find it very useful to see the variety of meth-
ods available for reliability estimates. It
could be stimulating to make comparisons
of conclusions under different model as-
sumptions.
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EXPONENTIAL FAMILIES

There are two main types of parametric fam-
ilies of distributions in statistics, the transfor-
mation (or group) families and the exponen-
tial families. The transformation families are
those generated from a single probability
measure by a group of transformations on
the sample space, the key example being any
location-scale family* o~ 'f((x — p)/o0),
where f is a known probability density func-
tion*. The exponential families are charac-
terized by having probability (point or den-
sity) function of the form

p(x;w) = a(@)b(x)exp{f(w) - 1(x)}, (1)
where w is a parameter (both x and w may,

of course, be multidimensional), #(w) and
t(x) are vectors of common dimension, &
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say, and - denotes inner product, i.e., §(w) -
1(x) = S%_,0,(w)t,(x). Remarkably, the ba-
sics of the present statistical theories of both
location-scale families and exponential fami-
lies were given in a single paper by Fisher
[19]. Distributional families which are both
exponential and of the transformation type
possess particularly nice properties. Their
general structure has been studied by Roy
[26], Rukhin [27,28], and Barndorff—Nielsen
et al. [6].

A great many of the commonly occurring
families of distributions are exponential. Ex-
amples of such families are the binomial*,
multinomial*, Poisson*, geometric*, loga-
rithmic*, (multivariate) normal*, Wishart*,
gamma*, beta*, Dirichlet*, and von Mises—
Fisher*. Moreover, if x,, ..., x,, are inde-
pendent observations, each following an ex-
ponential family, then the model for x
=(xy, ..., X,) is also exponential, so that,
for instance, factorial and regression experi-
ments often have an exponential model.

Sometimes a family is not exponential in
its entirety, but the subfamilies obtained by
fixing a (one- or multi-dimensional) compo-
nent of the parameter are exponential. For
instance, the negative binomial* family is
not exponential, but for any fixed value of
the shape parameter one has an exponential
family. In a considerable number of other
cases a distributional family for observed
data y, although not necessarily exponential
itself, may be thought of as derivable from
an exponential family as follows. There ex-
ists a real or fictitious data set x and an
exponential family of distributions for x
such that y can be viewed as a function of x
with the actual distributional model for y
being equal to that derived from the expo-
nential model for x. A grouped empirical
distribution y obtained by grouping a sam-
ple x from the normal distribution provides
an example of this. In such incompletely
observed exponential situations the underly-
ing exponential structure can often be taken
to advantage in a statistical analysis; see
further at the end of this article.

The exponential families share a large
number of important and useful properties

which often make an incisive statistical anal-
ysis feasible. The theory of exponential fami-
lies, outlined in the following, is concerned
with such general properties. The theory is,
in fact, quite rich and only its more salient
and practically useful features can be indi-
cated here. Where no references are given
below the reader may consult the mono-
graph by Barndorff-Nielsen [5] for details
and additional information. Further guid-
ance to the literature on exponential families
is given in the bibliography to the present
article.

FIRST PROPERTIES

Let @ denote the exponential family of dis-
tributions with probability functions p(x; w).
The right-hand side of (1) is said to be an
exponential representation of ¥ or p(x;w),
and the vectors 8 = #(w) and = f(x) are
called the canonical parameter and the canon-
ical statistic. (Sometimes the term “natural”
is used instead of canonical.) The smallest &
for which an exponential representation of &
with 8 and ¢ of dimension k is possible is the
order of ¥, and such a representation is said
to be minimal. The canonical statistic ¢ is a
sufficient statistic for ¥ and it is minimal
sufficient if the exponential representation is
minimal. (Essentially, the exponential fami-
lies are the only models that allow a suffi-
cient reduction of the data.) For theoretical
purposes it is mostly convenient to work
with minimal exponential representations
and it will be assumed from now on that (1)
is minimal. Also, # can be assumed to be in
one-to-one correspondence with o, and
when a is considered as a function of 8, we
simply write a(8) for a(w(#)). Similarly, we
may write p(x; @) instead of p(x; w), etc. Set
c(@)=a(d) "

Example 1. The multinomial distribution*
on r cells has probability function
)= — 1t g
p(x’w)_xl!---x'w‘l .

