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~uR,ercolation and the hard-core lattice gas model

J;,:yan den Berg
í4"1\,

IJ'!!kAmsterdam, Netherlands

Departent of Mathematics, Chalmers University of Technology, Gothenburg, Sweden

R~ntly a uniqueness condition for Gibbs measures in terms of disagreement percolation (a type of dependent

pe~olation involving two realizations) has been obtained. In general this condition is sufficient but not necessary
c rriiûniqueness. In the present paper we study the hard-core lattice gas model which we abbreviate as hard-core

JIooel. This model is not only relevant in Statistical Physics, but was recently rediscovered in Operations Research
" irlhe context of certain communication networks.
",First we show that the uniqueness result mentioned above implies that the critical activity for the hard-core
~;méi on a graph is at least Pel ( I - Pel, where Pc is the critical probability for site percolation on that graph.

; ~''Ìen, for the hard-core model on bi-parite graphs, we study the probability that a given vertex v is occupied

ånller:the two extreme boundar conditions, and show that the difference can be written in terms of the probability
... ing a 'path of disagreement' from v to the boundary, This is the key to a proof that, for this case, the

condition mentioned above is also necessary, i.e. roughly speaking, phase transition is equivalent with
ment percolation in the product space.

(,'!illiàlly, we discuss the hard-core model on 7ld with two different values of the activity, one for the even, and
fone,fQ( the odd vertices. It appears that the question whether this model has a unique Gibbs measure, can, in

'., . .':y with the standard ferromagnetic Ising model, be reduced to the question whether the third central moment
surplus of odd occupied vertices for a certain class of finite boxes is negative.

'l~introduction we wil briefly discuss the notions which play an important role in this
:i: Percolation, Markov fields, Gibbs measures, and the hard-core lattice gas modeL. As

.i--viation of the last we wil just write 'hard-core model'. First of all we need some
-~ê~:theoretic termnology:~¥iihi8 paper we deal with connected graphs which are finite or countably infinite and

.länYfinite. The last means that every vertex has finitely many edges. A graph wil typically
r~noted by G, and the set of its vertices by V G' Vertices are denoted by v, w, i, j, etc.

'0 vertices v and w are adjacent (notation v ~ w) if there is an edge between them.

"
,,/Correspondence to: Dr. J.E. Steif, Department of 

Mathematics. ChaIme..i rniv"r"itv (1fTp~hn(1i"n" "_A 1 ')Q,:;iL__ .
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where calls arrive at the vertices according to independent Poisson streams with intensiilì

À ¡, i E V G' The durations ofthe calls are assumed to be independent, exponentially distrib¡¡

LV.'S with mean T¡, iE VG. If, upon arrival of a call at a vertex i, this vertex and alLI
neighbours are idle, the call is transmitted and i will be busy for the duration of the ¿'
However, if upon arrval of the call, i or at least one of its neighbours is busy, the cal
lost. (Generalizations of this communication model have been studied by Kelbert and Suij

( 1990).) The evolution of the system in time (as a f 0, 1) vC-valued process, where 1 me.

busy and 0 means free) is a (continuous-time) Markov Chain, and it is not difficult to ~

(by checking the detailed balance equations) that the stationary distribution is given
( 1.1) with a¡ = À ¡T¡, i E V G' Using the principles of the theory of infinite interacting Parai

systems, see e.g. Liggett ( 1985), the time evolution described above makes also sense
infinite graphs: then the time-reversible equilibria are the Gibbs measures for the hard-c,
model with activities a¡ = À¡T¡, i E V G'

In Section 2 we present some general results (i.e. for general Markov fields and for h

core models on general graphs). In Section 3 we show that, for hard-core models on bipari

graphs, phase transition is equivalent to a certain type of dependent percolation. Even'

non-experts these sections should be accessible after having read this introduction.
The last section, Section 4, is somewhat separate from the others. In this section, foi

good understanding of which familiarity with Ising model theory is desirable but
essential, we specialize even further and restrict to the d-dimensional cubic lattice. Us'

similarities with the standard Ising model, we shed some light on the question whether
hard-core model with two different values of the activities (one for the even class and ~
for the odd class) has a unique Gibbs measure.

2. General results

We start this section with the following definition: a path of disagreement for the

(w, w') is a path in G on which all vertices i have W¡ =1 w;.

