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= vercolation and the hard-core lattice gas model

JE Steif

Department of Mathematics, Chalmers University of Technology, Gothenburg, Sweden

- Received 12 August 1992
.. Revised 12 February 1993

Recently a uniquepess condition for Gibbs measures in terms of disagreement percolation (a type of d d
 percolation involving two realizations) has been obtained. In general this condition is sufficient )tl)ll)l[ not sy
- for uniqueness. In the present paper we study the hard-core lattice gas model which we abbreviate Eecgssaw
fiodel. This model is not only relevant in Statistical Physics, but was recently rediscovered in O > as hard-core
E inthe context of certain communication networks. erecin Operations Research
First we show t.hat the uniqueness result mentioned above implies that the critical activity for the hard
qusigl ona graph is at least P./(1—P,), where P, is the critical probability for site percolatio}rll on th:t a 1'1001'6

Then, for the hard-core model on bi-partite graphs, we study the probability that a given vertex v isgrap s ]

'f:he two extreme boundary conditions, and show that the difference can be written in terms of the OZCEP;F
ving a ‘pat.h.of disagreement’ from v to the boundary. This is the Key t0 a proof that, for thipro abi I;Y
cness condition mentioned above is also necessary, i.e. roughly speaking, phase [TaHSitioA ‘s equi s TaSe, t' e
sagicement percolation in the product space. ’ quivalent with
f::lt}l’;e“:dglic;;scg;e Ikta:;;:;rrz I:;l(;ctietlh anf;\:;/(f: tv;zlotcliliffet;e.nt val(;.les of the activity, one for the even, and
a,l‘]a;?g)’ with the standard ferromagnetic Ising model, b:/ reedu:cred tls model h.as a unique Glbb,s measure, can, in

f the surplus of odd occupied vertices for a certain class of ﬁnite(:):)lzglil: it:;t?"/}:ther the third central moment

@s lntroduc'tion we will briefly discuss the notions which play an important role in this
ge Pe.rcolatlon, Markov fields, Gibbs measures, and the hard-core lattice gas model. As
reviation of the last we will just write ‘hard-core model’. First of all we need s.

; heoretic terminology: e
ﬂI;iS nger we deal with connected graphs which are finite or countably infinite and
Jiotn:i; The last means that e?very ve.:rtex has finitely many edges. A graph will typically
hoted by G, and the set of its vertices by V. Vertices are denoted by v, w, i, j, etc.

0 verti 7 i
Ttices v and w are adjacent (notation v ~ w) if there is an edge between them.

“Lorresponden . ; .
. ce to: Dr. .E. Steif, Department of Mathematics. Chalmers Universitv of Technalnau 41704
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where calls arrive at the vertices according to independent Poisson streams with intensin
\;» i € V. The durations of the calls are assumed to be independent, exponentially distribygg
r.v.’s with mean T, i € V. If, upon arrival of a call at a vertex i, this vertex and all
neighbours are idle, the call is transmitted and { will be busy for the dl:lratiOl’l of the ¢ - »
However, if upon arrival of the call, i or at least one of its neighbours is busy, the callg

lost.  Generalizations of this communication model have been studied by Kelbert and Syt
(1990).) The evolution of the system in time (as a {0, 1} Y?-valued process, where 1 me

2.1
busy and O means free) is a (continuous-time) Markov Chain, and it is not difficult t, ;}_ { Consider the percolation process where each vertex of G, independently of all others, is
(by checking the detailed balance equations) that the stationary distribution is given §

i open with probability p; and closed with probability 1 —p,. If P,y (there exists an infinite
(1.1) with ;= A, T,, i € V5. Using the principles of the theory of infinite interacting partig : apen path) =0, then = p'.

systems, see e.g. Liggett (1985), the time evolution described above makes also sense g

infinite graphs: then the time-reversible equilibria are the Gibbs measures for the hard-cg}

model with activities ;= AT, i € V.

; Corollary 22. Let G, S, wand u’ as defined in Theorem 2.1. Consider again two inde-

~sendent realizations, one under yu, the other under u'. Let, for each vertex i, N, be the set
1 ofnezghbom‘s of i, and define

D= sup (uX p") (o # 0} | w;= =a;and w; =aj for all jEN;) .

aa’ €SN a# !

