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Abstract—Wong and Poon [1] showed that Chow and Liu’s tree

dependence approximation can be derived by minimizing an upper bound of

the Bayes error rate. Wong and Poon’s result was obtained by expanding

the conditional entropy Hð!jXÞ. We derive the correct expansion of Hð!jXÞ
and present its implication.

Index Terms—Bayes error rate, entropy, mutual information, classification,

dependence tree approximation.

Ç

1 INTRODUCTION

CHOW and Liu [2] introduced dependence trees to approximate

nth order discrete probability distributions using a product of

second-order distributions. Let X ¼ ðX1; � � � ; XnÞ denote an n-

dimensional discrete random feature vector. Let W ¼ f!1; � � � ; !rg
be a discrete random variable whose values are the class labels. Let

P ðxj!Þ be the conditional distribution of X given W , where x ¼
ðx1; � � � ; xnÞ is a value of the feature vectorX and ! is a value ofW . In

Chow and Liu’s dependence tree approximation, the probability

distribution P ðxj!Þ is approximated by P̂ ðxj!Þ as

P ðxj!Þ � P̂ ðxj!Þ ¼
Yn
i¼1

P ðxmi
jxmjðiÞ ; !Þ; 0 � jðiÞ < i; ð1Þ

where ðm1; � � � ;mnÞ is an unknown permutation of integers

1; 2; � � � ; n, P ðxmi
jxmjðiÞ ; !Þ is a component probability in which each

variable xmi
is conditioned on at most one variable xmjðiÞ and the

component probability of the form P ðxijx0; !Þ is by definition equal

to P ðxij!Þ. The unknown permutation is obtained using Kruskal’s

algorithm [3], which finds the spanning tree with maximum

pairwise mutual information between the features. To perform

dependence tree classification, the Bayes decision rule is used and

the state-conditional probability distribution “P ðXj!Þ” in the Bayes

decision rule is estimated using the dependence tree approxima-

tion in (1). For notational simplicity, we will hereafter omit the

subscript m of each variable and represent, for example, xmi
as xi.

Note that the dependence tree approximation, defined as (1) in

Wong and Poon’s paper [1], is incorrect. By Wong and Poon’s

equation, the approximation becomes an invalid probability

distribution because the right-hand side of the equation does not

sum to 1 over all values of x and !.

Hellman and Raviv [4] proved that an upper bound on the

Bayes error rate “�e” is 1
2Hð!jXÞ, where Hð!jXÞ is the conditional

entropy of class ! given the n-dimensional feature vector X. Wong

and Poon, in [1], extended Hellman and Raviv’s result (see [6] for

tighter bounds on the Bayes error rate) and showed that, under

certain assumptions, Chow and Liu’s dependence tree approxima-

tion procedure can be derived by minimizing the upper bound of

the Bayes error rate. Wong and Poon’s result comes from (5) in

their paper [1], which expands the entropy function Hð!jXÞ and

replaces P ðxj!Þ with probability distribution P̂ ðxj!Þ using the

dependence tree approximation. The equation appeared as

Ĥð!jXÞ ¼ Hð!Þ �HðXÞ �
X
!

P ð!Þ
Xn
i¼1

I!ðXi;XjðiÞÞ

�
X
!

P ð!Þ
Xn
i¼1

H!ðXiÞ;
ð2Þ

where

Hð!Þ ¼ �
X
!

P ð!Þ logP ð!Þ; HðXÞ ¼ �
X
x

P ðxÞ logP ðxÞ;

I!ðXi;XjðiÞÞ ¼
X
xi;xjðiÞ

P ðxi; xjðiÞj!Þ log
P ðxi; xjðiÞj!Þ

P ðxij!ÞP ðxjðiÞj!Þ
; and

H!ðXiÞ ¼ �
X
xi

P ðxij!Þ logP ðxij!Þ:

2 CORRECTION AND ITS IMPLICATION

The correct expansion of the conditional entropy function Ĥð!jXÞ
is derived in Appendix A and is given as

Ĥð!jXÞ ¼ Hð!Þ �HðXÞ �
X
!

P ð!Þ
Xn

i¼1; jðiÞ6¼0

I!ðXi;XjðiÞÞ

þ
X
!

P ð!Þ
Xn
i¼1

H!ðXiÞ:
ð3Þ

Equation (3) corrects (2) by reversing the sign of the termP
! P ð!Þ

Pn
i¼1 H!ðXiÞ. Though this correction appears to be a minor

issue, it invalidates the misleading idea purported by (2) that every

component probability in the dependence tree approximation

decreases the value of Ĥð!jXÞ, thereby reducing the upper bound

on the Bayes error rate. The corrected equation (3) and, more explicitly,

the expansions (9) and (10) from the derivation in Appendix A show

that each component probability in the dependence tree approx-

imation, whether in the form of P ðxijxjðiÞ; !Þ, jðiÞ 6¼ 0, or P ðxijx0; !Þ,
adds

P
! P ð!ÞH!ðXiÞ to Ĥð!jXÞ and does not necessarily contribute

toward decreasing the upper bound on Bayes error rate. Therefore,

caution is advised when selecting component probabilities for

dependence tree approximation.