In van den Berg ( 1991) the following uniqueness condition for Gibbs measures, in te
of a type of dependent percolation is given:

Theorem 2.1. Let G be a countable, locally finite, connected graph, V G its set of verti1

and S afinite or countably infinite set. Let the probability measures tL and tL' on SVc (l\

the obvious u-algebra) be Markov fields with the same specification. Consider two i
pendent realizations, one under tL, the other under tL'. If (tL X tL')( (w, w') has an inli¡
path of disagreement) = 0, then tL = tL I. 0

As a corollary, that paper also gives a uniqueness condition in terms of indepe

percolation. That corollary is a little too weak for our purpose and we give instead
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corollary 2.2. Let G, S, tL and tL' as defined in Theorem 2.1. Consider again two inde-
~~Hiident realizations, one under tL, the other under tL'. Let,jor each vertex i, N¡ be the setpc .
Jineighbours of i, and define

p¡ = sup (tLX tL') (w¡ =1 w; I Wi = ai and wi = aifor alljEN¡) .
æ,a:'ESN'-;a=l ex'

(2.1 )

Consider the percolation process where each vertex of G, independently of all others, is

open with probability p¡ and closed with probabilty 1- Pi' If P(Pil (there exists an infinite
open path) =0, then ¡.= tL'.

Proof. Let, for each i, J¡ be the u-field generated by the varables wi,j =1 i and wi,j =1 i. Let
o be an arbitrary vertex. Since tL and tL' are Markov, it is easy to see that, for i =1 0,

(/LX ¡.i/) (( w, w') has a path of disagreement from 0 to i I J¡) equals 0 if, for all j ~ i,
(ù,=w', and ~p¡ (a.s.) otherwise. Soin any case it is~p¡ (a.s.). Hence the process (/(there,,J J

is a path of disagreement from 0 to i)) ¡E Vc\(Ol is stochastically dominated by the process

(/(i is open)) ¡E Vc\(O). So we have the following:

ng

ßÐ
(tL X tL') (3 an infinite path of disagreement containing 0)

= (tL X tL') (3 infinite path II not containing 0, such that for each i on II

there exists a path of disagreement from 0 to i)

~P(Pii(3 infinite path II, not containing 0, such that each i on II is open)

= P (Pi 1 (3 infinite open path)

I
JII

=0 (by assumption) . (2.2)

Jhe first equality is trivial: the event on the left-hand side is just rewritten in a more
çomplicated way to make it suitable for application of the stochastic dominance inequality.

The reverse happens in the second equality.

Since the above holds for any vertex 0, and VG is countable, we have

'I'OW applV 1 neo~~

a

(tLX tL')(3 an infinite path of disagreement) =0.

o

We wil apply Corollar 2.2 to the hard-core modeL. First we define the critical activity
~of a graph by

;
ac = inff a: the hard-core model with activities a¡ == a

has more than one Gibbs measure) .
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Theorem 2.3. Let G be a countably infinite, locally finite, connected graph. Let ai' i EO VG

be non-negative. Let p1a¡/((I;+ I) i be the probability measure under 
which each i, independent

of the others is open with probability a;l (a¡ + 1) and closed with probability 11 (a¡ + 1),

(i) If p¡(I¡/((I;+ i)) (there exists an infinite open path) = 0, then the hard-core modelon=
G with activities a¡, i E V G has a unique Gibbs measure.'

(ii) The critical activity of G satisfies ac '; Pol (1- Pc), where Pc is the critical proba:'
bility for site percolation on G.

Remarks. A classical result for the square lattice is that at p = ~, there is no percolation andi

hence Pc'; l (see Harris, 1960, and Hammersley, 1961), which according to the abov~l;
theorem, immediately yields ac'; 1. Using the result Pc/- ~ (Higuchi, 1982; for a moi~

modem and general proof see Aizenman and Grimmett, 1991) yields ac /- 1. This was fi .
proved by Dobrushin, Kolafa and Shlosman ( 1985) who were motivated by the significan~

of this special lower bound for the 2-dimensional Ising antiferromagnet. However, theil
proof was computer-assisted. Radulescu and Styer (1987) and Kirillov, Radulescu arim

Styer (1989) have made several simplifications, considerably reducing the amount ó~
computations. However, their proof is stil laborious (involving polynomials of degree lSti

and, although their bound ( 1.185) is better than ours, we think our method gives the mosti

elegant proof of the important inequality ac /- 1.
Another reason, besides the significance for the 2-dimensional Ising antiferromagne,\

why this special bound is important is its interpretation in terms of sub 
shifts of finite ty

(see Burton and Steif, 1992). A sub 
shift of finite type is a set of configurations on the d,

dimensional lattice given by disallowing certain finite configurations. For example, in 0

case, we would have 0' sand l' s on the d-dimensionallattice with adjacent l' s forbidde'
It is of interest in ergodic theory to know if such a set supports more than 1 measure q:

maximal entropy, where a measure of maximal entropy corresponds in most cases ('
paricular for the hard-core model) to a measure which has uniform conditional probabilÜ
on finite sets when conditioning outside. The fact that ac /- 1 in 2-dimensions tells us th9
is only one Gibbs state when a¡ == 1 which translates to the fact that the hard-core subs'"

of finite type has a unique measure of maximal entropy in 2-dimensions. In fact, we 0
need the original Harris-Hammersley result (together with Theorem 2.3 (i)) to conclu;
this.

