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DISCRETE REGULARIZED DISCRIMINANT ANALYSIS
ANALYSE DISCRIMINANTE QUALITATIVE REGULARISEE
Gilles Celeux and Abdallah Mkhadri

INRIA Rocquencourt, 78150 Le Chesnay, France

Abstract: A method of regularized discriminant analysis for discrete data, denoted
DRDA hereafter, is proposed. This method is related to Regularized Discriminant
Analysis of Friedman (1989) conceived in a Gaussian framework for continuous data.
Here, we are concerned with discrete data and consider the classification problem using
the multinomial distribution. DRDA has been conceived in the small sample, high-
dimensional setting. This method has a median position between multinomial
discrimination, the first order independence model and kemel discrimination. DRDA is
characterized by two parameters, the values of which are calculated by minimizing a
sample-based estimate of future misclassification risk by cross-validation. The first
parameter is a complexity parameter which provides class conditional probabilities as
convex combination of those derived from the full multinomial model and the first order
independence model. The second parameter is a smoothing parameter associated to the
discrete kernel of Aitchitson and Aitken (1976). The optimal complexity parameter is
calculated first, then, holding fixed this parameter, the optimal smoothing parameter is
determined. The efficiency of the approach is examined with other classical methods
through applications to data.

Keywords: Discrimination, Multinomial Model, Nonparametric Density Estimation,
Cross-validation, Regularization.

Résumé : nous proposons une méthode de régularisation pour la discrimination sur
variables qualitatives. Cette méthode s'inspire de la discrimination régularisée de
Friedman (1989) congue dans un cadre gaussien. Notre méthode, définie dans le cadre
multinomial, concerne les petits échantillons. Elle utilise deux parametres de
régularisation qui sont déterminés par minimisation du risque d'erreur €valué par
validation croisée. Le premier parametre est un parametre de complexité qui conduit a
une regle de décision intermédiaire entre celles fournies par le modéle multinomial
complet et le modele d'indépendance d'ordre un. Le deuxiéme paramétre est un parametre
de lissage qui est associ€ & l'estimation par la méthode des noyaux, introduite par
Airtchison et Aitken (1976), des densités par groupe. Nous déterminons tout d'abord le
parameétre optimal de complexité, puis, celui-ci €tant fixé, le parameétre optimal de lissage.
Nous comparons a partir de simulations de Monte-Carlo et sur des données réelles les
performances de notre méthode vis-a-vis de celles des méthodes classiques. Ces
expériences illustrent ses qualités.

Mots-clés : discrimination, modéle multinomial, estimation non paramétrique de
densités, validation croisée, régularisation.



1. Introduction

In muliivariate discriminant analysis, each object is assumed to come from one of K
exclusive groups E,, ..., Ex and is associated with a p-dimensional vector x = (xy, ...,

Xp). The purpose is to construct a classification rule using a training sample xy, ..., X, of
multivariate observations for which membership in a specific one of the K groups is

known a priori. The Bayes procedure minimizes the expected value of the probability of
misclassification. It leads to classify an observation x into E;, if

Op(XIEy) 2 égp(xIEg) for g=1,....K,g =k, ¢}

where 88 is the prior probability that an observation belongs to the gth group and p(.[E)
is the conditional probability function for the gth group. Usually, the conditional
probabilities p(.[E,) are unknown and are estimated on the basis of the training sample.

In this paper, we are concerned with discrete discriminant analysis in the small
sample, high-dimensional setting. Most of the discrete classification methods can appear
to perform poorly because discrete data tables are often very sparse. For instance, if we
consider ten binary variables, they are 2P = 1024 possible binary vectors (states), and we
encounter a troublesome problem of sparseness in which some of the states or
multinomial cells may have no data in the training sets (for one or several groups).