r

Here x,+ - +x,=nand 7+ --- + 7



= 1. The family of distributions obtained by
letting «,, . . ., m, vary freely except for the
restrictions 7, >0, ..., 7, > 0 is the multi-
nomial family. This family is obviously ex-
ponential with r=x=(x,,...,x,) as ca-
nonical statistic and # = In7 = (lnn,
...,Inm,) as canonical parameter. How-
ever, due to the affine constraint
x,+ -+ x,=n, the exponential repre-
sentation with this z and # as the canonical
variates is not minimal. A minimal represen-
tation is obtained by taking r = (x|,
., x,_y and 0 = (n(m/=), ...,
In(=,_,/7,)) and rewriting (1) as

—n

p(x;0)y=(1+e% + - +e%)

n! @ x4+ - +8,_x
X —=r  _e"i%1 r—1%r—1 (2)
xleeex!

The probability functions p(x;w) are all
densities with respect to one and the same
measure p, which is, typically, either a
counting measure or Lebesgue measure. Let
{ be the domain of variation for « and let
® = () denote the canonical parameter
domain for 9. Furthermore, let © = {0:
[b(x)e? “? du < 0}, which is a convex
subset of R*. Then @ is said to be full if
®=6,and 9 is regular if it is full and if ©
is an open subset of R*. All of the examples
of exponential families mentioned above are
regular, and regular families are particularly
well behaved (see below). If © is a smooth
manifold in @, then & is said to be a curved
exponential family.

Example 2. Letx,,...,x, andy,..., ),
be two independent samples, the first from
the normal distribution N(£,0?), the second
from the N(n,7%) distribution. If all four
parameters are unknown, then the model for
the full set of observations is a regular expo-
nential family of order 4. The submodel
determined by equating the means £ and 7
(which is considered in the Behrens—Fisher*
situation) is still of order 4 although it in-
volves only three independent parameters. It
is nonregular, but constitutes a curved expo-
nential family.
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Example 3. A random sample of » individ-
uals from a human population has been
classified according to the ABO blood group
system, the observed numbers of individuals
of the various phenotypes being x ,, xg, X5,
and xuo. Under the standard genetical as-
sumptions and with p, ¢, and r denoting the
theoretical gene frequencies, the probability
of the observation is

1 xa
n ; (p2 + 2pr)

Xalxg!xa gl X00!

X(q* +2qr) "Q2pg)™(r) . (3)
The model (3) is a curved exponential family
of order 3. (It is assumed here that p, ¢, and
r are all positive and that they vary freely
except for the constraint p+g+r=1) A
minimal canonical parameter is given by
8 =(n{(p/r}+2p/r}, In{(g/r} +2q/r),
In{2(p/r)(q/r)}), and this parameter varies
over a two-dimensional manifold of ® = R>.

Suppose that @ is full and let # € int®, the

_interior of ®. The function c(8 + ¢)/c(8),

considered as a function of ¢, is then the
Laplace transform for the statistic ¢ un-
der the distribution determined by p(x;#8).
It follows that the cumulants* of ¢ can
be obtained by differentiation of x(8)=
—Ina(@), and in particular one has

2

Ei=3%  and  vu=-PEo @)
(vectors are taken to be row vectors and
transposition is indicated by ‘). The mean
value mapping defined on int® by 8->,
where 7(0) = E,t, is one-to-one and both
ways continuously differentiable. The range
9 of 7 is a subset of int C, where C denotes
the closed convex hull of the support S of
the distribution of ¢. The sets ® and C (and
also S and ) are important for visualizing
the theory of exponential families. It is best
to think of ® and C as being subsets of two
different k-dimensional Euclidean spaces,
with the exponential character of the statisti-
cal model establishing a duality relation be-
tween © and C. A particular aspect of this is
that the powerful theory of convex analysis
can be fruitfully applied to the study of
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exponential families, the most central reason
being that k(@) is a strictly convex function
on ©. See GEOMETRY IN STATISTICS: CONVEX-
ITY.

Example 1 (continued). The multinomial
family is a regular exponential family of
order r — 1, and with ® = R"" ' and C equal
to the simplex {(w;,...,w,_):w; >0,
ce W, 20w+ -+ w, <}
Moreover, by (2),

k(8)=nln(l+ e+ -+ ef).

