Jim Blinn’s Corner

Once you see the vector/matrix generalization,
what was a problem before becomes a thing
of beauty. So this time I'm going to discuss
what’s really going on with homogeneous
coordinates.

Uppers and Downers

James F. Blinn
California Institute of Technology

Tenser, said the tensor.
Tenser, said the tensor.
Tension, apprehension,
And dissension have begun.
—Alfred Bester, The Demolished Man

Mathematical research is largely a process of successive gen-
eralization. Generalizing the square root operation to nega-
tive values leads to complex number theory. Generalizing
Euclidean transformations to perspective transformations
leads to projective geometry and homogeneous coordinates.
Often stuff we use in day to day calculations is just a special
case of some more general theory that we aren’t even aware
of. In fact, sometimes this can lead to confusion—an example
of “too little knowledge is a dangerous thing.” This is the case
for the standard vector/matrix formulation used to solve geo-
metric problems in homogeneous coordinates. But once you
see the generalization, what was a problem before now be-
comes a thing of beauty. So this time I'm going to discuss
what’s really going on with homogeneous coordinates.

This involves adopting a new notational scheme for vectors
and matrices. The whole story is a bit lengthy, so I'm going to
split it over two columns (the second column will appear in a
later issue of CG&A). This column is largely a review of the
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old notation, an exposé of its deficiencies and an introduction
of the new notation. In a later column, I'll show how the new
notation solves some complex problems easily, and I'll discuss
an interesting representation based on graph theory.

But first, some ground rules. We're dealing with pure projec-
tive geometry and homogeneous coordinates here. That
means that concepts such as distance, angle measurement,
and parallelism are meaningless. We are interested in the
things that remain constant after a perspective transforma-
tion: intersections, tangency, and so forth. Also, any nonzero
scalar multiple of any of our entities still represents the same
entity. Sometimes I will discard troublesome scales without
much comment.

Naming conventions

Since this is all about notation, let’s review some typical con-
ventions for naming things to give you a taste of the things we
are trying to unify.

We'll start with the distinction between scalars, vectors, and
matrices. For the time being, I will write scalars, vector com-
ponents, and matrix elements using italic letters: a, pi, Tj;. Ull
use Roman letters for vectors: P. Different vectors of the same
type will sometimes be distinguished with subscripts: Py, P,.
I'll use boldface letters for matrices: T. We see right away that
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there is some potential for confusion between the meaning of
subscripts; they identify vector elements or name different
vectors. This is one of the things we want to avoid when we
get to our improved technique.

Often we will need to represent vectors or matrices that are
simple modifications of other vectors or matrices. I'll repre-
sent these by using the letter of the original with some diacriti-
cal mark appended. (The definitions of some of these
operations are given below.) A transformed version of a vec-
tor P is P’. The adjoint of matrix M is written M". The trans-
pose of matrix M is M". The dual of a matrix M is M.

2DH review

First, let’s go through the standard litany of homogeneous
representation in two dimensions. We represent 2D homoge-
neous entities (2DH) in three-dimensional space.

Points and lines
Points are three-clement row vectors:

P=(X~Y-W)

Lines are three-element column vectors:

L=

oS o R

The matrix (or dot) product of the row and column vector is a
scalar:

P-L=ax+by+cw

[f the value is zero, the point lies on the line.

Transformations

We transform points by multiplying on the right by a3 x 3
matrix:

P'=PT
Transform lines by multiplying on the left by the adjoint of the
matrix we used to transform points:

L'=TL
The adjoint is the transpose of the matrix of cofactors of the
original matrix. An example element of the adjoint of T is

(TYs=TaTiz—TuTs

The adjoint is the same as the inverse except for a scale factor.
But we don't care about scale factors, so the adjoint and in-
verse are all the same to us.

Intersections

To find the line containing two given points, take their 3D
cross product and write the result as a column vector.
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yiwa— yawi
P1x Pa= (x1, y1, wi) X (x2, y2, w2) =| Xow1 — xiw2
X1y2 — X2y1

To find the intersection of two lines, take their 3D cross prod-
uct and write the result as a row vector.

a ar
LixLy=|b1|Xx]| b2
Cl 2

= [bic2 — bacr, axct — aica, arby — azbi]

Quadrics

Now for something a little less well known. A second order
algebraic equation such as

AX + 2Bxy +2Cxw + Dy2 +2Eyw + Fw'=0

represents an arbitrary conic section (also called a quadric
curve). We can write this equation in matrix form as

A B Cllx x
[x,y,wl|B D E{|ly|=[xy,w]Q|y|=0
C D Fl|w z

That is, a point P is on the conic if
PQP'=0

Note that the matrix Q is symmetric.

