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Abstract

We show that the “naive Bayes” classifier which assumes indepen-
dent covariates greatly outperforms the Fisher linear discriminant rule
under broad conditions when the number of variables grows faster than
the number of observations, in the classical problem of discriminating
between two normal populations. We also introduce a class of rules
spanning the range between independence and arbitrary dependence.
These rules are shown to achieve Bayes consistency for the Gaussian
“colored noise” model and to adapt to a spectrum of convergence rates,
which we conjecture to be minimax.
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1 Introduction

It has long been appreciated in machine learning practice (see e.g., Lewis
(1998) and Domingos and Pazzani (1997)) that in classification problems in
which the number of covariates is large, rules which use the evidently invalid
assumption that the covariates are independent often perform better than
rules which try to estimate dependence between covariates in the construc-
tion of the classifier. We were struck by this phenomenon in some problems
of texture classification (Levina, 2002), though, unfortunately, the context
we were working in was far too complicated for direct analysis. The same
phenomenon has been reported for microarray data (Dudoit et al., 2002),
where ignoring correlations between genes led to better classification results.

To study this practical success analytically, we decided to explore the power
of two classical classifiers, the Fisher linear discriminant function and the
so called “naive Bayes” rule, which assumes independence in the simple
context of the multivariate Gaussian model. To understand what happens
qualitatively, we let, in our asymptotics, both the dimension p of the vector
observations and the size of the “training sample” n, to be large with p quite
possibly >> n. We present our approach and results in Section 2. Our
results are of two types. In Section 2 we show that, on the basis of a worst
case analysis, for large p, “naive Bayes” can indeed greatly outperform the
linear discriminant function. Section 3 points out the connection between
the conditions that guarantee results of Section 2 and the spectral density.
The surprisingly good performance of “naive Bayes” led us to consider a
spectrum of rules spanning the range between assuming full independence
and arbitrary dependence. We present these rules in Section 4, where we also
formulate the Bayes consistency and minimax regret problems in the context
of the “colored Gaussian noise” model. We show that using modifications
to our rules, we can adapt to a spectrum of rates which we conjecture to be
minimax. We conclude in Section 5 with a discussion of the relation of our
work to that of Greenshtein and Ritov (2003), and more generally, to the
criterion of “sparsity” of the parameters — see Donoho et al. (1995). Details
of the proofs of necessary lemmas are given in Section 6.

2 Model and First Results

Consider the problem of discriminating between two classes with p—variate
normal distributions N,(pg,X) and Np(pq,X). A new observation X is to
be assigned to one of these two classes. If pg, puy and X are known then the
optimal classifier is the Bayes rule:

f1(X)
fo(X)

I(X) zl{log >0} :l{A,E_l(X—[L) >0}, (2.1)



where the class prior probabilities are assumed equal, fo and f; are the
densities of Np(pg,2) and N,(pq, ), respectively, and

1

> (1o + ).

A = py — Ho, M.:2

If we have independent observations from the two classes X1 ... X, (i =
0,1), and estimators fi, ft; of the population means then the quant1t1es in
(2.1) can be estimated by A = fi, — fig, fb. = L(foy + frg). T is estimated
by the pooled estimate where the centering is at the classical 1, = X; =

LS Xk (for i =0, 1),

1 n
=1 Xk — Xa) (X, — Xa).
z:O k:l
Even though we assume equal sample sizes for convenience, all the results
below extend trivially to unequal sample sizes ng and n; as long as ng — oo,
nip — 0o, and - Yo — T 0< T <L If we naturally assume that 7 is the
probability of a new observation belonging to class 0, the rule is modified

by replacing 0 in the indicator by log (z—g

A convention: We always view p, pq as points in /s by adding Os at the
end.

Plugging all the parameter estimates directly into the Bayes rule (2.1) leads
to the

Fisher Rule (FR)
Sr(X) =1 {A’E*l(x —p) > 0} .