Pfoof. Let, for each , .#; be the o-field generated by the variables w;, j#i and w !, j#i. Let

3 bitrary vertex. Since p and ' are Markov, it is easy to see that, for i+ O,
In Section 2 we present some general results (i.e. for general Markov fields and for hg . 0be afl ar , . . ' «
core models on genI::ral graphs). In Section 3 we show that, for hard-core models on biparfg ‘: (wX # ) Eiw < @ () ahsaj (?tt?:rt\f:n(s)i (élcs)eirglr:; m:;:;rt(;;n <0 tz)alsl {'})Iet;ci:l::atlﬁeo rlcf)czcs); (a Il 1 ilherle
hs, phase transition is equivalent to a certain type of dependent percolation. Even 9= j-and <p; y Pi p

o cxpe aseil sosc clgons stcllould be accessible after having read this introduction. i apath of disagreement from O t0 i) ) ;< v (o) is stochastically dominated by the process

noghez Iljej:sfttSsctec(:is::ns,eSection 4, is somewhat separate from the others. In this section, fof (I(iis open) ) ;e v (o) - SO we have the following:

good understanding of which familiarity with Ising model theory is dej,sirabl.e but ]

essential, we specialize even further and restrict to the d-dimensional cubic lattice. Usi}

similarities with the standard Ising model, we shed some light on the question whether: i

hard-core model with two different values of the activities (one for the even class and o

for the odd class) has a unique Gibbs measure.

(X p") (3 an infinite path of disagreement containing Q)
= (uX u') (3 infinite path II, not containing O, such that for each i on IT
there exists a path of disagreement from O to i)
<P, (3 infinite path IT, not containing O, such that each i on IT is open)
=P, (3 infinite open path) |
2. General results =0 (by assumption) . (2.2)
' The first equality is trivial: the event on the leftvhand side is just rewritten in a more

' comphcated way to make it suitable for application of the stochastic dominance inequality.
] The reverse happens in the second equality.

= Smce the above holds for any vertex O, and V; is countable, we have

We start this section with the following definition: a path of disagreement for the g
(w, ") is a path in G on which all vertices i have w,# ;. ]

In van den Berg (1991) the following uniqueness condition for Gibbs measures, in tetf
of a type of dependent percolation is given:

(X u")(3 an infinite path of disagreement) =0 .
Theorem 2.1. Let G be a countable, locally finite, connected graph, Vg its slet of ?/irtl ¥ Now apply Theorem 2.1. [

and S a finite or countably infinite set. Let the probability measures . and ,ud. onS ( -
the obvious o-algebra) be Markov fields with the same specification. Consider twc.? l,
pendent realizations, one under ., the other under p'. If (uX u') ((w, @) has an ‘.."

3 We will apply Corollary 2.2 to the hard-core model. First we define the critical activity
path of disagreement) =0, then p=p'. 0

j 49f a graph by

] a. =inf{a: the hard-core model with activities a,=a
As a corollary, that paper also gives a uniqueness condition in terms of indepe '?

percolation. That corollary is a little too weak for our purpose and we give 1nstead has more than one Gibbs measure} .
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Theorem 2.3. Let G be a countably infinite, locally finite, connected graph. Let a;, i EVG,:
be non-negative.Let P+ 1)) be the probability measure under which each i, independey 5
of the others is open with probability a;/ (a;+ 1) and closed with probability 1/ (a;+1), .
(1) If Pyaiscair1y) (there exists an infinite open path) =0, then the hard-core model o

G with activities a;, i € Vg has a unique Gibbs measure. ‘
(ii) The critical activity of G satisfies a.> P, /(1 —=P.), where P, is the critical Drobg.. 3
bility for site percolation on G. 3

n case &= a; =1 for some k, [ €N, the conditional probability that w,= w}=01is 1,
alld hence f( e, a’) =0. Hence, since by (2.1) we may assume a+ o', we are left with the

aes =0, a’#0 and the case a’'=0, a#0. By symmetry it suffices to take the first, in
4tich case it is easily seen that

f(a7 a’)=/.L((D,—=1|wEOOH Nl) ’

giich, by definition equals a;/(a;+1). Hence p;=a;/(a;+1). Now apply Corollary
2. O

Remarks. A classical result for the square lattice is that at p = 3, there is no percolation ami"-
hence P.> 1 (see Harris, 1960, and Hammersley, 1961), Wthh according to the abOVe '
theorem, immediately yields a.> 1. Using the result P, >4 (Higuchi, 1982; for a more&
modern and general proof see Aizenman and Grimmett, 1991) yields a. > 1. This was ﬁrst
proved by Dobrushin, Kolafa and Shlosman (1985) who were motivated by the significan i
of this special lower bound for the 2-dimensional Ising antiferromagnet. However, the
proof was computer-assisted. Radulescu and Styer (1987) and Kirillov, Radulescu and
Styer (1989) have made several simplifications, considerably reducing the amount gf'
computations. However, their proof is still laborious (involving polynomials of degree 15)?
and, although their bound (1.185) is better than ours, we think our method gives the mosl
elegant proof of the important inequality a. > 1.

