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Minimum Complexity Density Estimation

Andrew R. Barron, Member, IEEE and Thomas M. Cover, Fellow, IEEE

Abstract —The minimum complexity or minimum descrip-
tion-length criterion developed by Kolmogorov, Rissanen,
Wallace, Sorkin, and others leads to consistent probability den-
sity estimators. These density estimators are defined to achieve
the best compromise between likelihood and simplicity. A re-
lated issue is the compromise between accuracy of approxima-
tions and complexity relative to the sample size. An index of
resolvability is studied which is shown to bound the statistical
accuracy of the density estimators, as well as the information-
theoretic redundancy.

Index Terms —Kolmogorov complexity, minimum des-
cription-length criterion, universal data compression, bounds on
redundancy, resolvability of functions, model selection, density
estimation, discovery of probability laws, consistency, statistical
convergence rates.

1. INTRODUCTION

HE KOLMOGOROV theory of complexity

(Kolmogorov [1]) leads to the notion of a universal
minimal sufficient statistic for the optimal compression of
data as discussed in V’Yugin [2], Cover [3], [4], and Cover,
Gacs, and Gray [5]. The Kolmogorov theory is applicable
to arbitrary, possibly nonrandom, data sequences. Related
notions of complexity or description length, that are
specifically appropriate for making inferences from ran-
dom data, arise in the work of Rissanen [6]-[11], Wallace
et al. [12], [13], Sorkin [14], Barron [15]-[17], Cover [3], [4],
[18], and V’Yugin [2] and in the context of universal
source coding as in Davisson [19]. The goal shared by
these complexity-based principles of inference is to obtain
accurate and parsimonious estimates of the probability
distribution. The idea is to estimate the simplest density
that has high likelihood by minimizing the total length of
the description of the data. The estimated density should

summarize the data in the sense that, given the minimal

description of the estimated density, the remaining de-
scription length should be close to the length of the best
description that could be achieved if the true density were
known.

Minimum complexity estimators are treated in a gen-
eral form that can be specialized to various cases by the
choice of a set of candidate probability distributions and
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by the choice of a description length for each of these
distributions, subject to information-theoretic require-
ments. An idealized form of the minimum complexity
criterion is obtained when Kolmogorov’s theory of com-
plexity is used to assess the description length of probabil-
ity laws; however, our results are not restricted to this
idealistic framework.

For independent random variables X, X,, -, X,
drawn from an unknown probability density function p,
the minimum complexity density estimator g, is defined
as a density achieving the following minimization

(1.1)

1
min | L(g) +log —-— |,
q

il:[] a(X;)

where the minimization is over a list I' of candidate
probability density functions g, and the logarithm is base
2. As discussed in Section III, this criterion corresponds
to the minimization of the total length of a two-stage
description of the data. The nonnegative numbers L(g)
are assumed to satisfy Kraft’s inequality ¥ 2% <1 and
are interpreted to be codelengths for the descriptions of
the densities. Although not needed for the information-
theoretic interpretation, there is also a Bayesian interpre-
tation of the numbers 279 as prior probabilities. In the
Kolmogorov complexity framework, L(g) is equal to the
length of the shortest computer code for g as explained in
Section 1V, and the best data compression and the best
bounds on rates of convergence are obtained in this case.

The list T' of candidate probability densities is often
specified from a given sequence of parametric models of
dimension d=1,2,---, with the parameter values re-
stricted to a prescribed number of bits accuracy. The
minimum complexity criterion is then used to select the
model and to estimate the parameters. Larger lists T’
provide better flexibility to discover accurate yet parsimo-
nious models in the absence of true knowledge of the
correct parametric family. In the idealistic case, I' consists
of all computable probability distributions.

The minimum complexity criterion can discover the
true distribution. Indeed, it is shown that if the true
distribution happens to be on the countable list T, then
the estimator is exactly correct,

b,=p, (1.2)
for all sufficiently large sample sizes, with probability one
(Theorem 1). Consequently, the probability of error based
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on n samples tends to zero as n —. The result is most
dramatic in the Kolmogorov complexity framework: if the
data are governed by a computable probability law, then,
with probability one, this law eventually will be discovered
and thereafter never be refuted. Although the law is
eventually discovered, one cannot be certain that the
estimate is exactly correct for any given n. You know, but
you do not know you know.

Consistency of the minimum complexity estimator is
shown to hold even if the true density is not on the given
countable list, provided the. true density is approximated
by sequences of densities on the list in the relative en-
tropy sense. Theorems 2 and 3, respectively, establish
almost sure consistency of the estimated distribution and
(under somewhat stronger assumptions) L' consistency of
the estimated density. These results, which were an-
nounced in [15], [16], are the first general consistency
results for the minimum description-length principle in a
setting that does not require the true distribution to be a
member of a finite-dimensional parametric family.

The main contribution of this paper is the introduction
of an index of resolvability,

Ry p) = min | — 2 )

n+ D(pla) (13)

that is proved to bound the rate of convergence of mini-
mum complexity density estimators as well as the infor-
mation-theoretic redundancy of the corresponding total
description length. Here D(pllg) denotes the relative
entropy. The resolvability of a density function is deter-
mined by how accurately it can be approximated in the
relative entropy sense by densities of moderate complex-
ity relative to the sample size. Theorem 4 and its corollary
state conditions under which the minimum complexity
density estimator converges in squared Hellinger distance
d}(p,p,) = [(/p —/p,)* with rate bounded by the in-
dex of resolvability, i.e.,

diy(p,b,) < O(R,(p)) (1.4)

Also the complexity of the estimate relative to the sample
size, L,(p,)/n is shown to be not greater than O(R (p))
in probability.

The results on the index of resolvability demonstrate
the statistical effectiveness of the minimum description-
length principle as a method of inference. Indeed, with
high probability, the estimation error d7(p, p,) plus the
complexity per sample size L,(p,)/n, which are achieved
by the minimum complexity estimator, are as small as can
be expected from an examination of the optimal tradeoff
between the approximation error D(pllq) and the com-
plexity L(q)/n, as achieved by the index of resolvability.

It is shown that the index of resolvability R,(p) is of
order 1/n if the density is on the list; order (logn)/n in
parametric cases; order (1/n)” or ((logn)/n)” in some
nonparametric cases, with 0 <y <1; and order o(1) in
general, provided inf_ - D(pllg) = 0.

It need not be known in advance which class of densi-
ties is correct. With minimum complexity estimation, we
are free to consider as many models as are plausible and

in probability.
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practical. (In contrast, the method of maximum likelihood
density estimation fails without constraints on the class of
densities.) The minimum complexity estimator converges
to the true density nearly as fast as an estimator based on
prior knowledge of the true subclass of densities.

The minimum complexity estimator may also be de-
fined for lists of joint densities g(X,, X,," ", X,,) that
allow for dependent random variables, instead of inde-
pendence [T/ ,q(X,) as required in (1.1). Indeed, the
assumption of stationarity and ergodicity is sufficient for
the result on the discovery of the true distribution in the
computable case, as shown in [16]. The assumption of
independence, however, appears to be critical to our
method of obtaining bounds on the rate of convergence of
the density estimators in terms of the index of resolvabil-
ity.

In some regression and classification contexts, a com-
plexity penalty may be added to a squared error or other
distortion criterion that does not correspond to the length
of an efficient description of the data. Bounds on the
statistical risk in those contexts have recently been devel-
oped in Barron [17] using inequalities of Bernstein and
Hoeffding instead of the Chernoff inequalities used here.

Interpretations and basic properties of minimum com-
plexity estimators are discussed in Sections II-1V. Moti-
vation for the index of resolvability is given in Section V
followed by examples of the resolvability for various mod-
els in Section VI. The main statistical convergence results
are given in Section VII followed by the proofs in Section
VIII. Some regression and classification problems that
can be examined from the minimum description-length
framework are discussed in Section IX.

II. AN INFORMAL ExAMPLE

The minimum description-length criterion for density
estimation is illustrated by the following example. Let
X, X5, +, X, be independent and identically distributed
according to an unknown probability density p(x). Sup-
pose it happens that this density is normal with mean p
and variance o2 =v2. In this example, u is some fixed
uncomputable real number, whereas V2 is computable.
(Computability means that a fixed-length program exists
that can take any integer b as an input and compute the
number to accuracy 27°.)

The minimum description-length idea is to choose a
simple density ¢ that yields high likelihood on the data. If
L(g) is the number of bits needed to describe ¢ and
logl/q(X,, -+, X,) is the number of bits in the Shannon
code (relative to g) for the data, then

ngn L(Q)+logq(X1,-~-,Xn) (2.1)
is the minimum two-stage description length of the data.
(The actual Shannon code has length equal to the integer
part of the logarithm of the reciprocal of the probability
of discretized values of the data; the use of the density is
a convenient simplification.)

For the Gaussian example, we may expect the proce-
dure to work as follows. For small sample sizes compared
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to the complexity of the normal family (say n <10), we
would estimate p, to be one of a few very simple densi-
ties, such as a uniform density over a simple range that
includes the sample. For moderate sample sizes (perhaps
n=100) we begin to use the normal family. Parameter
estimates and associated description lengths that achieve
approximately the best tradeoff between complexity and
likelihood are derived in {7], (12], [13] and [16, Section 4.2]
(see also Section VI where related description lengths are
given that optimize the index of resolvability in paramet-
ric cases). In particular, we take the maximum likelihood
estimates (X, =(1/n)LX; and S?=(1/nZ(X,— X,)?)
rounded off to the simplest numbers i and &% in the
confidence intervals X, +1/4/c;n and S2+1/y/c,n.
These numbers are described using roughly (1,/2)log nc,
and (1/2)log nc, bits. Here ¢, =1/S8? and ¢, =1/(2S})
are the empirical Fisher informations, for & and o2
respectively, evaluated at the maximum likelihood.! See
[7], [12], [13] for relevant discussion on the appropriate
constants. In the present example, for which the variance
is a relatively simple number, the enumeration of the bits
of the estimate is preferred only for sample sizes with
(1/2)log nc, less than the length of the description of y2 .

Then when we have enough data to determine the first
10 or so bits of the unknown variance (n = 1000000), we
begin to believe that the density estimate is normal with
variance equal to V2. We have guessed correctly that
o2 =2, and this guess results in a shorter description.
The estimated mean g, is X, rounded to an accuracy of
o /Vn ; this requires roughly (1/2)1og nc, bits where ¢, =
1/02. For any constant ¢, no simple number is found in
the interval X +¢/vn for large n. We must content
ourselves with p, = normal(4,, Vv2).

Note that the complexity of the best density estimate j,
grows at first like n, then like (1/2)log nc, +(1/2)log nc,,
and finally like (1,/2)log nc,. For large n, we have discov-
ered that the true density function is Gaussian, that its
variance is exactly V2, and that its mean is approximately
X, to /\/E . From the data alone, it becomes apparent
that the structure of the underlying probability law con-
sists of its Gaussian shape and its special variance. Its
mean, however, has no special properties.

Even if the true density is not a member of any of the
usual parametric families, the minimum description-length
criterion may select a family to provide an adequate
approximation for a certain range of sample sizes. Addi-
tional samples will then throw doubt on the tentative
choice. With the aid of the criterion, we are then free to

1t happens in this Gaussian example that the Fisher information
matrix is diagonal. For parametric families with nondiagonal informa-
tion matrices, approximately the best tradeoff is achieved with an
estimated parameter vector in an elliptical confidence region centered at
the MLE. Such estimates are described in a locally rotated and scaled
coordinate system, using about Sl/?.)log nc + -+ +(1/2)log nc, bits,
which reduces to (1,/2)logdet(nl), where ¢y, - -, ¢, are the eigenvalues
of the empirical Fisher information 7 and d is the dimension of the
parameter space, see [16, Sect. 4.2]. Thus (d /2)log n is the dominant
term in the description of the parameters and the (1,/2)logdet(/) term
accounts for the local curvature of likelihood function.
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jump to some other family (and proceed with the estima-
tion of any parameters in this family). The question is
whether this disorderly jumping around from procedure
to procedure on the basis of some peeking at the data will
still allow convergence. We show that indeed convergence
does occur for densities estimated by the minimum com-
plexity or minimum description-length criterion.