Alternatively, assuming independence of components and replacing off-diagonal
elements of X with zeros leads to a new covariance matrix estimate,

D = diag(3),
and a different discrimination rule:

Independence Rule (IR)
Al A 71 N
61(X):1{AD (X—,u,)>0},

which is also known as naive Bayes. The first goal of this paper is to compare
the performance of these two rules as p — co,n — oo, and p/n — v with 0 <
v < 00. We will compare the rules in terms of their worst-case performance:
let

F(CakaB) = {(Ho»lh, ) A,E 1A>C k1<)\m1n( )éAmax(E)SkQ,
Mi€B7Z:0,1} s



where ¢, k1,and kg are positive constants, Apin(2), Amax(X) are, respectively,
the smallest and the largest eigenvalues of 3, and B is the compact subset
of Iy given by

o0
B=Baa={pcly:) aju; <d’}
j=1

Here, aj — oo and p = (p1, pt2, .. .). It is well known that B is a compact
and that (see Pinsker’s Theorem in Johnstone (2002)) if ¥ = identity, then
for suitable ,, depending only on {a;}, the j-th component of u; can be
estimated by

frij = (1= rjn)+ X5, 1=0,1, (2.2)
and then,
max Egllfs, — l* = o(1). (2.3)

The condition on eigenvalues guarantees that

)\max(z) k?
— =< K=—.
Amin(z) - kl

Then, both ¥ and £~! are not ill-conditioned. The condition A’S"1A > ¢?
guarantees the Mahalonobis distance between the two populations is at least
¢, so that ¢ is a measure of difficulty of the classification problem. Let
0 = (pg, i1, ). Assume henceforth that X ~ N(pg,X). The symmetry of
our rules makes the posterior probability of misclassification if the mean of
X is pg to be the same as that under ;.

For a rule § and X ~ N(p, ), define posterior error by
W(6,0) = Pglo(X) =1|X,i =0,1,k=1...n]
and the worst case posterior error by
Wr(d) = max W (,0).

Further, let

W (6,0) = Py[5(X) = 1]

be the misclassification error of §, and

Wr(d) = max W(s,8)

be the worst case error. For the two rules dp and J;, the posterior errors
can easily be computed as

W(or,0) = &

(A,%))
W((Slve) = (i)( Aa

\IJE ’
\I]E( ﬁ))v



where ® =1 — ®, ® is the Gaussian cumulative distribution function, and
A'MTA
2(A' M-S M-1A)L/2

Us(A,M) = (2.4)

The behavior of these errors is complex and has been studied extensively
for the case of fixed p (see e.g., McLachlan (1992) for a review). It is well
known that the rule 0 is asymptotically optimal for this problem, that is,

WF(éF) — @(0/2),

which is the Bayes risk, while Wr(d;) converges to something strictly greater
than the Bayes risk. If p > n, dr is not well defined since >~ is not.
We replace 51 by 3=, the Moore—Penrose inverse, obtained by finding
the subspace of RP spanned by the eigenvectors él, e ,én corresponding to
non-zero eigenvalues 5\1, e ,S\n of 3 and then defining

n
. B 1 ~ ar
ST =0Tty &€
i=1 Ai

Let ¢ = D~Y2x,D=1/2 e the correlation matrix of X and let

)\max (EO)
)\min (20)

Note that Ky < K2 since k; < 04; < ko for all i.

Ky = max
r

Theorem 1 (a) If 2 — oo, Wr(6p) — 3.

(b) If B2 — 0, then

lim sup Wr(6;) = @

n—oo

( vEo ) (25)

1—|—KOC

Note that if the matrix has eigenvalues going to 0 or co as p — o0, then
Ky — oo, and limsup W (d;) = %, so the worst case of the rule is no better
than random guessing. However, if 3 is a multiple of the identity so that
Ky =1, then the bound gives the Bayes risk, as it should since in this case
the IR is asymptotically optimal.

Remark It is worth noting that even when A and X are assumed known,
the corresponding IR does not lose much in comparison to the Bayes rule.
This remains true for the original IR rule under the conditions of Theorem
1 since then es below is the limiting risk of IR. To see that, let

o = Bs(8,D) =@ (Hania)”)

~ _ /1 A'D7TA
ey = @(WZ(A,D)) =& <§ (A,D_IZD_IA)1/2>




be the errors of the two rules when A ¥, and D = diag(X) are known. If we
write Ag = D~Y/2A, then the efficiency of IR relative to FR is determined
by the ratio r of the arguments of ®, where

= \IJE(AVD) — (A6A0)
Us(AY)  [(A)S0Ap)(AGSy  Ag)]l/2

(2.6)

A bound on this quantity can be obtained from the Kantorovich inequal-
ity (quoted here from Luenberger (1984)): let @ be any positive definite
symmetric p X p matrix. Then for any vector v,

(v'v)? S 4aA
(VQu)('Q~M) ~ (a+ A)?

where a is the smallest eigenvalue of (), and A is the largest. Applying this
inequality to (2.6) we get
S 2/ K
r

- 14+ K(]
and the error of the IR can be bounded by

e1 <ey < @ <L/F°<I>—1(el)) :

(2.7)