Another reason, besides the significance for the 2-dimensional Ising antiferromagnefy
why this special bound is important is its interpretation in terms of subshifts of finite .
(see Burton and Steif, 1992). A subshift of finite type is a set of configurations on the ¢
dimensional lattice given by disallowing certain finite configurations. For example, in o 'r
case, we would have 0’s and 1’s on the d-dimensional lattice with adjacent 1’s forbiddei]
It is of interest in ergodic theory to know if such a set supports more than 1 measure d§
maximal entropy, where a measure of maximal entropy corresponds in most cases (if
particular for the hard-core model) to a measure which has uniform conditional probabiliti3
on finite sets when conditioning outside. The fact that a.> 1 in 2-dimensions tells us the -
is only one Gibbs state when @, =1 which translates to the fact that the hard-core subshi}
of finite type has a unique measure of maximal entropy in 2- dimensions. In fact, we onf
need the original Harris—-Hammersley result (together with Theorem 2.3 (1)) to conclu
this.

Finally, we mention that by using the latest bounds for P, and by refining our stochas ¢
dominance arguments (thus yleldmg smaller p;’s in (2.1)), we can further improve U
lower bound for a.. ’

We finish this section with the following theorem. First some notation: if u is a probability
peasure and X and Y are r.v.’s then E,(X) denotes the expectation of X w.r.t. u, and
Cov (X, Y) the covariance of X and Y w.r.t. p, i.e. E (XY) —E, (X)E,(Y).

Theorem 2.4. Let G be a finite graph and . a hard-core measure for G. Then, for any pair
ofvertices iJ:
2 Cov , (w;, )
=(uX p)(w, o) has a path of disagreement,
with even lengtﬁ, fromitoj)
—(uX p)((w, @) has a path of disagreement,
with odd length, fromitoj) . (2.3)
Inparticular, if G is bipartite, then
Cov, (w;, w) = +3(uXp)((w, ®') has a path of
disagreement from i to j), (2.4)
with + if i and j have the same parity and — if they have different pariry.
Remarks. (i) This resembles a result obtained by Fortuin and Kasteleyn for spin—spin
covariances in the Ising model (see Fortuin (1972), Fortuin and Kasteleyn (1972) and

Newman (1987) ). However, their result does not involve the product space, and deals with
bond percolation instead of site percolation.

(ii) Using the same dominance arguments as in Corollary 2.2, Theorem 2.4 provides

S Upper bounds for the covariances of the hard-core model in terms of connection probabilities
R for “ordinary”’ site percolation.

Proof of Theorem 2.3. Part (ii) follows immediately from part (i) and the deﬁnitionsf
to part (i), let i be an arbitrary vertex. We will calculate p; as defined in (2.1): first de 'i“
for a, &’ €{0, 1}Y, .

| Proof of Theorem 2.4. The second part (2.4) follows immediately from the first. As to the
first, let w and o’ be two independent {0, 1}"-valued r.v.’s with distribution u. It is easy
o check (just expand the right-hand side), that

L6ai AN fein NS os L et V= an N and m'=n' on N
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(This equation holds for any pair of r.v.’s and has been used before, see e.g. Lebowi '

(1974) and Liggett (1985, p. 78).)
For each pair (w, ') define the set of vertices

C(i) = {l€Vy: (w, w') has a path of disagreement fromi to [} .

Define the transformation T : 02X £2— X (2 as follows.

If j€ C(i), then T(w, @) = (o, ). ‘

If j& C(i), then T exchanges w and @’ on C(i), ie. T(w, ") =(0,0"), where Uk='
and o}, = w}, forall k& C(i), and 0, = o}, and o = o, for all k€ C(¥). ‘

T is clearly 1-1 and, since u is Markov, T is also measure preserving. Using this .“
(2.5), and setting f(w, ©") = (@, — o)) (w;,— w]), we get

COV,U,(CU,-, wj) =%E,u-x ,,,_(f(w, ') :%E#X #-Lf(w’ o) +f(T(o, @]

From the definition of T and f we have that, if j€ C(i) then f(T(w, ")) =flo, 0'), N
if j& C(i), then f(w, ") +f(T(w, ")) =0. (Note that this holds even when C(i) =
Hence {

COV#((IJ,', wj) = %Elu_x p_[ (f((l), ﬂ)/)I(((x), (,l),) has a path of
disagreement from i to j)]. (2;

(Note that so far we only used the Markov property of w. Hence (2.6) holds for af
Markov field on a finite graph.) ]
Suppose I1 is a path of disagreement from i to j. Since we may assume that neither o i

o' has adjacent 1’s, the values of , as well as these of w’, must be alternating along:

Hence, if the length of II is even, then &= w;= 1 —w!=1— ) and thus f(w, )
Similarly, if the length of ITis odd, then f(o, o) = — 1. This, together with (2.6) yiel
the desired result. [J '

Remark. As to the case i =j, note that the probability of a path of disagreement of
length from i to itself is 0, and that the probability of a path of disagreement of even len
from i to itself is just the probability that w,# ;, which is 2P(w;=1)P(w;=0). Thi§
indeed twice the variance of w;. b
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fall © and o’ €2, where w A w' is defined by (wA w’); =min(w;, w!) for even i, and
xﬂ?’((w"’ ) forodd i, and wV @’ by (wV @"); = max(w, w}) for even i and min( w;, w})

- for 0dd i

Hence, by the FKG theorem,  is associated, i.e.

w(ANB) = w(A) u(B) (3.2)

for all increasing A, BC 0.
iiemark. AC{is increasing if €A, w< w’ implies w’' EA.

oI yand v’ are two probability measures on £2, then we say vis dominated by v’, notation
F <, if ¥(A) < v'(A) for every increasing A C (2.
" . The following dominance property is also a standard consequence of the FKG condition:

'i Lemma 3.1 (dominance property). Let WC Vg and a, o' € {0, 1} W feasible (i.e. they have
o adjacent 1’s) . If a < a’ then the probability measure y, conditioned on the event (w= «
on W), is dominated by the prob. measure p, conditioned on the event (w=a’'on W). 0O

Now we turn to the case that G is an infinite bipartite graph. Let a,, i € V; be non-negative

 real numbers. We are interested in hard-core measures for G with activities a;, i € V. First

some terminology: if WCV;, we say w=even (odd) on W if w;=1 for all even (odd)
i jeWand w;=0 for all odd (even) i€ W.

Let A,, n=1, 2, ..., be a nested sequence of finite sets of vertices such that

o

An=VG'
=1

n

. E‘ér each rf, denote by u%, the hard-core measure for A, with even boundary condition.
. More precisely, u, is the hard-core measure for A, U 84, with activities a;, i€ A, U 8A
? n’

onditioned on the event (w=even on 6A,). Similarly, define p%, as the hard-core measure
t A, with odd boundary condition.

The following result is completely analogous to a similar result for the standard ferro-

"~ magnetic Ising model. Using u is Markov and the dominance property Lemma 3.1 the

- reader may, possibly after consultation of the proof for the Ising model (see e.g. Liggett,
_ 1985, Chapter IV), obtain a detailed proof.

3. Results for bipartite graphs ]
i Lemma 3.2. The sequence p&,-n=1,2, ... is decreasing. More precisely if n <n’ then the

. estriction of u,, to A,U 8A,, is dominated by p5, . H imi
First we restrict to finite bipartite graphs. Let G be such graph and y a hard-core ]!"‘ E Which we call u®. Similarly, the sequence p.° ’ 521 267106 l;'}le'sequen'ce hasdahweak it
for G. Define the partial order < on £2= {0, 11Y6 by: w< ' iff w;< ] for all even ig - An? , 2, ..., is increasing and hence has a

-eak limit, which we denote by u°. The me ¢ ° '
w;> o) for all odd i. It is not difficult to see that 0, with this partial order, is a s0-CA 3 o s i Hene oo e, Both i and 1

- 0f the sequence A, n=1,2 F.
L . . . . ) ,n=1,2,.... Foreachn, u3, < pn%,. H o< ut e °
distributive lattice. Moreover, using 1.1 it is easily seen that w satisfies the FKG condiiSss g, Gibbs measurzs for the hard-core model 05/(1; ;;;;A” i i’?ce B .< ’L‘l; - Both p* and p
. .. . . § - ac .
(Fortuin, Kasteleyn and Ginibre, 1971) w.r.t. this partial order: - ivities a;, i € V. Moreover, each

3 Gibbs measure v for this model satisfies u° < v< w®. Hence this model has a unique Gibbs
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Our aim is to show that, roughly speaking, for hard-core models on bipartite graphg, lh v.conversely, suppos.e there is a unique G%bbs measure, i.e. u° /=_,u:. W(e1 Z?,Z: thz;tdad pf;?t :Z
reverse of Theorem 2.1 also holds. The key to this result is the following proposition, Whic: W;fect for (w, w) if every even ve.rtex ] on Il has w_j =l—w= f, an ,;”yand vertex
is of the same spirit as Theorem 2.4. Sl . [lhasw;=1— ! =0. (Note that if ITis a path of dlsagrelement or (fu, w'),
© jor @' has adjacent 1’s, then IT is either perfect for (w, w') or for (w', w) ) ) .
wLet A, 15, and p, be asin Lemma 3.2. Let i be an arbitrary even vertex. Since p° = ",