The formulation of the minimum description-length
principle as in [6], [7], [12], [13] leads to a restriction on
the parameter estimates in each family to a grid of points
spaced at width of order 1/vVn and the optimization of a
criterion for which the dominant terms are

;logn +logl/py( X™), (2.2)
where d is the number of parameters and 6 is the
maximum likelihood estimate of the parameter vector
6 < R, truncated to (1/2)logn bits per parameter.
Rissanen [8], [9] shows that for most parameter points this
criterion yields asymptotically the best data compression.
Indeed, he shows in [9] that the redundancy of order
(d /2)log n cannot be beaten except for a set of parame-
ter points of measure zero. The theory we develop shows
that the minimum description-length criterion for model
selection is also justified on the grounds that it produces
statistically accurate estimates of the density.

The Gaussian example illustrates an advantage of devi-
ating in some cases from the minimum description-length
criterion in the form (2.2), by not necessarily restricting
the parameter estimates to a grid of preassigned widths of
order 1/vn. By allowing the search to include simpler
parameter values, in particular to include maximum likeli-
hood estimates truncated to fewer than (1/2)logn bits
and nearby numbers of low complexity (such as y2 in the
previous example), we allow for the possibility of discov-
ery of density functions with special parameter points,
which in some cases may govern the distribution of the
observed data.

Other departures from the minimum description-length
criterion in the form (2.2) are justified when it is not
assumed that the density is in a finite-dimensional family.
See Case 4 in Section VI for one such example. Neverthe-
less, it will be seen (Case 3 in Section VI) that criteria of
the form (2.2), using sequences of parametric families,
continue to be effective for both data compression and
inference in an infinite-dimensional context.

III. SOME PRELIMINARIES

In this section we set up some notation, define mini-
mum complexity density estimation, and discuss some
specializations of the general method. )

Let X, X,, -+, X,, - be independent random vari-
ables drawn from a (possibly unknown) probability density
function p(x). The random variables are assumed to take
values in a measurable space X and the density function
is taken with respect to a known sigma-finite dominating
measure v(dx). The joint density function for X" =
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(X, X,,--+,X,) is denoted by p(X")=T17_,p(X,) for

n=1,2,--; the probability distribution for the process is
denoted by P.
For each n=1,2,---, let I, be a countable collection

of probability density functions g(x) (each taken with
respect to the same measure v(dx)). For each g in [, we
let g(X")=TT17_,9(X,) denote the corresponding product
density and we let Q denote the corresponding probabil-
ity distribution (which would make the X, independent
with density g).

We need a notion of the length of a description of g.
For each n, let L,(gq) be nonnegative numbers defined
for each ¢ in TI,. (For convenience, we also define
L(g)=w if g is not in T,.) The following summability
requirement,

-L
Z 2 k@ <1,
q€T,

(3.1)

is the essential condition assumed of the numbers L, (g).
The complexity of the data and the minimum complex-
ity density estimate are now defined relative to the lengths
L,(q), g T,. The sample size n is assumed to be given.
Definition: The complexity B(X") of the data X" rela-
tive to L, and T, is defined by

1
B(X”):qnéig(l,n(q)‘i'logm). (32)

The minimum complexity estimator p, of the density rela-
tive to L, and T, is defined by

1
p, = i + .
b, a;gerrrl:n (Ln(cI) log 2 ) (3:3)
where, in the case of ties, the density p, is chosen for
which L,(p,) is shortest (and any further ties are broken
by selecting the density with least index in T,). It will be
seen that a minimizing p, exists with probability one.
There are two fundamental interpretations of the mini-
mum complexity criterion: one from the theory of data
compression, the other from Bayesian statistics.

A. Coding Interpretation

The complexity defined in (3.2) is interpreted as a
minimal two-stage description length for X", for a given
sample size n. The terms L, (q) and log1/g(X") corre-
spond, respectively, to the length of a description of g
and the length of a description of X" based on q.

To give the precise coding interpretation, assume that
X is discrete and that each g is a probability mass
function (i.e., g is a density with respect to v = counting
measure). If the numbers L,(g), g €T, are paositive inte-
gers satisfying (3.1), then L,(q) is the length of an instan-
taneously decodable binary code for g €T,. The instanta-
neous decodability property states that no codeword is
the prefix of any other codeword. Since the second-stage
description of X” follows the code for g, the prefix
condition is essential for decoding the two stages. The
condition (3.1) in this context is Kraft’s inequality giving
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necessary and sufficient conditions for the existence of
instantaneous binary codes of the prescribed lengths (see
[20, pp. 45~-49, 514)).

To explain the second stage of the code, observe that if
g is given, then by rounding logl/q(X") up to the
nearest integer, lengths L _(X")=[log1/q(X")] are ob-
tained that satisfy Kraft’s inequality, X ,.2 tX" <1,
Hence, as discovered by Shannon, if g is given, then
[log1/g(X™)] is the length of an instantaneous code
that describes the sequence X".

On the other hand, when the density is estimated from
the data, then in order for the Shannon code based on an
estimate p, to be uniquely decodable, the density p, must
first be encoded. The overall length of the code for the
data is then (within one bit of)

L,(p,)+logl/p,(X"). (3.4)

Thus any density estimator corresponds to a code for the
data. The minimum complexity criterion simply chooses
the estimator yielding the best compression.

Coding Interpretation in the Continuous Case: If the
space X is not discrete, then no finite-length uniquely
decodable codes can exist. Nevertheless, quantization of
X does lead to outcomes that are finitely describable. In
the case of fine quantization, density functions are ap-
proximated by ratios of measures. Indeed, if [x] denotes
the quantization region that contains x, then g(x)=
lim Q([x])/v»([x]) for almost every x (where the limit is
taken for a refining sequence of quantization regions that
generates X). Consequently, logl/qg(X") = logl/
O(X" "D+ log v({X"]) where [X"] denotes the
coordinate-wise quantization of X". If this approximation
were valid uniformly for g €T, then the minimization as
in (3.3) would amount to choosing a density that mini-
mizes the two-stage codelength for the quantized data,

L(Q)+logl/ O([X"]). (3.5)

For simplicity of exposition in this paper, we restrict
attention to the minimization involving densities as in
(3.3). Discrete random variables are then a special case
with v equal to counting measure. Barron [16] treats the
case in which the distribution is estimated by minimizing
(3.5); in the theory developed there, the quantization
regions are allowed to shrink as the sample size n —, [It
is seen that the estimators based on uniformly quantized
data on the real line behave in a manner essentially
analogous to the continuous case when the width % of the
quantization intervals are of smaller order than 1/, and
in a manner analogous to the discrete case when nh is
large. New techniques are also developed there to handle
the case when nh is constant.]

B. Bayesian Inference Interpretation

Let w(q) be a prior probability mass function on
g€, and set L, (q)=1logl/w,(q) (with the convention
that if w,(g)=0 then L,(q)=0). Then the summability
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condition (3.1) is satisfied since

L2740 = T, (q) =1. (3.6)
q q

The minimization in (3.3) is seen to be the same as the
maximization of

2_Ln(q)q(X"), (3_7)

which is proportional (as a function of g<€T,) to the
Bayes posterior probability of g given X”.

Consequently, the estimator p, defined in (3.3) is the
Bayes estimator minimizing the probability of error,
Zw(@Q{p, +# q} for a density in T, drawn according to
w,(q).

The connection between the Bayesian and coding inter-
pretations is that if w,(q) is a prior probability function
concentrated on a countable set of densities g, then
logl/w,(q) is the length (rounded to an integer) of a
Shannon code for g based on w,,. Conversely, if L,(q)is a
codelength for a uniquely decodable code, then w,(g) =
274 /¢ defines a proper prior probability (where ¢, =
Y2749 <1 is the normalizing constant).

Thus the minimum description-length principle pro-
vides an information-theoretic justification of Bayes’ rule.
A Bayesian with a discrete prior w,(q), g €T, chooses
the estimate that achieves the minimum total description
length L, (p,)+logl/p,(X™). Of course, Bayesian esti-
mation also has decision-theoretic justification.

We emphasize the necessity of the term L,(p,) that
involves the prior probability. Indeed, in the absence of
this term, if p, depends on X", then, in general,
log1/p,(X") will not satisfy Kraft’s inequality and hence
there does not exist a code for X" with lengths
log1/p,(X"™). A consequence is that the maximum likeli-
hood rule that selects a density to achieve the minimum
value of log1/5,(X") does not admit a description-length
interpretation of this value.

Some basic results for the minimum complexity estima-
tor are a straightforward consequence of the Bayesian
interpretation. Define

m(X") =Y, 27 tDg( X"y,
q

(3.8)

In the Bayesian interpretation, m(X") is the marginal
density function for X”. It is seen that m(X") is finite for
almost every X" (indeed it has integral not greater than
one). Thus for almost every X", the quantities in (3.7) are
summable for g €T, and, consequently, the maximum is
achieved. (Indeed, let » > 0 be the value in (3.7) for some
g; by summability there must be a finite set of g such that
outside this set the value of 27549 g(X") is less than v,
and hence the overall maximum occurs on this finite set.)
Thus the following proposition is proved.

Proposition 1: There almost surely exists at least one
and no more than finitely many densities achieving the
maximum in (3.7). Thus the minimum complexity density
estimator p, exists with probability one.

Next we show admissibility of the minimum complexity
estimator of a density in the countable set [, among
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estimators based on the data X, X5, -, X,,. By defini-
tion, an estimator p, is inadmissible if there is another
estimator @ such that P{p{®+ p}< P{p,# p} for all
p €T, with strict inequality for some p €T,. If no such
uniformly better estimator exists, then p, is said to be
admissible. The following proposition is a consequence of
the admissibility of Bayes rules.

Proposition 2: The minimum complexity estimator p, is
admissible for the estimation of a density in the countable
set I,.

1V. IpeEaLizED CODELENGTHS AND KOLMOGOROV
COMPLEXITY

Clearly, a practical requirement on the candidate prob-
ability distributions Q is that finite length descriptions
exist, i.e., O must be computable.? Subject to this restric-
tion, an idealized form of the minimum complexity crite-
rion is obtained by choosing the descriptions of the proba-
bilities Q to be as short as possible.

Let U be a fixed universal computer with a domain
consisting of finite length binary programs ¢ that satisfy
the prefix property. Specifically, no acceptable program is
a prefix of another, so that the set of binary programs
constitutes an instantaneous code and consequently the
program lengths satisfy the Kraft inequality. Let I'* be
the set of all computable probability measures on X. For
each Q € T'*, let L*(Q)= L%(Q) be the minimum length
of programs that recursively enumerate Q,

L*(Q)= min length(¢). (4.1)
Ue)=0

This L*(Q) is the Kolmogorov-Solomonoff—Chaitin algo-
rithmic complexity of Q. This measure was independently
posed, in different levels of detail, by Kolmogorov [1],
Solomonoff [21], and Chaitin [22). For fundamental prop-
erties of L*, see Chaitin [23] and Levin [24], [25].

We mention that for any two universal computers U
and V there exists a finite constant ¢ = ¢, ), such that

|L5(Q) - L3(Q)| ¢,  forall QeT*. (4.2)

Moreover, for any computable function L(Q), Q €T (on
a domain I' € I'*) that satisfies the Kraft inequality, there
exists a constant ¢ = ¢, such that

L*(Q)< L(Q)+c, forall QeT. (4.3)

In the same way, for any computable prior w(Q), QI C

I with £,w(Q) =1, there is an constant ¢ = ¢,, such that

L*(Q) <logl/w(Q) +c, forall QeTl, (4.4)
whence

27D > ()27,  forallQeTl.  (4.5)

It is these basic facts about the algorithmic complexity
L*(Q) that provide its appeal as a notion of idealized

A probability measure Q on X is computable, relative to a countable
collection of sets A;, 4,, - that generates the measurable space X, if
the set {(ry,rs,k): ry <Q(A,)<r, for ry,r, rational and k =1,2,- -}
is recursively enumerable. Thus Q(A,) can be calculated to any preas-
signed degree of accuracy.
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codelength for the minimum complexity estimation princi-
ple. In particular, (4.5) gives a sense in which 272@ is a
universal prior, giving (essentially) at least as much mass
to distributions as would any computable prior.

