total time of O(nw).

For the non-decomposable components we have to remove identical sets and sets
subsets of other generators from A4; U {C(v;)} US;. Examples can be constructed such
that the number of generators in a generating class A; for a non-decomposable com-
ponent is proportional to m and such that the number of sets in &; is also proportional
to m (and w) Removing generators subsets of other generators simply by visiting all
generators of A; for each separator in S; and checking for subset gives the complexity
O(nmw). But this situation is rare.

3.5 Hypergraphs

3.5.1 Identigcation of Conformal Hypergraphs

Tarjan & Yannakakis (1984) give an algorithm for testing that a hypergraph is acyclic
in O(n+m'). Thus we can decide from the generating class in linear time whether the
hypergraph is (conformal and) decomposable. Ten conditions for a hypergraph to be
acyclic are given in Beeri et al. (1983).

Checking whether a hypergraph is conformal is harder.



3.5. Hypergraphs 55

In Berge (1973) the following theorem is given: A hypergraph C is conformal, if
and only if for each triple eq, es and ez of edges of C there is an edge f of C such that

(e1Nex)U(exNes)U(eaNes) C f. (3.14)

This condition can be checked in O(nm?). But a worst case complexity of O(n?m?)
can be achieved by the following theorem:

Theorem 6 Consider the graph G = (V(G), E(G)) and the generating class C, where
{a, B} € E(G), if {«, 8} C ¢ for some ¢ € C. C are then the cliques of G, if and only
if

VoeV(G)andaeC IbeC: {v}U(dvna)Ch. (3.15)

Proof Assume that the elements of C are the cliques of G. Then for any vertex v and
any generator a the subset {v} U (Ov N a) is complete and thus contained in a clique
bof G.

To show that the condition is su(Ecient to ensure that the generating class is
conformal, assume that

VoeV(G)andaeC IbelC: {viu(dvna)Ch. (3.16)

Let a = {a1, a9, -+, } be a clique of G. We then show that there is a ¢ € C such
that @ C ¢. Then a = ¢, and C must then be the cliques of G. Let by = @ and for
i=1,2,---,llet b = {e;} Ub;_1. Assume that there is a ¢;_; such that b;_1 C ¢;—1.
We then have

b, = {Oéi} Ub;_1 = {Oél} U (80&1' n bi—l) - {Oéi} U (80&1 N Ci—1)7 (317)

since b;_1 C dq;.
Since there is a ¢; € C such that {a;}U(Oa;Ne;—1) C ¢, and since thereis a ¢y € C

such that by C ¢, we have for ¢ = 1,---,1 that there is a ¢; € C such that b; C ¢;.
Since b; = a there is a ¢; € C such that a C ¢;. This theorem is also given in Badsberg
(1986). ]

The worst, case complexity O(n?m?) is frustrating since the decomposition of both

graphical and hierarchical can be performed in O(ne +n?m), i.e., only a third degree
polynomium. But the average complexity of the procedure is much better. The pro-
cedure can be implemented as follows. For each vertex v, divide C into three classes:
A class A with generators containing vertices from dv but not the vertex v, B with
generators containing v, and gnally a class D containing all other generators. For ge-
nerators in B and D there is nothing to check, and for generators a in A, the generator
b such that {v}U(dvNa) C b must be found in B. If for each vertex and each generator
to check we only have to visit a very few generators of B before gnding one fulglling
the condition, then we might expect a complexity of O(n?m), which is probably close
to the average complexity for conformal hypergraphs, and which have been veriged by
empirical studies. If the condition is not fulglled after only visiting a very few vertices,
i.e., the hypergraph is not conformal, then we may expect a complexity as low as
Q(nm), also veriged by empirical studies.
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(If all the classes A(v) and B(v) are found before checking is started, then they
can be found in a total time of O(nm) by visiting the generators one by one, and then
update B(v) or A(v) according to whether v is in the generator or in the boundary of
the generator respectively.)

3.5.2 Decomposition of the Non-Conformal Hypergraphs

The algorithm of Tarjan (1985) can be modiged to decompose non-conformal hyper-
graphs. We form the 2-section graph of the hypergraph and then apply the algorithm
of Tarjan (1985) on the 2-section graph. By the following lemma we know that the
separators of the hypergraph C = (V(C) C A,C) is a subset of the separators of the
2-section graph G€ of the hypergraph:

Lemma 7 If a hypergraph C is decomposable with respect to a subset d of an edge of
the hypergraph then the 2-section graph of the hypergraph is decomposable with respect
to the set d.

Proof This is a straightforward checking of degnitions. Since d C ¢ € C, d is a subset

of an edge of the hypergraph, d is a complete subgraph in the 2-section graph G¢. By
the degnition of decomposition of a hypergraph the set d separates the hypergraph
into two subgraphs both containing at least one vertex not in d. Thus d is a complete
separator of the 2-section graph. O

For each separator found of the 2-section graph we test whether this separator
also decomposes the hypergraph. If it does so, then we decompose the hypergraph. A
hypergraph C = (V(C),C) with 2-section graph G¢ = (V(G®), E(G°)) can be decom-
posed into primes, irreducible subgraphs by the following algorithm:

e Find a minimal ordering 7 of G¢ and compute C(v;) for each vertex v;.

e Repeat the following step for each vertex v; in increasing order with respect to 7:
Let A be the vertex set of the connected component of G?/(GC)\C(U,,) containing
vi, and let B = V(GC) \ (C(v;) U A). If C(v;) is contained in a generator of C,
and thus complete in G, and B # (), decompose G€ into G’ = Giucm) and
G = G%ucwi)’ separated by C(v;). Discard G’ as a prime, and replace G¢ by
G".

We clearly only perform valid decompositions, but have to verify that the compo-
nents found cannot be decomposed further:

Lemma 8 If the hypergraph C contains a clique separator, some decomposition step
will be successful.