1+ Ky

The actual loss in efficiency is not very large: Figure 1 presents plots of
the bound as a function of the Bayes risk e; for several values of K. For
moderate K, one can see that the performance of IR is comparable to
that of FR. Note that the bounds represent the worst-case performance,
so the actual results may be, and in fact should typically be better. In
practice, Ky cannot be estimated reliably from data, since the estimated
pooled correlation matrix is only of rank 2(n — 1). The range of non-zero
eigenvalues of the estimated correlation matrix, however, does give one a
rough idea about the value of Ky. For instance, in the leukemia dataset
discussed in Dudoit et al. (2002), Ky ~ 30, so one can expect the naive
Bayes rule to perform reasonably well (and it does in fact perform much
better than the Fisher rule).

Before proceeding to the proof of Theorem 1, we state a necessary lemma,
whose proof for ¥ = I appears for instance in Johnstone (2002). We estab-
lish this extension in Section 6. We conjecture that Theorem 1 holds for B
an arbitrary compact in ls.

Lemma 1 Suppose that B is a compact subset of lo and y; = p; +n_1/25j,
j > 1 where e, = (e1,...,¢p) is Gaussian with mean 0 and variance covari-
ance matriz Y. Let A = {(p,, Xp) : p € Bag, Amax(Xp) < ko < oo} for
ke > 1. Then there exist 1 = (fi1, fi2,-..) such that

max{Egllft, - | : 6= (1,5) € A} = o(1)
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Figure 1: The bound on the risk of the IR as a function of the Bayes risk.
The numbers over the curves show the value of K.

where fr,, and p,, follow the same convention. In fact,

max{Egllft, — p,l*: 0 € A} < kymax{Ep|lfp — p)|?* : p € Baa}-

Proof of Theorem 1:

We first proveA(a). Suppose ¥ = I. Then (;\1, . 5\n), (él, . ,én) are inde-
pendent and §; are identically distributed uniformly on the unit p-sphere.

Moreover, A is independent of \;’s and éi’s. We need to argue that when
¥=1,
(A7)0 (2.8)

Write, using the spectral theorem,

Use Cauchy-Schwartz and divide the top and bottom by E?:l(A, él)Q to get

V(A 57) <[5 (AE)?

7



Condition on A and take expectations inside the square root to get %HAH2

Applying Lemma 1 to y; = Xi;, (i = 0, 1) we get || A||? il |AJ|%, and result
(a) follows.

We now prove (b). We first argue that under the given condition,

~—1 —1, P
lfgié)’%i — 0 | =0 (2.9)

uniformly on T’ where ¥ = ||6y;]|, ¥ = ||oy;]|. Since 0 < k1 < 03 < kg < 00
for all ¥ such that 6 € I', (2.9) follows from

R P
max |Gii — 04| — 0 (2.10)

uniformly on I'. But by Lemma 4 in Section 6,

~

g _ 1‘ > 5] < 2pe_"c(a)
o

P [max
1<i<p
for ¢(e) > 0. Thus, again invoking o;; > k1 > 0, (2.10) follows.

Next, let 56 be the rule §; with A replaced by the true A. By the mono-
tonicity of ® on rays,

max{W(62,0): 0 €T} = max{P(Ts(A,D)): 6T, AL A =2}
(2.11)
On the other hand,
W (67,0) = Eg®(¥s(A, D))

where A = fi; — fi given by (2.2). We show in Lemma 5, that

mlng((s[,G) = max{W(7,0): 0T, 2<AY A< <0} (212)
for some f2 < co. Therefore, in view of (2.11), to prove (2.5) we need only
check two things:

max{|¥Us(A, D)~ Us(A,D)|: 0cT,* <A'SIA < 2} =0,(1) (2.13)
where D denotes either D or D, uniformly on B; and

min{Us(A,D): 0T, 2<AYTA< 2

VK .
14+ Ky

= min{Us(A,D): 6T, A'Y A > P} = (2.14)

To see why this is sufficient to establish result (2.5), note first that by (2.12)
we need only consider W; on the set I where @ € T', ¢ < A/S71TA < f2.
Next by (2.13) we can replace d; in W by 5IA on I'. Replacing §; by 5IA in



W implies that this replacement in W is also permitted since 0 < & < 1.
Then (2.11) permits us to consider W((SIA, 0) and hence W((SIA, 0) just for
0cT, A'S7A =% Again by (2.13), we can replace D in (5IA by D.