Finally, we mention that by using the latest bounds for Pc, and by refining our stochas
dominance arguments (thus yielding smaller p¡' s in (2.1)), we can further improve
lower bound for ac-

Proof of Theorem 2.3. Part (ii) follows immediately from part (i) and the definitions.~
to part (i), let i be an arbitrary vertex. We will calculate p¡ as defined in (2.1): first de
for a, a' E (0, l)N;,

.£1 _. ~.,\ _ I .. 'v .. f\ (.._~ -l .._~, I ...\= F\ An 7\, o;nrl rol':: iv' on N.)
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In case ak= a; = 1 for some k, IEN¡, the conditional probability that W¡= w; =0 is 1,
;ndhencef( a, a') = 0. Hence, since by (2.1) we may assume a 

=1 a', we are left with the

caseS a == 0, a';¡ ° and the case a' == 0, a;¡ 0. By symmetry it suffces to take the first, in

which case it is easily seen that

f(a, a')=J.(w¡=llw==OonN¡),

definition equals a;l (a¡ + 1). Hence p¡ = a;l (a¡ + 1). Now apply Corollary

We finish this section with the following theorem. First some notation: if J. is a probability

measure and X and Yare r.v.'s then E¡.(X) denotes the expectation of X W.r.t. J., and

Covl'(X, Y) the covariance of X and YW.r.t. J., i.e. E ¡.(XY) - E¡.(X)E¡.( Y).

Theorem 2.4. Let G be a finite graph and J. a hard-core measure for G. Then,for any pair

of vertices i, j:

2 Cov ¡.(w¡, w)

= (J. X J.)( (w, WI) has a path of disagreement,

with even length, from i to j)

- (J.X J.)( (w, WI) has a path of disagreement,

with odd length, from i to j) . (2.3 )

Inparticular, ifG is bipartite, then

CovtL(w¡, w) = =H(J.XJ.)((w, w') has a path of

disagreement from i to j),

with + ifi andj have the same parity and - if they have diferent parity.

(2.4 )

Remarks. (i) This resembles a result obtained by Fortuin and Kasteleyn for spin-spin

covarances in the Ising model (see Fortuin (1972), Fortuin and Kasteleyn (1972) and
Newman (1987)). However, their result does not involve the product space, and deals with
bond percolation instead of site percolation.

(ii) Using the same dominance arguments as in Corollary 2.2, Theorem 2.4 provides
upper bounds for the covarances of the hard-core model in terms of connection probabilities

for "ordinar" site percolation.

,. Pfóof of Theorem 2.4. The second par (2.4) follows immediately from the first. As to the
fit, let wand w' be two independent (0, 1) vC-valued r.v.'s with distribution J.. It is easy
to check (just expand the right-hand side), that
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(This equation holds for any pair of LV.'S and has been used before, see e.g. Lebowíi

( 1974) and Liggett ( 1985, p. 78).)
For each pair (w, w') define the set of vertices

C( i) = (I E V G: (w, w') has a path of disagreement from i to lì .

Define the transformation T: D X D ~ D X D as follows.
IfjEC(i), then T(w, w') = (w, w').

If j $ C( i), then T exchanges wand w' on C( i), i.e. T( w, w') = ((T, (T'), where Uk'"
and (T~ = w~ for all k$ C(i), and (Tk = w~ and (T~ = Wk for all kE C(i).

T is clearly 1-1 and, since tL is Markov, T is also measure preserving. Using this

(2.5), and settingf(w, w') = (Wi- w;)(wj- wi), we get

Cov I- (Wi' w) = ~E I-x I-(j( w, w')) = ~E I-x I-(f( w, w') + f( T( w, w'))) .

From the definition of T andfwe have that, if j E C( i) thenf( T( w, w')) = f( w, w'), '
if j $ C(i), thenf( w, w') + f( T( w, w')) = O. (Note that this holds even when C(i) '"
Hence

Cov 1-( Wi' w) = ~E I-x 1-( (j( w, w')/( (w, w') has a path of

disagreement from i to j) ) .

(Note that so far we only used the Markov property of tL. Hence (2.6) holds for
Markov field on a finite graph.)

Suppose II is a path of disagreement from i to j. Since we may assume that neither w
w' has adjacent 1 's, the values of w, as well as these of w', must be alternating alongc'

Hence, if the length of II is even, then Wi = wj = 1 - w; = 1 - wi and thus f( w, w') ,
Similarly, if the length of II is odd, thenf( w, w') = - 1. This, together with (2.6) yièl

the desired result. 0

Remark. As to the case i = j, note that the probability of a path of disagreement of"
length from i to itself is 0, and that the probability of a path of disagreement of even le~

from i to itself is just the probability that Wi =1 w;, which is 2P( Wi = 1 )P( Wi = 0). l' .

indeed twice the variance of Wi'

3. Results for bipartite graphs

First we restrict to finite bipartite graphs. Let G be such graph and tL a hard-core mea:
for G. Define the partial order ~ on D= (0, 1) VG by: w~ w' iff Wi~ w; for all even i¡"
Wi;; w; for all odd i. It is not difficult to see that D, with this partial order, is a so-C

distributive lattice. Moreover, using 1.1 it is easily seen that tL satisfies the FKG condji

(Fortuin. Kasteleyn and Ginibre, 1971) w.r. t. this partial order:
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'ç -'all wand w' E D, where w /\ w' is defined by (w /\ w') i = mine W¡, w;) for even i, andior

(Wi' w;) for odd i, and w V w' by (w V w') i = max( Wi' w;) for even i and mine Wi' w;)

or odd i.

