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Abstract

Performance bounds for criteria for Model Selection are developed using re�
cent theory for sieves� The model selection criteria are based on an empirical
loss or contrast function with an added penalty term motivated by empirical
process theory and roughly proportional to the number of parameters needed to
describe the model divided by the number of observations� Most of our examples
involve regression or density estimation settings and we focus on the problem
of estimating the unknown density or regression function� We show that the
quadratic risk of the penalized minimum contrast estimator is bounded by an
index of the accuracy of the sieve� This accuracy index quanti�es the trade�o�
among the candidate models between the approximation error and parameter
dimension relative to sample size�

If we choose a list of models which exhibit good approximation properties with
respect to di�erent classes of smoothness� the estimator can be simultaneously
minimax rate optimal in each of those classes� This is what is usually called
adaptation� The type of classes of smoothness in which one gets adaptation
depends heavily on the list of models� If too many models are involved in order
to get accurate approximation of many wide classes of functions simultaneously�
it may happen that the estimator is only approximately adaptive �typically up
to a slowly varying function of the sample size��

We shall provide various illustrations of our methods such as penalized maxi�
mum likelihhood� projection or least squares estimation� The models will involve
commonly used �nite dimensional expansions such as piecewise polynomials with
�xed or variable knots� trigonometric polynomials� wavelets� neural nets and re�
lated nonlinear expansions de�ned by superposition of ridge functions�
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To estimate an unknown function we use a sequence of �nite�dimensional models and a
model selection criterion that takes the form of a penalized empirical loss or contrast
function� The function estimate is obtained by minimizing the empirical loss for
each model and then selecting the model that optimizes the criterion� The unknown
function may or may not be in one of the �nite�dimensional models� In the latter
case we think of the �nite�dimensional models as providing an approximation� The
purpose of the model selection criterion is to make a data adaptive choice of model
that achieves approximately the best trade�o� between approximation error �bias�
and additional statistical estimation error �variance� without advance knowledge of
which models achieve the best trade�o�� Thus we are led to develop upper and lower
bounds on the total statistical risk of the estimated function in the model selection
context� The aim is to determine suitable forms of criteria and to determine the
extent to which it is possible to achieve the desired objectives of adaptive inference�

We allow a general framework of models characterized by their metric dimension
properties� The examples we study typically involve linear combinations of a family
of basis functions f��g� which are parameterized by an index � that is either discrete
or continuous valued� In the discrete index case we have in mind examples of models
based on Fourier series� wavelets� polynomials� and piecewise polynomials with a
discrete set of knot locations� Here the issue is the adaptive selection of the number
of terms including all terms up to some total or the issue may be which subset of terms
provides approximately the best estimate� In the �rst case there is only one model of
each dimension and in the second there may be exponentially many candidate models
as a function of dimension� The choice of whether subsets are taken has an impact
on what types of trade�o�s are possible between bias and variance and on what types
of penalty terms are permitted� In both cases the penalty term will be proportional
to the number of terms in the models� but in the latter case there is an additional
logarithmic penalty factor that is typically necessary to realize approximately the best
subset among exponentially many choices without substantial over�t� In contrast the
use of �xed sets of terms typically allows for a penalty term with no logarithmic
factors� but as we shall quantify �in the absence of subset selection� there can be less
ability to realize a small statististical risk�

In the continuous index case we have in mind �exible nonlinear models including
neural nets� trigonometric models with estimated frequencies� piecewise linear 
hinged
hyperplane� models and other piecewise polynomials with continuously parameterized
knot locations� In these cases we write �w instead of �� for the terms that are linearly
combined� where w is a continuous vector�valued parameter� Not surprisingly� if the
terms �w depend smoothly on w� the behavior of these nonlinear models is comparable
to what is achieved in the discretized index set case with subset selection� We �nd
that these nonlinear models have metric dimension properties that we can bound� but
they lack the homogeneity of metric dimension satis�ed by linear models with a �xed
set of terms� The e�ect is that once again logarithmic factors arise in the penalty term
and in the risk bounds� The advantage due to parsimony of the nonlinear models or
the subset selection models is made especially apparent in the case of inference of
functions with a high input dimension� In high dimensions� the exponential number
of terms in linear models without subset selection precludes their practical use�

�



m y
functions in some given L� space� The estimator of the unknown function s takes
the form �sn � �s �m�n where �m � argminmf�n��sm�n� � penm�ng� Here �n��sm�n� is the
minimum of the empirical loss �n�t� for functions t in Sm based on a sample of size n
and penm�n is a penalty function� The precise nature of the sampling model and the
penalty function will be discussed later� It su�ces for now to think of regression and
density estimation problems in which for each candidate function t the empirical loss
�n�t� is� respectively� the empirical average squared error or ���n� times the minus
logarithm of likelihood� In our examples the models Sm are �nitely parameterized and
Dm is the parameter dimension� The penalty term is typically of the form LmDm�n�
Here the multiplicative factor Lm takes on one of three typical forms� it is constant �as
permitted for certain linear models with a �xed number of models per dimension��
it is of the order of logn �as permitted for certain nonlinear models�� or it is the
logarithm of some characteristic of the model m �such as the number of terms in the
complete model from which m is selected as a subset�� As we shall discuss below�
the criteria we analyze bear resemblance to and sometimes include as special cases
other familiar model selection criteria� A di�erence here is that the penalty term is
motivated solely on the basis of what sorts of statistical risk bounds we can obtain
and not on the basis of other information�theoretic or Bayesian considerations�

An important role is played by an index of the accuracy of the models for approx�
imation of the target function s� relative to sample size n� This accuracy index is
de�ned by

an�s� � inf
m

n
d��s� Sm� � penm�n

o
where d�s� Sm� � inf t�Sm d�s� t� is an L��distance from s to the subspace Sm �a related
index of resolvability for estimators based on the minimum description length prin�
ciple is in Barron and Cover ������ and Barron �������� In the density estimation
case we will regard s and t as square roots of densities so that d becomes a Hellinger
distance between the density s� and its approximation� in the regression case d� is
an integrated squared error of approximation� integrating with respect to an average
distribution of the regression inputs� For a given m� d��s� Sm� � Dm�n represents
the order of magnitude of the risk measured by the mean integrated squared error
between s and �sm�n �at least for certain linear models� see Birg�e and Massart �����a���
the terms d��s� Sm� and Dm�n corresponding to the bias squared and variance com�
ponents� respectively� The penalty penm�n overestimates Dm�n within a factor Lm

which takes into account the additional noise due to simultaneous estimation in a
possibly very large number of models and� roughly speaking� the larger this number�
the larger the Lm�s�

A special role in the analysis is played by the dimension Dmn
of models Smn

that
minimize the accuracy index� When the penalty term is of order Dm�n �i�e�� Lm is a
constant� we have that the accuracy index an�s�� the approximation error d��s� Smn

��
and the ratioDmn

�n of dimension to sample size are asymptotically of the same order�
The choice mn �depending on s� corresponds to the size of model that minimizes this
risk�

It is desired that the estimator �sn chosen on the basis of the model selection cri�
terion without knowledge of the function s �and without knowledge of its regularity
properties� should achieve a value for E�d��s� �sn�� that is nearly as good as the the
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on the stochastic sampling setting� the candidate models� the contrast function� and
the penalty function such that the statistical risk is bounded by the accuracy index

E�d��s� �sn�� � Can�s�

where �sn is the minimizer of the penalized empirical contrast criterion� and the con�
stant C is given in terms of quantities arising in the conditions�

The relationship between the statistical risk and the accuracy index permits the
statistician to reduce the problem of investigation of the performance of the estima�
tor �to within certain constant multipliers� to an investigation of the approximation
capabilities of the models� Here we have in mind a variety of possible function classes
and the accuracy index will be evaluated for each� Since it is not known to which
subsets of functions the target s belongs� it is a merit of the accuracy index and indeed
a merit of the minimum penalized empirical contrast estimator �sn in many cases that
the maximum of the accuracy index an�s� on certain subclasses of functions is within
a constant factor of the minimax optimal value for the risk on these subclasses� That
is� the penalized minimum contrast estimator is said to be simultaneously mininax
rate optimal or said to be adaptive to such subclasses of functions� See Section � for
further discussion of Adaptation via Model Selection�

The present paper is a companion to the paper by two of us �Birg�e and Massart
����b� which explores the role of adaptive estimation for projective estimators of
densities using linear models� There a recent and very powerful empirical process
inequality by Talagrand ������ is put to use� Applications are given there for wavelet
estimation and connections are established with thresholding of wavelet coe�cients
and cross�validation criteria�

In the case that a sequence of models mn is preselected according to presumed
properties of the target function� rather than adaptively selected on the basis of data�
what we study would fall under the general heading of analysis of sieves for function
estimation� Sieve methods are forced to lock in at a particular �sometimes subop�
timal� trade�o� between bias and variance� Nevertheless� the mathematical analysis
of sequences of �nite�dimensional sieve models is at the heart of the techniques that
we put to use in our study of adaptive methods of Model Selection� In particular
we will make frequent use of the results of Birg�e and Massart �����a�� There� rate
of convergence results for sieve estimation are presented� building on empirical pro�
cess bounds developed �rst for minimum contrast estimation in Birg�e and Massart
������� Other work on rates of convergence for sieves is in Cencov ������� Vapnik
������� Cox ������� Stone ������� Barron and Sheu ������� McGa�rey and Gallant
������� Haussler ������� Shen and Wong ������� and Van de Geer ������� The results
we give here for selections from a set of models can be specialized to give rate results
for sieves by considering the degenerate case that there is only one model that the
criterion is permitted to select for each sample size n� for the most part that simply
recreates the results covered in Birg�e and Massart �����a��

Similarities are apparent in the form of the criteria we study here to the familiar
AIC� Cp� BIC� and MDL criteria proposed by Akaike ������� Mallows ������� Schwarz
������� and Rissanen ����� and ������ respectively� and the method of structural
minimization of risk due to Vapnik ������� In some cases our analysis provides
consistency and rate of convergence results for these criteria� However� in general�
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in the familiar criteria�

Shibata ������ and Li ������ prove asymptotic optimality properties of the mean
squared error for models selected by criteria related to the AIC in the context of linear
least squares regression with a �xed design and subexponential growth restrictions on
the number of candidate models as a function of dimension� In that important� but
restrictive setting� they show that with AIC the choice of a constant value of Lm � ���

in the penalty� where �� is an assumed known or consistently estimated homogeneous
variance of independent errors� the risk of the estimated model is asymptotically op�
timal in the sense that it coincides asymptotically �to within a factor converging to
one� with the mean squared error achievable if the optimal sequence of models mn

were known� Shibata assumed a Gaussian error model� Specialization of our general
results to this setting does not determine the best constant in the penalty and iden�
ti�es asymptotic optimality only to within a constant factor� However� our results
permit relaxation of the �xed design setting and also allow other error distributions
with a �nite moment generating function� Li�s result allows more general error dis�
tributions �with moments to a prescribed order� and he requires polynomial rather
than merely subexponential bounds on the number of candidate models as a func�
tion of dimension� Both Shibata and Li assume the analog of infm d�s� Sm� � �� but
they require that s not be contained in any of the Sm�s� Our results also relax that
requirement while showing asymptotic optimality to within a constant factor�

For typical choices of models� the target function s is a cluster point� that is d�s� Sm�
tends to zero for some subsequence of models� and the accuracy index quanti�es the
rate of convergence in a way that is naturally tied to the dimension of the models
and the sample size through the penalty term� As a consequence of the accuracy
index� there exists many situations where Model Selection provides estimators �sn
which are �at least approximately� simultaneously minimax over a family of compact
classes of functions� usually classical smoothness classes� Such estimators are then
called �approximately� adaptive� There exists a huge amount of litterature devoted
to adaptive estimation for non�compact classes of functions of known smoothness�
Here adaptation takes place with respect to the radius of the ball in some Sobolev
space via various penalization methods �see Wahba ������ and the references therein
and Van de Geer ������ who introduces empirical process techniques�� The �rst
example we know of adaptation to unknown smoothness via Model Selection is to
be found in Efroimovich and Pinsker ������� In this paper the authors obtain the
exact asymptotic minimax risk over a class of Sobolev ellipsoids for the white noise
model� Although these results are not presented as a Model Selection method� it
turns out that it may be considered as such �see the discussion in Birg�e and Massart
�����b�� Section 	� Example ��� Following this seminal work� there have been various
extensions to di�erent curve estimation problems in the papers by Efroimovich ����	��
Efroimovich and Pinsker ����
� and Polyak and Tsybakov ������ �with a di�erent
Model Selection criterion for this last paper��

Approximate adaptation over more complicated classes of functions with inhomoge�
neous smoothness �providing spatial adaptation� and based on wavelet thresholding�
which may be viewed as Model Selection �see Birg�e and Massart �����b�� Section ������
is to be found in a series of papers by Donoho and Johnstone and Kerkyacharian and
Picard �see Donoho� Johnstone� Kerkyacharian and Picard ����	� and the references
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The �rst attempt providing a global approach to Model Selection in order to de�
rive risk bounds using a class of abstract models is to be found in Barron and Cover
������ or Barron ������� They prove risk bounds for complexity regularization cri�
teria which in some cases include AIC� BIC� and MDL� The work by Barron and
Cover is for criteria that possess a minimum description length interpretation with
discretization of the parameters of the models reducing the choice to a countable set
of candidate functions t with penalty L�t��n satisfying

P
t �

�L�t� � � as required for
lengths of uniquely decodable codes� There they developed an approximation index
called the index of resolvability that is a precursor to our accuracy index and they
establish comparable risk bounds for Hellinger distance in density estimation and
show that for a number of classes of functions �both parametric and nonparametric�
the criterion provides convergence rates that are either simultaneous minimax rate
optimal or optimal to within logarithmic factors� In particular� discretizations based
on L

��metric entropy properties of Sobolev classes of log�densities� together with
adaptive selections of the order of smoothness and of the value of the Sobolev norm
are shown there to be simultaneously minimax rate optimal without prior knowledge
of which orders of smoothness and which norm bounds are satis�ed by the target
function� �To recover the Barron and Cover result as a special case of our general
density estimation results� set each model here to be a single function in their count�
able list�� Barron ������ extended the discretized model approach to deal also with
complexity regularization for least squares regression and other bounded loss func�
tions and applied it to arti�cial neural network models �see Barron �������� where the
nonlinear models gave rise to logarithmic factors in the penalty not present in the
idealized models for Sobolev classes� However� the description length method does
necessitate a factor that is ultimately of logarithmic order when the target function
is in one of the �nite�dimensional models as demonstrated by the minimax bounds in
Clarke and Barron �������

Our work has been inspired by the ideas of Barron and Cover ������� the main
methods and technical tools being developed in Birg�e and Massart �����a�� As in
Vapnik ������� they heavily rely on empirical process theory� Vapnik�s ������ method
of structural minimization of empirical risk bares many resemblances with ours� The
major di�erence between Vapnik�s approach and ours is in the formulation of the
empirical process conditions and techniques� Finally we should mention that Yang
�who is a student of one of us� has recently got some results similar to ours for the
particular case of log�density models �Yang ����	���

The structure of the paper is as follows� the next section is devoted to the descrip�
tion of the framework underlying the various problems and estimation strategies that
we want to handle� We introduce several types of contrast functions and families
of approximating models �
sieves��� For each situation we also give a formal result
and a simple application of it� Section � develops the preceding examples when they
require a more sophisticated treatment and also introduces further ones in order to
illustrate the power and �exibility of our method� In Section �� we shall discuss the
connections between this technique of Model Selection and Adaptive Estimation� In
Section 	 we state all the main theorems in an abstract framework and develop their
proofs� Finally Section 
 collects a number of technical lemmas� mainly directed
towards approximation theory�
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The framework is the one used in Birg�e and Massart �����a�� We are given �n in�
dependent random variables X�� � � � � Xn and W�� � � � �Wn with values on measurable
spaces X and W respectively and we observe the variables Zi � f�Xi�Wi� s� with
values on the space Z � The unknown function s which is the parameter to be esti�
mated from the observations may also control the distribution of the Xi�s and Wi�s�
We denote by P the joint distribution of all the variables �Xi�Wi� Zi�� by E the ex�
pectation with respect to probability P� by Pn the empirical distribution of the Zi�s
and by 	n � Pn� E � Pn the centered empirical measure� s is assumed to belong to
some given space L��
n� with the distance dn induced by the norm k �k � k �k�� More
generally for � � p � �� the Lp�norm is denoted by k � kp�

We introduce the family of sieves Sm indexed by m � Mn as a countable collection
of subsets �the models� of some Sn � L

��
n�� These sieves play the role of approxi�
mating spaces for the true unknown value s of the parameter which might or might
not be included in one of them� Typically� Sm will be a subset of a �nite�dimensional
linear space� In order to make the notations simple we shall assume that everything
which depends on m � Mn might depend on n but we omit this second index� We
shall also omit it� from now on� in 
n and dn since those quantities will be �xed
�independent of n� in most applications� In order to de�ne our estimator we choose
a function � de�ned on Z 	Sn �generally a contrast function as de�ned in Birg�e and
Massart ������� and a penalty function pen�m�� which is a positive function on Mn�
We shall see later how to de�ne this penalty function in order to get a sensible esti�
mator� Let � 
 � be given� a penalized minimum contrast estimator will be de�ned
as follows�

De	nition � A penalized minimum contrast estimator �relative to the collection of
sieves �Sm�m�Mn

� is any parameter value �s in �m�Mn
Sm with �s � S �m such that

�n��s� � pen� �m� � inf
m�Mn

inf
t�Sm

�n�t� � pen�m� � ��

where �n�t� � n��
Pn

i�� ��Zi� t��

In order to simplify the presentation we shall assume throughout the paper that
� � �� The choice � � ��n would lead to similar results�

��� Some classical contrast functions

Maximum likelihood density estimation
 We observe i�i�d� variables X�� � � � � Xn

of density s� with respect to 
� The Wi�s play no role here and Zi � Xi� From now on
S will denote the set of nonnegative elements of norm � in L��
� �which means that
their squares are probability densities�� We take Sn � S and the choice of the contrast
function ��z� t� � � log t�z� leads to penalized maximum likelihood estimators�

Projection estimators for density estimation
 We assume that 
 is a probability
measure and that the unknown density of the observations X�� � � � � Xn �Zi � Xi�
belongs to L��
�� It can therefore be written �l�s where s is orthogonal to the constant
function �l� The contrast is given by ��z� t� � ktk�� �t�z� and Sn is orthogonal to �l�
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Sm leads to the classical projection estimator �sm on Sm given by

�sm �
X
���m

����� with ��� �
�

n

nX
i��

���Xi��

Classical least squares regression
 Observations are pairs �Xi� Yi� � Zi with
Yi � s�Xi� � Wi and the variables Xi and Wi are all independent with respective
distributions Ri and Qi �independent of s� but not necessarily i�i�d� since we want
to include the �xed design models in our framework� s is the unknown parameter
which is supposed to belong to the Hilbert space L��
n� where 
n denotes the average
distribution of the Xi�s� 
n � n��

Pn
i��Ri� This distribution actually depends on n

in the �xed design case but not in the case of a random design� We assume that the
errors Wi are centered and choose ��z� t� � �y � t�x���� the resulting estimator is a
penalized least squares estimator�

Minimum L
� regression We use the same regression framework as before� now

assuming that the Wi�s are centered at their median and de�ne ��z� t� � jy � t�x�j�
These models and contrast functions have been described in greater detail in Birg�e
and Massart ������ and Birg�e and Massart �����a�� We therefore refer the reader to
these papers for more information�

��� Structure of the sieves

The value pen�m� of the penalty function is essentially connected with the number
Dm of parameters which are necessary to describe the elements of the sieve Sm� A
general de�nition of Dm will appear in Section 	 and we shall here content ourselves
with the presentation of two cases which are known to be of practical interest�

����� Linear models

For each m � Mn we are given a �nite�dimensional linear subspace  Sm of L��
� with
an orthonormal basis f���mg���m with Dm � j!mj and Sm is a subset of  Sm� In order
to simplify the notations we shall write in the sequel f��g���m instead of f���mg���m �
keeping in mind that �� may depend on m� We assume that k��k� 
 �� for all
� � !m and de�ne for � � R�m� j�j� � sup���m j��j and j�j�� �

P
���m

���� Next we
de�ne

 rm �
�p
Dm

sup
� ���

kP���m ����k�
j�j� and "m �

�p
Dm

sup
� ���

kP���m ����k�
j�j� � �����

It follows from this de�nition that

"m �  rm �
p
Dm"m �����

and from Lemma 
 of Birg�e and Massart �����a� that

"m �
�p
Dm

k
X
���m

��
�k���� � �����

�
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sieves is not su�cient to guarantee a good behavior of the empirical contrast function
�n� which is essential for our purpose as we shall see later� More is needed� speci�cally
some connections between the L�� and L��structures of the sieves� A control of the
growth of  rm or "m provides such connections�

����� Nonlinear Models

Here we have in mind a variety of models that include single hidden layer sigmoidal
networks �see Barron ������� �������� sparce trigonometric models� certain multivari�
ate wavelet models as in Hornik et al� ������� Yukich et al� ����	� and piecewise linear

hinged hyperplane� models of Breiman ������ for �exibly �tting a function of several
variables� We take� for simplicity� the domain of the functions to be ���� ��q� The
models involve linear combinations of functions �w�x�� continuously parameterized
by a vector w on Rq�� where the functions �w satisfy the Lipschitz property

j�w�x�� �w��x�j � jw � w�j� for all x � ���� ��q� �����

j � j� denoting the l��norm on Rq�� The models Sm are indexed by a triplet of positive
integers m � �D�� H�R� and will be suitable modi�cations �via some clipping and
renormalization� of the basic models

 Sm �

��
�

D�X
j��

�j�wj
�x�

������
D�X
j��

j�jj � R and jwjj� � H for � � j � D�

��
� �

In such a case we can take Dm � D��q����� which is the parametric dimension of  Sm�
Here the constraints R and H as well as D� are included in the model index rather
than �xed in advance� so that the metric entropy of each model can be controlled
without advance knowledge of how large a value of R� H or D� is needed for the best
model�

Of particular interest are the cases in which the terms in the model are q�dimen�
sional ridge functions

�w�x� � ��aTx� b�

where � is a �xed univariate function with Lipschitz constant �� and w � �a� b� with
a � R

q� b � R� and q� � q � �� Then the Lipschitz property ����� for �w holds�
The cases mentioned above are of this ridge expansion form� For the neural net case
� is a sigmoidal function as in Barron ������ �popular choices are the logistic� the
hyperbolic tangent� and the linear ramp clipped at magnitude ��� for trigonometric
sums � is the cosine function and for the hinged hyperplane model ��z� � z � � to
yield piecewise linear functions �see Breiman �������� Hornik et al� ������ and Yukich
et al� ����	� take the activation function � to be an arbitrary non�zero bounded
function that is zero outside a bounded interval� which includes wavelet functions of
ridge type� The Lipschitz condition used here holds for many �though not all� of
these wavelets� A multivariate version of Proney�s classic model can be developed
with ��z� � e�z� where z � aTx� b is complex�valued with a � C q � b � C � x � ��� ��q

and all real parts of the coordinates of a and b taken to be nonnegative�
We are not restricted to ridge expansions here� For instance� radial basis function

models with �w�x� � ��bjx� aj�� are also of the required form when � is a Lipschitz

��
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leads to what Donoho calls the bump algebra�� Tensor product expansions of the
form �w�x� � �w�

�x�� � � ��wq
�xq� for x � ���� ��q satisfy the Lipschitz condition if the

factors are built from a univariate Lipschitz function that is bounded by one �that
is� j�wi

�xi�j � � and j�wi
�xi� � �w�

i
�xi�j � jwi � w�ij� for xi � ���� ���� For instance�

piecewise multilinear models correspond to ��wi
�xi� � �xi�wi��� �with wi taken to

be bounded by �� as in the multivariate adaptive regression spline model of Friedman
�������

Higher order piecewise polynomial ridge expansions and piecewise polynomial ten�
sor products may also be handled with a slight modi�cation of the framework� �In
which the linear combinations in  Sm are built not just from one univariate � function�
but from several� such as �� z� z� and �z � ��	 in the cubic spline case�� To simplify
the discussion of the nonlinear models we have focussed attention on the case that
the � is indexed by a continuous parameter rather than both discrete and continuous
parameters� Multivariate piecewise polynomials will be explored as a subset selection
problem using a grid rather than a continuum of possible knot locations in the next
section�

��� Examples

In order to keep the presentation of our results simple� we shall now concentrate on
linear models and return to the nonlinear models in Section ����

Uniformly bounded basis
 When k��k� � " for all � � !m and all m� then
"m � " by ������ Subsets of the trigonometric basis in L����� ���� dx� provide typical
examples of uniformly bounded bases�

Wavelet expansions
 Let us consider an orthonormal wavelet basis f�j�k j j 
 �� k �
Z
qg of L��Rq� dx� �see Meyer ������ for details� with the following conventions� ���k

are translates of the father wavelet and for j 
 �� the �j�k�s are a�ne transforms of the
mother wavelet� One will also assume that these wavelets are compactly supported
and have continuous derivatives up to some order r� Let t � L

��Rq� dx� be some
function with compact support in ��� A�q� Changing the indexation of the basis if
necessary we can write the expansion of t on the wavelet basis as�

t �
X
j��

�jqMX
k��

�j�k�j�k�

where M 
 � is a �nite integer depending on A and the size of the wavelet�s supports�
For any j � N� we denote by !�j� the set of indices f�j� k� j �� k � �jqMg� The rele�
vant !m�s will be subsets of the larger sets �Jj��!�j� for �nite values of J and we shall
denote by Jm the smallest J such that this inclusion is valid� It comes from Bern�
stein�s inequality �see Meyer ������ Chapter �� Lemma �� that  rm � C��qJm�Dm�

���

for some constant C� In particular� when !m � �Jmj��!�j��  rm is uniformly bounded
and so is "m� The most relevant applications of such expansions have been studied
extensively in Birg�e and Massart �����b��

We also want to deal with wavelet expansions on the interval ��� ��� Since the
general case involves technicalities which are quite irrelevant to the subject of this

��
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Then the following expansion holds for any t � L����� ��� dx��

t � ���������� �
X
j��

�jX
k��

�j�k�j�k� ���	�

where ����� � �l
����� � � �l
��������l������� and �j�k�x� � �j�����j�x� �k�����j��� We
set !���� � f���� ��g and for j 
 � !�j� � f�j� k� j � � k � �jg� If !m � �mj��!�j�
we see from ����� that "m � �� To bound  rm we �rst notice that for j 
 �

k
�jX
k��

�j�k�j�kk� � �j�� sup
k
j�j�kj� ���
�

Therefore

 rm �
	

 mX
j��

�j��

�
�
	

 mX
j��

�j

�
�
����

� � �
p
��

It will also be useful to choose !m � �mj���!�j� and then  rm 
 � �
p
��

Piecewise polynomials
 We restrict our attention to piecewise polynomial spaces
on a bounded rectangle in Rq� which� without loss of generality� we take to be ��� ��q�
Hereafter we denote by Pi a partition of ��� �� into D�i� intervals� A linear space  Sm of
piecewise polynomials is characterized by m � �r�P�� � � � �Pq� where r is the maximal
degree with respect to each variable of the polynomials involved� The elements t
of  Sm are the functions on ��� ��q which coincide with a polynomial of degree not
greater than r on each element of the product partition P � 
q

i��Pi� This results in
Dm � �r � ��q

Qq
i��D�i��

Starting with the orthogonal basis of the Legendre polynomials Qj� j � N in
L
������ ��� dx�� we notice that the following properties hold �see Whittaker and Wat�

son ������ pp� ������	 for details�

jQj�x�j � � for all x � ���� ��� Qj��� � �� and

Z �

��
Q�
j�t�dt �

�

�j � �
�

Let us consider the hyperrectangle R �
Qq

i���ai� bi�� For j � J � f�� � � � � rgq we
de�ne

�R�j�x�� � � � � xq� �
qY
i��

s
�ji � �

bi � ai
Qji



�xi � ai � bi

bi � ai

�
�lR�x�� � � � � xq��

The family f�R�jg provides an orthonormal basis for the space of polynomials on R
with degree bounded by r� If H is a polynomial such that H �

P
j�J �j�R�j�

kHk� �
h
�r � ��

p
�r� �

iq
�V ol�R������ j�j��

Then taking !m as the set of those �R� j��s such that R � P and j � J we get from
�����

 r�m �
�r � ���q��r � ��q

Dm infR�P V ol�R�
� ��r� ����r� ���q

�
inf
R�P

V ol�R�
qY
i��

D�i�

���
� �����

��
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 rm � ��r� ����r� ���q�� �����

Polynomials on a sphere and other eigenspaces of the Laplacian
 Let Sq

be the unit euclidean sphere of Rq��� 
 be the uniform distribution on the sphere
and � 
 �� 
 � � � 
 �j 
 � � � be the eigenvalues of the Laplace�Beltrami operator on
S
q� Let� for each j 
 �� f��� � � !�j�g be an orthonormal system of eigenfunctions

associated with �j � Then f�lg � f��� � � !g where ! � �j��!�j� is an orthonormal
basis of L��
�� De�ning !m � �mj��!�j�� for any integer m 
 � we get Dm � j!mj�
for m 
 �� Actually these eigenvalues are given by explicit formulas �see for instance
Berger� Gauduchon and Mazet �������� the corresponding eigenfunctions are known
to be harmonic zonal polynomials and one has �see Stein and Weiss ������ p�����X

����j�

��
��x� � j!�j�j�

In such a case it follows from ����� that "m � � for any integer m�
More generally� we can consider� instead of Sq� a compact Riemannian manifold M

of dimension q with its uniform distribution 
� The eigenfunctions of the Laplace�
Beltrami operator provide an orthonormal basis of L��
� which is a multidimensional
generalization of the Fourier basis� Of course no exact formula is available in this full
generality but some asymptotic evaluation holds which is known as Weyl�s formula
�see Chavel ������� p���� Keeping the same notations for the eigenvalues and eigen�
functions as above and setting D�� � �� Weyl�s formula ensures that there exists two
positive constants C��M� and C��M� such that for any integer m

C��M�D
��q
m � �m � C��M�D

��q
m�� 
 C��M�D

��q
m � �����

Moreover one can get the following control of the heat kernel �see Chavel �������
inequality �		� p������

�X
j��

	

e��jt X

����j�

��
��x�

�
� � C	�M�t

�q�� ������

for any positive t� any x � M and some �xed positive constant C	�M�� Applying
������ with t � ���m yields

k
X
���m

��
�k� � eC	�M��

q��
m �

Combining this inequality with ������ we can derive from ����� that for any integer
m� "�

m � "��M� � eC	�M�C��M�q�� which implies that "m is uniformly bounded as
in the case of the sphere�

��� Some typical results

We now assume that the situation described at the beginning of Section ��� holds�
i�e� Sm is a subset of a linear space  Sm � L

��
� of dimension Dm with "m and  rm

��
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In order to make our notations more transparent we shall hereafter systematically
denote by the letter � as in ��� �

�� � � � numerical constants� which do not depend on
the various other constants involved in the assumptions� On the other hand� C or c
denotes a constant depending on the former ones and the same notation will be used
for di�erent constants from one section to another� the form C��� � � � � �� emphasizing
the dependence of C on the others constants� Finally� the letter K will� most of the
time� denote numerical constants� either to be chosen by the statistician or functions
of such ones�

����� Maximum likelihood

We observe n i�i�d� variables X�� � � � � Xn of density s� with respect to some probability
measure 
� The model Sm �  Sm � S consist of those functions t �  Sm for which t�

is a probability density� To each t � S corresponds a probability Pt with density t�

with respect to 
 and d�u� v��
p
� is the Hellinger distance between the corresponding

probabilities� i�e�

d��u� v� �

Z �s
dPu
d


�
s
dPv
d


��

d
 � ��

We de�ne analogously K�u� v� to be the Kullback�Leibler information divergence
between Pu and Pv� i�e�

K�u� v� �
Z

log
dPu
dPv

dPu if Pu � Pv and K�u� v� � �� otherwise�

Theorem � Let fLmgm�Mn
be a family of weights such that

Lm 
 � for all m � Mn and
X

m�Mn

exp��LmDm� � # 
 ��� ������

Let pen�m� be such that

pen�m� 
 ���Lm � log�� �  rm��Dm�n

where �� is a suitable positive numerical constant and let �s be the penalized maximum
likelihood estimator which is a minimizer with respect to m � Mn and t � Sm of
����n�Pn

i�� log�t�Xi�� � pen�m� if t � Sm� De�ne K�s� Sm� � infu�Sm K�s� u� and
assume that � � Dm � n for all m � Mn� Then

E�d��s� �s�� � ���

�
inf

m�Mn

fK�s� Sm� � pen�m�g � �

�
� ������

The upper bound in ������ involves a bias term K�s� Sm� where one would prefer
d��s� Sm�� In many examples a natural way of deriving an approximation of s by
an element sm of Sm is to normalize an upper approximation s�m 
 s in  Sm� More
precisely one will prove in Section 
 the following result�

Proposition � Assume that  Sm is a linear space of functions in L��
� and Sm is the
set of nonegative elements of norm � in  Sm� If there exists s�m 
 s in  Sm then

K�s� Sm� � � � �d��s� s�m�

��
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K�s� Sm� � � � �� inf
t�
Sm

ks � tk��� ������

Application to adaptive histogramsWe consider a family of sieves which are sets
of piecewise polynomials on ��� �� of degree �� i�e�� histograms� and take 
 to be the
Lebesgue measure� Here m is a partition of ��� �� which is a union of Dm intervals�
 Sm is the space of piecewise constant functions onm and Sm is the set of nonnegative
elements t of  Sm such that ktk � �� Let Rn be the set of all regular partitions with at
most n pieces and Gn�N be the set of all partitions with at most n pieces and endpoints
belonging to the grid fj�N j � � j � Ng� Then we de�ne Mn � Rn � ��N��Gn�N�
and choose Lm � � when m � Rn� Lm � ��� log�N�Dm� when m � Gn�N � It follows
from our study of piecewise polynomials that  rm � � by ����� when m � Rn and is
bounded by

p
N�Dm otherwise� Since the number of partitions of Gn�N with D pieces

is bounded by �eN�D�D from Lemma 
 and clearly D � N � ������ is satis�ed and we
can apply Theorem � with

pen�m� � K��� � log ��Dm�n if m � Rn� ������

pen�m� � K�

�
� � � log



N

Dm

�
� log

�
� �

s
N

Dm

��
Dm

n
if m �� Rn ����	�

and K� 
 ���

� If s is H�olderian of order �� i�e�

js�x�� s�y�j � H jx� yj� for all x� y � ��� ���

H � � and � � ��� �� being unknown� for each m � Rn� the L��distance
between s and Sm is bounded by CHD��

m and therefore by ������K�s� Sm��� is
bounded by C�H�D���

m � In that case ������ implies that the quadratic risk of our
estimator is bounded by C��H��������n����������� We shall see in Section �����
that even if H and � were known� one couldn�t do better �from the minimax
point of view�� apart from the constant C���

� If s belongs to some Sm with m � Gn�N � ������ implies that the risk is bounded
by C log�N�Dm�Dm�n� which is of the usual parametric order ��n as n � �
for each such s and� for each given positive integer l� of order �D�n� log�n�D�
uniformly in models with index in the set fm � �nlN��Gn�N jDm � Dg� On the
other hand for a given value of D� � � D � n�	� if follows from Corollary �
of Birg�e and Massart �����a� that the minimax risk on this set is of the same
order �D�n� log�n�D�� This gives a sense in which the logn factor is a necessary
price to pay when one compares the purely parametric problem of estimating
a piecewise constant density on a known partition with D pieces to the same
problem with a completely unknown partition�

� The main advantage of including the families of irregular partitions in our con�
struction is to allow spatial adaptation� With one estimator we achieve simul�
taneously the optimal ��n rate for s in the parametric subfamilies� the optimal

�	
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this optimal rate for much less homogeneous functions with smoothness �� This
will be illustrated in Section ����� below for densities with bounded ��variation�

It is worth mentioning here that when s is decreasing on ��� ��� the Grenander
estimator� which is the derivative of the least concave majorant of the empirical
ditribution function� automatically achieves a bound on the L��risk which is
analogous to ������ below with � � � but without the logn factor �see Birg�e
��������

����� Projection estimators

Although various adaptive properties of penalized projection estimators have been
enlightened in Birg�e and Massart �����b�� we shall develop here some new illustra�
tions� The basic result is similar to Theorem � of Birg�e and Massart �����b�� We
recall that here 
 is a probability measure� Since the true unknown density is �l� s�
the space Sn is chosen to be a linear subspace of L��
� orthogonal to �l with an or�
thonormal basis f�� j� �  !ng and the family of �nite dimensional linear spaces  Sm is
generated by a family f!mgm�Mn

of �nite subsets of  !n� for each m � Mn� Sm �  Sm
is the linear span of f�� j� � !mg and Dm � j!mj � n�

Theorem � Assume that the family f!mgm�Mn
is totally ordered by inclusion and

that the "m�s are uniformly bounded by "� Let �� be a suitable numerical constant�
pen�m� 
 ��"

�Dm�n and �s be the penalized projection estimator which is a minimizer
with respect to m of �P

���m
���� � pen�m�� where ��� � n��

Pn
i�� ���Xi�� Then

E�k�s � sk�� � ��� inf
m�Mn

�
d��s� Sm� � pen�m�

�
� ����

�"�� � ksk����
n

� ����
�

Application to ellipsoids with unknown coe�cients
 We consider some or�
thonormal system f��g��� of L��
� where ! � �j�N!�j�� each !�j� being a �nite
set� Let us mention here two cases of particular interest to be studied in Section ��

� 
 is the uniform distribution on the torus ��� ���� !�j� � f�j� �j� �g for j 
 �
and ��j�x� �

p
� cos��j � ��x�� ��j���x� �

p
� sin��j � ��x��

� 
 is the Lebesgue measure on ��� ��� !�j� � f�j� k� j � � k � �jg for j 
 � and
the �j�k are the elements of the Haar basis described in Section ����

For any non�increasing sequence a � fajgj�� converging to zero we de�ne the ellipsoid
E�a� by

E�a� �
��
�

X
j��

X
����j�

����

������
X
j��

a��j
X

����j�

��� � �

��
� �

Let us de�ne for each m � N� !m �
Pm

j��!�j� and Dm � j!mj� Then Mn � fm 

� jDm � ng� For the sake of simplicity� we shall limit ourselves in this section to
the case aj�H��� � HD��

j with H � � and � � � for the Fourier basis� � � ��� ��
for the Haar basis� This case is of particular interest since it is well�known that
�H��E�a�H���� is the set of periodic functions orthogonal to �l belonging to the

�
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the Besov space B����� in the Haar case�

If s is an element of some ellipsoid E�a�� it is immediate to see that d��s� Sm� � a�m�
Therefore from Theorem � with "� � �� K� 
 �� and pen�m� � �K�Dm�n we get

E �ks� �sk�� � ��� inf
m�Mn

�
H�D���

m �
�K�Dm

n

�
� �����

�� � ksk���
n

and �nally whatever the true unknown values of H and ��

E �ks� �sk�� � K�
�

�

H

n�

���������

�
�� � ksk���

n

�
�

The discussion about the optimality properties of such a bound will be developed
in Section �� Related work using ellipsoids built on the Fourier basis are to be
found in Efroimovich and Pinsker ������ �for the white noise model� and ����
�
�for the spectral density�� Efroimovich ����	� �for density estimation� and Polyak
and Tsybakov ������ �for regression models�� all the results� except for the �rst one�
being restricted to Hilbert�Schmidt ellipsoids �i�e� � � ��� in the above example��

����� Least squares estimators for smooth regression

We consider a regression model Yi � s�Xi��Wi where theXi�s are i�i�d� with common
distribution 
 and the Wi�s are i�i�d� and centered� We assume that ksk� is bounded
by some known constant � and that all elements of Sn are bounded by � as well�

Theorem � Assume that E�ejW� j��
�

� � � for some �� � � and let fLmgm�Mn
be a

family of weights such that

Lm 
 � for all m � Mn and
X

m�Mn

exp��LmDm� � # 
 ��� ������

Let �	 be a suitable numerical constant�

pen�m� 
 �	��
� � ���

�
Lm � log



� �  rm

q
Dm�n

��
Dm�n

and �s be the penalized least squares estimator which is a minimizer with respect to
m � Mn and t � Sm of n��

Pn
i���Yi � t�Xi��

� � pen�m�� Then

E�d��s� �s�� � ��	 inf
m�Mn

�
d��s� Sm� � pen�m�

�
� ������

Handling several bases simultaneously
 One of the advantages of Model Se�
lection is to allow competition between various kinds of approximating spaces� In
particular it is possible to use several bases at the same time to construct the pe�
nalized estimator� We now provide an illustration of this idea in the context of
bounded regression� We assume that the regressors Xi are uniformly distributed
on ��� ��� that the errors Wi satisfy the assumptions of Theorem � with a known
constant ��� We consider simultaneously �ve di�erent types of sieves indexed by
the sets Mi with � � i � 	 and take Mn � ���i��Mi� Let us �x r � N�
We de�ne M� to be the set of regular partitions of ��� �� and M�

N to be the set

��
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M� � �N��M�

N � In both cases�  Sm is the linear space of piecewise polynomials
based on the partition m with degree not larger than r� The other sieves in our
collection are built from a basis ������� of L����� ��� with ! � �j��!�j�� We �rst
consider the trigonometric basis with !��� � f�g� !�j� � f�j � �� �jg for j 
 �
and �� � �l� ��j�x� �

p
� cos���jx�� ��j���x� �

p
� sin���jx�� Then M	 � N and

!m � �j�m!�j�� Finally we introduce a wavelet basis of regularity r as described
in Section ��� with q � A � �� An element m of M� or M� is a subset of the set
of indices f�j� k� j � � k � �jqM� j � Ng and !m � m� M� is the set of all subsets
of the form m � �Jj��!�j� for J � N and M� is the collection of subsets which do
not belong to M� of the sets �Jj��!�j� with J � N� i�e� all non�trivial subsets of the
elements of M��

If we assume that the true regression function s is bounded by L�� where L is
known� it is natural to restrict our sieves to sets of functions which are uniformly
bounded by a constant � � �L � ���� for instance and therefore to choose Sm �
 Sm � ft j ktk� � �g for each m � Mn� In order to describe the penalty function� it
is enough to compute  rm and choose Lm for any m in order that condition ������
should be satis�ed� It follows from Section ��� that  rm is uniformly bounded if m
belongs to either M� or M�� It follows from ����� that  rm � p

�Dm if m � M	�
Finally for m � M��  rm � C

p
N�Dm and for m � M��  rm � C�

p
�J�Dm� As to

Lm it can be choosen as � for m � Mi� i � �� � or � and by Lemma 
 we can take
Lm � � � � log�N�Dm� for m � M� and Lm � � � � log�M�J�Dm� for m � M��

We have shown that Theorem � applies to this situation leading to the upper
bound ������ for the risk� It is di�cult to analyze this bound in general� Moreover
the minimax point of view is especially inadequate since the interest of introducing
such a rich family of sieves is to have more opportunity to approximate well a given
s by a sieve of low dimension rather than consider a uniform approximation over
some large compact class of functions� which always re�ect the worst case in the
class� Nevertheless one can still evaluate the maximal risk over some suitable classes
of smooth functions� Let us for instance consider for any positive numbers H and �

with � � a � b� a � N� � 
 b � � the class H�H��� of functions f on ��� �� with a
derivatives and such that

jf �a��x�� f �a��y�j � H jx� yjb for all x� y � ��� ��� ������

Recalling that H�H��� is included in the Besov space B������ it follows from
Lemma �� that for any positive � one can �nd in each of the three collections
Mi� i � �� �� � an m such that d�s� Sm� � � and Dm � Ci�

���� �with the addi�
tional assumption that s is periodic when i � � or that the support of s is included
in ��� �� when i � ��� Let us denote by   rm the upper bound for  rm computed above
and choose

pen�m� � K	��
� � ���

�
Lm � log



� �   rm

q
Dm�n

��
Dm

n

with K	 
 �	� It then follows that for i � �� �� � the upper bound for the risk derived
from Theorem� takes the form

inf
m�Mi

��
�d��s� Sm� � ��� � ���

	

� � log

�
�� �   rm

s
Dm

n

�
A
�
� Dm

n

��
� � C�

i�s�n
����������

��



q 
 � m

C�
i�s� is uniformly bounded over the class H�H��� if L is given� our estimator clearly

achieves the optimal rate of convergence in the minimax sense but does more than
that since the numbers C�

i�s� can vary substantially from one s to another and one i
to another as well� Moreover the introduction of the larger classesM� andM� allows
to get better approximation for functions s of spatially inhomogeneous smoothness
at the modest price of an additional log n factor� One could even go further in this
direction by including in the model a �xed �nite number of di�erent wavelet bases�
Related work �for the white noise model� dealing with the selection of one among
a library of orthonormal basis is to be found in Donoho and Johnstone �����b�� It
is also worth mentioning here the work by Golubev and Nussbaum ������ on spline
adaptive �in a strong sense� see Section � below� estimation for Sobolev classes in a
gaussian regression framework�

����� Least squares estimators for binary images

Let us now turn to a quite di�erent situation essentially motivated by image analysis�
The new framework is a model of the form Yi � s�Xi� � Wi where s � �f and
ksk� � �� Typically s � �f will be the indicator function of a set the boundary of
which is parametrized by the function f belonging to Gn� For indicator functions� the
square of the L��distance is identical to the L��distance which is actually the measure
of the symmetric di�erence between the corresponding sets� In good cases �when
those sets are epigraphs for instance� this symmetric di�erence corresponds to the
L
��distance between the functions which parametrize the boundaries� It is therefore

natural in such a situation to consider the following framework� Gn is an interval of
some space L��
�� equipped with its natural distance d�� More precisely� there exists
two functions F�� F� � L��
�� such that Gn � fg � L��
�� jF��x� � g�x� � F��x�
for all xg� � is a one�to�one mapping from Gn onto Sn � L

��
n� where 
n denotes
the average distribution of the Xi�s� Sm is the image of Gm � Gn by the mapping ��
where Gm is included in a linear subspace  Gm with dimension Dm of L��
���

Theorem � Assume that the following properties are satis�ed	

� E�ejW� j��
�

� � � for some �� � � and fLmgm�Mn
is a family of weights such that

Lm 
 � for all m � Mn and
X

m�Mn

exp��LmDm� � # 
 ���

� � is non
decreasing and maps Gn into ft j ktk� � �g�
� there exists two constants $� � $� independent of n such that for all h� g � Gn

$�kh� gk� � k�h � �gk� and k�h � �gk� � $�kh� gk�� ������

� for each m � Mn one can �nd a constant B��
m 
 � and a linear basis �������m

of  Gm with k��k� � � for all � such thatX
���m

j��j � B��
m k

X
���m

����k� for all ���� � R�m� ������

��



� p �

pen�m� 
 ����
� � ����Lm � log�� � $�B

��
m�$���Dm�n

and �f be the penalized least squares estimator which is a minimizer with respect to
m � Mn and g � Gm of n��

Pn
i���Yi � �g�Xi��

� � pen�m�� Then

$�E�d��f� �f�� � ��� inf
m�Mn

f$�d��f�Gm� � pen�m�g � ������

Application to binary images
 Here Gn is the set of all measurable functions g
from ��� �� to ��� �� and for each g � Gn we de�ne for �x� y� � ��� ���� �g�x� y� � � if
y � g�x� and � otherwise� Following Korostelev and Tsybakov �����b� we consider
the regression model Yi � �f �Xi� � Wi and assume that 
n is uniform on ��� ���

and 
� is uniform on ��� ��� f should be understood as the parametrization of a
boundary fragment corresponding to some portion of a binary image in the plane�
Then k�h � �gk� � k�h � �gk� � kh � gk� and we may take $� � $� � � in �������
Assuming that the errorsWi are either bounded by � or gaussian with variance smaller
than � then �� � ��

Let R�J� denote the regular partition of ��� �� into J pieces and Mn be the set
f�r�R�J�� jJ 
 �� r 
 �g� Following the de�nition of Section ���� we consider  Gm to
be the space of piecewise polynomials of degree not larger than r based on the regular
partition R�J� if m � �r�R�J��� Then Dm � �r� ��J and we can take Lm � �� Let
us now turn to the veri�cation of ������� We consider some orthonormal �with respect
to L��
��� basis ��� � � � � �r of the space of polynomials on ��� �� with degree � r and
we de�ne �l � �l�l with �l 
 � by k�lk� � �� Then for any ��l� � Rr��

rX
l��

j�lj �
rX
l��

j�l�lj �
�
�r� ��

rX
l��

j�l�lj�
����

�
p
r � � k

rX
l��

�l�lk�

� �r
p
r � � k

rX
l��

�l�lk� ������

where we successively used Cauchy�Schwarz inequality and Theorem ��
 p� ��� of De
Vore and Lorentz ������ about the relations between norms of polynomials� Starting
from the basis f�lg��l�r we build a basis �������m of  Gm where !m � f�j� l� j � �
j � J� � � l � rg such that k��k� � � for � � !m given by

�j�l�x� � J�l

�
J



x � j � �

J

��
�

It then easily follows from ������ that ������ is satis�ed with B��
m � �r

p
r � �� We

now de�ne Gm �  Gm�Gn� If f � Gn belongs to some Besov space B����� where � is
unknown� it follows from Lemma �� in Section 
 that kf�gmk� � � � C�f� r�J�� for
some gm �  Gm� Changing if necessary gm into �gm� ������ ��� and � into �� we can
assume that gm � Gm� Choosing pen�m� � �K���� log����r

p
r � ��� with K� 
 ���

we then derive from Theorem � that E�d��f� �f�� is bounded by C��f� ��n���������

Remarks	

� The rates may seem unusual as compared to density estimation� It results from
the fact that k�h � �gk� � d��h� g� which leads to a risk expressed as the sum

��



p q
bias� It comes from Korostelev and Tsybakov �����b� that the rates correspond
to the optimal rate �in the minimax sense� when � is known�

� One could consider analogously star�shaped images� In this case we describe a
point of the euclidean unit disk by its polar coordinates �� � with � � � � �
and � belongs to the one�dimensional torus T� We then de�ne Gn as the set
of functions g from T to ��� �� and set �g�� cos�� � sin�� � �lf	��g�
�g��� ���
Choosing 
 as the uniform distribution on the disk and 
� as Lebesgue measure
on Twe can check that ������ is satis�ed with $� � $� � ����

����� A glimpse of the essentials

The proofs �see Section 	 below� are essentially based on two arguments�

� A control of the �uctuations of a weighted version of the process 	n����� sm��
���� u�� when u � Sm� and sm realizes �approximately� the distance between s

and Sm� More precisely one looks for some exponential control of

	n����� sm�� ���� u��

d��s� u�� d��sm� s�� pen�m�� pen�m��
������

uniformly with respect to u � Sm� and m� � Mn� For a given value of m� such
a control restricted to one sieve may be derived by using various empirical pro�
cesses techniques� suitable modi�cations of the entropy methods introduced by
Dudley ������ or recent arguments by Talagrand ������ based on the concen�
tration of product measures� Such results are collected in Proposition � below
which is mainly based on Theorems � and � of Birg�e and Massart �����a��

It should be noticed that an analogue of Proposition � could be easily obtained
for least squares estimation in the white noise model using purely L��metric
conditions which are known to determine completely the behavior of a gaus�
sian process� More than that� one could even for linear models calculate the
constants involved in the exponential inequalities and derive from that explicit
constraints on the penalty function� Most of the technicalities required in our
proofs are due to the fact that we are not working with the white noise model�

In order to get a uniform result over the values of m� one needs a limitation on
the number of sieves at hand which� in most cases� takes the following form�

S There exists a family of weights fLmgm�Mn
such that

Lm 
 � for all m � Mn and
X

m�Mn

exp��LmDm� � # 
 ���

If one wants to restrict to Lm � �� it is necessary to limit the number of sieves
at hand� In order to work with larger families of sieves� one has to choose bigger
values of Lm� Since� roughly speaking� pen�m� is of order LmDm�n� this leads
to larger values of the penalty which will a�ect the risk�

��



�n�s� �s� � �n�s� sm� � 	n����� sm�� ���� u��� pen�m�� pen�m��

where �n�s� t� � ���n�
Pn

i�� E���Zi� t� � ��Zi� s��� This inequality can be com�
bined with the previous argument whenever �n is connected to d by d��s� t� �
�n�s� t� uniformly for t � Sn�

These arguments yield a �nal control of the risk of the form

E�d��s� �s�� � C inf
m�Mn

�
d��s� Sm� � pen�m�

�
�

As a consequence� the price to pay for the use of a large family of sieves which implies
large values of Lm is the e�ect of these values of Lm in the �nal risk since pen�m� is
roughly proportional to Lm�

As we have already seen� all our theorems are valid for values of pen�m� larger than
KLmDm�n in order to control ������� On the other hand� since pen�m� appears as a
summand of the upper bound on the risk it should be taken as small as possible� The
ideal choice of pen�m� should be the minimal value allowing a good control of ������
but this will not be provided by our theory� One can only notice that a moderate
overestimation of the optimal penalty leads to a moderate overestimation of the risk
but that underestimation of the penalty �think of the extremal case pen�m� � �� can
lead to inconsistent estimation�

� Further examples

In order to keep the paper to a reasonable size� we shall only develop a few applications
of our methods in various contexts� These particular examples were chosen because
of their ability to illustrate di�erent approaches to Adaptation and Model Selection
and the necessary compromise between the complexity of the family of sieves and
the desire to get low and �in some sense� optimal rates of convergence if the true
underlying density is not too complicated� Many other examples could be developed
along the same lines but we shall concentrate on a representative selection�

It should be noted that each particular family of sieves will be given for a particular
type of contrast �maximum likelihood� projection or least squares regression� for
the sake of simplicity� For instance it is natural to use sieves with good uniform
approximation properties in the case of maximum likelihood in order to warrant
positivity� Pure L��approximation is more suited for projection� For regression our
choice of bounded sieves derives naturally from the assumptions needed but it is clear
that the examples that we introduce for density estimation could also be used in the
regression framework with an additional restriction of uniform boundedness on the
family of sieves�

��� Nested families of sieves and analogues

By this we mean that the family of sieves is a totally ordered family of linear spaces
which implies that all numbers Dm are di�erent or that a similar situation holds� Dm

is an integer and the number of sieves with the same dimension Dm is rather small�
at least small enough to ensure that the series

P
m�Mn

exp��Dm� 
 ���

��



p

We shall here give a detailed account of the properties of projection estimators when s
belongs to some ellipsoid E�a� with unknown coe�cients as described in Section ������
The ellipsoids are given by some orthonormal system f��g��� of L��
� where ! �
�j�N!�j�� each !�j� being a �nite set� Furthermore

R
��d
 � � for all �� We recall

from Section ����� that for any non�increasing sequence a � fajgj�� converging to zero
E�a� is the set of functions of the form P

��� ���� such that
P

j��

P
����j�����aj�

� �
�� that !m � �mj��!�j�� Dm � j!mj and �provided that D� � n� Mn � fm �
N jDm � ng� We also assume that the "m�s are uniformly bounded by " and that
pen�m� � K�"

�Dm�n with K� 
 ��� Then Theorem � holds with d��s� Sm� � a�m��

leading to

E �ks� �sk�� � C�a�� inf
m�Mn

�
a�m�� �

Dm

n

�
�����

since at least ksk � a�� De�ning

m�n� � min

�
m 
 � j a�m�� �

Dm

n

�
�����

we see that if na�� 
 D� �which always holds for n large enough� and the ratios
Dm���Dm are uniformly bounded �which will be the case in all the applications
below� the following inequality holds for some constant K 
 ��

Dm�n� � Kna�m�n�� �����

Therefore the convergence rate in ����� is of the order of
q
Dm�n��n by Lemma 	 of

Section 
 below�

Let us try to see what would happen if the sequence �aj�j�� were known� This
would mean that our parameter space would be restricted to the set  E�a� � fu �
E�a� j �l� u 
 �g� The following proposition provides a lower bound for the minimax
risk over  E�a�� We shall then discuss on speci�c examples �Fourier� Haar and Sobolev
ellipsoids� how far it is from the upper bound ������

Proposition � Let assume that for all m 
 � there exists a subset Cm of the cube
f�����g�m with jCmj 
 �Dm�� and

sup
��Cm

k
X
���m

����k� � %m �����

and that %�
m�n� � n%� If " � supm��"m� any estimator &s satis�es

sup
s� 
E�a�

Es �ks� &sk�� 
 ���
� � na��

�"��n� �%
sup
m�N

�
Dm

n
� a�m

�
� ���	�

Moreover if one assumes that a�� 
 K��n we get

sup
s�
E�a�

Es �ks� &sk�� 
 C�"�%� K��

�
inf

m�Mn

�
a�m�� �

Dm

n

�
� �

�
� ���
�

��



� �� p y q � y �
the point of view of the metric dimension� than E�a�� there is no hope that our upper
bound ����� be optimal since in designing it we essentially pretended that the whole
of E�a� was the parameter space� The role of %m is to quantify this e�ect� If we take
Cm � f�����g�m� %m is bounded by rm

p
Dm�

Comments about the size of a�
 One should �rst observe that keeping a� bounded
allows to keep C�a�� in ����� under control since it is a nondecreasing function of a�
and therefore under the assumptions of Proposition � the bounds ����� and ���
� do
match� Then one notices that if na�� is too small one gets into trouble which is not
surprising since this means that the diameter of the ellipsoid� which is measured by a�
is essentially smaller than ��

p
n and that the simple estimator &s � � would perform

very well in this situation� This is then a completely degenerate problem where the
optimal rate of convergence for the quadratic risk is smaller than the parametric rate
��n� In order to avoid unnecessary complications in the treatment of the applications
below we shall assume from now on that n is large enough to ensure that na�� 
 D��

Straightforward applications
 We �rst present two examples for which %�
m�n��n is

easily seen to be bounded and subsequently the rate provided by ����� is optimal for
a �xed value of a�� We also assume that the ratios Dm���Dm are uniformly bounded�

� If  rm is bounded by R which is the case for the Haar ellipsoid �see Section �����
%�
m�n��n � RDm�n��n � RKa�� by ������

� Since "m is bounded by "� by ����� we can always take %m � "Dm� If moreover
E�a� is Hilbert�Schmidt� i�e� a is such that

P
j�� j!�j�ja�j � # 
 ��� then by

monotonicity Dma
�
m � # for any m� It follows from ����� that Dm�n� �

p
K#n

from which one derives that %�
m�n� � "�K#n�

Fourier ellipsoids
 When the ellipsoid is not Hilbert�Schmidt� the preceding argu�
ment breaks� We can still apply Proposition � with di�erent sets Cm� Recall that�
in the case of the Fourier basis de�ned in Section ������ Dm � ��m � ��� A clas�
sical result by Salem and Zygmund on random Fourier series �see Kahane ����	�
Theorem � p�
�� implies that there exists a subset Cm of f�����g�m of cardinal�
ity larger than �Dm�� such that ����� holds with %m �  %

p
Dm log�Dm�� If we as�

sume that aj
p
log�j � �� is bounded �which is clearly a much weaker condition thanP

a�j 
 ���� then Dm�n� log���m�n� � ����n is bounded via ����� and so is %�
m�n��n�

Therefore ���
� matches ������ Note that when aj converges to zero more slowly than
�log j����� the minimax risk� by the preceding arguments is anyway at least of order
�� logn which is dramatically slow� Similar lower bounds under the same restrictions
�supj a

�
j log�j��� 
 ��� were found by Efroimovich and Pinsker ������ ������ They

were actually able to compute not only a lower bound for the rate of convergence but
even the exact asymptotic value of the minmax risk for a given ellipsoid built on the
Fourier basis� for the problems of density estimation and spectral density estimation�

Sobolev ellipsoids on compact Riemannian manifolds
 We consider some com�
pact Riemannian manifold M with dimension q and uniform distribution 
 and recall
from Section ��� that f�j j j 
 �g is the set of eigenvalues of the Laplacian operator
on M and f�� j� � !�j�g the set of eigenvectors corresponding to �j � We shall say

��



P
j��

P
����j� ���� g p �� � y

coe�cients ������� satisfy� X
j��

X
����j�

��j �
�
� � H� 
 ���

Therefore estimating the function s of unknown smoothness �in the Sobolev sense�
amounts to estimating s � E�a�� where aj � H�

����
j for all j 
 �� with H and �

unknown� It follows from our computations in Section ��� that the corresponding
family f"mgm�Mn

is uniformly bounded by some constant "�M� and therefore that
Theorem � applies leading to the bound ����
�� In order to measure the e�ect of
H on the risk we need to derive from ����
� a sharper bound than ������ Choosing
pen�m� � K�Dm�n with K� 
 ��"��M� we get from Theorem �

E�k�s � sk�� � ��� inf
m�Mn

�
H����m�� �

K�Dm

n

�
� ����"

��M�
�� � ksk��

n
� �����

We wish to know under which conditions this upper bound matches the lower bound
���
� up to constants� In order to answer this question it is necessary to control ksk
when s belongs to the ellipsoid E�a�� Such a control is given in the following