We propose a method of regularized discriminant analysis for discrete data, denoted
DRDA hereafter. This method is related to Regularized Discriminant Analysis (RDA) of
Friedman (1989) conceived in a Gaussian framework for continuous data. For the sake
of simplicity, we focus on binary data. In section 2, we sketch the discrete classification
methods derived from the multinomial distribution : the full multinomial model, the first
order independence model and kernel discrimination. In section 3, we summarize the
Friedman's regularized discriminant analysis. In section 4, we first parallel Gaussian
discrimination and multinomial discrimination, then we present the regularized model. As
for RDA, DRDA is characterized by two parameters and leads to a method which has an
intermediate position between three multinomial discrimination models. But, contrarily to
RDA, it is possible to explicitly compute the parameters which minimize the cross-
validated misclassification risk. The efficiency of DRDA is examined through
simulations studies and application to data in section 5. A concluding section gives some
additional remarks.



2. Discrete discriminant analysis

For discrete data, the most natural model is to assume that conditional probabilities
p(xIEp), where x € {0,1}P and k = 1, ..., K, are multinomial probabilities. In this case,

the conditional probabilities are estimated by the observed frequencies

(%)

ng

Mk(x) = ,fork=1,..K, 2)

with n, = # E; and Np(X) is the number of observations of the training sample

belonging to group E; for which the state x occurs. Goldstein and Dillon (1978) call this
model the Full Multinomial Model (FMM). This method involves 2P -1 parameters in
each group. Hence, even for moderate p, not all of parameters are identifiable and many
conditional probabilities are estimated to be 0, if n is not very large.

They are two ways to deal with this high dimensional problem. The first one consists
in reducing the number of parameters needed to be estimated. The loglinear model (Cox
1972, Krzanowski 1975), the Bahadur model (Bahadur 1961), the logistic
discrimination (Anderson 1972) are some examples of this kind of model which reduce
the complexity. Here, we concentrate attention on the first order independence model
(FOIM) (see Goldstein & Dillon 1978) that we describe now. It is assumed that for given
group E; (k = 1, ..., K), the binary variables are independent. Hence, the estimated
conditional probabilities are

NJ(x
L(x) = .ﬁ (:11(( )
J=1 k
where NJ, (x) = #{ye E¢l 3/ = ¥}, j = 1, .., p.

(3)

It follows that the number of parameters to be estimated for each group is reduced
from 2P -1 to p. Intensive experiments show that FOIM performs well for small or
moderate sample size (cf. Titterington et al. 1981).

The .second way consists in smoothing the observed frequencies. The nearest
neighbour models (Hills 1967, Hall 1981b), the procedures using orthogonal
polynomials (Martin & Bradley 1972, Ott & Kronmal 1976) are examples of this kind of
models. Our approach is to concentrate our attention on kernel discriminant analysis
(KER) (Aitchison & Aitken 1976) which turns out to provide good results for sparse
data (Hand 1982, 1983). This model estimates the group conditional probability in the
following way



P(xIEp,Ap) = nL ) lkp-d(xi,x)(]_)'k)d(xi,x)’ (4)
k x;€ E;

P
where d(x;,x) = ¥ |x/ - xi l'and A€ (1/2,1).
J=

' 1-4,
Setting 7, =_,’l— €[0,1], we get
k

1 d(Xi.x)
p(xIE., %) = > Y b (5)
¢ n (7, + 1P X ;€ E:

In the following we will use this particular parametrization.
3. Regularized Discriminant Analysis

Friedman (1989) proposed a regularization scheme for continuous discriminant
analysis. RDA has been conceived in the Gaussian framework and is devoted to the
construction of efficient classification rules from small training samples. RDA provides
alternative regularization using two parameters « et ¥ in [0,1]. The first one, a, is a
complexity parameter which provides an intermediate classification rule between linear
and quadratic discriminant analysis. The second one, %, is a shrinkage parameter for
covariance matrix estimates. More precisely, a is devoted to choose a regularized

estimate of the covariance matrix of group E; (k = 1, ..., K) in the following way

A 1-a) Sg +a S
Pycery =) Sk , (©)
(l-a) ng + a n
K
where n, =#E;, n= kzlnk is the size of the training sample xj,...,.X, in R?, and
1 o 1 K
Sk=5 X (i-g0) (xi-g) with ge=7- 3 x;and S= 3 S, ()
x;€ Ef k x;eEy k=1

and where X' denotes the transpose of x.