.=-Hence, by the FKG theorem, tL is associated, i.e.

tL(Aí1B);; tL(A)tL(B) (3.2)

for all increasing A, BeD.

Remark. A e D is increasing if wE A, w ~ w' implies w' EA.

If vand v' are two probability measures on D, then we say v is dominated by v', notation

v'; v', if v(A)~ v'(A) for every increasingAeD.

The following dominance property is also a standard consequence of the FKG condition:

Lemma 3.1 (dominanceproperty). Let We VG and a, a' E (0, 1) W feasible (i.e. they have
no adjacent l' s) . If a ~ a' then the probability measure tL, conditioned on the event ( w = a
on W), is dominated by the prob. measure tL conditioned on the event (w= a' on W). 0

Now we turn to the case that G is an infinite biparite graph. Let ai' i E V G be non-negative

real numbers. We are interested in hard-core measures for G with activities a¡, i E V G' First

some termnology: if We V G, we say w = even (odd) on W if Wi = 1 for all even (odd)
iE Wand Wi = 0 for all odd (even) i E W.

Let Am n = 1, 2, ..., be a nested sequence of finite sets of vertices such that

U An = V G .
n~l

~¿r each n, denote by tLA" the hard-core measure for An with even boundary condition.
More precisely, tLA" is the hard-core measure for Aii U £'Am with activities ai' i E An U £'Am

. lipnditionedon the event (w= even on £'An). Similarly, define tL';" as the hard-core measure
Lfôr An with odd boundary condition.

The following result is completely analogous to a similar result for the standard ferro-
- magnetic Ising modeL. Using ¡. is Markov and the dominance property Lemma 3.1 the
reader may, possibly after consultation of the proof for the Ising model (see e.g. Liggett,

1985, Chapter IV), obtain a detailed proof.

Lemma 3.2. The sequence tL A", n = 1, 2, ... is decreasing. More precisely if n ~ n' then the
" restriction of tL A", to An U £'An is dominated by tL A,,' Hence the sequence has a weak limit,

which we call tLe. Similarly, the sequence tL';", n= 1, 2, ..., is increasing and hence has a
;:,feak limit, which we denote by tL o. The measures tL e and ¡. ° do not depend on the choice

l'tfthe sequence Am n = 1, 2, ... . For each n, ¡.';" ~ tLA,,' Hence tL 0 ~ tLe. Both tL e and tL °
r are Gibbs measures for the hard-core model on G with activities ai' i E V G' Moreover, each

'Gibbs measure v for this model satisfies tL 0 ~ v~ tL e. Hence this model has a unique Gibbs
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Our aim is to show that, roughly speaking, for hard-core models on bipartite graphs,li\èf

reverse of Theorem 2.1 also holds. The key to this result is the following proposition, whif
is of the same spirit as Theorem 2.4.

Proposition 3.3. Let i E An be an even vertex.

t- A" ( Wi = 1 ) - t- ~i,, Wi = 1 )

= (t- A" X t- A,, (( W, WI) has a path of disagreement from i to BAn)' (3.3):

Proof. Let nn == (0, 1) A" U 8/" and let C( i) be as defined in the proof of Theorem 2.4. Th

time let T: nn X nn -- nn X nn be the transformation given by T( W, WI) = (w, WI) J
,

C(i) n BAn * 0 (i.e. if (w, WI) has a path of disagreementfromi to BA,), and T( W, WI) =: (ii,'

(TI) otherwise, where (Tj = wj and (Tj = wj for) $. C(i), and OJ = wj and (Tj = wj for) E: C(i)!