Jidby symimetry, we have

Proposition 3.3. Let i€ A, be an even vertex.

w0, =1) — uf, (0, =1)

(uex u°) ((w, ©') has an infinite path of disagreement containing i)
=(p%, X pu3,) (o, »') has a path of disagreement from i to 6A,) . (338

a2 | =2(uX 1°)((w, »') has an infinite perfect path containing i) . (3.6)

4 purther, for m<n withi € A, we have
time let 7:42,X 2, — (2, X, be the transformation given by T(w, ') = (o, )
C(i) N 6A,#0 (ie.if (w, w") hasa path of disagreement fromito 8A,,), and T(w, ®') = (0"5
o’) otherwise, where 0;= w; and 0} = wj for j& C(i), and 0, = w; and 0} = w; for j& C() J
Again it is clear that T'is 1 — 1 and preserves the measure u;, X u9,. Hence

(X w°) (3 a perfect path from i to SA,)
< (n&, X pn%,) (3 a perfect path from i to SA,)

< (us, X 1%,) (3 a perfect path from i to SA,,) . (3.7)

(o= = (wh, i) (e, @92 e =1) i ity follows, after some reflection, from the dominance property in the
The first inequality ,

beginning of this section, and the second is trivial. Now let in (3.7) first n—  and then

=(p%, X p3,) ({(0, 0'): C(i))N8A, =0 and w,=1}) 5
@ - This yields

(e °) (3 an infinite perfect path containing 7)
Similarly,

= lim (p%, X p%,) (3 a perfect path from i to 8A,) . (3.8)

n—®

o (w;=1) =(ps, X n3,) ({(o, @): C(i) N8A, =0 and w;=1})

1 if w= d w'=0dd on 84,, then a path from i to 84, is perfect
(s X %) (0, @): CG) N oA, 0 and o/ =1}) . G5 However, if @=even on 84, and w

3B if and only if it is a path of disagreement. Using this, (3.8), (3.6) and (3.3) we get
It is easy to see that 7 maps the event in the first term of (3.5) to the event in the first term

of (3.4). Hence these two terms are equal. Moreover, arguments similar to those at the enf
of the proof of Theorem 2.4 show that if w and w’ & (2, are feasible and w=even on §4}
and w'=odd on 8A4,, and (w, w’) has a path of disagreement from i to 84, the

w; =1—w;=0. Hence the second term in (3.5) equals 0. The result now follows immedi3
ately. O

(e X p°)(3 an infinite path of disagreement containing i)
=2(p(0;=1)— p(0;=1)), (3.9)

which, by assumption, equals 0. Since an infinite path must contain an even vertex, we are
done. 1

We are now ready for the main result of this section: | 4. The cubic lattice with two activity parameters

Theorem 3.4. Let G be a countably infinite, connected, locally finite, bipartite graph, v
its set of vertices, and a,, i € V; non-negative numbers. Let u¢ and pu° be as defined i
Lemma 3.2. Then the hard-core model on G with activities a;, i € Vg has a unique Gibbj
measure if and only if

In this section, we restrict to a special bipartite graph, namely the cubic lattice Z¢. Recall
we mentioned earlier that it is possible that u°# u® when the activity is consta'nt on the(:j
entire lattice and sufficiently high (Dobrushin, 1968b). Let T be the transzrmat1on on ZZd
. given by T(x,, Xy, ..., Xz) = (x; + 1, X, ..., Xa)- This induces a trimsformatlon on {0, 1}

- and thereby a transformation on probability measures on {0, 1}#. 1t should be cle;ar frorr;
. Section 3 that Tu°= u (and of course Tp®= u°). In particular if u°# p°, then p° and p
are not translation invariant. We say that a ‘translation symmetry breaking’ has occurred
. since the specification was translation invariant but there are associated Gibbs measures

(nX u°) ((w, w') has an infinite path of disagreement) =0 .

Proof. If (u°X u°) ((w, »") has an infinite path of disagreement) =0, then, by Theore i
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The following discussion is heuristic and for motivational purposes only. It presupposeg 3
2 knowledge of the Ising model but will not be used when we return to our results. =

The specification for the Ising model on {—1, 1}% when there is no external field j; §
invariant under + 1 interchange. Nonetheless, when the coupling interaction becomes suf 3
ficiently large, there is a £ 1 symmetry breaking in that there are Gibbs measures for the ]
Ising model which are not invariant under + 1 interchange. It is known that when a nonzery
external field is added, there is always a unique Gibbs measure. By adding an external field, 3
one is breaking the + 1 symmetry at the level of the specification; i.e., the specification i
no longer invariant under + 1 interchange. This is precisely the symmetry which can be
broken when there is no external field. In view of this heuristic (and Dobrushin’s resyjt §
mentioned above) it is natural to expect to have a unique Gibbs measure for the hard-core§
model if the translation symmetry of the hard-core specification is broken. '