Now, to verify the second equality in (2.14), note that
min{¥s(A,D): A'STA =%}

c_ . \IIE<A7 D) Iy—1 2
= - — = A'YT A= . 2.1
2mm{\I/E(A,E) '} (2.15)
But the ratio U5 (A, D)/Us(A,Y) is invariant under ¥ — bX. for any b > 0.
We conclude that

min{¥s(A,D): A'SIA =) = %r
where r is given by (2.7). Moreover, the bound (2.7) is sharp when all

eigenvalues are equal, which establishes (2.14).

To complete the proof of (2.5), we need only check (2.13). In view of (2.9)
and Lemma 1, (2.13) will follow from (here | - || is the I3 or operator norm
as appropriate)

U (A, D) - Us(A, D) < C(|A - Al| +||D - D))

for ||A — Al < &, ||D — D| < 8 for 61,0, small enough uniformly for
0 cT, < AY'A < f? with C depending on ¢, f,a only. This is
equivalent to the Fréchet derivatives of ¥y, (A’, D’) being uniformly bounded
in a neighborhood of (A, D). We shall not argue this here but prove a
stronger result (Theorem 2) in Section 4. O

3 Connections to Spectral Density

If we think of Xy as covariance of a stationary process {{;}, the condition on
the eigenvalues of the correlation matrix that assures the good performance
of the IR can be related to the spectral density of the corresponding process.
Abusing the notation, if we write,

Yo = llowjllig>1 = llo (I = j]) [lsj>1 (3.1)

then we can think of ¥ as the correlation matrix for p = oo, with correla-
tions for finite p obtained by taking the first p rows and columns of Y.

In this case, it is known (Grenander and Szegd, 1984) that the o(m) have a
spectral representation

atm) = 5 [ émar)

2 J_ o

9



for a finite measure F. F' is absolutely continuous with density f which is
in Ly iff ¥,,0%(m) < oo and,

) =5 > é™om) (3.2)

m=—0oQ

is the spectral density. Moreover,

)\max(ZO) = SIZJ;pf(I/),
)\min(ZO) = Hl}ff(v)

In particular, any process with the spectral density bounded by positive
constants,
0< M <f(v)<M< oo forall v (3.3)

would have a covariance function that satisfies our constraints.

Note that & = X;/o; is the stationary process here, and not the origi-
nal set of variables Xy, which are still allowed to have different variances.
The assumption of stationarity is not necessarily realistic for classification
problems, but the connection to spectral density provides a useful tool for
investigating some examples below.

Example 1 Let {X;} be an ARM A(r,q) process defined by
o(B)X, = 0(B)Z,
where B is the shift operator,
d(z)=1—1z—...0,2",0(z) =14+ 012+ ...0429,

and {Z;} is a white noise process with variance o2. Then as long as ¢(z) has
no zeroes on the unit circle and no common zeros with 6(z), X; has spectral
density
o2 | 4] (eiu) |2
)= ol
which satisfies the constraint (3.3) whenever both ¢(z) and 6(z) have no
zeroes on the unit circle.

In particular, the AR(1) process, which corresponds to

2o = llo(li = iDllagz1 = 10" i1,
has 0(z) = 1,¢(z) = 1 — pz,|p| < 1, so for this form of covariance matrix
the IR rule result holds. In this case one can also compute

_sup, f(v) _ (1+p)°

~inf, f(v) (1 —p)2

10



Similarly, the M A(1) process, which corresponds to a tri-diagonal correla-
tion matrix with o(1) = p,|p| < 0.5, has ¢(z) = 1,0(z) = 1 + pz, so this
type of covariance structure also benefits from using the IR rule. Here also
K = (1+p)?/(1 — p)%. These examples should be viewed primarily as mo-
tivational, though such covariance structures may occur in classification of
time series data or data generated by a stationary random field, which is a
reasonable model for some types of image data, in particular, for texture.

Example 2 A simple example where condition (3.3) is not satisfied is pro-
vided by the correlation matrix

1, if i=j
Zo=lowll={ ' it 150

This corresponds to the process X; = Xg + &, {e;} white noise, for which
the spectral density does not exist. One can also check directly that the
eigenvalues of its p X p subsection are A\ = ... = \yo1 =1 —p, A\, =
1+ (p—1)p, so that \,/A\; — oo as p — oo and the worst-case error of the
IR is also 1/2.

Necessary and sufficient conditions for the spectral density to be bounded
between two positive constants were given by Bradley (2002), in terms of
what he called “linear dependence coefficients” of the process. While these
conditions are not in general easy to check, they may be useful in special
cases.