There is a variant of Q that is good for testing line tangency.
We’ll call this the “dual” of Q and write it as 6 It so happens
that the dual of Q is equal to the adjoint of Q. A line L is tan-
gent to the conic if

L'QL=0

Note that we had to put in a few transposes in the above two
equations to make the row and column conformability rules
of matrix multiplication work out.

Starting from an arbitrary point, we can draw two lines tan-
gent to a given quadric. Connecting these two points of tan-
gency gives a line called the “polar line.” The vector for this
line is just the product of the quadric matrix and the point vec-
tor.

PQ=L

What you get out, according to the rules of matrix multiplica-
tion, is a row vector. You have to transpose it to get the line
into the column-vector notation.

To transform a conic section, we transform the Q matrix by

Q=TQT)'
that is, by pre- and post-multiplying by the adjoint of the

point-transformation matrix T. To transform the dual of Q we
must multiply by the point transformation matrix

QY =T@Q"T
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Oops

Now wait a minute. There’s something fishy here. I've been
preaching all along that points are row vectors and lines are
column vectors. But in the above equations, points show up
sometimes as columns, and lines show up sometimes as rows.
It gets even worse when we go to three dimensions.

3DH review

Now, let’s generalize this to 3D homogeneous.

The obvious part

Most of the 2DH stuff generalizes pretty easily to three di-
mensions: just make the vectors four elements long and make
the matrices 4 x 4. You then have to reinterpret the geometric
meaning of things a bit. What was a line in 2DH (column vec-
tor) is now a plane in 3DH. I typically use the letter E for
planes.

QO O

What was a conic section in 2DH (symmetric matrix) is a fam-
ily of 3DH surfaces consisting of ellipsoids, cones, cylinders,
saddle points, and the like. Tangency of lines with a conic sec-
tion becomes tangency of planes against the above surfaces.

The only slightly tricky part in going to 3DH involves the
four-dimensional generalization of the cross product. Geomet-
rically this is the problem of finding a plane passing through
three points. Now we can write the three-dimensional cross
product of Py and P; as

a
P]XPzZ b
C

where
a=det {y ! WI}
y2 w2
with similar expressions for b and c. By analogy, the 4D cross
product of Py, P2, and P3 is a column vector with an @ compo-
nent of
i 21w

a=det|y; z2 w;
Y3 73 w3

with similar expressions for b, ¢, and d.
A symmetric formulation finds a point common to the three
planes.

Lines

Again, less well known is a homogeneous formulation for
lines in three dimensions. I babbled about this in a Siggraph
paper in 1977 (Computer Graphics (Proc. Siggraph), Vol. 11,
No. 2,1977, page 237). Here are the highlights.
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We represent a 3DH line as an asymmetric 4 x 4 matrix. Giv-
ing the six unique elements of the matrix the names
p,q,r,s, t,and u, we can write the matrix as

0O p —q r
-» 0 s -t
L g = 0 u

Given two points P; and P», you can calculate ihe values of
P, 4,71, t, ufor the line connecting them by

w]:|,q=det|:yl W1:|,r=det[yl Zl:|
wa Y2 w2 Y2 22

s=det [xl WI] ,t=det [xl 21} ,u=det [xl y;}
X2 w2 X2 22 X2 2
Given two planes E; and E,, you can calculate p, g, r, s, t, u for
their intersection line by using a similar set of expressions. It
turns out that these calculations will always generate a singu-
lar matrix for L. Working out the determinant of the matrix

gives ( pu — gt + sr). This means that the components of the
line matrix will always satisfy the constraint

:dtll
e

pu—-qt+sr=0

A given point [x, y, z, w] lies on the line L if their vector/ma-
trix product gives four zeros

[x,y,z, w]L=]0,0,0,0]

If the point is not on the line, the two of them together deter-
mine a plane in space. The four numbers you get out of the
product will be the components of the plane.