Proof If the hypergraph has a separator according to which the hypergraph is decom-
posable, then the separator can be chosen to be minimal. By the above lemma, the
separator will also be a complete separator of the 2-section graph of the hypergraph,
and the separator will be a minimal separator in the 2-section graph. Lemma (1)
(lemma 2 of Tarjan (1985)) states that if the 2-section graph has a minimal separa-
tor, then the algorithm of Tarjan (1985) will visit the separator, and thus a minimal
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Index-Hypergraph(C, A, 9, C, 7~ 1)
local a,b,d, A,i,u;
Expression ::= Null;
d:=A;bu=d; i =1,
while b # )
{
while =CompleteC (71 (4)))
=141
w =1 1(i);
if i = |A] or 77 L(|A]) € C(u)
then {
Push Irreducible Componerd, C, Expression);
bu=10
} else {
if Subset of a generato(C(u),C)
then {
if Subset of a generato(C'(u) U {u},C)
then {
J =141
while C(771(5)) U {n~1(j)} € C(u) and j < |A|
Ju=J+1
az={upUCu)\ C(r 1 (j —1));
1u=7—1;
w =1 1(i);
Update indexa U C'(u), 1, Expression);
Update index(), —1, Expression)
}else {
a ::= Find Connected Componer(d \ C(u),u, 0);
A ::= Find Restricted GG U C(u), C(u),C);
Push Irreducible Componerit U C(u), A, Expression) };
Update indeXC(u), —1, Expression);
Update index(), 1, Expression);

d:=d\a
C ::= Find Restricted G@, C(u),C);
bu=d\C(u) };
in=di+1}}
return(Expression);

Figur 3.4: Index of Hypergraphs.
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separator of the hypergraph can be found by applying the algorithm of Tarjan (1985)
on the 2-section graph of the hypergraph. m]

Lemma 9 The components resulting from applying the algorithm cannot be decompo-
sed further.

Proof Lemma (2) (theorem 2 of Tarjan (1985)) states that the parts, into which the

algorithm is decomposing the 2-section graph, cannot be decomposed further. When
we decompose the hypergraph, we can get components where the 2-section graphs of
the components can be decomposed further. In the decomposition of the hypergraph
we have skipped separators of the 2-section graph that are not valid separators of the
hypergraph. These separators are skipped because they are not subsets of edges of
the hypergraph. In the components resulting of decomposing the hypergraph these
separators will neither be a subset of edges of the hypergraphs of the components, and
thus the components cannot be decomposed further. m]

Theorem 7 The decomposition algorithm for hypergraphs is correct.

Proof By lemma (8) the algorithm will visit all minimal separators of the hypergraph,
and by lemma (9) the components resulting of applying the algorithm cannot be
decomposed further. o

This theorem is also given in Badsberg (1986).

In this section we store the generating class in a linked list, a simpler structure
than used in the previous section. We then get a worse average complexity, but the
same worst case complexity for gnding the generators of irreducible components. The
cliques of an irreducible component can be found by the function Find Restricted GC
(d,C(v;),C) in O(nm) time from the generating class of the hypergraph to decompose:
If C is decomposable with respect to C(v;) and d is the vertex-set of one of the
components resulting from the decomposition, then the generating class restricted to
d can be found as follows. We visit all generators of C, and if the visited generator is a
subset of d, then it is a generator of the restricted generating class. If not the resulting
generator only contains the generator d, then the separator C(v;) is also a generator
of the irreducible component. No removal of any generator that is a subset of another
is necessary.

Since by construction aUC(u) and d\a are separated by C'(u), then aUC(u) and d\a
form a decomposition of C with respect to C'(u), if C'(u) is a subset of some generator of
C. This can be checked in O(nm) time by the function Subset of a generatofC(u), C).
(If the adjacency matrix of the previous section is used, we only have to visit generators
containing one of the vertices of C(u) to perform this test.)

If the hypergraph is decomposable with respect to C(u), then in O(nm) time the
generating classes A and C of the two components are found by the function Find
Restricted GC.

We thus get a total complexity O(ne + n? + nmmin(n,m)) of the algorithm for
decomposing a hypergraph.



3.6. Empirical studies 59

The algorithm for conformal graphs can easily be modiged to handle also non-
conformal graphs: The lines 13 to 38 are only performed, if C(u) is a subset of some
generator of C. Line 13, if C(u) C Ou, is replaced by if (Conformal and C(u) C du)
or (= Conformal and Subset of a generatofC(u) U {u},C)).

If v; is a perfect vertex, then decomposition with respect to a minimal separator
can be achieved by the following theorem:

Theorem 8 Let v; be the vertex with the smallest order such that C(v;) is complete.
If C(v;) U{vi} C e, ¢ €C, then v; is a perfect vertex in the subgraph of C induced by

{Uia Tty Un}-

Proof The proof is analogous to that of Theorem 3. O

3.6 Em pirical studies

The following tables shows the computing times (in seconds) for decomposing the
models (i.e., generating classes) of table 3.5 by respectively, (A), the algorithm HiModel
of Geng (1989) and, (B), by the algorithms presented in this chapter.

Each computing time, time, is found as the mean of the computing times of 48
decompositions of the relevant model with a given size n, the dimension of the model.
The 48 decompositions are performed in 4 runs on 4 identical machines (SPARC-
machines, Sun 4-25 with 20 MB RAM) with 12 decompositions performed in each
run. The 12 decompositions of the same model of size n in the same run are not
performed in succession, but with the decompositions of the other models in between.
Only the computing time for decomposing the model is measured, i.e., the reported
computing time does not include computing time for generating models, for writing
results and for reducing the expression. The algorithm of this chapter also decides
whether the non-acyclic hypergraphs also are non-conformal.

In the upper half of the tables the number n of vertices, the dimensions of the
models, are ranging from 16 to 1282. In the lower half of the tables the number n of
vertices are ranging from 64 to 2048, and only the algorithms of the current chapter
are applied. Because of the wider range a vertex cannot be stored in an unsigned char,
but has to be stored as an integer, and these computing times of the lower half of the
table are thus not directly comparable with those of the upper half of the table.

Because of the use of gxed sized arrays in HiModel, the use of HiModel is limited
to the upper half of the table. The available memory did not allow for more than 64
resulting irreducible components with a maximum of 128 generators in each of the
64 generating classes for the resulting irreducible components. Thus some computing
times are not available for HiModel in the upper half of the table.

The set-operations are for set with fewer than 32 vertices performed in constant
time. Also for many sets of size 128 many operations are performed in the same
time, but in sets with several hundreds vertices the size of the sets must be taken into

2The scale of the dimension is exponential. In this printing of the chapter the 1., 3., 5., 7. and 9.
lines fromthe original data.are omitted to make each table gt onto one page, and thus the regression
coe(Fcients may not be reproduced exactly.
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Model Dy:
Model Ds:
Model Ds:
Model Dy:
Model G;:
Model Gs:
Model Gs:

Model Gy4:

Model H;:
Model Hs:
Model Hs:
Model Hy:

[ [2,3,4,5][1,6]
3

1 2]+ [n] ],
1,2,3,---,n—1,n] ],
1,2,3] [2,3,4] - [n—2,n—1,1] ],

1,2 cn—2n-1][2,3,4,---,n—1,n] ],

1,2,3]2,3,4] - [n—4,n—3,n—2] [n—3,n—1][n—2,n)[n—1,n] ],
1,2] [2,3][1, 4][3,4] [4,

1,2](2,3][3, 4][1, 4] [4,
n—>5n—4]n—4,n
n—2n-—1jn-1

5][3,6][5,6]--- [n —2,n—1][n — 3,n][n —1,n] ],
5][5, 6][6,7][4,7] --
n— 3n—2][n—5n—2]