Again it is clear that Tis 1 - 1 and preserves the measure t-A" X t-A". Hence

t- A,, Wi = 1) = (t- A" X t- A,, ( ( (w, WI): Wi = I ))

= (t- A" X t- A,, ( ( (w, WI): C( i) n BAn = 0 and Wi = i))

+ (t-A" X t-A,, ( ( (w, WI): C( i) n BAn * 0 and Wi = 1)). (3.4):

Similarly,

t-A,,(Wi = 1) = (t-~i" X t-Ä,, (( (w, WI): C(i) n BAn =0 and w; = 1))
j

+ (t-A" X t-A,, (( (w, WI): C(i) n BAn *0 and w; = 1)) . (351

It is easy to see that T maps the event in the first term of (3.5) to the event in the first Ie

of (3.4). Hence these two terms are equal. Moreover, arguments similar to those at the enl
of the proof of Theorem 2.4 show that if wand WI E nn are feasible and W == even on M

and WI == odd on BAll and (w, WI) has a path of disagreement from i to BA", ihe!.
w; = 1- wi= O. Hence the second term in (3.5) equals O. The result now follows immedi:

ately. 0

We are now ready for the main result of this section:

Theorem 3.4. Let G be a countably infinite, connected, locally finite, bipartite graph, Vi
its set of vertices, and ai' i E VG non-negative numbers. Let t- e and t- ° be as defined i'
Lemma 3.2. Then the hard-core model on G with activities ai' i E VG has a unique Gibb,
measure if and only if

(t- eX t- 0) (( W, WI) has an infinite path of disagreement) = 0 .

Proof. If (t-e X t-0) (( W, WI) has an infinite path of disagreement) = 0, then, by Theore'
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Conversely, suppose there is a unique Gibbs measure, i.e. t-e = t-0. We say that a path II

¡ferfect for (w, WI) if every even vertex) on II 

has Wj= 1- wj = 1, and every odd vertex

'onJ1has Wj= 1- wj = O. (Note that if IIis a path of disagreement 

for (w, WI), and neither

-J;;r WI has adjacent l' s, then II is either perfect for (w, WI) odor (w', w).)

LeIAn, t-A" and t-A" be as in Lemma 3.2. Let i be an arbitrary even vertex. Since t-e = t-0,

aidby symmetry, we have

(t- ex t- 0) ( (w, WI) has an infinite path of disagreement containing i)

= 2 ( t- e X t- 0)( (w, WI) has an infinite perfect path containing i) . ( 3.6 )

Furter, for m ~ n with i E Aii we have

(t- ex t- 0)( 3 a perfect path from i to BAn)

~ (t- A" X t- A,,) (3 a perfect path from i to BAn)

~ (t-A" X t-A,, (3 a perfect path from i to BAm) . (3.7)

The first inequality follows, after some reflection, from the dominance property in the

beginning of this section, and the second is trviaL. Now let in (3.7) first n--OO and then
m-lCO. This yields

(t- ex t- 0) (3 an infinite perfect path containing i)

= lim (t- A" X t- A,, (3 a perfect path from i to BAn) . ( 3.8 )
n--CO

However, if w==even on BAn and wl==odd on BAll then a path from i to BAn is perfect

if and only if it is a path of disagreement. Using this, (3.8), (3.6) and (3.3) we get

(t-eX t-°)(3 an infinite path of disagreement containing i)

=2(t-e(Wi = 1) - t-°(Wi = 1)) , (3.9)

which, by assumption, equals O. Since an infinite path must contain an even vertex, we are

done. 0

4. The cubic lattice with two activity parameters

In this section, we restrict to a special biparite graph, namely the cubic lattice 7Ld. Recall
we mentioned earlier that it is possible that t-0 * ¡Le when the activity is constant on the
entire lattice and sufficiently high (Dobrushin, 1968b). Let T be the transformation on 7Ld

given by T(Xi, X2, ..., Xd) = (xi + 1, X2, ..., Xd)' This induces a transformation on (0, l)Æd
aM thereby a transformation on probability measures on r 0, 1) Æd. It should be clear from

, Section 3 that T t- ° = t-e (and of course T t- e = t-0). In paricular if t-0 * t-e, then ¡L0 and t-e
are not translation invariant. We say that a 'translation symmetry breaking' has occurred
since the specification was translation invariant but there are associated Gibbs measures
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The following discussion is heuristic and for motivational purposes only. It presupposeS,c

l knowledge of the Ising model but will not be used when we return to our results.
The specification for the Ising model on ( -1, 1 )Æ'd when there is no external field is

invariant under :t 1 interchange. Nonetheless, when the coupling interaction becomes suf.'
ficiently large, there is a :t 1 symmetry breaking in that there are Gibbs measures for the
Ising model which are not invariant under :t i interchange. It is known that when a nonzero
external field is added, there is always a unique Gibbs measure. By adding an external field,

one is breakng the :t 1 symmetry at the level of the specification; i.e., the specification is
no longer invarant under :t 1 interchange. This is precisely the symmetry which can be

broken when there is no external field. In view of this heuristic (and Dobrushin's resuit!
mentioned above) it is natural to expect to have a unique Gibbs measure for the hard-core,;
model if the translation symmetry of the hard-core specification is broken. .