[x,y,z,wlL=]a, b, ¢, d]

You just have to transpose the result to get it to be a column
vector.

There is also a different form of the line matrix that is good
for intersections with planes. We’ll call this L. This consists of
the same six values as L but arranged differently

0 —u -t -s

s lu 0 —r —q
L= t r 0 —p
s q p O

A given plane includes the line L if the vector/matrix product
with the L form gives four zeros. If it doesn'’t, the four values
give the point of intersection of the line and plane.

Again you must rewrite the result as a row vector.
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It so happens that L is almost the adjoint of L. In fact, if you
go through the adjoint calculation machinery, you find that

L =(pu—qt+srL

If it weren’t for the embarrassing fact that pu — gt +sr=0,
we’d be in business. As it is, we find the dual by just rearrang-
ing the elements.

You transform a line matrix by

L' =TL(TY'
You transform its dual form by
L'=TLT

Yikes!

So what’s going on here? Our whole concept of row and col-
umn vectors’ distinguishing between points and planes is
crumbling! And well it should. It turns out that the somewhat
pictorial matrix representation of all these geometric entities
is simply not powerful enough to express all the things that
can happen.

The solution

In order to do this right, we have to borrow some notation
from the world of tensor analysis. It turns out that physicists
have been faced with this sort of thing for some time. They are
concerned with somewhat different problems than we are
here, but their notation is readily adaptable. Let’s build up to
this gradually.

We recognize that there are two kinds of things: point-like
and plane-like. Rather than cloud our minds with such con-
cepts as rows and columns, we’d like to identify which kind of
vector something is by some other sort of notational mecha-
nism. Hmm . . . how about writing points in green and planes
in red? Well, that’s a bit impractical. What to do? . ..

The physicists’ solution, translated into our terms, is to write
the point-like things with superscript indices (the uppers of
the title) and plane-like things with subscript indices (the
downers). The point-like indices are called contravariant, and
plane-like ones are called covariant.

Putting the two different types of indices in two different lo-
cations keeps them distinguishable but also creates an ambigu-
ity: superscripts used to mean exponentiation, now they are
contravariant coordinate indices. Subscripts used to be avail-
able to construct different names, now they are covariant co-
ordinate indices, and we have to use entirely different letters
for different names. This ambiguity is another example of a
growing problem with mathematical notation:

There aren’t enough squiggles to go around.

Anyway, we can now write our point as

P=(P. P, PP
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and a 3DH plane as
E = (&, E», E3, Es)

Matrices have two indices. Each one can be either covariant
or contravariant. This makes for three possibilities: pure co-
variant (m;), pure contravariant (m”), and what we call
“mixed” (m',). The inability to distinguish between these has
been causing all our troubles.

One further note. The different type styles we previously
needed to distinguish between scalars, vectors, and matrices
are no longer necessary. Since we can now easily determine
the species of creature by how many indices it has, I'll just use
roman letters from now on. Anything with one index is a vec-
tor; anything with two indices is a matrix. In fact, we can now
have triply indexed critters (cubical matrices?) or quadruply
indexed critters. These actually have practical uses, as we will
see below.

The multiplication machine
We will now represent vector and matrix multiplication in a
different way. Remember, in the old style, the laws of matrix
multiplication are just a shorthand notation for
a
(x,v.z.w) b
¢

d

=ax+by+cz+dw

J

Now, instead of using single letter names, we use index num-
bers for the components.

Ei
P-E=(P,P.P P Es
E;
E,4

=P'E, + P’E, + P’E; + P*E, = Y PE;

In fact, we can save valuable ink by noticing that the summa-
tion occurs so often that we can declare that it is implied be-
cause the point and plane indices are the same letter. We often
emphasize this by using Greek letters for indices that are
summed over. Thus the product of a point and a plane is

P°E,

This expression is a sort of prototype of the terms that are
summed over. This might take a bit of getting used to, but it’s
worth it. This notation is credited to Albert Einstein, who in-
vented it to shorten his calculations for general relativity; it is
therefore called Einstein Index Notation.

We can make all our row/column confusion go away by the
following rule:

Each index that is summed over must occur someplace in
the prototype term exactly once as a covariant index and
once as contravariant index. These indices “annihilate”
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each other, and the resultant product has one less of each
kind of index.

