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Abstract

The Naive Bayes classifier is a simple and accurate classifier.
This paper shows that assuming the Naive Bayes classifier
model and applying Bayesian model averaging and the prin-
ciple of indifference, an equally simple, more accurate and
theoretically well founded classifier can be obtained.

Introduction

In this paper we use Bayesian model averaging and the prin-
ciple of indifference to derive an improved classifier which
we name Indifferent Naive Bayes classifier (IndifferentNB
from now on).

First we introduce the Naive Bayes model, paying special
attention to its conditional independence assumptions and
to the estimation of its parameters. Second, we introduce
Naive distributions and show that they are conjugate with
respect to the Naive Bayes model and that they can be in-
tegrated in closed form to get averaged predictions. Third,
we apply the principle of indifference, getting the final ex-
pression for IndifferentNB. Fourth, we perform an empirical
comparison of IndifferentNB with the standard implementa-
tion of Naive Bayes and the one proposed in (Kontkanen et
al. 1998) showing that IndifferentNB reduces the classifi-
cation error rate and approximates the probabilities better,
specially when few data is available. We finish with some
conclusions and possibilities for future research.

The Naive Bayes model

The Naive Bayes classifier (Langley, lba, & Thompson
1992) is a classification method based on the assumption of
conditional independence between the different variables in
the dataset given the class. Following the notation in (Cow-
ell etal. 1999), being X', ) and Z random variables we will
write X 1l Y| Z for “X is conditionally independent on )
given Z”. In this notation, the Naive Bayes model states that

The Naive Bayes model asa Bayesian network

As can be seen in (Cowell et al. 1999) and in (Friedman,
Geiger, & Goldszmidt 1997) in terms of Bayesian networks,
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the Naive Bayes model can be represented as the network
in Figure 1. The Bayesian network in Figure 1 is not the

Figure 1: Representation of the independence assumptions
under a Naive Bayes model as a Bayesian network

only Bayesian network that encodes the conditional inde-
pendence assumptions in equation 1. In fact any one of the
networks in Figure 2 also satisfies the assumptions in equa-
tion 1.

The Naive Bayes model asa Markov network

The conditional independence assumptions in equation 1
give no causal information which can be used to prefer any
of the different Bayesian networks that encode them. If
instead of representing these conditional independence as-
sumptions as a Bayesian network we choose to represent
them as a Markov network, the only network encoding the
assumptions in equation 1 can be seen in Figure 3. In our
opinion, the use of Figure 1 as representation of the Naive
Bayes model, that is correct when interpreted in terms of
acausal Bayesian networks, is slightly confusing, due to the
fact that if it is interpreted in terms of causal Bayesian net-
works it conveys more information than the conditional in-
dependence assumptions in equation 1. We alternatively
propose to represent the Naive Bayes model by the Markov
network in Figure 3 that avoids such misunderstandings.
Furthermore, the Markov network in Figure 3 is also the es-
sential graph (in the sense of (Andersson, Madigan, & Perl-
man 1995)) of this equivalence class of Bayesian networks.



Figure 2: Alternative representations of the independence
assumptions under a Naive Bayes model as a Bayesian net-
work

Figure 3: Representation of the independence assumptions
under a Naive Bayes model as a the Markov network

Naive Bayes parameters

Let C be the class attribute, V' = {A4;,..., A4, } the set
of attributes and C,.A; random variables over C,A; respec-
tively. Under the multinomial assumption (see (Heckerman,
Geiger, & Chickering 1995)), a Naive Bayes model A/ can
be characterized by the following assumptions, parameters
and constraints:

e The conditional independence assumptions in Equation 1.
e Foreachclass c € C:

— The model has a parameter . = P(C = ¢|M).
— For each attribute 4;, 1 < ¢ < n:
x The model includes a set of parameters

d)mjyc = P(.Al =vAC = C|M) (2)

one for each possible value v € A;.
+ The model includes the constraint that o, =

Z (bi,'u,c-

VvEA,
e The model includes the constraint that >~ «,. = 1.
ceC

From now on we will use the term Naive Bayes model to
refer to this set of assumptions, parameters and constraints.

We will note @ = {¢inclc € C;1 < i < njv e A} It
should be noted that «.. is introduced only in order to ease
understanding and notation, because it can be determined
given ® by means of the constraints.

