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Abstract: Time series models are suitable for the generation of
data with prescribed covariance or spectral characteristics. If the
required covariance function or spectral density is defined by a
time series model, data generation is straightforward. An arbitrary
prescribed spectral density will be approximated by a finite number
of equidistant samples in the frequency domain. This
approximation becomes accurate by taking more and more
samples. Those samples can be inversely Fourier transformed into
a covariance function of finite length. The covariance in turn is
used to compute a long autoregressive (AR) process with the Yule-
Walker relations. Data can be generated with this long AR
process. Unfortunately, the most general prescribed spectral
densities belong to infinitely wide covariance functions. Therefore,
finite covariance representations are necessarily approximations.
It is possible to derive objective rules to choose a minimal finite
order for the generating AR process. This order depends on the
number of observations to be generated. The criterion is that the
spectrum of those observations cannot be distinguished from the
prescribed spectrum.
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1. INTRODUCTION

Measurement noise is present in the observations of many
experiments. It will certainly be a problem in sensitive
satellite measurement data [1]. Often, a good characterization
of the noise spectrum is known from previous experiments or
from a detailed physical description of the sensor and its
environment. In such circumstances, it is possible to test the
signal processing sequence in advance by using a noise
realization of a stochastic process that has the known spectral
density. The purpose may be to verify that the proposed
processing allows for the desired accuracy. One specific
application is the new gravity field and ocean circulation
explorer mission, to be launched in 2006 [1]. This mission
aims at the development of an improved model of the earth’s
gravity field. The presence of colored observation noise in a
huge number of observations leads to a difficult numerical
regression problem, demanding a weighted least squares
solution. The weighting matrix is the inverse of the
covariance matrix of the noise, which is extremely large here.
The spectrum of the colored noise is concentrated in the low
frequency part. A time series description of the known and
given noise spectral density gives the possibility to generate
noise realizations. The same time series model can be used to
design an inverse filter for the colored noise; for real time
implementation it is important that the filter has a low order.
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The filtered noise becomes uncorrelated, which is an
important advantage in the remaining regression problem [1].
Other examples for the generation of data emerge in
turbulence, where the spectrum is proportional to £~ % and in
other physical problems where the //fnoise plays a role.

Time series modeling is a parametric description of
spectral densities. The three model types that can be used for
time series models are autoregressive (AR), moving average
(MA) and combined ARMA models. All stationary stochastic
processes can be characterized by AR or by MA models of
infinite order [2]. AR models are more suitable for spectral
peaks; MA models are better for valleys. In practice, most
processes can be described adequately by AR(p), MA(q) or
ARMA(p,q) processes of finite orders p and/or q [3].

Generating stationary data for some given ARMA process
can be troublesome. Using zeros or any arbitrary values as
initial conditions, generated signals become stationary after
the length of the impulse response. Unfortunately, that length
is only finite for a MA process. It is infinitely long for AR
and ARMA processes. Therefore, this primitive method of
data generation without care for initial conditions will only be
exact for MA processes. It is at best an approximation for AR
or ARMA processes. A better method is found by separating
the generation into an AR and a MA part. Consider the joint
probability density function of a finite number of AR
observations which describes the correlation. Data can be
generated that obey that prescribed AR correlation. A
realization of the ARMA process is obtained by filtering AR
data with the MA part.

So far, it has been assumed that the requirements are
already formulated as a time series model. However,
prescriptions for data can also be given in terms of correlation
functions or power spectral densities. The treatment of
prescribed spectra also uses time series models. A solution
has been given to fit an AR, MA or an ARMA model to a
finite number of sampled spectrum values [4]. It uses the
inverse Fourier transform of the spectrum as the desired
covariance function. An AR model of high order is calculated
then from the covariances as a basis for other time series
models. As AR algorithms are linear and hence much simpler
than the non-linear MA computations, long AR models are
preferred. Models can often be simplified by using the long
AR model as input for a reduced statistics analysis [4].

This paper describes the joint probability density function
of an arbitrary number of observations of an AR(p) process.
That is the basis for the generation of data. Prescribed



spectral densities can be based on estimated or on exact
knowledge. It is shown that order selection criteria can be
adapted to the reliability or the accuracy of the prescribed
spectra. Furthermore, it is shown that the generating process
for the prescribed spectral density can depend on the number
of observations that will be generated.