Indices that are nor summed over are called free indices. They
must occur just once in the prototype term, and the same
index must occur in the resultant term. For example, the prod-
uct of two matrices in the old notation is

T=MN

In the new notation this would be
T} = M{N,

Now for a shocker:
M{N(, = NoM?

But, you say, matrix multiplication is not commutative! And
you are right. The above expression is not the matrix product;
it is a prototype for each term in the product. Within the term
you just have numbers being multiplied; that is commutative.
So, to mix metaphors somewhat, the two orderings of multipli-
cation are

MN = MPN/, = NoMY
and

NM = N/Mj, = M,N¢

The new order

Let’s now reinterpret all of the above confusion in terms of
this notation. First let’s do the obvious stuff.

Points and Planes

A point has a single contravariant index
p
A 2DH line or 3DH plane has a single covariant index
E;
A point times a line/plane is a scalar
P“Eq=s

Ifit’s zero. the point lies on the line.

Quadrics

A quadric curve or surface has a pure covariant form for
dealing with points. Note that both the points have their accus-
tomed contravariant indices.

P*QopP? =0

The polar line to a quadric curve and the polar plane to a
quadric surface is
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E;=P*Qu

Note again the delightful consistency of indices.
The dual form of the quadric for testing line/plane tangency
is pure contravariant:

E.Q®Ep=0

Both line/planes have their accustomed covariant indices. The
tilde over the Q is kind of redundant since the placement of

This notation is credited to Albert Einstein,

who invented it to shorten his calculations

for general relativity; it is therefore called
Einstein Index Notation.

the indices tells us everything, covariant for the normal form
and contravariant for the dual form. We won't bother with til-
des any more; yet more cleanups.

The contravariant form of Q is the adjoint of the covariant
form. This leads to another convenient rule that we will ex-
pand upon later. For now I'll just state

Taking an adjoint flips the type of its indices.

This means that the adjoint of a mixed tensor (which is a trans-
formation matrix) is also a mixed tensor. If the only type of
matrix you ever encountered was a transformation matrix,
you wouldn’t know there was such a thing as covariant or con-
travariant tensors.

3DH lines

A 3DH line is a pure covariant tensor or a pure contra-
variant tensor. The plane containing the line and a point P
uses the covariant form.

P'Ly; = E,

The point of intersection of the line and a plane E uses the
contravariant form.

LY, =P

Transformations

A transformation matrix is a mixed tensor. It can transform
a point:

Py =P°T},

or it can transform a line (2DH) or a plane (3DH):



(El)t = T?Ea
The covariant form of Q transforms like
Q)= (T Qup(Tf

Notice that we no longer need to use the superscript  to ex-
press transpose; the relevant indices are just swapped. Yet
more cconomization. Explicit notation for adjoints is still nec-
essary for now.

The contravariant form of Q transforms using T:

Q) =TaQ®Th

Likewise, the covariant form of the 3DH line L transforms
like

(L= (T Lap(T
The contravariant form transforms like T:

(L) =TT}
This is an example of the general transformation rule:

To transform something, multiply in a T for each con-

travariant (point-like) index and a T" for each covariant
(plane-like) index.

In fact, all these things are called tensors precisely because
they transform according to this rule.

There is an interesting consequence of this. In order to
transform a transformation matrix, we must multiply both by
TandT".

M"); = (TP MR T,

This is a nice way of representing the standard trick of scaling
about an arbitrary point by transforming the point to the ori-
gin (T"), scaling about the origin (M), and transforming back

(T).

The magic epsilon

You might have noticed that we’ve encountered a lot of ex-
pressions of the form

det {p tp 2}
n n
There’s another gimmick that the physicists have come up
with that’s useful to abbreviate this type of thing: the Levi-
Civa epsilon. In this column I can give just a hint of the won-

ders in store for us when we use epsilon. To start out, let’s
discuss this justin 2IDH (3D) terms.

