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and Vishne [8] conjecture that most irreducible TSRs will be primiis positive and integrates tb. The properties of regular exponential

tive. The influence of the primitivity status of a particular LFSR andamilies have been thoroughly studied (see Brown [1] and Barndorff-
transformation on the LFSRs pairs or related pairs from Theoremd\&lsen [2]). The approximation of log densities by polynomials have
and 3 would be a useful avenue of investigation. Furthermore, the Umen studied by Neyman [3] and later by Crain [4]-[6]. In particular,
of involutions other tham: () = —%— to search for other connectionsconditions for the existence of the maximum-likelihood estimator on

z+1
between LFSRs could be interesting. exponential families of polynomials have been given in Crain [4]-[6].
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In this correspondence, we consider a collection of exponential
models of piecewise polynomialé€y,, m € 9t,,} and the corre-
sponding family{5m, m € M, } of maximume-likelihood estimators
on &n. Given a penalty functiomen,, on 9t,, (independent of the
true densitys), the minimization of the following criterion:

Density Estimation Via Exponential Model Selection critn (m) = — Py (log 8m) + pew, (m)

Gwenaglle Castellan whereP, denotes the empirical measure, leads to some data-dependent
modelwm and to the penalized maximume-likelihood estimatgron the
Abstract—We address the problem of estimating some unknown density modelés. The. purpo_se of ourworkis to design a penalty function such
on a bounded interval using some exponential models of piecewise poly- thatthe resulting estimatég, behaves as well as the “best” one among
nomials. We consider a finite collection of such models based on a family the collection.
of partitions. And we study the maximum-likelihood estimator built on a The celebrated\ Information Criterion(AIC) due to Akaike [15]
data}-driven'se!ecte_zd model among this collectiqn. In doing so, we validate corresponds to the penalty functiéh, /» whereD, is the number of
Akaike’s criterion if the partitions that we consider are regular and we S L
modify it if the partitions are irregular. We deduce the rate of convergence unknown pa_rar_neters fF’f the modgl Akal_ke S heurlstlcs are based
of the squared Hellinger risk of our estimator in the regular case whenthe 0N asymptotic information-theoretic considerations. Baebal. [16]
logarithm of the density belongs to some Besov space. have developed a method to get nonasymptotic risk bounds for general
Index Terms—Adaptive density estimation, Akaike’s information crite- penalized mini_mum contrast gstimators. Unfprtunately, their _methOd
rion, exponential families, Kullback—Leibler information, model selection, ~cannot be applied to exponential model selection. A more specific work
penalization. on penalized maximum-likelihood estimators has been examined in
Yang and Barron [17]. Their method is based on a metric dimension as-
sumption and is valid for general exponential models (providing that all
the log densities of a model are uniformly bounded). Nevertheless, the
Let us considen independent and identically distributed randonpenalty function that they provide involves some unrealistic constants
variablesX1, ..., X, with common distribution”. We assume that that have repercussions on the risk bound. In this correspondence, we
dP = sdu, wherep denotes the Lebesgue measure on a boundéstus our attention on the value of these constants (trying to get the op-
interval which, for simplicity, will be taken to bf), 1]. Our purpose timal ones) taking advantage of the specificity of our context in order
is to estimates using a new data-driven selection procedure amorig validate the AIC in favorable cases or to modify it when necessary.
maximum-likelihood estimators on exponential models of piecewide this way, we obtain a model-selection criterion which can be used in

|. INTRODUCTION

polynomials. practice for the exponential families of piecewise polynomials.
The main advantage of maximizing the log likelihood on an expo-
nential model is that one can guarantee that the resulting estimator Il. STATISTICAL FRAMEWORK AND RESULTS
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Let us first define the family of exponential models of piecewis®Ve introduce then the Kullback—Leibler information to assess the qual-
polynomials that we shall use. Given some famWy,, of finite par- ities of approximation ofw. The Kullback—Leibler information be-
titions of [0, 1] and " some bounded part 6, we denote tween two densities andg with respect tq: is given by

M, ={m=(m,r),meM,, r=(r1)iem EN}. K(p, q) = /]7 log L dp.
. q

For eachm = (m, r) € M, we definePr to be the linear space ¢ j5 \yell known that & (p, ¢) > 2h%(p, ¢) and that, when the
of functhnsf_on [0, 1] such that, for every mtervd_l _of m, f]l_a,_ isa sup-norm oflog (p/q) is bounded by some constahk
polynomial with degree; onI. The set, of all positive densities on '

([0, 1], u) whose logarithm belongs t8,, is the exponential model K (p. q) < C(M)h* (p. q)

associated wittPr and we define the dimension &k by (see Birgé [18, Lemma 4.4]). We can define the information projection

D = dim P — 1 = Z(” +1)—1 of s onto&n to be the minimizekn of K (s, ) whent varies inEm.