V. AN INDEX OF RESOLVABILITY

Minimum complexity density estimation chooses a den-
sity that minimizes the quantity

1 12

—L(q)+— Y log . 5.1

n () niaa q(X;) (5-1)
This quantity is a random variable depending on X,
j=1,2,---,n, which are assumed to be independent with

unknown density p. In order to help explain the behavior
of this minimization, we replace (5.1) by its expected
value and investigate the corresponding minimization.
This expectation is

1 +E(l 1)
" «(4) »\lo8 Sk

1
= L)+ D(pllg)+H(p), (52)

where H(p)= — [p(x)log p(x)v(dx) is the entropy (of p
with respect to ») and D(pllg) = [p(x)log(p(x)/
q(x)v(dx) is the relative entropy or Kullback-Leibler
distance between p and gq.

Since by the law of large numbers, the quantities in
(5.1) are close to the expected value for large n, we
anticipate that the behavior of the minimization of (5.1)
will be largely determined by the minimization of (5.2).

Definition: The index of resolvability of p (relative to a
list T, codelengths L,, and sample size n) is defined by

1
R,(p)=min |=L,(q)+ D(pllg)|.  (53)
gel,\n

An interpretation of the index of resolvability is the
following. If we know p, then nH(p) bits are required to
describe X" on the average. If we do not know p, then
n(H(p)+ R,(p)) bits suffice to describe X" on the aver-
age. This is proved shortly in Proposition 4. The index of
resolvability may be interpreted as the minimum descrip-
tion-length principle applied on the average. The index of
resolvability is used (in the proof of Theorem 4) to bound
the rate of convergence of the density estimator p, that
minimizes (5.1) in terms of a density p, that achieves the
minimum in (5.3).

The density p, minimizing L,(q) among those that
achieve the minimum in (5.3) is regarded as the density
that best resolves p for sample size n. A compromise is
achieved between densities that closely approximate p
and densities with logical simplicity.

For example, suppose the true density p is a standard
normal perturbed by having zero density in a small seg-
ment accounting for about 0.001 of the mass of the
normal curve and having density scaled up by a factor of
1.001 on the rest of the line (so that the total area
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remains one). Then, for sample sizes n much less than
1000, it is unlikely for a normal density to have observa-
tions in the perturbed segment. The true density and the
normal density are indistinguishable in this case. Indeed,
the relative entropy distance between the true density and
the standard normal is log1.001, which is approximately
equal to 0.001log e. If L(p) and L(¢) are the description
lengths of the true density and the normal density, respec-
tively, then from definition (5.3), the normal density has
better resolvability for n < 1000(L(p)— L(¢))/loge.

The density p, is a theoretical analog of the sample-
based minimum complexity estimator p,. In our analysis
of p,, we regard it as being more directly an estimator of
P, than an estimator of p. The total error between p, and
p involves contributions from the estimation of p, by p,
and from the approximation of p by p,,.

Observe that in general the resolvability can be im-
proved by increasing n, enlarging T, or decreasing the
lengths L,(g).

In the limit as n —>co, the index of resolvability R,(p)
converges to zero if and only if there is a sequence of
densities g, in T, such that D(pllg,)— 0 and L,(q,)/
n—0. _

Definition: The information closure of T', denoted by T',
is the set of all probability densitiecs p for which
inf, cp D(plig)=0.

In the case of all computable probability measures on
the real line, it is shown in Barron [16] that the informa-
tion closure ['* consists of all densities p for which
D(pllq) is finite for some computable measure Q. More-
over, T'* includes all bounded densities with finite support
and all densities with tails or peaks bounded by a com-
putable integrable function.

Here we show that the information closure is the set of
all distributions for which the resolvability tends to zero
as n — . A condition is required to force regular behav-
jor of the numbers L,(q) as a function of n. Let T = U [,
be the union of the lists of densities T,.

Growth restriction:

L,(q)=o0(n), foreach g €T. (5.4)
Note that this condition requires that each g€ isin [},
for all large n. The growth restriction is automatically
satisfied for a constant (I, =T) or increasing (I},7T)
sequence of sets of densities with a constant (L,(q)=
L(g)) or convergent (lim, L, (q)= L(gq)) sequence of
codelengths.

Proposition 3: If the numbers L,(q) satisfy the growth
restriction (5.4), then

lim R,(p) =0, (5.5)

if and only if p is in T, the information closure of T

Proof of Proposition 3: Clearly R,(p)— 0 implies
D(pllp,)— 0 and hence p is in I'. Suppose conversely
that inf, .- D(plig) = 0. Given any € >0, choose ¢ in T’
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such that D(pllqg)<e. Then by the growth restriction
(5.4),

1
lim R,(p) < lim —L,(q)+ D(pllg) <e. (5.6)
n—o n—o R
Now € > 0 is arbitrary, so lim R,(p) =0 as desired. O

The redundancy A,(p) of a code is defined to be the
expected value of the difference between the actual and
ideal codelengths divided by the sample size. For the
minimum two-stage codelengths B(X") defined as in
(3.2) we have

1

An(p)=;E(B(X")—Iog1/p(X")). (5.7)
Here log1/p(X™) is interpreted as the ideal codelength:
it can only be achieved with true knowledge of the distri-
bution p. Its expected length is the entropy of p. When
the entropy is finite, the redundancy measures the excess
average description length beyond the entropy. The re-
dundancy, which plays a role similar to that of a risk
function in statistical decision theory, is the basis for
information-theoretic notions of the efficiency of a code,
as developed in Davisson [19].3

Proposition 4: The redundancy of the minimum two-
stage code is less than or equal to the index of resolvabil-
ity, i.e.,

A.(P) <R, (p). (5.8)
Proof: We have
1
—(B(X™)~logl/p(X™))
1 1 Xr
= min ;Ln(q)+;logsgxn; (5.9)

Taking the expected value with respect to P, we have
A, (p)=Emin(-)<minE(-)=R,(p),
q q
as desired. ]

Remarks: In nondiscrete cases, B(X") and log1/p(X")
are not actually codelengths. Nevertheless, the log density
ratio log p(X™)/q(X"™) in (5.9) does represent the limit,
as the quantization regions become vanishingly small, of
the log probability ratio log P(X"])/Q( X"]). Ignoring
the necessary rounding to integer lengths, this log proba-
bility ratio is the difference between the codelength
log1/Q(X"]) and the ideal codelength log1/ P X"]).

For quantized data, the redundancy of the minimum
two-stage code is the expected value of (B(X"])—
logl/P({X"])/n where B(X"]) is the minimum of the
codelengths from expression (3.5). In this case, the redun-
dancy is bounded by RLNp)= min, (L (q)/n +
DU pllg)). Here DU plig) =L ,P(A)log P(A)/ Q(A) is

%A referee has suggested another relevant notion of redundancy,
namely, E,(B(X")-logl/m(X")), where m(X")=Yx 2 1Dg(x")
and the expectation E,, is taken with respect to m(x"). This measures
the average deficiency of the minimal two-stage description compared to
the code that is optimal for minimizing the Bayes average description
length with prior w(g)=2"L@),
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the discrete relative entropy obtained by summing over
sets in the partition formed by the quantization regions.
As a consequence of familiar inequality DU'Xpllg) <
D(pllg), we have RLXp) < R,(p) uniformly for all quan-
tizations. Consequently, the index of resolvability
R, (p)=min(L,(g)/n+ D(pllq)) provides a bound on
the redundancy that holds uniformly over all quantiza-
tions.

The key role of the resolvability for estimation by the
minimum description length criterion will be given in
Section VII. There it will be shown that R,(p) bounds
the rate of convergence of the density estimator.

VI. EXAMPLES OF RESOLVABILITY

In this section we present bounds on the index of
resolvability for various classes of densities. In each case
the list T is chosen to have information closure which
includes the desired class of densities. The bounds on
resolvability are obtained with specific choices of L,(g).
Nevertheless, in each case these bounds lead to bounds
on the resolvability using L*(q) (the algorithmic complex-
ity of g). With L*, the best rates of convergence of the
resolvability hold without prior knowledge of the class of
densities.

We show that the resolvability R, (p) is O(1/n) in
computable cases, O((logn)/n) in smooth parametric
cases, and O(1/n)? or O(((log n)/n)7) in some nonpara-
metric cases, where 0 <y <1.

The bounds on resolvability in these examples are de-
rived in anticipation of the consequences for the rates of
convergence of the density estimator (Section VII). We
intersperse the examples and resolvability calculations
with remarks on the implications for parametric model
selection. There is also opportunity to compare some
choices of two stage codes in the parametric case using
average and minimax criteria involving the index of re-
solvability.

Case 1) P is computable: R,(p)= L{(p)/n for all
large n.

Suppose L,(q)= L(g) does not depend on n. Let p,
be the density that achieves the best resolution in (5.3). If
the density p is on the list I', then, for all sufficiently
large n,

bu=p (6.1)
and

RAPF@-

(6.2)
If there is more than one density on the list that is a.e.
equal to p, then in (6.1) and (6.2) we take the one for
which L(p) is shortest.

To verify (6.1) and (6.2) we first note that for all n,
0< L(p,) <.L(p) (because any g with L(q)> L(p) re-
sults in a higher value of L(q)/n+ D(pllg) than the
value L(p)/n that is achieved at g = p). Now for small n
compared to L(p), densities g that are simpler than p
may be preferred. However, for all n> L(p)/D, it

min?
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must be that p,=p and R, (p)= L(p)/n where

Dy = rr:zin {D(plg): L(q) <L(p)}.  (6.3)

Indeed for such n, we observe that for each g with
L(g) < L(p), the value of L(q)/n+ D(pllg) is greater
than D_;, and hence greater than L(p)/n, which is the
value at p, whence p, = p.

Case 2) P is in a d-dimensional parametric family

R,(p)~(d/2)(logn)/n.
For sufficiently regular parametric families { p,: 8 € ®},
© C R, there exists [, L, and constants ¢, such that for
every 6
(d/2)logn+cy+0(1)

n

R, (ps) < (6.4)

Moreover, for every T, and L, and for all 8 except in a
set of Lebesgue measure zero,

R,(pg) 2 (1-0(1))

The lower bound (6.5) is a consequence of a bound on
redundancy proved in Rissanen [9, Theorem 1], and the
regularity conditions stated there are required. The upper
bound (6.4) is closely related to a result in Rissanen [8,
Theorem 1b)] for the redundancy of two-stage codes.
Here we derive (6.4) requiring only that ® be an open set
and that for each 8 the relative entropy D(p,li pp) is twice
continuously differentiable as a function of 8 (so that the
second order Taylor expansion (6.7) holds). For compact
subsets of the parameter space, bounds on the minimax
resolvability are also obtained.

First to establish (6.4), we let I, be the set of densities
p, for which the binary expansions of the parameters
terminate in (1/2)logn bits to the right of the decimal
point and we set the corresponding description length to
be

(d/22 logn . (65)

(6.6)

d
L,(pg) =lg+ 7 log n,

for p, € T, where o) denotes the length of a code for the
vector of integer parts of the components of 8. Thus [,
corresponds to a rectangular grid of parameter values
with cells of equal width 8 =1/vn. The choice of & of
order 1/Vn is seen to optimize the resolvability, which is
of order (—logd)/n+ 6° For <O, the truncation of
the binary expansion of the coordinates to (1,/2)log n bits
yields an approximation to the density with relative en-
tropy distance of order 1/n and a codelength of /, +
(d/2)log n. Consequently, the redundancy satisfies
R,(pg) <((d /Dlog n + O(1))/ n. This verifies (6.4).

This derivation uses the fact that the relative entropy
satisfies D(p9||p,,) ol — 81*) as 6 — 6 for any given 6.
Indeed, since D(p,ll p;) achieves a minimum at 6=, it
follows that the gradient with respect to & is zero at § and
the second order Taylor expansion is

1 - - -
D(pylps) =5 (6~ 8) 1,(8—B)loge +o(llo — 1),

(6.7)

[ —- , -

where J, is the nonnegative definite matrix of second
partial derivatives (with respect to 6) of Eln(p,(X)/
p;(X)) evaluated at 6=6. Although we do not need a
further characterization of J, here, it is known that under
additional regularity conditions J, is the Fisher informa-
tion matrix with entries — E(3” In p,(X)/36,36,).