The second parameter, ¥, is used to regularize the sample group covariance estimates

beyond that provided by equation (6) through

A A Y A
e,y =(Q1-p) T'Ke) ot (T 11, (8)
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A
with ') given by equation (6) and I is the pxp identity matrix.
The RDA classification rule is then
di\(x) = lrerSnK dp(x)
with

de(x) = (x - gk)'[IQk(a, »Ilx-gp) +1In Fya, N-21In g, . ©)

Friedman's approach is to choose & and ¥ that jointly minimize the cross-validated
estimates of future misclassification risk. Its strategy is to choose a grid of points on the
o, yplane (0 € ¢ < 1,0 < y< 1), evaluate the cross-validated estimate of future
misclassification risk at each prescribed point on the grid, and then choose the point with
the smallest estimated risk as its estimate for the optimal regularization parameter values
3 and /}\' Typically the size of the optimization grid is taken to be from 25 to 50 points.
Friedman presented numerical experiments which indicated that RDA performs very well
in many circumstances.

4. Discrete Regularized Discriminant Analysis

The underlying ideas of DRDA arose from striking analogies between continuous
classification models and discrete classification models. We first state those informal
ressemblances before describing DRDA in a detailed way.

- In the continuous case, the most often classification rules are based on the normal
distributions. Whereas in the discrete case, they are based on the multinomial
distributions.

- In the continuous case, linear discriminant analysis (LDA) provides, by assuming
equality of group conditional covariance matrix, a considerable degree of regularization
by substantially reducing the number of parameters to be estimated. For this reason, it
leads often to superior performance, especially in small-sample setting. In the discrete
case, reducing dramatically the number of parameters is achieved with the first order
independence model. Here again, FOIM performs well in many situations (cf.
Titterington ez al. 1981).

- In the same way, we can parallel quadratic discrimination which make use of
unrestricted Gaussian distributions and the full multinomial model. Both of them involve
the estimation of many parameters and for this very reason appear to perform poorly in
small-sample settings.



- The shrinkage parameter 7%, introduced by Friedman is aimed at smoothing the group
conditional covariance matrix estimates to attenuate the influence of eigenvectors
associated with the smallest eigenvalues. In the same manner, kernel discrete
discrimination aims to smooth the observed frequencies to avoid all the problems caused
by empty cells. '

We are now in position to describe DRDA. For the sake of simplicity, we only
consider binary variables. Straightforward extensions to general categorical variables will
be discussed briefly in the concluding section.

4.1 Regularization scheme

Recall that x;, ..., x, denotes the training sample in {0,1 }P. Let Pr(xla, ¥,) be the
DRDA estimates of the group conditional probability for any x in {0,1}?, with ccand ¥,
O0O<a<l,0<y <1 fork=1,.., K) denoting the regularization parameters. The

regularization equations take the form

Pi(xlo,y) = (1- @) PMm (xlk,7) + o Py (xlk,y) (10a)
with
Pyt (xlk, ) = ———— d0ox,) (10b)
nk(1+}/k)p x;€Eg
where
p . .
d(x,x) = ¥ b/ - xl 1,
J=1
and
1 p Ix/ - XMl
Pixky)=——[ X 7% k (10c)

{nk( 1+‘}/k)}pj=l x;€E;

The full multinomial model corresponds to the case @ =0 and 3, =0 for 1 <k <K.
The first order independence model corresponds to the case @ =1and 5 =0for1 <k <
K. Holding the ¥;'s fixed at O and varying o produces models between FMM and
FOIM. Holding o fixed at 0 and varying the 9;'s leads to the kernel discriminant
analysis (KER) of Aitchison and Aitken.