[
Jln=21]],

— 3]
,n][n,l
[6,7,10][7,8][8,9][9, 10]

[, 14][13, 15][10, 13, 14][15, 18][15, 16][16, 17][17, 1§
18,19, 20, 21][1, 22][21, 23][22, 23, 26][23, 24][24, 25] 25, 26]
[ [

[

1,

1,

1,

1,

[

[

[

[

[
[10,11,12,1
[ [
126,27, 28, 20][1, 30][29, 31)[26, 29, 30][31, 34][31, 32][32, 33] 33, 34] - -
[

[

[

[

[

[

[

[

[

[

[

[

[5,7][6,7, 1
[1,14][13,1
1,22][21
n—23,n—22n—21,n—20][1,n —19][n —20,n — 18][n — 19,n — 18, n — 15]
n—18 n—l?][n—l? n — 16][n — 16,n — 15]

n—15,n—14,n —13,n — 12][1,n — 11][n — 12,n — 10][n — 15,n — 12, n — 11]
n—10,n—T7)[n—10,n—9)[n —9,n — 8][n — 8, n — 7]
n—7,n—6,n—5n—4][1,n—3][n—4,n—2][n—3,n—2,2][n—2,n—1|[n—1,n|[n, 2] ],

1,2] [1,3][2,3] [2,4]3,4] - - - [n — 2,n][n — 1,n] ],

1,23 2.3.4] - [n— 30— 20— 1] [n— 2n]fn— Ln] ],

L2J[1,3] [2,3,4] [3,4,5] - [n = 2,n — 1,n] ],

1,2,3][1,4][2, 5]3, 6][4, 5][5, 6][4, 6][4, 7][5, 8][6, 9]

7.8,9][7, 10][8, 11][9, 12)[10, 11][11, 12][10, 12][10, 13][11, 14][12, 15] - -
n—8mn—"7n—"6|]n—8n—>5]n—"7mn—4n—6,n—3|n-—>5, n—4]
n—4,n— ][n—5 n—3|n—-5n-2]n—4,n—1]n—-3,n] [n—2,n—1,n]].

Figur 3.5: Models for Empirical study.
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| Model Dy ModdD, | Modldps |  Modelpy

Dimension | A B A B] A B | A B ||
16 [ 0.0054 0.0054 | 0.0015 0.0017 | 0.009%6 0.0075 | 0.0017  0.0025
20 [ 00071 0.0073 | 0.0008 0.0017 | 0.0173 0.009% | 0.0010 0.0033
24| 00067 0.0104 | 00015 0.0020 | 00269 0.0133 | 0.0013 0.0033
28 0.0100 0.0123 | 0.0008 0.0035 | 0.0429 0.0152 | 0.0010 0.0052
36 0.0150 0.0187 | 0.0013 0.0035 | 0.0910 0.0223 | 0.0025 0.0056
40 | 00183  0.0225 [ 0.0010 0.0020 | 0.1227 0.0271 [ 0.0017 0.0069
44100217 0.0244 | 00012 0.0042 ] 0.1656 0.0315 [ 0.0013 0.0077
48] 00256 0.0285 [ 0.0019 0.0085 | 02144 0.0354 | 0.0021 0.0083
52| 00202 0.032L | 00010 0.0046 | 02731 0.0404 | 0.0008 0.0092
60| 0.0385 0.0402 | 0.0010 0.0040 | 04248 0.0521 | 0.0021  0.0090
64| 00437 0.046 [ 0.0010 0.0052 | 05196 0.0581 | 0.0013 0.0104
68 0.0483 0.0500 | 0.0013 0.0044 | 0681 0.0635 | 0.0025 0.0110
76 | 0.0615 0.0604 | 0.0006 0.0081 | 0.8%7 0.0771 | 0.0019 0.0110
84| 00733 0.0721 [ 00021 0.0050 | 1.2083 0.0904 | 0.0021 0.0129
92| 0088 0.0837 [ 0.0015 0.0079 | 1.6050 0.1054 | 0.0010 0.0144
100 | 01052 0.0971 | 0.0019 0.0075 | 2.084 0.1235| 0.0002 0.0165
108 01223 01104 | 00023 0.0083 | 26481 0.1415 | 0.0010 0.0175
116 | 0.1406 01271 | 0.0015 0.0079 | 3.3094 0.1608 | 0.0023 0.0175
128 01723 01504 [ 0.0015 0.008 | 45121 0.1942 ] 0.0027 0.019
5| 1316 15869 03502 0.874 | 29857 15711 -0.0642  0.96%4
SE | 0045 0047 0135 0.0637 | 0.0183 0018 | 0.1796 0.0421
Degree | 2 2 1 1] 4 2 | 0 1
64 0.0515 0.0046 0.0621 0.0104
92 0.09%65 0.0065 0.1198 0.0127
128 0.1779 0.0083 0.2158 0.0190
180 0.3333 0.0121 04121 0.0277
256 0.6610 0.0165 0.803L 0.0390
364 1.3340 0.0260 1.6133 0.0560
512 2.6460 0.0373 3.1829 0.0840
T4 5.3485 0.052 6.3173 0.1202
1024 106352 0.0771 12,7210 0.1804
1448 210246 0.1013 25.2065 0.2340
2048 424327 0.1494 504946 0.378
5 | 19515 1.0208 1.9431 L0528
SE. | 0.0128 0.0127 0.0121 0.0156
Degree | 2 | 1] 2 | 1

Figur 3.6: Computing times for Decomposable Graphs.



62 Decomposition and Identigcation
Moddg: | Modeg, | Modelgs | Model g, |
Dimension | A B A B n A B n A B
16 0018 0.024] 0025 002] 15| 004 0.021 9 0.005 0.009
20[ 0033 0031] 0.040 0034[ 18] 0023 0027 17| 0014 0.023
24[ 0055 004 0063 0043[ 21]0031 0032 170015 0.023
28 0088 0054] 0.001 0057 [ 27]005 0047 25] 0036 0.039
36| 018 0080 ] 0174 0084] 33[ 0093 0063] 33| 0.069 0.060
40] 024 00%5] 0229 00%9] 39[0145 0083 33| 000 0.059
41034 0112] 0297 0116] 42[ 010 002 41] 018 0.8
48] 0451 0.31] 0374 0136] 45] 0214 0103 | 41] 0127 0.083
52 0577 0.49] 0465 0.55[ 51] 0303 0127 49| 0212 0.113
60] 0003 0.180] 0689 019 ] 57[ 0415 015 57] 0333 0.146
64] 1000 0210] 083 0224] 63[ 0550 081 57| 033 0147
68| 1318 0236 | 0075 0247| 66| 0628 0.8 65| 043 0.1
76| 1860 0288 1332 0304[ 75] 0907 0246 73] 0.8 0.21
84250 0343] 1768 0365] 81[ 1130 0283 81| 0089 0.268
92| 3400 0407 - 0431 90| 153 0341 89| 1359 0.316
100 [ 4405 0473 - 0504] 99 - 0404 97] 188 03M
108 | 5607 0.545 - 03L] 105 - 0449 105] 2.357 0425
116 | 7.043 0.6 - 0666 114 - 054 113] 3.026 048
128 9652 0.746 - 08B[ 1% - 0632] 121] 3862 0552
5302 1668] 250 16% 2.600 1.601 2.650 1.602