2. ARMA MODELS

An ARMA(p,q) process is defined as [2]:

x,tax, +-ax, ,=€,+bg,  +-+beE, , 6y
where &, represents a series of independent, identically

distributed, zero mean white noise observations. The process
is AR for ¢g=0 and MA for p=0. The ARMA process can also
be written with polynomials of AR and of MA parameters as:

A(z)x, =B(2)e,, z7'x, = x, ()

with A@g)=1+a;z'+...+ az” and B@)= I1+bz'+...+ bz’

Models may have estimated polynomials of arbitrary orders,

not necessarily equal to the true p and g. Processes and

models are stationary if the estimated roots of 4(z) are inside

the unit circle and invertible if the zeros, the roots of B(z) are

inside. The spectral density is given by [2]:
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This shows that the parameters of a time series model,
together with the variance of the exciting white noise,
determine the spectral density. The covariance function is the
inverse integral Fourier transform of (3). Computer
calculations replace this integral by a summation and will
generally only give an approximation of the true covariance

function, of finite length. That approximation can be made as -

close as desired by taking more and more samples of (3) in
the summation, but this Fourier relation between spectrum
and covariance remains an approximation. However, it is also
possible to obtain an exact covariance function for a given
ARMA(p,q) process by direct computations in the time
domain [2]. Therefore, the parameters of a time series model
are a good representation for the characteristics of a process,
exact in both the time and in the frequency domain.

The quality of estimated ARMA(p’g’) models is
measured with the model error ME [5]. This measure can be
used in simulations where an omniscient experimenter knows
the true process ARMA(p,q) parameters that generated the
observations. Likewise, it can be used to evaluate the
difference between a prescribed spectral density, expressed as
an ARMA process and the approximating ARMA spectrum.
The ME is a scaled transformation of the expectation of the
squared error of prediction PE:

ME[&’—(Z—),M)= N(PE/o?-1). “
4,(2) A2)
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The model error is asymptotically equal to N times the
spectral distortion SD, defined as

SD =Zl£l (in ;i(m)—lnh(co))2 dw> Q)

where the ~ denotes an approximating spectrum. In this way,
the ME is also defined for spectral densities that are not given
by time series models. The expectation of ME is for unbiased
models independent of N and of the variance of the signal.
Only true and estimated parameter values are required to
compute the ME with (4). The expectation of the ME of all
unbiased ARMA(p’,q’) models that contain at least all truly
non-zero parameters is equal to the number p’+gq” of
estimated parameters.

3. PROBABILITY DENSITY OF AR PROCESS

The normal distribution of a variable x with mean y and
variance ¢ is given by:

1/2 _ 2
N(x,u,0%) = (2—”107) exp[— (—xzo_#z—)} (6)

The joint probability density function (pdf) of N observations
X, where X is a jointly normally distributed vector stochastic
variable

x2 7
Y= ™
with
E{X}=p, ®)
E{(X-p)(X-m) }=R,
is given by
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This is a general expression that can be applied to ARMA
processes by expressing the Toeplitz matrix R, in the
parameters. It is often better and it has computational
advantages for ARMA processes to use as much as possible
the white noise innovations with diagonal covariance
function in the probability density [2]. The probability
density function of N observations of an AR(p) process with
polynomial A4,(z), with normally distributed zero mean
innovations &, can also be written as a conditional product of
the last N-p observations, given the first p:

(10

The first part of the right-hand side for the last N-p
observations is given by [2, p. 347]

f(xvxz,""xN)=f(xp+1""’x1v l xl""’xp)f(xp""xp)
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The second part describing the first p observations is also
known [2, p 350]. However, a recursive form of that
expression is a better starting point for the generation of data.
By using conditional densities, it follows that

f(xlaxz,"'9xp)=f(xp }xl’“"xp—l)f(xl9“"xp~l) . (12)
Generally, for all observations g, with g <p,
f(xlaxz,"';xq)=f(xq Ixu'",xq—l)f(xls"'sxq_l) . (13)

With those intermediate results for ¢, (12) can be written as

f(xl,xz,u-,xp)=(f[f(xq ]xl,---,xq_l))f(xl). (14

7=2

Elements of the Levinson-Durbin algorithm [6] can be used
to evaluate this expression. This algorithm recursively
computes parameter sets of increasing order ¢ < p from
reflection coefficients, as well as variance expressions. The
last parameter of an AR model of order q is always equal to
the reflection coefficient &,. The algorithm starts with:

a} =—R(1)/ R(0) =k,
ol =RO)(1-&)

A'@)=1+az"
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where R(g) is the covariance of the process at lag g. The
recursion for g=2,3,...,p is given by

-1
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q aq (16)
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At the final stage p of the recursion, the polynomial 47(z) is
equal to 4(z) in (1). The polynomial 7-4%”(z) is the best linear
predictor of order g-1, or the best linear combination of ¢-/
previous observations to predict the next observation x,.
Hence, the conditional probability density of x,, conditional
on g-1 previous observations has as expectation /I A% @)]x,
with the variance o,.;°. Using this in conditional expectations
gives with (6)