4 The Gaussian “colored” noise model and Bayes
consistency and minimax regret

To motivate and justify rules which interpolate between dr and d;, we need
an asymptotic framework which permits us to make X, converge as n —
0o. We make our discussion more systematic. The Gaussian colored noise
model is given by (see Johnstone (2002) for instance)

X;=p; +nze, i=0,1

where p; € Iy and € = (e1,¢€9,...) is a sequence of Gaussian variables with
mean 0 and cov(eg, &) = 0gp, 1< a <b<oo. Let ¥, be the upper p x p
corner of X, ie., |[cov(es, g5)|l, 1 < 4,5 < p. We denote (a,b) = > 77, ab;
for a = (ay,a,...) and b = (b1, ba,...) and |ja|| = 332, a? as usual. Now
Y = |joyj]l, 1 <, < oo is an infinite dimensional matrix. Suppose ¥ can
be viewed as a linear operator from Iy to ls: if a € [,

Ya=becl (4.1)
where b; = > 2%, 0yja;. This holds iff >°°%, o7 < oo for all i. We assume

that ¥ is bounded and has a bounded inverse, that is, for all a € Iy

11



(i) (a,Za) < M|al
(i) (a,%a) > M"'|al?
for some M finite. Such a ¥ is a Toeplitz operator, since it satisfies o;; =

o(|i—7]). If O = ||0ij|l1<i,j<oo is & linear operator from Iy to I operating as
in (4.1), then its operator norm is given by,

|0]] = sup{[|Oa : [la] =1}

If O is symmetric (self adjoint), 0;; = 0j; for all 4, j, then it is well known
that the spectrum of O is real and discrete, A;(O), A2(O), ... and

101 = sup [A;(0)| = max{|Amax (O), [Amin(O)]} - (4.2)

It follows that, for ¥ as above,
HEH = Amax(z) <M

IZ7H = dnax (271 = A

For a Toeplitz operator, one can show more than (4.3). We summarize the
facts we need below as Lemma 2, and refer to Grenander and Szegé (1984)
for proof; see also Bottcher et al. (1996).

Lemma 2 Suppose T is a linear operator from lo to lo which is self adjoint
and Toeplitz,

tiy = t(i — j), t(j) = t(—j), all j.
If ZZ‘;O t2(k) < 00, then

gr(z) = > *t(k)
k=—0o0
is in Lo(—m,m) and
17| = sup [gr(z)| (4.4)
and if T~ is bounded, then
17| = (inf |gr(2))~" (4.5)

Thus, if ¥t2(k) < oo, conditions (i) and (ii) are equivalent to (3.3).

12



The class of Toeplitz operators corresponding to spectral densities satisfying
(3.3) suggest rules interpolating between dp and d;. We define 74 as the

rule which replaces ﬁlp by iéd) given below.
& ~(d
LR: SO = (169 |pxp (4.6)
9 — s(b—a), a—bl<d
0 otherwise

p—k
5(k) = (p - k)_l {Za'a,a-‘rk}
a=1

The rules I;R are natural if we assume that X, is the covariance matrix
of p consecutive observations from a moving average of order d + 1. Let
0 = (pg, by, ) where p; range over subsets of Iy and ¥ over a subset of
Toeplitz operators with spectral densities satisfying (3.3) and smoothness

restrictions. Let c

).
the difference between the maximum and minimax risks, sometimes called
the regret of §. Let Rpr = Rr(d14, ) where we suppress dependence on p and
n in Rpr. Define,

Rp(8) = Wr(3) — &(

T ={0: p; € Bag, M' < fo < M <00, (574, A) > ¢, A ]l < My}

«

where fg) is the rth derivative of fs. Suppose that n~“ is the rate for

estimating g when ¥ is the identity (Gaussian white noise), that is,

max{Ey | — pl? i p€ Bagl=n"% a<l (4.7)

. 2r
= mimn< o, ———— .
v "or 1

Theorem 2 There exist d,, — oo (dependent only on a, r) such that

and let

Rr, <xn"7Q(n) (4.8)

where Q(n) = O(logn).

We give d,, below, and conjecture that n=7Q(n) in fact has the minimax
property that

m{sin Wr(8) — ®(=) < n 7Q(n) (4.9)

N O

Proof of Theorem 2:

13



We will write A, to signify the first p coordinates of A € l5. We claim that,
for all @ € T, with ¢2 < A;Egl A, < 12,
Vs, (A, %) — Vs, (Ay, 5p)| (4.10)
< O{llA) = Al + 1155 — )17}

for all HA;; — Al < 4, HE;; — Y|l < 09, for 61,02 small enough and C
depending on T', and f? only. The bounds are valid for p = oo as well.

