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Abstract

A geometric program (GP) is a type of mathematical optimization problem char-
acterized by objective and constraint functions that have a special form. Recently
developed solution methods can solve even large-scale GPs extremely efficiently and
reliably; at the same time a number of practical problems, particularly in circuit de-
sign, have been found to be equivalent to (or well approximated by) GPs. Putting
these two together, we get effective solutions for the practical problems. The basic
approach in GP modeling is to attempt to express a practical problem, such as an
engineering analysis or design problem, in GP format. In the best case, this formula-
tion is exact; when this isn’t possible, we settle for an approximate formulation. This
tutorial paper collects together in one place the basic background material needed to
do GP modeling. We start with the basic definitions and facts, and some methods
used to transform problems into GP format. We show how to recognize functions and
problems compatible with GP, and how to approximate functions or data in a form
compatible with GP (when this is possible). We give some simple and representative
examples, and also describe some common extensions of GP, along with methods for
solving (or approximately solving) them.
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1 The GP modeling approach

A geometric program (GP) is a type of mathematical optimization problem characterized by
objective and constraint functions that have a special form. The importance of GPs comes
from two relatively recent developments:

e New solution methods can solve even large-scale GPs extremely efficiently and reliably.

e A number of practical problems, particularly in electrical circuit design, have recently
been found to be equivalent to (or well approximated by) GPs.

Putting these two together, we get effective solutions for the practical problems. Neither
of these developments is widely known, at least not yet. Nor is the story over: Further
improvements in GP solution methods will surely be developed, and, we believe, many more
practical applications of GP will be discovered. Indeed, one of our principal aims is to
broaden knowledge and awareness of GP among potential users, to help accelerate the hunt
for new practical applications of GP.

The basic approach is to attempt to express a practical problem, such as an engineering
analysis or design problem, in GP format. In the best case, this formulation is exact; when
this isn’t possible, we settle for an approximate formulation. Formulating a practical problem
as a GP is called GP modeling. If we succeed at GP modeling, we have an effective and
reliable method for solving the practical problem.

We will see that GP modeling is not just a matter of using some software package or trying
out some algorithm; it involves some knowledge, as well as creativity, to be done effectively.
Moreover, success isn’t guaranteed: Many problems simply cannot be represented, or even
approximated, as GPs. But when we do succeed, the results are very useful and impressive,
since we can reliably solve even large-scale instances of the practical problem.

It’s useful to compare GP modeling and modeling via general purpose nonlinear opti-
mization (also called nonlinear programming, or NLP). NLP modeling is relatively easy,
since the objective and constraint functions can be any nonlinear functions. In contrast, GP
modeling can be much trickier, since we are rather constrained in the form the objective and
constraint functions can take. Solving a GP is very easy; but solving a general NLP is far
trickier, and always involves some compromise (such as accepting a local instead of a global
solution). When we do GP modeling, we are limiting the form of the objective and constraint
functions. In return for accepting this limitation, though, we get the benefit of extremely
efficient and reliable solution methods, that scale gracefully to large-scale problems.

A good analogy can be made with linear programming (LP). A linear program is an
optimization problem with an even stricter limitation on the form of the objective and
constraint functions (i.e., they must be linear). Despite what appears to be a very restrictive
form, LP modeling is widely used, in many practical fields, because LPs can be solved with
great reliability and efficiency. (This analogy is no accident — LPs and GPs are both part
of the larger class of conver optimization problems.)

This tutorial paper collects together in one place the basic background material needed
to do GP modeling. We start with the basic definitions and facts, and some methods used
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to transform problems into GP format. We show how to recognize functions and problems
compatible with GP, and how to approximate functions or data in a form compatible with
GP (when this is possible). We give some simple and representative examples, and also
describe some common extensions of GP, along with methods for solving (or approximately
solving) them. This paper does not cover the detailed theory of GPs (such as optimality
conditions or duality) or algorithms for solving GPs; our focus is on GP modeling.