Lemma � Let �l�s � �l�
P

j��

P
����j� ���� be a probability density on M such thatX

j��

X
����j�

��j �
�
� � H��

Then� there exists some constant C�M� �independent of � and H� such that

ksk� � C�M�
�
D� �H�q�����q�

�
�

Proof	 Since �� �
R
��l�s���d
 and �l�s is a probability density� Jensen�s inequality

implies that ��� �
R
��l� s���

�d
 and then by �����X
j�m

X
����j�

��� � k
X
j�m

X
����j�

��
�k� � "�

mDm � "��M�Dm �

Since we also know that
P

j�m

P
����j� �

�
� � H����m�� it follows that

ksk� � inf
m��

�
"��M�Dm �H����m��

�
�

De�ning m� � inffm � N jH����m�� � "��M�Dmg� we get ksk� � �"��M�Dm� � Then�
either m� � � and ksk� � �"��M�D� � or m

� � � which implies by ����� that

H����m� � "��M�Dm��� 
 "��M��C��M��C��M��
q��Dm� �

Using ����� again we get

Dm� �



H�

"��M�

�q�����q�

C��M�
�q��C��M�

q�������q�

and the conclusion follows�

The next proposition gives a precise evaluation of the quantity infm�Mn
fH����m���

Dm�ng which appears in both the upper and lower bounds of the risk� It allows to
conclude that if � � q�� and ������ below holds� these bounds coincide up to some
multiplicative constant depending only on the structure of the manifold M �

�	



p f � � �� �� �� ��

inf
m�Mn

�
H�

��m��

�
Dm

n

�
� �

�
D�

n
�



C��M� � �

C��M�

�q��

Hq

n�

�������q�
�

�����

and if H� � D��
�
� �n then

inf
m�Mn

�
H�

��m��

�
Dm

n

�





Hq

n�

�������q�
�

C��M�

C	��
� �M� � �

�q

� �����

Moreover if we assume that � � q�� and that

D��
�
� � �

n
� H� �

�

C��M�

C��M�

�����q���

n���q
�
� n����q����q� � n� ������

the following inequalities hold for suitable constants C�M� and C��M� depending only
on the structure of M 	

inf
�s

sup
s� 
E�a�

Es �ks� &sk�� 
 C�M�



Hq

n�

�������q�

������

for the lower bound on the minimax risk and for our penalized projection estimator �s

sup
s�
E�a�

E�k�s � sk�� � C��M�



Hq

n�

�������q�

� ������

Proof	 Let us �rst observe that it follows from Lemma 	 of Section 
 that

I � inf
m�Mn

�
H�

��m��

�
Dm

n

�

 sup

m��

�
Dm

n
� H�

��m

�
�
Dm�n�

n
� H�

��m�n�

������

and
I � �Dm�n��n provided that Dm�n� � n ������

where m�n� de�ned in ����� is given by

m�n� � inffm � N � H����m�� � Dm�ng� ����	�

Assuming �rst that m�n� 
 � and noticing that ����� implies that

�m�� � �m
C��M�

C��M�
and Dm 
 Dm��



C��M�

C��M�

�q��

�

we derive from ����	� that



C��M�

C��M�

�q��
Dm�n�

n
� H����m�n� �



C��M�

C��M�

��
Dm�n�

n
� ����
�

Combining this with ����� we get

nH�



C��M�

C�
��M�

��

� D
����q��q
m�n� � nH�C

�����q���
� �M�Cq��

� �M��
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�q

and
�
C
q��
� �M�

�q�����q� � C
q��
� �M�

which implies that

 
nH�

!q�����q� 
C��M�

C�
��M�

�q��

� Dm�n� �
 
nH�

!q�����q� 
C��M�

C��M�

�q��

� ������

By ����
� and ������ the lower bound in ������ becomes

I 
 Dm�n�

n



C��M�

C��M�

�q��
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�������q�
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C��M�

C
	��
� �M�
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If H� � D��
�
� �n which ensures that m�n� 
 � we get the lower bound ������

Turning our attention to ������ we see that it follows from ������ if m�n� � �� When
m�n� 
 � we derive from ������ that Dm�n� � n and therefore m�n� � Mn as soon as
H � �C��M��C��M��

����q���n��q and ����� then follows from ������ and �������

We can now turn to a precise evaluation of the risk� Combining Lemma �� �����
and ������ we see from ����� that the upper bound ������ holds for the risk of our
estimator� On the other hand it follows from ����� that

sup
��Cm

k
X
���m

����k�� � "��M�D�
m

and we can choose %m�n� � "��M�D�
m�n� � Consequently from ������ and ������

%m�n��n is bounded by a constant C���M�� Then ���
� combined with ����� imply
the lower bound �������

Proof of Proposition �	 For each m � N such that Dm 
 
 let us de�ne

Em �

�
�p
N

X
���m

���� j � � Cm
�

with N � 	��n � �%�
m �Dma

��
m �

Since N��Dm � a�m� Em � E�a�� Moreover %m � p
N�� and all elements u of Em

therefore satisfy
�

�
� �l� u � �

�
������

which a fortiori implies that Em �  E�a�� It also follows from ������ that any pair
�u� v� of elements of Em satis�es

h���l� u� �l� v� � �

�
ku� vk� � Dm

N

where h denotes the Hellinger distance and therefore the Kullback�Leibler information
numbers between the probabilities corresponding to the elements of Em are uniformly
bounded �see inequality �
��� of Birg�e and Massart �����a�� by ����Dm�N � A classical
combinatorial argument that we shall prove later for the sake of completeness �see

��



� m m y g
����� exp�Dm��� such that

ku� vk� 
 �

�
��

r
�

�

�
Dm

N
� ��
�

Dm

N
for all u� v � E �m� ������

An application of Fano�s Lemma �see Birg�e ����
� page ���� shows that any estimator
&um with values in E �m satis�es supu�E�m Pu�&um �� u� 
 ��� provided that

����
nDm

N
� log � � �

�
log



�

�
exp



Dm

�

�
� �

�

which is true since Dm 
 
 and N 
 	��n� Since

sup
u�E�m

Eu

"ku� &umk�
# 
 sup

u�E�m

Pu�&um �� u� inf
u�v�E�m

ku� vk�

one concludes with ������ that

sup
u�E�m

Eu

"ku� &umk�
# 
 ��
�

�

Dm

N
�

Dm

��N
�

If Dm � 	 we simply choose E �m � f����
p
N����

p
Ng for some � � !� with N �

�
�n� ��"��a��� � Since ��
p
N � a�� "

p
D��

p
N � ��� �recalling that D� � 	� and

k��k� � "
p
D�� E �m �  E�a� with ��� � �l� ���

p
N � ���� It follows that

����N� � h���l� ���
p
N� �l� ���

p
N� � ��N

and Lemma � implies that

sup
u�E�m

Eu

"ku� &umk�
# 
 �

�N

�
��

r
�n

N

�
�

Dm

��N

since Dm � 	� If &u is an arbitrary estimator and &um its projection on E �m one gets

sup
u�E�m

Eu

"ku� &uk�# 
 �

�
sup
u�E�m

Eu

"ku� &umk�
#

from which one derives in both cases �Dm 
 
 or Dm 
 
� from the values of N that

sup
u�
E�a�

Eu

"ku� &uk�# 
 Dm

��
�	�n� ��%�
m � �
�"� � ��a��� � ��Dma��m �

�

Choosing m � m�n�� ���	� follows from Lemma 	� ���
� also follows from Lemma 	
provided that Dm�n� � n which implies that m�n� � Mn� The only delicate situation
occurs when Dm�n� � n� If Dm�n��� � n then a�m � � and the lower bound given by
���	� is a constant otherwise m�n�� � �Mn and

inf
m�Mn

�
a�m�� �

Dm

n

�
� �a�m�n��

Therefore ���
� holds in both cases�

��



y

Let � be a modulus of continuity i�e� is a subadditive continuous nondecreasing and
nonnegative function de�ned on ��� �� with ���� � � �see DeVore and Lorentz ������
page �� for details�� Let F� denote the set of functions s � S such that

js�x�� s�y�j � ��jx� yj� for all x� y � ��� ���

We assume that the true density s� is such that s belongs to F� for some unknown
�� We want to show here that� using a penalized maximum likelihood procedure over
the family of regular histograms� it is possible to estimate s without knowing � as
well �up to multiplicative constants� as if � were known�

Let us chooseMn � f�� � � � � ng and de�ne Sm to be the set of regular non�negative
histograms with m pieces and L��
��norm equal to one so that an element of Sm may
be written as

mX
j��

bj�l
�j����m�j�m� with bj 
 � for � � j � m and
mX
j��

b�j � m�

We want to apply Theorem �� The family of sieves Sm� m 
 � satis�es ������ with
Lm � � and  rm � �� It remains to control the bias term K�s� Sm� � �� Let s�m be
de�ned as follows�

s�m �
mX
j��

bj�l
�j����m�j�m� with bj � sup
�j����m�x
j�m

s�x��

Then s�m 
 s and using the fact that � is nondecreasing one can check that d�s� s�m� �
����m�� It therefore comes from Proposition � and Theorem � that if pen�m� �
K�Dm�n with K� 
 �� � log �����

E�d��s� �s�� � ��� inf
m�Mn

�
���



�

m

�
�K�

m

n

�

where �s denotes the penalized maximum likelihood estimator and one can conclude
that

E�d��s� �s�� � � �
�
K�

� inf
m�Mn

�
��



�

m

�
�
m

n

��
������

since d��s� �s� is always bounded by ��
Let us now �nd a lower bound for the minimax risk over F�� The proof will follow

the lines of Birg�e ������ pp� ������� with the necessary modi�cations due to the fact
that we work with square�roots of densities rather than densities�

Proposition � The maximal risk of any estimator &s is bounded from below by

sup
s�F�

Es

"
d��s� &s�

# 
 ���n�
������

� � n�������

�
inf

m�Mn

�
��



�

m

�
�
m

n

�
� �

�
� ������

Proof	 Let m be a positive integer such that ������m�� � �� � � ����m� and v be
the triangular function on ��� ��� given by v��� � v���� � � and v��� � �������� We
shall de�ne by v� and v� respectively the functions given by

v��x� � �v�x��l
������x�� v�x� ����l
�������x��

v��x� � �v�x��l
������x� � �v�x� ����l
�������x��

��



� � � � � y

�� � ���

Z �

�
v��x�dx � ���� ��

Z �

�
v�x�dx�

Then �l� v� and �l� v� are nonnegative functions �since v��� � �� of norm �� For any
� � f�� �gm the function s� de�ned by

s��x� � � �
m��X
j��

��j��v��x� �j�� � ��� �j���v��x� �j���

is an element of F� because of our choice of v� If all coordinates of � and �� match
except for one� a straightforward calculation yields

d��s�� s��� � ��� � ���
Z ��

�
v��x�dx � ���������� ������

It follows from Assouad�s Lemma �see Birg�e ����
� p����� that for any estimator &s
based on n i�i�d� observations

sup
��f���gm

Es�

"
d��s�� &s�
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 �

�
�

h
��p

�n�
i

with � �
���������� ���
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Let us choose m � m�n� with

m�n� � min

�
m 
 �

������



�

�m

�
� �



m

n
� �

��
�

Then �������m�� � � as required and since � � ����� �� then ������������ � � �
����n� and therefore one derives from ������

sup
s�F�

Es

"
d��s� &s�

# 
 �

���
��
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�m�n�
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��
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���

�
�

In order to derive ������ it is enough to bound the ratio

�

��



�

m�

�
�
m�

n

�
� �

�
� ��



�

�m�n�

�

for a suitable m� � Mn� If m�n� � � taking m� � � gives ������� Otherwise if
�������n�� � �� m�n� � n and m�n� � Mn� If m�n� 
 � we choose m� � m�n�� It
then follows from the de�nition of m�n� � m� that

��



�

�m� � �

�
�

�m� � �

n

 m�

n

and from the subadditivity and monotonicity of � �see �
�	� page �� of DeVore and
Lorentz ������� that

�
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�m�n�

�

 �

�
�



�

m�

�

 �

�
�



�

�m� � �

�

which together imply ������ again� Finally if m�n� 
 n�� the same argument shows
that �������m�n�� � � which concludes the proof�

Remarks	

��



p g � � pp � �
match except when n������� is too small which means that the whole of F�

is so close to the function � that a good procedure would be to ignore the
observations and choose &s � � as the estimator� This would result in a minimax
risk of order ������� smaller than ��n� With the number of observations at
hand� the parameter space F� essentially behaves like a single point and the
estimation problem is not really meaningful� Nevertheless it would be easy to
check that a suitable modi�cation of our estimator would solve the problem�
just add the additional sieve S� � f�lg with the penalty pen��� � ��

� One should keep in mind that although our computations were performed for
s � F�� the upper bounds results would make sense for any s and in particular
if for some m� s � Sm� the rate of convergence of our estimator will be the
parametric one� i�e� ��n� since then K�s� Sm� � ��

� In the H�olderian case considered in Section ����� the modulus of continuity is
given by ��x� � Hx� resulting in the optimal rate �H�n�����������

� One usually works with smoothness conditions on the densities themselves
rather than the square roots of the densities� For instance� if the densities
satisfy a H�older condition of the type

jf�x�� f�y�j � H jx� yj�� for all x� y � ��� ��� ������

the resulting optimal rate of convergence when the loss is the square of the
Hellinger distance will be n���������� provided that the family of densities that
we consider is uniformly bounded away from zero� as proved in Birg�e ����
��
But under such a restriction� the modulus of continuity of

p
f has the same

form ������ with a di�erent value of H � and the rate n���������� also derives
from our results� On the other hand� let us assume that H is large enough to
allow f to be zero on some interval� Then the modulus of continuity of

p
f still

takes the form ������ with � replaced by ��� and H by
p
H� The resulting

rate is therefore n�������� which is the optimal one in this situation as shown in
Birg�e ����
�� If one uses Hellinger distance �which is the L��distance between
the square roots of the densities� as the loss function� it is absolutely natural to
put the smoothness restrictions on the set of square roots of densities since one
knows that the optimal rate of convergence will be determined by the entropy
properties of this set with respect to the L��distance�

����� H
olderian densities with unknown anisotropic smoothness

For the sake of simplicity we only considered in the preceding section the classes F�

but one could show� with some additional e�orts� that a similar result holds if one
replaces them by the more general classes�

Fa�� � fs � S j js�a��x�� s�a��y�j � ��jx� yj�g

with a � N� a � a� and � as before� Our penalized maximum likelihood estimator
reaches again the optimal rate of convergence over the whole family if one replaces

��



g y p p y g � p g
guments�

We again consider the problem of estimating an unknown element s � S by a penal�
ized maximum likelihood estimator method and we want to address the multidimen�
sional case and show that a prior upper bound on the smoothness of s is unnecessary
although such a restriction is usually assumed in similar works �see Lepskii �������
Donoho� Johnstone� Kerkyacharian and Picard ����� and ���	� or Goldenshluger and
Nemirovski �������� For the sake of simplicity we shall only consider densities with
respect to Lebesgue measure 
 on ��� ��q and H�olderian moduli of continuity� For any
� � ���� � � � � �q� and H � �H�� � � � � Hq� belonging to Rq with positive coordinates we
de�ne F���H� to be the subset of those s � S such that the univariate functions
y �� s�x�� � � � � xi��� y� xi��� � � � � xq� belong to H�Hi� �i� for all x and i where H�H���
has been de�ned by �������

Following the notations of Section ��� a space of piecewise polynomials is char�
acterized by its maximal degree r and a partition of ��� ��q� Let R�N� denote
the regular partition of ��� �� with N pieces� We de�ne Mn as the set of all
m � �r�R�N��� � � � �R�Nq�� with r � N� N � �N�� � � � � Nq� � �N� f�g�q such that
the dimension Dm � �r � ��q

Qq
i��Ni of the corresponding space  Sm of piecewise

polynomials is bounded by n� Then Sm �  Sm � S�
Proposition � Let �s be the penalized maximum likelihood estimator de�ned by a
penalty function pen�m� � K��� � log�� � ��r � ��q��Dm�n with K� 
 ��� Given
F���H� let us de�ne � and H by

q

�
�

qX
i��

�

�i
and H �

�
qY
i��

H���i
i

���q

and assume that for any i
n�H���q

i 
 Hq� ������

Then there exists a constant C�q� supi �i� such that for all s � F���H�

E
"
d��s� �s�

# � C�q� sup
i
�i�



Hq

n�

�������q�

�

Proof	 We want to apply Theorem � to our model� Clearly ������ is satis�ed with
Lm � � and

# �
X
r�N

exp

�
�

qY
i��

��r� ��Ni�

�

 ��

since
Qq

i����r���Ni� 
 r��
Pq

i��Ni��q� It also follows from ����� that  rm � ��r���q

which justi�es our choice for pen�m��
In order to bound K�s� Sm� we shall provide a control of the L��distance between

s and  Sm and apply ������� Let us begin with a bound on the uniform approximation
on a �xed hyperrectangle

Qq
i���yi� yi� �i� of a function f � F���H� by a polynomial

of degree � r � sup��i�q�ai� where ai is the largest integer smaller than �i� It follows
from Dahmen� DeVore and Scherer ������ Corollary ��� and Schumaker ������ �see
inequality ����
�� p�	��� that there exists a polynomial P with degree � r such that

kf � Pk� � C��q� r�
qX
i��

�aii �i��i�

��



�q� � p f yp g

�i��i� � sup
x

sup
jhij��i

���� �ai�xaii
f�x�� � � � � xi � hi� � � � � xq�� �ai

�xaii
f�x�� � � � � xi� � � � � xq�

���� �
This implies from the de�nition of F���H� that

kf � Pk� � C��q� r�
qX
i��

Hi�
�i
i � ����	�

Let us de�ne

� �



Hq

n�

�������q�

� �i �



�

Hi

����i

and Ni to be the integer such that ���i � Ni 
 ���i � �� It follows from ������ that
Ni � ���i� Let m � �r�R�N��� � � � �R�Nq�� and  Sm be the corresponding space of
piecewise polynomials� ����	� implies that there exists an element  sm �  Sm such that

ks �  smk� � C��q� r�
qX
i��

Hi�
�i
i � qC��q� r���

Therefore Theorem � and ������ imply �since Ni � ���i� that

E
"
d��s� �s�

# � ���

�
K� �� � log �� � ��r � ��q��

�r� ��q

n

qY
i��

�

�i
� ��q�C���q� r���

�

and the conclusion follows from our choice of the �i�s and ��

It follows from Ibragimov and Khas�minskii ������ or Birg�e ����
� that the rate
n��������q� is the optimal rate of convergence for functions of anisotropic smoothness�

Remark	 One should notice that our result holds without any restriction on �� Even
in the one�dimensional case with � � �� the assumptions to be found in most papers
dealing with adaptation are usually more restrictive� of the type � � ��� or � �
��� Apart from the special situation of Fourier expansions in the white noise model
�Efroimovich and Pinsker �������� we do not know of any other result of this type
valid for any value of ��

����� Estimation of the support of a distribution

We observe n i�i�d� random variables Z�� � � � � Zn of unknown distribution 
 which is
absolutely continuous with respect to the uniform distribution on the unit disk D of
R
� with a density bounded by some known constant % and we want to estimate the

indicator function s of the support 's of 
� Some results in this direction� but from
a non�adaptive point of view� can be found in Korostelev and Tsybakov �����a�� We
de�ne Sn as the set of indicator functions of measurable sets in the unit disk D and
the contrast function by ��z� t� � �t�z�� It satis�es

E����� t�� ���� s�� � kt� sk� � kt� sk�� ����
�

In order to de�ne our sieves we restrict ourselves to starshaped subsets of the disk with
a boundary parametrized in polar coordinates� More precisely� given a function g from

��



g� � � g� �� g�� �� � �� f	 �g�
�g��� ��
The reader should notice here that we introduce an unusual parametrization of the
boundary of the form �� � &g���� We de�ne 
� to be the uniform distribution on T�
Since the density of 
 is bounded by %� one can easily check that

k�g� � �g�k� �
%

�
k&g� � &g�k� � %

�
kg� � g�k�� ������

Let Gn be the set of measurable functions g fromTto R� Then � maps Gn into Sn� Let
 Gm be a linear subspace with dimension Dm of L��
�� and Gm � fg �  Gm j kgk� � �g�
Sm is de�ned as the image of Gm � Gn by the mapping �� Then the following theorem
to be proved in Section 	 holds