We therefore should consider the hard-core model where the activity at the odd lattice
points is A, and that at the even lattice points is A, # A . Throughout this section, we 1et
A,={—n,..,n}"and pS(Ay, As) and po(Ay, Ap) be (A4, Az) and pg, (A4, A;) ag)
defined in accordance with Section 3, where A is the activity on the odd lattice points andj
)\, the activity on the even lattice points. We now include the two parameters A | and A, ind
our model in the notation. We also let w, (A, A,) simply be the hard-core model on A;
(i.e., with free boundary conditions). Finally, we let AX be A, with boundaries identiﬁed
making it a discrete torus and uf(A;, A,) be the hard-core model on AZ. We shouldl
therefore conjecture that whenever A , # A , the hard-core model has a unique Gibbs measure,
The two theorems below give partial results in this direction. !

The approach is very similar to one of the proofs that the Ising model has a unique Gibbs]
measure whenever there is a non-zero external field. One of the key lemmas in this proo3
for the Ising model is a correlation inequality (involving three spins) called the GHS
inequality. This inequality implies negativity of the third central moment (and thereford}
concavity) of the magnetization in finite boxes, which in turn implies differentiability of
the pressure (w.r.t. the external field), which, finally, implies uniqueness. The proof of thel
GHS inequality requires a certain monotonicity in the model which is only known to hold
when the interaction is what is called ferromagnetic. Unfortunately, the hard-core mode]
has an intrinsic antimonotonicity, which prevents us from obtaining an analogue of the GHS§
inequality. We have seen of course that by flipping the spins on the odd sublattice, wel
introduce a certain degree of monotonicity which proves helpful. However, this flippiid
gives us a model which is in some sense analogous to an Ising model which has a positiv]
external field on the even sublattice and a negative external field on the odd sublattice. Fol
such an Ising model, no GHS inequality is known. Nevertheless, we believe (but have nog
proved) that the analogue of the negativity of the third central moment of the magnetizatioli
does hold for the hard-core model and we show that the remaining part of the uniquencs§ '
proof for the Ising model can be adapted to the hard-core model. '

First we let E=E(w) be the number of even vertices in a certain finite set which havg
value 1, and O = O(w) be the number of odd vertices in that set which have value 1. Th
choice of the set will alwavs be clear from the context. Further, let s=0—E (ie. tﬁf
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magnetization and our theorems are the following. Theorem 4.1 tells us that for most

- pﬂameter values, we get uniqueness while Theorem 4.2 tells us that the third central moment

condition mentioned above is enough to give uniqueness when A, > 1. An analogue of
Theorem 4.1 for the Ising model is essentially contained in Lebowitz and Martin-L&f
(1972). See Ruelle (1972) for related results on the Ising model.

‘Theorem 4.1. For each x, the hard-core model with parameters e** " and e*~" has a unique
Gibbs measure for all but at most countably many values of h.

Theorem 4.2. Let s be ‘the surplus of odd vertices with value 1’ as defined above. Assume
that E u1ca102) [GS—E ranan(s) Y1 <0 for all n and for all A | > A, with A, > 1. Then the
hard-core model with parameters A | and A, has a unique Gibbs measure whenever A | # A,
and A > 1.

Remarks. (i) As we mentioned before, we have not (yet) been able to prove the assumption
in this theorem. That is why we called it a partial result. In the 2-dimensional case, we have
checked this negative third central moment assumption for all A; > A, with A;>1o0n a
qumber of toroids including 6 X6 and 6 X 8. Computer capability makes it quite hard to
check larger examples. It turned out that the third central moment of the relevant quantity
was in fact nonpositive in all cases we checked. In fact the terms appeared negative in such
a very systematic way that we believe it gives good support for this conjecture in general.
(i) If A, <1, the third central moment is not always negative. However, for the 2-
dimensional case, uniqueness for A, < 1 is already guaranteed by Theorem 2.3 (since P.> 3;
see the remark after that theorem). In general, if every vertex has an activity smaller than
1, the configuration (in a finite box) which has maximal probability is the one where every
vertex has value 0. In view of this it is not surprising that this case needs a separate approach.

We give the proofs of these theorems later but first give some development. We can
assume without loss of generality that A ;> A, and we can clearly reparametrize A, and A,
using real numbers x and k with A>0 by A, =e*** and A, =¢*~". What we need to do is
to analyze the partition function of the hard-core model.