This is equivalent to showing that, if D, D? denote Fréchet derivatives,

a) DUy (A,,3,) =0

b) sup{|D*Wy, (A5, X)] : [[A) = Ayll <61, X5 =5y <2} < C < o0
for all 8 as above.

Until we need them again, we shall drop the p subscripts. To show a), we
expand the numerator of ¥ as

(A + M) (571 + ME) (A + Ae)
= AYTTA+20eTA + MA'EA 0N\ + X2)?,  (4.11)

and the denominator of ¥ as
(A +XMe)(Z7 + ME)S(ET + ME)(A + Me)
= (A'STIA +20,A'EA + 20T A) + O(A; + M\)?)2
= (ASTIA)Z(1 4 MEE A + MA'EA) + O\ + A2)2. (4.12)
Hence,
Us(A + Ae, (714 ME)™) — Uy (A, D) = (A'SIA)ZO(N + \g)?
and a) follows.

For b), it is clear that we need to bound terms appearing in (4.11) from
above and in (4.12) from below uniformly on the specified set for [A1]| < 1,
|Ao| < 09, |le|| < 1, [|[E]| < 1. The upper bounds are straightforward. For
instance,

[A*TEA* < ||A*? <2(]|A| +67)
< 2(kof* +0%)

since |A[]?/ky < A/STIA < 2
On the other hand,
1 1
*§1—1§% Z * (|2 —1
Amax (Z*ETE*) — [|Z*[I2[1=1|
> G S
(B +02)* T (k2 +02)2

Amin((E] R[] =

14



Hence,

AT AT 2 (,C_‘j—d)grm*u?
ky
> Gy lal - 2 (k2+52 (Vhki—a)*  (413)

which is bounded away from 0 for ¢; small. Claim b) follows.

From (4.10), we see that

[Eg® (¥, (A, E57)) — Egd(¥s, (A, Si)))]
< C(EgllAp — ApP1(I1A, — Ayl < 61) + Eg || — SplP ([, — Syl < 62)
+ PllA, = Ayl = 61] + PS5 - £, = 62]) (4.14)

Let X}; denote the jth component of observation Xy, k = 1,...,n. Write,
taking g =0

n p—a -

o(a) = P ZZXI‘J]Xk‘]-‘ra)_ ;X

k=1 j=1 =

where )_(j = %22:1 Xkj. We use Lemma 4 to bound, for a > 1,
Pllo(a) — o(a)| = v]. We can apply Lemma 4 since (X1, ... Xyp) are i.id.
N(0,%,) and /n(X1,...,Xp) are N(0,%,) as well.

By Lemma 4,

Plmax{|o(a) —o(a)| : |a] < d} > V] dmax{P[|5(a) —o(a)| > v]: |a| < d}

<
<

dEKy exp{—n(p — d)c1(v)}
Suppose d < £. Then, for some ¢ > 0,4 <00, >0,6 >v > %
dK;exp{—n(p—d) c1(v)} < eenrv? (4.15)
since c1(v) > b1v?, for v < 6 sufficiently small.
Let,
Vg = max{|6(a) — o(a)|: |a| < d}
By Lemma 6, )
Vy < || — 29| < (24/pd + 1)V, (4.16)
Therefore, by (4.16)
Eg| =" — 2P |P1()54 — =P < 6)
0
< 4dpd P[Vg > v] dv
A
g (2_ [ oa)
< Bl— (4.17)
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for some universal By. On the other hand,

d

P2 — 2| > 6] < Bye™ < By (4.18)

for logn < en. Concluding, we see from (4.14) — (4.18) and assumption
(4.7) that if d < £, then

sup{|Eg(®(Ts, (A,, 2(1)) — 2(Ty, (A, 2) | (4.19)
C<AYTIA<S 0T, ) < cmax{in*a}
n

Now we appeal to Lemma 7, which yields that,

Blogd
540 — 5, < Fo8d (4.20)
Iz, — 5| < Blogr (4.21)

Therefore, if d — oo, %d) satisfy the conditions of Lemma 5, and we can
conclude that
Wr, (61a) = sup{Egd¥s,(A,,S): 0eT,,* <AST'A, < 7}
+O(P[||Z5" — (V|| > 6]) (4.22)