To optimize the constant ¢, in (6.4) according to aver-
age or minimax resolvability criteria, I, should corre-
spond to a nonuniform grid of points to account for the
curvature and scaling reflected in J,. Assume that J, is
positive definite. In the Appendix, it is shown that, given
€ > 0, the best covermg of the parameter space (such that
for every 0 there is a 8 in the net with (6 — 8)7J,(6 — 6) <

€2) is achieved by a net having an asymptotic density of
A4(1/€)det(J'/? points per unit volume in neighbor-
hoods of 8, where A, is a constant (equal to the optimum
density for the coverage of R¢ by balls of unit radius). We
set € =yd /n, which optimizes the bound on the resolv-
ability. We need a code for the points in the net. It is
shown in the Appendix, that if w(#) is a continuous and
strictly positive prior density on @, then the points in the
net can be described using lengths L,(p;), p; €T, such
that for any given 6,

d 1
L,(ps) =5 logn + - logdet (J,)

d
+log ——z-logcd+o(l), (6.8)

1
w(8)
where 6 is the point in the net that best approximates 6
and 0o(1) - 0 as n — . Here ¢, =d /(1 ,)¥¢ is a constant
which is close to 2me for large d. In (6.8) the term
log1/w(6) may be regarded as the description length per
unit volume, for a small set that contains 6, and the
remaining terms account for the log of the number of
points per unit volume in this set. Sets I, and codelengths
L, with properties similar to (6.8) are derived in Barron
[16]) and Wallace and Freeman [13]. The principle differ-
ence is that here the codelengths are designed to optimize
the resolvability, which involves the expected value of the
log-likelihood, whereas in [16] the codelengths are de-
signed to optimize the total description-length based on
the sample value. (This accounts for the use of the Fisher
information J, in (6.8) instead of the empirical Fisher
information J.)

With the given choice of L, and T, and using R,(p,) <
L,(pg)/n+ D(p,llps), we obtain the following bound on
the resolvability,

det(J,)""?
w(0)

1(d
R,(py) < -3 log n +log

d
- Elogcd/e+ o(1)]. (6.9)

Moreover, it is seen that this bound holds uniformly on
compact subsets of the parameter space. For any compact
set B €0, the asymptotic minimax value of the right side
of (6.9) is obtained by choosing the prior w(6) such that
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the bound is asymptotically independent of 6, i.e., we set

det (7,)"*
w(8) = (—") ,
Cy.B
where ¢, 5= [ det(J,)'/*d6. With this choice, it is seen
that the minimax resolvability is bounded by

(6.10)

1(d .
s ’2
R"sn(zlognﬂog/Bdet(J,,) de

Lot o). (611
—Eog?+o(). (6.11)

Corresponding to this bound is the choice of a constant
codelength

d
L,.(p;) = ) logn+logc; g +loge, +86,, (6.12)

which is equal to the log of the minimum cardinality of
nets that cover B in such a way that for every § € B there
is a @ in the net with (§ —8)7J,(0 — 6) <(d /n). Here
lim$§, = 0.

Similar lower bounds on minimax resolvability can be
obtained from known lower bounds on minimax redun-
dancy. Indeed, it is shown in Barron and Clarke [26] (with
uniformity on compact sets B shown in Clark [27]) that,
under suitable regularity conditions, the code that opti-
mizes the average redundancy, i.e., the code based on the
density m(X")= [p,(X")w(8)d8, has asymptotic redun-
dancy given by

1/(d
A,(ps) = 13 log n +log ((det Ja)l/z/w(e))

d
—Elog27re+o(1) . (6.13)

Consequently the prior in (6.10) yields the asymptotically
minimax redundancy as well as bounds on the minimax
resolvability. (A similar role for this prior is given in
Krichevsky and Trofimov [28] for the special case of the
redundancy of codes for the multinomial family.) Note
that the expression (6.13) for the redundancy and the
bound (6.9) for the resolvability differ in the constant
term, but otherwise they are the same. The prior in (6.10),
which is defined to be proportional to the square-root of
the determinant of the Fisher information matrix, was
introduced by Jeffreys [29, pp. 180-181] in another statis-
tical context.

Remarks: Consider the index of resolvability in a model
selection context. We are given a list of parametric fami-
lies from which one is to be selected from the data by the
minimum description-length criterion. The previous anal-
ysis applies (with slight modification) to bound the index
of resolvability in this case. Indeed, let {p{®}, k =1,2, - - -
be a list of families, with corresponding sets T'*) and
codelengths L%)(q), each of which is designed to satisfy
(6.4). In this case I}, = U , I'® is taken to be the union of
the sets of candidate densities and L (q) = L% (q)+ L(k)
for g in I, where k is the index of the family that
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contains the density q. Here L(k) is chosen to satisfy
¥,27 50 <1 so that it is interpretable as a codelength for
k. If k* is the index of the family that contains the true
density, then without prior knowledge that this is the right
family, we obtain an index of resolvability that differs by
only L(k*)/n when compared to the resolvability at-
tained with true knowledge of the family. Consequently,
the index of resolvability remains of order (logn)/n,
when the true density is in one of the parametric families,
even though the true family is unknown to us.

A related criterion for the selection of parametric mod-
els was introduced by Schwarz [30], with a Bayesian
interpretation, and by Barron [16] and Rissanen [10],
with a minimum two-stage description-length interpreta-
tion. In this method the index I%n of the family is
chosen to minimize L(k)+logl/m(X"), where
m(X") = [p$(X")w(8)d8 is the marginal density of
X" obtained by integrating with respect to a given prior
density w, (0) for the kth family. Schwarz [30]- and
Rissanen [10] have obtained approximations to the crite-
rion showing that it amounts to the minimization of
(d, /2logn +logl/p{(X") as in the minimum descrip-
tion-length criterion. Here 4, is the dimension of the kth
family. A more detailed analysis as in [16], applying
Laplace’s method to approximate the integral defining
m, (X"), yields exact asymptotics, including terms involv-
ing the prior density and the determinant of the empirical
Fisher information matrix. This analysis is the basis for
(6.13) as derived in [26]. Moreover, examination of the
approximation to the criterion shows that it is very similar
to minimum complexity estimation with codelengths
L,(p{®) approximated as in (6.8).

Case 3) Sequences of parametric families:

(log n)

2r/Q2r+1)
R,(p) < 0( )

What if the true density is not in any of the finite-
dimensional families? We show that for a large non-
parametric class of densities, a sequences of parametric
families continues to yield a resolvability of order
(d, /2Xlog n)/n, except that now the best dimension d,
grows with the sample size.

Consider the class of all densities p(x) with 0 < x <1
for which the smoothness condition

[ o log p(x))’ i <=

is satisfied for some » > 1. We find sequences of paramet-
ric families with the property that for every such density,
the resolvability satisfies

lOg n 2r/Qr+1)
) (6.14)

Rn(p)so(

Moreover, this rate is achieved by minimum complexity
density estimation without prior knowledge of the degree
of smoothness r.
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Consider sequences of exponential families of the form

d
pi(x)=exp| X 6;¢;(x) —uy(8)], (6.15)
j=1
where ,(0) =log [, exp(£{_,6,6,(x)dx, 6 < R?, and
1,¢(x), -, ¢d,(x) are orthonormal functions on LZ[O 1]
that are chosen to form a basis for polynomials (of degree
d), splines (of order s >1 with m equally spaced knots
and d =m+ s —1), or trigonometric series (with a maxi-
mal frequency of d /2). We focus on the polynomial and
spline cases, since the trigonometric case requires that the
periodic extension of log p(x) must also be r-times differ-
entiable for (6.17) below to hold.

In Barron and Sheu, bounds are determined for the
relative entropy distances D(pllp{¢’) and D(p§Pll pi®),
where 8* in R? is chosen to minimize D(pl| p{*)). There
the bounds are used to determine the rate at which
D(.DHP(gd”)) converges to zero in probability, where 6 is
the maximum likelihood estimator of the parameter and
d, is a prescribed sequence of dimensions. Here we use
the bounds on the relative entropy from Barron and Sheu
[31] to derive bounds on the index of resolvability. This
bound on the resolvability will lead to the conclusion that,
with a sequence of dimensions d,, estimated by the mini-
mum description-length criterion, the density estimator
converges at rate bounded by ((log n)/n)?" /@ +b,

Let T, consist of the union for all d >1 of the sets of
densities p§® for which the binary expansion of the
coordinates of § terminate in (1/2)logn bits to the right
of the binary point. Also let wi(k,, -, k) =TI/ w(k,)
be a prior for vectors of integers that makes the coordi-
nates independent with a probability mass function w(k),
k=0,+1,+2,---. Assume, for convenience, that w(k) is
symmetric and decreasing in |k|. (Assume other choices
for the prior distribution can also be shown to lead to
bounds of the desired form.) Then set the codelengths for
p§® in T, to equal

L.(p§")= 4 log n+logl/wi([8])+2logd +c. (6.16)
Here log1/ w"([()]) is the codelength for the integer part
of the parameter vector and 2log d + ¢ is a codelength for
the dimension d where ¢ = X%_,d~2. (In the spline case,
if the order s is not fixed, then we add an additional log d
bits for the description of s <d.)

Note that in this set up, the minimum complexity
criterion is used to automatically select a sequence of
dimensions d, that provide parsimonious yet accurate
density estimates.

In order to verify (6.14) we proceed as follows. Let 8*
in R be chosen to minimize D(pl|p{®), i.e., p{¢ is that
member of the family that provides the best approxima-
tion to p in the relative entropy sense. Set y=
max , log p(x)| (which is finite as a consequence of the
integrability of the derivative). It is shown in [31] that in
the polynomial case and in the spline case (with r < s < d),
there exists a constant ¢ (that depends on r, but does not
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depend on the density p or the dimension d) such that

o (> tog )’

Moreover, there exists a constant 7* depending on y such
that max , [log p§?(x)| < y* for all large d. For simplicity
we assume that y* is an integer. By [31, (5.3)] we have for
any parameter vector 6 that

D(plpi®) < (6.17)

1 * ¥
D(p?lip§?) < 5¢ el =0l||g* — g||* loge, (6.18)

where a, is a sequence of order O(d) in the polynomial
case and O(Yd) in the spline and trigonometric cases.
Now let 9 be chosen to equal #* with each coordinate
truncated to (1/2}log n bits accuracy (to the right of the
binary point). As a consequence of the inequality
@)+ - +(05)? < [(log piP)* < (y*)?, it is seen that
the integers [6;] are bounded by y*. Consequently, from
(6.16) the description length for this density is bounded by

L(p§?y<(d/2)logn+dlogl/w(y*)+2logd+c.
(6.19).

With the given choice of 8 we have ||9* —8]> < d /n.

Now we combine the bounds from (6.17) and (6.18). It
is seen that for any constant c,, there exist constants c,
and c,, such that for all d satisfying a3d /n<c,, the
relative entropy distance satisfies

D( plips) = D(pllp§@®)+ D( i@l p§»)

1\> d

<c{=| +c—

€ d Czn
The first identity in (6.20) is a Pythagorean-like identity
from [31, Lemma 3] that is valid when the family is of the
exponential form. As a consequence of this bound, if a

sequence of dimensions d = d,, is chosen such that a3d /n
is bounded, then the index of resolvability satisfies

(6.20)

1
R,(p)<—L A P5P)+ D(plips®)

0(§logn)+ O(§)2r+ 0(;). (6.21)

This bound is optimized with d = O(n /log n)/*"*V (for
which the condition aZd /n < O(1) will be satisfied in the
polynomial, spline and trigonometric cases for all » > 1),
which yields

log n

2r/Qr+1)
) (6.22)

R(p)<0|

Remarks: As a consequence of this bound, using the
results of Section VII, it is seen that the minimum com-
plexity density estimator converges in squared Hellinger
distance at rate ((log n)/n)*/?"*D, Moreover, as previ-
ously noted, the minimum complexity criterion automati-
cally chooses an appropriate sequence of dimensions d
from the data without knowledge of the degree of
smoothness ». In contrast, the rates of convergence of
order n=2/@"+1 obtained in [31] are for density estima-
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tors in families with a sequence of dimensions d of order
n/@+ D s preselected with knowledge of the degree of
smoothness r.

Therefore, with minimum complexity estimation, we
converge at a rate within a logarithmic factor of the rate
obtainable with knowledge of the smoothness class of the
density. This remains true whether the true density is in a
finite- or infinite-dimensional class.