This tutorial paper is organized as follows. In §2, we describe the basic form of a GP
and some simple extensions, and give a brief discussion of how GPs are solved. We consider
feasibility analysis, trade-off analysis, and sensitivity analysis for GPs in §3, illustrated with
simple numerical examples. In §4, we give two longer examples to illustrate GP modeling,
one from wireless communications, and the other from semiconductor device engineering.
We move on to generalized geometric programming (GGP), a significant extension of GP, in
85, and give a number of examples from digital circuit design and mechanical engineering
in §6. In §7, we describe several more advanced techniques and extensions of GP modeling,
and in §8 we describe practical methods for fitting a function or some given data in a form
that is compatible with GP. In §9 we describe some extensions of GP that result in problems
that, unlike GP and GGP, are difficult to solve, as well as some heuristic and nonheuristic

methods that can be used to solve them. We conclude the tutorial with notes and references
in §10.

2 Basic geometric programming

2.1 Monomial and posynomial functions

Let x4, ..., x, denote n real positive variables, and z = (x4, ..., x,) a vector with components
x;. A real valued function f of x, with the form

fx) = caftag® - afr, (1)
where ¢ > 0 and a; € R, is called a monomial function, or more informally, a monomial
(of the variables x1,...,z,). We refer to the constant ¢ as the coefficient of the monomial,
and we refer to the constants a1, ..., a, as the exponents of the monomial. As an example,
2.373w5 0-15 i3 a monomial of the variables z; and x5, with coefficient 2.3 and To-exponent
—0.15.

Any positive constant is a monomial, as is any variable. Monomials are closed under
multiplication and division: if f and g are both monomials then so are fg and f/g. (This
includes scaling by any positive constant.) A monomial raised to any power is also a mono-
mial:

F@) = (cafiage ) = al™ .

The term ‘monomial’, as used here (in the context of geometric programming) is similar
to, but differs from the standard definition of ‘monomial’ used in algebra. In algebra, a
monomial has the form (1), but the exponents a; must be nonnegative integers, and the



coefficient ¢ is one. Throughout this paper, ‘monomial’” will refer to the definition given
above, in which the coefficient can be any positive number, and the exponents can be any
real numbers, including negative and fractional.

A sum of one or more monomials, i.e., a function of the form

K
fla) = cpai™ag® - ane, (2)
k=1

where ¢, > 0, is called a posynomial function or, more simply, a posynomial (with K terms,
in the variables xi,...,2,). The term ‘posynomial’ is meant to suggest a combination of
‘positive’ and ‘polynomial’.

Any monomial is also a posynomial. Posynomials are closed under addition, multiplica-
tion, and positive scaling. Posynomials can be divided by monomials (with the result also a
posynomial): If f is a posynomial and g is a monomial, then f/g is a posynomial. If v is a
nonnegative integer and f is a posynomial, then f7 always makes sense and is a posynomial
(since it is the product of v posynomials).

Let us give a few examples. Suppose z, y, and z are (positive) variables. The functions

(or expressions)
2z, 0.23, 2z\/x/y, 32*y 2z

are monomials (hence, also posynomials). The functions
023 +z/y, 2(1+ay)®, 2+ 3y+22
are posynomials but not monomials. The functions
—1.1, 2(1+ay)*, 22+3y—2z, 2*+tanz

are not posynomials (and therefore, not monomials).

2.2 Standard form geometric program

A geometric program (GP) is an optimization problem of the form

minimize  fo(z)
subject to fi(x) <1, i=1,...,m, (3)
gz(x): , 1=1,...,p,

where f; are posynomial functions, g; are monomials, and z; are the optimization variables.
(There is an implicit constraint that the variables are positive, i.e., x; > 0.) We refer to the
problem (3) as a geometric program in standard form, to distinguish it from extensions we
will describe later. In a standard form GP, the objective must be posynomial (and it must
be minimized); the equality constraints can only have the form of a monomial equal to one,
and the inequality constraints can only have the form of a posynomial less than or equal to
one.



