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and Vishne [8] conjecture that most irreducible TSRs will be primi-
tive. The influence of the primitivity status of a particular LFSR and
transformation on the LFSRs pairs or related pairs from Theorems 2
and 3 would be a useful avenue of investigation. Furthermore, the use
of involutions other thanm(x) = x

x+1
to search for other connections

between LFSRs could be interesting.
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Density Estimation Via Exponential Model Selection

Gwénaëlle Castellan

Abstract—We address the problem of estimating some unknown density
on a bounded interval using some exponential models of piecewise poly-
nomials. We consider a finite collection of such models based on a family
of partitions. And we study the maximum-likelihood estimator built on a
data-driven selected model among this collection. In doing so, we validate
Akaike’s criterion if the partitions that we consider are regular and we
modify it if the partitions are irregular. We deduce the rate of convergence
of the squared Hellinger risk of our estimator in the regular case when the
logarithm of the density belongs to some Besov space.

Index Terms—Adaptive density estimation, Akaike’s information crite-
rion, exponential families, Kullback–Leibler information, model selection,
penalization.

I. INTRODUCTION

Let us considern independent and identically distributed random
variablesX1; . . . ; Xn with common distributionP . We assume that
dP = s d�, where� denotes the Lebesgue measure on a bounded
interval which, for simplicity, will be taken to be[0; 1]. Our purpose
is to estimates using a new data-driven selection procedure among
maximum-likelihood estimators on exponential models of piecewise
polynomials.

The main advantage of maximizing the log likelihood on an expo-
nential model is that one can guarantee that the resulting estimator
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is positive and integrates to1. The properties of regular exponential
families have been thoroughly studied (see Brown [1] and Barndorff-
Nielsen [2]). The approximation of log densities by polynomials have
been studied by Neyman [3] and later by Crain [4]–[6]. In particular,
conditions for the existence of the maximum-likelihood estimator on
exponential families of polynomials have been given in Crain [4]–[6].
Moreover, Crain [7] also gave some approximation properties of these
families. In a more general framework, Portnoy [8] has studied the
asymptotic behavior of the maximum-likelihood estimator (see also
Cencov [9] for compact subfamilies of exponential families). The study
of the particular case of log-spline models has first been developed by
Stone and Koo [10]. In this context, Stone, [11] and [12], has obtained
some rates of convergence with respect to2 and 1 norms for the
estimation of a continuous positive density. In particular, Stone [11]
has found an interesting bound for the1 norm of the approximation
error associated with the expected log likelihood. At the same time,
independently of Stone’s papers, Barron and Sheu [13] have studied
the rates of convergence of the maximum-likelihood estimator on gen-
eral exponential models and applied it to the exponential families of
trigonometric series, polynomials, and splines. Koo and Kim [14] have
used exponential families based on wavelets to get lower bounds for
the rates of convergence when the log density is assumed to belong to
some Besov space.

In this correspondence, we consider a collection of exponential
models of piecewise polynomialsfE ; 2 ng and the corre-
sponding familyfŝ ; 2 ng of maximum-likelihood estimators
on E . Given a penalty functionpen

n
on n (independent of the

true densitys), the minimization of the following criterion:

critn ( ) = �Pn (log ŝ ) + pen
n
( )

wherePn denotes the empirical measure, leads to some data-dependent
model^ and to the penalized maximum-likelihood estimatorŝ^ on the
modelE^ . The purpose of our work is to design a penalty function such
that the resulting estimator̂s^ behaves as well as the “best” one among
the collection.

The celebratedA Information Criterion(AIC) due to Akaike [15]
corresponds to the penalty functionD =n whereD is the number of
unknown parameters for the model. Akaike’s heuristics are based
on asymptotic information-theoretic considerations. Barronet al. [16]
have developed a method to get nonasymptotic risk bounds for general
penalized minimum contrast estimators. Unfortunately, their method
cannot be applied to exponential model selection. A more specific work
on penalized maximum-likelihood estimators has been examined in
Yang and Barron [17]. Their method is based on a metric dimension as-
sumption and is valid for general exponential models (providing that all
the log densities of a model are uniformly bounded). Nevertheless, the
penalty function that they provide involves some unrealistic constants
that have repercussions on the risk bound. In this correspondence, we
focus our attention on the value of these constants (trying to get the op-
timal ones) taking advantage of the specificity of our context in order
to validate the AIC in favorable cases or to modify it when necessary.
In this way, we obtain a model-selection criterion which can be used in
practice for the exponential families of piecewise polynomials.

II. STATISTICAL FRAMEWORK AND RESULTS

A. Exponential Models of Piecewise Polynomial

We want to choose an adequate partition to approximate the density
s by some density whose logarithm is a piecewise polynomial based
on this partition. We also aim at choosing an adequate degree for the
polynomial on each interval of this partition.

0018-9448/03$17.00 © 2003 IEEE
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Let us first define the family of exponential models of piecewise
polynomials that we shall use. Given some familyMn of finite par-
titions of [0; 1] andN some bounded part of , we denote

n = f = (m; r) ; m 2Mn; r = (rI)I2m 2 Nmg :
For each = (m; r) 2 n, we defineP to be the linear space
of functionsf on [0; 1] such that, for every intervalI of m, f1lx is a
polynomial with degreerI onI . The setE of all positive densities on
([0; 1] ; �) whose logarithm belongs toP is the exponential model
associated withP and we define the dimension ofE by

D = dimP � 1 =
I2m

(rI + 1)� 1

(it is the number of free parameters ofE ). We consider hereafter the
family of modelsfE ; 2 ng.