Putting (4.20) — (4.22) together, we obtain that if d < £,
- _ (1 _ 1 -
Wr,(674) = sup {<I> <§(A1’D§]p1Ap)2> DALY ‘A, > cz}

d _. (logd)>
+ O <maX {ﬁ, n s T

- é(g) +O(n " logn) (4.23)

by taking p sufficiently large, d = [n(log n)2’"]T1+1. The theorem follows. [

5 Discussion

Donoho et al. (1995) have remarked that the phenomenon of minimax per-
formance in the presence of large p can occur. By assuming “sparsity”, only
a few parameters need to be estimated. Most are nearly 0 and should be es-
timated that way. A similar phenomenon appears to be occurring here, since
the estimates f)z(,d) make most of the covariances 0. However, the structure is
rather different and clearly the stationary structure plays a major role. We
conjecture that other regularity features in the covariance structure more

appropriate in higher dimensional settings as in the texture case (Levina

16



(2002)), can also be taken advantage of. Nevertheless, it is clear that such
features can also be viewed as “sparsity” in an appropriate representation.
For instance, in our case, this corresponds to the Fourier series representa-
tion of the spectral density and the implicit assumption that higher order
Gaussian coefficients can be neglected. Greenshtein and Ritov (2003) pro-
pose to take advantage of sparsity of "' A in another way. Whether their
methods will yield minimax results in our context is unclear.

6 Proofs of Necessary Lemmas

Proof of Lemma 1 for ¥ general: Note that in the case ¥ = I (Johnstone
(2002))

fii = yi(1 — 7in )+ (6.1)
where x4 = max(z,0) and
1 o
> =,
i=1
oo
max {2(1 —(I=ri) )2 pe B} -0
i=1
For arbitrary ¥, let [r;] = 2117/ % and estimate y; by (6.1). Then,
2
oo o0 oo
I =l =D =rin)d | Domady | +D_(1= (1= 7in)+)
i=1 j=1 i=1
where the d; are iid N (0, ). Thus,
1 o0 oo oo
Bl —plP = =3 (0= rin)d D w4+ Y (1= (L= rin)4)0f.
i=1 j=1 i=1
Note that
2
P
mZaXZTizj = maxmax i | lml? =1
j=1 j=1
2
= max { max iy | c lpl =1
7 =
2
P P
< max{ ) Tighg | lmll =1
i=1 \j=1
< ko
since ||E}1,/2|| = ||Z,|IY/2 < k;/Q. The lemma follows. O
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Lemma 3 Suppose 0 < A\ < v1 < ... <, < A < 00 and Z?Zlfyj = p.
Then, for a suitable € > 0,

P

1
M(v) = max E [log(1 — 27;s) +2sv;(r +1)]: 0 < s < W
; 2
J=1

min pA2e2? p(1 —e)v
23 72X

v

Proof: Note that if 0 <z <1 —,
22
log(1—2)+a2(v+1) > ~5a tve

Therefore,

1—c¢
M(v) > max —2QZVJ+UV;VJ v < "

Substituting
)\1 Z] 17j 2 < e ve? < 1—¢
)\2 ] 1'}’] B )\2 - )\2

for v < 1 , we obtain

232 P )2 )\2
M(Z/)ZVQE 21 (ijlf}/]) 2V2€ 3p
2735 yal 1% DN

On the other hand, for any € > 0,

1 p(1—e)v
)\2(1 —-ev+1)]> v

for v > 2X9(log 1)(1 — €)' by taking s = ( €)/(2\2). The lemma follows
by taking € so that 2Xa(log 1)(1 — )72 < €72 O

M(v) > plloge +

Lemma 4 Let Z,,...,7Z, be independent, identically distributed p-variate
Gaussian with mean 0 such that Var(Z,) = ¥ = ||o(a,b)|pxp, o(a,a) =1
for all a, and 0 < A1 < Apin(X) < Amnax(X) < A2 < 00.

Then

P \ZZ )| > npr| < exp{—npco(v, A1, \2)}
=1 j=1

If further o(a,b) = o(|b — al), then, for all t

n p—t

YD (26 Zigian) — o) > n(p — )y | < Kyexp{—n(p—t)e1(v, A1, M)}
i=1 j=1

18



Here, for m =0,1,
em(Vy A1, A2) = min{an, (A1, A2)v, bm(/\l,)\g)l/z}

and Gy, by, are positive functions.

Proof: We consider the case t = 0 and general ¥ first. By the spectral
theorem
n p n p
2 2
2.2 Z=2.2 U
i=1 j=1 i=1 j=1

where A\; < v < ... < 9, < Ao are the eigenvalues of ¥ and the U;; are
independent N (0, 1).

By Markov’s inequality,

P

1

Z;z;% 5] > np(r+1) < min{] H (1—2v;s) )2 gl < —— 7.
7 g 7=1

Since Z?Zl 7 = p by hypothesis we can apply the bound of Lemma 3.