S(x lxl""’xq-l) = N(xq’(l—Aq—l(z))xq’qu-l)'

The recursive variance relation can be expressed with
increasing or decreasing index:

o2 = R(O)=—Te . (18)

I1(-#)
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which gives
: . 19
o, =—;%'I;—=031;‘I(1—k3) (19)
I10-#)
and (17) becomes with (6) (20)
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The substitution of (20) in (14) and that result together with
(11) in (10) is merely an exercise with as result sums of
products. However, as all ingredients for the probability
density function f(x;, x,..., xy) are given, the derivation is
sufficient to be used in generating data for an AR(p) process.

4. FROM SPECTRUM TO ARMA MODEL

The prescribed spectral density will at the end be defined by
the parameters of an ARMA model. If they are already given
as spectral characterization, they can be used immediately.

The prescribed spectrum can also be given as an exact
continuous function A(w), 0 <w< /T . Without loss of
generality, the sampling time T is taken to be 1. The first step
is to find an approximation for the covariance function. The
inverse integral Fourier transform of the continuous function
h(w) is the exact covariance function R(k):

n

R(k)= j h(w)e’*dw. @
with possibly infinite length. By defining A(®) periodic with
period 27, the integral in (21) can also be taken from 0 to 2.
As o in (21) is continuous, the usual discrete time inverse
Fourier computer transformations can only be approximations
for R(k), unless specific assumptions can be made about the
interpolated values between the discrete frequency values
h(w,) that are used in the computation. However, the
covariance function of an AR or an ARMA process is
infinitely wide. Approximating the integral of 2(®) in (21) by
a summation is equivalent with sampling in the frequency
domain. This causes the equivalent of aliasing of the
covariance function, in the time domain. Therefore, some
care in the covariance calculation with inverse Fourier
transform is required. Taking the mid range value of the
integrand A(w) as representative for an integration interval
Aw, a correlation function R(k) can be approximated from
discrete values A(mAw®) as

2r-Aw/2

J h{w)e’*dw

-Aw/2

(m+0.5)Aw
e dw
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For small A, this summation is almost equal to the usual
summation result in (22) because sin(y)/y has the limiting
value 1 for small y. The derivation of (22) for R(k) is
preferred above the usual inverse FFT if only a few samples
of a given h(w) are used in the inverse transformation. For
one sided spectra defined for @ between 0 and 7, the first step
is to sample A(w) at intervals Aw, with Aw=n/L. The L
samples h(mAw) are made to a symmetric spectrum by
adding the L-2 samples for m=2, ..., L-1 in reversed order.
Taking L=2%+1 gives a convenient length for the FFT. After
the inverse Fourier transform of the elongated sampled
spectrum, the first L, (L= n/Aw) points describe the desired
covariance function. L should be chosen high enough, such
that the values of the covariance are effectively zero for lags
beyond L. If that turns out to be impossible for a prescribed
spectrum because the covariance function is to elongated, L
should be chosen at least as high as the number of
observations N that has to be generated. The larger L, the
better the estimated covariance. This is an operational advice
for the length L and it should always be validated that the
correlation is negligible beyond L, or that L > N. The first K
lags of the covariance function are transformed to an
AR(K-1) model with the Yule-Walker relations [6]. If the
prescribed h(w) is exact, taking L and K greater will generally
give a better approximation; the improvement may be small.
If the true process has a finite AR order p, no serious
problems arise as long as the correlation length L is taken
much greater than p. The true AR order of the prescribed
spectrum can be infinite, however, and it will be infinite if the
true spectrum would be MA or ARMA or any arbitrary
function of @. The question is if some value M of the AR
order less than K can be considered high enough for an
approximation of sufficient accuracy. It may be advantageous
to have a low order process to generate data. It is still more
important to design a low order filter to undo the coloring of
some given spectral density to whiten the noise [1]. Any
distortion of the true A(w) will finally become noticeable if
more and more data are generated. Therefore, the minimally
required order M depends on the number of observations N
that has to be generated. A natural choice is to allow
distortions that are much smaller than the expected statistical
uncertainty if the generated data are analyzed. The distortion
can be quantified as the bias contribution of all omitted true
AR reflection coefficients to the ME (4), or to the spectral
distortion (5). If the bias contribution of the omitted reflection
coefficients is smaller than the variance contribution of
estimating a single parameter, the higher order parameters
can be omitted without the possibility that the omission can
be detected from N generated observations. This is no tight
boundary but it is a sensible compromise. This gives an
allowed ME of 1 for the truncated AR(M) model with respect
to the true AR(e0) process for a given N. With (4) this gives:

ME[ - =1
4, (2) 4.(2)

This is the smallest M for which AR(AM) model gives:
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In practice, the AR(eo) process in (23) is replaced by the finite
order AR(K) process, with K chosen at least so high that the
difference between the AR(K) and the AR(K/2) model has a
ME difference smaller than say 0.1 for the given N. This can
be verified in practice and K can be chosen higher until this
condition is met. Simulations will indicate that orders K and
M are often much smaller than N. It is possible to use the
AR(K) model as input for a reduced statistics algorithm [4]
that computes AR, MA and ARMA models of various orders.
Moreover, it will select the model type and the model order
that are closest to the given AR(K) process. Furthermore, the
lowest order MA(q) and the lowest order ARMAC(r,r-1)
model can be found that have a ME value less than 1 with
respect to the AR(K) model, for given N. If the true process
h(w) would be a finite order MA(q) or ARMA(p,q) process,
that would be detected with the reduced statistics estimator. If
this MA or ARMA model require less parameters than the
AR(M) model described before, it may be worthwhile to use
the most parsimonious time series model to generate or to
filter data. However, it should be realized that in inverse
filtering the MA and ARMA models have long transients.

It is also possible to define a prescribed spectrum with an
estimated periodogram, instead of with a continuous function
h(w). In those cases, special care is required, because
estimated periodograms contain a lot of spurious details. If N,
observations are transformed with the FFT and the absolute
values are squared, the resulting function is the raw
periodogram, say P(w). The inverse Fourier transform of
P(®) should be the covariance function, but it is an aliased
version which has as expectation [2]:

E[it(s)] =

with R(s)=E{xx,.sf. Using tapers and windows will cause
more distortions of the covariance. The use of periodograms
cannot be advised. Periodograms are of the same accuracy as
spectral prescription as some very high order estimated AR
model. However, a much better solution exists. If one wants
to use measured data as prototype, it is advised to estimate
the time series model for those data with ARMAsel [7,8].
This automatic computer program selects the best spectral
time series model for given data with robust algorithms and
criteria, which select only statistically significant details.
Another possibility is that the information in A(@) is not
exact, at least not for all frequencies. For colored satellite
noise, the spectral density at some discrete, not equidistant,
frequencies has been given and the continuous function A(w)
is determined with interpolation [1]. The proposed method to
deal with those circumstances is largely the same as dealing
with exact (@), but with a completely different critical value
for ME. Variation of the interpolation methods and spline
solutions produces different continuous spectra, different
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covariances and hence different time series models. The
difference between those interpolation solutions can be
expressed in ME (4) for a given N as number of data to be
generated. If no information about the best interpolation is
available, all solutions are equally well obeying the
prescriptions. The largest difference found in ME between
the different interpolation results can be used as a critical ME
value, instead of the critical value ME=1 that was derived
before for a given exact true A(w).

The criterion for data generation is always: generate N
observations with a time series spectrum that cannot be
distinguished from the true given spectrum. It might be
possible that the model is good for the generation of N
observations, but the difference can perhaps be seen if the
same model was used to generate 1002V or more observations.
Therefore, the generating model may depend on V.

5. DATA GENERATION

Data generation is strictly separated in MA and AR
generation. For ARMA processes, it is essential that the AR
part is used first, because the derivation of section 3 used
white noise as input, e.g. in (11). The principle is for ARMA
processes given by:

Az, =¢,,

(25)
x, =B(z)v,.
which together combines to the result of (2):
A(2)x, = A(2)B(z)v, = B(z)¢,. (26)

AR data

The purpose is to generate N observations with the
probability density function f{v,, v,..., vy) like in (10). The
first observation v, has the only requirement that it has
expectation zero and variance R(0) or o,. That is found with
a random number generator with normal or Gaussian density
and the prescribed variance. The second observation v,
follows from (15) and (17) as a normally distributed random
variable with mean — a,'v; and variance o,°. The third
observation v; uses (16) and (17) with mean —a Vi~ a;v; and
variance o;’. The first p observations are generated in this
way. According to (11), all further observations can be
generated with the regime:

v,tay,  +-+ayy, (26)

Vap =Es n=p+L.- N

This is a filter procedure with a Gaussian random white noise
signal as input signal and the first p observations as initial
conditions. For AR processes, the p initial observations and
the N-p filter results with (26) are together the N
observations.