B. Maximum-Likelihood Estimators

The log-likelihood functional
n is given by


n(t) = � 1

n

n

i=1

log t(Xi) = �Pn (log t)

for every densityt with respect to�. Let = (m; r) 2 n, it can be
shown that the maximum-likelihood estimatorŝ on the exponential
modelE (the minimizer of
n (t) whent varies inE ) exists and is
unique if and only if there are at leastr

2
observations in each interval

I ([k] denotes the largest integer not greater thank). Without going
into further detail, it is easy to check thatŝ is the unique element of
E which satisfies

I
ŝ d� = Pn(I) and

I
ŝ � d� = Pn(�1lx) for

every polynomial� with degree not greater thanrI onI and for every
interval I 2 m. And the condition of existence of such a density on
each interval is due to Crain [6, Theorem 3.1 and Theorem 3.2]. We
define the maximum-likelihood estimatorŝ onE by

ŝ =
argmin
t2E

f
n(t)g ; if nPn (I) >
rI
2

8 I 2 m

1; otherwise.

This results in the collection of estimatorsfŝ ; 2 ng.

C. Squared Hellinger Risk and Kullback–Leibler Information

To compare the performances of estimators we shall use the squared
Hellinger risk as a criterion of quality. We recall that the squared
Hellinger loss between two densitiesp and q with respect to� is
defined by

h2(p; q) =
1

2
(
p
p�pq )2 d�:

An ideal model among the family n would minimize the risk
EEE h2 (s; ŝ ) when varies in n. Unfortunately, such a model
depends ons, and, consequently,̂s cannot be used as an estimator of
s. We aim at selecting some model^ 2 n from the data only in such
a way that the resulting estimatorŝ^ on the modelE^ behaves almost
as well as the ideal̂s . To do this, we define a data-driven criterion as
follows. Given some penalty functionpen

n
: n ! +, the penalized

maximum-likelihood criterion is defined by

critn ( ) = 
n(ŝ ) + pen
n
( )

and the minimization of this criterion over n leads to an estimator
~s = ŝ^ 2 E^ , called penalized maximum-likelihood estimator.

In order to compare the squared Hellinger riskEEE h2 (s; ~s) with
inf 2 EEE h2 (s; ŝ ) , we need to evaluate the riskEEE h2 (s; ŝ ) .

We introduce then the Kullback–Leibler information to assess the qual-
ities of approximation ofE . The Kullback–Leibler information be-
tween two densitiesp andq with respect to� is given by

K(p; q) = p log
p

q
d�:

It is well known thatK(p; q) � 2h2(p; q) and that, when the
sup-norm oflog (p=q) is bounded by some constantM

K (p; q) � C(M)h2 (p; q)

(see Birgé [18, Lemma 4.4]). We can define the information projection
of s ontoE to be the minimizers of K (s; t) whent varies inE .
This projection always exists and we denote

K (s; E ) = inf
t2E

K(s; t) = K(s; s )

(see Crain [4, Theorem 3.1]). Moreover, the following decomposition
is available:

K(s; ŝ ) = K(s; s ) +K(s ; ŝ ) (1)

whereK(s; s ) represents some approximation error andK(s ; ŝ )
some estimation error within the modelE . The Kullback–Leibler
loss has been studied by Barron and Sheu [13]. They proved that if
limn!+1D =

p
n = 0 then, with a probability tending to one asn

tends to infinity, the maximum-likelihood estimator onE exists and
satisfies

K (s; ŝ ) = OP K (s; E ) +
D

n
:

Note that this result is valid for exponential families of trigonometric
series, polynomials, and splines. It implies the same bound for the
squared Hellinger loss of̂s , sinceK � 2h2. So, the squared Hellinger
risk of ŝ is bounded by some quantity of the order ofK (s; E ) +
D =n, at least asymptotically. We would have preferred to get an upper
bound and a lower bound using the squared Hellinger distance to eval-
uate the approximation error (instead of the Kullback–Leibler infor-
mation). Unfortunately, to our knowledge, such bounds have not been
proven. Hence, we shall content ourselves to bound (up to a multi-
plicative constant) the squared Hellinger risk of~s by the infimum of
K (s; E )+D =n over n, as was done in Barronet al. [16] and in
Yang and Barron [17].

D. The Main Theorem

The choice of the penalty function and the corresponding risk bound
will strongly depend on the complexity of the family of models. This
is essentially the reason why we have to make one of the following
assumptions about the family of partitions.

(H1): There exist some integera and some positive constant�0 such
that the number of partitions of the familyMn with the same number
of piecesD is bounded by�0Da. A particular example of such family is
the one of regular partitions, denoted byMr

n. A partitionm is regular
if all its elements have the same measure with respect to�. Such a
family contains only one partition with a given number of pieces and
thus satisfies(H1) (with a = 0 and�0 = 1).

(H2): The family of partitions is composed of irregular partitions
with endpoints belonging to the gridkN�1n ; 0 � k � Nn for some
fixed integerNn. This family is denoted byMir

n . Note thatMir

n con-
tains N �1

D�1
partitions withD pieces.

In both cases, we denote

�n = inf
m2M

inf
I2m

f� (I)g : (2)

For these two types of families of exponential models of piecewise
polynomials, the following theorem (to be proved in Section III) holds.
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Theorem 2.1:Assume that the family of partitionsMn satisfies ei-
ther(H1) or (H2). Let (�n)

n2 be some sequence of positive num-
bers such that

lim
n!+1

�n = 0 and lim
n!+1

n�n�
2
n
= logn = +1

where�n is given by (2). Let(L ) 2 be some family of nonneg-
ative weights such that there exists some positive constant� indepen-
dent onn satisfying

2

exp (�L D ) � �: (3)

Choose some positive numberc > 1=2 and a penalty function such
that

pen
n
( ) � c 1 + 2 (1 + 1=c)L

2 D

n

for all 2 n. Assume that the densitys is positive with

log s 2 1 ([0; 1] ; �)

and for every 2 n denoteM1 = klog (s=s )k1 wheres is the
information projection ofs ontoE . Then, there exist some constants
C1(c), C2(M

1; c), andC3(s; c) such that the penalized maximum-
likelihood estimator~s satisfies

EEE h2 (s; ~s) 1lf~s�� g � C1(c) inf
2

2K (s; E ) + penn( )

+C2 (M
1; c)

2� + 1

n
+
C3(s; c)

n2

where

C2 (M
1; c) = (2� (�M1))�1 +

M1

3
+ C02(c)

with �(x) = e �1�x
x

for all x 2 , andf~s � �ng denotes the event
f~s(x) � �n; 8x 2 [0; 1]g.