I€m This projection always exists and we denote

(it is the number of free parameters&f). We consider hereafter the K (s, &n) = Anf K(s, t) = K(s, 5m)

family of models{&m, m € M., }. . . .
Y (€ ) (see Crain [4, Theorem 3.1]). Moreover, the following decomposition

B. Maximume-Likelihood Estimators is available:

The log-likelihood functionaty, is given by K(s, $m) = K(s, $m) + K (Sm, &m) 1)

1< whereK (s, 5n) represents some approximation error @& m, $m)

Tnlt) ==~ > logt(Xi) = =P, (logt) some estimation error within the modék. The Kullback—Leibler
=L loss has been studied by Barron and Sheu [13]. They proved that if

for every density with respect tqu. Letm = (e, r) € 9M,,, itcanbe 1iMu—+oc Dm/+/n = 0 then, with a probability tending to one as

shown that the maximum-likelihood estimatax on the exponential {€Nnds to infinity, the maximum-likelihood estimator &a exists and

model&,, (the minimizer ofy, (t) whent varies in€,) exists and is Satisfies

unique if and only if there are at Iea{é‘g] observations in each interval ) R : Dn

I ([¥] denotes the largest integer not greater thanWithout going K (s, 8m) =Op (I& (s, Em) + T) -

into further detalil, it is easy to check that is the unique element of

Em which satisfies|; 5n du = P,(I) and [, 3m¢ dp = P,(¢1,) for  Note that this result is valid for exponential families of trigonometric

every polynomiab with degree not greater than on I and for every series, polynomials, and splines. It implies the same bound for the

interval I € m. And the condition of existence of such a density osquared Hellinger loss éf,, sincek” > 212. So, the squared Hellinger

each interval is due to Crain [6, Theorem 3.1 and Theorem 3.2]. Wiek of $n is bounded by some quantity of the orderfof(s, Em) +

define the maximum-likelihood estimatéy, on & by D /n, atleast asymptotically. We would have preferred to get an upper
’ . - bound and a lower bound using the squared Hellinger distance to eval-
R argmin {v. (1)},  ifnP, (I) > [7] VIiem uate the approximation error (instead of the Kullback-Leibler infor-
Sm = f€Em ) mation). Unfortunately, to our knowledge, such bounds have not been
1, otherwise. proven. Hence, we shall content ourselves to bound (up to a multi-
This results in the collection of estimatofé,, m € M, }. plicative constant) the squared Hellinger risksoby the infimum of

K (s, Em) + Dn/n overi,, as was done in Barrcet al.[16] and in

C. Squared Hellinger Risk and Kullback—Leibler Information Yang and Barron [17].

To compare the performances of estimators we shall use the squasedrne Main Theorem

Hellinger risk as a criterion of quality. We recall that the squared . . N
Hellinger loss between two densitigsand ¢ with respect toy is The choice of the penalty function and the corresponding risk bound
defined by will strongly depend on the complexity of the family of models. This

is essentially the reason why we have to make one of the following
R 1 5 assumptions about the family of partitions.
h™(p. q) = 9 / (VP = Va) dp. (H1): There exist some integerand some positive constantsuch
that the number of partitions of the familyt,, with the same number
An ideal modelm among the familyt,, would minimize the risk of piecesD is bounded b’ D®. A particular example of such family is
E [1” (s, 4m)] whenm varies in9,,.. Unfortunately, such a model the one of regular partitions, denoted by, . A partitionm is regular
depends or, and, consequentlys cannot be used as an estimator off all its elements have the same measure with respept t8uch a
5. We aim at selecting some modgle 1, from the data only in such family contains only one partition with a given number of pieces and
a way that the resulting estimatég on the modet’s, behaves almost thus satisfie$H; ) (with @ = 0 andI” = 1).
as well as the ided. To do this, we define a data-driven criterion as (H): The family of partitions is composed of irregular partitions
follows. Given some penalty functigren,,: 9, — R, the penalized with endpoints belonging to the gride V,, ', 0 < k < N, } for some
maximume-likelihood criterion is defined by fixed integerlV,, . This family is denoted byM". Note that\*" con-

_ R ; tains ("7 7') partitions withD pieces.
crity (M) = 7, (3m) + pen,, (m) In both cases, we denote
and the minimization of this criterion ovépt,, leads to an estimator [, = inf inf {u()}. 2)
5 = 54 € Ex, called penalized maximume-likelihood estimator. mEMn IT€m '
In order to compare the squared Hellinger rEI{h2 (s, 5)] with For these two types of families of exponential models of piecewise

infmeam, E [h” (s, $m)], we need to evaluate the rigk [* (s, $m)].  polynomials, the following theorem (to be proved in Section I11) holds.
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Theorem 2.1: Assume that the family of partition$!,, satisfies ei- [20]. This type of inequality allows to control the supremum of empir-
ther(H1) or (Hz). Let(p.), .~ b€ SOMe sequence of positive numical processes and is a fundamental tool for the analysis of penalized

bers such that minimum contrast estimators established by Birgé and Massart [21].
JJim pn =0 and ,Hm nTpy/logn = 400 Remark 6: We can compare our results with the results of Bagbn

al. [16] and Yang and Barron [17] who study penalized maximum-like-
lihood criteria in other frameworks. Similarly, the penalty function de-
pends on the complexity of the family of models. In both references, the
squared Hellinger risk is used to study the performances of the penal-

wherel',, is given by (2). Le{Ln) cqp be some family of nonneg-
ative weights such that there exists some positive constamiepen-
dent onn satisfying

> exp(—LnDn) < T (3) ized maximum-likelihood estimator and the “bias” term is evaluated in
meM, terms of Kullback—Leibler information. However, the result of Barron
Choose some positive number> 1/2 and a penalty function such etal.[16, Theorem 2, p. 327] cannot be applied in our context since the
that models introduced by Barragt al.[16] are sets of positive functiorts
2 D belonging to finite-dimensional linear subspaces ofy:) such that?
pen, (m) > ¢ (1 +V2(1+1/c¢)Ln ) Tm is a density. Yang and Barron [17] have studied more specifically fam-
ilies of exponential models. Nevertheless, their results need a metric
forall m € M,. Assume that the densityis positive with dimension assumption which forces in the applications to puta
logs € Loo ([0, 1], p) upper bound on the log densities of each model. This leads to a penalty

function depending on these bounds and on a universal constant which

ﬁ?grf;;?%irﬁofei?gndgg (:)triltwgr:’ :TIngr% (t";]/;‘;)g;fs‘;vsg%ez‘éfngzmsi‘s unrealistic. In comparison, the advantage of our method (valid in a
Cm. e . . . . . .
' ; . more specific framework) is to provide a penalized maximume-likeli-

