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Abstract

Multi-rate Modeling, Model Inference, and Estimation

for Statistical Classifiers
by Ozgiir Cetin

Chair of Supervisory Committee:

Professor Mari Ostendorf
Electrical Engineering

Pattern classification problems arise in a wide variety of applications ranging from speech
recognition to machine tool-wear condition monitoring. In the statistical approach to pat-
tern classification, classification decisions are made according to probabilistic models, which
in a typical application are not known and need to be determined from data. Inferring mod-
els from data involves estimation of an assumed model as well as selection of a model among
hypotheses. This thesis addresses these two levels of inference, making three main contribu-
tions: introduction of a new class of dynamic models for characterizing multi-scale stochastic
processes, multi-rate hidden Markov models (multi-rate HMMs); development of a new cri-
terion for model selection for statistical classifiers; and development of a new mathematical
approach to parameter estimation for exponential family distributions. First, multi-rate
HMMs are a parsimonious multi-scale extension of HMMSs for stochastic processes that ex-
hibit scale-dependent characteristics and long-term temporal dependence. Multi-rate HMMs
characterize a process by joint statistical modeling over multiple scales, and as such, they
provide better class a posteriori probability estimates than HMMs or other single-rate mod-
eling approaches to combine multi-scale information resources in classification problems.
Second, we develop a model selection criterion for classifier design based on a predictive

statistics, the conditional likelihood. We apply this criterion to graph dependency structure






selection in the graphical modeling formalism and illustrate that it provides intuitive and
practical solutions to a number of statistical modeling problems in classification, includ-
ing feature selection and dependency modeling. Lastly, we develop a new mathematical
approach to parameter estimation in the exponential family with hidden data, with appli-
cations to both likelihood and conditional likelihood methods. For conditional likelihood
estimation, we present an iterative algorithm and its convergence analysis, which provides
theoretical justification for the existing implementations of similar methods and suggests
modifications for faster convergence. For maximum likelihood estimation, we analyze the
relationship of the expectation-maximization algorithm to gradient-descent methods and
propose simple variations with faster convergence.

We show the utility of developed methods in a number of pattern classification tasks,

including speech recognition, speaker verification, and machine tool-wear monitoring.
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Chapter 1

INTRODUCTION

Humans constantly interact with the environment that they live in. They gather infor-
mation from the natural stimuli that they receive, such as sound and sight. In these sounds
and sights, they recognize spoken utterances and visual objects. Humans perform these
and many other tasks with seemingly no difficulty such that a complete understanding of
how they do it has been elusive. How do humans recognize speech or know that a particu-
lar speaker has spoken? What is it that makes us recognize a familiar face within a large
crowd? Not only do humans solve these problems quite accurately, but they also do it very
fast and simultaneously solve a number of them using a limited resource, the human brain,
whose computational capabilities are well surpassed by today’s computers. However, such
tasks have proven to be very difficult for computers, and the computer’s performance lags
much behind that of humans. The gap especially widens as the tasks to which we apply
our algorithms become more unconstrained and realistic. For example, the state-of-the-art
speech recognition algorithms can achieve error rates less than 1% when tested on digit
sequences recorded in laboratory conditions, but the same algorithms give error rates about
20 — 30% for casual conversation speech recorded over a telephone [181]. Similar perfor-
mance degradations are observed in the presence of noise and other adverse conditions. In
contrast, humans are robust and adaptive across a variety of tasks and conditions, and their

performance gracefully degrades.

As computers get more and more powerful, the idea that computers can hear, see,
talk, understand, etc., in short, have a human-like interface, and perform these tasks on a
scale and capacity that humans cannot, is no longer a science-fiction notion but a practical

necessity. Such an interface provides a natural way to access to the wealth of information



stored in information networks such as the internet, and services such as machine translation
and telephone banking. In addition, once the technology is available, a computer can
perform such tasks on a scale and capacity that humans cannot, such as scanning hundreds
of hours of news audio to find segments about a particular topic, or retrieving images with
a particular content from a large database.

The idea that computers can imitate and rival humans has been a provocative topic
since the invention of computers, and it sets an ultimate challenge to our basic understand-
ing of human intelligence, learning, understanding, decision making, hearing, vision, and
so many other tasks that humans can or learn to do. The type of problems that this the-
sis is concerned with is of the latter kind, namely hearing and vision, which are relatively
well-defined and essentially pattern classification or recognition problems, where the goal
is to classify an object into one of pre-determined categories. Pattern classification prob-
lems range from general perception tasks that we mentioned above to specific industrial
or commercial problems, such as recognizing word sequences underlying spoken utterances,
recognizing speakers from their voices, segmenting natural and man-made regions of aerial
images, recognizing characters in handwritten documents, detecting the amount of wear on
cutting tools from machining vibrations, detecting fraud on credit-card interactions, etc..
Pattern classification problems appear everywhere, each with a special structure and pecu-
liarity. Then, the question we are interested in is: how can we program a computer to solve
a particular pattern classification problem, such as automatic speech recognition?

The prevalent framework for solving pattern classification and other problems involving
decision making under uncertainty and incomplete information is probability theory and
statistics. Probabilistic approaches are especially useful in highly complex yet structured
domains with many degrees of freedom, such as speech and natural language and images.
For any particular classification problem, it may not be obvious where uncertainty and
randomness lies. In many cases, they are inherent to the world, and in others, they arise as
a representation of our limited knowledge about the world. For example, each speaker has
a unique glottis and vocal tract shape, which produce sounds when air is flown from the
lungs. There are also sources of uncertainty such as the air turbulence from the lungs and

the precise configuration of the vocal tract apparatus, and these cause random variations



in the produced acoustic signals. No two realizations of a spoken utterance are the same,
even if they are consecutively produced by the same speaker, and it is next to impossible
to form a deterministic relationship between the parameters of speech production such as
the speaker and linguistic message, and the produced acoustic signals. Instead, in the
statistical approach, these parameters and the produced acoustic signal are represented as
random variables and their relationships to each other are probabilistically formulated. The
result is a stochastic model of speech production, which can be used to infer speakers from

their voices or decode linguistic messages underlying spoken utterances.

1.1 Statistical Models for Pattern Recognition

Models characterize the statistical regularities of features coming from objects in each clas-
sification category, and during classification, they are used to determine the class which is
most plausible based on the observed evidence, features. As such, the models we use for
pattern classification should be appropriate for this purpose. In practice, we rarely know
which model to use, and the models are usually chosen based on a combination of prior
knowledge and data. First, prior knowledge, in consideration with computational complex-
ity and mathematical tractability, may suggest one or more model families. Second, a data
set consisting of examples of pairs of features and class labels is used to estimate the free
parameters of the hypothesized model and/or select among alternative model hypotheses.
Model selection is usually an iterative process, where hypotheses are modified based on the
performance of previously hypothesized models. These two levels of inference, first designing
a model and second estimating its parameters, form the basis of building statistical models
for pattern classification or any other field involving data modeling. There are a number
of practical and theoretical challenges in inferring accurate models for pattern classification
applications and this thesis concerns with these challenges.

One of the central problems in data modeling is how to model complex, large-scale sys-
tems such as speech and natural language. Even though there usually exists some knowledge
about specific components of the system or specific cases, such knowledge in most cases is

difficult to place in a probabilistic setting or not sufficient to specify a complete probabilistic



model. In addition, it usually brings more harm than benefit to incorporate an incorrect
piece of knowledge into the modeling process, rather than not to use any knowledge at
all. This is one of the main causes for the paradigm shift from knowledge- or rule-based
methods to statistical, data-driven methods in complex applications such as speech recog-
nition, computational linguistics, and handwritten character recognition. In the statistical
approach, the models are learned from data by finding the statistical regularities observed
in instances from objects coming from different classes. However, training data is usually
limited as compared to the complexity of the phenomena to be modeled, and it becomes
crucial for models to extract the structures and relationships that are generalizing instead
of those specific to the training data and noise. Overly complex models can quickly overfit,
whereas simple models might not have sufficient complexity to learn any interesting struc-
ture. Thus, it is necessary to use parsimonious models that can extract structure from data
in an efficient manner, as opposed to arbitrarily increasing complexity of simpler models.
Modularity (where systems are built out of simpler components) and hierarchy (where sys-
tems are decomposed into scale-based parts) are the two main design principles to treat
complicated systems in simple ways for both statistical and computational reasons. Modu-
larity and hierarchy are also characteristics of many interesting signals such as speech and
images. For example, a small number of sound units called phones almost universally form
the basic building blocks of human speech, and language is hierarchically organized from
phones to words to sentences to larger units of language.

Determining structural details of the model (such as model order and dependencies) is
also a central problem in pattern classification applications, generally referred to as model
selection. In a typical application, a combination of prior knowledge about the domain,
computational and mathematical tractability, and statistical efficiency suggests that a model
be chosen among a set of alternative model hypotheses. Typically, we want to find the
model in a large class of models that will perform the best in our pattern classification
problem. Alternative hypotheses in model selection may involve, among other parameters,
any structural assumptions made about the stochastic model relating classification features
to class labels, such as interrelationships between features and the class indicator, their

statistical characteristics, and hidden or causal data generation mechanisms. Given a set of



such alternative hypotheses, which one should we select for a specific pattern classification
at hand? The model selection is usually performed by optimizing an objective function
over a training data set, such as how well the model describes the training data. The
ultimate goal in pattern classification is the prediction of class labels from features, and thus,
models should be chosen based on how well they predict and discriminate between objects
from different classes. Unlike purely data modeling approaches which treat all variables,
features and class indicator in pattern classification, on an equal footing, a different approach
emphasizing prediction of classes from features is necessary for pattern classification. The
objective function used in model selection should be indicative of the performance of the
model for predicting classes.

Another challenge in pattern classification is the estimation of parameters of the model
from data once a particular model structure has been chosen. The argument that models
should be chosen based on how well they predict classes from features, applies equally well
to parameter estimation. Parameter estimation is usually done by optimizing an objective
function such as the likelihood of data with respect to parameters. The objective func-
tion used for parameter estimation should adjust model parameters such that the resulting
model is effective in discriminating between classes. Unlike likelihood-based criteria such as
maximum likelihood which decouple parameter estimation across different classes, discrim-
inative criteria necessarily consider all classes simultaneously, and parameters associated
with different classes are coupled together during parameter estimation. As a result, dis-
criminative parameter estimation methods are in general computationally more expensive
than likelihood-based methods. Moreover, discriminative objective functions such as the
empirical error rate and the conditional likelihood of class labels given features are difficult
to optimize, and they do not enjoy many of the properties that are desirable in optimiza-
tion, such as monotonic convergence and lack of any learning rates or other tweak factors.
This is in contrast with the likelihood-based parameter estimation methods such as the
expectation-maximization algorithm.

The overall objective of this thesis is to build statistical models for pattern classifi-
cation problems. In particular, we are interested in statistical model inference, and our

contributions lie in the modeling challenges that we have stated above and in three complex



applications, automatic speech recognition, speaker verification, and machine tool-wear con-
dition monitoring. First, we develop a parsimonious multi-scale modeling architecture for
stochastic processes that exhibit scale-dependent characteristics and long-term temporal de-
pendence. In this multi-scale extension of popular hidden Markov models, multi-rate hidden
Markov models, multi-scale processes are characterized using scale-based state and obser-
vation sequences. Second, we develop a model selection algorithm for statistical modeling
in pattern classification applications. In this algorithm, the dependency structures in the
models that relate each classification feature to other features and class indicator are chosen
S0 as to maximize separability between objects from different classes. Third, we develop
a new mathematical approach to a common discriminative parameter estimation method
based on the conditional likelihood function, which provides theoretical justification for the
practical implementations of this method and suggests modifications for faster convergence.
Moreover, we present a few new results about the expectation-maximization algorithm, a
commonly used maximum likelihood parameter estimation method with hidden data, most
notably its equivalence to a first-order gradient-descent algorithm in the exponential family
and faster-converging variants suggested by a new derivation. We review these and other

theoretical and experimental contributions of this thesis below.

1.2 Contributions

1.2.1 Multi-rate Hidden Markov Models

Processes that evolve at multiple scales are common, e.g. human language, speech, natural
scenes, and machining vibrations. Human language also has a hierarchical structure ranging
from a small number of phones being the basic building blocks of words to phrases and to
larger units of language. Speech is characterized by effects from multiple time scales, such
as utterance-level effects due to speaking rate, syllable-level effects due to lexical stress, and
millisecond-level effects due to phonetic context. In metal cutting operations, e.g. milling,
the short-time behavior of machining vibrations is determined by long-term effects such
as the amount of wear on the cutting tool and “noisy/quiet” cutting periods in titanium

milling [81].



In signal processing, it has been long recognized that a scale-based analysis at various
resolutions of time is efficient for compression or coding of signals and images as well as signal
recovery from noise [259]. Wavelets, subband coding, and perceptual audio coding are a
few such methods. In statistics and machine learning, hierarchical structures are also found
to be key to be able to reveal and learn long-term dependencies in temporal processes and
parsimoniously represent complex and large systems such as spoken language. Given a finite
amount of training data, models which account for variability and dependency associated
with the progress of a system at various scales might be more effective for extracting multi-
scale structure from data, since they judiciously distribute the model complexity instead
of a brute force approach of increasing the complexity of simple models. Such a multi-
scale approach typically forms the basis of modeling complex, real-world processes such
as spoken language which current speech recognition systems represent by characterizing
allowable state sequences via a hierarchy of models from sentences to words to phones.

A popular approach to modeling sequence data with temporally changing characteristics
is state-space modeling such as hidden Markov modeling and linear dynamical systems. In
state-space models, a sequence of hidden states represents the temporally changing charac-
teristics of the process, and observations (i.e. time-series) are assumed to have statistical
regularities conditional on these hidden states. Hidden states typically follow a Markovian
dynamics and propagate the context information. Such a doubly-stochastic representation
of time-series via an underlying hidden state sequence is a powerful modeling tool, and hid-
den Markov models (HMMs) and other state-space models are popularly used for modeling
a variety of signals, including speech [225], weather patterns [149], biological sequences [93],
and images [179]. However, as powerful as they are for modeling temporal data, HMMs are
limited in their power for modeling multi-scale processes due to the use of single-component
state and observation spaces in representation, where scale-based components of a multi-
scale process need to be factored together. Representation of multi-component state spaces
in a multi-scale stochastic process by an HMM requires assigning a unique state to each
possible state combination, which results in a surfeit number of parameters and excessive
computational cost. Similarly, representation of multi-scale observation sequences in an

HMM requires their synchronization by oversampling coarser scales. Oversampling adds



redundancy and oversampled observation sequences when used in an HMM might severely
violate HMM’s modeling assumption that observations in an HMM are conditionally inde-
pendent of each other conditional on hidden states. Violating HMM’s modeling assumptions
may or may not have an impact on classification performance in terms of classification accu-
racy, but introduction of redundancy by oversampling results in overconfident classification
decisions due to counting the evidence from coarse scales multiple times, so oversampling
is harmful for many applications where the a posteriori probability or confidence of the
decision is also required.

Our contribution to multi-scale stochastic modeling is the development of multi-rate
HMMs which are a multi-scale extension of HMMs for characterizing temporal processes
evolving at multiple time scales. Similar to an HMM, a multi-rate HMM is a state-space
model and characterizes the non-stationary process dynamics via a hidden system state.
However, unlike an HMM, a multi-rate HMM factorially represents the system state at
multiple time scales and decomposes observational variability into corresponding scale-based
components. State and observation spaces are hierarchically organized in a coarse-to-fine
manner, efficiently representing short- and long-term context information simultaneously
and facilitating intra- and inter-scale couplings across time and scale. Yet, due to the hi-
erarchical model structure, training and decoding of multi-rate HMMs are computationally
efficient. In pattern classification problems, the multi-rate HMMs provide better class a
posteriori probability estimates and confident classification decisions than an HMM operat-
ing at the finest time scale involved (due to not overcounting evidence from slowly varying
scales by oversampling).

We will apply multi-rate HMMSs to wear modeling in machine tool-wear condition mon-
itoring and acoustic modeling in automatic speech recognition. Both processes and speech
acoustics exhibit multi-scale behavior. In machine-tool wear monitoring, multi-rate HMMs
will be used for characterizing long-term “noisy/quiet” transient behavior as well as the
short-term vibrations due to material removal and chatter observed in titanium milling. In
acoustic modeling, they will be used for integrating long-term temporal information from
syllable time scales with short-term spectral information from phones, as currently employed

by HMM-based speech recognizers. In particular, we will use a 2-rate modeling architec-



ture to represent syllable structure and lexical stress in combination with phones for better
characterizing acoustic variability associated with conversational speech. For both recogni-
tion tasks, we will show that multi-rate HMMs improve over HMMs or other models that
are not scale-based, in terms of both classification accuracy and confidence of classification

decisions.

1.2.2  Model Selection for Statistical Classifiers

In the absence of any prior knowledge in favor of one model over the others, model selection
refers to a data-based choice among competing models. The fundamental problem in model
selection is to balance model complexity against the fit to the data. Models with oversim-
plistic assumptions might be too restrictive to extract interesting structure from data, while
arbitrarily complex models might easily overfit to a particular data set and not generalize
well. Model selection is central to any statistical problem involving data, and there is a
large body of literature about model selection in statistics. Much of the previous work in
model selection is concerned with finding models that best describe a given data set, and
as such, they are mostly based on likelihood criteria. In likelihood-based methods such as
minimum description length and likelihood-ratio testing, models are chosen with respect to
the probability that they assign to the training data set, in combination with a mechanism
to penalize complex models. The likelihood-based approaches are optimal in the sense that
they would recover the true probability distribution that generated data, if this distribution
is among the model hypotheses, and if the amount of training data is unlimited. However,
neither assumption holds in practice. In addition, considerations such as computational
complexity and mathematical tractability are also factors in determining model hypotheses.
As a result, a goal-oriented approach in which models are selected based on the ultimate
job they are used for in a given application, could be more robust to incorrect modeling
assumptions. In pattern classification, one of the ultimate goals is the prediction of class
labels from features, and as such, models should ideally be chosen based on how well they

predict.