Suppose we need to know the probability of an unclas-
sified observation S being in class S¢ given a Naive Bayes
model M. Applying the independence assumptions and sub-
stituting the parameters we have that
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In many cases, the Naive Bayes classifier has suffered
from “the mind projection fallacy”, to use the term in-
troduced by Jaynes in (Jaynes 1996). Hence, it has been
accepted that what we need to do is to approximate «; and
®iv,; by the frequencies in the data set. Defining N¢(c)
as the number of observations in class ¢ in the dataset and
N; ¢(v,c¢) as the number of observations with class ¢ and
value v for attribute A;, the maximum likelihood Naive
Bayes approximates o, ¢; ., as follows:

__ Nel(o)
%= No(@) &
ceC
- N; c(v,c) N
Giv,e = 7Nc(c) c (5)

It has been empirically noticed that approximating these
probabilities by their frequencies in the dataset can lead to a
value of zero in expression (3). This can happen if one of the
®i.8:,5¢ 1S zero, that is if the value of one of the attributes A;
of the new observation S, that we are trying to classify, has
not been observed in the dataset for the class Sc. In other
words, if the number of observations in the dataset fulfill-
ing A; = S; and C = S is zero. To avoid this problem,
a “softening” consisting in assigning a small probability in-
stead of zero to ¢; g, s can be done. That softening can im-
prove the accuracy of the classifier. A set of ad hoc not well
founded softening methods have been tried (Cestnik 1990;
Kohavi, Becker, & Sommerfield 1997).

In (Kontkanen et al. 1998), Kontkanen et al. propose an
approach for Instance Based Learning (IBL) and apply it to
the Naive Bayes classifier. This approach is based on the
Bayesian model averaging principle (Hoeting et al. 1998).
They accept the Bayesian network in Figure 1 plus an as-
sumption equivalent to the Dirichlet assumption as appears

in (Heckerman, Geiger, & Chickering 1995). More con-
cretely, they define 6, , . = ¢a—” and arrive to the con-
clusion that if we accept a Dirichlet prior for «, and for
each 6; ., that is if (a1,...,axc) ~ Di(p,...,ugc)
and (91‘71,0, ceey ei,#AT;,c) ~ Di(UiJ,c, ey 0@#,4“0) where
le, T, are the prior hyperparameters, then the classifier
resulting from applying Bayesian model averaging can be
represented as a Naive Bayes with the following softened

approximation of a,, ¢; ., (Kontkanen et al. 1998):

NC(C) + He

>, (No(d) + per)
ceC

(6)

Qe =



Ni,C(’U7 C) + Tiv,c o
NC(C) + Z O ,c ¢
v EA,;
Kontkanen’s work sheds some light on why “softening” im-
proves accuracy and shows that accuracy can be further im-
proved if the “softening” has a theoretically well founded

basis.

In spite of pointing in the right direction, in our opinion,
Kontkanen et al. disregard the fact that the application of
the Dirichlet assumption assumes a certain causal meaning
in the direction of the edges in a Bayesian network. In fact,
applying the same assumption to any of the Bayesian net-
works in Figure 2, which encode the same set of conditional
independences, will provide a different result. In addition to
that, the situation allows for the application of the principle
of indifference. First enunciated by Bernoulli and afterwards
advocated for by Laplace, Jaynes and many others (Jaynes
1996), the principle of indifference, also known as the prin-
ciple of insufficient reason tell us that if we are faced with
a set of exhaustive, mutually exclusive alternatives and have
no significant information that allow us to differentiate any
one of them, we should assign all of them the same prob-
ability. As has been demonstrated in (Jaynes 1996) and in
(Bernardo 2003), the principle of indifference can be seen as
a special case of the more general objective Bayesian tech-
niques of maximum entropy and reference analysis.

In the following section we show that accepting the Naive
Bayes model as defined above, it is possible to find a family
of probability distributions that is conjugate to the model and
that allows for a closed calculation of the Bayesian model
averaging. After that we see that the principle of indiffer-
ence suggests that the prior to be used is in this family of
distributions. We will see that under this setting an addi-
tional relationship between the hyperparameters appears that
has not been noticed in (Kontkanen et al. 1998).

¢i,v,c =

()

Naive distributions

Naive distributions are probability distributions over the set
of Naive Bayes models with two main characteristics:

e They allow for the tractable averaging of Naive Bayes
models in order to compute the probability of an unseen
example.

e They are conjugate to the Naive Bayes model, hence al-
lowing to be learnt from data.