MA or ARMA data

For MA data, the input signal v, is a Gaussian white noise &,,
for ARMA processes the input to the MA filter will be the
output v, of the AR filter. The data x, are computed with:

X, =V, +bv,  ++by, - 27)

The first ¢ data require negative input index. Therefore, to
generate N MA or ARMA observations with this method, the
input sequence has to be N+g long. The first g points of the
filter output are disregarded.

6. SIMULATIONS

Turbulence spectrum and AR(1000) approximation
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Fig.1 Turbulence prototype spectrum and approximating
AR(1000) model for L=1001.

To show the possibilities of the data generation, it is applied
to an example where broken exponents determine the desired
spectral shape. It is some prototype spectrum for turbulence
data. The spectrum consists of 2 declining slopes after a low
frequency constant. The first slope descends at a rate of ~f”°
from 0.01f; and the second slope of ~f” starts at 0.1f;.

1 * 1 (25)

5 16

® ¥ o
+| —— 1+ —
(0.0275 ), (0.21: )

Fig.1 shows no visible difference between the true s(w) and
the AR(1000) approximation, obtained with L=1001. The ME
of the AR(500) truncated model is 4.10°N, which is less than
0.1 for N < 2.5%10’. According to the rules developed in
section 4, data can be generated with sufficient accuracy if
the ME of the truncated model is less than 1. Table 1 presents
those orders. It is clear that the data generation can be carried
out with a very high accuracy. Taking much higher values for
L, the length of the Fourier transform, has no influence on the
minimum order M. The values for M obtained with L=2%" are
equal to those in Table 1. This demonstrates that this
covariance function is already damped out at lag 1000.

@)=

Table1 Lowest allowed truncated AR order M with ME less
than 1 for the generation of N observations, as a function of N
for two prescribed spectral densities; L=1001, K=1000.

=N 10° 10° 10* 100 10° 10’
turbulence 7 11 19 37 73 155
Uf 8 38 113 319 883 977

~os



1/f spectrum and AR(1000) approximation

1

1
» AR(1000)
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10° 10
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Fig.2 1/f prototype spectrum and approximating AR(1000)
model for L=1001.

An interesting spectral density in physics is the 1/f
spectrum in Fig.2. Due to the singularity at /=0, it is difficult
or even impossible to recognize or to verify this shape from
data at frequencies lower than say 1/N,, if N, is the number of
observations. This is not visible in Fig.2 because f<1/ N, will
be beyond the displayed frequency range. In approximating
this true 1/f spectrum, a choice has to be made for f=0,
because the true value of the spectrum becomes infinite and
leads to numerical problems. Therefore, some extrapolation
from the first two non-zero sampled values for k(@) will be
used. Those are at the frequencies fy/2L and fy/L. A parabola
through the spectrum of those 2 points, with the additional
demand that the derivative of the spectrum at /=0 equals 0
yields: A(0)=7/6h(fy2L). The ME of the AR(500) truncated
model is 9.10°N for L=1001, which is less than 0.1 for N <
1.1*10*. According to the rules, a higher value for L is
required if N is greater than 10000. This is also clear in Table
1 because the required AR order becomes too close to L for
the 1/f spectrum. Moreover, it follows already from a visual
inspection of the covariance function that it is not damped out
for L=1001. Nevertheless, the accuracy of the AR models of
order M from Table 1 are shown in Fig.3. Using this poor
design, the AR(1000) model of Fig.2 is still very good in the
displayed frequency range and the low order models in Fig.3
are still reasonable for frequencies higher than 0.03f;. A
much higher length L should be chosen. For L=2%, the
computed minimum order M for N=1000 is 146 for K=10000
and 147 for K=50000. This demonstrates that it is possible to
find a satisfactory time series model for any N. However, in
cases with a singularity at f/~0, the required minimum model
order M is rather high.

The first example shows that smooth spectral shapes can
be modeled easily with time series models. The second
example deals with the problem that the estimated covariance
will always depend on the arbitrary length L. That gives the
sampling distance in the frequency domain and therefore the
lowest non-zero frequency which is taken into account.
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1/f spectrum and AR approximations
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Fig.3 1/f prototype spectrum and lower order AR
approximations, obtained with L=1001, K=1000.

7. CONCLUSIONS

Data with prescribed spectral density can be generated in a
simple way with time series models. The first step is to
determine a finite order AR model that has a spectrum close
enough to the prescribed spectrum. Several tools are available
to facilitate the search for a parsimonious time series model.
Use of higher orders only improves the accuracy.

By using an exact description of the probability density
function of N autoregressive observations, it is possible to
efficiently generate autoregressive data. The generation of
MA or ARMA data is solved with a simple filter operation.
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