Example 4. The inverse Gaussian distribu-
tion* is a distribution on the positive part of
the real axis with probability function

P(x;%¢) = _‘/3‘___ eVX¥ 5 =3/2 = (1/20ex ™ +4x),
27

Taking t=(—4x"',—1x), 8 =(x¥), and
0 = {(x,¥): x> 0,9 > 0}, one has an expo-
nential family of order 2 which is full, but
not regular, since © includes some of its own
boundary points. Here C = {(w;,w)):
w, < 0,w, < 0,ww, <}}and

kOow) = — dnx —Vxy - 5)

Hence, for ¢ > 0 one finds by differentiation
of (5) formulae such as

Equ =VX/¥ > B ™' =x7"+W/x
and
V(x,\b)(x’ x l)
xl/24/—3/2 _ (X\P)—l/z

_(x\b)—l/2 22+ xR

" see (4).

Various important operations on exponential
families lead again to exponential families.
In particular, the distribution of the canoni-
cal statistic ¢ is exponential, and if
Xy, - - « » X, is a random sample from a popu-
lation governed by 9, then the joint distribu-
tion of x,, .. ., X, is exponential with expo-

nential representation
a(8)'b(x,) - - b(%y)
xXexp{0-(t(x)+ -+ t(x,))}- (6)

Moreover, if 8=(@®",0®) and ¢ =",
@) are similar partitions of  and ¢, then
the conditional distribution of t® given /("
is exponential with §® and r® as canonical
parameter and statistic, respectively. Thus
conditioning on " eliminates 8V, a fact
that is extremely important from the view-
point of conditional inference*.

Example 5. In the item analysis model the
observations x; (i = L...,rj=1...,9
are assumed to be independent 0-1 variates
(see PSYCHOLOGICAL TESTING THEORY) with

Pr[x,=1]=e*"A/(1+ e th).

For instance, i may indicate a person and j
may indicate a question, while x; is 1 or 0
according as person i answers question j
correctly or not. The parameters o; and S
describe, respectively, the ability of person i
and the difficulty of question j. This is an
exponential model with (x;.,..., X,.,
X.|»...»X.,), the set of row and column
sums, as a canonical statistic and with
(&, » 0, By, By) as the correspond-
ing canonical parameter. Inference on the
row parameters, say, may be performed
in the conditional distribution of (x,.,

.,x,.) given (x.y,...,X..), which de-
pends on (a;, . . .,a,) only. For most pur-
poses, conditional inference on (ay, . . ., &)
will be superior to unconditional inference,
especially if the number of columns s in the
table of x;’s is large compared to the num-
ber of rows r. In particular, if r is fixed while
s tends to infinity, then the unconditional
maximum likelihood estimate* of
(a; - - . » @) is not even consistent, whereas
the conditional estimate is consistent and
asymptotically normal (under mild regular-
ity assumptions).

The conditionality phenomenon discussed in
Example 5 is not particular to that example



but similar conclusions hold in wide general-
ity; see Andersen [2-4].

The conjugate family* of a full exponential
family a(8)b(x)exp{f -t} is the family of
distributions on ® having probability func-
tions

P85 7,.x) = d(v,x)ex T,

i.e., 8 is here considered as a random vari-
able, y and x are parameters, and d(y,x) is a
norming constant which makes the integral
of p(8;v,x). relative to Lebesgue measure,
equal to 1. Clearly, the conjugate family is
also exponential. When it is appropriate to
view # as a random variable and a(8)b(x)
exp{8 - t} as the conditional distribution of
x given @, it will in many cases be con-
venient to choose the conjugate family as the
model for . The classical construction of
the negative binomial distribution as a mix-
ture of the Poisson family with respect to a
gamma distribution can be taken as an ex-
emplification of this. Note also that if 8
follows a distribution from the conjugate
family, then so does the conditional distribu-
tion of # given x (the posterior distribution
of 9). .

If © belongs to the interior of O, in partic-
ular if 9 is regular, then the mean value
parameter 7 can be used instead of w or 8 as
the parameter of ¢. Also, in this case, the
mixed parameter (v(P,0?), where (¥
= E,t(V, affords a parametrization of ?.
The latter parametrization has the property
that if @ is regular, then 7V and 9® are
variation independent.