We therefore should consider the hard-core model where the activity at the odd lattice!

points is A 1 and that at the even lattice points is A 2 =1 A i. Throughout this section, we let'

A" = ( - n, ..., n) d and ¡.~(A i' A2) and ¡.~(A ¡, A2) be ¡.An (À I' A2) and ¡.An (À I' A2) as

defined in accordance with Section 3, where A i is the activity on the odd lattice points and
A2 the activity on the even lattice points. We now include the two parameters A i and A2 in.

our model in the notation. We also let ¡.,,(À i' A2) simply be the hard-core model on Aj

(i.e., with free boundary conditions). Finally, we let A;' be A" with boundaries identified!
making it a discrete torus and ¡.;,(A¡, A2) be the hard-core model on A;'. We shouldJ

therefore conjecture that whenever A 1 =1 A2 the hard-core model has a unique Gibbs measure.

The two theorems below give parial results in this direction.
The approach is very similar to one of the proofs that the Ising model has a unique Gibbs'

measure whenever there is a non-zero external field. One of the key lemmas in this proofj

for the Ising model is a correlation inequality (involving three spins) called the GHS

inequality. This inequality implies negativity of the third central moment (and therefor~

concavity) of the magnetization in finite boxes, which in turn implies differentiability 
of.

the pressure (w .r.t. the external field), which, finally, implies uniqueness. The proof of th
GHS inequality requires a certain monotonicity in the model which is only known to holi
when the interaction is what is called ferromagnetic. Unfortunately, the hard-core mod~
has an intrinsic antimonotonicity, which prevents us from obtaining an analogue of the GH~

inequality. We have seen of course that by flipping the spins on the odd sublattice, w~
introduce a certain degree of monotonicity which proves helpfuL. However, this flippin~
gives us a model which is in some sense analogous to an Ising model which has a positiv~

external field on the even sublattice and a negative external field on the odd sublattice. Fo~

such an Ising model, no GHS inequality is known. Nevertheless, we believe (but have noti
proved) that the analogue of the negativity of the third central moment of the magnetizatio
does hold for the hard-core model and we show that the remaining part of the uniquenes
proof for the Ising model can be adapted to the hard-core modeL.

First we let E = E( w) be the number of even vertices in a certain finite set which havi
value 1, and 0 = O( w) be the number of odd vertices in that set which have value 1. Th
"hnif'p nf thp. !'P.t will alwavs be clear from the context. Further, let s = 0 - E (i.e. tlh
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magnetization and our theorems are the following. Theorem 4.1 tells us that for most

arameter values, we get uniqueness while Theorem 4.2 tells us that the third central moment
~ondition mentioned above is enough to give uniqueness when A i ~ 1. An analogue of

Theorem 4.1 for the Ising model is essentially contained in Lebowitz and Martin-Löf
(1972). See Ruelle ( 1972) for related results on the Ising modeL.

Theorem 4.1. For 
each x, the hard-core model withparametersex+h and ex-h has a unique

Gibbs measure for all but at most countably many values of h.

Theorem 4.2. Let s be 'the surplus of odd vertices with value l' as defined above. Assume
thatEp-T.(ÀI.À2) ((s-Ep-T.(À¡À2)(S) )3) ~Oforall n andforall Ai ~ A2 with Ai ~ 1. Then the
hard-core model with parameters A ¡ and A2 has a unique Gibbs measure whenever A ¡ =1 A2

andÀ¡~1.

Remarks. (i) As we mentioned before, we have not (yet) been able to prove the assumption
in this theorem. That is why we called it a partial result. In the 2-dimensional case, we have

checked this negative third central moment assumption for all A i ~ A2 with A i;: 1 on a
number of toroids including 6 X 6 and 6 X 8. Computer capability makes it quite hard to

check larger examples. It turned out that the third central moment of the relevant quantity
was in fact nonpositive in all cases we checked. In fact the terms appeared negative in such

a very systematic way that we believe it gives good support for this conjecture in general.

(ii) If Ai 0( 1, the third central moment is not always negative. However, for the 2-
dimensional case, uniqueness for A ¡ ~ 1 is already guaranteed by Theorem 2.3 (since Pc ~!;

see the remark after that theorem). In general, if every vertex has an activity smaller than
1, the configuration (in a finite box) which has maximal probability is the one where every
vertex has value O. In view of this it is not surprising that this case needs a separate approach.

We give the proofs of these theorems later but first give some development. We can
assume without loss of generality that A ¡ ~ A2 and we can clearly reparametrize A ¡ and A2
using real numbers x and h with h ~ 0 by A 1= ex+h and A2 = ex-h. What we need to do is

to analyze the parition function of the hard-core modeL.
Let A" = (w E (0, 1) An with no adjacent l' s). Let 0 and E be as defined just before

Theorem 41 We then let Z(n h x) = '" A °AE = '" e(x+h)Oe(x-h)E and call this. . "k.wEA" 1 2 L.wEAn
the parition function. Recall that this is just the normalization used in the definition of the
hard-core model measure. It is also necessar to define this concept for 'even' and 'odd'

boundar conditions. We thereforeA~ = (wE (0, 1) An with no adjacent l's and with no l's
at any odd points adjacent to SAn)' (In words, these are of course the configurations which
are compatible with the even boundary condition.) Similarly, let A~ = f wE fO, 1) An with

no adjacent l' s and with no l' s at any even points adjacent to SAn)' (Similarly, these are
. the configurations which are compatible with the odd boundar condition.) We also let
A~ '= (WE (0, 1) AT. with no adjacent l's).
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Finally, let