Theorem � Let fLmgm�Mn
be a family of weights satisfying Assumption S� Assume

that for each m � Mn one can �nd a constant B��
m 
 � and a linear basis �������m

of  Gm with k��k� � � for all � andX
���m

j��j � B��
mk

X
���m

����k� for all ���� � R�m� ������

Let �� be a suitable positive numerical constant�

pen�m� 
 ���Lm � log�� � nB��
m%�Dm��Dm�n

and �s be the penalized minimum contrast estimator which is a minimizer with respect
to m � Mn and t � Sm of pen�m�� n��

Pn
i�� t�Xi�� If 's is starshaped with s � �f

and � � f � � then

E�d��s� �s�� � ��� inf
m�Mn

�%d��f�Gm� � pen�m��

where d� denotes the L
��
�� distance�

Remark	 Assuming without loss of generality that � � Gm� we see that d��f�Gm� �
kfk� � � which shows that Gm � fg j kgk� � �g is a natural restriction�

A natural basis to be considered in this framework is the Fourier basis �cor�
rectly normalized in order to have k��k� � �� de�ned by �� � �l� ��j���x� �
����� cos�jx�� ��j�x� � ����� sin�jx� for j 
 �� De�ning !��� � f�g� !�j� �
f�j � �� �jg for j 
 � and !m �

Pm
j��!�j� we choose  Gm to be the linear span

of f��g���m and Gm � fg �  Gm j kgk� � �g� Then Dm � �m � � and we take
Lm � �� We can check ������ exactly as we did for ������� now using inequality ����	�
p���� of De Vore and Lorentz ������� We getX

���m

j��j � Dmk
X
���m

����k�

and therefore ������ is satis�ed with B��
m � Dm� This leads to the choice pen�m� �

K��� � log�� � n%����m � ���n with K� 
 ��� If g belongs to some Besov space
B����� �see the precise de�nition in Lemma �� below� of functions on T� it follows
from Lemma �� that d��f�Gm� � C�f�m�� and therefore m � �n� logn�������� gives
a rate of convergence of order �logn�n��������� By standard perturbation arguments

��



yp p p
minimax sense up to the logn factor when � is known�

Remark	 We considered here the Fourier basis for the sake of simplicity but one could
use periodic wavelets as well �periodic wavelets are de�ned for instance in Daubechies
������ Section ����� Such a localized basis would lead to a bounded family fB��

mgm�Mn
�

��� �Rich� families of sieves

By this we mean families for which the number of models of a given dimension D is
so large that the summability condition S requires unbounded values of Lm� These
families are much bigger than the preceding ones but we shall see from the examples
that a modest increase of Lm can provide much better approximation properties� A
typical example is given by histograms with arbitrary binwidths compared to the his�
tograms with equal binwidths considered above� The price to pay for this potentially
better adequation of some of our models to the true value of s is to be found in the
requirement that the series

P
m�Mn

exp��LmDm� should converge� This is not possi�
ble anymore if the Lm�s are bounded and we shall have to take some of the Lm�s of
order logn which will result in the presence of an extra log n factor in the quadratic
risk�

����� Histograms with variable binwidths and spatial adaptation

Let�s go back to maximum likelihood estimation with n i�i�d� observations from an
unknown density s� on ��� ��� We choose for our family Sm� m � Mn of approximating
spaces the very rich family described in Section ����� with Mn � Rn � ��N��Gn�N��
It has been mentioned already that the corresponding penalized maximum likelihood
estimator had the right rate of convergence if the true s was ��H�olderian with index
� � ��� ��� Let us now assume that s has a bounded ��variation with � 
 � � � which
means that

sup
k��

sup
x������xk

kX
j��

js�xj���� s�xj�j��� � J��s� 
 �� ������

where the supremum is taken over all increasing sequence x� � � � � � xk of points in
��� ��� It follows from Lemma �� and Proposition � that if N 
 � and � � L � N
there exists some m � Gn�N such that Dm � ��N�L���������� � and

K�s� Sm� � � � �J��
� �s�



L

N

������������

�

Since one can only assume that Lm � � � � log�N�Dm� � � � � logN and  rm �p
N�Dm� Theorem � implies that if pen�m� is chosen as in ����	��

E�d��s� �s�� �

K�
�

�
inf
N��

inf
��L�N

�
J��
� �s�



L

N

����������

�
logN

n



N

L

���������
�
� �

�
� ������

Assuming that J��
� �s� 
 ��n we evaluate the bound at N � �nJ��

� �s��� Then L �
J���� �s�N logN�n satis�es � � L � N since N 
 � and we get from ������ a risk

�	





J��s� logn

n

����������

� �� ������

Remarks

� One should always keep in mind that whatever the true function s the right�
hand side of ������ provides the best compromise� among all the histograms at
hand� between K�s� Sm� and Dm�logn��n even when s does not belong to the
particular smoothness classes considered above� But unless one makes precise
assumptions on s it is not possible to compute the resulting rate of convergence�

� In order to get better approximation properties for smoother densities� one could
replace histograms by piecewise polynomials of degree � r� This is possible and
would lead to various rates of convergence for various smoothness classes �not
necessarily homogeneous� at the price of many technicalities and for the sake
of simplicity we shall not insist on this here�

����� Neural nets and related nonlinear models

We assume now the situation described in Section ������ Risk bounds for mini�
mum penalized contrast estimators are stated for the models derived from  Sm �
fPD�

j�� �j�wj
�x�g where

PD�

j�� j�jj � R� jwjj� � H � and the index m � �D�� H�R� is
taken as a triplet of positive integers�

In keeping with the general framework of Section ���� we consider the case of
penalized likelihood density estimation with densities of the form t��x� for t in Sm�
Here the densities are taken with respect to a given probability measure 
 on ���� ��q
and s� is the true probability density� The set Sm is taken to be those functions in
 Sm� the positive part of which has a norm at least ���� clipped from below to be not
smaller than ��n� with each divided by its norm in L��
�� We also consider the case
of penalized least squares regression with data of the form Yi � s�Xi� � Wi where
the Wi�s are i�i�d� centered errors and with target function s bounded by a known
constant �� We take advantage of this knowledge by taking the least squares estimates
in Sm� where Sm consists of the functions in  Sm� clipped to the range ���� ��� Such
clipping is done to satisfy a boundedness condition without adversely a�ecting the
approximation and metric entropy properties of the models�

In addition to the Lipschitz condition ����� we require that j�w�x�j � � � jwj� for
x in ���� ��q� This condition is veri�ed in the examples by noting either that �w is
bounded by one �which handles most of the cases of interest� or that in some cases
�� is identically � so that then j�w�x�j � jwj� by the Lipschitz condition�

Theorem � Let f�w � w � Rq�g be a parameterized family of functions that satis�es
the Lipschitz condition k�w � �w�k� � jw�w�j� and suppose that k�wk� � �� jwj��

� For maximum likelihood density estimation we de�ne

Sm �

�
t � n��
kt � n��k

���� t �  Sm and kt � �k 
 �

�

�

and take

pen�m� 
 ��
D�q�

n

�
� � log
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� �

n

D�q�

���
������

�




� �
respect to positive integers D�� H� and R which satisfy D��q���� � n and t � Sm
of ����n�Pn

i�� log�t�Xi�� � pen�m�� then

E�d��s� �s�� � ���

�
inf

D��H�R
fK�s� Sm� � pen�m�g � �

�
������

� ���� inf
D��H�R

f�d��s�  Sm�� n����� � log�nksk��� � pen�m�g� ������

� For the regression case Yi � s�Xi��Wi we assume that s is bounded by a known
constant � and that E�ejW� j��

�

� � �� We de�ne Sm � f�t� ������� j t �  Smg and
choose

pen�m� 
 ���� � ����
D�q�

n

�
� � log
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���
����	�

where �� is a suitable numerical constant� We take �s to be a minimizer with
respect to positive integersD�� H� and R and t � Sm of ���n�

Pn
i���Yi�t�Xi����

pen�m�� then

E�d��s� �s�� � ��� inf
D��H�R

fd��s�  Sm� � pen�m�g�

Statistical rate bounds using multivariate nonlinear additive ridge models

We now restrict to the case where the function �w is a ridge function on Rq � �w�x� �
��aTx � b� where w � �a� b� with a � R

q and b � R� We �rst state bounds on
nonlinear approximation and estimation using linear combinations of functions of
ridge type using Fourier conditions on the target function �building on the work of
Jones ������� Barron ������� Breiman ������� Hornik et al� ������ and Yukich et al�
����	��� The proof will be given in Section 
�

Proposition � Let s�x� be a real
valued function on ���� ��q with a Fourier repre

sentation

s�x� �
Z

expfiaTxg &F �da�

with respect to a complex
valued measure &F for frequency vectors a in Rq� For any � 

�� we denote by cs�� �

R jaj��F �da� the �
absolute moment of the Fourier magnitude
distribution F � j &F j� We assume that for certain � � �� cs�� � cs�� is �nite and that
� and the ridge function � satisfy the following constraints	

� Trigonometric approximation	 ��x� � cosx and � � ��

� Sigmoidal approximation	 ��x�� �� and approaches its limits at least polyno

mially fast as x� �� and � � ��

� Wavelet ridge approximation	 ��x� is a bounded function with compact support
and � � ��

� Hinged hyperplanes	 ��x� � x � � and � � ��

Then in each case� provided that m is such that R 
 R�s� and H 
 H�

d�s�  Sm� � cs���H �R�s��
p
D� ����
�

where �H does not depend on s and decreases at least polynomially fast with respect
to H as H goes to in�nity�

��
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Proposition 
 and bounded by � so that we can combine the conclusions of Theorem 

with a value of pen�m� of the order of the lower bound given by ������ or ����	�
and Proposition 
� Let �s be the minimum penalized contrast estimator� taking the
minimum overD��H � and R as in Theorem 
� To bound the accuracy index� under the
conditions of Proposition 
� note that when H is a convenient power of D�� d�s�  Sm�
is of order ��

p
D�� Then optimizing over D�� we conclude that the risk E�d��s� �s�� is

of order logn�
p
n or

p
logn�n in each of the two cases respectively�

Though we are building on previous approximation results� as far as we are aware
these are the �rst statistical rate bounds of this sort stated for the trigonometric�
ridge wavelet� and hinged hyperplane cases� Comparable rate results for the neural
network regression case are in Barron ������ �under the more stringent assumption
that the response Y is bounded and that optimization is taken over a discretized grid
of parameter values��

The regularity conditions on s needed for the approximation controls are given
in terms of integrability conditions on its Fourier transform� Since larger values of
� correspond to more stringent conditions� the assumptions above are more general
for the trigonometric model than for the others� which is natural given that the
conditions are imposed on the Fourier spectrum� The point in considering the other
models is to give some risk bounds for these popular models under reasonably well
understood conditions� We note that for the classes of functions considered here� the
approximation and estimation rates as exponents of ��D� and ��n are independent
of the dimension q� The principle dependence on the dimension is indirectly through
the spectral norms cs��� Conditions under which these norm are not excessively large
are discussed in Barron �������

The key to achieving these advantageous rates for these functions is the adaptation
of the nonlinear parameters wj to �t the target� In contrast linear approximation
would be forced to specify a �xed basis without adaptation to the target function�
Indeed� it is also shown in Barron ������ that for the class of functions with a bound
on cs�� � js���j� the best L��approximation by a �xed D term basis is not uniformly
smaller than order ���D���q� Thus� without adaptation� we approximate functions
in this class no better than for the much larger class with a bound on the gradient�
Whereas� with adaptation� we approximate functions in this class at rate

p
��D�

comparable to the approximation rate of the much smaller subclass of functions that
have bounds on all derivatives up to a certain high order�

����� Model selection with a bounded basis

We want to do density estimation using projection estimation as described in Sec�
tion ����� and assuming that the basis f�� j� �  !ng is a �nite subset of cardinality nl

�l being some �xed positive integer� of the Fourier basis on the torus Twith uniform
distribution 
� With such a basis �which is bonded by

p
��� assuming that we have

a precise idea of an upper bound "� for �l � s� we can apply Theorem � �with the
Assumptions LBB� to be stated below� We shall look for a representation of s with
a small number of parameters �compared to the number of observations�� This looks
rather attractive if one thinks of the Model Selection point of view� Let us therefore
de�ne our family fSmgm�Mn

as follows� Assuming that n 
 � we de�ne Mn to be the

��
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Kn is the smallest integer 
 p
n�logn���� The reason for bounding the cardinality

of m in such a way is that Theorem � involves in this case a summability condition
of the type

P
m�Mn

exp��C�LmDm �pn�� which is more restrictive than S� We take

!m � m and Lm � l log n"���� Since

�
nl

i

�
� nli�i( we can bound the �rst term of

�	���� below by
KnX
i��

�
nl

i

�
exp��li logn� �

�X
i��

�

i(
�

and the second term by

KnX
i��

�
nl

i

�
exp

�
��

p
n

�

�
� enlKn exp

�
��

p
n

�

�

which is bounded from our choice of Kn� With the choice pen�m� � K�LmDm�n
for a large enough constant K�� our penalized projection estimator provides �up to a
log n factor due to our choice of Lm� a risk which realizes the best trade�o� between
bias and variance among our family of sieves� Moreover it has the simple expressionP

����
����� where �! is the set of indices corresponding to the at most Kn largest

empirical coe�cients ��� which are also larger than some threshold C�logn�n�����
This type of procedure could be useful to estimate a density which is known to have
a small number of non�zero Fourier coe�cients� It leads �up to a logn factor� to the
right rate of estimation although one ignores what are the coe�cients to be estimated�
A much more detailed treatment of selection of subsets of a basis and its relationship
to threshold estimators is to be found in Birg�e and Massart �����b��

� Adaptation versus Model Selection

Although this terminology is widely used� we do not know of any general de�nition of
adaptation� Usually one has to deal with a problem involving an unknown parameter
� �an index of regularity for instance� and a family of estimators �sm depending on
a tuning parameter m �kernel density estimators with bandwidth m for instance�
which should ideally be chosen as m�n� �� when � obtains� Since the true value of � is
unknown� one tries to �nd an estimator �m of m�n� �� based on the observations such
that estimation based on �m will be as good or almost as good as estimation based on
the knowledge of the true m�n� ��� This is the general situation for cross�validation
in kernel estimation when one wants to adjust the bandwidth�

To be more formal� let us say that one approach to adaptation would be as follows�
We observe X �n� � the distribution of which depends on an unknown function s� We
have here in mind examples such as X �n� � �X�� � � � � Xn� is a sample of the density s
�or s�� or X �n� � fXt�ng��t�� is given by the white noise model

dXt�n � s�t� dt�
�

n
dWt

among other models �regression function� spectral density estimation�� � ��� Given a
loss function � and an estimator �sn�X

�n�� depending on the observation� the risk

��



n� n� � p p
Rn�S� over Sare respectively de�ned by

Rn��sn�S� � sup
u�S

Eu ���u� �sn�� and Rn�S� � inf
�sn
Rn��sn�S��

Let us now assume that we are given a family fS�g��� of parameter spaces� One shall
speak of adaptation if there exists some sequence &sn of estimators independent of �
such that the ratios

Rn�&sn�S��

Rn�S��
� Cn���

are bounded independently of n by C���� One could as well require stronger properties
of the sequence &sn such as C��� being independent of � or limn	�� Cn��� � � �see
for instance among others Efroimovitch ����	�� Efroimovich and Pinsker ������ and
����
�� Golubev ������� Polyak and Tsybakov ������ or Lepskii �������� One could
also weaken this condition to approximate adaptation when Cn��� is a slowly varying
function� See for instance� Lepskii ������� Donoho� Johnstone� Kerkyacharian and
Picard ����	�� Goldenshluger and Nemirovski ������ and the references therein� This
means that� in a more or less strong sense� one can do as well not knowing to which
S� s belongs that knowing it� A very classical example could be the following � S� is
the set of all densities f on ��� �� �with respect to Lebesgue measure� which satisfy a
Lipschitz condition �

jf�x�� f�y�j � H jx� yj�� forall x� y � ��� ��

and � � �H���� H � �� � 
 � � �� One wants to estimate f using a kernel estimator
of a given form but with bandwidth m to be chosen from the data�

One can also describe the preceding situation in a slightly di�erent but equivalent
way� One assumes that the true parameter s �density for instance� belongs to some
non compact parameter space Son which the minimax risk is irrelevant �because it
is too large or even in�nite� but Scan be viewed as a union of smaller compact sets
S� for which the minimax risk can be controlled� One will look for estimators &sn such
that Es ���&sn� s�� � C���Rn�S�� whenever s belongs to S�� This presentation clearly
leads to various questions�

) What happens if the true s does not belong to S� ����S�*
) How should one choose the family fS�g if only Sis given �think of S� C���� ����*

Clearly there is not only one choice�
) What type of property is required on the family fS�g��� in order to get adap�

tation* Not all families will do as shown by the following example� the observations
X�� � � � � Xn are i�i�d� with unknown density s belonging to S� C���� ��� and S� is
any regular �in the usual sense� parametric submodel with parameter space ��� �� and
Fisher information bounded away from zero� If the loss function is the square of the
Hellinger distance between densities� the minimax risk over S� will be of order ��n�
The set of S��s� which is the set of all such parametric submodels� will cover Sand
there is clearly no hope to get an adaptive estimator in such a situation since the
family fS�g��� is obviously too large�

A natural approach to solve the problem of adaptation is to consider a family of es�
timators f�sn�mgm�Mn

� �sn�m�n��� being tuned for estimation in S�� One then introduces
a data�driven choice �m of m in order to get the �nal estimator �sn� �m� For instance one

��



q n�m

Sm using the method described in Birg�e and Massart �����a�� This means that one
chooses a convenient contrast function and for each � an approximating space Sn��
�the sieve�� Setting fSmgm�Mn

� fSn��g��� we assume that the tuning m � m�n� ��
implies that the minimum contrast estimator on Sm which is de�ned by performing
the minimization� over the space Sn��� of the empirical expectation of the contrast
function achieves approximately �up to constants� � �� the minimax risk on S�� The
main problem is then again to de�ne �m�

One should also keep in mind that� since the 
true� parameter value s is de�nitely
unknown� there is no reason that any of the 
potentially true� models S� should be
more accurate that the best approximating one in the family fSn��g���� Moreover�
due to the classical trade�o� between the bias and the random component of the
error� it is often true that better performance is obtained using a smaller set S� as
the parameter set for the estimation procedure rather than the true one� S��� which
contains s but is much too big� Therefore� our approach is simply to forget about the
true parameter space Sand the 
potentially true� models S�� but rather start with a
nice family fSmgm�Mn

of approximate models� We do not postulate that the true s
belongs to any of them� not even that they are good approximations to the truth� We
can only hope that this will be the case� just as we would hope in a Bayesian setting
that our chosen prior will be a good prior� Assuming that our approximating spaces
Sm are �nite�dimensional with respective dimensions Dm and that we use a quadratic
loss based on some convenient distance d� the minimax risk Rn�Sm� is usually of order
Dm�n �this can be checked in many speci�c situations going from the classical regular
parametric model to the �nite�dimensional models� in the metric sense� introduced
by Le Cam ������� see also Le Cam ����
� and Le Cam and Yang �������� In such
a case� the best we can hope when estimating s with the approximate model Sm is
to get a risk of order d��s� Sm� � Dm�n� This is actually what is achieved by the
minimum contrast estimators on Sm �with possibly some extra log n factor in some
cases� as proved in Birg�e and Massart �����a�� In such a framework� an Ideal Model
Selection Procedure would choose m � mn�s� as a minimizer of d��s� Sm� � Dm�n�
This is� roughly speaking� what our penalized estimators tend to do �up to some
extra logn factor in some situations�� provided that the family fSmgm�Mn

has been
well�chosen� Note that even if s belongs to some Sm�

� the index mn�s� of the Ideal
Model might very well be di�erent from m�� This merely means that the additional
bias d��s� Smn�s�� is smaller than the variance reduction �Dm�

� Dmn�s���n� This is�
from a practical point of view� much more realistic than trying to guess to which
Sm the true s belongs� This is even more obvious if s does not belong to any of the
models in the list�

On the other hand� if Mn �and therefore the family of Sm�s� is independent of n�
if Assumption S holds with Lm � � and s belongs to some Sm� one gets the usual
��n �parametric� rate of convergence of the quadratic risk� If s is very close to a
model Sm of low dimension Dm� the same ��n�rate remains true for moderate values
of n� Furthermore� as seen from the examples� a convenient choice of the collection of
models also provides adaptation over large nonparametric sets of smooth functions�
This means that the same method can perform simultaneously a selection among a
family of parametric models and adaptation for nonparametric smoothness classes� It
therefore provides a smooth and �exible link between parametric and nonparametric