SE ] 0012 0014] 0023 0015 0.08  0.018 0.059 0.014
Degree | 4 E 2] 3 2] 4 2 ||
64 0.223 028] 63 019 [ 57 0.154
92 0.429 048 90 030 89 0.34
128 0.794 081 12 0691 | 121 0.600
180 1.540 169 | 17 139 ] 17 1.25
256 3.066 348 | 25 279 || 249 2455
364 6.313 700 | 363 580 | 361 5.269
512 13.061 14775 || 510 12045 || 505 10388
T4 27.8%3 32017 73 26021 | 721 24.101
1024 60.796 69.922 | 1023 57434 || 1017 52524
1448 132513 156452 || 1446 120428 || 1441 119.02
2048 203.934 359220 | 2046 305671 || 2041 281500
5 | 2.078 2.115 2.112 2.09

SE. | 0.028 0.029 0.033 0.035
Degree | 3] 31l 31l 3]

Figur 3.7: Computing times for Graphical Graphs, Conformal Hypergraphs.
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Modd#; | Moddn, | Moddlns | Mode 14 ||
Dimension | A B A B A B[ =« A B ||
16] 0107 0016 | 0.017 0018 | 0.018 0015] 15| 0019 0.021
20] 0208 0025 ] 0033 002] 0033 000] 21[ 0040 0034
24) 0363 0.020] 0056 0020] 005 00| 27[ 006 0.049
28| 0580 0.037] 0.088 003%5] 0089 0030] 27[ 0066 0.049
36| 1254 0051] 018 0052] 0185 00£2] 39] 0150 0.088
40| 1742 0060 0256 0059 0254 0.049] 39] 0150 0.088
44| 2339 0068] 0322 0.068] 0337 0055 ] 45| 0210 0.1
48] 3069 0077] 0450 0076 ] 0435 0061] 51| 0284 0.136
52| 3929 0.087] 0577 0086 ] 055% 0069[ 51] 0283 0137
60| 6.126 0.107 | 0.904 0.08] 0858 0.084] 63| 0476 0.19%
64| 7483 0I20] 1.09 0.119] 1.041 00| 63] 04 0.1%
68 - 0131 1319 0130 | 1.253 0101 | 69| 0600 0.28
76 - 0155] 1.863 0156 | 1756 0120 75| 0.74 0.263
84 - 0182] 255 0184 2381 0139 &7 - 0.342
92 - 0209] 3414 0213| 3145 0160 93 - 0.334
100 - 0240] 4411 0245 4061 0181 [ 99 - 042
108 - 0274] 5614 0280 514 0206 | 111 - 0526
116 - 0.306] 7.056 0316 | 6412 0230 117 - 051
128 - 0362 9.666 03B 868 028 129 - 0.6
53066 1449] 3048 1472] 298 1.3 2200 162
SE [ 0006 0014 0.010 0.016 | 0.010 0.013 0020 0.014
Degee | 3 2] 4 2 4 2 | 3 2 |
64 0.127 0.121 00% || 63 0.212
92 0.227 0220 0163 ]| 93 0408
128 0.392 0.3% 0283 129 0.741
180 0.710 0.747 0519 | 183 1422
256 1.343 1.491 0969 | 25 2675
364 2.574 3.157 138 363 5.1%
512 492 6.679 3503 | 513 10.336
724 9.589 14658 6841 || 723 20.347
1024 18972 33121 13333 || 1023 4154
1448 37434 77331 26.144 || 1449 82.245
2048 74319 186.706 5L601 || 2049 160.768
5 | 1850 212 1.829 1.922
SE. | 0.020 0.046 0.021 0.015
Degree | 2| 3 2] 2]

Figur 3.8: Computing times for Non-Conformal Hypergraphs.
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consideration. Thus if the tables are used to estimate the complexity of the algorithms,
then the complexity found for HiModel should be multiplied by a factor n. This is not
necessary for the algorithms of this chapter, since the range of n used to estimate
the complexity is wide enough to reveal that set operations are not performed in
constant time. (Also the algorithm of this chapter explicit visits the vertices, and is
not implemented by the use of only intersections and tests for subsets as HiModel.)

In the tables with computing times the number 3 is the regression coe(Ecient with
standard error in the regression of log(¢time) onto log(n). In plots of log(time) against
log(n) a progressive relation, increasing slope, was revealed for most of the 15 types of
models. This can be explained by the fact that the computing time is a polynomium
in the dimension of the model, where also lower degree terms are present.

The line marked degree shows the necessary degree of a polynomium gtting the
data, i.e., if the computing time is described by a polynomium of degree degree, then
the coe(Ecient of time raised to the highest degree is signigcant, but if the computing
time is described by a polynomium of degree degree + 1, then the coe(Ecient of time
raised to the highest degree is not signigcant.

First observe, that except for the very simple models Dy and D4, models with
only a very few generators, the algorithms of this current chapter are superior to the
algorithm HiModel.

1Graphical models), the algorithm of this chapter: A 2. degree polynomium is not
su(Ecient to describe variation. In regression analyses with weights the reciprocal the
square of the computing time the coe(Ecients of a cubic term is signigcant. For two
of the models the coe(Ecient of a quartic term also is signigcant, but the regression
coe(Ecient is negative.

When comparing the computing times of the models G, Hs and Hs one may
wonder why the later models are must easier to handle. At model H3 the check of
conformality fails at the very grst vertex visit, whereas the check grst fails at the
last visited vertex in model Hs, and never fails at model G;. This explains why a 3.
degree polynomium is needed at models G; and Hs. In model Hy and Hs the 2-section
graphs are decomposable, and the minimal ordering can then be found by Maximum
Cardinality Search, whereas the slower algorithm Lex M has to be used in model G .