In related contexts of model selection (in particular in
the context of selecting the order of a polynomial regres-
sion), Shibata [32] and Li [33] have shown that criteria
closely related to criteria proposed by Akaike [34] are
asymptotically optimal (in the sense that the risk of the
estimated model is asymptotically equivalent to the risk
achievable by knowledge of the sequence of model dimen-
sions that minimize the risk), provided the true distribu-
tion is not in any of the finite-dimensional families;
whereas this asymptotic optimality fails for other criteria
including the minimum description-length criterion. How-
ever, to achieve this optimality property in infinite-dimen-
sional cases, the criteria used by Shibata and Li sacrifices
strong consistency in finite-dimensional cases. It is
reasonable to conjecture that results similar to those
obtained by Shibata carry over to the case of density
estimation with sequences of exponential families. Unfor-
tunately, the methodology used by Shibata and Li relies
heavily on linearity properties of the models that limit the
validity of the criteria.

In contrast, the minimum complexity criterion does not
require the candidate parametric models to be approxi-
mately linear. We are free to add to the list densities
having arbitrary and possibly irregular form, in hopes of
obtaining better estimates in some cases, without hurting
the bounds on the rates of convergence in the best under-
stood cases.

Concerning splines, we remark that ideally the mini-
mum description-length criterion should be used to select
the order s. If instead we fix s, then the above analysis
holds only for r < s. With splines of a fixed order, it is not
possible to take advantage of smoothness of order r > s
to get the faster rates of convergence that are possible
with polynomials or variable-order splines.

Histograms, which are piecewise constant density esti-
mators, are a special case of spline models in which the
order of the spline is fixed at s = 1. Therefore, the results
of this section apply to histograms in the case that the
minimum description-length criterion is used to select the
number of cells. The index of resolvability converges to
zero at rate ((log n)/n)*/? for log-densities with at least
one square-integrable derivative. Other results that in-
volve the stochastic complexity and the relative entropy in
the histogram setting may be found in Hall and Hannon
[35], Yu and Speed [36], and Barron, Gyorfi, and van der
Meulen [42]. In particular, Yu and Speed [36] demon-
strate that the redundancy is c((logn)/n)?/3(1+ o(1))
and explicitly identify the constant c, for a class of univer-
sal codes that (as they point out) are closely related to the
two-part codes we consider here. A slightly faster conver-
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gence rate of order n~2/% is possible for the relative

entropy and the redundancy, as shown in [31], [36], and
[54] using other histogram-based methods with a prede-
termined sequence of number of bins. Yu and Speed [36,
Theorem 3.1] demonstrate that n~2/% is the optimal re-
dundancy in a minimax setting involving first derivative
assumptions on the density function.

Minimum complexity criteria may also be used to select
the boundaries of the cells (or more generally to select
the locations of the knots for the spline models), leading
to improved resolvability in some cases. Nevertheless,
equal-spaced boundaries are sufficient to obtain the indi-
cated bounds on the index of resolvability.

Case 4) Fully nonparametric:

R,,(p) — 0(n~2r/(2r+])).

We show that by a special selection of the set T, that
does not involve the use of a sequence of smooth para-
metric families, a resolvability of O((1/n)> 7/ *+1) in.
stead of O((logn)/n)*/?*Y can be attained using as-
sumptions on derivatives of the density up to order r.
Moreover, it is shown that O(n =27/ *D) js asymptoti-
cally the minimax resolvability as well as being the mini-
max rate of convergence of density estimators.

First consider the class of density functions p on the
unit interval for which the log-density f(x)=log p(x) is
in the Sobolev ball,

wi={f onl0.1)y < () 5,
fl(Dkf(x)z)dx <y?% k=12, r}
0 .

where vy is an arbitrary positive constant.

The Kolmogorov e-entropy H, of a set of functions W
is the log of the cardinality of the smallest net of func-
tions f such that for every function f in W there is an f
with |f(x)— f(x)l <e for all x (Kolmogorov and
Tihomirov [37]). In Birman and Solomjak [38], it is shown
that for all sufficiently small e, the e-entropy of the
Sobolev ball is bounded by c(1/¢€)'/” where ¢ is a con-
stant depending only on y and r.

Fix an e-net with log-cardinality satisfying H, <
c(1/¢)"/". We let T, consist of the densities proportional
to e/™ for f in the net. (Here e will be chosen as a
function of n.) Thus each ¢ in T, is of the form g(x)=
e/¢ where c¢; = log fge/ dx. Now by [31, Lemma 1],
if ||-Il denotes the supremum norm, we have

D(plla) = 5o/ [p(x)(F(x) ~ f(x)) e

< ellf—fﬂ”f_ f‘“{ (6.23)

1
2

which is less than (1/2)e‘e® by the choice of f. Setting
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L,(g)= H_, we obtain the following bound on the resolv-
ability

1 1
Rn(p) < ;HE + Ee‘ez

c(1\V" 1
s—(—) + ~ef€?,
nl\e 2

(6.24)

which holds uniformly for all log-densities in the Sobolev
ball. Noting that € tends to one for small e, it is readily
seen that choosing €, = O(n~"/?"*D) gives the best rate
in (6.24). With such a choice we have resolvability bounded
by

R, (p)=0(n"2/Cr*b), (6.25)

uniformly for all log-densities in the Sobolev ball, for all
large n.

By adding description-length terms for r and for y, we
may use the minimum complexity criterion to automati-
cally select a suitable Sobolev ball from the data. The
indicated rate on the index of resolvability will hold
without prior knowledge of the best smoothness class.

Similar results for the index of resolvability can be
obtained in the case of Sobolev conditions imposed on the
density itself (instead of the log-density), assuming that
the density function is bounded away from zero. Indeed,
let W) ={feW;: f(x)=1/v}, y>1, for which the
e-entropy must have the same bound H, <c(1/€)!”, let
[, be the set of probability density functions proportional
to f(x) for f in the e-net of W; ,, and let L,(g) be the
log of the cardinality of this net. Each g in [}, is of the
form g(x)= f(x)/c; where now c;= [f(x)dx <y and
q(x)=1/v2 Using inequalities between the relative en-
tropy and Chi-square distance (D(pllg) < [(p~q)*/q <
J(p—cq)?/q for ¢ > 0), which may be deduced as in [31,
Section 3], it follows that for probability density functions
p(x)=f(x) in WJ,, we have D(pllg)<y?/}(f(x)-
f(x)?dx, which is less than y2€? by suitable choice of f
in the e-net. As in the previous case it follows that the
index of resolvability satisfies

1
R,(p) = —H.+ yZe?,

and optimizing the choice of e yields R (p) = O(n =% /@ *+1)
as before.

As a consequence of this bound on the index of resoly-
ability (and by application of Theorem 4, Section VII), we
see that the minimum complexity density estimator, spe-
cialized to the current case, converges to the true density
in squared Hellinger distance at rate n~=2"/@"*D  yni-
formly for all densities in the Sobolev class Wy .. Now
when both p and g are bounded and bounded away from
zero (here 1/y<p(x)<y and 1/y?<qg(x)<y?) the
squared Hellinger distance, the relative entropy and the
integrated squared error are equivalent to within a con-
stant factor: indeed, [(y/p —vg)> < D(pllg) < ((p—q)?/
ga<y¥(p—-q)* <dy*{(yJp —yg)* 1t follows that the
density estimator also converges in relative entropy and
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integrated squared error at rate n~2"/?"*D uniformly for
densities in the Sobolev class. Now this rate is known to
be asymptotically minimax for the integrated squared
error for densities in W, , (see Bretagnolle and Huber
[40], Efroimovich and Pinsker [41]); also, it is the minimax
rate for the redundancy (formulated as a cumulative
relative entropy) as recently shown in Yu and Speed [36).
It follows therefore that »~2"/?"*D js also the minimax
rate for the index of resolvability of densities in this
space. (Indeed, any faster uniform convergence of the
resolvability would yield a faster convergence of the den-
sity estimator resulting in a contradiction.)

Other classes of functions may be considered for which
if the density functions in the class are bounded away
from zero by an amount vy, then the metric entropy H, is
known. By the same argument, the resolvability of densi-
ties in the class by densities in the e-net automatically
satisfies

H 1 s

R,,(p)57+5e €°. (6.26)

For each such class of functions, optimization of the

choice € leads to a rate of convergence for the index of
resolvability. ]

Minimum complexity estimation with the e-net of func-
tions is analogous to Grenander’s method of sieve estima-
tion [39]. The important difference is that with minimum
complexity estimation we can automatically estimate the
sieve of the best granularity. Moreover, with the index of
resolvability we have bounds on the rate of convergence
of the sieve estimator.

The Kolmogorov metric entropy has also been used by
Yatracos [42] to obtain rates of convergence in L' for a
different class of density estimators. However, it is not
known to us whether the metric entropy has previously
been used to give bounds on redundancy for universal
codes. The new ideas here are the relationships between
redundancy, resolvability, and rates of convergence of
minimum complexity estimators.

Remarks: In the Examples 2, 3, and 4, we permitted
the lengths L,(q) to depend on the given sample size.
Nevertheless, by paying a price of order (loglogn)/n,
comparable resolvability can be achieved using lengths
L'(q) which do not depend on n. The advantage is that
the growth and domination conditions (7.3), (7.4), and
(7.6) which are used in Theorems 1, 2, and 3 will then be
satisfied. To construct such an assignment of description
lengths L'(g), we first note that positive integers k can be
encoded using 2log k + ¢ bits where ¢ is a constant.
Given I, and L,(q) for n=1,2,---, define a new list
"= U ,I';« to be the union of the sets for indices equal
to powers of two and define, for g €T,

L'(q)=L,(q)+2loglogn; +c, (6.27)

with n, = 2%, where k is the first index such that g € T«
It is seen that L' satisfies Kraft’s inequality on I"", With L’
in place of L, we achieve resolvability satisfying R,(p) <
(d/Dlogn+2loglogn + O(1))/n in the parametric
case. In general, since between the powers of two the
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resolvability R (p)=min(L'(¢)/n+ D(pllg)) is never
more than twice the resolvability at the next power of two,
we conclude that R (p)< O(R,(p)+(oglogn’)/n),
where n’ =2/'°¢" In particular, when R,(p) is of larger
order than (loglog n)/n, the overall rate is unaffected by
the addition of the (loglogn)/n term, so it follows that
R, (p)=O(r,(p)).

For practical estimation of a density function, we are
more inclined to use sequences of parametric families as
in Case 3, instead of using the “fully nonparametric”
estimators as in Case 4, despite the fact that for a large
class of functions the index resolvability tends to zero at a
slightly faster rate in Case 3. There are two reasons for
this. Firstly, the metric entropy theory does not provide
an explicit choice for the net of density functions with
which we can compute. Secondly, with sequences of para-
metric families, while converging at a nearly optimal rate
even in the infinite-dimensional case, we retain the possi-
bility of delight in the discovery of the correct family in
the finite-dimensional case.

VII. THE CONVERGENCE RESULTS

In this section we present our main theorems establish-
ing convergence of the sequence of minimum complexity
density estimators. The first three theorems concern the
statistical consistency of the estimators. Bounds on rates
of convergence are given in Theorem 4 and its coroliary.

Conditions: For each of the results, one or more of the
following conditions are assumed. Given a sequence of
lists I, and numbers L,(q) for densities ¢ in [,, let
'=uy,l,.Set L (g)=xfor g notin T,.

Summability: There exists a constant b > 0 such that
Y 27l <p, (7.1)

g€T,

for all n.

Light tails: There exist constants 0 < « <1 and b’ such
that

Y 27D <p' forall n. (7.2)
q€T,
Growth restriction:
. L,(q)
lim sup P 0, foreverygel. (7.3)
n
Nondivergence:
limsupL,(gq) <, foreveryg €T. (7.4)
Nondegeneracy:
L,(q)=1,
forall g €T, and all n, for some constant /> 0. (7.5)

Domination: There exists L(q), g €T and a constant ¢
such that
L(g)<L,(q)+c, forallgandalln and Y} 27 1@ <1,
q

(7.6)
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Remarks Concerning the Conditions: The main condi-
tion for all of our results is the summability condition
(7.1). It is implied by Kraft’s inequality in the data com-
pression framework or it is implied by the requirement of
a proper prior in the Bayesian framework. This condition
(or the closely related condition (7.6)) is used to obtain
the results of Theorems 1 and 2 on the consistency of the
estimator of the distribution. The somewhat more strin-
gent assumption (7.2) is used to get the rate of con-
vergence results for the estimator of the density. The
Corollary to Theorem 4 shows how this more stringent
condition can be circumvented by restricting the mini-
mization to densities that are not excessively complex.