��



As shown by our examples� a good choice of the family fSmgm�Mn
�with respect to

the family fS�g���� leads toAdaptation orApproximate Adaptation in the above sense�
but Model Selection provides more �exibility since s is never assumed to belong to
one of the Sm�s and Assumption S provides a criterion for the existence of an optimal
�if the Lm�s are uniformly bounded� or nearly optimal �if they are bounded by some
power of logn� selection procedure� On the other hand� the choice of the family
fSmgm�Mn

is not more arbitrary than the choice of a family fS�g��� of potentially
true models� In both cases� the choice of the family �fS�g��� or fSmgm�Mn

�� although
it has a di�erent meaning in each case� re�ects our 
a priori� information about s or
our 
belief� about the true state of nature� to put it in a Bayesian language�

To illustrate this point of view let us assume that we have at our disposal a 
very
large� family of models fSmgm�Mn

in the sense that
P

m exp��Dm� � �� but the
number of m�s with Dm � j is �nite for any integer j� It is clear that there exists
many choices of weights Lm satisfying S� In particular� it is always possible� in a list
of models with a given dimension Dm � D� to take Lm � � for a bounded number of
them� It follows from our evaluations of the risk of the penalized minimum contrast
estimators that the smaller Lmn�s�� the better this risk which means that Lmn�s� should
ideally be �� Since mn�s� is unknown� for each given dimension D we tend to put
small values of Lm on the models of dimension Dm � D which we believe to be more
accurate and large values of Lm for those that we consider as unlikely� This is very
similar to the choice of a prior distribution on the family of models� Such a strategy
has been illustrated by the example of adaptive histograms in Section ������

This particular example gives us the opportunity to develop some connections
between Model Selection and what is now called Spatial Adaptation �see for instance
Donoho and Johnstone �����a and ���	��� Further illustrations are given in Birg�e
and Massart �����b�� A typical function with spatially homogeneous regularity is an
element of some H�older space H�H��� as de�ned by ������� In order to approximate
such functions� piecewise polynomials based on a regular partition are particularly
well suited� The simplest case occurs when � 
 � � � and one uses histograms� Let
Sm be the space of regular histograms with m pieces� then for any p with � � p � �
the following holds�

sup
t�H�H���

inf
u�Sm

kt� ukp � Cp�H�m���

For our problem� the only relevant case is p � �� Under such a restriction� the class
of functions that can be approximated at the same rate by functions in Sm is actually
larger than H�H���� It can actually be proved that this saturation class of the family
of regular histograms is the Besov space B�� ��� as proved in De Vore and Lorentz
������ Theorem ��� page �	�� It is important to notice that this saturation class
depends in a crucial way on the norm �L��norm in our case� used for the approxi�
mation� This means that H�H��� is well�approximated by the family fSmgm�� for
any Lp�norm� while the same L��rate of approximation will still hold for functions of
the larger space B����� which have a moderately inhomogeneous regularity� If the
regularity of s is too spatially inhomogeneous� for instance if s � B�� p�� nB����� for
p 
 �� the family fSmgm�� will not have the desired L��approximation properties but
the larger class of histograms with D pieces based on irregular partition will do the

��
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data is called Spatial Adaptation� If our list of sieves includes enough irregular parti�
tions� one could recover the right bias �rate of approximation� d��s� Sm� � C�H�m��

for some well�chosen m � Mn� The price to pay is a much longer listMn which leads
to Lm � logn� at least for most of the values of m instead of Lm � �� This introduces
an extra logn factor in the risk�

Finally� another advantage of the �exibility of the weights in Model Selection is the
following� assume that we have at hand several lists of models Mn�j for j � J � each
one corresponding to a particular family fS�g���j

of potentially true models i�e� to
some assumption on the 
true state of nature�� Rather than choosing one particular
$j or some familyMn�j one could just mix all the models in a larger list by a suitable
modi�cation of the weights� If the initial number of choices J is �nite� one could even
use the previous weights without change� or with minor changes that would not a�ect
the rates of convergence�

� General framework and main results

��� The assumptions

We shall now set up the general assumptions that are used in the proofs� They
actually lead to more general versions of the theorems which were stated in Section ��
The presentation mainly follows Birg�e and Massart �����a� with a set of assumptions
relative to a modi�ed contrast function &�m� possibly depending on the sieve and which
is related to � and d by mean of assumption C below� The family of sieves and the
functions &�m might depend on n but� in order to get asymptotic results� we assume
that all the constants involved in the following assumptions �unless otherwise stated�
are independent of n� The dependence with respect to the sieves will be marked by
subscripts m or m��

The �rst assumption is essentially needed to get the �nal conclusion by an analogue
of Lemma � of Birg�e and Massart �����b��

C �Closing argument� There exists constants k � �� k� 
 � and for each m � Mn

a distinguished point sm � Sm and a random variable Um with �nite expectation
�depending on s� sm and Dm�n but not on t� such that for all m�m� � Mn and all
t � Sm� with �n�t� � pen�m�� � �n�sm� � pen�m� then

	n�&�m��� sm�� &�m���� t�� 
 �k
 
d��s� t�� U�

m � k�Dm��n
! � pen�m� � pen�m��� �	���

In most situations� if s � Sn� checking C amounts to check the following simpler

assumption which implies C with k � k���� k� � � and U�
m � �k���k��d��s� sm��

C� The function &�m � &� is independent of m and there exists functions �� and ��

such that &��z� t� � ��z� t� � ���t� � ���z� and constants k�� k�� such that

k�d��s� t� � �

n

nX
i��

E���Zi� t�� ��Zi� s�� � k��d��s� t� for all t � Sn�

��



f + n n

�

n

nX
i��

E���Zi� t�� ��Zi� sm�� 
 k�d��s� t�� k��d��s� sm��

The conclusion follows in this case since

	n�&�m��� sm�� &�m���� t��

� �n�sm� � ���sm�� �n�t�� ���t�� E��n�sm� � ���sm�� �n�t�� ���t��


 pen�m��� pen�m� �
�

n

nX
i��

E���Zi � t�� ��Zi� sm���

The second set of assumptions will take di�erent forms according to the structure
of the contrast and sieves� In the standard situation the assumptions have a purely
metric form which is the following

Lip �Lipschitz� There exists measurable functions ,m�m���� u� v� de�ned on X for
each pair �u� v� � Sm 	 Sm� and M��� de�ned on W such that if z � �w� x��

j&�m�z� u�� &�m��z� v�j �M�w�,m�m��x� u� v�

and the moments of &� can be bounded in one of the two following ways	
One can �nd positive constants A�B�E such that for all j 
 �� u in Sm� v in Sm��

either

i�

kM�Wi�k� � Aj for all i � �� � � � � n� �	���

�

n

nX
i��

E�,j
m�m� �Xi� u� v��� j(

�
Bj��

�
d��u� v� �E

Dm �Dm�

n
�lfm��m�g

�
� �	���

or

ii�

E�M j �Wi�� � j(

�
Aj for all i � �� � � � � n� �	���

�

n

nX
i��

E�,�
m�m� �Xi� u� v��� d��u� v�� k,m�m�k� � B and E � �� �	�	�

Remarks 	
i� We get �	��� if we assume that E�exp�M�Wi��A�� � ��� � E�M�Wi��A� for i �
�� � � � � n�
ii� As we already noticed in Birg�e and Massart �����a� �	��� can be deduced from L

�

and L� controls on ,�
iii� If m � m� �	��� is merely ����� of Birg�e and Massart �����a��

The Assumption M �Metric� will take one of the two following forms correspond�
ing to controls of covering numbers either related to L�� and L��norms or to L� with
bracketing�

��



M �Metric� For each m � Mn one can �nd constants B�
m 
 � and Dm 
 � such

that for each � � � and each ball B with radius � 
 	� � �Dm�n�
��� there exists a

�nite set T � T �m� ��B� � B with

jT j � �B�
m����

Dm �	�
�

and a mapping � � ��m� ��B� from B to T such that one of the two following set of
properties is satis�ed	

� M��� �L��L� metric�� Assumption Lip �i� or �ii� holds� d�u� �u� � � for
all u in B and there exists r�m independent of � and B such that

sup
u�����t�

k,m�m��� u� t�k� � r�m� for all t � T� �	���

� M��
 � �L
� metric with bracketing�� Assumption Lip �ii� holds and for all

t � T one can �nd a measurable function Vt such that for all t � T and all
x � X

sup
u�����t�

,m�m�x� u� t� � Vt�x� and
�

n

nX
i��

E�Vt�Xi�� � ��� �	���

In the linear situation� i�e� the case of a linear contrast acting on linear sieves�
one can substantially simplify these assumptions� This situation essentially occurs
when one deals with projection estimators and a detailed study of some more speci�c
examples involving Besov spaces is to be found in Birg�e and Massart �����b�� The
�rst assumption describes the general linear set up�

L �Linear� The space Sn is a linear subspace of L��
� with an algebraic basis
f�� j� �  !ng and the family of �nite dimensional linear spaces  Sm is generated by
a family f!mgm�Mn

of subsets of  !n	 for each m � Mn�  Sm is the linear span of
f�� j� � !mg and Sm some subset of  Sm� We denote by Dm � j!mj the cardinality
of !m which is the dimension of  Sm and assume that there exists a positive constant
- such that &�m�z� u� � �-u�z��

Let us de�ne the �possibly in�nite� constants "��s� and "��s� by

"��s� � sup
u�v�Sn

E�ju�X��� v�X��j�
ku� vk � "��s� � sup

u�Sn

E�u��X���

kuk� �

Remark	 If s is the common density of the Xi�s� "��s� and "��s� are merely bounded
by the L�� and L��norms of s respectively�

Under this framework� we shall only consider two di�erent situations� either all
the elements �� of the basis are uniformly bounded or the family of sieves Sm is
nested� More involved applications of the linear framework are to be found in Birg�e
and Massart �����b�� This leads to the following sets of assumptions�

�	



LBB �Linear with a bounded basis� L holds� "��s� 
 "�� sup��
�n k��k� � "��

for some positive constants "� and "�� andX
��
�n

��� � A�k
X
��
�n

����k�

for some positive constant A and all �����

An immediate consequence of LBB via Cauchy�Schwarz is that for all subsets !
of  !n

k
X
���

����k� � "j!j���k
X
���

����k with " � A"��� �	���

LN �Nested and linear� L holds� the set f!mgm�Mn
is totally ordered by inclusion

and when f!mg � f!m�g then Sm � Sm�� Moreover "��s� 
 �� and there exists a
positive constant " such that "m � " for all m where "m is de�ned in ������

��� The Main Theorem

+From AssumptionsM� LBB and LN� one wants to derive various probability bounds
for the �uctuations of the empirical process 	n�&���� sm�� &���� u��� They rely on similar
results obtained in Birg�e and Massart �����a� for the case of a single sieve� i�e�� when
u is assumed to belong to Sm� For the sake of simplicity we shall not try� hereafter�
to optimize the constants but rather present the results in a simpli�ed form� The
conclusions of Theorems � and � of Birg�e and Massart �����a� and similar arguments
�for dealing with Assumption M��
 �� imply the following

Proposition � Under each set of assumptions �M� LBB or LN� the following ex

ponential inequality is satis�ed for all t � Sm and any x 
 �m and � � �

P

�
sup
u�Sm

	n�&���� t�� &���� u��

d��t� u� � x� � �

�
� ��� exp ��nhm�x�� �	����

where
� under M	

��m �
"
��L�m � � �E# Dm

n
and hm�x� �



x

�

��

with �� �
��

���
"
��A� � 
AB�

#
and

L�m � ��	 log

�
��B�

m



� � r�m

q
Dm�n

��
whenever Assumption M��� holds or

L�m � � log

�
B�
m


p
B � �

q
A������ 	

��

whenever M��
 � holds�
� under LBB or LN	

�m �
��"

� �

s
Dm

n
and hm�x� � �

�
�� �x

"
p
Dm

� � ��x�

"��s�� ""��s�
p
Dm

�

where " � A"�� under LBB� � � ��� and �� are positive constants and � � � ��-�

�




f g p ��
 � p
the ball of radius � and center t� whatever t � Sm

P

�
sup
u�B

	n�&���� t�� &���� u��� ���
�
� � exp

�
� �n��

�������

�
�	����

provided that n�� 
 Dm�L��������� �� where ���� and L��� are de�ned by

����� �
�
A�

��
�

�AB

�
and L��� � 	 log�B�

m�� with � �
p
B � �

s
A

�
� 	�

Let us set � � ����� L � L���� � � ��� and fu � &���� t� � &���� u�� Since �� 

Dm�n by �	�
� and M�� 
 � we can assume the existence of T with cardinality eH � H �
Dm log�B�

m�� and for each v � T there exists a random variable Vv with

sup
u�����v�

,m�m�x� u� v�� Vv�x� and
�

n

nX
i��

Es �Vv�Xi�� � ��� �	����

Since by �	�	� k,m�mk� � B we can assume without loss of generality that kVvk� �
B� If v � ��u�� jfu � fvj �MVv and we get

	n�fu� �
�

n

nX
i��

E�M�Wi�Vv�Xi�� � 	n�fv� � 	n�MVv� � �A�� � 	n�fv� � 	n�MVv� �	����

by the independence of Wi and Xi� �	����� �	��� and Cauchy�Schwarz inequality�

Control of 	n�fv�
 From the independence of Wi and Xi� �	��� and �	�	� with
d��t� v� � �� we get

E�j&��Zi� t�� &��Zi� v�jj� � E�M j �Wi��E�,
j �Xi� t� v�� � j(

�
AjBj��

E�,��Xi� t� v��

and
�

n

nX
i��

E�j&��Zi� t�� &��Zi� v�jj� � j(

�
A����AB�j���

Therefore Bernstein�s Inequality �see Lemma 	 of Birg�e and Massart �����a�� implies
that� if � � �

p
�x� Bx

P�	n�fv� � A�� � exp��nx�� �	����

Control of 	n�MVv�
 We use again the independence between Wi and Xi and �	����
to get since kVvk� � B

�

n

nX
i��

E�M j �Wi�V
j
v �Xi�� � j(

�
A�B���AB�j���

Therefore� since B�� � �� Bernstein�s Inequality implies that

P�	n�MVv� � A�� � exp��nx�� �	��	�

��



� �� � � � �

P�sup
u�B

	n�fu� � �A�� � ���� � � exp�H � nx��

Since n�� 
 ���	Dm log�B�
m��� 
 	��H � choosing x � �������� we get H � �nx�	

and therefore

P�sup
u�B

	n�fu� � �A�� � ���� � � exp���n�����������

In order to get �	���� it remains to check that �A�� � ��� � ���� This follows from
our choices of � and � which imply that �� � ������A� and � � ������A�� Since
L 
 � which implies that n����� 
 � we can derive from �	���� that if n�� 

�L��������� ��Dm�

P

�
sup
u�Sm

	n�&���� t�� &���� u��

d��t� u�� �� � �

�
� � exp

�
� �n��

	��������

�
�	��
�

exactly as ����� is derived from ����� in Birg�e and Massart �����a�� following the last
lines of the proof of their Theorem ��

We now want to derive �	���� with the corresponding values of �m� L�m and �� For
Assumption M we use either �	��
� �under M��
 �� or ����� of Theorem � of Birg�e
and Massart �����a�� following their notations �under M����� In both cases one can
choose

��m 

Dm

n

�

	

�
��



��

�

��

�

	
L
�
� �

�

since one can always increase the value of �m� We therefore choose �� as an upper
bound for �	����������� and L�m as an upper bound for �L�	� In the case of M���

we use the upper bound for L given in Theorem � of Birg�e and Massart �����a� with
� � ��	� to get

L � 
���

�
logB�

m



� � r�m

q
Dm�n

��
� �	����

To deal with the linear case one should �rst notice that �since LBB implies that
"m � " � A"�� by �	���� both assumptions LBB and LN imply LU of Birg�e and
Massart �����a�� Therefore their Theorem � �which involves two universal constants
�� and ��� applies� Taking � � ���� and �� � ���� we get the conclusions for LBB
and LN�

+From those results and our various sets of assumptions one can derive the main
theorem of this paper which is at the origin of all our developments and examples�

Theorem � �Main Theorem� Let m be a given element of Mn� � � k�� and
Lm� 
 � be a weight de�ned for any m� � Mn� Assuming that one of the assumptions
�M� LBB or LN� holds and that �m� is given by Proposition 
� one de�nes xm� for
any m� � Mn by nx�m� � � � n���m � ��m�� � ��Lm�Dm� � LmDm� where � 
 � and
� � � and the set '��� by

'��� �

�
sup

m��Mn

sup
u�Sm�

	n�&���� sm�� &���� u��

d��s� u�� d��sm� s� � x�m�

� k

�
�

��



f

P�'����� ���# exp������ with � �
	���A�� 
AB��

���
� �	����

� If LBB holds� � � � ��-� � � � ���� n 
 -��Dm� for all m� � Mn and some
-� � � and

X
m��Mn

exp

�
��Lm�Dm�

"�

�
� jMnj exp

�
��

p
n

A"��
p
�

�
� # 
 �� �	����

then

P�'����� �# exp

�
��
p
�



� �-�

A"��
p
�
� � ��

"�

��
� �	����

� If LN holds� � � � ��-� � � ��� �� and n 
 -��Dm� for all m� � Mn� then

P�'���� � � exp

�
���

�
p
�

"
p
�

�
-� �

p
�

"��s�

��

	
�X
j��

exp

�
��

p
j �Dm

"



-�� � �

"��s�

��
� �	����

Moreover� if Assumption C holds together with the following lower bound on pen�m���

pen�m�� 
 k



��m� � �Lm�Dm�

n
� �k�

Dm�

n

�
for all m� � Mn� �	����

for any integer l 
 � the risk of the penalized minimum contrast estimator �s is bounded
by

E�dl�s� �s�� � �l���
�l���
�� inf
m�Mn

�
E�U l

m � �

�
pen�m�

k

�l��
�

�
d��s� sm�

�

�l���

� Cn�l��� �	����

Under M or LBB� the constant C only depends on l and the various constants in

volved in the upper bounds ����
� or ������ but not on s� Under LN� C can be
written as C��"�"��s� � ���l�� and therefore depends on s through "��s� and on the
other constants appearing in ������ through C��

If C� holds together with ������ with k � k��� and k� � � then for all � 
 �

P

�
d��s� �s� �

�

k�
inf

m�Mn

�
�pen�m� � �k� � �k���d��s� sm�

�
�
�

n

�
� P�'���� �	����

where P�'���� is bounded by ����
�� ������ or ������ according to the type of assump

tions we use�

Proof	 The �rst step in the proof is to show that whatever m�m� � Mn and x 

�m � �m� the following exponential inequality is valid�

P

�
sup
u�Sm�

	n�&���� sm�� &���� u��

d��s� u� � d��sm� s�� x� � k

�
� ��� exp ��nhm�m� �x�� �	����

��



m m g p p �
function hm�m� will take di�erent forms� to be speci�ed below� according to our set
of assumptions� Let us consider some point t in Sm� and denote by d the quantity
d�sm� t�� One can apply Proposition � with m replaced by m� and Sm by Sm� � On the
other hand if Assumption Lip holds� Bernstein�s inequality �see Birg�e and Massart
�����a� Lemma 	� leads to a bound of the form

P

�
	n�&���� sm�� &���� t��

d� � x� � �

�
� exp

���
�
n���d� � x���

v� � c��d� � x��

�

provided that for all integers j 
 �

�

n

nX
i��

E
"j&��Zi� sm�� &��Zi� t�jj

# � j(

�
v�cj���

We only have to identify v� and c� From �	��� and �	��� or �	��� and �	�	� it can be
seen that v� � A��d��E�Dm�Dm���n� and c � AB� Since x� 
 E�Dm�Dm���n� v� �
�A��d� � x�� and �nally