Any subfamily of an exponential family
is, of course, exponential. For a full expo-
nential family ¥ = {P,:0 € ®} those sub-
families P, = {P,: 8 €0,} that are affine
(linear), i.e., for which ©, is of the form
0,=0N L with L an affine (linear) sub-
space of R¥, are of special importance. In
fact, the log-linear models* are precisely of
this kind. By a suitable choice of the expo-
nential representation of ¢ it can always be
arranged that L is a linear subspace and
moreover, if convenient, that @, is deter-
mined by @, = {#:0® =0). If 9, is linear
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and if P denotes the projection onto L, then
%, has a minimal exponential representation
such that P# and P¢, interpreted as vectors
of the dimension of L, are the canonical
parameter and the canonical statistic in this
representation.

Example 6. Most of the manageable mod-
els and submodels for one- or multidimen-
sional normal random variables are affine in
the sense described above.

Example 7. Let x; (i=1,...,r; j
=1,...,s5) be independent 0-1 random
variables and denote the probability that X,
equals 1 by (0 < m; < 1). The matrix x of
these observations follows an exponential
model of order r - s and with ® = R""*, The
item analysis model discussed in Example 5
is the linear subfamily determined by ©,
=0ONL=L, where L is the linear sub-
space of R""® such that a point # belongs to
L if and only if §; = a; + B; for some &; € R
and,BjER(i=1,...,r;j=1,...,s).The
projection Px of x on L is given by (Px);
= x.+x.,—X... Thus (X..,x,. —-X..,

Xy XL X — X, X~
X..) is a minimal canonical statistic for the
item analysis model. This statistic is in one-
to-one affine correspondence with the ca-
nonical (but not minimal canonical) statistic

(Xpes oo s X s X5 e e e s XL )

Example 8. A full m-dimensional Poisson
contingency table x is a set of independent
Poisson random variables x;, ., (i, =
l,...,d,v=1,..., m)with freely varying
mean value parameters A;; ;. In this ex-
ponential model x is a minimal canonical
statistic with  given by 6,, ., =InA,,
as the corresponding canonical parameter.
The hierarchical submodels are linear expo-
nential subfamilies such that Pt is in one-to-
one affine correspondence with the so-called
minimal set of fitted marginals of the ta-
ble x.

If © contains an open subset of R¥, then the
family of distributions of ¢ is complete*, a
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fact that is useful, in particular, in relation to
Basu’s theorem*.

Let u be an arbitrary statistic such that u
possesses a probability function p(u; 8) with
respect to some measure ». Then, assuming
for simplicity that 0 €©® and a(0)=1 (as
can always be arranged), one has

p(u;8) = a(8)Eg(e” | u)p(u;0). (7)
The problem of determining an explicit ex-
pression for the probability function for u is
thus in effect solved if one can find such an
expression for just one element of &.

Example 9. The von Mises—Fisher distribu-
tion* is the distribution on the unit sphere in
d-dimensional Euclidean space whose den-
sity with respect to the uniform distribution
on the sphere is of the form

a(k)e™* (8)
where « > 0 while x and g are unit vectors
in R% The norming constant depends on «
only and the class of von Mises—Fisher dis-
tributions on the unit sphere in R? is an
exponential family of order 4 and with x
and § = xu as canonical variates.

Let x,, ..., x, be a sample of n observa-
tions from the distribution (8). The model
for x,, ..., x, is again exponential with the
resultant vector x, = x;+ - -+ + x, as ca-
nonical statistic and with § = kp as canoni-
cal parameter. By (7) the length r of the
resultant x, has a density with respect to
Lebesgue measure of the form

a(xk)"Eq(e™ ™ | r)p(r;0). ®)
The advantage here is that the second
and third factors in this expression are to
be calculated under the uniform distribu-
tion for x,, . . ., x,. In particular, observing
that the unit vector in the direction of the
resultant x. must also follow the uniform

distribution when 6 =0, one sees that
Ege® > |r)=a(xr)”".

The log-likelihood function for « based on a
single observation x with distribution (1) is

I(w) = (w5 %) = B(0) - 1(x) = K(6()):
(10)

or, in shorthand notation,

1(0)=1(0;t)=10-1t— x(8).

This is a strictly concave function of 8 pro-
vided that the canonical parameter domain
O is convex.