Our contribution to model selection for pattern classification problems is a formulation
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of a discriminative model selection criterion and its employment for classifier design within
the graphical modeling framework where graphs encode probabilistic dependence relations
among the variables of the model and determine a factorization of their joint distribution
into local factors of variables. Given that the goal in pattern classification is accurate
classification, one ideally wants to use the classification error rate as the objective function
to score alternative models. However, the error rate is a non-smooth function and does
not easily lend itself to optimization. For example, the error rate of a classifier specified
as a graphical model does not factorize with respect to graph structure, preventing the
use of local search algorithms in the dependency structure search for the graphical model.
Instead, we propose the conditional likelihood of class labels given features as the model
selection criterion. As compared to joint likelihood of class labels and features which does
not discriminate between class labels and features (as used in the likelihood-based model
selection methods), conditional likelihood function emphasizes the prediction of class labels
from features, and hence, it is discriminative. Moreover, the maximum conditional likelihood
criterion is consistent with the goal of predicting confidence of classification decision, as it
directly optimizes the class a posteriori probabilities.

The particular model selection problem in pattern classification that we are interested in
is dependency modeling, and graphical modeling provides a convenient framework for explor-
ing discriminative dependency structures for pattern classification. In graphical modeling
for pattern recognition, we use graphs to specify statistical models relating classification
features to labels, and the graphical models allow us to express a variety of modeling prob-
lems in classification, such as feature selection, auxiliary feature modeling, and dependency
modeling, via a common object, the graph structure. We apply the maximum condition
likelihood criterion to the graph structure selection for a graphical model to find sparse
dependency structures that give better class discrimination. For model selection, graphical
models naturally deal with the fundamental issue of model complexity, as determined by
graph sparsity. Sparser graphs result in simpler factorizations of a multivariate distribution
and hence smaller number of parameters and lower computational cost of probabilistic in-
ference. The conditional likelihood score of a graphical model partially decomposes with

respect to the graph structure, and this decomposition allows for the employment of local
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or approximate search methods. Within the context of the naive Bayes classifier (a particu-
larly simple yet competitive classifier with strong independence assumptions [197]), we will
illustrate that the maximum conditional likelihood structure selection criterion for graph-
ical model classifiers provide intuitive and practical solutions to a variety of dependency
modeling problems in classification, including feature selection, auxiliary feature modeling,

and dependency modeling.

The utility of the conditional maximum likelihood dependency selection algorithm that
we develop lies in inferring low-complexity discriminative models for pattern classification
problems. We use it for enhancing the multi-stream coupled HMMs popularly used in
acoustic modeling for speech recognition. In the multi-stream models, the features coming
from different signal processing techniques or information sources such as audio and vision
are used in parallel for predicting spoken words underlying an utterance. However, the basic
multi-stream model assumes that feature streams are independent of each other conditional
on the underlying hidden states, which is unrealistic for some feature combinations, and
we will use the dependency selection algorithm to sparsely augment the basic multi-stream
model with direct cross-stream dependencies between feature streams, whenever they are

most helpful for recognition.

1.2.3 Parameter Estimation for the Exponential Family

The argument in the previous section that models should be selected to maximize the class
discrimination in pattern classification applies equally well to parameter estimation. By
parameter estimation, we mean estimation of free parameters of a model once a particular
model family is chosen, such as the mean vector and covariance matrix in a multivariate
Gaussian distribution. The popular maximum likelihood estimation is statistically con-
sistent under the model correctness and infinite training data assumptions; it decouples
the parameter estimation across classes; and it usually results in many mathematically
tractable class-based small optimization problems. However, these assumptions rarely hold
in practice, in which case maximum likelihood parameter estimation is no longer optimal for

pattern classification problems. Indeed, discriminative parameter estimation methods based
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on minimum classification error rate and maximum conditional likelihood are regularly used
in current speech recognition systems and consistently improve recognition accuracy over
maximum likelihood methods [267]. In this thesis, we will focus on the maximum condi-
tional likelihood as our discriminative parameter estimation criterion for the same reasons
that we use it for discriminative model selection: it is smooth and relatively tractable as a
function of parameters.

Unlike the likelihood function, the conditional likelihood function couples parameters
associated with different classes, and during parameter estimation one needs to consider all
classes simultaneously. In addition, all of training data (not just the portion with examples
coming from a particular class) are used in estimating parameters of each class. As a result,
conditional likelihood maximization is computationally more expensive. In addition, many
estimation methods, such as the extended Baum-Welch training of HMMs (see, e.g. [244]),
require that the learning rate in iterative maximization of the conditional likelihood function
be infinitely small to achieve monotonic convergence of the conditional likelihood function.
However, in practice, it has been observed that convergence can be achieved for relatively
large learning rates, and as such, there is a gap between theory and practice of maximum
conditional likelihood estimation.

Our contribution to discriminative parameter estimation is the development of a new
mathematical approach to maximum conditional likelihood estimation in the linear expo-
nential family (which is an important class of parametric distributions including HMMs and
Gaussian mixture models that are extensively used in practice) based on a recent optimiza-
tion method, the concave-convex procedure [278]. The crux of our approach to maximum
conditional likelihood parameter estimation is a decomposition of the conditional likelihood
function into convex and concave parts and the application of the concave-convex optimiza-
tion procedure on these parts. The resulting iterative concave-convex procedure involves
solving a convex optimization problem at each iteration, which cannot be done analytically,
but the fixed points of these problems are similar in form to the updates of popular ex-
tended Baum-Welch training. Most importantly, our approach gives insight into how to
choose the learning rate in the update equations for fast, monotonic convergence and shows

that reasonable rates of convergence can be obtained without setting the learning rate to
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very small values. As such, our approach to maximum conditional likelihood estimation
provides a theoretical justification for the current practice of maximum conditional likeli-
hood parameter estimation in the speech recognition literature and closes the gap between
the theory and practice of maximum conditional likelihood estimation.

To verify our claims about the convergence behavior of conditional maximum likeli-
hood parameter estimation and its effectiveness for pattern classification, we will apply
this estimation procedure to a speaker verification task. In this task, they will be used for
discriminatively estimating the parameters of the large-dimensional mixture of Gaussian
speaker models.

We will also make a number of contributions to the theory and practice of expectation-
maximization (EM) algorithms [87, 191] in the linear exponential family using the same tools
that we use for developing the maximum conditional likelihood parameter estimation. The
EM algorithm is an iterative method for maximum likelihood parameter estimation with
incomplete data, such as unobserved mixture variables in mixture models or states in state-
space models. The EM algorithm is extensively used in a variety of applications ranging from
speech recognition to image processing. The popularity of the EM algorithm mainly stems
from the fact that it provides closed-form parameter updates when applied in the linear
exponential family and that the updates are guaranteed to converge to a local maximum
of the likelihood function. The convergence of the EM algorithm is essentially determined
by the ratio of the amount of missing information to the amount of complete information,
and it can be slow if the amount of missing information is high. As a result, there is a
large body of work in the literature on how to accelerate the EM algorithm. In addition,
the updates of the EM algorithm reveal no direct relationship to the more general gradient-
descent numerical optimization algorithms. However, our approach to maximum likelihood
parameter estimation in the exponential family, based on the concave-convex optimization,
reveals an interesting connection between the EM algorithm and gradient-descent methods
and also allows us to formulate faster-converging variants of the EM algorithm and shed
new light on its susceptibility to local maxima.

First, we provide a new derivation of the EM algorithm in the linear exponential family

using the previously mentioned concave-convex optimization procedure. The new derivation
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suggests a family of EM-type algorithms with varying rates of convergence, in which the
usual EM algorithm is a point. In this family of algorithms, there are slowly converging
versions as well as faster versions than the EM algorithm. The different members of the
family arise from alternative concave-convex decompositions of the likelihood function, and
some decompositions result in faster converging algorithms, especially when the amount of
missing information is high.

Our concave-convex optimization formulation of the maximum likelihood parameter es-
timation in the exponential family also reveals that all EM algorithms in this family are
in fact a particular kind of first-order gradient-descent algorithm. This result generalizes
similar results in the literature for specific distributions such as the mixture of Gaussian
distributions [270]. Using this equivalence result, we also provide a result about the suscep-

tibility of EM algorithms to poor initializations and local maxima.

1.3 Outline of the Thesis

This thesis is organized in seven chapters. Chapter 2 develops the theoretical foundations
for our work, and Chapter 3 describes our applications and the experimental paradigms
used in our tests. The three subsequent chapters describe the core of this thesis: our
contributions to multi-scale statistical modeling, model selection for pattern classification,
parameter estimation for the exponential family, and the applications of the developed
methods and tools to acoustic modeling for speech recognition, speaker verification, and
machine tool-wear monitoring. These three chapters can be largely read independently of
each other. Chapter 7 is the conclusions and summary chapter.

In Chapter 2, we will set the theoretical background for our work and introduce con-
cepts and terminology used in the later chapters. We will describe the statistical pattern
classification framework and give an overview of various issues involved in designing pattern
classification systems. We will discuss commonly used parameter estimation methods from
a pattern classification point of view and describe the expectation-maximization algorithm,
as it sets the background for our work about discriminative parameter estimation. Next we

will introduce statistical modeling tools that we will use in our work, namely exponential
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family distributions, hidden Markov models, and graphical models. The exponential family
is an important class of parametric distributions whose analytical properties will be heavily
exploited in our work about parameter estimation. The hidden Markov model is a popularly
used model for nonstationary time-series and our starting point for our multi-rate extension
in Chapter 4. Graphical modeling is a formalism for model specification via graphs, and
most models in this thesis will be analyzed from that point of view. In addition, the graphi-
cal modeling framework is central to the model selection work in Chapter 5. Chapter 2 will
continue with a discussion of model selection methods, first from a general data modeling
perspective and next from a pattern classification perspective. We will describe various
model selection criteria proposed in the literature and pay particular attention to model
selection for graphical models. Chapter 2 finishes with a brief introduction to information
theory.

In Chapter 3, we will describe our applications, namely automatic speech recognition,
speaker verification, and machine tool-wear condition monitoring. For each application, we
will explain the particular pattern classification problem involved and give an overview of
various modules that go into the design of a complete system architecture. The descrip-
tions of system architectures will include details of feature extraction methods from sensory
signals, commonly used statistical models, and the decision making process during classi-
fication as well as the evaluation metrics. In this chapter, we also give the experimental
paradigms adopted for the experiments in the later chapters. For each application, we will
describe the specifics of tasks associated with the experimental work reported here, includ-
ing data and training and testing procedures. We will also provide the implementation
details for the baseline system architectures.

In the first part of Chapter 4, we will introduce the multi-rate hidden Markov models
as a multi-scale extension of hidden Markov models for the parsimonious characterization
of processes evolving at multiple time scales. We will give solutions to their probabilistic
inference and parameter estimation problems and compare them to previously proposed
multi-scale and other related models. We will also introduce a number of extensions to the
basic multi-rate HMM framework for allowing variable-rate sampling schemes and richer

set of cross-scale interactions. In the second part of Chapter 4, we will apply multi-rate
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hidden Markov models to first, statistical modeling of wear processes for machine tool-wear
monitoring and second, acoustic modeling for speech recognition, and present experimental
results. In wear process modeling, they are used for characterizing long-term “noisy/quiet”
transient behavior associated with titanium milling, whereas in acoustic modeling, they are
used for joint modeling of speech at phone and syllable time scales in a number of alternative
modeling schemes.

In Chapter 5, we will introduce a discriminative model selection criterion for statistical
classifiers, where models are evaluated with respect to the conditional likelihood of class
labels given features in a training data set. In an application of the proposed model selection
criterion, we will consider classifiers as specified by graphical models and optimize the graph
dependency structures of the graphical models so that features become most predictive of
the class labels. We will analyze instantiations of this method in the context of the naive
Bayes classifier and in its various extensions for feature selection, auxiliary feature modeling,
and dependence modeling. We will present an application of the proposed model selection
algorithm for better utilizing multiple feature streams by direct cross-stream dependencies
in multi-stream acoustic modeling for speech recognition and report experimental results.

In Chapter 6, we will present our work about statistical parameter estimation for the
exponential family. In the first part of this chapter, we will use an optimization tool, concave-
convex optimization [278], for deriving a discriminative parameter estimation algorithm
based on maximizing the conditional likelihood function for the exponential family. The
resulting iterative algorithm is similar to the algorithms that have appeared in the literature
for the same problem, but the new derivation is important in giving theoretical justification
for the current implementations of this method as well as providing insight to choosing
learning rates for fast, monotonic convergence. We will demonstrate the effectiveness of the
proposed algorithm and learning rate schedules in a speaker verification task, where they
will be used for estimating the parameters of mixture of Gaussian speaker models. In the
second part of Chapter 6, we will present a new derivation of the expectation-maximization
algorithm using the same analytic tool, the concave-convex optimization. The new analysis
of the expectation-maximization algorithm will shed more light into convergence properties

and suggest faster-converging variants. In addition, it will allow us to prove a few new results
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about the expectation-maximization algorithm in the linear exponential family, including
its equivalence to a first-order gradient descent algorithm and its susceptibility to local
maxima.

Finally, we will conclude in Chapter 7 by giving a summary of our work as well as

discussing its limitations and future research directions suggested by it.
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Chapter 2

THEORETICAL FOUNDATIONS

In this chapter we give the theoretical background for our work in the later chapters
and introduce various tools and concepts that will be frequently encountered. The various
developments introduced in this thesis revolve around a central concept: statistical model
inference for pattern classification, a term that we use to indicate for both selecting a model
and estimating the parameters of the selected model. Overall, we are mainly interested in
classification problems involving highly structured temporal data such as speech, inference

of their accurate models from data, and their parameter estimation.

This chapter is organized as follows. We will first review the statistical pattern recog-
nition framework and introduce the model selection and parameter estimation problems in
model inference from data. We will then describe various optimization criteria commonly
used for parameter estimation and discuss the extent to which they are appealing from a
pattern classification perspective. We will then introduce the expectation-maximization al-
gorithm, widely used for maximum likelihood parameter estimation in the presence of miss-
ing data, and used here in our experiments and algorithm analysis. Next, we will provide a
brief introduction to exponential family distributions and describe their various properties,
which will be useful for some of our theoretical work. We will describe a particular model
for temporal data, the hidden Markov model (HMM), in detail, as it is the starting point
for its multi-scale extensions introduced in Chapter 4 and central to our applications. Next,
we will introduce the graphical modeling framework that will be used for model comparison
and specification throughout this thesis. We will then discuss model selection, first from a
general data modeling perspective and second from a pattern classification perspective, and
in particular for graphical models. Lastly, we will give a brief primer on information theory

to define various information-theoretic concepts that will be regularly used.
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2.1 Notation

In this section we will describe the commonly used notation. We denote random variables by
uppercase letters such as X and Y and the specific values that they take by lowercase letters
such as x and y. We will use the blackboard bold letters to denote the state spaces of random
variables such X € X. We will typically use p and g to denote probability distributions such
as p(X) for X with the probability law p. To simplify the notation, we will avoid explicitly
referring to the random variables in probability distributions, for example we use p(X) and
p(Y) as shorthands for px(X) and py(Y), respectively. We will use E, [f(X)] to denote
the expectation of the function f(X) with respect to the distribution p(X), and drop the
subscript p in cases where p is obvious from the context. We will use var [¢g(X)] to denote
the variance of g(X), cov [h(X)] to denote the covariance matrix of vector-valued h(X),
and cov [h(X)|Y = y] to denote the covariance matrix of h(X) given Y = y.

We will typically use calligraphic letters to denote the collections of independent, and
identically distributed (i.i.d.) samples such as X = {X7,..., Xy}, or shortly X = { X}V,
for a sample size N. In general, we will denote a set with elements 6, indexed by a parameter
a in an another set A, by {0,}.ca and use the subscript ¢ to index temporal sequences and
n to index i.i.d. samples. In cases where the index set is obvious, we will drop it, as in
using {X,,} as short for {X,,}_;. We denote the vector space of d-dimensional real vectors
by R,

The notation 1{-} refers to the indicator function, and 1{s} is equal to one if the
statement s, e.g. =y, is true, and it is equal to zero otherwise. The notation d; ; refers to
the Kronecker delta function, and it is equal to 1 if ¢ = j and zero otherwise. The cardinality

of a set A will be indicated by |A].

2.2 Statistical Pattern Classification

Pattern classification or recognition is about the determination of an unknown discrete
nature of an object, called class, from its features. Recognizing the word sequence underlying
a spoken utterance, recognizing speakers from their voices, segmenting natural and man

made regions of aerial images, and predicting of the wear status of a milling tool from
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its machining vibrations are all examples of pattern classification tasks. Our scientific
knowledge about the physical processes underlying these phenomena is almost always not
sufficient to specify deterministic mappings from features of objects to their class labels. In
addition, the association between class labels and features can be inherently random and/or
uncertain. In the statistical approach, such limited knowledge and/or inherent randomness
are represented by a probability distribution over classification features and class labels,
and optimal classification decisions are made to minimize the expected risk of classification
decisions with respect to the underlying distribution.

More formally, we denote the class label by C' € C, and the classification features by
X € X, and their joint probability distribution by p(C, X). We also define a loss function
L(c, ) specifying a penalty for classifying an object as class ¢ when in fact it belongs to
class c¢. The decision rule or the classifier is a mapping from the features X to the classes
C: a(X) : X — C. The expected cost of a decision rule a(X) at an object with the features

X =z is given by
R(z) = E[L(C,a(x))|X = 2] (2.1)

where the expectation is with respect to p. Given an explicit form for the loss function
L(c, ), the optimal classification rule o*(X) minimizing expected loss in Equation 2.1 can
easily be found [92, 45, 88].

A popular loss function is the 0/1 error function, Ly /1, which does not incur any penalty
for correct classification decisions and penalizes all incorrect classification decisions equally:
1 if c#d,

Lo (c,d) =
0 otherwise.

For the 0/1 loss function, the expected loss becomes equal to the probability of error,
Ro1(7) = p(C # a(z)),
and the optimal decision rule achieving minimum probability of error is given by

ag(z) = arggéax {p(C =c|X =2x)}, (2.2)
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or equivalently by

a3, (@) = argmax {p(C = ¢, X = )}, (2.3)
ceC

since the marginal probability of features p(X = z) does not depend on C. Hence, the
decision rule with the minimum probability of error is intuitively given by selecting the class
having the highest a posteriori probability given the features. The rule o /1 in Equation 2.2
is commonly referred to as Bayes optimal decision rule [92, 45, 88].