The problem is to choose good values for & and the ¥,'s. Contrarily to Friedman, it is
possible to select the regularization parameters in a nearly optimal fashion. Holding the
¥%'s fixed, we can find in closed form the complexity parameter a which minimizes the
cross-validated misclassification risk; holding o fixed, we can find the ¥'s which



minimize the cross-validated misclassification risk. We opted for the following strategy
which is saving a substantial amount of computation: we first choose the optimal
complexity parameter; and then, holding this parameter fixed, we select the optimal
smoothing parameters. This approach seems natural since the complexity parameter is the
most important and is expected to provide a small error rate in most cases. '

4.2 The optimal complexity parameter

In this section, the ¥,'s are fixed. For simplicity we assume that y, = 0 for all k. The
overall probability of misclassification risk of DRDA can be written (cf. Tutz 1986)

K
T (o) =kzl 5k Y Pk(x) [1- ﬂk{ 51 Pi(xle, O),..., 81( Px(xla, 0)}], (11)
= X

where

1 if g > z; for j* k

elzyaenzi) ={ Ur if zp = z; forie {iy,..,ir}, 2 > z; for ie {i},....i;}
0 otherwise.

and where Py(x) denotes the unknown group-conditional probabilities for x € {0,1}”
and 1 £k < K. The problem is to find @ minimizing T (). Since T () is unknown, the
optimal o has to be estimated from data. It is well known that the method of
resubstitution provides misleading biased error rate, especially for small samples (cf.
Glick 1972). An alternative approach would be to consider a parametric estimation of
T(a) which consists of substituting Py(x) by Pr(xla, 0) (1 £k £K) in equation (11).
The drawback of this method is that the resulting estimate of T( ) depends highly of the
involved parametric model (Hand 1986). More effecient methods of estimating the
misclassification risk are based on resampling techniques such as cross-validation and
bootstrapping (cf. Efron 1983). Following Friedman (1989) we choose the cross-

validation technique for its computational advantages. We search the complexity
parameter & which minimizes the cross-validated probability of misclassification ()

K
1
™ (@ =28 T g (LBPIx0, 0 BiPie (K1, O) kPR (NG 0)))
= xieEk

(12)
where Pk\xl.(xila, 0) denotes the estimation of Py(x; la, 0) using E; - (x;} ; it can be

written



Pio;(xilos 0) = (1 - &) MO(xp) + 2 10x, (13)

where
mM(x;) - 1 )
M(i) _ ‘—'——n -ll if X;€ Ek
" (Xl') = k
Mk(x,-) if X ;€ E k
and

1 P ;
. ————I1 (N, (x)-1) if x;€E
Ig)(xi) = (ng - 1)p£11 Okt =Tk

I,(x;) otherwise

with Nj,(x;) = #{x; in Eg such that 1x - X120, h = 1, .umg)j= 1, ik = 1, o,

K.
For the sake of simplicity, calculations will be detailed for two groups (K = 2) and the
general case will be discussed afterwards.

Proposition 1: The optimal complexity parameter is either 0, either 1 or takes the form
& MYx)) - 8 MPxy

, . . — (14)
& (MOxp) - 19xp) - 8 MPxp - 19xp)

with x; € {xy, ..., x,}.

Proof: Holding « fixed, it is immediate that the cross-validated classification rule for

any x; (1 £i < n)is: x;is assigned to E; if and only if C(x;,&) 2 0, where

Cxpa) = (1- @) [ §;MPxp) - EMP)1 + a [ &1V xp) - H1Px)) 1. (15)

Thus, different values of a give different assignments for x; if and only if there exists
o in (0,1) such that C(x;,c) = 0. It then follows that o, has the form (14).

If C(x;,) has a constant sign on [0,1], the assignment of x; to one of the two groups
does not depend on a. In such a case, x; would be assigned following the FMM (a = 0)
or following the FOIM (& = 1).

Remark : In pratical situations, the number of sample points x; (1 <i < n) for which the
linear equation C(x;,&x) = 0 has a solution a in (0,1) is very small. This number
represents the number of states for which both models (FMM and FOIM) provide
different assignments.



From Proposition 1 it is possible to find easily and explicitly the optimal solution for
the complexity parameter Q.

General case: The problem can be treated in the same manner when K > 2. The only

difference is that, for each sample point x; (1 <i < n), there may be several optimalc's

as possible optimal solutions. Figure 1 gives an illustration of this situation with K = 4

groups.
L S
MM
I ki

My \

%1 % %2

Figurel: Variation of the estimated conditional probabilities as a function

of the parameter & on a 4 group case

This figure shows, for one fixed x;, the Pk\xl.(xl-la, 0) variation (1 £k <K)on a.
ky (resp. kp) denotes the assignment group of x; for a = 0 (resp. a = 1). In this case,
two critical values a and o of the complexity parameter can be found in (0,1). They
represent values for which the classification of x; changes and they have to be considered
as possible optimal values.