Final remarks

If the answers to the following questions are positive, then non-decomposable graphs
and non-conformal hypergraphs can be decomposed in O(ne + nm) time:

e Can the index, i.e., the list of vertex sets of complete subgraphs and separators,
be reduced faster than O(nwlogw)? The algorithm Restricted Maximum Cardi-
nality Search on Hypergraphs cannot be used, since several diceerent sets may be
exhausted in the same step.

e Can the list of separators intersecting a non-decomposable component be reduced
faster than O(nwm), a total time of O(nwm) for all the non-decomposable
components, or can the graph be decomposed such that this reduction is not
necessary? The algorithm Restricted Maximum Cardinality Search on Hypergraphs
cannot be used, since several diceerent sets may be exhausted in the same step.
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e Can it be checked faster than O(nm), a total time of O(nwm) for all separators,
whether a separator of the 2-section graph is also a separator of the hypergraph?
Adjacency matrices give a fast implementation, but maintain a worst case com-
plexity of O(nwm).



K apitel 4

A lgorithm s for C ollapsin g
Log-Linear M odels onto th e

Sm allest Set C ontaining a G iven

Abstract: Asmussen & Edwards (1983) degned necessary and su(Ecient condi-
tions for collapsibility of hierarchical log linear models for a multidimensional
contingency table. In this paper two algorithms are presented. For graphical
models and hierarchical models respectively we give an algorithm to gnd the
smallest set containing a given set and onto which the model is collapsible.

Key Words: Collapsibility, Decomposable, Graphical and Hierarchical
Log-Linear Models.

4.1 Introduction

The problem we address in this chapter is as follows: given a graphical or a hierarchical
log-linear model M and a subset of the factors of the model, what is the minimal set
containing the given subset, such that M is collapsible onto the set?

This set can be found by the algorithm HiModel of Geng (1989). This algorithm
has a complexity of at least O(nm?), with m the number of generators of the model
and n the number of variables.

In Madigan & Mosurski (1990) an algorithm solving the problem in O(m’) time
for decomposable models only is considered. m’ is the total size of the generating
class of the model. They show that an algorithm for selectively reducing an acyclic
hypergraph given by Tarjan & Yannakakis (1984), in context of answering queries in
relation databases, can be used to solve the problem here considered for decomposable
models.

66
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Here we present an algorithm for solving the problem for graphical models in O(ne)
time. By a simple modigcation the algorithm can also handle non-graphical models in
O(ne + nmw). Here e is the number of edges in the 2-section graph of the model and
w is the number of decompositions with respect to minimal separators.

Madigan & Mosurski (1990) write that their algorithm has applications in expert
systems: In the context of expert systems, by reducing a probability in Euence network
onto only the relevant nodes, the algorithms reduce the required computation and
simplify interpretation. This chapter gives e(Ecient algorithms for an extended class of
problems. The algorithm of this chapter is also crucial in computation of an adjust-
ment of the number of degrees of freedom in tests between two log-linear models, see
Badsberg (1991).

The problem solved in this chapter can be given a pure discrete mathematical
formulation: Given a graph (or hypergraph) and a subset of the set of vertices of the
graph, what is the smallest set A containing a given set A such that the boundary of
each connected component of the graph induced by the complement of the set A is
complete (contained in an edge of the hypergraph)?

4.2 Notation and Preliminaries

Contingency Tables and Log-Linear Models
See the corresponding subsection of chapter 2, but read A as AUT.

Graphs
See the corresponding subsection of chapter 2, but read A as AUT:

We shall consider graphs with two types of vertices. A C V(G) is the set of vertices,
we shall call marked, and I' = V(G) \ A contains the unmarked vertices.

The decomposition formed by a and b is strong, if at least one of the three conditions
anNnbC A a\bCT,b\aCT holds.

Hypergraphs
See the corresponding subsection of chapter 2, but read A as AUT.

The Fill-In Graph
Add the following to the corresponding subsection of chapter 2:

The set Ov; N{vit1,- -, v,} of vertices following v; and adjacent to v; is called the
monotone adjacency set. By C(v;) we will denote the monotone adjacency set in the
gll-in graph:

C(’Ul) = 877Uim{’l)i+1,"',’l)n}. (41)

Through this chapter m will denote the number of generators in the generating
class M, m’ will denote the total size of the generating class, i.e., the sum m’' =
Y ic1.m lcil, where M = {c;j,i=1,---,m}, n the number of vertices in the 2-section
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graph G = (V(G™), E(G™)) for the hypergraph H = (V(H), M), e the number of
edges in the 2-section graph, and e’ will denote the number of edges in a gll-in graph
of the 2-section graph. w will denote the number of decompositions with respect to
minimal separators.

Collapsibility and Decompositions of Models

See the corresponding subsection of chapter 2, but read A as AUT'. The two following
corollaries follows from Theorem 1:

Corollary 2 If @ and b form a decomposition of a hypergraph H = (V(H), M) relative
to hierarchical log-linear model M (or a decomposition of the 2-section graph G =
(V(G), E(G)) relative to a graphical log-linear model M), then M can be collapsed
onto a.

Proof This is a part of Theorem 2.1 of Asmussen & Edwards (1983). O

Lemma 10 A hierarchical log-linear model M is collapsible onto A, if and only if the
boundary of every connected component of A¢ is contained in a generator of M.

Proof This is Theorem 2.3 of Asmussen & Edwards (1983). O

4.3 Collapsing Graphical Models

The problem we address in this section is as follows: given a graphical log-linear model
M with interaction graph G = (V(G), E(G)) and the set A, a subset of V(G) = TUA,
what is the minimal set A, A C A C T"U A, such that M is collapsed onto A?
Madigan & Mosurski (1990) show that the algorithm for selectively reducing an
acyclic hypergraph given in Tarjan & Yannakakis (1984) can be used to gnd such
sets for decomposable models. The algorithm runs in O(m') time. Here we give an
O(ne’) time algorithm for solving the problem also for non-decomposable graphical
models. The algorithm we are going to present is based on the following algorithm for
decomposing a graph G = (V(G), E(G)) into primes, irreducible subgraphs:

e Find a minimal ordering 7 of G and compute C(v;) for each vertex v;.

e Repeat the following step for each vertex v; in increasing order with respect to 7:
Let A be the vertex set of the connected component of Gy (g)\¢(v,) containing v;,
and let B=V(G)\ (C(v;)UA). If C(v;) is complete in G and B # (), decompose
G into G' = G auc(v) and G = Gpuc(w,), separated by C(v;). Replace G by
G"”, and discard G’ as a prime.

Lemma 11 If G contains a clique separator, some decomposition step will be succes-
sful.

Proof This is Lemma 2 of Tarjan (1985). O
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Lemma 12 The decomposition algorithm is correct.

Proof This is Theorem 2 of Tarjan (1985). O

We modify the algorithm of Tarjan (1985) to perform decompositions eliminating
as many vertices of V(G) \ A as possible.