Either the growth restriction (7.3) or the boundedness
(7.4) is used with the almost sure results (Theorems 1, 2,
3), but they are not needed for the main result (Theorem
4) on the rate of convergence in probability. For condition
(7.5), the constant [ can be taken to equal 1 when the
lengths L,(g) are positive integers.

For given L(g) and T that do not depend on #, if
ZqZ"L(‘” <1 and if T contains more than one point, then
all of these conditions are satisfied except perhaps for the
tail condition (7.2). A modified criterion with A L(g) used
in place of L(q), where A>1 is a constant, is seen to
satisfy all of the conditions, provided £ 27%®<1. In
particular (7.2) will hold with @=1/A. Note that this
modification will not increase the index of resolvability by
more than the factor A. In particular R,(p) will have the
same rates of convergence.

For the case of complexity constrained maximum likeli-
hood estimators in Cover [18], the density estimate p, is
selected by maximizing the likelihood in T, where
I',I,,--- is an increasing sequence of collections of
densities. This is a special case of minimum complexity
density estimation with L (q) set to a constant on [,. We
impose the cardinality restriction log||T, |l = o(n). In this
case we set L (g)=2log||T, |l for g €T, and « otherwise.
Then conditions (7.1), (7.2), (7.3), and (7.5) are satisfied,
so all of the convergence results except Theorem 1 hold
in this case. Even if the collections I, are not increasing,
the conditions are still satisfied for Theorem 4. The
proofs of the theorems are in Section VIII.

Let X,,X,,--- be independent and identically dis-
tributed with probability density function p(x). Let p, be
the minimum complexity density estimate defined by (3.3).
Thus p, achieves

mirrl (L.(q)+logl/q(X")). (7.7)
q€1l,

Theorem 1 (Discovery of the true density): Assume L,
satisfies the nondivergence condition (7.4) and the domi-
nation condition (7.6). If

perl, (7.8)
then
- P, =p,
for all sufficiently large s, with probability one.

(7.9)

Thus, in the important case that I = T'* if the data are
governed by a computable law then - this law eventually
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will be discovered and thereafter never be refuted. How-
ever, although the estimator eventually will be precisely
correct, it is never known for any given sample size
whether the true density has been discovered.

Next we present convergence properties that do not
require that the true density be in T. It is assumed to be
an information limit of such densities. The next result
establishes convergence of the estimated distributions.

Theorem 2 (Consistency of the minimum complexity esti-
mator of the distribution): Assume L, satisfies the
summability condition (7.1) and the growth restriction
(7.3). If p €T, then for each measurable set S,

lim P,(S)=P(S)  with probability one. (7.10)
n— o
Assuming that X is a separable Borel space, it follows
that, with probability one,

P =P

in the sense of weak convergence.

(7.11)

In Barron [43] a technique is developed that shows
convergence of a sequence of distance functions stronger
than distances corresponding to weak convergence but
not as strong as convergence in total variation. See the
remark following the proof in Section VIII.

The next two results show convergence of the density
estimates in L! and hence convergence of the distribu-
tions in total variation. However, the stronger summabil-
ity condition (7.2) is required.

Theorem 3 (Consistency of the minimum complexity esti-
mator of the density): Assume L, satisfies the tail condi-
tion (7.2) and the growth restriction (7.3). If p €T, then
with probability one,

lim fl1p—p,I=0 (7.12)
il
and
Ln ﬁ’l
lim Lnlzo. (7.13)

Let d4(p,q)=[(/p —Vq)? denote the Hellinger dis-
tance. Convergence of densities in L' distance and con-
vergence in the Hellinger distance are equivalent as is
evident from the following equalities (Pitman [44, p. 7]

d}(p,q) S[|P—¢I|S2d,_,(17,4)-

The Hellinger distance is also related to the entropy
distance. Indeed d%(p,q) < [plnp/q and if p(x)/qg(x)
—1 in sup norm, then

1 p
d};(p,q)~5fpln3

(7.14)

(7.15)

in the sense that the ratio of the two sides converges to
one.

For sequences of positive random variables Y,, the
notation Y, < R,, in probability is used to denote conver-
gence in probability at the indicated rate. This means that
the ratio Y, /R, is bounded in probability, i.e., for every

|
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€ > 0, there is a ¢ > 0, such that P{Y, /R, > c} <e for all
large n.

The following result relates the. accuracy of the density
estimator to the information-theoretic resolvability. It is
this result that demonstrates the importance of the index
of resolvability for statistical estimation by the minimum-
description length principle.

Theorem 4 (Convergence rates bounded by the index of
resolvability): Assume L, satisfies the tail condition (7.2)
and the nondegeneracy condition (7.5). If lim R,(p) =0,
then p, converges to p in Hellinger distance with rate
bounded by the resolvability R,(p), i.e.,

di(p,B,) SR, (P)
Moreover,

in probability.  (7.16)

< R,.(p) in probability. (7.17)

Ln( ﬁll)

n
Remarks: The conclusion (7.16) has recently been
strengthened in [17] (building on the proof technique
developed here in Section VIID), to yield that for all n > 1,

E(d}(p.B,)) <cR.(p),

where ¢ is a constant. A bound on the constant obtained
in[17]is Q+4(1+ (b +e /D /(1— a))/loge.

A consequence of Theorem 4 for the classes of densi-
ties considered in Section VI, is that the minimum com-
plexity density estimators converge at rate 1/n, (logn)/n,
((log n)/n)*/@r+1 or p=2r/C@r* 1 respectively. To obtain
these rates, the lengths L,(g) used in Section VI are
replaced by AL,(g) where A > 1, so that the tail condition
(7.2) is satisfied, or we use the modification indicated
below.

If weights 272+@ are summable but do not satisfy the
tail condition, we show how a slight modification results
in a convergent density estimator. Fix A >1 (in particular,
we suggest A = 2), and let LM be the value of L,(g) for a
density that achieves min, (AL,(q)+1logl/q(X™)). Now
define p, to be the density that achieves the minimum of
L,(q)+1log1/q(X") subject to the constraint that
L(q)<2L. Thus

15,, = arg min

L (B D) ¥lo81/a(X), (718)
q: L (q)<2LY

where ties are broken in the same way as for p, (by
choosing a minimizing density with least L,(q)). Here the
constant 2 could be replaced by any constant ¢ > 1.

Observe that if the minimum complexity density esti-
mate p, has length L, (p,) less than 2L", then the
resulting estimate is unchanged, i.e., ﬁ,, = p,. The inten-
tion of the modification is to change the estimate only
when unconstrained use of the criterion would result in a
density with complexity L,(p,) much larger than the
complexity of densities that optimize the resolvability.

Corollary to Theorem 4: Suppose L, satisfies the
summability condition (7.1) and the nondegeneracy condi-
tion (7.5). Let 1§,, be defined by (7.18). Then

d}(p,b,)<R(p)  inprobability. (7.19)
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Moreover,

L,(2)
n

<R, (p) in probability.  (7.20)
VIII. ProoOFs

The minimization of L,(q)+logl/q(X") is the same
as the maximization of g(X™)27t“?, We shall find it
mathematically convenient to treat the problems from the
perspective of maximizing g(X")2 19,

A tool we will use repeatedly in the proofs is Markov’s
inequality applied as in Chernoff [45] to yield the follow-
ing inequalities:

P{p(X")<cq(X") and X" € B}
<cQ{p(X")<cq(X")and X"€ B}, (8.1)
for any measurable set B in X" and any constant ¢ > 0,
in particular
P{p(X")<cqg(X")}<c,
and, in the same manner,
P{p(X") <cq(X")}

= P{(p(X"))1/2 < CI/Z(q(Xn))l/Z}

(8.2)

< p"cl/?

< 24"112(17,4)/2(:1/27

(8.3)

where p = [(pg)"/? and d(p,q) is defined to be a multi-
ple of the Hellinger distance

d*(p,q) =f(\f§—\/§)zloge.

The inequality log p<—d?/2 follows from (1,/2)[(/p —
Va)*=1-p and log p <(p —Dloge. The factor of loge
in (8.4) is chosen for convenience so that all exponents in
(8.3) are base 2.

We note here that these inequalities are applied in
each case with ¢ proportional to 27«9, The summability
of the resulting bounds in (8.1) and (8.2), summing over g
in T, is key to the proof of consistency of the minimum
complexity estimator. The presence of the fractional power
of ¢ in the bound (8.3) forces more stringent summability
hypotheses to be imposed to get the rate of convergence
results.

(8.4)

Proof of Theorem 1: We are to show that
P{ j, # p infinitely often} = 0. (8.5)

For a decreasing sequence of sets, the probability of the
limit is the limit of the probabilities. Thus

P{ p, # p infinitely often}
= klim P{p,+ p forsome n>k}. (8.6)

For p, to not equal p, it is necessary that p(X")2~Ln(? <
g( X2~ LD for some g # p. Consequently, by the union

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 37, NO. 4, JULY 1991

of events bound,
P{p, # p for some n > k}

< Y P{p(X")27LAP) < q( X")2~ 1A for some n > k}
q
- SP(4P),
q
where the sum is for g in T’ with g # p. Here 4 is the
event that p(X™)2~ 1P < g(X")2~ 5D for some n > k.
We will show that the probabilities P(A?) are domi-
nated by a summable bound 271@*c*¢ and that they
converge to zero as k — « for each q.

First we show the domination. To exclude small n for
which L,(p) may be infinite, we use condition (7.4) to
assert that given p there exists ¢, and kg such that
L,(p)<c, for all n>k,. Consider k > k,. Momentarily
fix g. The event A(k"“) is a disjoint union of the events
A, that p(X")27EAP < g(X™)27 4D occurs for the
first time at n (i.e., the opposite inequality obtains for
ko < n'<n). Then, by inequality (8.1) and condition (7.6),

P(AP) < P(AL)

(8.7)

I

™~

=
b

=

z

IA

i Q(A"’ko)z—L,.(qHL,.(p)

n=kg

o

Z Q(A"'k())z—L(q)+c+cu
n=ky

< 2~L(q)2c‘+co.

IA

(88)

This bound is summable for g in T, so it gives the desired
domination.

Now we show convergence of the probabilities P(A)
to zero as k — . By inequality (8.3), the event
{p(X™27L4P) < g(X") 2754} has probability bounded
by 27"4*(P.@)2¢ /2 that is exponentially small. Whence by
the Borel-Cantelli Lemma, P(A(k‘”) tends to zero for
each g # p.

By the dominated convergence theorem, as k —, the
limit of the sum in (8.7) is the same as the sum of the
limits. Consequently,

P( p, # p infinitely often} = 0.
This completes the proof of Theorem 1. ]

Remark: Two other proofs of this theorem can be
found in Barron [16], based on martingale convergence
theory. The present proof shares the greatest commonal-
ity with the developments forthcoming.

For the proofs of Theorems 2 and 3 we will use the
following.

Lemma 1: Suppose L, satisfies the growth restriction
(73). If peTl then for any €>0, if peTl satisfies
D(pllp) < e, then

27ELPF(X™) = p(X")27",  for all large n, (8.9)
with probability one. Moreover, for any positive sequence
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¢, for which limec, /n =0, the left side of (8.9) exceeds
the right side by at least the factor 2¢-, for all large n,
with probability one.

Proof of Lemma 1: Taking the logarithm and dividing
by n, the desired inequality (8.9) is seen to be the same as
L(P) 1, p(X")
n p(XxX")
with probability one. This is true by application of (7.3)
and the strong law of large numbers. The second claim
follows in the same way. ]

<e, for all large n, (8.10)

Remark: We note that the left side of (8.10) is an upper
bound to the pointwise redundancy per sample defined by
A(B(X")—logl/p(X™)/n (compare with 5.7). Thus a
consequence of the Lemma is the following.
Corollary to Lemma 1: If (7.3) is satisfied and if pe T,
then the pointwise redundancy per sample (B(X")—
log1/p(X™))/n converges to zero with probability one.