Remark 1: If the sequences(�n)n2 and(�n)n2 satisfy

�n � �
(logn)4

n
and �n �

�

logn

for some positive constants� and�, they also satisfy the assumptions
of the theorem.

Remark 2: Our penalized criterion generalizes the one that we have
used in the case of histograms density estimation (see Castellan [19,
Theorem 3.2]). However, the risk bound in the general case essen-
tially differs from the particular case of histograms by the presence of
1lf~s�� g in the computation of the risk. This restriction is due to the bad
behavior in 1 norm of the maximum-likelihood estimator on expo-
nential families. But we can hope that the penalized maximum-likeli-
hood estimator behaves better in practice. Nevertheless, this restriction
can be avoided asymptotically in the case of regular partitions iflog s
is assumed to belong to some Besov space (see Proposition 2.1).

Remark 3: If the quantitiesM1 are uniformly bounded with re-
spect to 2 n, then the estimator~s realizes the best tradeoff be-
tween the “bias” termK(s; E ) (error of approximation) and the “vari-
ance” term (error of estimation) represented bypenn( ) (since this
term can be proportional toD =n), the termC3(s; c)=n

2 appearing
as a remainder.

Remark 4: The quantityC1(c) involved in the risk bound of The-
orem 2.1 tends to infinity whenc goes to1=2. Thus, referring to the
case of histograms whereN = f0g (see Castellan [19]), this restric-
tion is necessary, and it seems that we should recommend to takec
close to1 in order to get the best risk bound stable with respect ton.

Remark 5: The particular form of the penalty function derives from
a Talagrand-type inequality. We actually use the version of Bousquet

[20]. This type of inequality allows to control the supremum of empir-
ical processes and is a fundamental tool for the analysis of penalized
minimum contrast estimators established by Birgé and Massart [21].

Remark 6: We can compare our results with the results of Barronet
al. [16] and Yang and Barron [17] who study penalized maximum-like-
lihood criteria in other frameworks. Similarly, the penalty function de-
pends on the complexity of the family of models. In both references, the
squared Hellinger risk is used to study the performances of the penal-
ized maximum-likelihood estimator and the “bias” term is evaluated in
terms of Kullback–Leibler information. However, the result of Barron
et al.[16, Theorem 2, p. 327] cannot be applied in our context since the
models introduced by Barronet al. [16] are sets of positive functionst
belonging to finite-dimensional linear subspaces of2(�) such thatt2

is a density. Yang and Barron [17] have studied more specifically fam-
ilies of exponential models. Nevertheless, their results need a metric
dimension assumption which forces in the applications to put a1
upper bound on the log densities of each model. This leads to a penalty
function depending on these bounds and on a universal constant which
is unrealistic. In comparison, the advantage of our method (valid in a
more specific framework) is to provide a penalized maximum-likeli-
hood criterion which is directly applicable. The main drawback is the
restriction1lf~s�� g in the computation of the risk.

E. Applications

In this subsection, we develop possible choices for the penalty func-
tion and deduce the performance of the associated penalized maximum-
likelihood estimator. These choices depend on the family of weights
(L ) 2 satisfying (3), and we have to consider separately the cases
of Assumptions(H1) and(H2). In the sequel, we do not give the de-
tails of the elementary computations of the series in (3) (see Castellan
[22] for more details).

1) Regular Case:
a) Choice of the penalty function:We assume here that the

family of models satisfies Assumption(H1). We can choose then
constant weights and takeL = L+ log (e(2r + 1)) for any positive
constantL, wherer = maxN .

If the degree is fixed for all the intervals of a given partition, that is,
= (m; r) belongs to n if rI = k for everyI 2 m for some

integerk which varies inN , then positive constant weights work. In-
deed, ifL = L for every 2 n for some positive constantL then
(3) is satisfied and all penalty function such that

penn ( ) = c
D

n

for any constantc > 1=2 is allowed. In particular, the choice
penn( ) = D =n corresponds to Akaike’s criterion.

We can also take weightsL that depend onjmj for = (m; r).
For instance,L =L(D)=D�1=2 for jmj=D works and any penalty
function satisfyingpenn( ) � cD (1+c0D�1=4)2=n can be taken
(for any c > 1=2 and a suitable constantc0). In particular, we could
recommend to add a correction to Akaike’s criterion since it improves
on the risk bound nonasymptotically for the histograms models (see
Castellan [19] and the simulation study made by Birgé and Rosenholc
[23]). But there is no proof of this in the general case of exponential
models of piecewise polynomials.

In both cases, the criterion we propose is the analog of Akaike’s
criterion, modified when we take variable weights, but equivalent at
least asymptotically.

b) Rate of convergence of the penalized maximum-likelihood esti-
mator: Let us now study the performances of the penalized maximum-
likelihood estimator. We consider the family of modelsn based on
the familyMr

n of regular partitions and we assume that the log-den-
sity log s belongs to a Besov space. We refer to DeVore and Lorentz
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[24, pp. 44 and 55] for the definition of Besov spaces. The proof of the
following proposition will be given in Section III.