Decision theory provides optimal procedures for classification once we know the prob-
abilistic characterization of classes and features. However, in practice, such exact charac-
terizations are often not available or only partially so, and they need to be inferred from
data. Even though the conditional distribution p(C|X) is sufficient for classification (see
Equation 2.2) whether one infers the full joint distribution p(C, X) or only the conditional
distribution p(C|X) from data gives rise to generative and conditional modeling, respec-
tively, paradigms in pattern recognition [156]. Conditional modeling is more direct and
focuses on the mapping from features X to class C', ignoring marginal distribution of fea-
tures p(X), which is irrelevant for classification. On the other hand, generative modeling is
more intuitive and allows for the incorporation of prior knowledge into the classifier design.
It results in modular models that can parsimoniously characterize very large, complex do-
mains such as human speech and language. In addition, generative models are more flexible
than their conditional counterparts and can easily handle, for example, missing data and
variable-size feature sequences, e.g. spoken utterances of arbitrary duration. The parame-
terization of generative models is usually simpler, and their estimation from data tends to
be easier. Moreover, the knowledge of the joint distribution is also useful for purposes other
than classification such as completing missing data. Due to these reasons, we will work in
the generative modeling framework in designing pattern classification systems and try to
infer generative models with good class discrimination capabilities.

In the generative approach, the modeling of joint distribution p(C, X) is done by factor-
ing it into the a priori class probability distribution p(C) and the class-conditional feature

distribution p(X|C') components:

p(C, X) = p(C)p(X[C).
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Modeling of the a priori class probabilities p(C' = ¢) is relatively easy, and they can be
obtained, for example, from the relative frequencies of each class in the training data set.
However, modeling of class conditional distributions is more challenging due to the fact
that features X are usually large dimensional and the amount of training data available
for estimation is limited. The problem can be alleviated by restricting the conditional
distribution p(X|C) to be in a family of distributions F and finding the best possible fit
within this family according to some criteria. In parametric density modeling, the distri-
butions are restricted to a certain parametric form and the model family Fy is indexed
by a parameter vector 6 [88]. For example, the family Fy can be multivariate Gaussian
distributions with a particular covariance structure. In parametric modeling, the density
estimation problem reduces to that of much simpler parameter estimation, but the para-
metric form assumed by the family Fy amounts to making certain structural assumptions
about the class-conditional distributions. In this thesis, we will use parametric models for
class-conditional distributions, which will involve both selection of an appropriate model
family, called model selection, and estimation of the parameters within the selected family,
called parameter estimation. For good classification performance, it is important that both
the model and its parameters be selected according to a criterion that is directly coupled
with the classification accuracy, an issue that we will discuss in detail in the coming sec-
tions and propose solutions for in the latter chapters. In the next section, we will review
statistical criteria commonly used for parameter estimation in pattern classification tasks
and later discuss model selection in Section 2.8 after we introduced the modeling tools such
as graphical modeling that we will use for statistical modeling in this thesis.

In passing, we note that there exist non-probabilistic approaches to pattern classification
as well, which directly model the mapping from classification features to class labels by a
general discriminant function without any appeal to probability distributions, e.g. k-nearest
neighbors classifiers [92], neural networks [45], support vector and kernel machines [57],
etc.. There also exist hybrid schemes that use generative models within discriminative
classifiers, e.g. the Fisher scoring method for feature extraction for kernel machines [151],
and maximum entropy discrimination [152], and vice versa, e.g. the neural network and

HMM hybrids in speech recognition [49].



23

2.3 Parameter Estimation

Suppose that we have chosen a parametric family Fy for class-conditional probability distri-
butions py, (X|C = c), ¢ € C and have a training data set of N examples, D = {(Cy,, X,,)}_,.
How should the parameters 6 = {0.}.cc be estimated for achieving high classification accu-
racy when the resulting distributions are used as plug-in estimates in the Bayes decision rule
in Equation 2.27 In this section, we will present three parameter estimation principles: max-
imum likelihood, maximum conditional likelihood, and minimum classification error, with

increasing adherence to the classification accuracy but also with increasing computational

cost and mathematical intractability.

2.8.1 Mazximum Likelithood

Maximum likelihood estimation is a general method of point estimation and sets the pa-
rameter values so that resulting distributions are most likely to give rise to the training
data [92]. Assuming that training examples (Cy, X,) are i.i.d., the likelihood function of
parameters based on the data D is given by

N
po(D) = [ po(Ch, Xp).

n=1

It is equivalent but usually more convenient to work with the log-likelihood function which

decomposes into class-dependent terms:

L(6;D)

N
S og ps(C, X) (2.4)
n=1

= Z Z {log p(C), = ¢) + log po(X,,|Cr, =€)} . (2.5)

ceCn:Cp=c

(With a slight abuse of terminology, we will commonly refer to the log-likelihood function
as the likelihood function, since they are one-to-one.) Due to the decomposition in Equa-
tion 2.5, assuming no sharing of parameters across classes, the parameter estimates {67!}
maximizing the log-likelihood £(6; D) can separately be found for each class using training
data from that class:

92“1 = argmax{ Z log pg, (Xn|Cr, = c)} (2.6)

¢ n:Cp=c
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For many important distributions, e.g. members of the exponential family (cf. Section 2.5),
the above optimization problem can be solved analytically, or there exist straightforward
iterative maximization procedures with nice convergence properties, such as the expectation-
maximization algorithm (cf. Section 2.4). For others, the maximum likelihood parameter
estimates needs to be found by numerical optimization, e.g. gradient-descent methods.
The maximum likelihood estimation has a number of desirable properties. Under the
model correctness and infinite amount of training data assumptions, it is statistically con-
sistent, i.e. maximum likelihood estimates converge to the true parameter values [252].
As mentioned before, the maximum likelihood estimation is modular and decomposes into
several class-dependent problems. However, in practice, the model correctness assumption
rarely holds, and the maximum likelihood solution may not be representative of the true gen-
erating distribution. In addition, the amount of training data is always limited. Arguably,
the main flaw of maximum likelihood criterion for estimation for pattern classification tasks
is that the joint likelihood function is not discriminative (i.e. it does not evaluate the pre-
diction of class labels from features), which can be seen from an alternative decomposition

of the log-likelihood function [110]:

N
L£(6;D) =Y {logpy(X,) +1log pg(Cr|Xn)} - (2.7)
n=1

The first and second terms on the righthand side of Equation 2.7 evaluate how well the
estimated model pg(C, X) represent the class a posteriori distributions given features p(C|X)
and the marginal distribution of features p(X), respectively. However, the classification
decisions are made according to the a posteriori class probabilities (cf. Equation 2.2) and
only the second term in Equation 2.7 measures the predictive power of the model. Moreover,
as the feature dimensionality increases, the likelihood function is dominated by the marginal
likelihood term, and maximizing joint likelihood does not necessarily result in improved
estimates of the class a posteriori distributions.

In summary, maximum likelihood criterion evaluates models according to how well they
describe data, not according to how well they predict classes from features. This deficiency
of the maximum likelihood criterion for estimation for pattern classification problems mo-

tivates the use of objective functions which are more closely related to the classification
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accuracy. Two such criteria are the conditional maximum likelihood, and minimum classi-

fication error, which we will consider next.

2.3.2 Mazimum Conditional Likelihood

While the maximum likelihood criterion seeks models that can accurately characterize both
class labels and features, i.e. p(C,X), the maximum conditional likelihood criterion aims
for accurate characterization of only class labels conditional on features, i.e. p(C|X), so
that features are good predictors of class labels when used in the Bayes decision rule of

Equation 2.2. The conditional likelihood function [19]! of parameters 6 = {..}.cc based on
N

n—

a training data of examples D = {(Cy,, X,,) };,_; is given by

N
pg(C|X) = H p9(0n|Xn)a
n=1

where C = {C),,} and X = {X,,}. Again, it is equivalent but more convenient to work with

the logarithm of the conditional likelihood function,

N
CL(6;D) = > log ps(Cn| Xn).

n=1

Maximizing conditional likelihood function is the same as maximizing the probability of
correct classification of training examples under the assumed models. To gain more insight
into the maximum conditional likelihood criterion, we decompose the conditional likelihood
function as [110]

N
CL(0;D) = > {logpg,, (Cn, Xn) —logpa(Xn)} (2.8)

n=1
where we recognize the first term on the righthand side as the joint likelihood function in
Equation 2.8 and the second term as the marginal log-likelihood of features, log pg(X). A
couple of observations about this decomposition are in order. First, the negative marginal
likelihood term in Equation 2.8 penalizes models in which features are more self-informative

about themselves than they are about the class labels. Second, the conditional likelihood

!Bahl et al. in [19] proposes mutual information between class labels and features as the estimation
criterion, which is equivalent to maximizing conditional likelihood for fixed class a priori probabilities.
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function in Equation 2.8 does not separate into class-based components due to the marginal
likelihood term, and hence the parameters of all class-conditional distributions are coupled
together. For high conditional likelihood, the parameters of each class need to be chosen so
that its class-conditional model assigns a high probability score to its own data and a low
score to data from other classes. Third, as much as the negative marginal likelihood term
in Equation 2.8 is discriminative, it also poses an additional difficulty for the maximum
conditional likelihood estimation over the maximum likelihood one, which can be seen by
expressing the marginal probability of features in terms of class-conditional probabilities:

log pg(X) = log (Z p.(C =c, X)) : (2.9)

ceC

The marginal likelihood is mathematically intractable due to the sum appearing inside the
logarithm in Equation 2.9. As we will see in Section 2.4, the marginal likelihoods and
logarithm of summations also appear in the context of ML estimation with hidden data,
where they are dealt with by lower-bounding the marginal likelihood function by a tractable
and separable function using the concavity of the logarithm. However, such techniques do
not directly apply to the conditional likelihood function, since they result in an upper
instead of a lower bound due to the negative sign in front of the marginal likelihood term
in Equation 2.8.

Maximum conditional likelihood parameter estimation is a standard method in speech
recognition for the discriminative training of large vocabulary speech recognizers, where it
is referred to as mazimum mutual information estimation [19, 99] and consistently improves

the recognition performance over the maximum likelihood methods [267].

2.3.3 Minimum Classification Error

The maximum likelihood and maximum conditional likelihood criteria essentially involve
inferring unknown distributions that best fit data, but the a posteriori class distributions
that maximum conditional likelihood criterion optimizes are more relevant to pattern classi-
fication than the joint distribution of class labels and features that the maximum likelihood
criterion optimizes. However, in pattern classification, distribution modeling is only an in-

termediate step towards classification via the Bayes decision rule (cf. Equation 2.2). The
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minimum classification error criteria go one step beyond the likelihood-based estimation
methods and directly optimize the empirical performance of a classifier [164, 165],
N
Remp = 5 > 1{ap(Xn) # Cn)}, (2.10)

n=1
where ay(X) is the Bayes decision rule of the plug-in estimate py(C, X):
ag(X) = argmax {pg(C = c|X)}.
ceC
The empirical error rate in Equation 2.10 is difficult to manipulate due to its nonsmooth

nature, and in practice an approximation to it such as

1
Remp =+ Z d(Cr, X ;) (2.11)

is used. In Equation 2.11, o(z) is the logit function, o(z) = (1 + e *)7!, and d(c,z) is a

misclassification measure for an object with class C' = ¢ and features X = z, such as

ie) = ~gelo) + (=g Saeter) (212)

e
for some 7 > 0 and g.(z) = logpy(C = ¢, X) [70]. The term o(d) in Equation 2.11 is
a smoothed version of the 0/1 error function in Equation 2.10, 1{ag(X,) # Cy}, as for
very confident correct and incorrect classification decisions (large negative and positive,
respectively, d), it is almost equal to, 0 and 1, respectively, and for the others, to some value
between 0 and 1.

Even though the classification error cost function directly focuses on the classification
performance, its use as a distribution estimation criterion poses some practical challenges.
First, even though the approximate error rate Eemp in Equation 2.11 is smooth, it is highly
nonlinear and needs to be minimized by numerical methods such as the generalized gradient
descent [7]. The convergence rates for such methods can be quite slow, and learning rates
need to be carefully chosen for achieving fast and stable convergence. In addition, standard
gradient-descent methods do not usually respect constraints on parameters, e.g. positive
definiteness for covariance matrices, and re-parameterization or more sophisticated methods

respecting constraints on parameters may be necessary, further complicating the parameter
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estimation procedure. In contrast, maximum likelihood and conditional maximum likelihood
methods in many important cases are guaranteed to produce valid parameter estimates, or
require little modification in cases they do not (see Section 2.5.2 and Chapter 6). Second,
it is not straightforward to modify the misclassification measure of Equation 2.12 for tasks
involving the recognition of sequences of embedded objects such as words in a spoken utter-
ance [70, 189]. The performance in speech recognition is measured by the word error rate of
an utterance, but it seems to be very difficult to define a measure similar to Equation 2.12
for word error rate (non-existent to the best of our knowledge). In practice, the minimum
classification error rate estimation in speech recognition is applied in conjunction with the
0/1 utterance error rate, which has its own difficulties for calculating the summation in
Equation 2.12 over exponentially many possible incorrect utterances (¢’ # ¢). Third, the
goal in many applications is not simply to minimize classification error but also accurate
posterior prediction for classification decisions. Due to these difficulties associated with the
minimum classification error rate criterion, our focus will be on the maximum conditional

likelihood criterion for discriminative estimation.

2.4 Expectation-Maximization Algorithm

The expectation-maximization (EM) algorithm is a method of maximum likelihood parame-
ter estimation for generative probabilistic models in the presence of incomplete data [87]. An
important case where incomplete data arise is the latent or hidden variable modeling where
observed variables of a model are supplemented with additional hidden variables. Hidden
variables may model an unobserved component of the underlying data generating mecha-
nism, e.g. word sequences corresponding to acoustic observations in speech recognition, or
they might have been introduced as a modeling tool for expressing relatively complex dis-
tributions in terms of simpler ones, e.g. mixture and state-space models [190, 235]. Hidden
variable modeling is powerful, as it allows for emulation of arbitrarily complex distribu-
tions in a controlled manner by using richer and richer hidden structures, depending on the
amount of training data and computation available [156]. Gaussian and other mixture mod-

els, Kalman filters, hidden Markov models, and factor analysis are widely known examples
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of hidden variable models. We also note that incomplete data may also arise in a genuine
missing data scenario such as censoring, sensor failure, imperfect measurements, etc., where
some variables are completely not available or only partially so such as for interval data.
Hidden variables are a very useful modeling tool for density modeling and learning parsimo-
nious models from data, but they also pose additional challenges for parameter estimation
and probabilistic inference due to the fact that the probability distributions over observed
variables are obtained by marginalizing over hidden variables. Even if the original model
is simple so that estimation and inference problems can be easily performed, marginalizing
over hidden variables usually introduces a complex dependency structure over the remain-
ing variables that estimation and inference cannot be performed by brute force. In this
section, we will deal with the maximum likelihood parameter estimation problem in the
hidden variable models, and the inference problem will be treated in the general framework
of graphical models in Section 2.7. To simplify the presentation, we will drop the class
labels C' = ¢ from class-conditional densities py, (X |C = ¢) and their parameters and intro-
duce the EM algorithm as a general technique for ML parameter estimation without any
reference to pattern classification, but essentially the same steps separately apply to each
class-conditional distribution when it is used for ML estimation in a pattern classification
problem (cf. Equation 2.6).

Consider a distribution py(X), whose parameters 6 are to be ML estimated based on
samples from the incomplete observation Y = h(X) where h is many-to-one. The marginal

probability of incomplete observation Y = y is given by
p(Y=y)= >  po(X=u)
x:h(z)=y

where, without loss of any generality, we assumed that the missing data is discrete. The

log-likelihood function based on the incomplete training data ) = {Yn}fyzl is given by
N
co:v) =Y op( ¥ mlx, =), (213)
n=1 x:h(x)=Yn

The incomplete data likelihood function in Equation 2.13 is difficult to manipulate due to

the logarithm of summation. On the other hand, as we will see in Section 2.5, for many



30

distributions the maximization of corresponding likelihood function based on the complete
data X = {Y,,})_, is much simpler and the EM algorithm is based on this insight. Instead
of directly maximizing intractable incomplete data likelihood, the EM algorithm iteratively
maximizes expected complete data log-likelihood which is obtained by averaging complete
data log-likelihood function over all possible missing data completions. The resulting up-
dates are guaranteed to increase the incomplete likelihood function unless at local maxima.

The EM algorithm can be derived in many different ways, but here we will follow the
insightful derivation in [203], where the EM algorithm is formulated as a lower-bound max-
imization method. In lower-bound maximization, an intractable function is maximized by
iteratively maximizing a sequence of tractable lower bounds on this function, where each
lower bound is based on the current setting of parameters, and the next setting of param-
eters is determined by the maximum of the current lower bound. If the bounds are tight,
in particular if each lower bound touches to the original function at the current setting of
parameters, then the sequence of parameter updates obtained from the lower-bound max-
imization are guaranteed to converge to a local maximum of the original function (if it
is bounded from above). See Figure 2.1 for an graphical illustration of the lower bound
maximization method within the context of the EM algorithm.