As an example, consider the problem

minimize 27y~ Y2271 4 2322 + 4oy
subject to  (1/3)x~2y~2 + (4/3)y*/2271 < 1,
r+2y+32 <1,
(1/2)zy =1,

with variables x, y and z. This is a GP in standard form, with n = 3 variables, m = 2
inequality constraints, and p = 1 equality constraints.

We can switch the sign of any of the exponents in any monomial term in the objective or
constraint functions, and still have a GP. For example, we can change the objective in the
example above to z71yY/2271 +2.3227! + 4xy2, and the resulting problem is still a GP (since
the objective is still a posynomial). But if we change the sign of any of the coefficients, or
change any of the additions to subtractions, the resulting problem is not a GP. For example,
if we replace the second inequality constraint with z + 2y — 3z < 1, the resulting problem is
not a GP (since the lefthand side is no longer a posynomial).

The term geometric program was introduced by Duffin, Peterson, and Zener in their
1967 book on the topic [54]. It’s natural to guess that the name comes from the many
geometrical problems that can be formulated as GPs. But in fact, the name comes from
the geometric-arithmetic mean inequality, which played a central role in the early analysis
of GPs.

It is important to distinguish between geometric programmaing, which refers to the family
of optimization problems of the form (3), and geometric optimization, which usually refers
to optimization problems involving geometry. Unfortunately, this nomenclature isn’t uni-
versal: a few authors use ‘geometric programming’ to mean optimization problems involving
geometry, and vice versa.

2.3 Simple extensions of GP

Several extensions are readily handled. If f is a posynomial and ¢ is a monomial, then
the constraint f(z) < g(x) can be handled by expressing it as f(x)/g(z) < 1 (since f/g is
posynomial). This includes as a special case a constraint of the form f(z) < a, where f is
posynomial and a > 0. In a similar way if g; and g, are both monomial functions, then we
can handle the equality constraint g;(x) = ga2(x) by expressing it as g1(z)/g2(x) = 1 (since
g1/ g2 is monomial). We can maximize a nonzero monomial objective function, by minimizing
its inverse (which is also a monomial).
As an example, consider the problem

maximize z/y

subject to 2 <z < 3, (@)
z? 4 3y/z < /Y,
xfy =22,



with variables z, y, z € R (and the implicit constraint z, y, z > 0). Using the simple
transformations described above, we obtain the equivalent standard form GP

minimize z 'y

subject to 227! <1, (1/3)x <1,
Py 3yl <
vy lz7? = 1.

[t’s common to refer to a problem like (4), that is easily transformed to an equivalent GP in
the standard form (3), also as a GP.

2.4 Example

Here we give a simple application of GP, in which we optimize the shape of a box-shaped
structure with height h, width w, and depth d. We have a limit on the total wall area
2(hw + hd), and the floor area wd, as well as lower and upper bounds on the aspect ratios
h/w and w/d. Subject to these constraints, we wish to maximize the volume of the structure,
hwd. This leads to the problem

maximize hwd
subject to  2(hw + hd) < Ayan, wd < Ag,, (5)
a<h/w<p, v<d/w<o.

Here d, h, and w are the optimization variables, and the problem parameters are Ay, (the
limit on wall area), Ag, (the limit on floor area), and o, 3, 7, & (the lower and upper limits
on the wall and floor aspect ratios). This problem is a GP (in the extended sense, using the
simple transformations described above). It can be transformed to the standard form GP

minimize A 'w td!

subject to (2/Awau)hw + (Q/Awau)hd S 1, (1/Aﬂr)wd S 1,
ah™w <1, (1/8)hw™! <1,
ywd <1, (1/6)wd < 1.