A Naive distribution over a classified discrete domain Q¢
is defined by a hyperparameter set N’ = {N; o (v, ¢c)[1 <
1 < n;v € A;;c € C} that fulfills the following condition:
Defining N(.(c) as

= > Nyclv,e) (8)
vEAQ
N’ should fulfill
Vi N (c Z ico(v,e) 9
vEA,

We will say that P(M |€) follows a Naive distribution with
hyperparameter set N’ iff the probability for a concrete

Naive Bayes model is given by

¢ N{,’c(v,c)
(M) = K T] o @HII(“ﬁ

ceC i=1vEA;
(10)

where K is a normalization constant.

Naive distributions are a hyper Markov law in the sense
of (Dawid & Lauritzen 1993), for the Markov network in
Figure 3. The proofs for the following results can be found
in (Cerquides & Lopez de Mantaras 2003).

Calculating probabilities with Naive distributions
Assume that our data is generated by a Naive Bayes model
and that P(M |€) follows a Naive distribution with hyperpa-
rameter set N’. We can calculate the probability of an ob-
servation S, S¢ given £ by averaging over the set of Naive
Bayes models

P(S,Sc|§) =
MeM

P(S, Sc|M)P(M[§)  (11)
Solving the integral we have that

P(S¢18,€) = K" <Né(50) +1+ ) #A —n> X

=1
1 Nio(Si,Se) +1
U o

i=1

(12)

where K" is a normalization constant and # A, is the number
of possible values for attribute A;

Learning with Naive distributions

Given that our data is generated by a Naive Bayes model,
that P(M|¢) follows a Naive distribution with hyperparam-
eter set N’ and that D is a dataset containing independent
identically distibuted complete observations over a classi-
fied discrete doman €2¢, the posterior probability over mod-
els given D and ¢ ,P(M|D, ), follows a Naive distribution
with hyperparameter set N’* where:

c(v.e) = Nic(v,¢) + Nj (v, ) (13)

The Indifferent Naive Bayes Classifier

In the case of Naive Bayes models, the principle of indiffer-
ence tells us that, in the lack of better information, we should
assign an equal probability to every Naive Bayes model, that
is

VM e M p(M|I)=Q (14)
where @ is a constant. Analyzing equation 10, we can see
that a Naive distribution having

={N/c(v,¢c) =0[1 <i<njveA;ceC} (15)

assigns an equal probability to every Naive Bayes model.
The Indifferent Naive Bayes classifier is defined by ac-
cepting the prior probability distribution over the set of mod-
els to follow a Naive distribution with parameter set N’
given by equation 15, using the formerly presented results



to calculate the Naive posterior probability distribution over
models and to calculate probabilities for examples given that
the posterior is a Naive distribution.

It is easy to see that the classifier can be represented by a
Naive Bayes model that uses the following softened approx-
imations:

Nc(c)+1+ Z#AZ—TL
i=1

Qe = —~ (16)
Z (Nc(cl)-i-l-i- Z#Ai—n)
ceC i=1
d)i.,v,c - NLC(U’ C) +1 (17)

No(e) + #4;
Comparing these results with the ones from (Kontkanen et
al. 1998) shown in equations 6 and 7 it is worth noticing the
following two facts:

e In (Kontkanen et al. 1998), Kontkanen et al. assume a
Dirichlet prior distribution with a set of hyperparameters
that have to be fixed at some point in time. This means
that a methodologic usage of that classifier requires an as-
sessment of the prior hyperparameters for each dataset in
which we would like to apply it. Instead, we have used the
principle of indifference to obtain a prior without infor-
mation about the dataset besides the number of attributes
and the cardinality of its attributes and class.

e In equations 6 and 7 the hyperparameters 4. and o; .,
for o and 6; . are not related. Instead, in our approach
there is a link between the softening parameters, because
the value of «. in equation 16, depends not only on the
number of classes but also on the number of attributes,
n, and on the number of values of each attributes, #A;,
and the value of ¢, ,, . in equation 17, depends also on the
number of values of the attribute, # A;.

Furthermore, assuming a Naive distribution is compatible
with any of the different Bayesian networks encoding the
independence assumptions in a Naive Bayes model and pro-
vides the same result for all of them, because no additional
causal information is assumed from the direction of the
edges in the network. The experimental results in the next
section show that these facts lead to a reduced error rate of
the classifier.