Apply a similar argument to

n

p
— ZZ(ZE — 1) > npv]
i=1 j=1
and the first bound follows.
Now write,
n p—t
Z (ZijZi(j41) — o(t)) =
i=1 j=1
n p—t
= ZZ{ Zij + Zijn)? — 20+ 0(t)) — (2% — 1) — (22,4 — 1}
=1 j=1

Further write the first term as the sum of two terms
n
SN H(Zij+ Zigan)? — L+ 0(t) 1 j € I}
i=1

+ D) D {(Zij+ Zigen)® — (L4 0() 1 j € I}
=1

where j € I} < j+t € I and the cardinalities of I; and I, are approximately

pzt i.e., differ by at most 1.
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Consider the Gaussian vectors Wz(l),WZ(Q) corresponding to (Zij + Zj(j+))
(2(1 + o(t)))~Y?, j € I, I, respectively. Call either of these W. Then

W has mean 0 and variance covariance matrix of the form I' = ||v(4, 7)|/1x

where [ = 5% or 2= t+1 and E=L= L and v(0) = 1.

The maximal eigenvalue of I" is given by

! !
Amax(I) = max{Var(a’ W) : ||a]|? =1} = max{Vaerjo) : Z b? =
j=1 j=1
l l
< max{[2(1 + a(t)]_lVar(Z di(Z1k + Z1(kye))) 2 k € 11 or I, de =1}

k=1 k=1
< 21+ o(t)) " max{Var() b Zy;): Y b7 =
i=1 i=1
= (14 0() An(®) < (1 0(0) e < 2
since (1 +o(t)) = Var(%) > A1
We get a new bound,
n p—t
P> (ZijZigan — o(t) > n(p — t)v] <
i=1 j=1
Py Z (p — t)v]
i=1 j=1
PSS (Z oy~ 1) > Snlo— 1)
i=1 j=1
n !
+ 2P S - 1) > nlp - w1+ o(6) )
i=1 j=1

where we treat W;; generally as components of independent vectors Wj.
Now, use (1 +o(t))~t > 1/Xa. Apply the t = 0 result to each of these three
terms to obtain the general result (after arguing similarly for the lower tail).
O

Lemma 5 Suppose Mn 1s a sequence of symmetric positive definite matrices
such that uniformly on I for some § > 0,

- - 1
Pgl0 < & < Amin(M) < Amax(My) < <

5]§1—rn

where r, — 0 and Egl|ft — p||* = O(ry) uniformly on T
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Then

max{Eg®VUs (A, M,): 6 €T}
= maX{Ee(i)\I/z(A,Mn) c0el, 2 <AYTA <2+ 0(r)

for some f% < oo.

Proof: It is enough to show that for any € > 0, f sufficiently large,
max{Eg®V(A,M): 0 ¢ I,A'ST'A > f2} < e+ 0(ry)
But, evidently, if § < Apin(M ) < AmaX(J\Zf) < %

~ ~ 5 ~ /{71 Al 1 a1
U5 (A, M) > —|A|| > 6%/ —=(A X 'A)z
= ( ) = \//5” = \/,@( )
P A A+ O
2

> §2 k—;f +0(ry)

Vv

The lemma follows. ([

Lemma 6 Suppose M is a (2d + 1) diagonal matriz which is symmetric,
ice., M = [[mapl|pxp,

mey = 0, la —b| > d
Map = Mg
Let || M]| be the operator norm (M :la — l2)
[ M| = v/ Amax (M M)
Then, for 0 <d <p
IM]) < @4+ 1) Mo < (2v/pd+1) [ M|

where
[ Moo = max [mgp|
a,b

Proof: By symmetry, ||M|| = maxi<i<p |X\i(M)|, where X;(M), ..., A\p(M)
are the eigenvalues of M (real by symmetry). So || M| = max{sup -1 X' Mx,
— inf||x||:1 XIMX}. But

X'Mx| = | > zawyma |
la—bl<d

d D
< Ml 0D i

k=—d i=1
(2d+1) H]WHoo by Cauchy-Schwartz,

<
< (2vVpd+1) [[M]lo
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Lemma 7 (Kolmogorov’s Theorem). Let

F=A{f: (=mm) =R, [If"]e <1}

1,
@)= 3 et
let o
@) = 3 a(f)e
Then, o

I
sup{[[fn — flloo : f€F}< sl

n’f’

Proof: See De Vore and Lorentz (1993), Theorem 1.1, p. 334.
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