With the graph G = (V, E), V =T U A, we for some vertex w not contained in V'
associate a graph G*,

G = (VwaEw) = (V U {W},EU {{57w}| NS A})a
with, for each vertex v;, the monotone adjacency set C*(v;),
C¥(v;) = 02v; N{Vit1,*+,Vn,w}, (4.2)

in the gll-in graph F“ of G for the vertex elimination ordering w. The boundary of
a vertex v in the gll-in graph F“ is denoted by 0%.

Now consider the following algorithm:
i) For the graph G = (V, E), V =T U A, create the graph G¥.

ii) Find by the algorithm Lex M of Rose et al. (1976) a minimal vertex elimination
ordering @ = [v1, -+, Up41] for G¥ with the extra vertex w = v,41 given the
highest ordering and such that A = {vy, - - -, v, }. This is possible by Lemma (13).
Determine also the sets C*(v;), which by Lemma (14) for vertices v; € V' \ A
are equal to the sets C(v;) of the graph G.

iii) According to the minimal vertex elimination ordering, for each vertex v; such
that C(v;) is complete and 7 < k, eliminate the connected component of the
remaining graph containing v;.

Step iii) corresponds to the algorithm of Tarjan (1985), but here terminated before
any decomposition removing vertices of A. Modiged versions of the algorithm of Tarjan
(1985) are investigated in Leimer (1993) and chapter 3. The algorithm in these two
papers is optimized in the sense that the graph is decomposed into precisely the
irreducible components and only decompositions with respect to minimal separators
are performed.

Lemma 13 If vertex w = v,y is given the highest ordering in the algorithm Lex M
of Rose et al. (1976), then all the vertices of A are ordered before any other vertex by
Lex M.

Proof Any vertex can be ordered grst with the highest ordering n + 1. If the vertex

w = V41 is ordered grst in Lex M, then w = v, 11 is inserted in the labels of precisely

the vertices of A, and thus these vertices will be ordered before any vertex not in A.
O
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Lemma 14 No separator C*(v;) will contain w for any vertex v; € V \ A, and
C¥(v;) = C(v;) for these vertices.

Proof There are no gll-in edges to the vertex w given the highest ordering: Assume
there is no edge between v and w, but there is a gll-in edge between v and w. Then
there is a path w = v(1),v(2), - -,v) = v such that 7(v;)) < min{r(w),n(v)} for
i =2,---,k — 1. The vertex v() adjacent to w, {v(2),w} € E(G*), has then a smaller
ordering than v, m(v(2)) < 7(v), contradicting Lemma, (13).

By the degnition of the gll-in it is obvious that there is a gll-in edge between two
vertices of G if and only if there is a gll-in edge between the two same vertices of G*“.

No vertex v; € V '\ A is connected to w, and thus

C¥(vi) = v N{vig1, - vn,wh = Oxvi V{41, v} = Clv;)  (4.3)

for v; € V'\ A. O

We need two additional lemmas to prove that the result of the algorithm cannot
be reduced further.

Lemma 15

i) Let a and b form a decomposition of G¥. We can assume that w € a without the
loss of generality. If a \ b # {w}, then a \ {w} and b\ {w} will form a strong
decomposition of G.

ii) Let a and b form a strong decomposition of G; then

1) aU{w} and b will then form a decomposition of G if b\ a C T and
2) aU{w} and bU {w} will then form a decomposition of G* if anbd C A.

Proof This is Lemma 1 of Leimer (1989). O

Lemma 16 If a graphical log-linear model M with interaction graph G = (V, E) can
be collapsed onto A; and As, where A1, Ao C V, then M can be collapsed onto A1 NAs.

Proof This is Lemma 3.4 of Madigan & Mosurski (1990). O

Theorem 9 Given a graphical log-linear model M with interaction graph G = (V, E)
and a subset A of V/, then the above algorithm gives the minimal set A, for A C A CV,
such that M can be collapsed onto A. Furthermore, for any set C' with A C C CV,
where M can be collapsed onto C, we have A C C.

Proof By Lemma (15) we have a decomposition formed by a and b of G with

b\a C V\A,if and only if we have a decomposition formed by a U {w} and b of G¥.
Thus we might as well run the elimination process on G. By Lemma (14) no separator
C“(v;) will contain w for any vertex v; € V' \ A.
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When the algorithm terminates, we have a subgraph G4 of G such that G by
decompositions can be reduced to G4 and such that A C A. From Corollary (2) we
then have that M can be collapsed onto the vertex set of the subgraph produced in
each elimination step of the algorithm, and thus also onto the gnal set A produced by
the algorithm.

Lemma (12) states that the algorithm of the Tarjan (1985) is correct, i.e., when our
algorithm terminates there is no decomposition formed by a and b of the remaining
graph such that b\ @ C V' \ A. One may then wonder if a minimal vertex elimination
ordering of G without the restrictions imposed by w would reveal other decompositions
eliminating only vertices in '\ A. But such a decomposition would also eliminate only
vertices in V'\ A from G*, and thus the decomposition would have been found by the
vertex elimination on G“.

Now let us assume the set A is not minimal, that is, there exists a set A’ C A such
that M is collapsible onto A’. If M is collapsible onto A’, then the boundary of each
connected component B; of the graph induced by A\ A’ is complete by Lemma (10).
Then each connected component B; can be eliminated by a decomposition formed by
A\ B; and B; U 9By such that B; C A\ A contrary to the above observation.

For the gnal assertion, we have from Lemma (16) that M is collapsible onto ANC.
But we have just shown that M is not collapsible onto any set A’ € A and so,
ANC = A |

4.4 Collapsing Hierarchical Models

A hypergraph H = (V, M) with 2-section graph G* = (V(G™), E(G™)) can be
decomposed into primes, irreducible subgraphs by the following algorithm:

e Denote the 2-section graph G™ of H by G = (V(G), E(G)), and gnd a minimal
ordering 7 of G and compute C(v;) for each vertex v;.

e Repeat the following step for each vertex v; in increasing order with respect to
m: Let A be the vertex set of the connected component of G\ ¢(y,) containing
v, and let B = V \ (C(v;) U A). If C(v;) is contained in a generator of H,
and thus complete in G, and B # (), decompose G into G’ = G auc(y,) and

G" = Gpuc(v,), separated by C(v;). Discard G’ as a prime, and replace G by

G".

Lemma 17 The above decomposition algorithm for hypergraphs is correct.
Proof This is Theorem 5 of chapter 3. a

The algorithm of the previous section for collapsing graphical models is easily
modiged to handle also non-graphical hierarchical models. We form the 2-section graph
G = (V(G™), E(G™)) of the hypergraph H = (V, M) for the model hierarchical M,
and in the third step of the algorithm also control that the separator is contained in
a generator of the model (no separator will contain w):
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iii) According to the minimal vertex elimination ordering, for each vertex v; such
that C'(v;) = C*(v;) is contained in a generator of M, and thus is complete, and
i < k, eliminate the connected component of the remaining graph containing v;.