Experimental results

We tested three algorithms over 15 datasets from the Irvine
repository (Blake, Keogh, & Merz 1998) plus our own credit
screening database. The dataset characteristics are described
in Table 1.

To discretize continuous attributes we used equal frequency
discretization with 5 intervals. For each dataset and algo-
rithm we tested both accuracy and LogScore. LogScore is
calculated by adding the minus logarithm of the probabil-
ity assigned by the classifier to the correct class and gives
an idea of how well the classifier is estimating probabilities
(the smaller the score the better the result). 1f we name our
test set D’ we have

LogScore(M,D') = Z
(5,50)€D’

—log(P(Sc|S, M)) (18)

[ Dataset [ Attributes | Tnstances | Classes [ Missing

DCREDITS 5 3781 15 few
ADULT 14 48842 2 some
BREAST 10 699 2 16
CAR 6 1728 4 no
CHESS 36 3196 2 no
CLEVE 13 303 2 some
CRX 15 690 2 few
GLASS 10 214 2 none
IRIS 4 150 3 none
LETTER 16 20000 26 none
MUSHROOM 22 8124 2 some
NURSERY 8 12960 5 no
OPTDIGITS 64 5620 10 none
PIMA 8 768 2 no
SOYBEAN 35 316 19 some
VOTES 16 435 2 few

Table 1: Datasets information

We used cross validation, and we made two experiments:
taking all of the learning fold and taking only 10 % of it.
This is done because the three methods converge to the same
model given enough data. Hence, comparing them when the
size of the training data is small can provide us with good
insight of how they differentiate. The classifiers compared
were;

e MAPNB: The standard Naive Bayes algorithm using fre-
quencies as probability estimates, as shown in equations
4 and 5.

e BIBL: The algorithm appearing in (Kontkanen et al.
1998) and shown in equations 6 and 7 and fixing the hy-
perparameters to get uniform prior probability distribu-
tions.

o IndifferentNB: Our Indifferent Naive Bayes as described
in equations 16 and 17.

Improvement in error rate of IndifferentNB over BIBL (in percent) Improveent in LogP of IndifferentNB over BIBL (in percent)

o/
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Figure 4: Comparison of IndifferentNB and BIBL using
10% training data

The detailed experimental results can be found in
(Cerquides & Lopez de Mantaras 2003). Here we will only
summarize the most important points.

IndifferentNB against BIBL  In order to compare the ac-
curacy and LogScore of IndifferentNB and BIBL we have



N . Improvement in LogP of IndifferentNB over MAPNB (in percent)
Irmprovement in error rate of IndifferentNB over MAPNG (in percent)
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Figure 5: Comparison of IndifferentNB and MAPNB using
10% training data

drawn two graphs, comparing both scores using 10% of the
training data.

e In Figure 4(a) we can see that accuracy improves for 12
out of the 16 datasets up to a 6% improvement.

o In Figure 4(b) we can see that LogScore improves for 11
out of the 16 datasets up to a 11% improvement.

With 100% of the data the difference between both classi-
fiers is in the same direction while not so significant.

IndifferentNB against MAPNB In order to compare the
accuracy and LogScore of IndifferentNB and MAPNB we
have also drawn two graphs, comparing both scores using
10% of the training data.

e In Figure 5(a) we can see that accuracy improves for 10
out of the 16 datasets up to a 40% improvement.

o In Figure 5(b) we can see that LogScore improves for 14
out of the 16 datasets up to almost a 100% improvement.
This is due to the fact that in some cases MAPNB gives
probability O to the real class. This raises the LogScore
to infinity.

Conclusions and future work

We have developed the Indifferent Naive Bayes classifier by
accurately defining the Naive Bayes model based on its con-
ditional independence assumptions and calculating a con-
jugate distribution for the set of models. We have used
the principle of indifference to define the prior distribution.
While the objective of the development was mainly theo-
retical we have seen that the development leads to improve-
ments in the error rate, specially when only small amounts of
data are available. In future work we would like to provide
the IndifferentNB with the possibility of handling unknown
values. We would also like to extend the development to
Tree Augmented Naive Bayes (Friedman, Geiger, & Gold-
szmidt 1997).
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