Ci(c), C2( My, ¢), andCs(s, ¢) such that the penalized maximum- P ) P P

o i R hood criterion which is directly applicable. The main drawback is the
likelihood estimatof satisfies

restrictionl;>, 1 in the computation of the risk.
E [h2 (s, 5) ]1{521171}] < Cq(e) lellme {2[{ (s, Em) + pen, (m)

’_)En—i— 1 } n Cs(s, ¢)

n

E. Applications

In this subsection, we develop possible choices for the penalty func-
tion and deduce the performance of the associated penalized maximum-

+ C5 (_7\[:10, C)

where likelihood estimator. These choices depend on the family of weights
Co (M, 0) = <(2<I> (—M=)~" + My i Cé(c)) (Ln)mem,, Satisfying (3), and we have to consider separately the cases

’ ’ 3 o of AssumptiongH, ) and(Hz3). In the sequel, we do not give the de-
with ® () = ““=1== forall = € R, and{3 > p. } denotes the event tails of the elemen.tary computations of the series in (3) (see Castellan

{3(2) > pn. Vo€ [0, 1]}. [22] for more details).
1) Regular Case:
Remark 1: If the sequenced s, ) nen+ and(pn )nen+ satisfy a) Choice of the penalty functionwe assume here that the
(logn)? ) family of models satisfies AssumptioffI1). We can choose then
w2l 0 and  pn 2 logn constant weights and take, = L + log (e(2r + 1)) for any positive

for some positive constanfsand®, they also satisfy the assumptions~OnstantZ, wherer = max A" , » )
of the theorem. If the degree is fixed for all the intervals of a given partition, that is,

m = (m, r) belongs toMt, if r, = k for everyl € m for some

Remark 2: Our penalized criterion generalizes the one that we haygtegerk which varies in\", then positive constant weights work. In-
used in the case of histograms density estimation (see Castellan lé&sd, ifL ., = L for everym € 9, for some positive constadt then
Theorem 3.2]). However, the risk bound in the general case essgg)is satisfied and all penalty function such that
tially differs from the particular case of histograms by the presence of D
145> ,.,,; inthe computation of the risk. This restriction is due to the bad pen, (m) =c Tm
behavior inL ., norm of the maximum-likelihood estimator on expo- . ) .
nential families. But we can hope that the penalized maximum-likefier @ny constant= > 1/2 is allowed. !n particular, the choice
hood estimator behaves better in practice. Nevertheless, this restrich§A» (M) = Dm/n corresponds to Akaike's criterion.
can be avoided asymptotically in the case of regular partitiohsié e can also take weightsn that depend ofvr| for m = (1, r).

. , i S —_p-1/2 m| =
is assumed to belong to some Besov space (see Proposition 2.1). Forinstanceln = L(D)= D"/ for |m| = D_"l"ﬁ”ﬁs and any penalty
function satisfyingpen, (m) > ¢cDwn(14¢'D )?/n can be taken

Remark 3: If the quantitiesi ;> are uniformly bounded with re- (for any ¢ > 1/2 and a suitable constant). In particular, we could
spect tom € 97, then the estimatof realizes the best tradeoff be-recommend to add a correction to Akaike’s criterion since it improves
tween the “bias” ternd (s, Ew) (error of approximation) and the “vari- on the risk bound nonasymptotically for the histograms models (see
ance” term (error of estimation) representeditay,, (m) (since this Castellan [19] and the simulation study made by Birgé and Rosenholc
term can be proportional thn /1), the termCs (s, ¢)/n” appearing [23]). But there is no proof of this in the general case of exponential
as a remainder. models of piecewise polynomials.

In both cases, the criterion we propose is the analog of Akaike’s

Remark 4: The quantityC's () involved in the risk bound of The- criterion, modified when we take variable weights, but equivalent at

orem 2.1 tends to infinity when goes tol /2. Thus, referring to the

case of histograms whey€ = {0} (see Castellan [19]), this restric- least asymptotically. ) ) oo .
S : b) Rate of convergence of the penalized maximum-likelihood esti-
tion is necessary, and it seems that we should recommend ta: take

. . . mator: Letus now study the performances of the penalized maximum-
close tol in order to get the best risk bound stable with respeetto . ™ . . .
g P likelihood estimator. We consider the family of modéls, based on

Remark 5: The particular form of the penalty function derives fronthe family M}, of regular partitions and we assume that the log-den-
a Talagrand-type inequality. We actually use the version of Bousqusity log s belongs to a Besov space. We refer to DeVore and Lorentz
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[24, pp. 44 and 55] for the definition of Besov spaces. The proof of ttemly give a sketch of proof in order to avoid too many technical details

following proposition will be given in Section lIl. (see Castellan [22, Ch. 2, Sec. 2.4 ] for a complete proof).