EM algorithm is based on the following lower bound on the incomplete log-likelihood

function in Equation 2.13:

L(0;Y) > Eg [logpg(X)| Y]+ H(Q) = F(0, Q) (2.14)
where
N
Qx|Y) = [[a(XnlYs) and  H(Q) =-Eglog 9],
n=1

for any collection of ¢(X,|Y,)’s. The inequality in Equation 2.14 is obtained by apply-
ing Jensen’s inequality (f(E(X)) > E(f(X)) for concave f) to the logarithm function in
Equation 2.13 [87, 203, 163]. The EM algorithm iteratively maximizes the lower bound
F in Equation 2.14 instead of directly maximizing the incomplete likelihood function in
Equation 2.13. It starts with an initial estimate of parameters (%) and then proceeds by

producing successive estimates #(") (i denoting the iteration number) by maximizing F(6, Q)
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with respect to Q and 0 alternately as follows:
E-step: oW = argmax{}"(ﬁ(i_l), Q)} (2.15)
Q

M-step: 0 = argmax{F (0, Q(i))} (2.16)
0

until convergence is achieved. The expectation step (E-step) in Equation 2.15 essentially
finds a tight lower bound the incomplete likelihood function in Equation 2.13, whereas the
maximization step (M-step) in Equation 2.16 optimizes this lower bound and determines

the next setting of parameters. The E-step can be solved by setting
QW(X[Y) = pou—n (X]Y). (2.17)

The entropy term H(Q) in F (cf. Equation 2.14) does not depend on #, and with the above

choice of Q, the M-step reduces to maximizing the expected complete data log-likelihood,
90 — argmax {Egpi [logpe(X)|V]} (2.18)

where Eyi-1) is a shorthand for Ep9<i71>. Unlike the incomplete likelihood in Equation 2.13,
the function to be maximized in Equation 2.18 is mathematically tractable, since no sum-
mations appear inside the logarithm. Explicit expressions for the # updates depend on
the specific form of py, but as we will see in Section 2.5, for many popularly used models,
closed-form updates are available. An illustration of the EM algorithm as a lower-bound
maximization method appears in Figure 2.1.

A couple of observations about the EM algorithm in Equations 2.15 and 2.16 are in
order. First, the incomplete data log-likelihood function £ in Equation 2.13 is guaranteed
to not decrease at each iteration and increases unless at local maxima. This follows from the
fact that the E- and M-steps both maximize F; that F(0, Q) is a lower bound on £(6;))
for any Q; and that F(6, Q) is equal to £(6;)) at 6 for Q(X|Y) = pe(X|Y), i.e.

L(0;Y) = F(pe(X]Y),0) (2.19)

which can be shown by direct substitution. Using these facts and the definitions in Equa-

tions 2.15 and 2.16, it follows that [87, 203, 243]

£60D: ) = FOU-D, 00y < F(9D, 90y < F(8D, QU+ = £(6D); ),
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0 D) 2
6 0°6

Figure 2.1: An illustration of the EM algorithm as a lower-bound maximization of the
incomplete likelihood function L. The lower bound to be maximized at the i-th iteration is
denoted by F; = F(0, QW) (cf. Equation 2.16).

proving the monotonic convergence of the incomplete log-likelihood function by the updates
of the EM algorithm. Second, the formulation of EM algorithm as an coordinate ascent al-
gorithm on @ and 6 (cf. Equations 2.15 and 2.16) suggest incremental variants that partially
perform the E- and/or M-steps. The E-step as formulated in Equation 2.15 maximizes F
over all valid distributions Q and results in setting Q to the exact a posteriori distribution,
pe(X|Y), which can be quite difficult to obtain depending on the structure of missing data.
In such cases, one may instead perform only a partial maximization of F by restricting Q
to a tractable class and perform maximization within this restricted class. Naive mean-
field and other more sophisticated variational methods are examples of such partial E-step
maximization [212, 150]. Similarly, maximizing F with respect to 6 can be difficult, or one
may not want to do a full maximization for statistical considerations, e.g. if the amount
of training data is small and one does not want to overfit [135]. In such cases, one can
partially increase yet not fully maximize F with respect to 6 in the M-step, resulting in
generalized EM algorithms [87, 191]. We note that such partial M-steps are still guaranteed
to monotonically not decrease the incomplete likelihood function, whereas partial E-steps
may not, due to the fact that the lower bound F is no longer guaranteed to contact with
F for an arbitrary Q (cf. Equation 2.19). However, in practice, such partial E-steps have

been successfully applied to the parameter estimation of highly complex models for which
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calculating the exact a posteriori distribution in Equation 2.17 is not feasible [119]. Third,
the EM updates are automatic, i.e. they are free of any learning rate or other parameters
requiring handtuning. Lastly, we under suitable regularity conditions the EM updates are
guaranteed to converge to a local maximum of the incomplete data likelihood function, and
the convergence rate around a local maximum is first order [87].

Overall, the EM algorithm is mathematically elegant and has a number of attractive
properties including monotonic convergence and being free of any handtuning parameters,
resulting in its popularity. It is one of the most widely used algorithms in statistics and
engineering, for example, it is regularly used for the ML parameter estimation of the HMM-

based large vocabulary speech recognizers involving millions of parameters [225, 273].

2.5 Exponential Family

The exponential family is an important class of parametric distributions with a rich math-
ematical structure, interplaying between statistics and convex analysis [20, 21]. The ex-
ponential family covers both discrete and continuous distributions and their hybrids. The
multinomial, Gaussian, Poisson and exponential distributions are a few well known members
of this family. The exponential family distributions also naturally emerge as solutions to
the maximum entropy problem [117]. Our work about discriminative and likelihood-based
parameter estimation in the exponential family in the later chapters will heavily use math-
ematical properties of exponential family, and our goal in this section is to review these.
Due to these properties, exponential family distributions have a number of attractive prop-
erties in parameter estimation such as accepting sufficient statistics and a unique maximum
likelihood estimate.

A probability distribution pg(X) for X € X in the exponential family takes the following

general form [55]:

po(X = z) = c(x) eXp{GTt(m) — 1/1(0)}, (2.20)

where ¢(z) determines the measure according to which py(x) is a distribution; 6 € RY is

the d-dimensional parameter vector; t(x) is the sufficient statistics; and v(6) is the log-
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normalization constant ensuring that py(x) integrates to one:

P(0) = log </ c(x) exp{HTt(a:)}dx>, (2.21)

where without loss of any generality we assumed that X is continuous valued. We note
that the dimensionality d of the sufficient statistics ¢(x) is in general different from (usually
higher than) the dimensionality of X. Exponential family distributions have many possible
parameterizations, and the parameters 0 in the form in Equation 2.20 are often referred to

as natural parameters. The natural parameters 6 are constrained such that 6 € © where
0= {0 e RY | (h) < oo}, (2.22)

ensuring that the log-normalization constant ¢(f) in Equation 2.21 is well defined. The
set © is convex due to the convexity of 1(6). Notice that the condition in Equation 2.22
does not place any constraints on 0, if the sample space is discrete but may restrict 6 to a
strict subset of R for continuous sample spaces. A parameterization is called minimal if the
elements of § and t(x) are linearly independent and called overcomplete otherwise. In the
following we will assume that all natural parameterizations 6 are minimal, unless otherwise
noted. We will also be working in regular exponential families for which © is an open
set, without much restriction (multinomial Gaussian, multivariate Gaussian, Poisson, and
exponential distributions, among many others, are regular exponential families) [260, 55].
The log-normalization constant v (6) plays a central role in the exponential family, and
here we will list a few of its key properties [55]. First, ¢(6) is convex, and strictly convex
if the parameterization is minimal, the proof of which naturally comes out of the next
property. Second, the derivatives of ¥(f) are equal to the cumulants of sufficient statistics
t(X). As aresult, 1(0) is also often referred to as the cumulant-generating function. Under
suitable regularity conditions justifying the exchange of derivation and integration, one finds

by direct differentiation in Equation 2.21 that [260]

&gé@) = E[KX)], (2.23)
Op(0)  _ cov [t(X)]. (2.24)

06 067
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Since the covariance matrices are always positive semidefinite, and positive definite if the
elements of the argument of covariance operator are linearly independent, the second deriva-
tive of ¥(0) in Equation 2.24 is always positive semidefinite, and positive definite for minimal
parameterizations. These facts prove the earlier claims about the convexity of ¥(6) and its
strict convexity for minimal parameterizations. Third, the relationship in Equation 2.23
gives an alternative parameterization of the exponential family in terms of the so-called
mean parameters, 7 = E [t(X)]. If 6 is minimal, then the mapping from natural parameters
to mean parameters, A(f) : 6 — 7, is one-to-one; and it is many-to-one otherwise. This
property easily follows from the fact that for a minimal 6, the covariance matrix of the
sufficient statistics is positive definite; thus ¢ (0) is strictly convex from Equation 2.24 (see
below as an example, the exponential family parameterization of a univariate Gaussian);
and the mapping between the derivative of a strictly convex function and the variables of
that function is one-to-one (the strictly convex function in our case is ¥(6), and its deriva-
tive is 7). The mean parameters and their one-to-one correspondence to natural parameters
for minimal representations are extensively used for parameter estimation in exponential
family, which we will discuss next, first the complete data case, and second the incomplete

data case.

Example 2.5.1. A Gaussian distribution with mean p and variance o2,

Puo(X =) = \/21?0 eXp{_(xz;gy}

can be put into the canonical exponential family form in Equation 2.20 by choosing c¢(z) =1,
a two-dimensional parameter vector 0 = [0y 03)" with the following sufficient statistics t(x)

and mean parameter vectors:

0 =4, ti(z)=x m=pu,

ng—ﬁ, to(z) = 22, ne = o + p’.

The log-normalization constant is given by



36

which can be shown to be strictly convex by direct differentiation. Finally, the parameter set

© at which the integral of p,.-(X) converges is given by

©={0eR?*|06,<0}.

2.5.1 Maximum Likelihood Estimation with Complete Data

Consider the maximum likelihood parameter estimation of a general exponential family

distribution in Equation 2.20, which we rewrite for convenience,

po(X = x) = c(x) exp{0 t(x) — () }. (2.25)
Given a complete data set X = {X1,..., Xy}, the maximum likelihood parameters 6, are
found by maximizing the log-likelihood function:

N
O = argmax{z (log o(X,) +0Tt(X,) — w(e)) } (2.26)

0cO

n=1
The parameter set © is convex set as well as the log-likelihood function in Equation 2.26.
Thus, the global maximum of the log-likelihood function in Equation 2.26, if it is achieved

at a point 8 in ©, can be found by taking derivatives and setting them to zero, yielding

N1 = %Zt(Xn) (2.27)

n=1

where 7,1 denotes the mean parameters corresponding to the maximum likelihood esti-
mate 6, and we have used the invariance of maximum likelihood estimate to such re-
parameterizations. Hence, the maximum likelihood estimate, if it exists, is simply found by
setting the mean parameters 7 (defined as the expected sufficient statistics) to the empirical
mean of the sufficient statistics in the data. Notice that the maximum likelihood estimate
depends on data only through the sufficient statistics, which is the operational meaning of
sufficiency: 6 and X depend on each other only via t(X).

The estimate in Equation 2.27 exists only if the empirical mean of the sufficient statistics

in the training data lies in the relative interior of the set M, ri M, where

ME{MERCI‘ dpeP st Ep[t(X)]:,u,}, (2.28)
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the set consisting of all mean vectors that can be realized by some probability distribution p
that is absolutely continuous with respect to the measure ¢(x) dx for x € X (the set P) [260].
The technical condition that

<]1Vijlt(xn)> i M

amounts to excluding singular covariance matrices for multivariate Gaussian distributions
or degenerate probability vectors with 0 or 1 elements for multinomial distributions. It is

almost always achieved in practice provided that the sample size N is large enough.

2.5.2  Maximum Likelihood Estimation with Incomplete Data

Now let us consider the case in which we want to estimate parameters 6 of pg(X) in Equa-
tion 2.25 from the incomplete sample Y = {Y7,...,Yn}, where Y = h(X) for many-to-one
h(X). We denote the unavailable complete data by X = {X;,..., Xx}. (We assume for
simplicity that each example in our data set has the same missing data pattern.) As we
have seen in Section 2.4, the EM algorithm can be used for maximum likelihood parameter
estimation with incomplete data, and it takes a particularly simple form when applied in
the exponential family.

The general EM algorithm maximizes the following expected complete likelihood func-
tion at the i-th iteration (cf. Equation 2.18),

91 = argnéax {Egi-1) [log pg(X)|V]} ,
€

which reduces to

0cO

0 = argmax{HT (é Egi-1) [t(Xn)|Yn]) - sz(e)} (2.29)

for the exponential family py in Equation 2.25. The EM algorithm’s objective function in
Equation 2.29 is exactly analogous to that for maximum likelihood estimation with complete
data in Equation 2.26, the only difference being that the replacement the sample mean
of complete data sufficient statistics in Equation 2.26 by its expected value conditional

on observed data in Equation 2.29. Repeating the same steps that we have applied for
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obtaining the complete data maximum likelihood solution, we find that the EM algorithm

update in Equation 2.29 is found by setting [87]

N
77( ) = N Z En(¢71) [t(Xn)’Yn] (230)
n=1

at the i-th iteration.

Overall, the EM algorithm’s solution in the incomplete data case is very similar to
the maximum likelihood solution in the complete data case and differs only in the use of
expected value of complete data sufficient statistics instead of using them directly (since they
are unavailable). Such expectations can usually be taken easily, as we will see in the next
section for hidden Markov models. However, we note that while the maximum solution in
Equation 2.27 for the complete data attains the global maximum of the likelihood function in
a single step, the updates of the EM algorithm in Equation 2.30 are guaranteed to converge

to only a local maximum of the incomplete likelihood function.

2.6 Hidden Markov Models

The samples or observations from temporal processes such as speech and machining vibra-
tions does not follow a fixed distribution over time and rather their statistics temporally
change depending on some underlying phenomenon such as the linguistic context in speech,
or the wear amount on cutting tools in machining. Moreover, the observations that are
near in time tend to be highly correlated. A hidden Markov model (HMM) is a dynamic
probabilistic model appropriate for characterizing such processes [224, 163, 213, 37].

An HMM consists of two parts: an observation sequence {Ot}tT:_o1 with length T and
an underlying state sequence {St}g:ol. Observations can be discrete or continuous valued,
whereas the states are discrete valued with a finite sample space S = {1,...,|S|}. States
represent the temporally changing characteristics of the process, and observations are emit-
ted from states. An HMM is a generative probabilistic model, and as such, it involves a
mechanism for the evolution of states over time and another one for characterizing obser-

vations given the underlying states. Without making any assumptions, we can decompose

the joint probability distribution of states and observations into two parts using the chain
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Figure 2.2: A left-to-right state transition topology with three states, where only self-
transitions or transitions to the next state are allowed.

rule of probability:

P{St},{0:}) = p({St}) PO} {5t })- (2.31)

The HMM makes strong simplifying assumptions regarding how the evolution of states
p({St}) and the observational variability given states p({O;}|{S:}) are modeled.
The HMM characterizes the state evolution as a first-order Markov chain:

T-1

p({5t}) = p(So) H p(St[Se-1), (2.32)

t=1

in which p(Sp) and p(S;|Si;—1) specify initial state and state-transition, respectively, prob-
abilities. In this work we will assume that the state-transition distributions are time-
homogeneous. Usually some form of regularity in the structure of transitions is assumed,
such as a left-to-right topology where transitions only occur to higher-ordered states, see
Figure 2.2. At each time step, a new state is chosen conditional on the previous one from
the allowable state transitions in the state transition topology.

The HMM characterizes the observational variability conditional on hidden states by

assuming that observations are independent of each other given their respective states:

T—1
p({O31{S:}) = [] p(OslSs). (2.33)
t=0

The consecutive observations generated from the same state are i.i.d, but only condition-
ally so; and they are mot marginally independent when the hidden states are marginalize
out. However, the conditional independence assumption in Equation 2.33 implies that any

dependencies among observations are mediated through hidden states.
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Figure 2.3: An undirected graphical model illustration of the HMM, where state and obser-
vation sequences are unfolded in time. The edges represent probabilistic dependencies. See
Section 2.7 for the probabilistic interpretation of such graphs.

By plugging the parts in Equations 2.32 and 2.33 related to the state evolution and
observational variability, respectively, into Equation 2.31, we obtain the HMM factorization

of the joint distribution of the observation and state sequences:

T-1

p({St},{0¢}) = p(So) p(Oo|S0) H p(St|Si-1) p(O|St). (2.34)

t=1

As compared to the factorization in Equation 2.31 which is always true, the HMM factoriza-
tion in Equation 2.34 entails two assumptions: the state sequence is first-order Markov, and
the observations are independent of everything else conditional on states. A graphical model
illustration of the HMM in Figure 2.3 clearly depicts these two independence assumptions
via the notion of vertex separation in graphs.

In many applications, states {S;} are used for modeling purposes only and not observed.
Thus, they need to be marginalized out to make inferences using an HMM. First, the

marginal probability of the observations

p({0:}) = p({Si},{0O}) (2.35)
{5t}

is of interest, for example, for finding the most likely class in a pattern classification problem
with the features X = {O;} where each class-conditional distribution p(X|C') is modeled as
an HMM (cf. Section 2.2). Second, the state a posteriori distribution,

p({St},{O:})
p({O:}) 7

is needed for answering queries about states, e.g. most possible hidden state completion, and

p({Se}{O}) = (2.36)

for maximum likelihood parameter estimation with the EM algorithm (cf. Section 2.6.3).
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In addition, we will need the single and pairwise state posteriori probabilities, p(S¢{O:})
and p(S;—1, St|{O:}), respectively, in the EM algorithm, and they should also be efficiently

calculated. Third, it is of interest to find the most likely state sequence,

{st,...,s7_1} = argmax {p(So=s0,...,97-1 = s:-1/{O:})}, (2.37)

{s0,--sST—1}

which might have generated the observation sequence {O;}, for example, for decoding words
underlying an acoustic waveform in speech recognition. The brute force calculation of these
and other quantities by maximizing or summing over all state sequences in Equation 2.34
would require O(|S|T) operations, which is prohibitive even for small [S|.

In the next three sections we will show how the inference and parameter estimation
problems of HMMs can be efficiently solved via the forward-backward, Viterbi, and Baum-
Welch algorithms. We will provide detailed derivations of these algorithms, as similar ideas

will be used in Chapter 4 for a multi-scale extension of HMMs.

2.6.1 The Forward-Backward Algorithm

In this section we will describe the forward-backward algorithm, an efficient method for cal-
culating the single and pairwise state a posterior: probabilities and the marginal probability
of observations [225, 224]. To efficiently calculate these quantities, the forward-backward
algorithm heavily exploits the two independence assumptions of HMMs: each observation
is independent of everything given its state, and the state sequence is a Markov chain. We
note that conditioning on the state at time ¢, .S;, renders the past and future observations,
{Og,...,0} and {O¢41,...,07p_1}, respectively, independent of each other. Using this
property, we will express the single and pairwise state a posteriori probabilities in terms of
quantities that depend on only the past and the future variables and then provide recursions
to efficiently calculate these quantities.