Below, we give two conditions to guarantee that every

component probability in the dependence tree approximation

decreases the value of Ĥð!jXÞ, thereby decreasing the upper

bound on the Bayes error rate.

Condition 1. In a dependence tree approximation, for each component

probability of the form P ðxijxjðiÞ; !Þ, jðiÞ 6¼ 0,
P

! P ð!ÞI!ðXi;XjðiÞÞ
should be greater than

P
! P ð!ÞH!ðXiÞ.

Condition 1 follows from expansion (10) in Appendix A and

concerns component probabilities of the form P ðxijxjðiÞ; !Þ, jðiÞ 6¼ 0,

in the dependence tree approximation. We explain Condition 1 with

an example. Let X ¼ ðX1; X2; X3Þ be a three-dimensional discrete

random feature vector. Let P ðX1j!ÞP ðX2jX1; !ÞP ðX3j!Þ be the

dependence tree approximation of P ðXj!Þ. In this dependence tree
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approximation, there is one component probability of the form

P ðxijxjðiÞ; !Þ, i.e., P ðX2jX1; !Þ. Expansion (9) shows that each

component probability of the form P ðxijxjðiÞ; !Þ adds
P

! P ð!Þ
H!ðXiÞ to Ĥð!jXÞ. Therefore, P ðX2jX1; !Þ adds

P
! P ð!ÞH!ðX2Þ to

Ĥð!jXÞ. However, if
P

! P ð!ÞI!ðX2; X1Þ is greater than
P

! P ð!Þ
H!ðX2Þ, then, from expansion (9), we see that the presence of

component probability P ðX2jX1; !Þ in the dependence tree approx-

imation decreases the value of Ĥð!jXÞ, thereby decreasing the

bound on the Bayes error rate.

Condition 2. In a dependence tree approximation, for each component

probability of the form P ðxijx0; !Þ, 0 < i � n, there must be a

nonempty set li, lij j � n, of component probabilities of the form

P ðxsjxi; !Þ, 0 < s � n, so that
P

! P ð!Þ
P

s I!ðXs;XiÞ is greater

than
P

! P ð!ÞH!ðXiÞ.
Condition 2 follows from (10) in Appendix A and concerns

component probabilities of the form P ðxijx0; !Þ. We explain

Condition 2 with an example. Let X ¼ ðX1; X2; X3; X4Þ be a four-

dimensional discrete random feature vector. Let P ðX1j!Þ
P ðX2jX1; !ÞP ðX3jX1; !ÞP ðX4j!Þ be the dependence tree approxi-

mation of P ðXj!Þ. In this dependence tree (or, more precisely,

dependence forest) approximation, there are two component

probabilities of the form P ðxijx0; !Þ, i.e., P ðX1j!Þ and P ðX4j!Þ.
Equation (10) shows thatP ðX1j!Þ and P ðX4j!Þ add

P
! P ð!ÞH!ðX1Þ

and
P

! P ð!ÞH!ðX4Þ to Ĥð!jXÞ. Now, consider the component

probability P ðX1j!Þ. From Condition 2, l1 contains all of the

component probabilities conditioned onX1, i.e., l1 ¼ fP ðX2jX1; !Þ;
P ðX3jX1; !Þg. I f

P
! P ð!Þ I!ðX2; X1Þ þ I!ðX3; X1Þ½ �>

P
! P ð!ÞH!

ðX1Þ, then from (10), we see that the presence of the variable X1

decreases Ĥð!jXÞ, thereby decreasing the upper bound on the Bayes

error rate. However, the component probability P ðX4j!Þ does not

satisfy Condition 2 because l4 is an empty set. Therefore, the presence

of P ðX4j!Þ certainly increases Ĥð!jXÞ, thereby increasing the upper

bound on the Bayes error rate. Consequently, the variableX4 may be

omitted when approximating P ðXj!Þ.
To conclude, we correct an important equation that relates

dependence tree classification error to Bayes error rate and present

its implication on the selection of component probabilities for

dependence tree approximation.

APPENDIX A

DERIVATION RELATING BAYES ERROR RATE TO

DEPENDENCE TREE CLASSIFICATION ERROR

It is known that

Hð!jXÞ ¼ Hð!Þ � IðX;!Þ: ð4Þ

Using the definition of mutual information [5], IðX;!Þ in (4) can be

expanded as

Hð!jXÞ ¼ Hð!Þ �
X
x;!