1) Definition of the Estimators and of the Information Projec-

n: Letm = (m, r) € M, . In this part, we explain how the es-

timators $m and the information projectioR. are defined in order

to control their ratio. We consider what we shall call in the sequel

e “Legendre basis” dP» which can be constructed as follows. Let
Qr, k € N} be the sequence of Legendre polynomials, which is
nown to be orthonormal ib.; ([—1, 1]) (see Whittaker and Watson

[27, pp. 302—-305] for details), then we define the “Legendre basis”

{11, 0 <k <rr, I €m}of Py as follows:

Proposition 2.1: Assume thatog s belongs to some Besov space;
Ba,1,5([0, 1]) for7 > 2 anda > 1/1. Assume thatv is unknown
in (0, »r + 1) for some known integer. Let {Em, m € M., } be the
collection of exponential models corresponding to the family of re
ular partitions M, and toN" = {0, ..., r}. If 5 is the penalized
maximume-likelihood estimator associated with this collection with
penalty functiorpen,, (m) > cDn/n for some constant > 1/2 then
we have

2a 5
limsupnZeti E [hz (s, 5)] < +oc.

oo ) 2k +1 T —ay
b r) = : 2 -1
o) = B o (255 )

Remark 1: Note that the rate of convergenge 25T is known to

be optimal for this class of functions, see Koo and Kim [14]. wherear represents the left endpoint 6fIn the sequel, we shall also

use the following notations.

Remark 2: We can use the same argument as Yang and Barron [17,, Given some measurable spdoe ), and a family of functions
Sec. llI-B] to estimate not strictly positive densities. Indeed, it is pos- {1, ox. A€ AYin Ly (X, 1) N Loo (X, 1) such thatpy is or-
sible to remove the assumption thais positive replacing by (s + thogonal tol for all A € A, we denote by(/3) the density func-
1)/2. But the price to pay is to obtain optimal rates of convergence for  ion defined by
thel ; risk. For a nonasymptotic rate of convergence with respect to the

L. loss, we can refer to Devroye and Lugosi [25]: they use a data-based
criterion to select the smoothing factor for Kernel density estimation. t(3) = exp <Z Bapr — W (/ﬂ)
AEA
2) Irregular Case: We consider the particular example of the c
family of partitons M., case(Hz). If we take constant weights, it where
is necessary to choose them of the ordetogfn which leads to a
penalty function satisfying U (5) = log/ exp (Z /3,\@,\> dp
X AEA

pen, (m) > logn &
n

for all 3 € R*. The gradient of ¥ is
The reason for this exttag » factor comes from the fact that the family vE g

M, contains many models of the same dimension. This penalty func- ) " )
tion leads to lose kg n factor in the risk bound. However, in the par- G(8) = / pat () dp en
ticular case\ = {0}, it can be shown that thisg » factor in the risk c

bound is necessary (see Birgé and Massart [26, Proposition 2]). » For everyl € m such that'; > 1, the functions corresponding
We can also choose variable weights. Indeed, the choice to the orthogonal family{1;, ¢1, %, 1 < k <77} in Lo (I, p)
(N, — 1) are denoted by, ¥,, andG,.
Lo =1Ly =log <ﬁ) « For every intervall € m, the space of the polynomials with
degreer; defined onI is denoted byP;, and&; denotes the
for a suitable value aof whenm = (m, Z) with |m| = D isconvenient Corresponding exponentia| model.
for th.e convergence of the series (3). Thus, we can choose a pengly will also use the following property &?;: if |||, , denotes the
function equal to sup-norm inl.. (I, 1) and||.||, theLs-norm inLs (I, 1), then
pen, (m) =c Dn log ¢ N 1
g n 8D 1Al i DD |fll,,  forall fePr  (4)

for every modelm such thaim| = D, with suitable constants and

¢'. Choosing variable weights produces better bounds. In particular’YE &€ NOW in a position to give the equations that define the estimator
gives the right rate of convergence wheh= {0} ands is assumed and the information projection. These two densities are solutions of

to be some piecewise-constant density wittpieces (see Birgé and similar optimization problems. These problems can be solved intervals
Massart [26, Proposition 2]) by intervals. For every € m such that; > 1, let us define

br=011,...,61,,)€RT
Ill. PROOF OF THEMAIN RESULTS r= s bnr) €
A. Proof of Theorem 2.1 with 87, = P. (¢1.%) /P (I) and

The proof is similar to the one of the histograms case (see Castellan 5= (51, N 7‘1) R

[19, proof of Theorem 3.2]). The main argument of both proofs is a

uniform control of the raticim /5~ overm € 2. In contrast to the \ith 5, , = P (¢1.) /P (I). The vectors

histograms case, the estimatéfsand also the information projections ’ ’ ‘

5m On an exponential modél, are defined implicitly whichmakesthis 3, —(3, |, ..., ’317”) €R™ and 3,=(3, s ..., B; ”) ER™!
control very tricky and technical. Another troublesome point is the link ’ ’
between the variance of the empirical contrast (the log likelihood) aage, respectively, the unique solutions of

the Kullback-Leibler information which is more difficult to analyze for

a piecewise-polynomial than for a piecewise-constant log density. We Gr(/f?;) =4; and Gy (/?I) =67
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Then, for everyl € m, $r ands; are the functions ofr given by

. p(D) 11y, ifrr=0
S = ~
tj(ﬁj), if r; >1
and
3 //,(1)71 17, ifrr=0
5= _ ]
tr (ﬂj), if rp > 1.

Finally, we define the estimator and the information projection by

$m = Z P, (I)é1;, and Sn = Z P

Iem Iem

)?]]l].