Note that for a random sample of n obser-

vations x,, ..., x, the log-likelihood func-
tion is of the form
1) =n(8-1-x(9)), (11

where = (t(x)+ - +1(x,))/n By 4
the first- and second-order derivatives of
(10) may be written

ol _ ., _ 90"
0 t 1') % (12)
and
04 _ _ 99 96’ %
dwow 0w V,,t +(t A FPY.
(13)

[The second term on the right-hand side of
(13) is to be interpreted as the sum over i of
(t; — 7)9%;/(0wdw’).] From the latter for-
mula it follows that the Fisher (or expected)
information* function i(w) is given by

80 a9’
En

and that this is related to the observed infor-
mation function j(w), i.e., minus the left-
hand side of (13), by

(@) =j@+ (1) 5 aw' (14)

In general the maximum likelihood esti-
mate § (or &) has to be found by numerical
iteration, although in a number of important
special cases 6 can be expressed explicitly in
terms- of ¢. The Newton-Raphson algo-
rithm* and the Davidon-Fletcher—Powell
algorithm are both, ordinarily, very efficient
for determining f. For certain special types
of models, notably log-linear models for con-
tingency tables*, the so-called method of
iterative scaling (or Deming—Stephan algo-
rithm) provides a convenient procedure for
the computation of ) (see Darroch and
Ratcliff [13]). See ITERATED MAXIMUM LIKELI-
HOOD ESTIMATOR.

- Vot




The exponential families met in practice
are mainly either regular or a curved sub-
family of a regular family; and for the fur-
ther discussion ® will be assumed to be of
one of these types and the two types will be
considered in turn.

REGULAR EXPONENTIAL FAMILIES

For a regular exponential family ¢ the max-
imum likelihood estimate exists, and is then
—by the strict concavity of /(#)—unique if
and only if the likelihood equation, which
may be written [see (12)]

Egt=1t,

has a solution #. This happens precisely
when ¢ €int C.! (In case the distributions of
@ are discrete, there is therefore a positive
probability that § does not exist, as ¢ will fall
on the boundary of C with positive probabil-
ity.)

It follows by (14) that i(&) = j(&); i.e., at
the maximum likelihood point the observed
information equals the expected informa-
tion.

Suppose that P, is a linear (or affine)
subfamily of #. If the maximum likelihood
estimate exists under 9, then it also exists
under &;,. The converse does not hold true
in general. The precise condition for the
maximum likelihood estimate to exist under
%P, is that, in the previously estabished nota-
tion, the likelihood equation Pr(#) = Pt has
a solution in 6.

In repeated sampling the maximum likeli-
hood estimate § is determined from Epg=t
[see (11)]. Since 7(#) = E,¢ is a one-to-one
smooth function it follows trivially from the
asymptotic normality of 7 and from (4) that
g is asymptotically normal with mean # and
variance (matrix) (nV,¢)~'. More refined ap-
proximations to the distributions of 7 and §
may be obtained from Edgeworth or saddle-
point expansions (see Barndorff-Nielsen and
Cox [7]). When the order of 9 is 1, simple
transformations are available for improving
the approximate normality or for variance or
spread stabilization. Specifically, for a fixed

EXPONENTIAL FAMILIES 593

A E[0,1], let
#(0) = [{x"(8)}" a0

(indefinite integration), and note that 7 =
Then

a. For A =1, the transformation ¢(#) im-
proves normality relative to that of é,
and it symmetrizes the log-likelihood
function by making the third derivative
of this function equal to 0 at the maxi-
mum likelihood point ¢.

b. For A=1, ¢(#) stabilizes the variance
relative to that of §, and it makes the
second derivative of the log-likelihood
function at qb——-and hence the informa-
tion function j(¢) = i(¢)—constant.

c. For A=1, ¢(r) stabilizes the variance
relative to that of +.

d. ForA= (1) improves normality rela-
tive to that of 7.

[Recall that ¢(r) is an abbreviated nota-
tion for ¢(8(7)).]
Example 10. In the case of the gamma
distribution

. = 0" k—1,—8x
p(x;0) _I‘(K) x e

with known shape parameter k, these trans-
formations are (a) ¢ = 8'/3, (b) ¢ = In#, (c)
¢ =Inr, and (d) ¢ = 7'/, Here 7 = E,x and
multiplicative constants have been dropped
from the expressions for ¢.

CURVED EXPONENTIAL FAMILIES

Curved exponential models occur not sel-
domly in practice, and they are of great
importance in discussions of various key
concepts and methods of statistical inference
(see, e.g., Efron [16] and Efron and Hinkley
[18]). Instances of such models are given in
Examples 2, 3, and 11.