Proposition 2.1: Assume thatlog s belongs to some Besov space
B�; l;1([0; 1]) for l � 2 and� > 1=l. Assume that� is unknown
in (0; r + 1) for some known integerr. Let fE ; 2 ng be the
collection of exponential models corresponding to the family of reg-
ular partitionsMr

n and toN = f0; . . . ; rg. If ~s is the penalized
maximum-likelihood estimator associated with this collection with a
penalty functionpenn ( ) � cD =n for some constantc > 1=2 then
we have

lim sup
n!1

n EEE h2 (s; ~s) < +1:

Remark 1: Note that the rate of convergencen� is known to
be optimal for this class of functions, see Koo and Kim [14].

Remark 2: We can use the same argument as Yang and Barron [17,
Sec. III-B] to estimate not strictly positive densities. Indeed, it is pos-
sible to remove the assumption thats is positive replacings by (s +
1)=2. But the price to pay is to obtain optimal rates of convergence for
the 1 risk. For a nonasymptotic rate of convergence with respect to the
1 loss, we can refer to Devroye and Lugosi [25]: they use a data-based

criterion to select the smoothing factor for Kernel density estimation.

2) Irregular Case: We consider the particular example of the
family of partitionsMir

n , case(H2). If we take constant weights, it
is necessary to choose them of the order oflogn which leads to a
penalty function satisfying

penn ( ) � logn
D

n
:

The reason for this extralogn factor comes from the fact that the family
n contains many models of the same dimension. This penalty func-

tion leads to lose alogn factor in the risk bound. However, in the par-
ticular caseN = f0g, it can be shown that thislogn factor in the risk
bound is necessary (see Birgé and Massart [26, Proposition 2]).

We can also choose variable weights. Indeed, the choice

L = LD = log
c(Nn � 1)

D � 1

for a suitable value ofcwhen = (m; r)with jmj = D is convenient
for the convergence of the series (3). Thus, we can choose a penalty
function equal to

penn ( ) = c
D

n
log

c0Nn

D
;

for every model such thatjmj = D, with suitable constantsc and
c0. Choosing variable weights produces better bounds. In particular, it
gives the right rate of convergence whenN = f0g ands is assumed
to be some piecewise-constant density withD pieces (see Birgé and
Massart [26, Proposition 2]).

III. PROOF OF THEMAIN RESULTS

A. Proof of Theorem 2.1

The proof is similar to the one of the histograms case (see Castellan
[19, proof of Theorem 3.2]). The main argument of both proofs is a
uniform control of the ratiôs =s over 2 n. In contrast to the
histograms case, the estimatorsŝ and also the information projections
s on an exponential modelE are defined implicitly which makes this
control very tricky and technical. Another troublesome point is the link
between the variance of the empirical contrast (the log likelihood) and
the Kullback–Leibler information which is more difficult to analyze for
a piecewise-polynomial than for a piecewise-constant log density. We

only give a sketch of proof in order to avoid too many technical details
(see Castellan [22, Ch. 2, Sec. 2.4 ] for a complete proof).

1) Definition of the Estimators and of the Information Projec-
tion: Let = (m; r) 2 n. In this part, we explain how the es-
timators ŝ and the information projections are defined in order
to control their ratio. We consider what we shall call in the sequel
the “Legendre basis” ofP which can be constructed as follows. Let
fQk; k 2 g be the sequence of Legendre polynomials, which is
known to be orthonormal in 2 ([�1; 1]) (see Whittaker and Watson
[27, pp. 302–305] for details), then we define the “Legendre basis”
f I; k; 0 � k � rI ; I 2 mg of P as follows:

 I; k (x) =
2k + 1

�(I)
Qk 2

x � aI
� (I)

� 1

whereaI represents the left endpoint ofI . In the sequel, we shall also
use the following notations.

• Given some measurable space( ; �), and a family of functions
f1l; '�; � 2 �g in 2 ( ; �) \ 1 ( ; �) such that'� is or-
thogonal to1l for all � 2 �, we denote byt(�) the density func-
tion defined by

t (�) = exp
�2�

��'� �	(�)

where

	(�) = log exp
�2�

��'� d�

for all � 2 �. The gradientG of 	 is

G (�) = '�t (�)d�
�2�

:

• For everyI 2 m such thatrI � 1, the functions corresponding
to the orthogonal familyf1lI ;  I; k; 1 � k � rIg in 2 (I; �)
are denoted bytI , 	I , andGI .

• For every intervalI 2 m, the space of the polynomials with
degreerI defined onI is denoted byPI , andEI denotes the
corresponding exponential model.

We will also use the following property ofPI : if k:k
1; I

denotes the
sup-norm in 1 (I; �) andk:k

2
the 2-norm in 2 (I; �), then

kfk
1; I

� (rI + 1)� (I)� kfk
2
; for all f 2 PI : (4)

We are now in a position to give the equations that define the estimator
and the information projection. These two densities are solutions of
similar optimization problems. These problems can be solved intervals
by intervals. For everyI 2 m such thatrI � 1, let us define

�̂I = (�̂I; 1; . . . ; �̂I; r ) 2 r

with �̂I; k = Pn ( I; k) =Pn (I) and

�I = �I; 1; . . . ; �I; r 2 r

with �I; k = P ( I; k) =P (I). The vectors

�̂I=(�̂I; 1; . . . ; �̂I; r )2 r and �I= �I; 1; . . . ; �I; r 2 r

are, respectively, the unique solutions of

GI(�̂I) = �̂I and GI �I = �I :
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Then, for everyI 2 m, ŝI andsI are the functions ofEI given by

ŝI =
� (I)�1 1lI ; if rI = 0

tI(�̂I); if rI � 1

and

sI =
� (I)�1 1lI ; if rI = 0

tI �I ; if rI � 1.