2) Uniform Control of the Ratién /5w: In the sequel, we set

= essinf {s (x)]
o= el et

and denote by, the centered empirical process = P, — P. We
construct a se€,, (depending on the constanof the penalty function)
of high probability such that the ratiém /5w is uniformly bounded
(independently of and of the dimensio®,) on this set. To this end
we apply Lemma 1.1. Indeed, a suitable controlaf (v, ()| for all
I e mandforallk € {0, ..., r;} allows to boundd; — &;|» (where

|.|- denotes the Euclldean norm) so as to satisfy assumption (15), g,

to deduce, by Lemma 1.1 withf = Srands = &7 forall I € m,
a control of||5m /5ml|
comes from the difficulties to invert the equations definirgands,

and is the price to pay to obtain a bound which is independest of

More precisely, the sét,, is the event satisfying

[ (01,1)] < Clry ) (pa A p)y/ 1 (I),

Vke{0,...,7},VYIem (5)
forallm € M,,,whereC(r, c) can be computed and depends:@md
onr = max .\ . Over this set the ratifflog($m/5m)|| . is bounded by

some positive function of, x(¢) < 2, for every modein € 9., such

for any densitiep and ¢ such thatlog§

provided thatin > p... This restriction here
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€ L3 (sdp). Note that
VZ2(p, q) represents the “variance” of the contrastsince

V2 (p, @) = nE [(vu(p) = m(0)’].

c) Control ofv,, (log §m/ — log 5 ): We write
S log(t/Sm)

o (e 52)| < e o (50525)

SettingZ ., = sup {|I/n s f € Pur, ff sdp = 1} we get

Un (log fml > ‘ S Zml Vs (§m/, gm’) .

Sm/

< sup
teE

‘f (bm/ ,Sm/)

We first apply Lemma 3.1 with: = 24 = Ly Dy + ¢ to deduce
that 7+ 1, is upper-bounded by

Do 3L Doy ¢
%%WT+WTT»+JZ

—L D

@)

with a probability larger that — m’¢~¢ where( is a positive

* number to be integrated at the end of the proof éfid) > 1. Thus,

Zni 1g,, is upper-bounded by (7) uniformly with respecttd € 90t,,
with a probablllty larger thah — e ~¢. Now, we will use the following
entary inequality which holds for any positive numbeand any
numbersz andb,

2ab < 8a” +67'0°. (8)
Hence, we derive that, for ath’ € 21,
(10 .;m > 1o, <C(1+\/E)2D
+ CoVY (Fmrs 8mi) + Cs % (9)

on a set)), of probability larger thai — Se~¢. The values of”, Cs,
C's depend on:. We can choose any value 6f> 1/2 (using (8) with

thatsm > p.. Now, we will work on this set. This is not too restrictive @n adequate coefficient) and thép < 1/2. Hence we cantaké = c.

since we can derive that

from the assumptiolim,, — 1 o 2T, p2 / log n = 400 and Bernstein’s
inequality (see Pollard [28, p. 193]).

3) Sketch of Proof:Letm € 91,,. It follows from the definition of
5 that

K (s, 5) < K(s,5m)+ v, (logs—logsm)

+ pen,, (m) — pen,, (W).

(6)
We control the termv,, (log 5 — log 5w ) in (6) by setting

Vn (log %) = Un <10g —) + v <log —) + v, (log %) .

Let m' = (m',r) € 9M,. We control v, (log(3m/ /5m/)) and
v (log(3m//5)) uniformly over all the modelsn’, in order to apply
these controls to the random modke! For this purpose, we defirig,

by
,) 2
V2 (p, q) = /s (log L) dp
. q

d) Control of v, (logs, —logs): We use the exponential
bound given by Castellan [19, Proposition 4.5] to derive that, for all
m' € M,

<100 —) <K (8, $m) —2h? (8, Smr) —I—QM

S n

on a sef?? of probability larger tharl — Se~¢.
e) Control ofv,, (log s — logsm): Using Bernstein’s inequality,

we get
<log —)' < Vi(s, 5m) l

onasef? of probability larger tha —e . Now, we apply the results
of Barron and Sheu [13, Inequality 3.1 of Lemma 1] to the densities
andsn. We get

[\[%
3n

K (5,%m) > ®(=M3) V7 (5, ).
And we derive that, oveR? (using (8) withd = & (—M2°))

M\ ¢
T3 >ﬁ'

(11)

Vn (log g)‘ <K (5, %m) + <(2<1>(—M;?))*1
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4) Conclusion: Finally, combining (6) with (9), (10) applied to We conclude the proof by the control of the probabilitybf.
m’ = m and (11), we derive that, on a €}, = Q! N Q2 N Q3 of

probability larger tharl — (2 4 1) e ¢ B. Proof of Proposition 2.1
K (s, 34) <2K (5, $m) + pen,, (m) — pen,, () We first demonstrate that the quantiti#s;” = ||log (s/5m)||.,
) D. are uniformly bounded Qvé])_?,l. _Sec_ond, we can contrgl the proba-
+ |:c (1 + \/QL;H) + 2Lﬁl] - bility of the set{5 > p,. }" which implies that the restrictiofy;>,, ;
) " in the computation of the risk can be avoided. Thus, we can evaluate
+ [K (s, 5m) — 207 (s, §fn)] the rate of convergence of the squared Hellinger risk of the penalized

maximume-likelihood estimator. Let us first remark thatfif= log s,

72z S . LY g
+ GV Ga Sa) + Cs (M) n sincef € B., 1, ([0, 1]) with « > 1/1, thenf is bounded and The-