2.5 How GPs are solved

As mentioned in the introduction, the main motivation for GP modeling is the great efficiency
with which optimization problems of this special form can be solved. To give a rough idea
of the current state of the art, standard interior-point algorithms can solve a GP with 1000
variables and 10000 constraints in under a minute, on a small desktop computer (see [17]).
For sparse problems (in which each constraint depends on only a modest number of the
variables) far larger problems are readily solved. A typical sparse GP with 10000 variables
and 1000000 constraints, for example, can be solved in minutes on a desktop computer. (For
sparse problems, the solution time depends on the particular sparsity pattern.) It’s also
possible to optimize a GP solver for a particular application, exploiting special structure to
gain even more efficiency (or solve even larger problems).
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In addition to being fast, interior-point methods for GPs are also very robust. They
require essentially no algorithm parameter tuning, and they require no starting point or
initial guess of the optimal solution. They always find the (true, globally) optimal solution,
and when the problem is infeasible (i.e., the constraints are mutually inconsistent), they
provide a certificate showing that no feasible point exists. General methods for NLP can
be fast, but are not guaranteed to find the true, global solution, or even a feasible solution
when the problem is feasible. An initial guess must be provided, and can greatly affect the
solution found, as well as the solution time. In addition, algorithm parameters in general
purpose NLP solvers have to be carefully chosen.

In the rest of this section, we give a brief description of the method used to solve GPs.
This is not because the GP modeler needs to know how GPs are solved, but because some
of the ideas will resurface in later discussions.

The main trick to solving a GP efficiently is to convert it to a nonlinear but convex opti-
mization problem, i.e., a problem with convex objective and inequality constraint functions,
and linear equality constraints. Efficient solution methods for general convex optimization
problems are well developed [17]. The conversion of a GP to a convex problem is based
on a logarithmic change of variables, and a logarithmic transformation of the objective and
constraint functions. In place of the original variables x;, we use their logarithms, y; = log x;
(so x; = e¥). Instead of minimizing the objective fj, we minimize its logarithm log fy. We
replace the inequality constraints f; < 1 with log f; < 0, and the equality constraints g; = 1
with log g; = 0. This results in the problem

minimize log fo(e?)

subject to log f;(e¥) <0, i=1,...,m, (6)
loggi(e¥) =0, i=1,...,p,
with variables y = (y1,...,yn). Here we use the notation e¥, where y is a vector, to mean

componentwise exponentiation: (e¥); = e¥:.

This new problem (6) doesn’t look very different from the original GP (3); if anything,
it looks more complicated. But unlike the original GP, this transformed version is convex,
and so can be solved very efficiently. (See [17] for convex optimization problems, including
methods for solving them; §4.5 gives more details of the transformation of a GP to a convex
problem.)

It’s interesting to understand what it means for the problem (6) to be convex. We start
with the equality constraints. Suppose ¢ is a monomial,

g(@) = caf'al? - ayr.
Under the transformation above, it becomes

logg(eV) = logc+ajlogxy +---+ a,logz,
= logc+ a1y1 + - + anyn,

which is an affine function of variables y;. (An affine function is a linear function plus a
constant.) Thus, a monomial equality constraint g = 1 is transformed to a linear equation
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in the new variables,
aryr + -+ apy, = —loge.

(In a convex optimization problem, all equality constraint functions must be linear.)
The posynomial inequality constraints are more interesting. If f is a posynomial, the
function

F(y) = log f(e)

is convex, which means that for any y, ¢, and any 6 with 0 < 6 < 1, we have
F(Oy+(1-0)y) <0F(y) + (1 - 0)F (7). (7)

The point Oy+(1—6)7 is a (componentwise) weighted arithmetic mean of y and §. Convexity
means that the function F', evaluated at a weighted arithmetic mean of two points, is no
more than the weighted arithmetic mean of the function F' evaluated at the two points. (For
much more on convexity, see [17]).

In terms of the original posynomial f and variables x and Z, the convexity inequality
above can be stated as

F@la0, ala ) < flar, e ma) f (@, ) (8)
~1—6

The point with coefficients 2/7; 77 is a weighted geometric mean of x and Z. The inequal-
ity (8) above means that the posynomial f, when evaluated at a weighted geometric mean
of two points, is no more than the weighted geometric mean of the posynomial f evaluated
at the two points. This is a very basic property of posynomials, which we’ll encounter later.