We can decompose the state a posteriori probability p(S¢|{O:}) as

p(St|{Ot}) X p(St, 00, ey Ot) p(OtJrl, ey OT_1|St) (2.38)

where we used the aforementioned independence property. Similarly, we decompose the
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pairwise state a posteriori probability p(St, Si—1|{O:}) as

p(Si-1, St{O:}) < p(Si-1, 0, ..., Or-1) p(St|Si-1) p(O:|St)

X p(Ot41, ..., 07-1|St) (2.39)
again using the same independence property and the fact that conditioning on .S; renders
O; independent of everything else. We see that decompositions in Equations 2.38 and 2.39
can be expressed in terms of the quantities p(S¢—1,Oo, ..., 0¢—1) and p(St_1,Op, ..., 01_1)
(and a few others which are readily available). These quantities will play a central role in
the inference algorithm [225], so we give them special names:

ar(s) = p(Sy=s,0p,...,0,), (2.40)
Bi(s) = p(Os1,...,07-1|St = s). (2.41)
With this newly defined notation, we rewrite p(S¢|{O;}) and p(S;—1, S¢|/{O:}) as

p(St{O}) o< au(St) Bi(St), (2.42)
p(St—1, St[{O}) o ar—1(Se—1) p(St|St—1) (O] St) Bi(St)- (2.43)

The normalization constants for the single and pairwise state a posteriori probabilities in
Equations 2.42 and 2.43 are equal to p({O:}), and hence, the same for all ¢. We can obtain
p({O:}) from ap_1(S7—1) using the definition in Equation 2.40:

p({O:}) = ZaT 1(Sr-1 = 3). (2.44)

seS
As a result, all single and pairwise state a posteriori probabilities and the marginal prob-

ability of observations can be easily calculated once we have a way to efficiently calculate

{a:} and {f;}.
The {a;} can be calculated by a recursion forward in time [225]. We initialize the forward

recursion by setting
ag(s) = p(So = s) p(Oo|So = s)

for s € S, using the definition of «a; in Equation 2.40 for ¢ = 0. For ¢ > 0, a; is obtained

from «y_1 as follows:

Z (677 1 St = S’St 1= S) (Ot‘St = S). (245)

s’'eS
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The recursion for g; similarly works but backward in time for t < T — 1:
Bi(s) = Y p(Sip1 = 'Sy = 5) p(Or11Se1 = ') Brya (). (2.46)
s'eS
The definition of §; in Equation 2.41 does not help us to initialize the backward recursion
at time T'— 1, but the choice B7r_1(s) = 1 works, as can be seen by comparing the definition
of Br_a2(s) with the righthand side in Equation 2.46 for t =T — 2.

Overall, the forward and backward recursions in Equations 2.45 and 2.46, respectively,
in combination with Equations 2.42, 2.43, and 2.44 provides us a method to efficiently com-
pute all single and pairwise (consecutive) state a posteriori distributions and the marginal
probability of observations. The computational cost of the forward and backward recursions
are O(T|S|?), which is linear in the sequence length 7' instead of being exponential as in
the brute force method. Notice that the backward recursion is not necessary, if one is only

interested in the marginality of observations, in particular for decoding.

2.6.2 The Viterbi Algorithm

The Viterbi algorithm [225, 224] finds the most likely state sequence (cf. Equation 2.37) in
a way reminiscent of the forward recursion in Equation 2.45, by dynamic programming. In
effect, the only difference between the forward recursion and the Viterbi algorithm is the
replacement of the summation operator in the forward recursion by the maximum operator
in the Viterbi algorithm.
We define the probability of the most likely partial state sequence ending at a particular
state based on the partial sequence up to that point:
d(s) = max {p(So=s0,...,5—1=5t-1,5 =5,00,...,0)}. (2.47)
{50,-+8¢t—1}
The state sequence up to time t takes the state sequence sequence up to time (¢t — 1)
as a subsequence. Thus, the most likely partial state sequence ending at time ¢ can be
obtained from the most likely state sequence ending at time ¢ — 1 using Belman’s principle

of optimality [155]:

5:(Sy =) = m;}x{&_l(St_l =) p(St = s|Si—1 =) p(Oi|Se = 5) }, (2.48)
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for £ > 1. The recursion is started at time 0 using the definition in Equation 2.47. The
lefthand side in Equation 2.48 needs to calculated for all ¢ and s, since we do not know
the most likely state sequence until we come to the very end. As such, it is also necessary
to keep track of the previous state from which we come to the optimal sequence ending at

state s at time ¢:
Yi(Sp=s) = arggaax {6e-1(St—1 = 5) p(St = 5|Ss—1 = &) p(O4| St = 5) } .
After calculating 6,(S; = s) for all ¢t and s, we find the optimal ending state by
Sp_q = argleléax {6r-1(s)},

and using this ending point, we backtrack our steps to recover the elements of the Viterbi

state sequence for t =T —2,...,1:

sy = Yer1(si41)-

Overall computational cost of the Viterbi algorithm is O(T|S|?), and its memory re-
quirement is O(T'|S|). We note that the Viterbi algorithm finds the most likely joint state
sequence (cf. Equation 2.37), not the single most likely state at a particular time. The
latter quantities can easily be obtained from the single state a posteriori probabilities in

Equation 2.42.

2.6.3 The Baum-Welch Algorithm

In this section, we will describe the Baum-Welch algorithm for maximum likelihood esti-
mation of HMMs. The main difficulty in the maximum likelihood estimation of HMMs is
due to the fact that states in an HMM are hidden. Similar to the other hidden variable
models, directly maximizing the incomplete likelihood function is difficult, and hence, we
resort to the EM algorithm (cf. Section 2.4). The parameter estimation of discrete HMMs
was originally formulated by Baum and his colleagues in the early 70’s [25, 26, 24], which
later turned out to be an instance of the general EM algorithm [87]. The EM algorithms
for discrete or continuous HMMs are commonly referred to as the Baum-Welch algorithm.

Here we will focus on HMMs with mixture of Gaussian output distributions, since this will
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be the form that will be using in our applications, and our work in Chapter 4 about a
multi-scale extension of HMMs will also involve similar mixture distributions and the EM
algorithm for parameter estimation.

The parameters of an HMM with the mixture of Gaussian output distributions consist
of initial state probabilities, ms = p(Sp = s), state-transition probabilities, asy = p(S; =
s|Si—1 = '), and mixture weights, means, and covariances, {Kms, fims, 2ms }, associated

with the Gaussian output distributions:

M
P(Or=0|Si =5) =Y tms N (0} ftrms, Srms) (2.49)
m=1

where NV (+; 1, 2) denotes a multivariate Gaussian distribution with the mean vector p and

covariance matrix >:

1 1
N(o;pu, 2 —————— €ex {_,0_ Ty — }
in which d is the dimensionality of observations, and |¥| denotes the determinant of 3. In
Equation 2.49, M is the number of mixture components, and «gs, fms and X, are the
weight, mean vector, and covariance matrix, respectively, for the mixture component m in
state s. The mixture weights a;,s’s are such that ) o, = 1, for all s. We will collectively

denote all parameters in an HMM as 6.2

In our derivation, we will assume that there is only one observation sequence {O;} in
the training data. The extension to the case with multiple observation sequences is simply
achieved by pooling the sufficient statistics from all sequences together in the re-estimation

equations below. To derive the EM algorithm for the HMM, we construct the auxiliary

2This 6 is not to be confused with the 6 in Section 2.5, denoting the natural parameters for the exponential

family. As an aside, we note that not all HMMs are in the exponential family, in particular those with
left-to-right state transition topologies due to zero probabilities assigned to some state combinations.
However, such left-to-right and most other HMMSs that are not in the exponential family, can be expressed
as miztures of exponential family distributions.
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function in Equation 2.18 and simplify using the HMM factorization in Equation 2.34:

) = arggnax{Eg(iﬂ)[logp({St},{Ot})\{Ot}]}

T-1
= argmax s) logms + 5,5") log agy
o {Z%() amt 3 36, s) log

seS s,8'€S t=1

T-1
+2. D uls) logp(Ot!St)} (2.50)

seS t=0

where

Y(s) = pei-1 (St = s[{O:}),
&i(s,8") = pga-v(Se = 5,511 = '[{O¢}),

the single and pairwise, respectively, state a posteriori probabilities calculated according
to the parameters from the previous iteration using the forward-backward algorithm (cf.
Section 2.6.1). The expected likelihood function Equation 2.50 is separated into the terms
that only depend on the initial state, state transition, and output distributions. Maximizing
it with respect to w5 and asy yields the following update equations for the initial state and

state transition probabilities:

T = (s),
> ZtT;oQ e (8)

The maximization of the last term in Equation 2.50, related to the mixture of Gaussian
output distributions, can also be easily accomplished [32], yielding the following update

equations for the mixture weights, means and covariances:

T-1
ald) = —Ztﬂjo ni(m, 5) (2.51)
> i1 ye(m, s)
T-1
u), = 2zl s) O (2.52)
Zt:o /Yt(mvs)
5@, = Za=o wlms) 0O a2 " (2.53)

T—1
Zt:o Yt (s,m)
where we have defined, with a slight abuse of notation, that

Ye(m,s) = pgan (My =m, Sy = s|{O})

= () yi(mls) (2.54)
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where M; denotes the hidden mixture variable at time ¢t. and v (m|s) = pyu-n(M; =
m|S; = s,0;), the mixture a posteriori probability, calculated from the mixture model in
Equation 2.49 using Bayes rule.

The updates of the EM algorithm in Equations 2.51-2.53 constitute a relatively straight-
forward method for maximum likelihood parameter estimation of HMMs with mixture of
Gaussian output distributions. The EM algorithm is the most commonly used method for
training of current HMM-based speech recognizers involving millions of parameters [273,
224]. However, discriminative criteria such as minimum classification error [165, 164, 70],
and most notably, maximum conditional likelihood (also known as maximum mutual in-
formation estimation) [210, 256, 244, 267] are also popularly used in speech recognition.
An iterative method called extended Baum-Welch training for maximum conditional likeli-
hood estimation of discrete HMMs have been developed in [126], which is later adopted to
continuous HMMs with Gaussian output distributions by a discrete approximation to the
Gaussian distribution [210]. The extended Baum-Welch parameter updates for HMMs are
similar to the usual Baum-Welch updates, but the sufficient statistics used in the extended
updates (i.e. the numerator and denominator counts in Equations 2.51-2.53) also have con-
tributions coming from examples from other classes in the training data and not just from
those with the same class label as in the usual Baum-Welch training. The training examples
originating from the class whose parameters are being updated contribute positively to the
extended Baum-Welch sufficient statistics, whereas those from other classes contribute neg-
atively. As a result, the discriminative estimation methods in general are computationally
more expensive, but they are found to be very useful for improving recognition performance
in speech recognition [256, 244, 267]. We will investigate the extended Baum-Welch param-
eter updates in detail in Chapter 6, where a maximum conditional likelihood estimation

method for the general exponential family is developed.

2.7 Graphical Models

Graphical modeling is a framework for probabilistic model specification via graphs, where

vertices of the graph represent random variables of the model, and the edges between them
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Figure 2.4: Undirected (top graph) and directed graphical models (bottom graphs) defined
over three variables.

represent probabilistic dependency relations [218, 160, 77]. While the graph in a graphical
model encodes the structural assumptions about the model via Markov independence as-
sumptions implied by the graph structure, the kernels over groups of variables defined with
respect to the graph numerally specify probabilities that are consistent with these properties.
As such, graphical modeling formalism achieves a separation of qualitative and quantitative
features of a probability distribution over a large number of variables. The use of graphs as
a modeling tool holds the key to the success of graphical models for the compact represen-
tation of large-dimensional probability distributions. Roughly speaking, graphical models
with dense graph dependency structures correspond to more complex models, whereas those
with sparser graphs correspond to less complex ones. As we will see, graphs are also useful
as a data structure for constructing efficient inference and estimation algorithms operating
on generic graphical models. Graphs provide a convenient visual interface for humans to
specify and efficiently compare probabilistic models and to incorporate prior knowledge into
the statistical modeling process. As examples, three simple graphical models, one over an
undirected graph and the others over directed graphs, are depicted in Figure 2.4.

We said before that a graphical model defines a multivariate probability distribution
via a graph, where vertices represent random variables, and edges represent probabilistic
dependency relationships. More correctly, missing edges in the graph imply conditional
independence properties in the resulting distribution. For example, in the undirected graph
in Figure 2.4, the missing edge between the vertices X and Y implies that X and Y are

independent of each other when conditioned on Z. These properties are only implied by the
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graph structure and hold in every graphical model defined over that graph. The mechanism
through which such relationships are specified is the path separation in graphs. Two sets
of vertices in a graph are separated by a third group if all paths between the first two
sets are blocked by the third set. Then, for a graphical model, the path separation implies
that the random variables corresponding to the sets of separated vertices are conditionally
independent of each other given the random variables corresponding to the separator set.
What constitutes a blocked path, and how such conditional independence statements can be
converted into a useful form for specifying multivariate probability distributions depend on
the underlying graph semantics. There are many types of graphical models such as directed
graphical models (also known as Bayesian networks) with directed edges [218], undirected
graphical models (also known as Markov random fields) with undirected edges [30, 29], chain
graphs with directed and undirected edges [175, 231], ancestral graphical models [232], and
even, a given graph might have multiple probabilistic interpretations, as in [175] and [9] for
chain graphs. Only undirected and directed graphical modeling formulations are relevant to
our work, particularly the latter formulation, which we will use for model specification and
comparison throughout this thesis. Our interest in undirected graphical models only lies to
the extent that the undirected graphical model formulation is heavily used in the junction
tree algorithm for probabilistic inference in directed graphical models.

The organization of this section is as follows. We will first define our graph notation and
terminology. We will then introduce undirected and directed graphical modeling formalisms
and finish with the junction tree algorithm for probabilistic inference in generic undirected

and directed graphical models [76].

2.7.1 Notation and Terminology

Our graph notation and terminology in this section is largely based on [174], which should
be consulted for a thorough treatment and proofs.

A graph is denoted by G = (V, E) is a pair with the vertex set V' and the edge set E. An
edge is an ordered vertex pair with o, 3 € V and a # 5. An edge (o, 3) € E is undirected

if its opposite (3, «) is also in E, and otherwise it is directed. No self loops on vertices or
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edges between groups of vertices are allowed according to our definition of an edge.

We will mainly deal with graphs with only directed or undirected edges and call them
directed and undirected, respectively, graphs (cf. Figure 2.4). An undirected graph is called
complete if there is an edge between every pair of vertices. A directed graph is called
complete, if its undirected version, obtained by dropping the directionality of all directed
edges arrows, is complete.

The subgraph G4 = (A, E4) obtained by only keeping the vertex subset, A, and edges
in between, E4 = AN (V x V), is called the vertex induced subgraph by A. A clique is a
vertex induced subgraph, which is maximal with respect to edge inclusion. We will denote
a clique by C and the collection of all cliques in a graph by C. (This is the only section
where we use the symbols C' and C to denote cliques and clique sets, respectively, in a
graph, instead of class variables and training data class labels, respectively, in a pattern
classification problem.) A clique separator or simply separator is the intersection between
cliques that have a nonempty intersection in terms of vertices they include. We will denote
a clique separator by S and the collection of all clique separators in a graph by S.

A path of length n between vertices o and [ is a sequence of distinct vertices (ag =
a,...,a, = ) such that (a;—1,q;) € E, or (o, a;—1) € E. A directed path is a path but
with the restriction that (a;_1, ;) € E but (o, ;—1) ¢ E. As such, a directed path cannot
go against the directed edges. An n-cycle is a path of length n with the same begin and
end points, a and 8. A cycle in a directed graph is said to be directed if all arrows in the
cycle lie in the same direction. A chord is an edge between two non-consecutive vertices in
the cycle. An undirected graph is chordal or triangulated, if there are no n-cycles without a
chord.

The parents pa(a) and children ch(a) of a vertex « in a directed graph are all vertices
joined to « by a directed edge towards « and a directed edge away from «, respectively.
The descendants de(a) of the vertex « are all vertices that can be reached from « via a
path (which is necessarily directed). The non-descendants nd(a) of « are all vertices in a
graph except itself and its descendants.

In an undirected tree, there exists at most one path between any pair of vertices. In a

directed tree, each vertex has at most one parent.
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We say that a set of random variables X is conditionally independent of another set Y

given another set Z (X 1Y|Z in shorthand), if
PX =Y =y|Z=2)=p(X =22 =2)p(Y =y|Z = 2) (2.55)

whenever p(Z = z) > 0, for all z, y, and z, where we do not necessarily require that X,
Y and Z be distinct. The conditional independence is intimately related to factorization
of probability distributions. It can be shown that the conditional independence statement
X1Y|Z holds, if and only if the joint probability distribution of X, Y, and Z factorizes

into components that depend on only (X,Y) and (Y, Z):
pX=x,Y=yZ=2)=hX=x,Z2=2)k(Y =y, Z =2) (2.56)

for some h and k, and again for all z, y, and z [174]. The above factorization is by no means
unique, and an obvious solution is given by Equation 2.55.

Given a graph G = (V, E), a graphical model over a collection of random variables X is
formulated by associating the vertices V' with variables in X = {X,}aecv. We denote the
subset of variables corresponding to the vertex set A C V by X4 = {Xs}aca. Due to the
one-to-one correspondence between variables and vertices, we will refer to the vertices and
the variables that they correspond to interchangeably. In a graphical model, such conditional
independence properties are implied, whenever the two vertex sets are separated from each
other by another vertex set. In the next two sections, we will introduce what we mean by
separation for the undirected and directed graphs and describe implications for graphical

models defined over such graphs.