where orem 2.1 can be applied.
- 1) Uniform Control off|log(s/3m)ll.,: We cannot directly prove
Cs (M) = (2@ (_]\,[rf‘o))_l 4 My + Oy such a uniform control and we have to introduce an auxiliary function
3 tm € Em suchthatlog(s/tm)]|,. is uniformly bounded. Let us denote
for some value o€’s depending om. Now, in the even{$s > pn} N g
e . - fo=Ms, f C(fn)=1log | [ e™dp
Q,., we havel|log(54/3a)ll ., < k(c) < 2 (from the construction of m mJ ™/

the set2,,). Thus, Lemma 2.1 in Appendix Il allows to link the Kull- g
back-Leibler distanc& (54, ) and the variance termi? (54, 4)

up to an additive term?(s, 54 ). This additive term is not present in tm = exp (fm = C(fn))

the histograms case. Indeed, in this particular case, Lemma 1 of BarvdtereS= denotes the orthogonal complementof P, andlls,, the
and Sheu [13, Inequality 3.1] is sufficient to provide a link betwee@rthogonal projection ont' in Lo (u). First, it is easy to check that
K (34, 44) and tm is some function of such that

If —logtall. < 2/|f — Tafll. (12)

wherell ,, denotes the orthogonal projection oftq. Second, if |«
denotes the norm of in B., 1, ([0, 1]) (see DeVore and Lorentz [24,
p. 55]) we derive from approximation theory that

Vi (Ga, bn) = /gfn (log (5a/5w))” dp.

But in the general case, this equality is false sifice (§ﬁ1/§fn))2 does
not belong toPn, thus, we have to use Lemma 2.1. Hence,

5 , 9 o Nf=Oufll, <C2(r)|fl, ., D" (13)
VE (Sas ba) < CoK (S $m) + C3h% (s, 5a) ’ ’
- . X . _a+l
with some constant§’; andC3 depending ore such thatCs > 2. 1f = flloo < Coo (M) If]a, P : (14)
Therefore, on the stz > pn } N Q. N Q. we have for amodelm = (m, r) such thain is some regular partition ¢6, 1]
¢ with D pieces and; = [a] for all I € m. In particular, (12) and (14)
K (s, 8a) <2K (s, 5m) +pen, (m) + Cs (My) = imply
n
2 X lim ||f —logtm|l,, =0
+ {c (1 + v 2Lﬁ1) + 2L’ﬁ|:| Da _ pen,, (M) | —too °
n and
- — ~ 2 — ! = ~
+ K (5, 54) — Coh” (5, 54) + Co K (5, Sm) - ‘ lliIIl HlOgt“‘Hx — ||10g5||x.
m|——+oc i

Then, we can take; < 1. Our choice of penalty function implies that consequently, the assumption (17) of Lemma 4.1 will be satisfied

2 Ds . for the modelsm € 9, such thatjm| > N, for some positive
[C (1 v QLT"H) + QLf"] P () < 0. integer N, depending ors (assuming that is large enough). We
deduce then that for all models € 91, such thatjm| > No,

Then using the Pythagorean type identity (1), we getan> pn} 0 |10 (s/3m)||.. is bounded (in fact, Lemma 4.1 gives a little more:

Q, N, i |— 4~ ||log (s/5m)||. = 0). We conclude thal{log 5nl|__ is
Coh? (5, 5a) + (1 _ Cg) K (s, 48) Ezn;ormly bounded over the famil{t,, by some constant depending

< 2K (s, 5m) + pen,, (m)+ C5 (My)) S é). ConsequenceNow, in order to apply Theorem 2.1, we eval-

" uate the terni{(s, Em) = K (s, 5m). Using the definition of, and
Now, we use Lemma 1 of Barron and Sheu [13, Inequality 3.2] with= s, ¢ = #m,
K (5o, $0) > 20% (5, 40) andc = C (fm) — [ f dp, we get
and K(s,5m) <K (s, tm)
R? (s, 4q) < 20° (s, 54) 4 207 (54, 44) <@ (|If —Unflly) /s (f = Uuf)*dp.

to derive that orf2), Finally, using (13), Theorem 2.1 yield.s

E[1* (5, 3) 13>,

. . D
<Oy (e) inf deC=N a2 D72 4 —} + Cs(F, ¢)/n?
andP(2,) > 1—(2X41)e ¢ (for any positive numbef). Integration S O )Dzl{ 7l 2 n s(F 0/

with respect ta] gives

Ch*(s, $0) s, >pn1n0, < 2K (s, Sm) + pen, (m) + Cs(My) ¢
= n

—2a -
< Cale) (=Ml |2, ) 37T OOt 2 - i
E[h® (s, $3) 1ys. i | |
[ ( ’ ) i{ mZPn}ﬂQn] 5 4 1 + 63(.}‘7 {‘,)/77/2
<z {21{(5, 5m) + pen,, (m) + C (M) = } <y (e) T OO e | 1| =33 4 O£, o) /.
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_bo

3) Control of the Se{s > p,}: It remains to show that the set Consequently, this gives, if < |é —8° , < T8y

{5 > p»} has high probability whem is large enough. We demon-
strate that ifn is large enough then we have> p,, on the set2, t(8%)
defined by (5). We will prove, in fact, thdflog én||, is uniformly t(39)
bounded oveflt,. onfl,,. Sincel|log S| is uniformly bounded over e
M., by some constant/, depending o, we can apply Lemma 1.1 and if ; bo |5 ! < %
tos° = &; ands = by with by = e M/P(I) forall I € m. Then, if .
n is large enough (such that, < p = essinf s andp, < e~"), the
assumption (15) of Lemma 1.1 will be satisfied over thefsgt and
we derive that|log (5m/5m)|| ., is uniformly bounded ovef,, . Thus,

if n is large enoughllog 5w ||__ is uniformly bounded ovedt,, on the
set(2,,. Consequently, of2,, we havesn > p, for all the modelsm

of the family 9t,, provided that: is large enough. We then conclude
thatQ2,, C {5 > p» } foralln > no for some integen, depending on