Let A,={we {0, 1} with no adjacent 1’s}. Let O and E be as defined just before

- Theorem 4.1. We then let Z(n, h, x) =X ,en, APAE =T, c 4,6 %"ME and call this

the partition function. Recall that this is just the normalization used in the definition of the
hard-core model measure. It is also necessary to define this concept for ‘even’ and ‘odd’
boundary conditions. We therefore AS = {w< {0, 1} with no adjacent 1’s and withno 1’s
atany odd points adjacent to 8A,,}. (In words, these are of course the configurations which

- are compatible with the even boundary condition.) Similarly, let AS = {w€ {0, 1} with

. 10 adjacent 1’s and with no 1’s at any even points adjacent to 84, }. (Similarly, these are

. th;‘: configurations which are compatible with the odd boundary cohdition.) We also let
Ar={we {0, 1}4% with no adjacent 1’s}.
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Finally, let
Ze(n, b, x)y="Y A0\ = v Qi+ MOg(x=ME

e e
wEAY wEAR

Z°(n, ]’l, X) — Z )\?)\§= Z e(.\'+l1)Oe(.\'—h)E,

wEA mEAY

iii log(Z(n, h, x))
> (Cn+ 1)

i ZL{JEA”( (0 — E)/(Zn +1 )d)e(,\‘+l1)Oe(x—h)E
oh Z(n, h, x)

ZMEA"( (O—E)Z/(2n + l)d)e(.\'+h)Oe(.\‘—lz)E

and =
Zi(n b x)= Y, ATAT= Y e tmOgx=ME Zm, b, 1)
weAl weA] _ (Zea((O—E)/(2n+ 1)9) et MOU=IEY (T (O —E)et M0t~ NE)
Z*(n, h, x)
Proposition 4.3. _ Var(s)
2n+ 1)’

log(Z(n, h,x))  log(Z°(n, h,x))
@n+1)?* 7 2n+1)?

s

| where the variance is computed with respect to the probability measure p,,, A2). Since

3 second derivative is therefore nonnegati i i i
log(Z(rn. b, 1)) ) log(ZT(n, h) the egative, we obtain the desired convexity. O
OeLL ALY pd e~ 2

2n+1)? (2n+1)¢ .
. proposition 4.5. Let f,(x) be a sequence of differentiable convex Sfunctions defined on an

open interval I containing x,. Assume that f, (x) — f(x) as n— for all x in I and that f is
- differentiable at xo. Then f |, (x0) =f (%) asn—. [

all converge as n— « to the same limit, which we denote by P(h, x). O

We do not give the proof of this. It follows almost verbatim the proof of Theorem D,1,-
on p. 333 in Ellis (1985) with only some minor modifications needed. We call P(h, x)

This is a well-known result for convex function i
pressure in analogy with the Ising model. s (sec e Lemma IV.03 on p- 11410

E Eilis, 1985).

Proposition 4.4. P(h, x) is for all x a convex function of h. ‘o - .
. Proposition 4.6. [f P(h, x) is differentiable at h= h, then there is a unique Gibbs measure

. L _— . . A for (A}, Ay) = (eX+70, e R
Proof. Since a limit of convex functions is convex, it suffices, by Proposition 4.3, to shoi f : (A1, A2) = ( &)

that for all » and for all x, 3 ]
- Proof. As in the proof of Proposition 4.4, one can show that

3 log(Z°(n, h,x)) [ s
o (2n+1)? (2n+1)d]

log(Z(n, h, x))
2n+1)4

is convex in k. Computing the first derivative with respect to h gives
with respect to the measure nS(e**”, e*~*) and that

3 log(Z°(n, h, ) _E[ s
o (2n+1)¥¢ (2n+’1)"]

3 log(Z(n, h, %)) _ ZwEA,,((O—E)/(2n+l)d)e(””)oe("_")E
o (2n+1)¢ Z(n, h, x) '

We note for later purposes that this is nothing but

E Vith respect to the measure ug(e*”, e¥7").

E[s/(2n+1)9]
Next, we recall that by Proposition 4.3, both

with respect to the probability measure u, (A, Ay). _
Computing the second derivative yields log(Z*(n, h, x)) log(Z°(n, h, x))

(2n+1)¢ o (2n+1)4 Pk, x)y

 forall x and 4 as n — o.
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Lastly; the fact that u° > u° and the equality of the 1-dimensional marginals immediately
— that u°= p° as desired. This last step is fairly clear and is obtained by a simple

s d
E ciotne—n —_—; — P h,
e the )[(2n+1)d]_>ah (, %)