Finally, we define the estimator and the information projection by

ŝ =
I2m

Pn (I) ŝI1lI ; and s =
I2m

P (I) sI1lI :

2) Uniform Control of the Ratiôs =s : In the sequel, we set

� = essinf
x2[0; 1]

fs (x)g

and denote by�n the centered empirical process�n = Pn � P . We
construct a set
n (depending on the constantc of the penalty function)
of high probability such that the ratiôs =s is uniformly bounded
(independently ofs and of the dimensionD ) on this set. To this end,
we apply Lemma 1.1. Indeed, a suitable control ofj�n ( I; k)j for all
I 2 m and for allk 2 f0; . . . ; rIg allows to boundj�̂I � �I j2 (where
j:j2 denotes the Euclidean norm) so as to satisfy assumption (15), and
to deduce, by Lemma 1.1 with�0 = �̂I and� = �I for all I 2 m,
a control ofkŝ =s k

1
provided that̂s � �n. This restriction here

comes from the difficulties to invert the equations definingŝ ands ,
and is the price to pay to obtain a bound which is independent ofs.
More precisely, the set
n is the event satisfying

j�n ( I; k)j � C(r; c)(�n ^ �) � (I);

8 k 2 f0; . . . ; rg ; 8 I 2 m (5)

for allm 2Mn, whereC(r; c) can be computed and depends onc and
onr = maxN . Over this set the ratioklog(ŝ =s )k

1
is bounded by

some positive function ofc, �(c) < 2, for every model 2 n such
thatŝ � �n. Now, we will work on this set. This is not too restrictive
since we can derive that

PPP (
c
n) �

C3(s; c)

n2

from the assumptionlimn!+1 n�n�
2
n= logn = +1 and Bernstein’s

inequality (see Pollard [28, p. 193]).
3) Sketch of Proof:Let 2 n. It follows from the definition of

~s that

K (s; ~s) � K (s; s ) + �n (log ~s� log s )

+penn ( )� penn ( ^ ) : (6)

We control the term�n (log ~s� log s ) in (6) by setting

�n log
~s

s
= �n log

ŝ^
s^

+ �n log
s^
s

+ �n log
s

s
:

Let 0 = (m0; r) 2 n. We control �n (log(ŝ =s )) and
�n (log(s =s)) uniformly over all the models 0, in order to apply
these controls to the random model^ . For this purpose, we defineVs
by

V 2
s (p; q) = s log

p

q

2

d�

for any densitiesp and q such thatlog p

q
2 2 (sd�). Note that

V 2
s (p; q) represents the “variance” of the contrast
n since

V 2
s (p; q) = nEEE (
n(p)� 
n(q))

2 :

c) Control of�n (log ŝ � log s ): We write

�n log
ŝ

s
� sup

t2E

�n
log(t=s )

Vs (t; s )
Vs (ŝ ; s ) :

SettingZ = sup j�n (f)j ; f 2 P ; f2s d� = 1 , we get

�n log
ŝ

s
� Z Vs (ŝ ; s ) :

We first apply Lemma 3.1 withx = x = L D + � to deduce
thatZ 1l
 is upper-bounded by

C(c)
D

n
+

2L D

n
+

�

n
(7)

with a probability larger than1� e�L D e�� , where� is a positive
number to be integrated at the end of the proof andC(c) > 1. Thus,
Z 1l
 is upper-bounded by (7) uniformly with respect to0 2 n

with a probability larger than1��e��. Now, we will use the following
elementary inequality which holds for any positive number�, and any
numbersa andb,

2ab � �a2 + ��1b2: (8)

Hence, we derive that, for all 0 2 n

�n log
ŝ

s
1l
 � C 1 + 2L

2 D

n

+C2V
2
s (s ; ŝ ) + C3

�

n
(9)

on a set
1
n of probability larger than1��e��. The values ofC,C2,

C3 depend onc. We can choose any value ofC > 1=2 (using (8) with
an adequate coefficient) and thenC2 < 1=2. Hence we can takeC = c.

d) Control of �n (log s � log s): We use the exponential
bound given by Castellan [19, Proposition 4.5] to derive that, for all
0 2 n

�n log
s

s
�K (s; s )� 2h2 (s; s ) + 2

L D

n
+ 2

�

n

(10)

on a set
2
n of probability larger than1� �e��.

e) Control of�n (log s� log s ): Using Bernstein’s inequality,
we get

�n log
s

s
� Vs (s; s )

2�

n
+
M1�

3n

on a set
3
n of probability larger than1�e��. Now, we apply the results

of Barron and Sheu [13, Inequality 3.1 of Lemma 1] to the densitiess
ands . We get

K (s; s ) � � (�M1)V 2
s (s; s ) :

And we derive that, over
3
n (using (8) with� = �(�M1))

�n log
s

s
�K (s; s ) + (2�(�M1))

�1
+
M1

3

�

n
:

(11)
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4) Conclusion: Finally, combining (6) with (9), (10) applied to
0 = ^ and (11), we derive that, on a set
0

n
= 
1

n
\ 
2

n
\ 
3

n
of

probability larger than1 � (2� + 1) e��

K (s; ŝ^ ) � 2K (s; s ) + penn ( )� penn ( ^ )

+ c 1 + 2L^

2

+ 2L^
D^

n

+ K (s; s^ )� 2h2 (s; s^ )

+ C2V
2
s (s^ ; ŝ^ ) + C3 (M

1)
�

n

where

C3 (M
1) = (2� (�M1))

�1
+
M1

3
+ C3

for some value ofC3 depending onc. Now, in the eventfŝ^ � �ng \

n, we haveklog(ŝ^=s^ )k1 � �(c) < 2 (from the construction of
the set
n). Thus, Lemma 2.1 in Appendix II allows to link the Kull-
back–Leibler distanceK(s^ ; ŝ^ ) and the variance termV 2

s (s^ ; ŝ^ )
up to an additive termh2(s; s^ ). This additive term is not present in
the histograms case. Indeed, in this particular case, Lemma 1 of Barron
and Sheu [13, Inequality 3.1] is sufficient to provide a link between
K(s^ ; ŝ^ ) and

V 2
s (s^ ; ŝ^ ) = s^ (log (s^ =ŝ^ ))

2 d�:

But in the general case, this equality is false since(log (s^=ŝ^ ))
2 does

not belong toP , thus, we have to use Lemma 2.1. Hence,

V 2
s (s^ ; ŝ^ ) � C1

2K (s^ ; ŝ^ ) + C2
2h

2 (s; s^ )

with some constantsC1
2 andC2

2 depending onc such thatC1
2 > 2.