In exponential models of this kind the
canonical parameter domain 0 is a smooth
manifold in R*. Assume more specifically
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that Q is an open subset of R” where m < k,
and that the k X m matrix 96/0w’ of partial
derivatives of #(w) is a continuous function
of w and has rank m for all w € 2. The form
of the score function (12) shows that, in
general, the maximum likelihood estimate is
determined as that value § €® for which
t— 1-(0) is orthogonal to the tangent plane
of ® at . The set of values of ! that give rise
to one and the same estimate § thus belongs
to a hyperplane of dimension k — m. With-
out further assumptions it may be shown
that asymptotically & exists, and is consis-
tent and normally distributed with asymp-
totic variance (ni(w))~'. Moreover, if 9,
= {P,:0 €0gy}is a curved subfamily of ¥
with ©, a manifold as above, the dimension
of the manifold being g < m, then the likeli-
hood ratio test statistic for #, under ¥ is
asymptotically x>-distributed with m — g de-
grees of freedom.

Example 11. A pure birth process* x,, with
birth intensity A € (0, c) and initial popula-
tion size 1, has been observed continuously
over a fixed time interval [0, f]. The family of
distributions for {x,:0< s < ¢} is curved
exponential, of order 2, with (InA, —A) as
canonical parameter and (b,,s,) as the corre-
sponding canonical statistic. Here b, is the
number of births in the interval [0, ] and s,
is the total lifetime,

t
s, =f x, ds.
0

The log-likelihood function is
I(A) = b,In\ — As,
and thus
a/IN=b,/\—s,
On comparing with formula (12) one sees

that the mean vector 7 = Ey(b,,s,) must be
proportional to (A, 1); indeed,

r={(eM = )/A}(\ D).

Moreover, the pairs (b,,s,) which give rise to
one and the same maximum likelihood esti-
mate A are those on the half-line {w(}:, :w
> 0). (For details on this model, see the
contribution by Keiding to the discussion of
Efron [16].)

INCOMPLETELY OBSERVED
EXPONENTIAL SITUATIONS

Suppose that the exponential model (1)
holds but that only the value u# of some
function of x—and not x itself—has been
observed. A variety of often-occurring statis-
tical situations can usefully be viewed in this
way, (see Sundberg [31], Haberman [20}, and
Pedersen [24]). In particular, many fre-
quency tables for which some of the individ-
uals or items studied are only partly classi-
fied fall within the present framework. Phe-
notype classifications in genetics are com-
monly of this kind.

By (7), the log-likelihood functlon based
on u is

1(0)=«x(8|u)—x(9)
where k(0| u)=logEj(exp{8 - t}|u). If the
exponential model is regular, then the first-

and second-order derivatives of / with re-
spect to 4 take the form

ao EB (t | u)
and
9%l
W = Vg(t|u) - Vgt.
Thus the likelihood equation is
Egt = Eg([ | u). (15)

(It may furthermore be noted that the condi-
tional distribution of ¢ given u is again expo-
nential) Cyclic iteration in this likelihood
equation will usually converge to the maxi-
mum likelihood estimate §, but convergence
is generally slow (see Dempster, et al. [14]).
However, in genetical applications the algo-
rithm is often convenient. (In genetics*, this
whole procedure for determining maximum
likelihood estimates is known as the gene
counting method and was developed by
Cepellini, et al. [9] and Smith [29, 30]).

Example 3 (continued). Let x,,, X5p, Xgp>
Xpos X¥a0» and xpo denote the numbers of
individuals in the sample of the various pos-
sible genotypes. These numbers follow a reg-
ular exponential family of order 2 and one
may view the actually observed phenotype



numbers x, = X,a + Xa0s Xg = Xpg + Xgo»
XaB» Xoo as deriving from incomplete obser-
vation of the genotypes. It now follows from
(15), essentially without calculation, that the
likelihood equations are

= P
2np = xp+ Xpp+ x4 e
2nq=xB+xAB+ xB'q_'_—zr.