=nQ E - ,e: .
h=h W dification of Corollary 2.8 on p. 75 of Liggett (1985). O
28 -
and
s 9 /e are now in a position to prove Theorems 4.1 and 4.2.
E oter+hgr—n [7] — — P(h, x) i
a ’ 2n+1)? oh heho
Pl'00f of Theorem 4.1. Choose x such that e*= A . It is well-known that a convex function
asn—>», '

fro;n R to R is differentiable at all but at most countably many points. Hence for fixed x
, P(h’ x) is differentiable at all but at most countably many values of 4. By Proposition 4.6,
1 the hard-core model with parameters (¢***, e*~") has a unique Gibbs measure for all but

| ;¢ most countably many values of . [

It can be shown that (somewhat analogous to the Ising model)

s
E e (ocrnen— I:W]

e Xx+h Lx—h . _ _ g€ (axth x—h . — )
= pieh e (0 (1) =1) = pf(e &) (0 0(0) = 1), 1 ProofofTheorem4.2.Fixx\1and)\zwith)t1>)\2and)t1>l.Wewanttoshowthatthe

as n— o, where 0 and 1 denote the vertices (0,0, ..., 0) and (1,0, ..., 0), respectively,‘; 1 hard-core model with parameters (A, A,) has a unique Gibbs measure.
However, we do not need this and all we need is the weaker BB Take by and x so that A= e**" and A, =e€""" (note that hy,>0). To apply Proposition
s 46, we want to show that (3/3h) P(h, x) | ,—, exists.
ligl_)s;]p E eexthex—n I:m] “ Let
| log(Z"(n, h, x))

< ’Le(ex+h, ex—h)(w: Cl)(l) — 1) _ Me(ex+h7 ef"_h)(w: (L)(O) = 1) s (4 P,I;(h, x) = (2n+ l)d

which follows easily from s = O — E and monotonicity (Lemma 3.2).
Similarly

s 3 2 Pk x) E[——s ]
L ) - 3 - » X) =
lim inf E o cotn e-n) —( 1) o an (2n+1)¢

n—ow

Recall that the proof of Proposition 4.4 showed that

> ple™ ey (w: w(1)=1)— uo (e ") (w: w(0)=1). (4. - vith respect to the measure ) (e**”, e*~*). We call this last quantity M(n, h, x).

Ch he(0,h ith e**"'> 1. Then, for all 1> h’,
In view of the above, this gives us 00%¢ (0. ko) with e en. fora

5 h
OfuX+h x—h : =1) = y° x+h x—h . 0O=1 1
pHE e e o) =D = e e (e o) =) 1 PI(h x) =PI 5) = [ M(n.3.5) @y (46)
< pEE e (@ w(1)=1) — p(e*™", &M (w w(0)=1) . (43)8 W
However, since u° < u° (Lemma 3.2), we also have | Assuming for the moment that M(n, y, x) is concave in y for y> k', we proceed as follows.
po(e5H &y (wr w(0) =1) < (e, &) (0 w(0)=1), (44 Since —1<M(n,y, x) <1 foralln,yand x, we can choose 1, — % such that for all rational
’ o < (0, ),
and
lim M(n,,y, x)=M(y, x) exists .
B, &) (wr (1) = 1) > (e, &) (wr w(1) =1) . (4] o M0 3, ) =ME, x)
From (4.3)—(4.5) we clearly obtain - Moreover, since M (n, y, x) is concave as a function of y on (h’, ), it even follows (see
. Th ;
(e & (0 (1) = 1) = (e, &) (@ (1) =1) & e V133 onp.214 of Ellis, 1985) that
and lim M(n,,y, x) =M(y, x) exists
k>

WOl AXxth L x—hNsLo LN 1N Ler x+h x—hANs . s 1N
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h

P(h,x) —P(h',x) = JM(}’, x) dy. -
i :

Next, M(y, x) is a concave function of y on (h’,oc) since it is a limit of concave fUnctid'
It is therefore also continuous on (A’, ). Since P(k, x) can be expressed as an iﬂtegrai
a continuous function on (A’, ), it follows that P(h, x) is differentiable on (A’, ) and
in particular at h, as desired.

Finally, we show that, under the assumption in the theorem, M(n, y, x) is indeed Conc‘
iny on (h’, ). It suffices to show that its second derivative is <0 for all y> h'. The
derivative of M(n, y, x), or, equivalently, the second derivative of log(ZT(n, y, »\;
(2n+ 1)¢, can be obtained in complete analogy to the computation in the proof of Propg

sition 4.4 and equals

Toenr((0—E)2 (2n+ 1)4)et 0% »E 1
Z7(n, y, x) ;

| (Bueag((O=E)/ (2n+ 1))e %0 E) (8,,cp7(0 — E)e ™% -

(Z"(n, y,%))*
Differentiating this last expression with respect to y and simplifying yields {5

3
3y2

1
T (2n+ )¢

M(n, y, x) Eresser-n [ (8= Euperere (5))7]

which is <0 by assumption. [J
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