Therefore, on the setfŝ^ � �ng \ 
n \ 
0n we have

K (s; ŝ^ ) � 2K (s; s ) + penn ( ) + C3 (M
1)

�

n

+ c 1 + 2L^

2

+ 2L^
D^

n
� penn ( ^ )

+K (s; s^ )� ~C2h
2 (s; s^ ) + C 02K (s^ ; ŝ^ ) :

Then, we can takeC 02 < 1. Our choice of penalty function implies that

c 1 + 2L^

2

+ 2L^
D^

n
� penn ( ^ ) � 0:

Then using the Pythagorean type identity (1), we get onfŝ^ � �ng \

n \ 
0n

~C2h
2 (s; s^ ) + 1� C 02 K (s^ ; ŝ^ )

� 2K (s; s ) + penn ( ) + C3 (M
1)

�

n
:

Now, we use

K (s^ ; ŝ^ ) � 2h2 (s^ ; ŝ^ )

and

h2 (s; ŝ^ ) � 2h2 (s; s^ ) + 2h2 (s^ ; ŝ^ )

to derive that on
0n

~Ch2(s; ŝ^ )1lfŝ �� g\
 � 2K(s; s ) + penn( ) + C3(M
1)

�

n

andPPP (
0n) � 1�(2�+1)e�� (for any positive number�). Integration
with respect to� gives

EEE h2 (s; ŝ^ ) 1lfŝ �� g\


�
1
~C

2K (s; s ) + penn ( ) + C3 (M
1)

2� + 1

n
:

We conclude the proof by the control of the probability of
n.

B. Proof of Proposition 2.1

We first demonstrate that the quantitiesM1 = klog (s=s )k1
are uniformly bounded over n. Second, we can control the proba-
bility of the setf~s � �ng

c which implies that the restriction1lf~s�� g

in the computation of the risk can be avoided. Thus, we can evaluate
the rate of convergence of the squared Hellinger risk of the penalized
maximum-likelihood estimator. Let us first remark that iff = log s,
sincef 2 B�; l;1 ([0; 1]) with � > 1=l, thenf is bounded and The-
orem 2.1 can be applied.

1) Uniform Control ofklog(s=s )k1: We cannot directly prove
such a uniform control and we have to introduce an auxiliary function
t 2 E such thatklog(s=t )k1 is uniformly bounded. Let us denote

f =�S f; C (f ) = log ef d�

and

t = exp (f � C (f ))

whereS denotes the orthogonal complement of1l inP and�S the
orthogonal projection ontoS in 2(�). First, it is easy to check that
t is some function ofE such that

kf � log t k1 � 2 kf � � fk1 (12)

where� denotes the orthogonal projection ontoP . Second, ifjf j�; l
denotes the norm off in B�; l;1([0; 1]) (see DeVore and Lorentz [24,
p. 55]) we derive from approximation theory that

kf �� fk2 �C2 (r) jf j�; 2D
�� (13)

kf � � fk1 �C1 (r) jf j
�; l

D��+ (14)

for a model = (m; r) such thatm is some regular partition of[0; 1]
with D pieces andrI = [�] for all I 2 m. In particular, (12) and (14)
imply

lim
jmj!+1

kf � log t k1 = 0

and

lim
jmj!+1

klog t k1 = klog sk1 :

Consequently, the assumption (17) of Lemma 4.1 will be satisfied
for the models 2 n such thatjmj � N0 for some positive
integerN0 depending ons (assuming thatn is large enough). We
deduce then that for all models 2 n such thatjmj � N0,
klog (s=s )k1 is bounded (in fact, Lemma 4.1 gives a little more:
limjmj!+1 klog (s=s )k1 = 0). We conclude thatklog s k1 is
uniformly bounded over the family n by some constant depending
on s.

2) Consequence:Now, in order to apply Theorem 2.1, we eval-
uate the termK(s; E ) = K(s; s ). Using the definition ofs and
Lemma 1 of Barron and Sheu [13, Inequality 3.2] withp = s, q = t ,
andc = C (f ) � f d�, we get

K(s; s ) �K (s; t )

�� kf �� fk1 s (f �� f)2 d�:

Finally, using (13), Theorem 2.1 yields

EEE h2 (s; ~s) 1lf~s�� g

� C1 (c) inf
D�1

eC (r)jfj jf j2
�; 2D

�2� +
D

n
+ C3(f; c)=n

2

� C1(c) eC (r)jfj jf j2�; 2 eC (r)jfj jf j2�; 2n
�

+ C3(f; c)=n
2

� C1 (c) e
C (r)jfj jf j�; 2 n� + C3(f; c)=n

2:
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3) Control of the Setf~s � �ng: It remains to show that the set
f~s � �ng has high probability whenn is large enough. We demon-
strate that ifn is large enough then we have~s � �n on the set
n
defined by (5). We will prove, in fact, thatklog ŝ k

1
is uniformly

bounded over n on
n. Sinceklog s k
1

is uniformly bounded over
n by some constantM , depending ons, we can apply Lemma 1.1

to �0 = �I and� = �̂I with b0 = e�M=P (I) for all I 2 m. Then , if
n is large enough (such that�n � � = essinf s and�n � e�M ), the
assumption (15) of Lemma 1.1 will be satisfied over the set
n, and
we derive thatklog (ŝ =s )k1 is uniformly bounded over
n. Thus,
if n is large enough,klog ŝ k1 is uniformly bounded over n on the
set
n. Consequently, on
n we haveŝ � �n for all the models
of the family n provided thatn is large enough. We then conclude
that
n � f~s � �ng for all n � n0 for some integern0 depending on
s. Thus, forn � n0, we get

EEE h2(s; ~s) �EEE h2(s; ~s)1lf~s�� g +EEE h2(s; ~s)1l


�EEE h2(s; ~s)1lf~s�� g + PPP (
cn) :

We conclude with (15) and the control ofPPP (
c
n).