B

T

log
gf

bo
< .
‘ = by — 2B, |6 — 6%,

APPENDIX Il
TECHNICAL LEMMA ON KULLBACK—LEIBLER INFORMATION

s. Thus, forn > ng, we get The following lemma is used in the proof of Theorem 2.1 to connect
E[1*(s. )] <E[h%(s. $)1jznp] + B [12(5. )] the KulIback—LelbIer informationk’ (5, $n/) and the “variance”
b —_ ? SZPn ’ / n I
<E [h2(s, 5)1{52/771}] L P, termV.2 (5, 4n) for some modet’ € 9M,,.
We conclude with (15) and the control B(Q%). Lemma 2.1: If p, gands are some positive densities with respect to
" © such that
APPENDIX | P
INVERTIBILITY OF THE PARAMETRIZATION OF loga <7

EXPONENTIAL FAMILIES

We use the notations of Section IlI-Al and we study the equatio!%r some positive number, then, for all positive we have

of the formG (3) = 6. More precisely, the following lemma allows to ‘ ‘ »\?

quantify the fact that if is close enough to somé = G (3°) then K (. ¢) 2 @ (=) (1 - 97/\/5) /S (h)g E) dp

the solution3® of G(3) = & is close to3°. The proof of this lemma 7 9

is adapted from Barron and Sheu [13, Lemma 5] (see also [22, Ch. 2, —®(=n) P V2h* (s, p)
Lemma 2.5.6] for a complete proof).

. X ) whered is given by® (z) = (¢* — 1 —2) 2z forall z € R.
Lemma 1.1:Let5° € G/ (R*) ands’ such thati (3°) = 6°. We Proof: Since||log (p/¢)||.. < u.[13, Lemma 1 (3.1)] of Barron
denote and Sheu leads to
2
Ba= sup [ expn K(p, q) > @ (—n) /p (log g) dp.
c€RA:[el2=1 ||xga o b
Moreover
and we assume thatfx # (3°) > by > 0.1f 6 € R satisfies .
: Jrle)
]] [0} e
5— 8, < N (15) g ) dn
@ A 5\ _ . 2 . 2
then there exists® € R* such thaG (3°) = 6, furthermore 2/ 5 <10g g) du+/ p <logg> "
p>s p p<s p

‘/35 _

.0
< L1 g ! M B 2 2
27 2Ba” bo = /s (log 2) dp — /(5 —p)+ <10g g) du
p b
<! 2Ba |6 - 60\2 and q 2
q il RO P
| <9 bo /(s—p)+ <10g1—)> dp

and

t(5°)

t(3%)

g

‘10

whereg—*: |0, 1] — R denotes the inverse of the functigmefined
on (0, +oo) byg(z) = (e™" =1+ 2) 2~ S"/\/—_1_\/— (Vs +vp) 10g
Remark 1: For all= € ]0, 1[, the condition emp V2 z
< —— | d
Sz = 2Ba 2Ba ) 1
|eadS to X |:/ (\/—-|— \/ﬁ) <]()0 7) (]‘”:|
¢ (5" L (2Bals -6, > Y
Ing(go) <y — <e< 1l . 5 1
o oo 0 <22 [r* (s, p)]? {/s <10g g) dp:|
D
Remark 2: We cannot give an explicit value fgi ', but we can get 2
the following upper bound: <nv2 h (s, p) + 9/ <100 _) dp

_ 4, fo<z< é 2
g (x)< | . ’ = z/ﬂhz (s,p)+ 07;\/5/3 <10g g) dp.
. p

q
T— |f§<l,<1
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Consequently, we conclude with
D
‘ 2
> (1 —91/\/5) /s (logl) d
p

APPENDIX Il
CONTROL OF A CHI-SQUARE-TYPE STATISTICS

_ %ﬁhz (s,p). O

This appendix is devoted to the following lemma which will be used

in the proof of Theorem 2.1 to contrel, (log(3m//Sm/)) uniformly

over M,,. The proof of this lemma is based on a Talagrand-type in-
equality and, more precisely, we use the version of Bernstein's in-

equality due to Bousquet [20].

Lemma3.1:Letm’ = (m’, r) be some model d.,, P,/ be the
linear space of piecewise polynomials basedndn(defined in Sec-
tion 1I-A), and Z,» be the random variable defined by

Zur =5 {lon (1)1 £ € P [ sn=1}

wherev,, is the centered empirical measure. For=aét ]0, 1] and all
z >0

D[22
P|Zyla , > (1+5) < o + 7—: >:| < exp (—w)

with Dy = dim P, — 1 and
Qu/ = ﬂ {Ivn (Wr k)| <C(

k€{0,....rr}
rem’

where{¢; x, 0 <k <rr, I € m'} is the “Legendre basis” 6P/
andC(r, ¢) = 6c%(r+1)"2(3+2)"".
Proof: We will use an orthonormal basis
{616, 1€m',0<k<rr} of Po inL2 ([0, 1], P)

where for everyl € m' the family {¢; (, 0 <k < r;} is an or-
thonormal basis dP; in L. (I, P) and is derived from the “Legendre
basis” of P;. We chooses; o = P (I)~'/*1,, and for everyk €
{1, ..., r1}, the functiong,, « is a linear combination ofy; ; for

0 < 1 < k with coefficients depending or. Using this basis, we
can write

2oV (D) |

Z

sup
a€B s

Z ar, kVn (O1,1)

Iem! 0<k<r;

2. > v

Tem’ 0<k<rr
whereBn = {a € [T;.,, R7*': |a], = 1}.
We first control, on the se,,/, the fluctuationgv,, (¢, )| for all
I € mandalk € {0,...,77}. OnQp, foral I € m' and
ke {0, ..., rr}, we controllv, (¢1, )|, and this allows us to bound
|v. (61.1)]. Indeed, there existse R**' (which depends os, I, and
k)suchthavy, r = > <, cttvr, 1. Consequently, we have

va (61,6) = Y cvn (V1,1).