Since we for each separator have to check that the separator is contained in a gene-
rator of the model, the algorithm runs in O(ne’ + nwm) time. For correctness of the
decomposition algorithm and details of the complexity of the algorithm, see chapter
3.

Theorem 10  Given a hierarchical log-linear model M with hypergraph H = (V, M)
and 2-section graph G’ = (V, E) and a subset A of V, then the above algorithm gives
the minimal set A, for A C A C V, such that M can be collapsed onto A. Furthermore,
for any set C' with A C C C V, where M can be collapsed onto C, we have A C C.

Proof The proof is analogously to that of Theorem 1. Statements like 1C(v;) is

completej have to be replaced by 1C(v;) is complete and contained in a generator of
Mj. We have to use Theorem 5 of chapter 3 instead of Theorem 2 of Tarjan (1985).
Details are left to the reader. |
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K apitel 5

M odel Search in C ontingency

T ables by C oC o

Abstract

CoCol, a highly advanced program for analysis of complete and incomplete contin-
gency tables, is presented.

In the paper a short presentation of CoCo is given. Incremental search by backward
elimination and forward selection and the global search procedure from Edwards &
Havrnek (1985) is considered.

By incremental search a single minimal acceptable model is identiged. By the
principles of weak acceptance and weak rejection the class of minimal acceptable
models are found in the global search procedure. In CoCo each of the model searches
can be done by a single command, or CoCo can be guided through the search in a
highly user controlled model selection.

5.1 CoCo

CoCo works especially eceectively on graphical models, and some of the commands in
CoCo are designed to handle graphical models. Graphical models are for contingency
tables log-linear interaction models that can be represented by a simple undirected
graph with as many vertices as the table has dimension (Darroch et al. 1980). Further
more all these models can be given an interpretation in terms of conditional indepen-
dence and the interpretation can be read directly oce the graph in the form of a Markov
property. The class of graphical models is a proper subclass of the hierarchical models,
but the class strictly contains the decomposable models.

CoCo is a program designed to estimate and test in large contingency tables. By
using graph-theoretical results (Rose et al. 1976) (Tarjan & Yannakakis 1984) and

1 For the time being, CoCoruns on Macintosh and on workstation and PCunder respectively Unix
and DOS. CoCo can be obtained free of ! by anonymous ftp over internet, from ftp.iesd.auc.dk
(130.225.48.4). Or CoCo is available on disks (3.5) or 5.25) High density).
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(Tarjan 1985) the hierarchical log-linear interaction models are decomposed. For non-
decomposable models the IPS-algorithm is not used on the full table, but only on the
non-decomposable atoms. If one model is tested against another and the two models
have common decompositions, the test can be partitioned in tests on smaller tables
(Goodman 1971). Collapsibility (Asmussen & Edwards 1983) of tests is used.

Estimation in and tests between models with an unlimited number of factors (80
factors on a PC) can then be performed, if the largest non-decomposable atom in
associated interaction graphs has no more than 14 binary vertices (24 on workstations).

In sparse tables an adjusted number of degrees of freedom is computed. Besides
incomplete tables and tables with incomplete observations and latent variables can
be handled and exact tests between any two nested decomposable models can be
computed by Monte Carlo methods, see the Guide to CoCo, (Badsberg 1991). For
ordinal variables the Goodman and Kruskal’s Gamma coe(Ecient can be computed.

To make the use a little easier some data selection is possible. Observed counts,
estimated counts and probabilities and residual (observed minus estimated counts,
adjusted residuals, standardized residuals, Freeman-Tukey, etc.) can be listed, printed
in tables, described and plotted.

CoCo can be loaded into New S (Becker et al. 1988) and XLISP-STAT (Tierney
1991). CoCo is linked truly together with the other system. All CoCo commands can in
XLISP-STAT be performed as calls to LISP functions. Tables and models can be send
to the CoCo-object in New S or XLISP-STAT and functions for returning statistics
and residuals from the CoCo-object for, e.g., high-resolution plotting are provided. In
XLISP-STAT a model search is possible by interaction with pictures of interaction
graphs for models.

5.2 Incremental search

The incremental search in CoCo is performed by forward inclusion (Dempster 1972)
and backward elimination (Wermuth 1976b) of edges in independence graphs for mo-
dels. By incremental search a single minimal acceptable model (or few models) is
identiged.

The independence graph is a simple undirected graph with as many vertices as the
table has dimension. A vertex for each variable. Two vertices are adjacent in the inde-
pendence graph for the model unless the two variables are conditionally independent
given the other variables.

In the backward elimination all pairs of vertices adjacent in a specigc model are
tested conditionally independent. The non-signigcant edge with the largest P-value
(or smallest value of the Akaike Information Criterion, AIC, (Akaike 1974) is then
removed. This stepwise edge elimination process can be performed recursively until
no more edges can be removed, i.e., all edges in the resulting model are signigcant
with respect to the selected level of signigcance. Or at each step based on a list of
edges sorted according to, e.g., P-values a set of edges can be eliminated.

The principle of coherence can be applied: if a model is rejected, then all its sub-
models are also rejected. In the backward elimination this means that if elimination
of an edge is rejected at one step, the edge is not eligible for elimination at subsequent
steps.
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In the selection, the decision of acceptance of a model can be based on the devi-
ance, Pearson’s chi-square x? or the power divergence 2nI* (Read & Cressie 1988).
The number of degrees of freedom can be adjusted for non-estimable parameters or
simulated exact tests can be applied. In the incremental search the AIC values or a the
Bayesian Information Criterion (Schwarz 1978) can be used, and for ordinal variables
the Goodman and Kruskal’s gamma, coe(Ecient can be applied.

In the backward elimination the tests can either be made locally, i.e. nested tests:
the model is tested against the previously accepted model, or the model can be tested
against a gxed base model.

In the forward selection in turn, each edge not present in the independence graph
for the current model is added to the model and the current model is then tested
against the resulting model. Or the resulting model is tested against a specigc base
model. All edges found to be signigcant are added to the current model and the
resulting model is inserted in the list of models in CoCo, see belove.

In CoCo the backward elimination and the forward selection can be started from
any initial model. Steps of the backward elimination and the forward selection can be
mixed together in any order, and between each step any set of edges or interaction
terms can be added or eliminated.

The backward elimination from the saturated model has the advantage that the
tests are not performed under models later to be found rejected. In the forward se-
lection from the uniform model the initial tests will be performed under models likely
to be rejected. But in the forward selection the initial tests often will be collapsible to
small tables, and much larger tables can be handled.