APPENDIX I
INVERTIBILITY OF THE PARAMETRIZATION OF

EXPONENTIAL FAMILIES

We use the notations of Section III-A1 and we study the equations
of the formG (�) = �. More precisely, the following lemma allows to
quantify the fact that if� is close enough to some�0 = G �0 then
the solution�� of G(�) = � is close to�0. The proof of this lemma
is adapted from Barron and Sheu [13, Lemma 5] (see also [22, Ch. 2,
Lemma 2.5.6] for a complete proof).

Lemma 1.1: Let �0 2 G � and�0 such thatG �0 = �0. We
denote

B� = sup
c2 : jcj =1 �2�

c�'�

1

and we assume thatinf t �0 � b0 > 0. If � 2 � satisfies

� � �0
2
<

b0
2B�

(15)

then there exists�� 2 � such thatG �� = �, furthermore

�� � �0
2

� 1

2B�

g�1
2B� � � �0

2

b0

and

log
t ��

t (�0)
1

� g�1
2B� � � �0

2

b0

whereg�1: ]0; 1[ 7! + denotes the inverse of the functiong defined
on (0; +1) by g (x) = e�x � 1 + x x�1.

Remark 1: For all " 2 ]0; 1[, the condition

� � �0
2
� g (") b0

2B�

=
"� (�") b0

2B�

leads to

log
t ��

t (�0)
1

� g�1
2B� � � �0

2

b0
� " < 1:

Remark 2: We cannot give an explicit value forg�1, but we can get
the following upper bound:

g�1 (x) �
4x; if 0 < x � 1

2

1

1�x
; if 1

2
< x < 1.

Consequently, this gives, if0 � � � �0
2
� b

4B

log
t ��

t (�0)
1

� 8B� � � �0
2

b0

and if b

4B
< � � �0

2
< b

2B

log
t ��

t (�0)
1

� b0
b0 � 2B� j� � �0j

2

:

APPENDIX II
TECHNICAL LEMMA ON KULLBACK –LEIBLER INFORMATION

The following lemma is used in the proof of Theorem 2.1 to connect
the Kullback–Leibler informationK (s ; ŝ ) and the “variance”
termV 2

s (s ; ŝ ) for some model 0 2 n.

Lemma 2.1: If p; qands are some positive densities with respect to
� such that

log
p

q 1

� �

for some positive number�, then, for all positive� we have

K (p; q) � � (��) 1� ��
p
2 s log

p

q

2

d�

�� (��) �
�

p
2h2 (s; p)

where� is given by� (x) = (ex � 1� x)x�2 for all x 2 .
Proof: Sinceklog (p=q)k1 � �, [13, Lemma 1 (3.1)] of Barron

and Sheu leads to

K(p; q) � � (��) p log
q

p

2

d�:

Moreover

p log
q

p

2

d�

�
p�s

s log
q

p

2

d�+
p<s

p log
q

p

2

d�

= s log
q

p

2

d�� (s� p)
+

log
q

p

2

d�

and

(s� p)
+

log
q

p

2

d�

� �
(s� p)

+p
s+

p
p

p
s+

p
p log

q

p
d�

� �
s� pp
s+

p
p

2

d�

�
s>p

p
s+

p
p

2
log

q

p

2

d�

� �2
p
2 h2 (s; p) s log

q

p

2

d�

� �
p
2

1

�
h2 (s; p) + � s log

q

p

2

d�

=
�

�

p
2h2 (s; p) + ��

p
2 s log

q

p

2

d�:
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Consequently, we conclude with

p log
q

p

2

d�

� 1� ��
p
2 s log

q

p

2

d�� �

�

p
2h2 (s; p) :

APPENDIX III
CONTROL OF A CHI-SQUARE-TYPE STATISTICS

This appendix is devoted to the following lemma which will be used
in the proof of Theorem 2.1 to control�n(log(ŝ =s )) uniformly
over n. The proof of this lemma is based on a Talagrand-type in-
equality and, more precisely, we use the version of Bernstein’s in-
equality due to Bousquet [20].

Lemma 3.1: Let 0 = (m0; r) be some model of n, P be the
linear space of piecewise polynomials based on0 (defined in Sec-
tion II-A), andZ be the random variable defined by

Z = sup j�n (f)j ; f 2 P ; f2s d� = 1

where�n is the centered empirical measure. For all" 2 ]0; 1[ and all
x > 0

PPP Z 1l
 � (1 + ")
D

n
+

2x

n
� exp (�x)

with D = dimP � 1 and


 =
k2f0; ...; r g

I2m

j�n ( I; k)j � C(r; ")� � (I)

wheref I; k; 0 � k � rI ; I 2 m0g is the “Legendre basis” ofP
andC(r; ") = 6"2(r + 1)� (3 + ")�1.