We emphasize that in most cases, the GP modeler does not need to know how GPs are
solved. The transformation to a convex problem is handled entirely by the solver, and is
completely transparent to the user. To the GP modeler, a GP solver can be thought of as a
reliable black box, that solves any problem put in GP form. This is very similar to the way
a numerical linear algebra subroutine, such as an eigenvalue subroutine, is used.

3 Feasibility, trade-off, and sensitivity analysis

3.1 Feasibility analysis

A basic part of solving the GP (3) is to determine whether the problem is feasible, i.e., to
determine whether the constraints

file) <1, i=1,...,m, gi(x)y=1, i=1,...,p 9)

are mutually consistent. This task is called the feasibility problem. It is also sometimes called
the phase I problem, since some methods for solving GPs involve two distinct phases: in the
first, a feasible point is found (if there is one); in the second, an optimal point is found.

If the problem is infeasible, there is certainly no optimal solution to the GP problem (3),
since there is no point that satisfies all the constraints. In a practical setting, this is dis-
appointing, but still very useful, information. Roughly speaking, infeasibility means the
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constraints, requirements, or specifications are too tight, and cannot be simultaneously met;
at least one constraint must be relaxed.

When a GP is infeasible, it is often useful to find a point & that is as close as possible
to feasible, in some sense. Typically the point Z is found by minimizing some measure of
infeasibility, or constraint violation. (The point Z is not optimal for the original problem (3)
since it is not feasible.) One very common method is to form the GP

minimize s
subject to  fi(z) <s, i=1,...,m,

gi(x)=1, i=1,...,p,
SZ

(10)

where the variables are z, and a new scalar variable s. We solve this problem (which itself is
always feasible, assuming the monomial equality constraints are feasible), to find an optimal
z and §. If s =1, then Zz is feasible for the original GP; if § > 1, then the original GP is not
feasible, and we take & = z. The value 5 tells us how close to feasible the original problem is.
For example, if s = 1.1, then the original problem is infeasible, but, roughly speaking, only
by 10%. Indeed, T is a point that is within 10% of satisfying all the inequality constraints.

There are many variations on this method. One is based on introducing independent
variables s; for the inequality constraints, and minimizing their product:

minimize Sy - Sy,
subject to fz(x) <s;, 1=1,...,m,
. (11)
gi(x)=1, i=1,...,p,
s;>1, i=1,....m,

with variables x and sq,...,s,. Like the problem above, the optimal s; are all one when
the original GP is feasible. When the original GP is infeasible, however, the optimal x
obtained from this problem typically has the property that it satisfies most (but not all)
of the inequality constraints. This is very useful in practice since it suggests which of the
constraints should be relaxed to achieve feasibility. (For more on methods for obtaining
points that satisfy many constraints, see [17, §11.4].)

GP solvers unambiguously determine feasibility. But they differ in what point (if any)
they return when a GP is determined to be infeasible. In any case, it is always possible to
set up and solve the problems described above (or others) to find a potentially useful ‘nearly
feasible’ point.

3.2 Trade-off analysis

In trade-off analysis we vary the constraints, and see the effect on the optimal value of the
problem. This reflects the idea that in many practical problems, the constraints are not
really set in stone, and can be changed, especially if there is a compelling reason to do so
(such as a drastic improvement in the objective obtained).
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Starting from the basic GP (3), we form a perturbed GP, by replacing the number one
that appears on the righthand side of each constraint with a parameter:

minimize  f(z)
subject to  fi(z) <w;, i=1,...,m, (12)
gi(z)=v;, i=1,...,p.

Here u; and v; are positive constants. When u; = 1 and v; = 1, this reduces to the original
GP (3). We let p(u,v) denote the optimal value of the perturbed problem (12) as a function
of w and v. Thus, the value p(1,1) (where 1 denotes a vector with all components one) is
equal to the optimal value of the original GP (3).