P

�
	n�&���� sm�� &���� t��

d� � x� � �

�
� exp

��n���d� � x��
�A� � ��AB

�
�

In order to handle the linear cases we �rst notice from L that if � � � ��-

P

�
	n�&���� sm�� &���� t��

d� � x� � �

�
� P

�
	n�t���� sm����

d� � x� � � �
�

and Bernstein�s Inequality implies� since d� � x� 
 dx� that

P

�
	n�&���� sm�� &���� t��

d� � x� � �

�
� exp

�
��

�n�
��d�x�

E ��sm � t��� � �
	ksm � tk�� �dx

�
� �	��	�

We �rst notice that in both cases LBB and LN ksm � tk� � "d
p
Dm �Dm� � This

follows from �	��� with " � A"�� in the �rst case and the fact that "m � "m� � " in
the nested case�
LBB
 Now we use E��sm � t��� � d�"��s� � d�"� and bound �	��	� by

exp

� ��
�
n� ��d�x�

�
	
"d
p
Dm �Dm�� �dx� d�"�

�
� exp

��n
�



� ��x�

"�
� �� �x

"
p
Dm �Dm�

��
�

LN
 Since E��sm�t��� � d"��s�ksm�tk� the right�hand side of �	��	� can be bounded
by

exp

� ��
�n�

��d�x�

"d
p
Dm �Dm� �d"��s� �

�
	�

�dx�

�
� exp

� �n
�"
p
Dm �Dm�



� ��x�

"��s�
� �� �x

��
�

Putting these bounds together with inequality �	���� and using the facts that � � ���
and � � k�� we get

P

�
sup
u�Sm�

	n�&���� sm�� &���� u��

d��t� u�� x� � d��sm� t� � k��

�
� ��� exp ��nhm�m��x�� �	��
�

	�



m�m g

M � hm�m��x� � x���� �	����

LBB � hm�m��x� � �

�
��x�

-�"�
� ��x

-A"��
p
Dm �Dm�

�
� �	����

LN � hm�m��x� �
�

"
p
Dm �Dm�

�
��x�

-�"��s�
� ��x

-

�
� �	����

Now� for any � � �� since x � �� one can always choose t in such a way that

d�s� t� �
�
�� � �� inf

u�Sm�

d�s� u�

�
� x

and get for any u � Sm�

d�u� t�� d�sm� t� � d�s� t� � �d�u� s�� d�sm� s��
� ��� � ��d�u� s��� x � �d�u� s�� d�sm� s��
� �� � ���d�u� s�� d�s� sm�� x��

Substitution in �	��
� leads to �	����� since � is arbitrary�
Let us now prove �	����� �	���� and �	����� Since xm� � �m ��m� we can use �	����

under each of our three sets of assumptions� In the �rst case� since � � �� we get
from �	����

P�'���� � ���
X
m�

exp
"�nx�m���

# � ���
X
m�

exp ����Lm�Dm� � �����

� ��� exp������
X
m�

exp ��Lm�Dm� � � ���# exp������

which is �	����� In order to deal with the linear cases it will be useful to notice that

p
�nxm� 


q
��LmDm � Lm�Dm�� �

p
� �	����

and
�nx�m� 
 ��LmDm � Lm�Dm�� � �

q
����LmDm � Lm�Dm��� �	����

Under the second set of assumptions� setting � � � ��- we get from �	����

P�'����� ���
X
m�

exp

�
��n



� ��x�m�

"�
� � �xm�

A"��
p
Dm �Dm�

��

and from �	���� since n 
 -��Dm� and Lm� 
 � for all m� � Mn

nxm�p
Dm �Dm�
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n�� -�

p
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�
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Then since � � � ���
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�
��

�
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We modify the linear term as before with �	���� and use the following relation

nx�m�p
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derived from �	���� to deal with the quadratic term� Since n 
 -���Dm�Dm�� we get
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Since under LN� all Dm� are di�erent integers� the series converges and we get �	����
from our choice of ��

If C holds and 'c��� is true� for any m� and u � Sm� such that �n�u� � pen�m� �
�n�sm� � pen�m�� we have

d��s� u� � d��sm� s� � x�m� 
 k��	n�&�m�z� sm�� &�m��z� u��


 �



d��s� u�� U�

m � k�
Dm�

n

�
� pen�m�� pen�m��

k
�

Therefore any penalized minimum contrast estimator �s � S �m satis�es

�l�c���d
��s� �s� � d��s� sm� � x��m � �U�

m � �k�
D �m

n
�
pen�m�� pen� �m�

k
�

Since by �	���� x��m��k�D �m�n � k���pen�m��pen� �m�����n the following inequality
holds�

�l�c���d
��s� �s� � �k��pen�m� � �U�

m � d��s� sm� � ��n� �	����

Let us now de�ne

V �
"
d��s� �s�� �k��pen�m�� �U�

m � d��s� sm�
# � ��

then for any m � Mn and any positive integer l

E�dl�s� �s�� � ��l�����
�
h
�l��E�U l

m � �
"
�k��pen�m�

#l��
� dl�s� sm� � E�V

l���
i
�

It follows from �	���� that if � 
 �� P�V � ��n� � P�'����� Since we have proved that
under each of our sets of assumptions P�'����� c� exp��c�

p
�� for suitable constants

c� and c�� it follows that

E�V l��� � n�l��E��nV �l��� � n�l��
Z �

�
P�nV � y��l� dy

� n�l��
�
� �

Z �

�
c� exp
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�c�y��l

�
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�
� n�l��

"
� � c�c

�l
� l(

#
�
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p � � � �� � � � � � � p
on the constants introduced in the assumptions but not on s except under LN� In
this latter case� ��c� can be written as c	"�"��s� � �� and comparing the series in
�	���� with an integral one easily checks that c� � c��"�"��s� � ���� which gives the
structure of C in this case�

Finally �	���� follows from �	���� and the fact thatC� implies C with k � k���� k� �
� and U�

m � �k���k��d��s� sm��

��� Application to maximum likelihood estimation

We now want to show how one can apply Theorem � to maximum likelihood estima�
tion� In order to apply the general theory to speci�c situations� M will often follow
from the simpler Assumption M�����

M���� For each m � Mn one can �nd constants B�
m 
 �� Dm 
 � and rm such that

for each � � � and each ball B with radius � 
 	� � �Dm�n���� there exists a �nite
set T � T �m� ��B� � B with

jT j � �B�
m����

Dm� �	��	�

and a mapping � � ��m� ��B� from B to T such that d�u� �u�� � for all u in B and

sup
u�����t�

ku� tk� � rm� for all t in T� �	��
�

The following is a generalized version of Theorem ��

Theorem � Assume that 
 is a probability� that M���� holds with Dm � n for
each m and that the family fSm� m � Mng satis�es Assumption S� De�ne �m byR
�s� � �m� d
 � � �Dm�n and pen�m� 
 ���Lm � Lm�Dm�n where

Lm � log

�
B�
m

�
� � rm

s
�Dm

�n�m

��
� �

and �� is a suitable positive numerical constant� Let �s be a minimizer with respect to
m� � Mn and t � Sm� of �Pn

i�� log�t�Xi�� � n pen�m��� Then

�m 
 Dm�n and E�d��s� �s�� � ��� inf
m�Mn

fK�s� Sm� � pen�m�g� �	����

Remark	 One could of course get similar results under the slightly more general
assumption that Dm � Kn� We shall only deal with the case K � � for the sake of
simplicity �

Proof	 Since it follows rather closely the lines of the proof of Theorem � of Birg�e
and Massart �����a� we shall omit some details� Let us �rst notice that� since 
 is
a probability measure� �m is well�de�ned and larger than Dm�n and introduce the
auxiliary density &s�m � �s� � �m���� �Dm�n�� Then

$$$$ s

&sm

$$$$
�

�

� � �
Dm

n
� � and inf

x
&s�m�x� 


�m
�

 Dm

�n
�	����
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� �

d��s� &sm� � Dm

n
� �	����

In order to apply Theorem � we de�ne for any m � Mn and t � Sm the function

&�m�z� t� � � log

�
&s�m � t�

�

�
�x��

We want to show that these functions satisfy Assumptions M and C� In order to
check M we shall use the following Lemmas� recalling that the Hellinger distance
h�g�� g�� between densities is given by �h��g�� g�� �

R
�
p
g� �pg���d
�

Lemma � Let f� g� g�� g� be densities with respect to some measure 
 then for all
j 
 �

Ef

������� log
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h��g�� g��

�$$$$fg
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�
�

Proof 	 The bound involving kf�gk� has been proved in Birg�e and Massart �����a��
Proposition �� For the other part we use �
��	� of Birg�e and Massart �����a� to show
that when g� 
 g��
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A symetric result holds when g� 
 g� and integration with respect to f
 gives the
result�

Lemma � Assume that f� g�� g�� s�� and s
�
� are densities with respect to the probability

measure 
 and that kf�s�i k� � � for i � �� �� For any integer j 
 � one has
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Proof	 Successive applications of Lemma � give
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and the result follows since kf�s�i k� � ��

According to the de�nition of &�m we can choose

,m�m��x� u� v� � A��
����log &s�m�x� � u��x�

&s�m��x� � v��x�

���� and M � A�
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m�� � �h��s�� &s�m� � �h��s�� &s�m�� � �d��s� &sm� � �d��s� &sm���

hence by �	����
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An application of Lemma �� which is valid because of �	����� leads to
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The choice A � �
p
��� gives �	��� with B �

p
��� and E � �
� �	�
� holds by

assumption and the lower bound on &sm in �	���� together with Lemma � of Birg�e and
Massart �����a� imply that whenever kt� uk� � rm� for t and u in Sm� then

k,m�m�x� t� u�k� � �A��rm�
q
���m�

Therefore �	��� holds with r�m � rm
p
�����m� � rm

p
��n����Dm� by �	����� The

value of Lm follows from the value of L�m given in Proposition � after a suitable
modi�cation of the multiplicative constant which can be included in ��� It remains
to check Assumption C� We proceed as in Birg�e and Massart �����a�� If t � Sm� is
such that �n�t� � pen�m�� � �n�sm� � pen�m� by convexity

nX
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log
t� � &s�m�

�
�Xi� 


nX
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�log�&sm��Xi�� � log�sm�Xi��� � pen�m��� pen�m�

and since by �	���� log &sm� 
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 log s �Dm����n��
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and recalling the correspondence d��u� v� � �h��Pu� Pv�� one derives from �
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It follows from the concavity of the logarithm that
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�

�
A � K�s� &sm� �K�s� sm� � �� � log ��d��s� &sm� �K�s� sm�

since �	���� implies by �
��� that K�s� &sm� � �� � log ��d��s� &sm�� Putting all these
bounds together with �	���� we get

	n�&�m��� sm�� &�m���� t��
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we �nally see that C holds with k � ����� k� � ����k� and

�kE�U�
m � 
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log �

�

�
�K�s� sm��

The application of Theorem � leads to inequality �	���� since d��s� sm� � K�s� sm�
and d��s� �s� � ��

Proof of Theorem � We can now derive Theorem � from Theorem �� It is enough
to check the properties �	��	� and �	��
� on  Sm rather than Sm since it is a larger
set and they immediately follow from Lemma � with B� � 	 and rm �  rm� One
can therefore bound Lm by  ��� � log�� �  rm�� and the result follows from a suitable
modi�cation of the constants since Lm 
 ��

��� Other contrast functions

����� Projection estimators

We shall content ourselves to prove Theorem �� A complete treatment of penalized
projection estimators is contained in Birg�e and Massart �����b� and we shall merely
recall that one should choose &�m�z� t� � ��t�z� which implies C� with k� � k�� � ��
Moreover the assumptions of Theorem � imply LN since in this case "��s� � ksk��
Theorem � applies with - � �� -� � � and the result follows�

	




q g

We recall that one observes pairs �Xi� Yi� � Zi with Yi � s�Xi� � Wi where the
variables Xi and Wi are all independent with respective distributions Ri and Qi inde�
pendent of s and the Xi�s are de�ned on a compact set X � The unknown parameter
s is supposed to belong to the Hilbert space L��
n� where 
n denotes the average
distribution of the Xi�s� 
n � n��

Pn
i��Ri and we always assume that s � Sn� We

shall assume hereafter �although these assumptions could be weakened as in Birg�e and
Massart ������ Section ��C� that the Wi�s are i�i�d� with common distribution Q and
that the Xi�s are either i�i�d� with common distribution 
 �which is the random design
model� or that the Xi�s are given numbers xi �which is the �xed design model�� In
the latter case� 
n is the empirical measure of the xi�s but we shall omit the subscript
n for the sake of simplicity� keeping in mind that in this case both the underlying
space L��
� and the distance d depend on n and that the results� as in Van de Geer
������� are given in the form of controls of d��s� �s� � n��

Pn
i���s�xi�� �s�xi��

�� Given
a penalty function pen�m� to be chosen later� we shall consider either the penalized
least squares estimator which is a minimizer with respect to m � Mn and t � Sm
of n��

Pn
i���Yi � t�Xi��

� � pen�m� or the penalized minimum L
� estimator which is

a minimizer with respect to m � Mn and t � Sm of n��
Pn

i�� jYi � t�Xi�j� pen�m��
Then the following result holds�

Theorem � Assume that M���� holds� that the family fSm� m � Mng satis�es As

sumption S and that both s and all the elements of Sn are uniformly bounded by some
known constant �� Assume moreover that the distribution Q has one of the following
properties	

� the errors Wi are centered at their expectation and E�ejW� j��
�

� � � for some
�� � � in the case of least squares estimation�

� the errors Wi are centered at their median and have a distribution Q with a
positive and continuous density around the median in the case of minimum L

�

estimation�

De�ne the penalty function as pen�m� 
 ��C��� Q��Lm� Lm�Dm�n where

Lm � log

�
B�
m



� � rm

q
Dm�n

��
� ��

�� is a numerical constant and C��� Q� is a suitable constant which takes two di�erent
forms in the two cases considered above� Let �s be the penalized minimum contrast
estimator� Then in both cases

E�d��s� �s�� � ��� inf
m�Mn

fd��s� Sm� � C���� Q�pen�m�g� �	����

In the case of least squares estimation one can choose C���� Q� � � and C��� Q� �
�� � �����

Proof	 We shall actually prove a more general result� Following the framework given
in Birg�e and Massart ������ Section ��C we shall assume that the contrast function is
given by ��z� t� � F �y � t�x�� where F is a convex function with suitable properties

	�



Q � p
the sieves are uniformly bounded� which is our assumption� The required conditions
on F are given by Assumptions Ca� Cc� Cd and Ce of Birg�e and Massart ������ and
it is also proved there that the two contrast functions �y� t�x��� and jy� t�x�j satisfy
these assumptions under the conditions of Theorem �� Then� Proposition � of Birg�e
and Massart ������ implies that �	��� and �	��� are satis�ed with ,m�m��x� t� u� �
jt�x� � u�x�j� E � � and suitable constants A�B depending on Q and �� In the
particular case of F �x� � x�� one has

j��z� t����z� u�j� jt�x��u�x�j j�w��s�x�� �t�x��u�x��j � �jt�x��u�x�j �jwj� �� �

We can therefore take B � �� and M�w� � ��jwj� ��� Our moment condition on the
Wi�s implies that

E
"
�j�jW j� ��j

# � �jj(

�
���� � ��

j

and one can choose A � ����� � ��� If the metric assumption �	��
� holds then �	�
�
and �	��� are ful�lled with r�m � rm since here ,m�m��x� t� u� � jt�x� � u�x�j and
therefore M��� is satis�ed� In order to apply Theorem � it only remains to check C��
But� according to the notations and arguments of Birg�e and Massart ������ Section
��C� there exists a function G such that

E���Zi� t�� ��Zi� s�� � E�G�Wi � s�Xi�� t�Xi���

and that for suitable positive constants C� and C�

C�h
� � E�G�Wi� h�� � C�h

� for jhj � ���

In view of the independence between Xi and Wi� these relations imply C�� In the
quadratic case �F �x� � x��� G�x� h� � h� and therefore C� � C� � � and C� is
satis�ed with k� � k�� � �� The choice of C and C� is justi�ed by Theorem � and our
computations of A�B� k� and k���

Proof of Theorem �	 By Lemma � assumptions �	�
� and �	��� are satis�ed with
B�
m � 	 and rm �  rm and therefore Theorem � implies Theorem � via some elementary

computations since Lm 
 ��

Proof of Theorem � We want to derive it from Theorem �� As we already checked in
the proof of Theorem � the Assumption Lip i� is satis�ed for the contrast function
��z� t� � �y � t�x��� with ,m�m��x� t� u� � jt�x� � u�x�j� M�w� � ��jwj � ��� E �
�� A � ����� � �� and B � �� where now � � �� Moreover C� is also satis�ed with
with k� � k�� � �� There only remains to check the AssumptionM�� 
 �� Let us consider
some ball B of radius � in Sm and some � � ��	� From inequality ������ B is included
in the image via � of some L��
���ball of radius R � ���$�� Applying Lemma ��
with � � ���$� we can cover this ball by a family I of intervals of L��
���diameter
� � with cardinality bounded by

��eB��
m$��$��

Dm�������Dm � �	����

Truncating the intervals if necessary� we can assume� without loss of generality that
these intervals are included in Gn� Therefore the images of the elements of I via �
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g g� �g � g � � ��g � g ��
���g��� ��g��� and by ������ the L��
��diameter of ���g��� ��g��� is bounded by ���
Choosing t as any point in ���g��� ��g��� � B and de�ning Vt � ��g�� � ��g�� we
take for T the set of all those t�s when �g�� g�� varies in I� We then de�ne � to
be the projection mapping ���g��� ��g��� � B on the point t � T � ���g��� ��g����
Since ,m�m��x� t� u� � jt�x�� u�x�j �	��� is ful�lled and �	���� implies �	�
� with Dm

replaced by �Dm and B�
m � ��eB��

m$��$��
���� We can therefore apply Theorem �

and get via elementary transformations of the constants �since $� 
 $��

E�d��s� � �f�� � ��� inf
m�Mn

�
d��s� Sm� � ��� � ��� �Lm � log�� � $�B

��
m�$���

Dm

n

�
�

Using ������ and the fact that �g � � we derive �������

����� Estimating the support of a density

Proof of Theorem �	 The proof is based on the version of Theorem � involving the
Assumption M�� 
 �� Let us check the relevant assumptions� �rst Lip ii� is satis�ed
with ,m�m��x� t� u� � jt�x� � u�x�j� M � A � � and B � �� Moreover C� is also
satis�ed with k� � k�� � � by ����
�� In order to check M�� 
 � we consider some ball
B of radius � 
 p

Dm�n in Sm and some � � ��	� Let � � ���%� Assume �rst that
� � � and apply Lemma �� with R � �� We get a covering of Gm by a family I of
intervals of L��
���diameter � � with

jIj � ��eB��
m���

Dm � �	����

The images of the elements of I via � are therefore covering Sm and a fortiori B� Since
� is non�decreasing� for each interval �g�� g�� � I� � maps �g�� g�� into ���g��� ��g���
and by ������ the L��
��diameter of ���g��� ��g��� is bounded by ��� Choosing t as
any point in ���g��� ��g����B and de�ning Vt � ��g�����g�� we take for T the set of
all those t�s when �g�� g�� varies in I� We then de�ne � to be the projection mapping
���g��� ��g����B on the point t � T����g��� ��g���� Since ,m�m��x� t� u� � jt�x��u�x�j
�	��� is ful�lled� From �	���� we deduce� since �� 
 Dm�n � �� that

jT j �
�
�eB��

m%



n

Dm

� �

��Dm


��

��

�Dm

� �	����

If � � �� noticing that % 
 � since 
 and 
� are two probability measures� we now
take T � f�lDg and V�lD � �lD� Then �	��� is satis�ed since �� 
 % 
 � and �	���� still
holds� �	�
� follows with Dm replaced by �Dm and B�

m � ��eB��
m%n�Dm�

��� � �� We
can therefore apply Theorem � and get the result via elementary transformations of
the constants�

��� Analysis of nonlinear sieves

Here we use Theorems � and � to prove the risk bounds for nonlinear models stated in
Theorem 
� Unlike linear models� the models treated here do not have homogeneous
control of their L� local metric entropy properties of the sort that condition M or
M���� is designed to handle best� In these inhomogeneous cases we will be content to

	�
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a global entropy condition implies the presence of a logarithmic factor in the penalty
term and therefore in the risk bounds because of the resulting large value of B�

m� A
similar phenomenon occurs when one covers the unit ball in Rq by balls of radius
�� The logarithm of the number of balls that are needed is� for small �� of order
�q log � � C instead of q log��C whichis needed for the covering of a ball of radius
��� This makes a serious di�erence when � is not large�

M� For each m � Mn one can �nd constants cm 
 � and Dm 
 � and for each
� � � there is a �nite set T � T �m� �� � Sm with

jT j � "
cm��� ����

#Dm

such that for every u in Sm there is a t in T with ku� tk� � ��

Remark	 Recalling that 
 is a probability �and therefore ku � tk � ku � tk��� we
see that M� implies M���� with rm � � and B�

m � cm����	� � �n�Dm�
����� With

the constraint Dm � n �which we always assume for maximum likelihood estimation�
this simpli�es to B�

m � cm�n�Dm�����

Proof of Theorem �	 Let us �rst notice that ������ implies ������� Indeed� we can
restrict ourselves to the case d�s�  Sm� 
 ���� Choose sm �  Sm with d�s� sm� � ���
then &sm � �sm � n�����ksm � n��k� belongs to Sm and by �
��� below

ks� &smk � �ks� �sm � n���k � ��ks� smk� n����

Since ks�&smk� � nksk�� �
��� implies that K�s� &sm� � ��� � log�nksk���d��s� &sm��
hence the result�

We can now apply either Theorem � or Theorem � to get our conclusion provided
that we are able to check the assumptions S and M����� We �rst choose Lm �
� � � log�RH�� Then DmLm 
 D� � � logH � � logR which implies S� We shall now
content ourselves to check M� in order to derive M����� Let us �rst notice that it is
enough to checkM� for  Sm instead of Sm� This is clear in the regression case since the
clipping operation is a contraction which can only decrease the global entropy� For the
maximum likelihood case� it follows from �
��� that k�u�kuk�� �v�kvk�k � �ku� vk
when kuk and kvk 
 ���� therefore the entropy of Sm follows from the entropy of  Sm
that we shall now evaluate�

Because of the Lipschitz condition on f�wg� an L��covering of f�w j jwj� � Hg
follows from a covering of the l��ball fw j jwj� � Hg� In Rq� the number of disjoint
cubes spaced at width ���q

� that cover this ball is bounded by ��e�H��� � ���q
�

�see
Lemma �� below�� Then for each w with jwj� � H there is a w� in the grid with

k�w � �w�k� � jw � w�j� � ��� In the same way in RD�

we cover f� j PD�

j�� j�jj � Rg
using not more than ��e�R��� � ���D

�

cubes spaced at width ���D
�� Our aim is to

obtain a ��net in the L��norm for the family  Sm � fPD�

j�� �j�wj
g� with PD�

j�� j�jj �
R and jwjj� � H � We set �� � ���R and �� � ���H and use the cubical grids
intersecting the l��balls as indicated above� Restricting vectors w�j� j � �� ���� D� and

�� to these grids provides a �nite set T ��� of functions
PD�

j�� �
�
j�w�

j
of cardinality not

more than ��e��RH�� � ���D
��q����� Then for each u �

PD�

j�� �j�wj
in  Sm there is a


�



P
j�� �j�wj

� �

ju�x�� t�x�j �
������
D�X
j��

�j��wj
�x�� �w�

j
�x��

�������
������
D�X
j��

��j � ��j��w�

j
�x�

������
�

D�X
j��

j�jjj�wj
�x�� �w�

j
�x��j�

D�X
j��

j�j � ��j jH

� R�� �H�� � ��

uniformly for x in ���� ��q� Consequently� assumption M� holds with dimension
Dm � D��q� � �� equal to the parameter dimension and cm � �eRH � and hence
M���� holds with B�

m � �eRH ��n�Dm���� � ��	�� It follows that we can apply either
Theorem � or Theorem � and that in both cases

�Lm � L�m�Dm�n � ��� �� � log�RH� � log�� � n��D�q����D�q��n

which gives the results�

Remarks	 The metric entropy calculations in the Proof of Theorem 
 are similar
to those used in Barron ������ in the special case of the sigmoids� But the risk
bounds given there were for penalized least squares restricted to discretizations of the
parameters and with less general error distributions than we permit here�

� Appendix

We shall �rst give a proof for Proposition �� It derives easily from the following

Lemma � Let s� be a probability density with respect to 
 and t be a function in
L
��
�� Then if t� � t�ktk

ks� t�k � ks� tk � ��� ktk� � � � �ks� tk� �
���

if t� is a density then

d��s� t� � K�s� t� � ��� � log�ks�tk���d��s� t�� �
���

consequently if s� is such that s� 
 s� s� � s��ks�k and � � ks� s�k then

K�s� s�� � ��� � log�� � ������ �
���

Proof	 If ktk 
 �� then

ks� tk� � ks� t�k� � �ktk � ��



ktk� �� �

Z
st�ktk

�

and Cauchy�Schwarz inequality yields ks� t�k � ks� tk� If ktk 
 �� then

ks� t�k � ks� tk � kt� � tk � ks� tk� ktk���ktk � ��

which gives �
���� �
��� follows from �
�	� of Lemma � of Birg�e and Massart �����a�
since d�

p
� is the Hellinger distance� Noticing that ks�k 
 � and ks�s�k� � ks�k �

� � �� one concludes that �
��� and �
��� imply �
����


�
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considering separately the cases � 
 �
 and � 
 �
� In order to derive ������ one
notices that if &s is such that k&s � sk� � � and 
 is a probability one can de�ne
s� � �&s� �� 
 s and apply the preceding recipe since ks� � sk � ���

The next lemma is elementary but very useful to deal with ellipsoids�

Lemma � Let �aj�j�� and �bj�j�� two sequences of nonnegative numbers such that
the �rst sequence is nonincreasing� the second is nondecreasing and aj 
 bj for j large
enough� Then de�ning m � inffj 
 � j aj�� � bjg 
 �� one gets supjfaj � bjg �
am � bm and

sup
j��
faj � bjg � inf

j��
faj�� � bjg � inf

��j�m
faj�� � bjg � ��� � b��a�� sup

j��
faj � bjg�

Proof	 Notice �rst that when � � j 
 m one has aj 
 am � bm�� 
 bj which implies
that aj�bj � am�bm and that a similar result holds for j � m� Considering separately
the cases j � k and j 
 k � � one checks that aj � bj � ak�� � bk and the left�hand
side inequality follows� If m 
 �� am�� � bm � �bm and am � bm�� 
 �am� therefore
inf��j�mfaj���bjg � ��am�bm�� Ifm � � one gets a��b� � �b� � ��b��a�����a��b��
and the result follows in both cases�

Combinatorial and covering lemmas
 The following inequality appears without
proof in Haussler ������� It is very similar but not identical to Proposition ����	 of
Dudley ������� Since we did not �nd a proof in the literature we include it for the
sake of completeness�

Lemma � The following inequality holds for all n 
 � and � � D � n	

DX
j��

�
n

j

�





en

D

�D

�

Proof	 Since the bound is larger than �n if D 
 n�� we can assume that x � D�n �
��� ����� Let us denote by # the sum to be bounded� Since # � �nP�N � D� where
N is a binomial random variable with parameter ���� the Cram�er�Cherno� inequality
for the binomial implies that

log# � n logn� �n�D� log�n�D��D logD � D�log�n�D� � ��� x��� log��� x��

and it follows from elementary calculus that ��� x��� log��� x� 
 ��

Lemma � Let SC be a �nite set of densities with respect to 
 indexed by C � f�� �gD
and such that

h��sx� sy� � �
DX
i��

�lxi ��yi �

Let �s be an estimator with values in SC based on n i�i�d� observations with density s�
Then

sup
s�SC

Es

"
h��s� �s�

# 
 D�

�

h
��

p
�n�

i
�


�
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The following lemma is similar to what is usually called the Varshamov�Gilbert
bound in information theory �see Gallager ���
����

Lemma � Let C be a subset of cardinality ��D of the cube f�� �gD� For any � � ��� ��
one can �nd a subset C� of C with cardinality larger than � exp�D����� such that for
any two distinct points x� y � C�

DX
i��

�lxi ��yi � D
�� �

�
�

Proof	 Let D��� ���� � d and C� a maximal subset of C such that
PD

i�� �lxi ��yi � d
for any pair x� y � C�� The number of points z such that

PD
i�� �lxi��zi � k is bounded

by
Pk

j��

�
D

j

�
� It follows from a covering argument that jC�jP
d�

j��

�
D

j

�

 ��D�

Let BD be a binomial random variable with parameters D and ���� then

jC�j 
 �



P

�
BD � D

�� �

�

����

and the result follows from Hoe�ding�s inequality�

Lemma � Let f��g��� be an orthonormal system in the metric space �L��
�� d� with
j!j � D and  S be the linear span of f��g� Let

 r �
�p
D

sup
� ���

kP��� ����k�
j�j� �

For any positive � one can �nd a countable set T �  S and a mapping � from  S to T

with the following properties	

� for any ball B with radius � 
 	�

jT � Bj � �B�����D with B� 
 	� �
���

� d�u� �u�� � for all u in  S and

sup
u�����t�

ku� tk� �  r� for all t in T� �
�	�

Proof	 Using the natural isometry between  S and the euclidean space RD correspond�
ing to the basis f��g one de�nes T as the image of &T � ����

p
D�Z�D� Considering

the partition of RD into cubes of vertices with length ��
p
D centered on the points of

&T we de�ne the mapping &� from R
D onto &T such that &��u� and u belong to the same

cube� Then � is the image of &� by the natural isometry and clearly d�u� �u�� �� The
de�nition of  r implies �
�	�� It follows from Lemma � of Birg�e and Massart �����a�
that �
��� holds with B� � ���

p
��e�


�



� f j f �
l�
ball of radius R is bounded by

��e�R��� ���D�

Proof	 An elementary computation shows that the volume of a D�dimensional l��ball
of radius � is equal to �D�D��D(�� Since all the cubes of vertices ��D that intersect
an l��ball of radius R are included in an l��ball of radius R� �� the required number
is bounded by ��D�D�R��� ��D�D( and the result follows easily�

Lemma �� Let us consider a D
dimensional linear subspace  V of L��
�� We assume
that there exists some basis ������� of  V with k��k� � � for all � � ! andX

���

j��j � B��k
X
���

����k�

for some constant B�� 
 �� Given �� R with � � R��� any ball B �  V of radius R
may be covered by N intervals �f�� f�� � L

� with diameter kf� � f�k� � � and
N � ��eB���D�R���D�

Proof	 Without loss of generality we take ! � f�� � � � � Dg and consider some ball B
in  V centered at the origin and de�ned by

B �

�X
���

����

����� k
X
���

����k� � R

�
�

Using the standard linear isomorphism between  V and RD we may identify �������
with

P
��� ����� Since the coe�cients �� of any point in this ball satisfyX

���

j��j � B��k
X
���

����k� � B��R

B can be identi�ed to a subset B� of the l��ball with radius RB�� centered at the origin
of RD� By Lemma �� we can cover this ball by N cubes with vertices of length ��D

with N � ��eB��R����D� Let C be the set of the N centers of these cubes� For each
c � ���� � C we consider the interval

Ic �

�X
���



���� � �

�D
j��j

�
�
X
���



���� �

�

�D
j��j

��
�

For any ���� � B� there exists some c � ���� � C such that j�� � ��j � ����D� for
all �� It follows that�����

X
���

���� �
X
���

����

����� �
X
���

j�� � ��j j��j � ����D�
X
���

j��j�

Therefore
P

��� ���� � Ic and the intervals �Ic�c�C cover B� Moreover the L��
diameter of each Ic is bounded by

�

D

X
���

k��k� � ��


�
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Lemma �� Let s be a function of bounded �
variation on ��� �� with � 
 � � � which
means that

sup
k��

sup
x������xk

kX
j��

js�xj���� s�xj�j��� � J��s� 
 ��

where the supremum is taken over all increasing sequence x� � � � � � xk of points in
��� ��� Let L be any number between � and some positive integer N � There exists a
partition P of ��� �� into D intervals with endpoints belonging to the grid fi�N j � �
i � Ng and a function s� 
 s which is constant on the elements of P such that	

D � �



N

L

���������

� � and ks� � sk� � J��
� �s�

�
�



L

N

������������

�
L

N

�
�

Proof	 Let J � J��s� and for any interval I de�ne J�I� by

�JJ�I��� � sup
y�I

s�y�� inf
y�I

s�y��

Consider a partition P of ��� �� into D intervals I�� � � � � ID� If s��x� � supy�Ij s�y� for
x � Ij� one can check that

ks� � sk� �
DX
j��

Z
Ij

�s��x�� s�x���dx �
DX
j��

jIjj�JJ�Ij����� �
�
�

Let us now build by induction a partition P from an increasing sequence x� � � 

� � � 
 xD � � in the following way� Starting with x� � �� de�ne Nxj�� � supfi �
N jL 
 �i � Nxj�J

����xj� i�N��g and stop the process when xj�� � �� Then Ij �
�xj��� xj� is always nonvoid since L 
 � and J�I� � � and by construction

jIjjJ���Ij� � L

N
for � � j � D�

Let I�j � �xj��� xj � ��N�� Then for j 
 D� jI�j jJ���I�j � � L�N � MoreoverPD��
j�� jI�j j � � and

PD��
j�� J�I�j � � �� it then follows from Lemma ��� of Birman

and Solomjak ���
�� that ��������L�N � �D � ���������� Therefore it follows from
�
�
� that

ks� � sk� � DJ�� L

N
� J�� L

N

�
�



N

L

���������

� �

�
�

Lemma �� Let A be either the interval ��� �� or the one
dimensional torus T� Let s
belong to the Besov space B� p��A� with � � �� � � p � � and let D be a positive
integer�

� If A � ��� �� and r � N � �� �� let S� be the space of piecewise polynomials of
degree bounded by r based on the regular partition with D pieces�

� if A � T� let S� be the space of trigonometric polynomials on Twith degree � D�
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linear span of the set f�� j� � �J�!�j�g and D � �J where f��g is a wavelet
basis of regularity r�

Then� there exists constants C��s�� C��s� and C	�s� such that

dp�s� Si� � Ci�s�D
�� for i � �� �� �

where dp denotes the Lp
distance with respect to the uniform distribution on A�

Remark	 We recall that H�H��� � B������� ��� with equality when � is not an
integer�

Proof	 We recall� following DeVore and Lorentz ������� that a function s belongs to
the Besov space B� p��A� if r � ��� � � and its r�th order di�erence given by

,r
h�s� x� �

rX
k��

�
r
k

�
����r�ks�x� kh�

satisfy

sup
y��

y���r�s� y�p 
 ��� where �r�s� y�p � sup
�
h�y

k,r
h�s� ��kp�

The required approximation properties are proved in DeVore and Lorentz ������ page
�	� for piecewise polynomials and page ��	 for trigonometric polynomials� this gives
the result for i � � or �� If i � �� it follows from Meyer ������ Chapter 
� Section ��
that s belongs to the Besov space B�p��A� if and only if

sup
j��

�j���
�

�
� �

p
�

�
� X
����j�

j��jp
�
A

��p

� jjjsjjjp 
 ���

Let sJ be the orthogonal projection of s onto S	� It follows from Bernstein�s inequality
�see Meyer ������ Chapter �� Lemma �� that

ks� sJkpp � C�
p

X
j�J

X
����j�

�j�p�����j��jp � C�
pjjjsjjjpp

X
j�J

��jp�

hence the result�

Next we recall a simple approximation property of convex combinations of functions
in L

��
� which may be proved either by a random sampling or a greedy selection
method �see Jones ������� Barron �������� For convenience we restate it here with a
slight modi�cation obtained by application of the triangle inequality�

Lemma �� Suppose s and t are given functions in L��
� with t�R in the closure
of the convex hull of a class of functions f��wg in L��
� bounded by one� for some
constant R depending on t� Then there exists an approximation sD equal to R times
the convex combination of D functions in the class such that

ks� sDk � R�
p
D � ks� tk�
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erties in some interesting contexts� especially in multivariate settings where it gives
conditions for approximation at a dimension independent rate �see Jones ������� Bar�
ron ������� Breiman ������� Girosi and Anzellotti ������� Hornik et al� ������� Yukich
et al� ����	� for approximation based on Fourier analysis in the ridge function case
and Girosi and Anzellotti ������ for similar conclusions for approximation using radial
basis functions�� However� more is needed to ensure that accurate approximations can
be achieved using a control H on the parameters wj that is bounded by a polynomial
in D or n� Such a control is needed to prove Proposition 
�

Proof of Proposition �	 Our strategy is to give conditions for the existence of a
function sH that is close to s and such that for some R�s� the function sH�R�s� is
in  cof��w j jwj� � Hg where  co� � denotes the closure of the convex hull� Then
Lemma �� with t � sH provides some sm � s�D��H�R�s�� in  Sm with

ks � smk � ks� sHk� R�s��
p
D� �
���

Let &F �da� � eibaF �da� denote the phase and magnitude factorization of the complex�
valued measure &F with phase jbaj � �� We recall that s�x� �

R
expfiaTxg &F �da��

hence since s is real valued

s�x� �

Z
cos�aTx� ba�F �da�� �
���

For trigonometric approximation we assume that H 
 �� and consider sH�x� �R
cos�aTx � ba��fjaj��H��gF �da� for which the error is bounded by js�x� � sH�x�j �R
�fjaj��H��gF �da� � cs�����H�� by Markov�s inequality� We recognize sH as an

element of  cofcos�aTx � b� j jaj� � H��� jbj � H��g multiplied by a constant not
greater than cs��� so that we get from �
��� d�s� Sm� � cs�����H�� � cs���

p
D� with

m � �D�� H� cs��� and ����
� holds�
In the neural net case the Fourier components are related to convex combinations

of sigmoids as shown in Barron ������� The approximation bounds stated in the
proposition are given there�

In the case of ridge wavelets the assumption is that k�k� � % 
 �� and � is zero
outside a �nite interval� For simplicity we take here the interval to be ���� ��� We use
an integral representation in Hornik et al� ������ and Yukich et al� ����	� to show that
we may control H � First we pick any scalar value h for which &��h� �

R �

�� e
�ihz��z�dz

is nonzero� Multiplying and dividing by &��h� in the de�nition of s and making a
change in variables we get the integral representation

s�x� �
�

&��h�

Z
a�Rq

&F �hda�
Z
jb�aT xj��

��aTx � b�e�ihbdb�

Here we assume that H 
 � and let sH�x� be the real part of the same quantity with
integration with respect to the vector a restricted to jaj� � H � � H�� � �� Since
jaTxj � jaj� the value of jbj in the integral is bounded by � H�� and jaj� � jbj � H �
By assumption H � 
 � and the error js�x�� sH�x�j is bounded by

js�x�� sH�x�j �

����� �
&��h�

Z
jaj��H�

Z
jb�aT xj��

��aTx� b�e�ihb &F �hda�db

�����

�



� j &��h�j
Z
jaj��H�

�� � jaj��F �hda� � j &��h�j
Z
jaj��H�

jaj�F �hda�

� �%

jh &��h�j
Z
ja�j��jhjH�

ja�j�F �da�� � �%cs��

jhj�j &��h�jH ��

by the change of variable a� � ha and Markov�s inequality since � � �� In a similar
manner we see that sH�x� is in  cof��aTx � b� j jaj� � jbj � Hg multiplied by a
constant not greater than ��� &��h���cs�� � cs���jhj�� It then follows from �
��� that
d�s� Sm� � C
�cs���H

� � �cs�� � cs����
p
D�� and then ����
� holds�

For the hinged hyperplanes of Breiman ������ approximation bounds similar to
what we need are in his paper� Here we give an integral representation that makes
explicit that the approximation bound holds with H as small as �� We use Tay�
lor�s theorem with remainder to characterize each Fourier component cos�aTx � ba��
Recalling that jaTxj � jaj� we have

cos�b� aTx� � cos�b�� aTx sin�b� �
Z aT x

�
cos�t� b��aTx� t� dt

� cos�b�� aTx sin�b� �

Z jaj�

�
cos�t� b���aTx� t� � �� dt

�
Z �

�jaj�

cos�t� b���t� aTx� � �� dt

� cos�b�� aTx sin�b� � jaj��
Z �

�
cos�jaj�u� b�

��
aTx

jaj� � u

�
� �

�
du

� jaj��
Z �

��
cos�jaj�u� b�

��
u� aTx

jaj�

�
� �

�
du

where we have written separately the contributions from t positive and t negative
and then changed variables from t to u � t�jaj�� Note that the functions in the
last two integrals are in the closure of the convex hull of the functions of plus or
minus bounded multiples of hinge functions� Integrating over the frequency vector
a according to F �da� with b � ba equal to the phase� we get from �
��� that s�x� is
equal to s��� � ��s����Tx plus a function in  cof��� aTx �  b� � �� j j aj� � �� j bj � �g
times a constant which is not greater than �cs��� We note that trivially the constant
� is a particular hinged hyperplane and that

aTx � �

�
�

�
aTx � � �

�

�

"���aTx� � �
#�
�

It follows that s�R�s� is in  cof��� aTx�  b� � �� j j aj� � �� j bj � �g for R�s� � js���j�
�k � s���k � �cs��� The approximation bound ����
� then follows from �
��� for all
H 
 � with �H � �� This completes the proof of Proposition 
�
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