2.7.2  Undirected Graphical Models

In undirected graphical models, we associate an undirected graph G = (V, E) with a col-
lection of random variables X = {X,}qcy. The undirected edges E in G represent the
dependency relations among the components of X. More correctly, each missing edge in the
graph implies a conditional independence statement in the probability distribution defined
by that graphical model. Put another way, whenever two sets of vertices are separated by

a third set, then the random variables associated with the vertices in the first two sets are
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independent of each other conditional on the variables in the third set. The separation
semantics of the undirected graphs is particularly simple: two sets of vertices A and B
are separated by the vertex set .S, if every path between each pair of vertices in A and B
has to go through a vertex in S. Undirected graphical models translate vertex separation
in graphs into conditional independence in probability distributions by the global Markov
property. We say that a distribution p is globally Markov with respect to G, if X4l Xp|Xg
whenever the vertex sets A and B are separated by the vertex set S.> We will indicate a
distribution that is Markov with respect to a graph GG by pa. For example, in the undirected
graphical model in Figure 2.4, it is implied that X and Y are independent of each other
given Z.

We know from Equation 2.56 that conditional independence is intimately related to
factorization of probability distributions, so is the conditional independence in undirected
graphical models. A distribution p¢ is said to factorize with respect to the undirected graph
G, if it is of the form

po(X) =  [] volxc) (257)
ceC

where C denotes the cliques of G; ¥¢ is the potential function associated with the clique C;
and, Z is a global normalization constant which we assume to be unity from here on, as it
can be absorbed into a clique potential potential. We require that 1)¢ be nonnegative but
arbitrary otherwise. Notice that there is also some arbitrariness in the joint specification
of 1¥¢’s according to Equation 2.57. It can be shown that for every pg of the form in
Equation 2.57, the global Markov property with respect to G holds, justifying the notation
pg. However, the converse is not true in general, i.e. there are distributions that do not
factorize with respect to G but still obey the global Markov property, but for continuous
and positive distributions, the Hammersley-Clifford theorem shows that the converse also
holds [137].

In general, the potential functions, ¥ (X¢)’s, in Equation 2.57 are not equal to the clique

marginals, but an important exception is the factorization with respect to decomposable

3Notice that the global Markov property only implies the conditional independence relationships that need
to hold in p as implied by the graph structure and does not require that the graph faithfully represents
all such relationships that hold in p. The latter requirement is more stringent than the former one.
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graphs which are the undirected graphs that are triangulated [174]. For a decomposable

graph G, the potential functions can be chosen to be equal to the clique marginals:

_ eeer(Xe)

pg(X) B HSeS p(XS)

(2.58)

where S denotes the clique separators of G. The factorization in Equation 2.58 in terms of
both clique and their separators can be put into the form in Equation 2.57 by arbitrarily
assigning each separator probability factor into one of the cliques that they are subsumed
by.

The undirected factorization in Equation 2.57 in terms of clique potentials plays a cen-
tral role in the parameter estimation and probabilistic inference of undirected graphical
models. We note that the clique potentials are in general coupled to each other via the
normalization constant Z in Equation 2.57, and their maximum likelihood estimation for
a generic undirected graphical model cannot be analytically performed even in the case
where no hidden variables are involved (except for decomposable models [174, 264]). How-
ever, a practical, coordinate-ascent algorithm, iterative proportional fitting, over the clique
potentials is available for their maximum likelihood estimation [79, 82, 85]. Probabilis-
tic inference in undirected graphical models is performed via the junction tree algorithm,
a common inference routine for undirected and directed graphical models, which we will
review in Section 2.7.4.

An HMM with the state and observation sequences, {St}zﬂ:_ol and {0 tT:_Ol, respectively,
can be represented as an undirected graphical model (see Figure 2.3 for an undirected graph-
ical model representation of an HMM). The cliques of the HMM graph are the consecutive
state pairs {(S¢—1,5¢) tT:_ll and the state-observation pairs {(S, Oy) ;‘F:_Ol, and the clique
separators of the HMM graph are the individual states {(.S;) tT:Bl. The HMM graph in
Figure 2.3 is trivially triangulated since it does not involve any cycles; it is decomposable;
and, its joint distribution can be factored in terms of the clique and separator marginal

probabilities as in Equation 2.58:

p({St}7 {Ot}) =

p(SO’ Sl) p(SO, OO) (Trf p(St, StJrl) p(St, Ot)) p(ST—L OT*l) ) (259)

p(So) i—1 p(St)? p(S7-1)
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Figure 2.5: In the left directed graphical model, X and Y are marginally independent of
each other, but became dependent when conditioned on Z, i.e. X 1Y but XYY |Z. In the
right directed graphical model, X and Y are conditionally independent of each other when
conditioned on Z, but they are not marginally independent.

2.7.8 Directed Graphical Models

Directed graphical models are graphical models defined over directed graphs with no di-
rected cycles. (In this section and throughout this thesis, we will focus on one type of
graphical models defined over directed graphs, namely Bayesian networks, and with a slight
abuse of terminology, we will use the term directed graphical model as a synonym for the
term Bayesian network.) The reason for why directed cycles are not allowed in directed
graphical models will be clear once we assign a probabilistic interpretation to them. Similar
to undirected graphical models, we associate the vertices V of a directed graph G = (V| E)
with random variables X = {X,},cyv and use the edges E to characterize probabilistic
dependencies between the elements of X. Roughly speaking, while the undirected edges
in undirected graphical models represent symmetric, associative dependencies, the depen-
dencies represented by the directed edges in directed graphical models are asymmetric and
signify causal parent-to-child relationships [219]. In addition, the directed graphical models
can represent non-transitive relationships, i.e. two variables can be marginally indepen-
dent of each other but became dependent when conditioned on a third variable [218], as
for X and Y in the left graphical model in Figure 2.5. Such are the consequences of a
more sophisticated separation semantics. See Figure 2.5 for examples of directed graphical

models.

The presence of asymmetric edges in the directed graphs gives rise to the directed sep-

aration, or simply d-separation, which can most easily be described via the notion of path
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blocking. A path? from the vertex a to 3 in a directed graph is said to be blocked by the

vertex set S, if S contains a vertex v satisfying either of the following two conditions [218]:

e The vertex v is in S, and the arrows do not meet tail-to-tail at v (— 7 «); or,

e Neither v nor any of its descendants is in S, and the arrows meet tail-to-tail at ~.

A path can become blocked or active, i.e. not blocked, depending on the configuration the
variables that might not be even on the path. The two vertices « and 3 are separated by
the vertex set S, if all paths between the two are blocked by S. Similarly, the vertex sets A
and B are separated by the subset S, if each pair of vertices in A and B are separated by
S. In directed graphical models, such path separation properties translate into conditional
statements among the corresponding random variables: X4 1l Xp|Xg.

All conditional independence statements encoded by a directed graph can be collected
under the directed global Markov property [174]. A distribution p(X), X = {X}aev, is
said to obey the directed global Markov property with respect to the directed graph G,
if X4l Xp|Xg whenever S d-separates A and B in G. It is a remarkable property of
the directed graphical models that such a global property can be shown to be equivalent
to a local one, directed local Markov property that is, each variable is independent of its

non-descendants given its parents [174]
Xoe—J-l—Xnd(a)|Xpa(a)‘ (260)

For example, X and Y in the left directed graphical model in Figure are independent due
to the above directed local Markov property 2.5.

Let us consider an ordering of the vertices V' such that each variable appears after its
parents, called a well-ordering or topological ordering. A well-ordering always exists [77].
Using a well-ordering of vertices and the local Markov property in Equation 2.60, we can
recursively factorize a distribution pg that is locally or globally Markov with respect to the
graph G, as follows:

p(;(X> = H p(Xa’Xpa(a))v (2'61)
acV

*We remind the reader that a path can go against the direction of arrows (cf. Section 2.7.1).
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which is called the directed factorization property. If we were to factorize pg according to
an ordering which is not topological, then the resulting factorization would not necessarily
be as sparse. Thus, a suitable ordering of vertices could be crucial for inferring models from
data. In addition, we note that the chain rule of probability which is true for any p is a
special case of the directed factorization in Equation 2.61, as any p is Markov with respect
to a complete graph (no two vertices are d-separated in a complete graph, and hence, no
conditional independence relationship is implied). The global and local Markov properties
and the directed factorization property in directed graphical models are equivalent without
any restriction on the random variable collection X or the probability distribution p. In

addition, the directed factorization property clarifies why directed cycles are not allowed.?

While the undirected and directed graphical models share the same inference routine, the
junction tree algorithm, the maximum likelihood parameter estimation of directed graphical
models is considerably easier. If the parameters 6, associated with each parent-to-child
conditional probability distribution p(Xa|Xpa(a)) in Equation 2.61 are independent of each
other, and the graphical model is completely observable, then the corresponding likelihood
function decomposes into vertex-dependent terms and parameters associated with vertex
can be separately estimated [66]. If there are hidden variables involved, the EM algorithm
can be used. In an EM algorithm for a directed graphical model, similar to the completely
observable case, the M-step (cf. Equation 2.16) is separately performed for each vertex-
dependent term, and the E-step consists of calculation of a posteriori probabilities over
hidden variables using, for example, the junction tree algorithm.

A directed model can be transformed into an undirected one through a procedure called
moralization, by adding undirected edges between all co-parents which are not connected
and dropping the directionality of arrows. Then, a pg factorizing with respect to the di-
rected graph G also factorizes with respect to its moral graph G™, because each vertex

and its parents in G constitute a complete subset in the moralized graph G™. However,

5If the directed cycles were allowed in a directed graphical model, the resulting factorization would
not correspond to a valid probability distribution for an arbitrary choice of parent-to-child conditional
probability distributions. For example, in a two-vertex graphical model with a cycle between vertices
1 and 2, the factorized distribution p(z1,22) = p1j2(x1|x2)papi (z2]21) is not, in general, a probability
distribution for arbitrary but valid distributions pyj2 and pj1 [54].
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Figure 2.6: An HMM as a directed graphical model.

the moralized graph G™ may not represent all of the conditional independencies in the
original graph G due to possible edge addition during moralization. Reciprocally, there are
undirected graphical models whose conditional independence cannot be completely repre-
sented by a directed graph. Neither formalism has more expressive power than the other
one. Decomposable models (to repeat, they are the undirected graphical models defined
over decomposable graphs, cf. Equation 2.58) lie at the intersection of the undirected and
directed models and can be represented by the either formalism. In addition, decomposable
graphs possess other advantages for parameter estimation and probabilistic inference, the
latter of which we will describe in the next section within the context of the junction tree
algorithm for probabilistic in generic graphical models.

We have seen in Section 2.7.2 an HMM can be represented as an undirected graphical
model that is also decomposable. Thus, an HMM could also be represented as directed

graphical model, and the HMM factorization,

T-1

p({St},{0}) = p(S0) p(O0|So) T p(StlSi-1) p(O]Sh),

t=1

immediately suggests the directed graphical model representation of an HMM in Figure 2.6.
Given that an HMM is decomposable and can be represented by either an undirected or
a directed factorization (Equations 2.59 and 2.34, respectively) is there any advantage to
the one over the other? The graph structure in a graphical model is only half of the
specification of a probability distribution. The other half is determined by the parent-to-
child conditional probability distributions p(Xa|Xpa(a)) in the directed models, and the
clique marginal probability distributions p(X¢) in decomposable models. Among these two

representations of HMMs, the directed parameterization is most convenient for representing
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HMMs with time-homogeneous state transitions, because the directed representation of
HMMs in Equation 2.34 is directly defined in terms of state transitions p(S;|S;—1)’s. On the
other hand, marginal probabilities for single and pairwise states, p(S;)’s and p(S;—1,S¢)’s
in the undirected representation Equation 2.59 are algebraically coupled to each other for a
time-homogeneous Markov chain. As a result, parameter estimation of a time-homogeneous
Markov chain via undirected parameterization is rather cumbersome (yet straightforward),

and the directed model formulation seems more convenient to work with.

2.7.4 Junction Tree Algorithm

The junction tree algorithm is an efficient exact inference algorithm for general directed
and undirected graphical models [77, 160, 76]. In typical applications of graphical models,
only some of the variables in the model are observed, and the others remain hidden. The
term probabilistic inference refers to, among other things, calculation of the marginal prob-
abilities of observed variables and the a posteriori probabilities and modes (the most-likely
configurations) of hidden variables given the observed ones. In Section 2.6, we have seen
that these problems are efficiently solved for HMMs by exploiting the independence as-
sumptions of HMMs in the forward-backward and the Viterbi algorithms (cf. Sections 2.6.1
and 2.6.2, respectively). The junction tree algorithm works similarly but for general directed
and undirected graphs. In the junction tree algorithm, one compiles the original graph into
a clique-tree data structure, and then performs local message passing operations over this
structure. In this section, we will review the junction tree algorithm for the directed mod-
els,® as it will be used for probabilistic inference of the models beyond HMMs of this thesis.
The kind of probabilistic inference we will be interested in is the inference in a directed
graphical model with hidden variables, where queries about hidden and observed variables
need to be answered given a configuration of observed variables.

The basic idea behind the junction tree algorithm is to convert the directed graphical
model into a decomposable one and then adjust the directed model parent-to-child condi-

tional probabilities in the directed factorization of Equation 2.61 to arrive at the decompos-

5The undirected case is identical except that the first step, in which a directed graph is converted into a
undirected one, is omitted.
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able graph factorization in Equation 2.58 in terms of clique and separator marginals. Once
this conversion is obtained, one can easily compute marginal probabilities for the observed
variables, or the a posteriori probabilities and the most likely configurations for the hidden
variables.

To convert a directed graph into a decomposable graph, we first transform it to an
undirected graph by moralization and then in turn transform this undirected graph into
a decomposable graph by triangulation. A directed graph is moralized by connecting all
co-parents which are not joined and dropping the directionality of arrows. As such, moral-
ization is unique. However, triangulation of an undirected graph where enough many edges
are added to the moralized graph so that there are no chordless cycles is trivially not unique.
Moralization and triangulation completes the graph operations necessary for converting the
directed graph into a decomposable graph. Notice that during this process, edges can only
be added and not deleted, and the directionality of arrows in the original graph is dropped.
As such, the path separation properties encoded in the resulting decomposable graph are a
subset of those in the original directed graph, and a probability distribution that is Markov
with respect to the original directed graph is necessarily Markov with respect to the re-
sulting undirected one, and we can obtain an undirected factorization with respect to the
resulting decomposable graph in terms of clique and separator potentials as follows. We set
all separator potentials to unity; and initialize all clique potentials to unity and then absorb
each parent-to-child conditional distribution by multiplication into a clique potential such
that the corresponding child and its parents live in that clique. At this stage, we have a
factorization over the decomposable graph, but the clique and separator potentials are not
equal to the clique and separator, respectively, marginals. The last step of the junction
tree algorithm is a local message passing procedure (similar to the forward and backward
recursion in the forward-backward algorithm of HMMs) between the neighboring cliques of
the triangulated graph to achieve such an equality. The message passing procedure modi-
fies the clique and separator potentials so that the clique and separator potentials become
equal to the corresponding marginal distributions, while preserving the global joint distri-
bution over the whole graph. The message passing is performed according to a protocol

on a junction tree, which is a spanning tree over the cliques with the running intersection
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property that if a vertex appears in two cliques, then it appears in every clique along the
path joining these two cliques in the clique tree [174]. The running intersection property
is essential for achieving global consistency by locally passing messages between cliques.
Depending on the type of messages exchanged, one can obtain either the marginal and a
posteriori probabilities for observed and hidden, respectively, variables, or the Viterbi (i.e.
most likely) configurations and probabilities for hidden variables. For a full description of
the junction tree algorithm and why it is correct, see, e.g. [160, 163]. For a running example
of the junction tree algorithm, see Figure 2.7.

To summarize, the junction tree algorithm consists of following steps [76]:

1. Add an undirected edge between co-parents which are not joined, and drop the direc-

tionality of arrows (moralization);

2. Add undirected edges to the moralized graph until there are no chordless cycles (tri-

angulation);

3. Find the cliques of the triangulated graph and organize them as a clique tree having

the running intersection property; and,

4. Perform a message passing procedure on the junction tree.

The computational cost of the junction tree algorithm is determined by the size of the
messages passed between the cliques, which is in turn determined by the total clique state-
space cardinality. Even though the moralization of a directed graph is unique, there are
potentially many different triangulations and junction trees for an undirected graph [10,
169]. Moreover, there is usually some flexibility associated with the assignments of the
parent-to-child conditional probabilities to the clique potentials after the moralization and
triangulation steps [22]. The choice of the triangulation, junction tree and clique potential
assignments can have a large impact on the computational efficiency of the junction tree
algorithm, and for best performance, these operations need to be optimized [22]. However,
dense graphs corresponding to complex models necessarily have large cliques, for which

the practical use of the junction tree algorithm could be limited, and one may need to
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(c) (d)

Figure 2.7: An illustration of the junction tree algorithm for the directed graphical in
Figure a. Corresponding moralized and triangulated graphs are shown in Figures b and c,
respectively. The new edges added during moralization and triangulation are shown in
dashes. Figure d illustrates one possible clique tree having the running intersection property
for the triangulated graph in Figure c. We denoted the cliques by ovals and clique separators
by squares in Figure d.
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resort to approximate inference techniques such as variational methods [161], or loopy belief

propagation [272].

2.8 DModel Selection

In almost any application involving statistical modeling from data, in particular statistical
pattern recognition, our scientific knowledge of the underlying physical phenomenon is lim-
ited, and hence, we rarely know exactly which model (i.e. classifier in pattern classification)
to use. There are usually a set of hypotheses which are determined based on a variety of
criteria such as prior knowledge, mathematical tractability, and computational feasibility.
Model selection refers to a data-driven choice among competing models in the absence of
any prior knowledge in favor of one model against the others. We assume no prior knowledge
other than that for constructing hypotheses, and under this assumption, no universal learn-
ing algorithm that is uniformly superior to any other method for any application exists (no
free lunch theorem [92]). As such, we need a scientific principle for comparing models, and
in almost all model selection algorithms, this principle is the preference for simple theories,
the so-called Occam’s razor [186]. The main motivation for this simplicity principle comes
from the fact that simple models are more likely to generalize to unseen data than the more
elaborate ones. As we will see shortly, there are a variety model selection criteria proposed
based on this principle. The problem of model selection is not confined to pattern classifi-
cation, but rather it appears in any task involving statistical data modeling, e.g. regression
and estimation. In this section, we will discuss model selection first from a general data
modeling perspective and then address particular issues pertaining to pattern classification.
Graphical modeling formalism is particularly appropriate for model comparison and search,
and we will pay special attention to the model selection for the directed graphical models.