Proof: We will use an orthonormal basis

�I; k; I 2 m0; 0 � k � rI of P in 2 ([0; 1] ; P )

where for everyI 2 m0 the family f�I; k; 0 � k � rIg is an or-
thonormal basis ofPI in 2 (I; P ) and is derived from the “Legendre
basis” ofPI . We choose�I;0 = P (I)�1=2 1lI , and for everyk 2
f1; . . . ; rIg, the function�I; k is a linear combination of I; l for
0 � l � k with coefficients depending ons. Using this basis, we
can write

Z = sup
a2B

I2m 0�k�r

aI; k�n (�I;k)

=
I2m 0�k�r

�2n (�I; k) (16)

whereB = a 2 I2m
r +1: jaj

2
= 1 .

We first control, on the set
 , the fluctuationsj�n (�I; k)j for all
I 2 m0 and all k 2 f0; . . . ; rIg. On 
 , for all I 2 m0 and
k 2 f0; . . . ; rIg, we controlj�n ( I; k)j, and this allows us to bound
j�n (�I; k)j. Indeed, there existsc 2 k+1 (which depends ons, I , and
k) such that�I; k = 0�l�k cl I; l. Consequently, we have

�n (�I; k) =
0�l�k

cl�n ( I; l) :

Moreover, �2I; ks d� � � �2I; k d� leads tojcj
2
� ��1=2. Thus, on

the set


j�n (�I; k)j � jcj2
0�l�k

�n ( I; l)
2

� (k + 1) C(r; ") �� (I):

Next, the supremum in (16) is achieved ata 2 I2m
r +1 such

thataI; k = �n (�I; k) =Z . We define

A = a 2
I2m

r +1: jaj
2
= 1;

jaI j2 � �� (I)(rI + 1) C(r; ")=z; 8 I 2 m0

wherez is some positive number which will be chosen later andjaI j2
denotes the Euclidean norm of the vectoraI = (aI;0; . . . ; aI; r ).
Thus, we obtain on the set
 \ fZ � zg

Z = sup
a2A I2m 0�k�r

aI; k�n (�I;k)

whereA0 is a countable and dense subset ofA . We are now in
a position to apply the deviation inequality due to Bousquet [20, see
Theorem 2.3 ] to the random variableZ . This leads to

PPP sup
a2A

�n
I2m 0�k�r

aI; k�I; k � (1 + ")E

+
2�2x

n
+

1

3
+

1

"

bx

n
� e�x

where

E = EEE (Z ) � EEE

I2m 0�k�r

�2n (�I; k) � D

n

and

�2 = sup
a2A

Var
I2m 0�k�r

aI; k�I; k (X1) � 1

and, using (4)

b = sup
a2A I2m 0�k�r

aI; k�I; k

1

= sup
a2A

max
I2m

0�k�r

aI; k�I; k

1

� sup
a2A

max
I2m

rI + 1

� (I)
0�k�r

aI; k�I; k

2

� sup
a2A

max
I2m

(rI + 1) [�� (I)]� jaI j2

� (r + 1) C(r; ")

z
:

Consequently, usingC(r; ") = 6"2(r + 1)� (3 + ")�1

PPP Z 1l
 \fZ �zg � (1 + ")
D

n
+

2x

n
+

2"x

zn

� exp (�x) :
Takez = 2x

n
to conclude.

APPENDIX IV
CONTROL OFklog (s=s )k1

Lemma 4.1: Let s be some positive density on[0; 1], m be some
partition,r 2 m, and = (m; r). Let s be the information pro-
jection of the densitys on the exponential modelE . We assume that
there exists some densityt in E such thatlog t is bounded and sat-
isfies

log
s

t 1

� 1

2
log 1 + 4 (r + 1) e2k log t k

�1

(17)
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thenklog(s=s )k
1
� 2 klog(s=t )k

1
+ 1 .

Proof: Let us consider the measured� = t d�, the exponential
modelE� given by

E� = t 2 1 ([0; 1] ; �) : t > 0; log t 2 P ; t d� = 1

and the Kullback–Leibler informationK� (p; q) defined for any prob-
ability distributionsP , resp.,Q, with densityp, resp.,q, with respect
to �. Now, we consider the information projectiong � , with respect
toK� , of the densityg = s=t with respect to�. We can prove that
g � = s =t . And it remains to show that the logarithm of the infor-
mation projection ofg, klog g � k

1
is small provided thatklog gk

1
is

small enough. This can be done using Lemma 1.1.
Let us consider the orthonormal basis ofP in 2 ([0; 1] ; �),

f �I; k; I 2 m; 0 � k � rIg, where the family  �I; k; 0 � k � rI
is an orthonormal basis ofPI in L2 (I; �) for every I 2 m. We
choose �I; 0 = � (I)�1=2 1lI . And t�I , G�

I are the function given in
Section III-A1 associated with the orthonormal family of functions
 �I; k; 0 � k � rI in 2 (I; �). For I 2 m such thatrI � 1, we

denote� �
I 2

r the unique solution of the equationG�
I � �

I = � �I
where� �I 2

r is defined by

� �I; k = I
 �I; kg d�

I
g d�

; for all k 2 f1; . . . ; rIg :

Then, by definition of the information projection, we can write

g � =
I2m I

g d� g �I 1lI

where

g �I =
� (I)�1 1lI ; if rI = 0

t�I � �
I ; if rI � 1.

Now, we apply Lemma 1.1 (Remark 2.) on the measurable space(I; �)
with the orthogonal family in 2 (I; �), f1lI ;  �I; k; 1 � k � rIg to
the vectors�0 = 0 (�0 = 0) and� = � �I (� = � �

I ). Under assump-
tion (17), we can prove that� �I

2
is small enough to satisfy the condi-

tion (15) of Lemma 1.1, and this leads to a control ofklog (g �I�(I))k1
for everyI 2 m. Thus, we can derive a control of

klog g � k
1

= klog (s =t )k
1

and conclude using (17).
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