Proof of Theorem 2: We are to show that if pe T,
then

lim B,(S)=P(S)  with probability one,

n—w

for arbitrary measurable subsets S in X. Toward this end,
given any 8> 0, choose 0 <e<38/2 and choose peT
such that D(p|lp) <(1/2)e?loge. Then |P(S)— P(S)| <
1/2)f|Ip— pl <(1/2)e. From Lemma 1 we have

27LAPF(X") > p(X")e /2, for all large n,

(8.11)

with probability one.

Let N(S, X" =L/ 1 x c 5 be the number of observa-
tions in S. Then N(S, X™) has a binomial (n, P(S)) distri-
bution when the X, are independent with distribution P,
whereas it would have a binomial (n, Q(S)) distribution if
the X, were independent with distribution Q. Define the

set
B,,={ <e}.

Then the Hoeffding [46) or by standard type-counting
arguments in information theory, P(B,f)sZe"’2£Z and
Q(B,) < e "®=9"/2 ynpiformly for all Q with |Q(S)—
P(S)| = &, where Bf denotes the complement of the event
B,. (Thus (8.12) defines the acceptance region of a test
for P versus {Q: |Q(S)— P(S)| > 8} that has uniformly
exponentially small probabilities of error, [43].)
We want to show that with high probability

p(X™")e "’/ > max g( X")2 LA,
q

N(S,X")

—P(S) (8.12)

(8.13)

where the maximum is for all ¢ in T, with [Q(S)—
P(S)| = 8. Let A4, be the event that (8.13) does not occur:
this is a union of the events A defined by

AQ ={p(X")e 2 <q(X™)2 D). (8.14)

To bound the probability of A4, we use the union of
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events bound and (8.1) to obtain
P(A,)<P(A,NB,)+ P(B))
< L P(A?NB,)+ P(B;)
q

< Y 27 LdDene* 20( 4P N B, ) + P(By)
q
< Z2—L,,(q)ensz/26—n(5—e)z/2 + P( B,f)
q
<be" +e /2, (8.15)
where the sum is for all ¢ in T, with |Q(S)— P(S)|=6.
Here r=((8 —€)? — €2)/2, which is strictly positive by
the choice of . Thus P(A,) is exponentially small. Using

the Borel-Cantelli lemma and combining (8.11) with (8.13)
we have

27LPp( X ") > max g( X™)2749,  for all large n,
q

(8.16)

with probability one, where the maximum is for all g in I},
with 1Q(S)— P(S)| = 8. Thus there exists densities in I},
with |Q(S)— P(S)| <8 that have a larger value for
g(X™2 LD than all g with |Q(S)— P(S)| = 8. Conse-
quently, the minimum complexity estimator, which is de-
fined to achieve the overall maximum, must satisfy

|B(85)-P(S)|<8, (8.17)

with probability one. Since §> 0 is arbitrary, it follows
that, with probability one,

lim B(S) = P(S),

for all large n,

for any measurable set § in X. Consequently, for any
countable collection G of sets, we have

P{ lim B,(S) = P(S), for all SEG} —1. (8.18)

Assuming that X is a separable Borel space (e.g., the real
line), it follows that there exists a countable collection of
sets that generates the Borel sigma-field. Applying (8.18)
to this countable collection, it follows that
P(B,=P}=1, (8.19)
where = denotes weak convergence. ]

Remark: A similar proof using more elaborate hypoth-
esis tests, as in Barron [43], shows that

lim Y |B(S)-P(S)|=0

Sem,

with probability one,

(8.20)

for any sequence of partitions 7, of X for which the
effective cardinality is of order O(n).

Proof of Theorem 3: Here we show almost sure con-
vergence of the minimum complexity density estimate, in
Hellinger distance, and almost sure convergence of
L,($,)/n, for weights 2749 that satisfy the tail condi-
tion (7.2).
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Note that since £2 %L+ js decreasing in a, condition
(7.2) is unchanged if it is assumed that 1/2 < & < 1. Given
6>0 and 1/2<a<l1, set 0<e<8(1—a). For peT
there exists a density p €T with D(pl|lp)<e so that
d*(p,p) <e<$. Then by Lemma 1,

27LPp( X"y > p(X")27",  forall large n, (8.21)
with probability one. Consequently, to show that
d*(p,p,) <8 and L,(p,) <né, it is enough to show that

p(X™)27" > maxq(X™)2 49, for all large n,
q .

(8.22)

with probability one, where the maximum is for all ¢ with
d*(g,p)>=6 or L(q)=nd. Using the Borel-Cantelli
lemma and the union of events bound, it is enough to
show that the following sum is exponentially small:

T P{p(X")27" < q(X")27"40),  (8.23)

where the sum is for all ¢ with d*(g, p) = 6 or L,(q) > né.
For the terms in the sum with L,(g)>né we use the
upper bound from (8.2):

2-L@)pne o 2—alq))—n(d(1-a)=e)_ (8.24)

These terms have a sum less than b2 7700 -®~€) which is
exponentially small by the choice of €. For the terms in
the sum with d%(p,q) > & we use (8.2) and (8.3) to obtain
the upper bound:

min {Z*Ln(q)zne’2—L,,(¢7)/22*n(5—€)/2}

< (2—L,,(q)2n5)2°‘ - 1(2—L,,(q)/22—n(5—e)/2)2(1_")

(8.25)
where we have used the fact that min{c,,c,} < cfc}™# for
0<B <1 and any positive ¢,,c,. This bound also has a
sum less than b'27"®0 == that js exponentially small.
Therefore, (8.22) is established. From (8.21) and (8.22)
we deduce that all maximizers p, of g(X")2~ %@ must
satisfy
b s L,(5,)
d*(p,,p) <8 and —

= Q~aly(a))—nQ1 —a)—ea)’

<8, for all large n,

(8.26)

with probability one. Here 6> 0 is arbitrary. Conse-
quently,
L,(5,)

lim ——— =0,
n—-wx n

lim d?( p,,p) =0 and
n—o

with probability one. 0O (8.27)

Remark: If ¢, >0 is any sequence with limc, /n=0,
then by the same reasoning, with the second claim of
Lemma 1 used in place of (8.21), it is seen that the value
of g(X"2~LA® at 5 will exceed the maximum value for
all g with d*(q,p)>8 or L,(q)=nd by at least the
factor 2 for all large n, with probability one. Conse-
quently, every density that achieves within ¢, of the
minimum two-stage description, will simultaneously sat-
isfy (8.26) for all large n, with probability one. That is,
they are all close to the true density p, and none of them
has complexity larger than né.

— 1
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The following result will be useful in the proof of
Theorem 4.

Lemma 2: Let p and g be any two probability density
functions on X and let X, --, X, be independent ran-
dom variables with density p or g. Then

D(pllg) 1 loge
+_
p

nr e
(8.28)

for all measurable subsets B of X”, all »> 0 and all n.

P{X"e B} <Q{X"€B)2" +

3

Proof: The inequality is trivial if D(pllq) is infinite.
Now suppose D(pllg) is finite. Let A,={p(X")<
g(X")2"} and B, ={X" < B}, then as in (8.1),

P(B,)<P(A,NB,)+ P(A,

<Q(B,)2" + P(A5). (8.29)
Now by Markov’s inequality,
P(A;) = P{log p(X")/q(X") > nr}
_ Eplog P(X")/a(X"))"
nr
B nD(pIIq)+(10ge)/e’ (830)
nr

where we have used the fact that the expectation with
respect to P of the negative part of log p(X")/q(X") is
the expectation with respect to Q of (p(X™)/q(X™)
-(log p(X™)/q(X™))~ that is bounded by (1/e)loge. To-
gether (8.29) and (8.30) prove the lemma. m]

Proof of Theorem 4: We show that if the weights
2L satisfy the tail condition (7.2) and if the resolvabil-
ity R,(p) tends to zero, then the minimum complexity
density estimate j, converges in squared Hellinger dis-
tance with rate bounded by R,(p) in probability. Also
L,(p,)/n converges with rate bounded by R (p).

Choose p, to achieve the best resolution R,(p)=
L.(B,)/n+ D(pllp,). Let 1/2 <a <1 be such that con-
dition (7.2) is satisfied. For ¢ > 1, let

Bn = {dz(psﬁn) > 4CRn(p)/(17 (1) or

L,(B,)/n>cR,(p)/(1-a)}. (831)
The factor of 1—« in the denominators is for conve-
nience in the proof. Given e > 0, we show that P(B,) has
limit less than e for ¢ sufficiently large. Applying Lemma
2with r =(c —1R,(p)/2 and Q = P, and using R, (p)>
D(pll p,), we have
P(Bn) < P.n(Bn)Z(C——l)nR”(p)/z + —1

c—
2 loge
+
(¢ =1)nR,(p)

Next we bound the 15,, probability of the event B,. Using
the triangle inequality d(p, p,) < d(p,, p,)+ d(p, p,) and
d(D,ﬁ,,)sﬁ)(pllﬁ,,) <y/R,(p), it is seen that B, is a
subset of the event
B,={d*(p, P,)>cR,(p)/(1~ ) or

L(B,)/n>cR,(p)/(1-a)}. (833)

(8.32)
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For the event B, to occur there must be some g with
d¥(p,,q)>cR,(p)/(A1—a) or L (q)/n>cR,(p)/(A—a)
for which the value of 27 :9g(X™) is at least as large as
the value achieved at p,. Thus by the union of events
bound

B(B,)< LBf27 %05, (X") <2740 X™)},

(8.34)

where the sum is for ¢ with d*(p,,q)> cR,(p)/(1—a)
or L,(q)/n>cR,(p)/(1—a). As in the proof of Theo-
rem 3, the terms in this sum are not greater than

min {2an(qHLn(ﬁn),zA(L"(qHLn(ﬁ,.)—nd2<p',.,q»/2}

< 2 aL@)p—cnR(P)) L D) (8.35)

Summing this bound, using (7.2) and L,(p,)<nR,(p),

yields
P(B,) < b2 (7 mRip), (8.36)

Plugging this result into (8.32) and using L,(p,)=! by
condition (7.5), we obtain

2 loge
“1 7 (c-1)nR(p) e
2 loge
* (c—-1)l

Taking ¢ sufficiently large yields P(B,) <e. This com-
pletes the proof of Theorem 4. m]

P(B,)) < b2 —(c—DnR(p)/2 |

<bR D24

— (8.37)

Remarks:

a) From (8.37) we have a bound on the probability of
interest that holds uniformly for all densities p, for
all sample sizes n, for all L, and forall 1/2 <a <1
satisfying ¥,27%%9 < b" and L,(q) >, namely,

P{d*(p,p,) > 4cR,(p)/(1~a)or

L,(Bn)/n>cR,(p)/(1-a)}
2 N 2 log e
(c=11I e
(8.38)

b) If the tail condition X2 %L+® < p' holds for some
sequence a, =1-1/c,, where ¢, »®, and ¢, R,(p)
-0, then d*(p,p,) and L,(p,)/n converge in
probability at rate bounded by ¢, R, (p).

¢) A consequence of the previous remark is that if
27149 are weights that satisfy the summability con-
dition (7.1) but not the tail condition (7.2), then by
replacing L, (g) with (1+1/c,)L,(q), new weights
are obtained for which the minimum complexity
estimator will converge at rate bounded by ¢, R, (p).

d) With a slight modification of the proof of Theorem
4, it is seen that the value of 27L(9g(X™) at p, will
exceed the maximum value for all densities with
dX(p,,q)>cR (p)/(1—a) or LI q)/n>cRp)/
(1— a) by at least the factor 2€0"R«" except in an

< b12—(0—1)1/2 +

O
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event of probability less than b27(7170i/2 4
Q/(c—1—c)X1+(oge)/el), for c—1>¢cy=0.
Consequently, except in this event of small probabil-
ity, all densities that achieve values of L, (gq)+
log1/g(X™) that are within cynR,(p) of the mini-
mum will satisfy d*(p,q)<4cR(p)/(1-a) and
L(q9)/n<cR(p)/(A-a)

Proof of the Corollary to Theorem 4: Assummg only
that £27 @ <1, we are to show that the density p, that
minimizes L,(q)+logl/q(X") subject to L (q)<2L
will converge in squared Hellinger distance at rate
bounded by R,(p) in probability. Here L is the length
L.(p,) for a den31ty p,, that achieves the minimum of
AL, (q)+log1/q(X") where A>1.