CONCLUDING REMARKS

The larger part of parametric statistical
models occurring in the theory and applica-
tions of statistics are exponential or have a
partially exponential structure, and the
many useful properties shared by exponen-
tial families enhance their methodological
importance. For obtaining a further appreci-
ation of the role of exponential models in
developing and illustrating principles and
methods of statistics, the reader is referred to
the books by Barndorff-Nielsen [5], Cox and
Hinkley [11], and Lehmann [23]; see also
Efron and Hinkley [18]. The shared proper-
ties mentioned above also imply that wide
classes of exponential or partially exponen-
tial models can be handled by compact,
integrated computer programs, such as in
GLIM* or GENSTAT (see STATISTICAL
SOFTWARE).

Further Reading

In addition to the references given in the
article itself, some further bibliographical
notes will be presented here. The many im-
portant properties of exponential families,
beyond that of yielding sufficient reduction,
have been discovered rather gradually and
through the contributions of many research
workers. Only a short bibliography will be
presented here, but guidance to the large
majority of works in the field is available via
the references actually given here; see in
particular Barndorff-Nielsen [5], Barndorff-
Nielsen and Cox [7}, Efron and Hinkley [18],
and Lehmann [23].

Fisher’s [19] indication that exponential
families are the only families of distributions

-rameters w;, . ..
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that yield nontrivial sufficiency reductions
was quickly taken up by Darmois [12],
Koopman [21], and Pitman [25], who sought
rigorous mathematical formulations of this
indication. Sometimes, therefore, the terms
Darmois-Koopman family or Darmois—
Koopman-Pitman family* are used instead
of exponential family. The first fully satisfac-
tory result in this direction is due to Dynkin
[15].

In statistical mechanics* certain exponen-
tial families appear, by derivation from vari-
ous assumptions, as models of the probabil-
ity distributions of local properties in large
physical systems; see, for instance, Kubo
[22]. Models of this kind originated with
Maxwell*, Boltzmann*, and Gibbs at the
end of the last century.

A rather comprehensive account of the
exact, as opposed to asymptotic, theory of
exponential families is given in Barndorff-
Nielsen [5]; see also Chentsov [10] and Efron
[17]. Asymptotic properties, including the
limiting behavior of maximum likelihood es-
timators, are discussed in Andersen [1], Berk
[8], Sundberg [31], and Barndorff-Nielsen
and Cox [7].

The relationships between ancillarity and
sufficiency and exponential families are
treated in Barndorff-Nielsen [5] and Efron
and Hinkley [18].

An interesting class of models, the facto-
rial series* families, which possess a number
of properties similar to those of exponential
families, have been introduced and studied
by Berg; see Barndorff-Nielsen [5]. The ob-
servation x and parameter w corresponding
to a factorial series family are both k-
dimensional vectors whose coordinates are
nonnegative integers, and the probability
function is of the form

P(x;0) = a(@)b(x)e,

where 0™ = o{*D{*) ... w{* [the nota-
tion n{™ indicating the descending factorial,
ie, "™ =n(n—-1)---(n—m+ 1)]. Such
distributions arise as the result of certain
sampling procedures employed to obtain
data for inference on the sizes of various
classes of elements or individuals, the pa-
, w, denoting these sizes.
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NOTE

1. More generally, if @ is full but not necessar-
ily regular, then the maximum likelihood esti-
mate* 8 exists if and only if ¢ €intC; and 4 is
unique. If, in addition, Ept = ¢ has a solution in
the interior of ©, then this solution equals 4. For
the maximum likelihood estimate to be always a
solution of E,t =t it is therefore necessary and
sufficient that 9 = int C. The latter condition is
equivalent to k() being steep, which means that
|dx /88|, the length of the gradient of x(#), tends
to oo for 8 tending to the boundary of ®. This
occurs, in particular, for regular families. The
inverse Gaussian family of distributions provides
an example of a steep, nonregular exponential
family.
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O. BARNDORFF-NIELSEN

EXPONENTIAL SCORES See LOGRANK
SCORES

EXPONENTIAL SMOOTHING

Exponential smoothing methods are widely
used in operations research®, business, eco-
nomic, and engineering contexts, particu-
larly in the areas of inventory and produc-
tion control. See, for example, Smith [12],
McKenzie [9], Bradshaw [2], Dyer [5], Little
[8], Brennan [3], Wu [13], and Pandit,
Burney and Wu [10]. Perhaps the primary
and most definitive reference to exponential
smoothing per se is Brown [4, Chaps. 7 and
12). In general, the concept of exponential
smoothing is seen by contemporary statisti-
cal authors as a special case of a more
general modeling procedure. We open our
discussion with the classical motivation for
exponential smoothing.