Thus, each x; generates at most (K - 1) such critical a—values different from 0 and 1.
All the critical a—values can be found explicitly with the following procedure.
- If kyy(x;) = kj(x;), then x; is assigned to ky(x;) for anya.
- Otherwise compute ¢ in (0,1) such that

(- aO)skMM%L(xi) + a06kMI§éi4(xi) =(1- a0)6kIM§g(xi) + aoékllgi(xi). (162)



If, for any k, we have

(1- a)&MPxp) + a8 1Pxp < (1 -ao)skMMS?M(x,-) + @Bl (). (16b)

then ¢4 is the only possible optimal value, associated to x;, to be considered,
Else, let kj (# kpp and # kp) be the value which maximizes

a- ao)ékOM(,% (x;) + aoakol(,%(xi).

Compute a; € (0, o) and a; € (ag,1) such that

- al)SkMM(éL(xi) + a15kMI(,éL(x,~) =(1- a1)6k0M(,2)(x,-) + 5k01(,(‘2)(x,~) (16¢)

and
(- az)SkOMflé())(x,-) + azakolf,%(xi) =(1- aQ)SkIM%:(x,-) + azékllsg(x,-). (16d)

Then proceed in the same way, used for ag, to check if &y and &, are possible
optimal values. And so on ...
For instance, for the situation described in Figure 1, «; and , are candidates for

optimality and the procedure stops.

Remark: Obviously, when K > 2 the algorithm to find the optimal complexity parameter
1s more complicated. However, in practical situations, for each x; they are only one or

two possible optimal a—values and the procedure remains competitive.
4.3. The optimal smoothing parameters

From the paper of Aitchison & Aitken (1976), many authors have considered the
kernel density estimation for categorical variables and have proposed methods for
estimating the smoothing parameter ¥, (1 <k < KX) involved in (5) (Bowman 1980,
Titterington 1980, Hall (1981a), Bowman er al. 1984, Brown & Rundell 1985). Some
authors have considered the problem in the classification setting and proposed methods
to estimate the smoothing parameter ¥, (1 < k <K) using loss criteria that refer directly to
the discrimination problem (Tutz 1986, 1989, Hall & Wand 1988). Tutz (1986)
proposed to choose (¥,,..., ¥x) minimizing the leaving-one-out error rate stated in
equation (12). For two groups E; and E;, Hall & Wand (1988) considered the
minimization of the distance between &,p(xIE;) - 8,p(xIEy) and &;p(xIEy,7;) -
6,p(xIE2,%,). Tutz (1989) proposed to choose Y = (¥,,..., ¥x) minimizing other loss

-10-



functions than the leaving-one-out error rate, using cross-validation. These loss
functions are continuous in Y. Acting in such a way, Tutz aimed to avoid the numerical

problems arising when using the leaving-one-out error rate which is a jump function of

Y.

Since we are concerned with discriminant analysis, it is natural to choose Yy
minimizing a discriminant loss function. Now, since we are mainly concerned with small
or very small sample sizes, it is not realistic to introduce too many regularization
parameters. Thus, we introduce only one smoothing parameter (Y= y,=...= Yk), as
Friedman has done for the shrinkage parameter. Another argument can be used for
choosing an unique smoothing parameter . Numerical experiments reported in Hand
(1982 p. 162, 1983) and Tutz (1986) showed that, in many situations, the smallest
classification risk occurs with an unique ¥. One of the continuous discriminant functions
considered by Tutz (1989) could be preferred since they induce non numerical
difficulties. Nevertheless, Tutz's approach needs optimization algorithms. On an other
hand, Hand (1982, section 4.4) has noticed that the choice of the smoothing method is
not very critical, and that the computationally less demanding methods should be used.