If u; > 1, then the ith inequality constraint for the perturbed problem,

is loosened, compared to the inequality in the standard problem,

Conversely, if u; < 1, then the ith inequality constraint for the perturbed problem is tightened
compared to the ith inequality in the standard problem. We can interpret the loosening and
tightening quantitatively: for u; > 1, we can say that the ith inequality constraint has been
loosened by 100(u; — 1) percent; for u; < 1, then we can say that the ith inequality constraint
has been tightened by 100(1 — w;) percent. Similarly, the number v; can be interpreted as a
shift in the ith equality constraint.

It’s important to understand what p(u,v) means. It gives the optimal value of the
problem, after we perturb the constraints, and then optimize again. When u and v change,
so does (in general) the associated optimal point. There are several other perturbation
analysis problems one can consider. For example, we can ask how sensitive a particular
point x is, with respect to the objective and constraint functions (i.e., we can ask how much
fi and g; change when we change ). But this perturbation analysis is unrelated to trade-off
analysis.

In optimal trade-off analysis, we study or examine the function p(u,v) for certain values
of u and v. For example, to see the optimal trade-off of the ith inequality constraint and
the objective, we can plot p(u,v) versus u;, with all other u; and all v; equal to one. The
resulting curve, called the optimal trade-off curve, passes through the point given by the
optimal value of the original GP when u; = 1. As wu; increases above one, the curve must
decrease (or stay constant), since by relaxing the ith constraint we can only improve the
optimal objective. The optimal trade-off curve flattens out when u; is made large enough
that the ¢th constraint is no longer relevant. When wu; is decreased below one, the optimal
value increases (or stays constant). If w; is decreased enough, the perturbed problem can
become infeasible.

When multiple constraints are varied, we obtain an optimal trade-off surface. One com-
mon approach is to plot trade-off surfaces with two parameters as a set of trade-off curves
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10° Awan = 10000

10*
Ay = 1000
~ 103
Ao = 100
102
10 — :
10 102 103

Aﬁr
Figure 1: Optimal trade-off curves of maximum volume V versus maximum floor area Ag,, for
three values of maximum wall area A..

for several values of the second parameter. An example is shown in figure 1, which shows
optimal trade-off curves of optimal (maximum) volume versus Ag,, for three values of Ay,
for the simple example problem (5) given on page 8. The other problem parameters are
a=05 =2,v=0.5,0=2.

The optimal trade-off curve (or surface) can be found by solving the perturbed GP (12)
for many values of the parameter (or parameters) to be varied. Another common method
for finding the trade-off curve (or surface) of the objective and one or more constraints
is the weighted sum method. In this method we remove the constraints to be varied, and
add positive weighted multiples of them to the objective. (This results in a GP, since we
can always add a positive weighted sum of monomials or posynomials to the objective.) For

example, assuming that the first and second inequality constraints are to be varied, we would
form the GP
minimize  f(2) + A fi(z) + Az fo(2)
subject to  fi(x) <1, i=3,...,m, (13)
gi(x)=1, i=1,...,p.

By solving the weighted sum GP (13), we always obtain a point on the optimal trade-off
surface. To obtain the surface, we solve the weighted sum GP for a variety of values of the
weights. This weighted sum method is closely related to duality theory, a topic beyond the
scope of this tutorial; we refer the reader to [17] for more details.
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3.3 Sensitivity analysis

Sensitivity analysis is closely related to trade-off analysis. In sensitivity analysis, we consider
how small changes in the constraints affect the optimal objective value. In other words, we
are interested in the function p(u,v) for u; and v; near one; this means that the constraints
in the perturbed GP (12) aren’t very different from the constraints in the original GP (3).
Assuming that the optimal objective value p(u,v) is differentiable (which need not be the
case, in general) at u; = 1, v; = 1, changes in optimal objective value with respect to small
changes in u; can be predicted from the partial derivative

aui u=1, v=1

This is nothing more than that slope of the trade-off curve as it passes through the point
u=1v=1.