Ze(n, h, x) = L À? À~ = L e(x+/)Oe(x-h)E,
wEA~ wEA~1

ZO(n h x) = " ÀOÀE =" ~ I 2
wEA~

L e(x+h)Oe(x-h)E,
(iEA~

and

ZT(n h x) = " ÀOÀE =" l- 12
wEA!i'

L e(x+h)Oe(x-h)E.
wEAT,

Proposition 4.3.

log(Z(n, h, x))

(2n+ l)d

log(ZO(n, h, x))

(2n+ i)d

log(ze(n, h, X))

(2n+i)d

d log(ZT(n, h, x))an
(2n+ l)d

all converge as n ~ 00 to the same limit, which we denote by P(h, x). o

We do not give the proof of this. It follows almost verbatim the proof of Theorem D.f:
on p. 333 in Ellis (1985) with only some minor modifications needed. We call P(h,x) -
pressure in analogy with the Ising modeL.

Proposition 4.4. P( h, x) is for all x a convex function of h.

Proof. Since a limit of convex functions is convex, it suffices, by Proposition 4.3, to shii
that for all n and for all x,

log(Z(n, h, x))

(2n+ i)d

is convex in h. Computing the first derivative with respect to h gives

~ log(Z(n, h, x)) LwEA,,( (0 - E) / (2n + 1 )d)e(x+h)Oe(x-h)E

ah (2n+ l)d Zen, h, x)
We note for later purposes that this is nothing but

E(s/(2n+ i)d)

with respect to the probability measure fLli(À i, À2).
Computing the second derivative yields
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a2 log(Z(n, h, x))
ah2 (2n+ i)d

~ LWEA,, (0 - E) / (2n + I )d)é'+h)Oe(x-h)E
ah Zen, h, x)
LWEA,, (0 - E)2 / (2n + i )d)e(x+h)Oé'-h)E

zen, h, x)

(LWEA,, (0- E) / (2n + I )d)e(x+h)Oe(x-h)E) (LWEA,,( 0 - E)e(x+hlOé"-h)E)
Z2(n, h, x)

Var(s)

(2n+l)d'

where the varance is computed with respect to the probability measure fLu i' À 2)' Since

the second derivative is therefore nonnegative, we obtain the desired convexity. 0

Proposition 4.5. Letf,,(x) be a sequence of diferentiable convex functions defined on an
open interval! containing xo. Assume that f" (x) ~ f( x) as n -" 00 for all x in I and that f is
diferentiable at xo. Thenf ;,(xo) ~f '(xo) as n~OO. 0

This is a well-known result for convex functions (see e.g. Lemma IV.6.3 on p. 114 in
Ellis, 1985).

Proposition 4.6. If P( h, x) is diferentiable at h = ho, then there is a unique Gibbs measure

for (A i' À2) = (ex+ho, e-hO).

Proof. As in the proof of Proposition 4.4, one can show that

a log(Ze(n, h, x)) ( s J

ah (2n+ l)d = E (2n+ i)d

with respect to the measure fL~( eX+/, ex-h) and that

a log(ZO(n, h, x)) ( s J

ah (2n+ i)d =E (2n+l)d

with respect to the measure fL 7, ( e" + \ e" - h) .

Next, we recall that by Proposition 4.3, both

log(ze(n, h,' x))

(2n + l)d

log(ZO(n, h, x))
and

(2n+ l)d
~ P(h, x)

for al x and h as n~oo.
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( s J a )1~ -P(h,xEtL~(e'+h,e'-h) (2n+ l)d ah h~ho

and

( J a I
s ~ _ P(h, x)EtL?,(e"+h,e'-h) (2n+ l)d ah h~ho

as n ~co.
It can be shown that (somewhat analogous to the Ising model)

EtL~(ed/'.e'-h) ((2n: l)dJ

~ ¡.e(e+h, ex-h)(w: w(l) = 1) - ¡.e(e+h, e-h)(w: w(O) = 1) ,

as n ~ co, where 0 and 1 denote the vertices (0, 0, ..., 0) and (l, 0, ..., 0), respectively.
However, we do not need this and all we need is the weaker

lim sup E tL~(edh,e,'-h) ( S dJ11--00 (2n+1)
,, ¡.e( ex+h, ex-h)( w: w( 1) = 1) - ¡. e( ex+h, ex-h)( w: w(O) = 1) ,

which follows easily from s = 0 - E and monotonicity (Lemma 3.2) .
Similarly

hm inf E tL?,(e,+h,e,-h) L2n: i)d J
11 --00

;; ¡.°(ex+h, e-h)(w: w(l) = 1) - ¡.°(ex+h, ex-h)(w: w(O) = 1) .