For these reasons, we adopt for determining ¥ a simple method which does not use
optimization algorithms. This method uses the classical misclassification risk as loss
function and is described now. First, we suppose that the optimal complexiry parameter
o* has been found out, as described in the previous section, and is held fixed.

Let PU(x 1k, p) (resp. PU(x 1k,7) denote Pyy(x;iEx-(x;),7) (resp. Py(x,IEx{x;}.9) the
estimated probabilities by cross-validation (1 < i £ n) under the FMM (resp. FOIM).
Using Taylor's series to expand P(Q(.Ik,y) in power of 7, we obtain

P ek = () NG (x) + AN ) - NG + OGPy (a7)
where
Nok(xi)'l if x,€ E; -1 if x;€ E4

. n,
NOx;) = et n)= . (18)
Nok(xi) otherwise n, otherwise

Thus, Pga (x;k,7) can be approximated in the following way, since the second order

termin ¥ can be neglected.

P (xjk = (1- pMPx) + W Pex) 1

-11-



where

N (%) - G- DN

Vi) = G (20)
n
k
In the same manner, we obtain by using a Taylor expansion of Pgi)(xilk,y) about ¥
PO (xtk, ) = (1- PIPx) + QP x) @1)
where
Qx) = BPx) - o-D1P(x) (22)
with
BPx,) = (ny% § P N, o NG (x (23)

N N/(x.)-l if x.€ E
o - 0k i i k
NYx;) = n - N x) and Nix = ; @)
NOk(xi) otherwise
From Equations (10), (19) and (21) PE:) (x;lox,7) is approximately an affine function in

¥, and hence the optimal y* can be derived using the same line as for the optimal a*.
More precisely, in the two-group case, we have for any x;

X; is assigned to E; (using cross-validation) if

C(x; 0%, 20, (25)
where

Coxp v, = (1-09)[(1-PEMPx) + 18,V (x) - 1-pEMP(x,) - ¥8,V5(x))]
+ ax[(1-p8 1) + 18,Q0x) - 1-98&1Pxp - ¥8,Q0 (). 26)
It turns out that C(x;,*,7) is an affine function in yand we have the following
proposition.

Proposition 2: Holding the complexity parameter a* fixed, the optimal smoothing
parameter is either 0, either 1 or is one of the solutions of the equations C(x;,a*,y) =0

fori=1,..,n

“12-



Now, the general case (K > 2) can be tackled in the same manner as in § 4.2 for the
complexity parameter o. Here again, it is worth noting that, for each x; (1 £i < n), there

are, generally, at most two possible optimal ¥ values.
5. Numerical experiments

We investigated the performance of DRDA compared with FOIM, KER (where the
unique smoothing parameter has been chosen along the line described § 4.3) and linear
discriminant analysis (LDA) on both real and simulated binary data. LDA is not really
related with DRDA, but since this method gives often good results even in discrete case
(see Titterington et al. 1980), it is worthwile to compare it with specific methods of
discrete discriminant analysis.

5.1 Simulated data

We have performed Monte-Carlo sampling experiments implemented from the
Bahadur model as discussed in Dillon and Goldstein (1978). This representation

expresses the group-conditional probabilities in the following manner

Ep) = 116 )7 (- 61 + T p,GK)ZyZ i)
p(xIEg PLONEY 2 k#pg gL gkt

where forg=1,2andj=1,..,p X,jis denoting a Bernoulli variable with parameter
Og/., such that

Gg].=E (Xg))

X 6

8 " Ygj
Zj

B - 12
[6,, (1 - 6,1V

and
pg(jk) = E (ZgiZgp)-

We selected 3 population structures with p = 6 variables and g = 2 groups that we
describe below. For each population structure, we considered 3 sample sizes n = 100,
50, 20. The prior probability of each group was taken to be equal using the diagnostic
paradigm so that n} = ny = n/2. Each experiment consisted of 100 replications of each

-13-



case. The 3 different population structures were generated from the following sets of
parameters.
For each structure, the ng's were

E,: 0.6, 0.4, 0.6, 0.5, 0.5, 0.6

E,: 0.5, 0.3, 0.5, 0.4, 04, 0.5

The first population structure, denoted IND, was generated according to the first order
independence model. It means that pg(ij) =1 and pg(ik) =0ifj=kforg=1,2,j=1,.,
6, k=1,.,6.