0<I<k

(16)

UTI.

Moreover, [ ¢3 ,sdu > p [ &% . dp leads toe|, < p~*/2. Thus, on
the setQ2

=

[vn (D7,1)] < lely

> v (@)’

0<i<k

<(k+ 1)%0(7’, )y pu (D).

2059

Next, the supremum in (16) is achievedsa€ [],.,, R™’*' such

thatar x = vi (61,1) /Zwm . We define

Am =1{ac€ H R |al, =1

Iem’
laz], < p/l,(I)(rI—i—l)%C('r, e)/z, VI € m’}

wherez is some positive number which will be chosen later &ndl,
denotes the Euclidean norm of the vector = (as.0, ..., a1,,+;).
Thus, we obtain on the sét,s N {Zn > z}

sup Z ar, kv (O1,1)

!
€A Tem! 0<k<r;

Zr

where A.,, is a countable and dense subset4f:. We are now in

a position to apply the deviation inequality due to Bousquet [20, see

Theorem 2.3 ] to the random variablg,. This leads to

P | sup |vn Z Z ar kP, || 2 (L+<) En
a€A, Tem! 0<k<rp
202 1 b a
+ +lz+-)—| Le
? 3 &) n
where
1 2 , Dml
Ew =E(Znw)<E= | > > wi(ors) ] <4/=
Iem' 0<k<ry
and
ol = sup | Var Z Z ar k®r, 6 (X1) <1
acA, fem! 0<k<r;
and, using (4)
b= sup Z Z ar kP k
a€AL Nl e 0<k<r; -
= sup {max Z ar k1, k
(1€.A’ Iem’
0<k<rr -
1
< sup ( max et Z ar ko1, k
11€A' Tem! H (I) 0<k<ry 2
< sup { ax Tr—|—1>[p/l (D] = |(lr|z}}
CLEA’ Iem!’
S (7 + 1) C(T‘ c
Consequently, using'(r, &) = 622(r + 1) 3 (3 +2) "
D 2x 2ex
P Zm/]lgm,m{gm,z;‘} >(1+2) LAY el o
<exp(-x)
Takez = /2= to conclude. O
APPENDIX IV

CONTROL OF||log (s/5m)|| .,

Lemma 4.1: Let s be some positive density df, 1], m be some
partition,r € N™, andm = (m, r). Letsn be the information pro-
jection of the density on the exponential modél,. We assume that
there exists some density in £n such thatog ¢ is bounded and sat-
isfies

5 90l loe -1
log <1 + (4 (r+1)2 e~'“°~=‘m”°°) ) 17)
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then|[log(s/Sm)ll. < 2 (llog(s/tm)ll. +1).

Proof: Let us consider the measute = tn dpu, the exponential
model &y, given by

gy = {t eL' ([0, 1], »): £ >0, logt € P, /tdv = 1}

and the Kullback—Leibler informatioR™ (p, ¢) defined for any prob-
ability distributionsP, resp.,QQ, with densityp, resp.,¢, with respect
to v. Now, we consider the information projectigrt,, with respect
to K, of the densityy = s/tn with respect tav. We can prove that

Jm = Sm/tm. And it remains to show that the logarithm of the infor-

mation projection of;, ||[log 7 ||, is small provided thaflog ¢|| . is
small enough. This can be done using Lemma 1.1.

Let us consider the orthonormal basis Bf, in L* ([0, 1], v),
{07 1, T €m, 0 <k <.}, where the family{ v} ,, 0 <k </}
is an orthonormal basis @?; in L? (I, v) for everyl € m. We
choosey? o = v (I)“/2 1;. And t7, G are the function given in

(10]

(11]

[12]

(13]

(14]

(15]

[16]

Section Ill-Al associated with the orthonormal family of functions [17]

{1/57,k,_() <k<rr}inl*(I, v). Forl € m such that; > 1, we
denoted 7 € R’ the unique solution of the equati@i (37) = &7
whered % € R" is defined by

jI L’? w9 dv
jl gdv

Then, by definition of the information projection, we can write

> (/ijV>§?L

Iem
. {I/ (H~'1;,
g1 = _
t1 (BY).

87k = forallk € {1, ....r/}.

—v

Jm =

where

ifrr =0
if rp > 1.
Now, we apply Lemma 1.1 (Remark 2.) on the measurable §gace

with the orthogonal family i (7, v), {17, % 4, 1 < k < r/} to
the vectors® = 0 (3° = 0) andé = &% (3 = 3Y). Under assump-

tion (17), we can prove theﬁﬂ |2 is small enough to satisfy the condi-

tion (15) of Lemma 1.1, and this leads to a contrd|efg (7 7v(1))]|
for everyI € m. Thus, we can derive a control of

log gl = Illog (5m/tm)ll

and conclude using (17). d
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