The 3D (2DH) epsilon
The 3D epsilon tensor has three indices, so it looks like
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Eijk

Its elements are defined to be
e =€n1=8&12=1
g =i=€xn=-1
€k =0 otherwise

You can visualize € by thinking of it as a cube of numbers
made by stacking up the matrices:

-1

»

[N e e]

0
0
-1

O - O

0
, |0
1

[= i)
o - O

1
0
0

(o Ra ]

0

0

Multiplying two points P and S by epsilon gives
PaSBSQB,’ = L,'

a covariant vector. What is it? To find, say, the first element,
let’s write down all the terms containing an epsilon that is non-
zero:

L] = Paspﬁam
= PSS’ + PP S%e10 = P°S° - P°S?

The other elements look similar. L is, in fact, the cross product
of Pand S, that is, the line connecting them.

There is also a contravariant epsilon that has the same nu-
merical values. You can use it to take cross products of lines to
find their point of intersection.

LoKpe™ = P¥

Notice that I didn’t even need to tell you that K was a line.
You could tell by seeing that it has a single covariant index.
The epsilon can also be used to calculate adjoints. It turns out
that

(M*)U = %glaﬁe tyaMayMﬁs

Where does the 1/2 come from? Well, as an exercise, write
down all the nonzero epsilon terms implied by the summation
over o, B, v, and 8. You will find that each product of the M
terms will appear twice, requiring the 1/2 to compensate. We
can, however, ignore the 1/2 since we are being homogeneous.
The above is for pure covariant matrices; note how the re-
sult is contravariant. If you start with a contravariant matrix,
you multiply by two covariant epsilons and get a covariant re-
sult. For a mixed matrix, you must multiply by one covariant
and one contravariant epsilon: you will get a mixed result.

The 4D (3DH) epsilon
There is also a 4D epsilon that has four indices. It’s defined by

i =1 if ijkl an even permutation of 1234
gijm=—1 if ijki anodd permutation of 1234
gix =0 otherwise

IEEE Computer Graphics & Applications



Given this, we can compress a lot of the formulas for 3DH
stuff.
The plane through three points is

E; = P*SPRY gy

The point common to three planes uses the contravariant €
P’ = EFgG "

The adjoint of a4 x 4 matrix is

(M*)ij — %g/(xbygiathmMBth

Again, this is for a covariant matrix. Contravariant and mixed
matrices require the same treatment as for 2DH.

The 3DH line through two points P and R is the covariant
matrix

L= P“RPeqp;
The plane containing this line and another point S is
Ei=S"Lu

You find the contravariant version of a line by intersecting the
two planes E and F:

L7 = EFpe™™

The point of intersection of this line with another plane G is
P'=L"Gq

The covariant and contravariant line forms are related by
Lj= Eij(xBLaB

Admittedly, implementing some of the above calculations by
explicitly multiplying by epsilon is a bit idiotic. You wind up
multiplying by a whole lot of zeroes and ones. But the epsilon
notation is good as a bookkeeping convenience. I’ll describe
even more uses for it in a later column.

So what?

We just reduced all of geometry to tensor multiplication
(well, almost all). And there are no embarrassing transposes.
Row-ness or column-ness is superseded by the more general
concept of covariant contravariant indices. Plus we can feel
really cool by sharing notation with General Relativity. a
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1992 Gordon Bell Prize

For Qutstanding Achievement in the Application
of Parallel Processing to Scientific and
Engineering Problems

Entries are due May 1, 1992, with finalists to be

announced by June 30 and winners announced at
the Supercomputing 92 conference in November
1992. Prizes of $1,000 each will be awarded in two
of three categories:

In the performance category, entrants must
convince the judges that the submitted pro-
gram runs faster than other comparable engi-
neering or scientific applications. Entrants can
rely on the Mflop rate based on actual opera-
tion counts or the solution of the same prob-
lem with properly tuned code on a machine of
known performance. If this is not possible,
entrants should document their performance
claims.

In the price/performance category, entrants
must show that the performance of the appli-
cation divided by the list price of the smallest
system needed to achieve the reported perfor-
mance is better than all other entries. Price
will include only the cost of CPUs, memory,
and critical peripherals. Performance mea-
surements will be evaluated as for the perfor-
mance category.

The compiler parallelization category seeks
the combination of compiler and application
that generates the greatest speedup, mea-
sured by dividing the wall-clock time of the
parallel run by that of a good serial implemen-
tation of the same job.

General conditions include demonstrating the

utility of the program and machine. The judges
will also consider how much the entry advances
the state of the art in some field.
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