The second one was generated with

PG/ =1and py(ik) =02if j#kfor j=1,.,6,k=1,.,6
PoU) =1and p,(jk) =04 if j= kfor j=1,.,6,k=1,..,6.
it is denoted DIFF.
The third one, called CORR, was generated with
o) = 1 and p (k) =02 if j=k forg =1,2, j=1..,6,k =1,.., 6.

For each data set we performed the 4 methods : FOIM, KER, LDA and DRDA. An
additional test data set of size n =100 was randomly generated from the same population
structure and classified with the four rules derived from the training set, thereby
obtaining an unbiased estimate of the misclassification risk.

Tables 1-3 summarize the results for each situation and give, for the three sample
sizes, the average cross-validated misclassification risk (column CV) and the average test
misclassification risk (column TEST) over 100 replications for each of the four
classification rules. Also shown, are the average of the parameter ¥ for the KER rule
over the 100 replications, and the means of the selected regularization parameters (o, ¥)
for the DRDA rule over the 100 replications. The quantities in parentheses are the
standard deviations of the respective quantities over the 100 replications.

From Table 1, it can be seen that, for the data set IND and as would be hoped, DRDA
is choosing a high degree of regularization for the complexity parameter. The first order
independence model gave a slightly lower misclassification risk. Remark that this
advantage decreases as the sample size decreases.

-14-



Table 1: Misclassification risk and regularization parameter values for population structure IND.

n =100 n =50 n=20
CvV TEST Ccv TEST CvV TEST

LDA 46 (.07)  .36(.04) .44 (09) .39(.06) .44(14) .43(07) |
FOIM 3905 .36(04) .40(07) .39(07) .40(12) .41(.05)
KER 29(04) 4105 .32(05 .44(06) .38(.10) .46(05)

Yy .08 (.08) .08 (.08) .07 (08)
DRDA 27 (03)  .38(.05) .27(05) 4007 .18(07) .42(.05
¢ .63 (.13) 87 (.12) .98 (.06)

¥ .19 (.15) 14 (.14) 13 ((10)

Table 2: Misclassification risk and regularization parameter values for population struciure DIFF.

n=100 n=>50 n=20
Cv TEST cv TEST Ccv TEST

LDA 37(08)  .37(06) .40(10) .38(06) .41(15) .40 (.08)
FOIM 42(.05) .47(07) 42(07) .46(.08) .42(10) .47(09)
KER 20(03)  .25(.02) .19(0S5) .26(.02) .15(07) .27 (.05)

¥ .00 (.00) .00 (.00) .00 (.00)
DRDA 20(.03)  .25(02) .19(05) .26(02) .15(07) .28 (.06)
C .00 (.00) .00 (.00) .07 (.25)

Y .00 (.00) 00 (.00) .01 (.03)
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Table 3: Misciassification risk and regularization parameter values for population structure CORR.

n=100 n =50 n=20
Cv TEST cv TEST CvV TEST

LDA .46 (.08) 48 ((04) .46 (.10) .49(04) .46(.16) .50 (.04)
FOIM .42 (.05) 42 (.05) .41(.06) .43(06) .42(.13) .45 (.08)
KER .35 (.04) 43 (.05) .36(.05) .44 (06) .39(.09) .46 (.06)

Y .16 (.02) 17 (0D A5 (07
DRDA 32 (.04) 42 (05) 31(04) .43(07) 2407 .44 (.07)
o 63 (.15 .80 (.18) 95 (.10)

¥ 23 (\14) 06 (.10) .09 (.10)

For the data set DIFF, Table 2 shows that our regularization strategy always led to the
full multinomial model. Both methods differed only very slightly for the smallest sample
size and outperformed dramatically FOIM and LDA. Surprisingly, there was no need for
regularization even for very small sample size.