P ðx; !Þ logP ðx; !Þ

þ
X
x;!

P ðx; !Þ logP ðxÞ þ
X
x;!

P ðx; !Þ logP ð!Þ:
ð5Þ

By the definition of entropy,
P

x;! P ðx; !Þ logP ðxÞ ¼
P

x P ðxÞ log

P ðxÞ ¼ �HðXÞ and

X
x;!

P ðx; !Þ logP ð!Þ ¼
X
!

P ð!Þ logP ð!Þ ¼ �Hð!Þ:

Therefore, (5) can be written as

Hð!jXÞ ¼ �HðXÞ �
X
x;!

P ðx; !Þ logP ðx; !Þ

¼ �HðXÞ �
X
!

P ð!Þ
X
x

P ðxj!Þ logðP ðxj!ÞP ð!ÞÞ:
ð6Þ

Using dependence tree approximation in (1), logðP ðxj!ÞP ð!ÞÞ in (6)

is replaced by logðP̂ ðxj!ÞP ð!ÞÞ so that

Ĥð!jXÞ ¼ �HðXÞ þHð!Þ �
X
!

P ð!Þ
X
x

P ðxj!Þ

Xn
i¼1

logP ðxijxjðiÞ; !Þ; 0 � jðiÞ < i

¼ �HðXÞ þHð!Þ �P
!

P ð!Þ
P
x

P ðxj!Þ
Pn

i¼1; jðiÞ6¼0

logP ðxijxjðiÞ ;!Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Term I

�
P
!

P ð!Þ
P
x

P ðxj!Þ
Pn

i¼1; jðiÞ¼0

logP ðxijxjðiÞ ;!Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Term II

:

ð7Þ

Term I (sign included) in (7) contains the component probabil-

ities of the form P ðxijxjðiÞ; !Þ, jðiÞ < i and jðiÞ 6¼ 0. Term II (sign

included) contains the remaining component probabilities of the

form P ðxijx0; !Þ ¼ P ðxij!Þ. Term I can be expanded as

�
X
!

P ð!Þ
X
x

P ðxj!Þ
Xn

i¼1; jðiÞ6¼0

log
P ðxi; xjðiÞj!Þ

P ðxij!ÞP ðxjðiÞj!Þ

� �

�
X
!

P ð!Þ
X
x

P ðxj!Þ
Xn

i¼1; jðiÞ6¼0

logP ðxij!Þ:
ð8Þ

Since P ðxi; xjðiÞj!Þ and P ðxij!Þ are components (marginal distribu-

tions) of P ðxj!Þ, we know that

X
x

P ðxj!Þ log
P ðxi; xjðiÞj!Þ

P ðxij!ÞP ðxjðiÞj!Þ
¼

X
xi;xjðiÞ

P ðxi; xjðiÞj!Þ log
P ðxi; xjðiÞj!Þ

P ðxij!ÞP ðxjðiÞj!Þ
and

X
x

P ðxj!Þ logP ðxij!Þ ¼
X
xi

P ðxij!Þ logP ðxij!Þ:

Therefore, the expansion in (8) can be rewritten as

�
X
!

P ð!Þ
Xn

i¼1; jðiÞ6¼0

I!ðXi;XjðiÞÞ þ
X
!

P ð!Þ
Xn

i¼1; jðiÞ6¼0

H!ðXiÞ: ð9Þ

Expansion (9) shows that each component probability of the form

P ðxijxjðiÞ; !Þ, jðiÞ 6¼ 0, adds
P

! P ð!ÞH!ðXiÞ to Ĥð!jXÞ. Now,

consider Term II in (7). Let there be K component probabilities

of the form P ðxijx0; !Þ = P ðxij!Þ. Then, Term II can be written as

�
X
!

P ð!Þ
X
x

P ðxj!Þ
XK
i¼1

logP ðxij!Þ ¼

�
X
!

P ð!Þ
XK
i¼1

X
xi

P ðxij!Þ logP ðxij!Þ ¼
X
!

P ð!Þ
XK
i¼1

H!ðXiÞ;
ð10Þ

where K � 1 and K � n from the definition of dependence tree

approximation in (1). Equation (10) shows that each component

probability of the form P ðxijx0; !Þ adds
P

! P ð!ÞH!ðXiÞ to Ĥð!jXÞ.
By substituting (9) and (10) for Term I and Term II, respectively, (7)

becomes
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Ĥð!jXÞ ¼Hð!Þ �HðXÞ �
X
!

P ð!Þ
Xn

i¼1; jðiÞ6¼0

I!ðXi;XjðiÞÞ

þ
X
!

P ð!Þ
Xn
i¼1

H!ðXiÞ:
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