In view of the above, this gives us

¡.°(e+h, e-h)(w: w(l) = 1) - ¡.°(ex+h, e-h)(w: w(O) = 1)

,, ¡.e(eX+h, e-h)(w: w(l) = 1) - ¡.e(e+h, ex-h)(w: w(O) = 1) .

However, since ¡.0,, ¡.e (Lemma 3.2), we also have

¡.°(e+h, ex-h)(w: w(O) = 1),, ¡.e(ex+h, e-h)(w: w(O) = 1) ,

and

¡.°(eX+h, e-h)(w: w(l) = 1);; ¡.e(ex+h, ex-h)(w: w(1) = 1) .

From (4.3)-( 4.5) we clearly obtain

¡.°(e+\ e-h)(w: w(l) = 1) = ¡.e(e+h, ex-h)(w: w(l) = 1) ,

and

.,Of ,.x+h ,.x-h\ Ii" 1'/1\\ _ 1 \ _ ..ei ~x+h ~x-h\ i _.. . ./1\\ _ 1 '\

( 4.5~
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',Lastly, the fact that ¡.e;; ¡.0 and the equality of the I-dimensional marginals immediately
:~"'vés that ¡.e = ¡.0 as desired. This last step is fairly clear and is obtained by a simple
~gi~¡Jfìcation of Corollary 2.8 on p. 75 of Liggett (1985). 0

~rtWe are now in a position to prove Theorems 4.1 and 4.2.

Ir~f of Theorem 4.1. Choose x such that e = À i. It is well-known that a convex function
fr~in IR to IR is differentiable at all but at most countably many points. Hence for fixed x
ltfi, x) is differentiable at all but at most countably many values of h. By Proposition 4.6,
!hebard-core model with parameters (ex+h, ex-h) has a unique Gibbs measure for all but

at roost countably many values of h. 0

Proof of Theorem 4.2. Fix À 1 and À 2 with À i ? À 2 and À 1 ? 1. We want to show that the
bard-core model with parameters (À i' À 2) has a unique Gibbs measure.

Take ho and x so that À = e+ho and À2 = ex-ho (note that ho? 0). To apply Proposition
4.6, we want to show that (a/ah)p(h, x) I h~ho exists.

Let

P~(h, x) = log(ZT(n, h, x))
(2n+ l)d

Recall that the proof of Proposition 4.4 showed that

a~ P~(h, x) =E((2n: l)d J

with respect to the measure ¡.~( ex+h, ex-h). We call this last quantity M(n, h, x).
Choose hi E (0, ho) with e+h'? 1. Then, for all h? h',

h

P~(h, x) - P~(h', x) = f M(n, y, x) dy.
h'

( 4.6)

Assuming for the moment thatM(n, y, x) is concave in y for y? h', we proceed as follows.

Since - 1 ,, M (n, y, x) ,, 1 for all n, y and x, we can choose nk ~ co such that for all rational
yE(h', co),

lim M(nb y, x) =M(y, x) exists.
k--oo

Moreover, since M(n, y, x) is concave as a function of yon (h', co), it even follows (see

-Theorem VI..3 on p. 214 of Ellis, 1985) that

hm M(nb y, x) =M(y, x) exists
k--oo
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a i 1
-- M(n, y, x) = i E¡.T(e+".ex-n ((S- E¡.T(e'+'.c'-')(S))-)ay- (2n+I)' " "
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II

P(h, x) - P(h', x) = J M(y, x) dy.
ii'

Next, M (y, x) is a concave function of yon (h', (0) since it is a limit of concave functioì

It is therefore also continuous on (h i, (0). Since PC h, x) can be expressed as an integrãÎ

a continuous function on (h', (0), it follows that P(h, x) is differentiable on (h', 00) and
in particular at ho as desired.

Finally, we show that, under the assumption in the theorem, M(n, y, x) is indeedconc~

in y on (h', (0). It suffices to show that its second derivative is ~ 0 for all y'/ h'. The
derivative of M(n, y, x), or, equivalently, the second derivative of log(ZT(n, y, xl!

(2n + i) d, can be obtained in complete analogy to the computation in the proof of Pro
sition 4.4 and equals

LWEAT,( (0 - E)2 / (2n + i )d)é'+Y)Oé,-v)E
ZT(n, y, x)

(LWEAT,( (0 - E) / (2n + i )d)e(x+")Oé,-y)E) (LWEA:r( 0 - E)e(x+,,)Oe(x-Í

(ZT(n, y, X))2

Differentiating this last expression with respect to y and simplifying yields

which is ~ 0 by assumption. 0

We thank G. Kamieniarz for providing the data which we used to check the third cen
moment condition of Theorem 4.2 for a number of toroids.
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