For the data set CORR, Table 3 shows that FOIM and DRDA gave rise to quite
analogous classification rules and provided better misclassification risk than LDA and
KER. However, note that DRDA had some marked differences with FOIM for the
sample size n = 100, but gave almost the same misclassification risk. Moreover, remark
that DRDA performed slightly better than FOIM for the smallest sample size. At last,
LDA appeared to perform poorly. It is surprising since the correlation structure is
identical in each group.

5.2 Medical data

The data set consists of 241 patients suffering from arthrose disease. The whole
sample was divided into two groups. The first group contained patients for which an
aggravation of disease has been discovered from a radiology examination and the second
contained the other patients. For each patient, the values of 10 binary variables were
available. These were: sexe, obesity, pain, subjective impression of the disease,

generalisation of arthrose, presence of 3 kinds of medical care and 2 binary
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characterizations of arthrose. These data have been extracted from a large data base
concerning gonarthrose from the rumathologic clinic of Cochin (INSERM, clinical and
biostatistic unit U88). This data base has been analysed by the biostatistic team of this
INSERM unit, and an article written by Professor Dougados and his collaborators has
been submitted to the Journal of Rhumathology. For our illustrative experiment, we
drew at random a training sample of 141 patients and the rest constitute the test sample.
Table 4 summarizes the results of the four methods for this data set. For each method,
we give the cross-validated misclassification risk and the misclassification risk estimated
on the test sample. The prior probabilities were taken to be equal, §, = 1/2 (k= 1, 2), for
each group.

Table 4: Misclassification risk and regularization parameier values for the Medical Data.

LDA FOIM KER DRDA
cv 48.23 43.26 41.85 38.30
TEST 42.00 43.00 49.00 40.00
& 0.970
¥ 0.100 0.278

The data set is very sparse (1024 states and only 141 observations). Thus, as it would
be expected, DRDA provided large values for both regularization parameters. And, from
the cross-validation and test estimates of the misclassification risk, DRDA could be
preferred.

6. Concluding remarks
We have presented DRDA for binary data. It can be generalized in a simple way to

categorical variables with more than two categories. For example, we can use the kernel
introduced by Aitchison and Aitken (1976) for unordered categorical variables.

1
p(XIE;.A,) = . Y Kxlx;, Ap)

where
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K(xIx;, Ag) = f K;(lx), Ap)
J=1

with

Ay if x{.=xf
K (Wb, A,) = ] o (27)
je A4) -2 if x/ = x/

Cj-l i

where ¢; (1 <j < p) is the number of unordered categories for variable j. For alternative
kernel forms taking account of ordered categorical variables (see Titterington and
Bowman 1985).

Concerning FOIM, we recommend using the modified formula proposed in

Titterington et al. (1981)

NY(x) + 1/c;

p Ok
L(x) = ﬂl =
j‘_‘

(28)

I

n+ 1
which can be viewed as a smoothing version of formula (3). From formulas (27) and
(28), it is straightforward to see that the method of selection of regularization parameters,
defined in Section 4, can be used for categorical data. However, if the smoothing
parameter, involved in (27), depends on the variables, or if the kernel takes account of
ordered variables, it is impossible to get smoothing parameters in a closed form. And
there is the need to use an optimization algorithm (as Tutz 1989) to derive the optimal
Smoothing parameters.

The numerical experiments showed that good performances can be expected from
DRDA in many situations. However, contrarily to RDA in the Gaussian framework
(Friedman 1989), we did not yet exhibit situations where DRDA improved substantially
both FOIM and KER. Roughly speaking, in our experiments, DRDA is related to FOIM
or to KER. In fact, it is difficult to detect natural situations for which DRDA could be
expected to dominate both FOIM and FMM (or KER). Moreover, we have performed
some experiments, not reported here, for well-separated groups. In such situations, all
the above mentioned methods perform well and the DRDA is not really useful.

Despite these restrictions, we think that DRDA should be quite beneficial for discrete
discriminant analysis in setting for which sample sizes are small and the groups not well-
separated. On another hand, a common method of regularization is variable subset
selection. But in the discrete context, there is not really reliable variable-selection
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procedures especially for sparse tables. Now, sparseness is certainly the main problem
of discrete discriminant analysis in practical situations. Hence, DRDA could be expected
to improve the power of discrete classification in high-dimensional setting.
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