First we verify that p,, achieves a value of AL, (g)+
log1/g(X") that is within (A=1L, of the minimum.
Indeed, AL (p,,)+log1/p,, X")is equal to (A —1)L (p,,)
+min{L,(g)+logl/g(X"): L(q)< 2L,}, which is less
than or equal to (A — 1)2L + L, (p,)+logl/p,(X"). This
last expression reduces to (A — 1L, + AL,(p,)+
logl/p,(X") as desired.

Now, setting ¢, =(c —1)/2, we have

P{d*(p.b,) > cR,(p)} < P{d*(p,B,) > cR.(p)
and

(A=1)L, <conR,(p)}+ P{L, /n>cRy(p)/(A=1)}.

(8.39)

The first event on the right is included in the event that
d*(p,q) > cR,(p) for some density that achieves within
conR,(p) of the minimum of AL, (q)+logl/q(X"); by
Remark d), this event has a probability that is made
arbitrarily small by the choice of ¢ sufficiently large. Also,
the second event on the right has small probability for ¢
large, by direct application of Theorem 4. This completes
the proof of the corollary. [}

IX. REMARKS ON REGRESSION AND CLASSIFICATION

The results in this paper have been developed in the
context of density estimation. Nevertheless, it is possible
to apply the convergence results to problems in nonpara-
metric regression and classification. For instance, in re-
gression it might be assumed that the data is of the form
X, =(U,Y)), i=1,"--,n, where the input random vari-
ables U, are drawn from a design density p(u) and the
output random variables Y; are conditionally distributed
as Normal( f(u),o?) given that U, = u. Suppose the error
variance o2 is known. The conditional mean f(u) is the
unknown function that we wish to estimate. Assigning
complexities L(g) to a countable set of candidate func-
tions g, we select f, to minimize

i (Y, - g(U))) loge.

i=1

1
L(g)+5—=

2o 9.1)

This f, is the minimum complexity regression estimator.
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The index of resolvability in this context equals

L 1 '
R,,(f)=mgin —(f—)+5‘7lif—gllzloge , (9.2)

where |If — gl = [(f(u)— g(u))*p(u) du (here the rela-
tive entropy reduces to a multiple of the L? distance).
Using results for the L? approximation rates for smooth
functions, as in Cox [47], bounds on the index of resolv-
ability can be obtained that yield the same rates of
convergence as we have given for density estimation. For
instance, consider least squares polynomial regression with
the degree of the polynomial automatically determined by
the minimum complexity criterion. If p(u) is bounded and
has bounded support on the real line and if the rth
derivative of f is square integrable then R, (f)<
0((([Og n)/n)Zr/(Zr+1)).

By Theorem 4, the squared Hellinger distance between
the densities that have conditional mean functions f:, and
f converges to zero in probability with rate bounded by
R,(f) (provided L(q) is chosen such that Y2 L&) js
finite for some 0 < @ <1). The squared Hellinger distance
in this context is seen to equal [(1— AW =fw* /8%y p(y))
from whigh it is straightforward to obtain the lower bound
¢f min((f,(w)— f(u))?,80*)p(u) du, where c=(1—-e" 1)/
802. Consequently, the squared distance [ min((f, — f)?,
80%) converges to zero in probability with rate bounded
by the index of resolvability.

Similar results hold for classification problems. Con-
sider for instance the two-class case with class labels
Y €{0,1}. Here (U,Y)), i=1,2,---,n are independent
copies of the random pair (U,Y). The conditional proba-
bility f(u)= P{Y =1|U = u} denotes the optimal discrimi-
nant function that we wish to estimate. Suppose complexi-
ties L(g) are assigned to a countable set of functions
g(u) each with range restricted to 0< g <1. (For in-
stance, these functions may be obtained by logistic
transformations of linear models, g(u) =1/ +
exp(—Z0L ¢ (u)), where the ¢; are polynomial or spline
basis functions and the 6; are restricted to (1,/2)log n bits
accuracy. The dimension d is automatically selected by
the minimum complexity criterion.) It is seen that the
minimum complexity estimator selects f:, to minimize

1
g(U)

+ 5 (1-Y)log

i=1

n
L(g)+ Z Y, log

1
i=1 1*8'(Uf).

(9.3)

The index of resolvability in this classification context is

R(f) = min =)

1_
+[p(u)(f(u)log§’:‘)) E—I—Z((—Z)))) '

Rates of convergence for R,(f) can be obtained in the
same manner as for density estimation. For instance, in
the case of the logistic models with polynomial basis
functions, if p(u«) is bounded and has bounded support on
the real line and if the rth derivatives of log f(x) and

+(1- f(u))log
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log (1 — f(u)) are square integrable, then R, (f)<
O(((log n)/n)Zr/(2r+l)).

By Theorem 4, the square of the Hellinger distance,
and hence also the square of the L' distance [p(u)lf(u)—
f.(w)l, converges at rate bounded by the index of resolv-
ability R,(f). From accurate estimates of the discriminate
function, good classification rules are obtained. Indeed,
let P, be the Bayes optimal probability of error, which
corresponds to the classification rule that decides class 1
if and only if f(U)>1/2, and let P{™ be the probability
of error for the rule that decides class 1 if and only if
fU)=1/2. 1t can be shown that [P — P|<
Z[p(u)lf:,(u)— f(u)l. Consequently, P{™ converges to the
optimal probability of error at rate bounded by /R, (f) .

The convergence results for minimum complexity re-
gression and classification estimators are particularly use-
ful for problems involving complicated multidimensional
models, such as multilayered artificial neural networks,
see [17], [48], [49]. The minimum complexity criterion is
used to automatically select a network structure of appro-
priate complexity.

X. CONCLUSION

The minimum complexity or minimum description-
length principle, which is motivated by information-theo-
retic considerations, provides a versatile criterion for sta-
tistical estimation and model selection. If the true density
is finitely complex, then it is exactly discovered for all
sufficiently large sample sizes. For large classes of in-
finitely complex densities, the sequence of minimum com-
plexity estimators is strongly consistent. An index of
resolvability has been introduced and characterized in
parametric and nonparametric settings. It has been shown
that the rate of convergence of minimum complexity
density estimators is bounded by the index of resolvabil-
ity.

APPENDIX
DEeTtAILS ON RESOLVABILITY
IN THE PARAMETRIC CASE

Here we verify bounds on the optimum resolvability in
parametric cases that are stated in Section VI.

Let w(@) be a continuous and positive prior density
function on the parameter space and suppose that the
matrix J, (obtained from second-order derivatives of the
relative entropy) is continuous and positive definite. We
are to establish the existence of I, and L, satisfying the
properties indicated in Section VI (Case 2). In particular
I, is to correspond to a net of points, such that for every
0 there is a 6 in the net satisfying

T . d+o(1)
(0-6) Jy(6-8) < ——— (A1)
and
L,(ps) =log(A,(n/d)"*det(],)"?)
+logl/w(0)+o0(1). (A2)
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The set T, is obtained in the following way. First, the
parameter space is partitioned into disjoint rectangles A4
within which the prior density w{(6) and the matrix J, are
nearly constant. Then in each set A, an e-net of points 8
is chosen such_that for every 6 in A, there is a 6 with
(0-6)77,(0 —0) <€ The minimal such net requires
N_(A) points, where for small e,

N(A) ~ A (1/€)vol(A)(det1,)"*  (A3)

and A, is a constant (see Lorentz [50, p. 153]). This
amounts to taking the rotated and scaled parameter vec-
tors £=J1/?8 and finding economical coverings of the
parallelograms {J1/%0: 9 € A), using Euclidean balls of
radius e. The constant A, is the optimal density (in points
per unit volume) for the coverage of R? using balls of
unit radius. Now for large d, it is seen that A% /d ~
1/2me. [This asymptotic density is found by combining
the bounds of Rogers [51] and Coxeter, Few, and Rogers
[52] for the thickness of the optimal covering with the
Stirling approximation to the volume of the unit ball, see
Conway and Sloane [53, ch. 1, (18) and ch. 2, (2) and (19)].
Consequently, the constants c,=d /A%/? are bounded
independently of d.

We let T}, consist of the densities p; for 8 in the e-nets
of the rectangles The bound on resolvability will depend
on e through the terms —(d/n)loge +(1/2)e*loge for
which the optimum e is seen to equal v/d /n, so we now
set € =yd /n accordingly. )

Now we define the codelengths L,(p,). Let W(A)
denote the prior probability of the rectangles A. For
ps €T, set

L,(p;)=logl/W(A)+logN.(A),
for 6 in A, for each A in the partition. Clearly,
Y27k =1,

The matrices J, are chosen such that J, is positive
definite and detJ, /det J, is arbitrarily close to one for
all 8 in A. This can be done by a choice of sufficient-
ly small rectangles 4 because of the assumed continuity
and positive definiteness of J,. In the same way
w(8)vol(A4)/ W(A) is arbitrarily close to one, uniformly
for 8 in A. Moreover, by uniform continuity, these ap-
proximations are valid uniformly for all rectangles in a
compact subset of the parameter space. Then from (A.3),
(A.4), and the Taylor expansion of D, we have that for
any given 6 > 0 and any compact set B C O, there exists
set [®®), codelengths L{>%q) and n; 5 such that for all
nxns g,

|L,,(pg,)—log()td(n/d)d/z(detle)l/z/w(ﬂ)”<5,

(A4)

(A.5)
T . d
(0-0) J(0-8) < (1+3), (A.6)
and
D(pyllps) < (d—/)—g(nza), (A7)

1 =

uniformly for all 8 € B, where 6 is the point in the net
that minimizes the left side of (A.6).

Now let 8, be a sequence decreasing to zero and let By
be a sequence of compact sets increasing to ®. Without
loss of generality n;_p, is an increasing sequence diverg-
ing to infinity as k - . For each n>1, let k, be the last
index such that n;, g <n. Then lim k, =ce. Settmg r,=
[®xeBe) and L, (q) = L Bu)Xq) we have that for all n,
(A.5)-(A.7) are satisfied with 6, in place of &, uniformly
on B, . Since any compact subset of ® is eventually
contained in Bk , this establishes the existence of a single
set [, and length function L, for which (A.1) and (A.2)
are satlsﬁed uniformly on compacts.

Finally, from (A.5) and (A.7) it follows that the index of
resolvability satisfies

1
R,(po) < —L.(ps) + D( pyll p5)

< %((d/Z) logn /c,+log(det(J,)"/*/w(8))

+(d /2) loge+0(1)),

where o(1) tends to zero uniformly on compacts.

The minimax bound on resolvability now follows as in
Section VI, upon taking w(8) to be proportional to
det(J,)'/2. In particular, for each compact set B C©,

(A8)

1(d 12
mfsup R,(pg) <= —logn +log/ det(Jy) " db
T,.Lbe 2 B

d cy 9
—Elog?+o(1)). (A9)

In this analysis, we used a minimal net of points for
covering the parameter space to a prescribed covering
radius for a locally specified metric, so as to bound the
minimax resolvability. If nets based on other coverings are
used (such as cubes in the locally transformed parameter
&), similar terms still appear involving the Fisher informa-
tion and the prior density, but somewhat worse constants
are obtained in the minimax bound.

As pointed out by a referee, a different net can yield
improved bounds for the average resolvability,

Jw(8)R,(py) do.

To bound the average resolvability, it is suggested that
optimal quantization regions (with centroids 6) be se-
lected subject to a constraint on the average value for
(6 — 6)77 (8 — 0) (instead of a constraint on the maximum
value). Indeed, suppose we constrain the average value to
equal 2. Using optimum quantization results as in [53], it
is seen by an analysis similar to that previously given that
the minimum number of quantization points in each set
A is the same as in (A.3) but with (dG,)?/? in place of
A4, where G, is the coefficient of optimum mean-square
quantization as characterized in [53, pp. 58-59]. In partic-
ular, trom a result of Zador, G, ~1/2e for large d.
This yields codelengths L,(p;) that are the same as
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before, but with ¢}, =1/ G, in place of c,. Both ¢, and ¢,
are close to 2we, for large d. Thus for large dimensions,
there is not much difference in the codelengths designed
from optimum covering and optimal quantization consid-
erations.
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