The incremental search is done either among graphical models or the search can be
restricted to decomposable models. Diceerent edge elimination orderings might result
in the same model, and since a sequence of decomposable models diceering with one
edge always exists between any two nested decomposable models and when restricting
to decomposable models, the ITPS-algorithm is not used, restricting to decomposable
models might speed up the model search. If exact tests are applied then restricting to
decomposable models is also useful since the exact tests are only available in CoCo
for decomposable models.

Also specige edges can be gxed so they are not removed in the backward elimination
or added in the forward selection.

Headlong backward. CoCo can be linked together with XLISP-STAT (Tierney
1991). The model-search can then be done by graphical interaction with a plot of the
independence graph. In this environment a recursive backward elimination strategy,
where the grst edge found to be non-signigcant is eliminated, is implemented in the
LISP language. In each step of this backward elimination, edges with P-value less than
a given limit (e.g. 1% or 5%) is rejected, and is, when the principle of weak rejection
is applied, not considered in sub-sequential steps. The grst edge found in each step
with P-value greater than a second limit (e.g. 20%) is removed. Visited edges in the
current step with a found P-value between the two limits and all not visited eligible
edges in the current step are eligible in the next step. This gives a faster elimination
than a backward elimination where all eligible edges in each step have to be visited to
ond the least signigcant edge.
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Not to favour the removal of edges with, e.g., a low lexicographical order, the edges
in this headlong backward elimination are visited in a random order. Hence several
calls to the procedure might give diceerent results, and a sample of models with all
edges signigcant to a selected level of signigcance can be generated.

The list of models. The resulting models from each cycle of the backward
elimination and the resulting model from the forward selection are added to a linked
list of models in CoCo. This list of models in CoCo has been found to be very useful.
Besides models generated by the incremental search procedures the model list also
contains all models read into CoCo. The list of models helps keeping track of the
search. The models in the list can be edited: edges or interaction-terms added or
removed, the models tested against each other, gtted values in models tabulated,
plotted, etc.

The forward selection and the backward elimination can also be used to add or
remove 1st order interaction terms from non-graphical log-linear interaction models.

The program BIFROST by Greve et. all is built on top of CoCo for model search
by backward elimination in block recursive models (Kreiner 1989).

5.3 Global search

By the principles of weak acceptance and weak rejection, coherence, the search space
of all hierarchical models on the contingency table are divided into the two sets of
models: the class of minimal acceptable models and the class of maximal rejected
models. Hence after using the ‘Fast Procedure for Models Search’ by (Edwards &
Havrnek 1985, Edwards & Havrnek 1987) any model can be labelled as accepted or
rejected.

The models (or sub-models of a specigc base model) are classiged into two regions A
and R: weakly accepted models and weakly rejected models. Weakly accepted models
are models that include an accepted model, and weakly rejected models are models
that are included in a rejected model. In turn, a boundary belove the weakly accepted
models and a boundary above the weakly rejected models, the R-dual Dg(A) and the
A-dual D 4(R) respectively, are gtted.

In CoCo the global search can be started with the accepted class containing the
saturated model and the class of rejected models containing the model with only main-
eceects, or any models can be entered into the two classes. The search stops when either
all models in D4(R) \ A are accepted or all models in Dg(A) \ R are rejected.

Graphical search. In the graphical search, for each step either all not classiged
models in the graphical A-dual are gtted or all not classiged models in the graphical
R-dual are gtted.

DY%(R) : The graphical A-dual DY(R) of the rejected models is the minimal models
in the class of models that adds at least one edge to each rejected model.

D¥%(A) : The graphical R-dual D%(A) of the accepted models is the maximal models
in the class of models that omits at least one edge from each accepted model.
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Restricting graphical search to decomposable models. By a naive ap-
proach the selection can be restricted to decomposable models: non-decomposable
models in the duals to gt are simply ignored. The search is then performed among
only decomposable models. After a search among only decomposable models a search
among graphical models with the result of the decomposable search as a starting-point
can be performed. Since non-decomposable models in the graphical dual are just ig-
nored in the decomposable search, there might still be graphical and decomposable
models to ¢t, when both the set D% (R) \ A of not classiged models in the graphical
A-dual and the set D%(A) \ R of not classiged models in the graphical R-dual con-
tains no more decomposable models. So the decomposable search should be followed
by a graphical search. One might consider adding edges to or removing edges from
the non-decomposable models in the graphical duals in the models selection among
decomposable models. Since a lot of computing time in the search module is used to
ond duals, and not, as it might be expected, in computing the tests and gtting the
models by the IPS-algorithm, the usefulness of the decomposable search is doubtful
(unless exact tests are to be used).

Hierarchical Search. In the hierarchical search we for each step either gt all not
classiged models in the hierarchical A-dual or all not classisged models in the hierar-
chical R-dual.

D4(R) : The hierarchical A-dual D 4(R) of the rejected models is the minimal models
in the class of models that adds at least one interaction term to each rejected
model.

Dpg(A) : The hierarchical R-dual Dg(.A) of the accepted models is the maximal models
in the class of models that sets at least one interaction term in accepted models
to zero.

If the hierarchical search follows a graphical search, the regions found in the grap-
hical search are used as a starting point in the hierarchical search, else the search
is started with the saturated model accepted and the model with only main eceects
rejected, or any models can be entered into the two classes.

Since the determination of the duals can involve a lot of computation, various
strategies have been considered. Which of the following three strategies is the fastest
depends on the situation. They need not give the same result since, e.g., weakly rejected
models may be accepted. The strategies can be applied in both the graphical search
and the hierarchical search.

Fit smallest dual: For each step (classigcation of all not already classiged models
in a dual into the accepted and rejected regions) in the search, both duals are found,
and the dual with fewest not classiged models is selected for the next step. This will
often minimize the number of gtted models, but sometimes a lot of computing time is
used for gnding large duals that are not used.

Use rough dual sizes: With this strategy rough estimates of the dual sizes
are found after each step, and the dual with the smallest rough estimate of dual size
is selected for the next step. The rough estimate of dual size is the product of the
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number of edges (or interaction-terms) in the model (or the dual representation of the
model) over all models in the class A or R. Since it sometimes avoids gnding large
duals that are not used, this can be eceective. By this strategy the complete search in
(Edwards & Havrnek 1985) on a 6 dimensional table is done by CoCo in less than
900 milliseconds on a SPARCstation.

Alternating gtting: The R-dual and A-dual can in turn be classiged. In a few
examples, where alternating gtting the R-dual and the A-dual is optimal, this is the
fastest. But often the strategy will start to select the largest dual, and then the strategy
will be the slowest.

Restricted search. In CoCo the global search among graphical models can,
besides being restricted to decomposable models, also be restricted to models contai-
ning a specigc model and/or to models contained in a specigc model. Some edges are
gxed in the model and some are edges gxed out. Also the hierarchical search can be
restricted to models containing a specigc model and/or to sub-models of a specigc
model.
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