Let us consider the following generic data modeling problem. We want to infer a prob-
ability distribution p from a data set of i.i.d samples of size N, X = {X3,...,Xn}. For
the time being, we leave aside the ultimate use of the inferred model p, e.g. classification
or regression, but we will latter focus on classification. In inferring p from X, two levels

of inference can be distinguished. At the first level, we assume a particular model for p
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and estimate its free parameters from data according to maximum likelihood, or some other
criteria. At the second level, we want to find out the best model among the hypotheses for
p [186]. This second level of inference is the model selection, and it concerns with any struc-
tural assumptions regarding the choice of p, whereas the first level of inference is concerned
with finding the optimal point within the assumed class of distributions. As such, the first
level of inference appears as a subroutine for the second level of inference. For parametric
modeling (as we will focus on), the first level of inference is parameter estimation as we
covered in Section 2.3. The second level of inference in parametric modeling concerns with
the choice of parametric family such as the diagonal vs. full covariance modeling in a multi-
variate Gaussian distribution, the number of mixture components of a mixture of Gaussians

model, or the graph dependency structure in a graphical model.

The fundamental problem in model selection is how to compare models with increasing
levels of complexity in terms of the number of their free parameters. Given two parametric
models Hy and Hi, where H; is a supermodel of Hg, when should we prefer the more
complex H; over the simpler Hy? Suppose that we estimate parameters of each model
according to maximum likelihood criterion, which is reasonable given that our aim, for the
time being, is modeling data. Let us call the resulting likelihood of data for the i-th model
by p(X|Hi,6:,,(X)), 0%,(X) denoting the corresponding maximum likelihood estimate. The
comparison of the likelihoods p(X |Ho, 97%) and p(X |H1, H}rzl) does not directly reveal any
preference for one model against the other, since under the ML estimation paradigm, H;
always gives a higher likelihood than any of its sub-models, in particular Hy. More complex
models can always fit the data better, i.e. have higher likelihoods, but they do not necessarily

generalize to unseen data. On the other hand, models with little modeling power might not

be sufficient for representing X and learning any interesting structure from data.

An insight into how generalization to unseen data depends on model complexity can be
gained from a bias-variance decomposition of the generalization error in regression using the
mean-squared error, but the conclusions are much more general. Suppose that we estimate

an unknown function f(z) by the regression g(z; X'), which is random in X with distribution
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px.” It can be shown that the mean-squared error at a particular point x, averaged over

data sets X' of the same size can be decomposed as follows [116]:

E,. (f(z) — g(x; X))* = (f(x) — Epg(x; X)) + vary, g(x; X) (2.62)

where the first term on the righthand side is the squared bias of the estimate g(x; X), and
the second term is its variance. Complex models can significantly reduce the bias term,
but they also tend to have large variance due to the fact that they can overfit to the noise
in the data, and their estimates g(z; X) can show a large variation across samples. For
a very complex model, the variance dominates the bias, resulting in high generalization
error. Thus, given two models which explain the training data equally well, one should
prefer the simpler model over the more complex one, since it is likely to have a lower
variance while having similar bias, and it can better generalize. This reasoning essentially
gives a quantification of Occam’s razor from a frequentist perspective (we will see another
interpretation of Occam’s razor from Bayesian perspective in Section 2.8.4). For a given
training data size, there usually exists an optimal balance between the estimation bias and
variance achieving the lowest generalization error, and finding the model with complexity
achieving this balance is the goal of model selection [116, 45].

There are a variety of criteria proposed in the literature for evaluating the fit to data
for model selection. As we will first focus on generic data modeling, we will evaluate the
fit to data by likelihood. A complex model always gives a higher likelihood than a simpler
one, and a direct comparison of likelihoods from different models does not take into account
the fact that their parameters are estimated on the same data set and the variance of
point estimation. There are a number of solutions proposed for meaningful comparison of
likelihoods by taking the model complexity into account. An obvious solution is to compare
the likelihoods on a different data set, which is the cross-validation solution. The likelihood-
ratio tests and penalized likelihood methods such as minimum description length penalizes
models according to their number of free parameters. On the other hand, the Bayesian

estimation framework avoids point estimates and provides an autonomous mechanism for

"The distribution px is given by px(X1,...,Xn) = vazl px (X;), assuming i.i.d. samples from the
distribution px.



65

incorporating Occam’s razor. We will review these four solutions then focus on a particular
type of model selection problem, graph dependency structure selection for directed graphical
models, and finish with a discussion of model selection for pattern classification and specific

issues involved there.

2.8.1 Cross-validation

In leave-one-out cross-validation, we first train a model using all training samples but one,
say the I-th, X_; = {X1,..., X;_1, X;+1, X~ }, and use the estimated model to predict the
omitted sample, p(X;|H, 0, (D—;)). We then repeat this procedure for all samples and

obtain the cross-validation likelihood score [142]:

N
CV(X,H) = log p(Xi|H, Onu (X)),

n=1

according to which models are compared. Cross-validation avoids the problem of double
inference on the same data set to some extent, but it is costly due to the fact multiple

models need to be estimated.

2.8.2 Likelihood-Ratio Testing

The most common solution to model selection in the mainstream statistics is the likelihood-
ratio testing. A likelihood-ratio test is a statistical test of goodness-of-fit between models
which are hierarchically nested [43]. A more complex model always gives a higher likelihood
than a simpler one, but the likelihood increase might not be justifiable in terms of the
additional number of parameters in the more complex model. The likelihood-ratio tests
provide an objective function for quantification of the significance of the likelihood increase.
Suppose that we want to test the hypothesis H; against the null hypothesis Hg, which is a
submodel of H;. First, we construct the likelihood-ratio test statistic based on the sample
X =x [31],

p(X = x[Ho, 05,(x))
p(X = x|H;, G}nl(x)) ’

A(x) =
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which is always less than or equal to unity. Next, we evaluate the probability of A(X’) being

as extreme as the observed statistics A(x) under the null hypothesis Hy:
p = px (M(X) < Ax)[Ho, O(x)) , (2.63)

small values of which provide evidence against the null hypothesis Hgy, and we reject it at
the significance level «, if p < a. The typical significance values used in practice are 0.05 or
0.01. The calculation of the exact p-value in Equation 2.63 can be difficult, but, for large

sample sizes, it can be approximated by

p(x7 = —2log A(x))

where 7 is the number of additional parameters in 1 over Hy, and x? denotes a chi-squared

random variable with r degrees of freedom [31, 264].

2.8.3 Minimum Description Length

A conceptually different view of model complexity is provided by the minimum description
length (MDL) principle [233]. Consider the following thought experiment. We want to
transmit the data X to a receiver over a communication channel using the shortest message
possible. We could directly transmit the data itself by using a fixed coding scheme, but the
statistical regularities in the source that generated X can be used to considerably reduce
the message length by using a code in which the shorter codewords are allocated to the
most likely sequences and the longer codewords to the unlikely ones. To construct such a
code, we need a probabilistic model of the source, for which we can use a model H that
we have inferred from the data X. Given H, we can use the following two-stage coding
scheme to transmit X. First we transmit the model H to the sender and then transmit the
codeword for X in the code based on H. Since the receiver has received the model H and
hence knows the code, it can decode the codeword that we sent for X to recover the data
X. Overall, the total message length that we used to transmit X is the sum of that for the
data X, L(X|H), and that for the model H, L(H):

description length = L(X|H) + L(H).
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Let us now quantify these two message lengths.

In information theory, the optimal number of bits necessary for encoding a discrete
sample z € X with distribution p is given by — log, p(x) bits. Thus, in the code constructed
for X as if H were to the true distribution, the message length for X is —log, p(X|H), which
is optimal, if H is actually the true generating distribution. For continuous X, the precision
60X at which X is specified is immaterial for model comparison purposes, as the message
length for recovering X at precision 60X would be —logy (60X - p(X|H)), which differs from
—logy, p(X|H) by a constant for any model H.

Encoding the model H is more cumbersome [134], but for models that live in the same
superfamily such as Gaussian covariance models, the message lengths for alternative models
differ only in the number of bits needed to specify their nonzero parameters and which pa-
rameters are nonzero. We assume that parameters are continuous valued. We noted before
that the precision at which the continuous data is encoded is immaterial for model compar-
ison purposes, but the precision at which the parameters are specified obviously matters.
Under the model correctness assumption, the standard derivation of the maximum likeli-
hood estimate of a parameter is asymptotically proportional to 1/v/N, as such specifying
the parameters only up to this precision can be justified [31]. Thus, the model description

length is equal to, up to an irrelevant constant,
k
L(H) = —5 logy N

where k is the total number of parameters of the model H.
Putting together the description lengths of the model and the data given model, we find
that the total number of bits in the two-stage coding scheme to encode the data X is given

by [45]
_ k
description length = —logy p(X|H, 0,1) — 3 log, T (2.64)

(To be strict, we should use the discretized parameters in the calculating likelihood above,
but for smooth likelihood functions, the approximation is justified.) We can see that the
description length that we arrived above is essentially the likelihood function with a penalty

term and offers a objective function for comparing alternative model hypotheses. In practice,
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the penalty term is often multiplied by a “tweak” factor to get good results, especially if
comparing different kinds of structural changes such as covariance structure vs. number of

mixture components in a Gaussian mixture model.

The description length in Equation 2.64 has a strong flavor of Occam’s razor. Complex
models can reduce the first term on the righthand side of Equation 2.64 with their higher
likelihoods, but they also incur a penalty for their high number of parameters via the second
term, and vice versa for the simpler models. The optimal model according to the minimum
description length principle is the one that strikes a balance between its complexity and

accuracy of predictions.

The MDL principle is identical to the Bayesian information criterion [245], even though
the latter is derived as an asymptotic approximation to the Bayesian integrated log-likelihood
or the evidence, which we will define in the next section. The MDL is also similar to the
Akaike information criterion [92] in form, which is derived from yet different considerations

but differs from the description length in Equation 2.64 only in the complexity penalty term.

2.8.4 Bayesian Model Selection

We have noted before that there are two levels of inference in estimating a probability distri-
bution from data. At the first level, we fit a chosen model to data (parameter estimation),
and at the second level, we compare alternative model hypotheses (model selection) [186].
Up to now, we have focused on maximum likelihood methods which try to find the single
most likely setting of parameters at the first level of inference and compares models based on
this setting of parameters at the second level of inference. An implication of this approach
was that complex models always fit the data better; the likelihood by itself is not useful
for model comparison; and we need to resort to modified likelihood criteria such as cross-
validation and penalized likelihood. On the other hand, the Bayesian approach offers quite
a different view of statistical inference. Instead of adhering to a single most likely setting of
parameters, the Bayesian approach treats the parameters as well as the model as random
variables, and the Bayesian’s subjective belief about their values is specified by a priori

distributions. The predictions in the Bayesian approach are not based on a single setting
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of parameters but rather an ensemble of them, each weighted by its probability given all
the information available. Before we observe any data, our initial belief for the parameters
of the model H is given by the a priori distribution p(f|H), which is usually wide and flat.
After observing the data X, we update our initial belief to the a posteriori distribution,
p(0|X,’H), which is much narrower and peaky due to the fact that not all parameter values
are as likely any more in the light of the observed evidence [185].

The first level of inference, namely model fitting, from a strict Bayesian perspective is
simply the evaluation of the a posteriori distribution of parameters, p(6|X', H), which is all

that is needed for predicting a new sample X [186, 45]:
pX1X. ) = [ p(X16.H)pl61¢, ) do

which is usually difficult to compute, but if the sample size is large and the a posteriori
distribution p(6|X, H) is unimodal, then the a posteriori distribution is highly concentrated
around its maximum value attained at fpap; and the above integral can be approximated

by p(X|0map, H). The maximum a posteriori parameters (MAP) 6y, is given by
Omap = argmax {logp(X|0,H)+logp(0|H)}. (2.65)
0

As the amount of data increases, the first term on the righthand side of Equation 2.65
(which is the likelihood function) dominates, and the MAP estimate collapses with the ML
estimate. Hence, for large sample sizes, the Bayesian approach does not differ much from
the maximum likelihood approach in the first level of inference.

In contrast, in the second level of inference, the Bayesian approach treats the model
hypothesis as random as well, where we want to find the most plausible model based on the

evidence X. The a posteriori probability of each model is given by
p(H|X) o« p(X[H) p(H)

where p(X|H) is called the evidence for the model H, and p(H) is the a priori probability
of the model H. If we assume equal a priori probabilities for models, then the models are
evaluated purely based on their evidence. Now, the question that we are interested in is

whether the Bayesian evidence is a sensible metric for model comparison, and whether it
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has a self-mechanism for incorporating Occam’s razor and complexity regularization. The
evidence p(X|H) for the model H is obtained by integrating the likelihood function p(X6, H)

over all parameter settings:
PP = [ p(X16.) p(oIH) b (2.66)

As we have noted before, the integrand in Equation 2.66 is usually difficult to compute,
but it can be approximated by Laplace’s method [186] around its maximum at €y,p, again
assuming that the a posteriori distribution p(6|X, H) is unimodal. In addition, if we assume
that the a priori distribution of parameters 6 is Gaussian with covariance matrix 3, then

the evidence in Equation 2.66 can be approximated by, up to a constant factor, [186]

|Sg |/

p(X|H) < p(X|Omap, H) W

(2.67)

where Y|y is the covariance matrix of the a posteriori distribution of parameters ¢, coming

-1
0:9map >

The second factor on the righthand side of Equation 2.67 is called Occam factor, and

from Laplace’s method:

[ 9*logp(X,0/H)
Dol = |~ 00 00T

it can be interpreted as the ratio of the posterior volume of the parameters to their prior
volume. This factor automatically incorporates Occam’s razor, and it is always less than
or equal to one.® As the number of parameters increases we expect Occam factor to get
exponentially smaller, which is most easily seen for a parameter vector with a spherical
covariance matrix. As such, a complex model with too many parameters is likely to have a
smaller Occam factor than a model with fewer parameters, and Occam factor works in the
opposite direction of likelihood in Equation 2.67 to penalize complex models. Moreover, the
Occam factor also penalizes models which need to be finely tuned, i.e. small |¥g x|, and the
Bayesian evidence in Equation 2.66 is, to some extent, robust to overfitting as well.

To recap, we can write the Bayesian evidence p(X|H) as the product of the two terms,

likelihood and Occam factor,

evidence =~ likelihood x Occam factor

8The fact that Occam factor is always less than or equal to one follows from [Sg x| < |Zp| under the
aforementioned Gaussianity assumptions.
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and the most plausible model in the evidence framework is determined by a trade-off between
the fit to data (likelihood) and model complexity (Occam factor). Even though the Bayesian
approach provides a unified, self-consistent framework for statistical inference from data,
it will not be employed in this thesis, mainly due to the fact it is computationally very
expensive to perform necessary calculations (even the approximations in Equation 2.66) for

the kind of models considered in this work, involving millions of parameters.

2.8.5 Model Selection for Graphical Models

Graphical modeling is an approach to modeling of multivariate probability distributions
with the aid of graphs, and there are a number of model selection problems to be consid-
ered for graphical models. A graphical model consists of two parts, graph structure and
local kernels defined over the graph (cf. Section 2.7). The graph structure in a graphical
model encodes conditional independence relationships to be obeyed in the resulting model,
and a factorization in terms of locally defined kernels over the graph (clique potentials
indirected models, and parent-to-child conditional probability tables in directed models)
allows us to specify a joint probability distribution consistent with these independence re-
lationships. There exist model selection problems pertaining to each part. The selection of
an appropriate graph dependency structure that is consistent with the data is the natural
model selection problem to be considered for graphical models [264, 142, 56]. Given a graph
structure, the particular implementation (such as the parametric form) of the kernels of the
graphical model is another model selection problem. In the context of hidden variable mod-
eling, the discovery of hidden variables is also a model selection problem, which can have a
large impact on the accuracy, and computational and statistical efficiency of the resulting
models. In this section, we will only focus on the graph dependency structure selection
for graphical models, not only because of their central role in graphical modeling but also
the use of graphs is the distinguishing aspect of graphical modeling formalism from other
modeling formalisms. As with our discussion of model selection in the previous sections, we
will discuss the structure selection for graphical from a general data modeling perspective,

where the goal is to find a model with optimal trade-off between the fit to data and model
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complexity. Previous work in structure selection for pattern classification will be reviewed
in Chapter 5 within the context of our work for that purpose. We will only consider di-
rected graphical models, and to simplify the presentation of key issues involved in the graph
structure selection, we will assume that no hidden variables are involved; straightforward
extensions and additional factors that need to be considered for the hidden variable case
will be mentioned at the end.

A directed graphical model pg g over variables X is a pair (G, §) where G = (V, E) is a
directed acyclic graph with vertices V' and edges E, and 6 = {0, }acv denotes the param-
eters associated with parent-to-child conditional probability distributions in the directed
factorization with respect to G:

pao(X) = [ oo (XalXpaga))- (2.68)

acV

The conditional probability distributions pg, (Xa|Xpa(a)) can be chosen to be of some para-
metric form such as linear conditional Gaussian, multinomial, or logistic regression depend-
ing on the types of variables involved. The missing edges in G encode conditional indepen-
dence relationships, and as such, we interpret directed graphs only as independence maps
for modeling purposes and do not attribute any formal causal semantics to them. Graphical
models are particularly appropriate for dependence modeling, as they naturally deal with
the fundamental issue of model complexity [162]. Roughly speaking, sparse graphs with
fewer edges have fewer parameters than their more complex counterparts, and according
to Occam’s razor, the goal in graph dependency structure selection for graphical models
is to choose graphs as sparse as possible. Interestingly, minimizing graph complexity in
graphical models for model selection purposes can also be motivated from another princi-
ple, that of computational efficiency, as we have seen in Section 2.7.4 that sparse graphs
generally lead to faster probabilistic inference. It is a remarkable property of the graphical
models that they embody two quite different measures of complexity, model complexity and
computational complexity, in a single object, the graph.