It is more useful to work with a normalized derivative, that gives the fractional or relative
change in the optimal objective, given a fractional or relative change in u;. We define the
optimal sensitivity, or just sensitivity, of the GP (3), with respect to the ith inequality
constraint, as

Odlogp _ Ologp

(14)

i 0logu;

u=1, v=1 u=1, v=1

(This is the slope of the trade-off curve on a log-log plot.) The optimal sensitivities are
also called the optimal dual variables for the problem; see [17]. The sensitivity S; gives the
(approximate) fractional change in optimal value per fractional change in the righthand side
of the ¢th inequality. Since the optimal value p decreases when we increase u;, we always have
S; < 0. If the ¢th inequality constraint is not tight at the optimum, then we have S; = 0,
which means that a small change in the righthand side of the ith constraint (loosening or
tightening) has no effect on the optimal value of the problem.

As an example, suppose we have S; = —0.2 and S5 = —5.5. This means that if we relax
the first constraint by 1% (say), we would expect the optimal objective value to decrease
by about 0.2%; if we tighten the first inequality constraint by 1%, we expect the optimal
objective value to increase by about 0.2%. On the other hand if we relax the second inequality
constraint by 1%, we expect the optimal objective value to decrease by the much larger
amount 5.5%; if we tighten the first constraint by 1%, we expect the optimal objective value
to increase by the much larger amount 5.5%. Roughly speaking, we can say that while both
constraints are tight, the second constraint is much more tightly binding than the first.

For equality constraints we define the optimal sensitivity the same way:

_ Ologp _ Ologp

(%i

(15)

i

~ Ologw;

u=1, v=1 u=1, v=1

Here the sign of T; tells us whether a small increase in the righthand side of the ith equality
constraint increases or decreases the optimal objective value. The magnitude tells us how
sensitive the optimal value is to the righthand side of the ith equality constraint.
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Optimal sensitivities can be very useful in practice. If a constraint is tight at the optimum,
but has a small sensitivity, then small changes in the constraint won’t affect the optimal value
of the problem much. On the other hand, a constraint that is tight and has a large sensitivity
is one that (for small changes) will greatly change the optimal value: if it is loosened (even
just a small amount), the objective is likely to decrease considerably; if it is tightened, even
just a little bit, the optimal objective value will increase considerably. Roughly speaking, a
constraint with a large sensitivity can be considered more strongly binding than one with a
small sensitivity.

The optimal sensitivities are also useful when a problem is infeasible. Assuming we find
a point that minimizes some measure of infeasibility, the sensitivities associated with the
constraints can be very informative. Each one gives the (approximate) relative change in the
optimal infeasibility measure, given a relative change in the constraint. The constraints with
large sensitivities are likely candidates for the ones to loosen (for inequality constraints), or
modify (for equality constraints) to make the problem feasible.

One very important fact is that when we solve a GP, we get the sensitivities of all con-
straints at no extra cost. This is because modern methods for solving GPs solve both the
primal (i.e., original) problem, and its dual (which is related to the sensitivities) simultane-
ously. (See [17].)

To illustrate these ideas, we consider again the simple example problem (5) given on
page 8. We solve the problem with parameters

Age = 1000, Agan =200, a=05 B=2, ~7=05 6=2.

The associated maximum volume is V' = 5632. The optimal sensitivities associated with the
floor area constraint and the wall area constraint are

Sar = 0.249, Sywan = 1.251.

(These are both positive since increasing the area limits increases the maximum volume
obtained.) Thus we expect that a 1% increase in allowed floor space to result in around
0.25% increase in maximum volume, and a 1% increase in allowed wall space to result in
around 1.25% increase in maximum volume.

To check these approximations, we change the two wall area constraints by various
amounts, and compare the predicted ch