As mentioned above, the goal in structure selection for graphical models is to find the
least-complex graph structure G such that when its associated parameters 0 are estimated,

the resulting distribution pg ¢ is optimal for a specific task such as pattern classification or
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regression [142, 56]. Thus, whenever we evaluate a graph structure, we actually evaluate
a particular implementation in the family of distributions that is consistent with the inde-
pendence assumptions encoded by the chosen graph structure. Hence, we implicitly assume
a parameter estimation method, which is invoked every time we examine a new graph.
Parameter estimation does not have to use the same criterion that we use for structure
selection. Except in the Bayesian approach, parameter estimation is usually done accord-
ing to the maximum likelihood criterion, mainly due to its simplicity and mathematical
tractability as closed-form solutions exist in many important cases such as the exponential
family. In addition, the joint likelihood function of a graphical model decomposes into local,
vertex-dependent terms (cf. Section 2.7.3) which, as we will see, makes the graph structure
search significantly simpler.

There are two main approaches to the learning structure of graphical models for data
modeling purposes: those based on conditional independence tests, and those based on
graph scoring functions [65]. In the conditional independence testing approach, one tries to
find a graph structure that is consistent with dependence and independence relationships
induced from data, usually based on the estimates of various mutual information quantities
between groups of variables [258]. In the scoring approach, one tries to find a graph structure
which optimizes an objective function in some class of graphs such as trees. The scoring
approach to structure selection that we will focus on has two components: determination of
a sound criterion for the fit to data and complexity regularization, and an implementation
of the search for the best scoring graph according to this criterion.

In scoring-function-based structure selection, a graph is evaluated based on the score
that the graphical model associated with that graph receives, when the parameters of that
model are estimated. Except Bayesian methods, the parameter estimation is almost always
done according to the maximum likelihood criterion. All of the model selection criteria that
we have previously introduced in this section (namely, cross-validation likelihood, likelihood-
ratio testing, minimum description length, and Bayesian evidence) can be used as the scoring
function for the structure selection with motivations similar to those in their inceptions, see
e.g. [141, 110]. A desirable property of a graph scoring function is that it be decomposable

into terms that locally depend on the graph and the data. For example, under maximum
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likelihood parameter estimation assumption, the likelihood function of a directed graph G
based on the data X, £(X;G), can be written as a sum of terms, each of which is only a
function of a vertex and its parents and the corresponding data [66]:

L(X;6) = la(Xaupa(a)) (2.69)

acV

where X4 denotes the subset of X' corresponding to the vertices A, and lo(Xaupa(a)) de-
notes the likelihood function corresponding to the conditional distribution pg, (Xa|Xpa(a))
(cf. Equation 2.68). Decomposability is useful for structure selection, because it allows the
use of local search algorithms during structure search. For example, if we were to compare
two structures G and G’ which differ only in the parent sets of a vertex «, then we only
need to compare the term [, (X,upa(@)) in Equation 2.69, corresponding to these two struc-
tures. Similar to the likelihood function in Equation 2.69, the total number of parameters
in a directed model decomposes into vertex-based terms under the parameter independence
assumption, and as such, the minimum description length is decomposable [111]. Surpris-
ingly, the Bayesian evidence is decomposable too, if one uses conjugate a priori parameter
distributions for the conditional distributions p(X,|Xpa) [142]. However, cross-validation
likelihood is not decomposable, and it has not been a popular scoring function for structure
selection.

The second component of the scoring-function-based structure selection is a search al-
gorithm for finding the best-scoring graph in some class of graphs. Apart from some special
classes of graphs such as trees [71], there is not any known analytic method other than com-
plete enumeration for finding the optimal graph. However, enumeration is not an option,
as there exists exponentially many graphs over a given number of vertices (2(3) undirected
graphs and between 2(3) and 3(3) directed graphs over n vertices). This fact holds true
even for very limited classes of graphs, for example, there are n"~2 undirected trees over
n vertices [59]. In addition, there are a myriad of negative results showing that finding
the optimal graph in general directed graphs, or even in restricted classes such as trees
with treewidth more than one (treewidth one corresponds to the regular trees [138]) is NP-
complete [67]. An exception to these negative results is [71], where it was shown that a tree

structure achieving the highest likelihood can be found by the maximum weight spanning
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tree algorithm [74] with edge weights being equal to pairwise mutual information between
variables at the two ends of each edge. More recently in [253, 201], efficient, polynomial
time approximation algorithms for finding the maximum likelihood structure in bounded-
treewidth graphical models have been developed. However, for general graphs, one usually
needs to use a heuristic to explore the space of graphs to find a good approximation to the
optimal graph. A popular search method is the greedy search over the space of graphs by
local moves, such as edge addition, deletion, and reversal. However, such a greedy search
can easily stuck at a local maximum, and instead, simulated annealing or Markov Chain
Monte Carlo methods can be used to escape from the local maxima [51]. Likelihood-ratio
tests (cf. Section 2.8.2) can also be used in a hierarchical structure search from one graphical
model to another by edge additions and deletions (no edge reversals since the likelihood-
ratio testing is only applicable to hierarchically nested models) [264]. At each step of the
search, a proposal for edge addition or deletion is made, and this proposal is accepted only if
the resulting increase or decrease in the likelihood is statistically significant. Such a search
is usually performed in two phases. Starting from an empty graph, one first selects as many
edges as possible in a forward selection phase, which are then pruned away in a backward
elimination phase [264].

There are a couple of extensions to the methods described above. First, we have only
considered structure selection for completely observed graphical models. The extension to
the partially observed models can be achieved via the use of EM-type algorithms. Second,
the hidden variable discovery in graphical models is a much more difficult model selection
problem than the structure selection for partially observed graphical models where unob-
served variables are known, and they are simply not observed, see e.g. [97, 96]. Third, in
the structure search, we regarded directed graphical models with different graph structures
as different models, but this is not exactly correct. All directed graphs with the same undi-
rected skeleton and the v-structures (o — 7 « (3 with no edge between a and [3) encode
exactly the same set of independence relationships and are equivalent to each other. Thus,
once a suitable parameterization is chosen, all directed graphs in the same equivalence class
can produce exactly the same multivariate probability distribution in their graphical mod-

els [65]. As a result, it can be argued that searching over the space of equivalence classes
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is a more sound approach [112], but such a search does not offer any significant computa-
tional advantage over the search over the space of directed graphs given that the number of

equivalence classes is only about a quarter of the number of unique directed graphs [123].

2.8.6 Model Selection for Pattern Classification

Up to now we have considered model selection from a general density estimation standpoint
without any special attention to the ultimate use of the estimated distributions. Under the
infinite data and model correctness assumptions, estimated distributions should converge
to true generating distributions of data from which their models are inferred, and thus,
they will optimal for any application. However, neither assumption holds in practice; we
always work with a limited amount of training data; and, the models that we consider
are partially motivated from their mathematical tractability instead of a strict adherence
to model correctness and accuracy. As a result, it is often advantageous to consider the
model selection criteria tailored towards a particular task, and in this section we will do
this for pattern classification. We will first revisit the bias-variance trade-off discussion
in Section 2.8 for the 0/1 cost in pattern classification and then consider model selection
criteria that are more indicative of the classification performance.

In Section 2.8 we have seen that the generalization error for the mean-squared cost

decomposes as

Ep, (f(z) — g(z;X))* = (f(2) — Bpyg(z; X)) + var,, g(z; X) (2.70)

where the function f(z) is estimated by the regression g(z;X’) using data X'. The mean-
squared error is appropriate for regression, but the performance in a pattern classification
task is usually measured by the 0/1 classification cost for which a more direct bias-variance
decomposition can be obtained as follows. The analysis below is mostly based on [109]
and [92].

Consider the following binary classification problem. We want to predict class C' € {0,1}
from features X. Let us denote the optimal Bayes decision rule at a point (C' = ¢, X = ) by
a*(z) and define f(z) = p(C = 1|X = z). Using a data set X', we also devise a classification
rule a(z; X) based on our estimate g(x; X) of the class a posteriori probability f(x). We
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have

o ()

{f(z) = 1/2},
a(; X) = 1{g(z; X) >1/2}.

Now, it is straightforward to show that 0/1 generalization error of the classifier g(-; X') at

the point = when averaged over all possible data sets X can be decomposed as [109, 92]

EpX,C [1{O‘($;X) %+ C}|X = ."L‘] —

p(C# (@)X =z) + [2f(x) = 1| px (a2;X) # " (2)[X =) (2.71)

where the expectation is with respect to X and C. The first term in Equation 2.71 is
the minimum classification error of the optimal decision rule and represents the intrinsic
irreducible error in classifying x. The second term in Equation 2.71 is due to the boundary

px (a(z; X) # o’ (z)| X = z) (2.72)

for using a suboptimal classification rule a(x; X) instead of the Bayes classification rule
a*(z). The generalization error in Equation 2.71 can be potentially reduced by using more
accurate models so that the boundary error is small. It is not possible, in general, to express
the boundary error only in terms its first two moments, as we did for the mean-squared loss,
but we can gain some insight into the boundary error for the case where we can approximate
g(z; X) as a Gaussian? [109, 92]. Using this Gaussianity assumption, the boundary error

can be approximated as [109, 92]

(2.73)

b (ala: ) £ " (@)X =) ~ 0 (sign (7(0) — 1/2) ZHEED 2

var), g(z; X)

where ®(z) is the tail area of the normalized Gaussian random variable:

1 > 22
D(z) = Ner exp| —— dz.

9Such a Gaussian approximation may not always be justifiable, especially for small sample sizes. See [109]
for more about this asymptotic approximation.
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A comparison of the decompositions in Equations 2.70 and 2.71 reveals that the esti-
mation bias and variance affect the mean-squared and 0/1 loss functions quite differently.
In Equation 2.70, the errors due to estimation bias and variance additively contribute to
the mean-squared generalization error in Equation 2.70, and one needs to reduce both bias
and variance for small generalization error. In general, one cannot indefinitely trade-off
variance for bias in regression, and they are both important. On the other hand, we find
from Equations 2.71 and 2.73 that the 0/1 generalization error depends on the bias and
variance of estimate g(-; X') via the term

Epg(z; X) —1/2

var,, g(z; X)

sign (f(z) — 1/2) (2.74)

which depends on f(x) only through the sign of f(x) — 1/2, indicating the Bayes optimal
classification (+1 if a*(z) = 1 and —1 if a*(x) = 0). The 0/1 generalization error decreases
while the quantity in Equation 2.74 increases (cf. Equation 2.73). Thus, at a given level of
variance var,, g(z; X), the 0/1 generalization error decreases with increasing E,, g(z; X) —
1/2 as long as the plug-in classifier based on g(x; X) on average makes the same classification
decisions as the optimal classifier (because then, the signs of f(z)—1/2 and E,, g(x; X')—1/2
agree). Increasing E,,g(x;X) — 1/2 corresponds to the case that the class a posteriori
estimates are as highly skewed as possible and far from uniform, which can potentially
increase the estimation bias f(z) — E,,g(x; X). On the other hand, the boundary error
decreases with decreasing variance, if the plug-in classifier agrees with the Bayes classifier
on average, but otherwise it increases with decreasing variance. In general, there is a strong
nonlinear and discontinuous interaction effect in how E,, g(x; X') and var, g(z; X) affect
the 0/1 generalization error, and each term can, to some extent, mitigate the adverse effect
of the other one. In addition, reduced bias or variance does not necessarily lead to smaller
0/1 generalization error, which is unlike the mean-squared generalization error. It can be
argued that the variance tends to dominate the bias for classification, if the bias is small
enough, because the classification error does not directly depend on bias but does directly
depend on variance; and because, the boundary error can be reduced by modifying the
variance alone. Such a nonlinear interaction of bias and variance for the 0/1 cost is unlike

the mean-squared loss where the errors due to estimation bias and variance are additive.
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We note that the above analysis is based on a Gaussian approximation in Equation 2.73,
but the general conclusions below are expected to hold, to some extent, for all classifiers
[109].

First, the probable dominance of the estimation variance over the estimation bias justifies
the practical success of simple classifiers such as the naive Bayes classifier over more complex
ones. Even though a simple classifier may not provide a good estimate of the class a
posteriori estimates (and hence have high estimation bias), they generally have a lower
variance of estimation due to the fewer number of parameters that they contain, providing
extra motivation for simple classifiers in addition to Occam’s razor. Yet, a classifier which is
too simple with large estimation bias will result in a large classification error. As a result, we
again need to balance model complexity against accuracy, arguably with a tilt towards lower
complexity in classification tasks. Second, the advantage of reduced variance in classification
also justifies the success of variance-reducing estimation methods in classification such as
bagging and boosting, where predictions of many simple classifiers are pooled together.

The model selection criteria (cross-validation, penalized likelihood, etc.) that we have
previously introduced for generic data modeling can also be used in pattern classification
problems for choosing generative models, p(C, X), which are then used as plug-in classi-
fiers (cf. Equation 2.3). These criteria are derived from the joint likelihood function based
on p(C, X). However, as we have argued in Section 2.3, the joint likelihood function ranks
models based on how well they describe data and not how well they predict class labels from
features. As such, the joint likelihood function as parameter estimation or model selection
criterion might not be ideal for pattern classification tasks. On the other hand, the condi-
tional likelihood function optimizes the predictive probabilities p(C|X) according to which
classification decisions in the plug-in classifier are made, and it might be more suitable for
model selection in pattern classification. Conditional likelihood criterion essentially mea-
sures how well the class a posteriori probabilities from a proposed model approximates the
empirical class a posteriori probabilities observed in the training data (cf. Equation 2.80),
and as such, the goal of conditional likelihood maximization is, roughly speaking, to reduce
the estimation bias (f(x)—g(z; X') in our binary classification problem above). As compared

to the likelihood-based methods, conditional-likelihood-based model selection is computa-
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tionally more expensive (similar to the case in parameter estimation, cf. Section 2.3). For
example, we discussed in Section 2.8.5 that the graph decomposability of a scoring function
is particularly convenient for local search algorithms for learning the structure of graphical
models. However, apart from trivial cases, conditional likelihood function for a graphi-
cal model is not decomposable, even if the graph G is very sparse, and local changes on
the graph have effects propagating through the whole graph on the conditional likelihood
function. Overall, conditional likelihood function is mathematically more tractable than
empirical classification error, and in this sense, it is a trade-off between task specificity and

mathematical tractability for pattern classification.

We conclude this section with a few comments. First, our discussion of the bias-variance
dilemma for the classification error rate yielded that estimation bias only indirectly affects
the 0/1 generalization error and in general, accurate estimation of the predictive probabili-
ties are not necessary. In this sense, distribution-free approaches such as neural networks [45]
and support vector machines [57] might be more effective, but as we have discussed in Sec-
tion 2.2, the purely discriminative approach does not enjoy many flexibilities of the gen-
erative approach such as handling of missing data, incorporation of prior knowledge into
the classifier design, and confidence estimation. Second, our discussion of model selection
for pattern classification is mainly based on the 0/1 classification cost. However, classifier
confidence is also an important factor for real-world applications, where a classifier is used
as an aide to a human, for example, for transcribing speech, or for detecting user frustration
in automatic dialog management systems and call routing. A classifier assigning high class
a posteriori probabilities to incorrect decisions is less confident than the one assigning low
a posteriori class probabilities. As compared to classification accuracy, classifier confidence
is a gradient measure of correctness of classifier decisions, and good confidence estimation
essentially requires small estimation bias in p(C|X). As such, reducing estimation bias is
also important for some pattern classification problems, for which the conditional likelihood

function as a model selection criterion could be particularly helpful.
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2.9 Information Theory

In this section, we will review the key information-theoretic quantities that will appear in
later chapters. For a thorough introduction to information theory see, e.g. [75].

Information theory was originally formulated by Shannon in the context of communi-
cation theory [247], but as far as we shall be concerned with, it is a mathematical theory
for formalizing our intuitive notions about information and uncertainty in any statistical
system of observations [171]. How much uncertainty does there exist in the outcome of a
random event? How much information does one event contain about the other? How much
can we infer about a stochastic system from its observations? Information theory quantifies
answers to these and many other problems in information processing.

Entropy is the fundamental measure of content of information. Suppose that we have
observed the outcome of an experiment, as specified by a random variable X € X with dis-
tribution p. How much information does there exist in the outcome X = z? In information
theory, the information content of the observation X = z is quantified as —logp(X = z),
which is consistent with the intuition that the more improbable an event is the higher the in-

formation. Entropy H of the random variable X is defined as the expected self-information:

H(X) = —-E[logp(X)]. (2.75)
If X is discrete valued, then
H(X)=-> p(X ==z) logp(X = x). (2.76)
zeX

For zero probabilities, we use the standard convention 0-log 0 = 0. The definition of entropy
in Equation 2.75 is general and applies to random vectors, let them be discrete, continuous
or mixed of the two kinds. For example, the joint entropy of two discrete random variables
X eXandY €Y is given by

HXY)=-Y ) p(X =z, =y) logp(X =z,Y =y).
zeXyeY

Similarly, the entropy of a d-dimensional Gaussian random vector with covariance matrix

> is given by

H(X)= %log((2w)d|2\). (2.77)
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Entropy does not depend on the sample space, and it is only a property of the distribu-
tion. As such, we will usually write H(p) to emphasize the distribution p that it corresponds
to. If the base of the logarithm is 2, then entropy is measured in bits. Entropy can be ax-
iomatically derived by specifying certain properties that the entropy of a random variable
should satisfy [4]. Alternatively, it can be shown that entropy of a random variable when
measured in bits, is equal to the minimum expected number of binary questions necessary
to determine the value of discrete X. (A binary question is a question with a yes or no
answer such as “is X = a?”, or “is X € A?".)

It is easy to show that the discrete entropy satisfies
0 < H(X) < log|X]

where the upper and lower bounds are attained for degenerate (with probability one for
some sample value) and uniform, respectively, random variables. However, the continuous
entropy does not subsume any bounds, as it can easily be seen from Equation 2.77 for the
entropy of a Gaussian vector.

We can also talk about information contained in one random variable Y about another
variable X, which we will assume to be discrete-valued for simplicity. The extensions of the
definitions below for discrete random variables to continuous or hybrid random variables and
vectors are obvious by replacing summations with appropriate operators. The conditional
entropy of X given the observation Y = y is defined similarly to the unconditional entropy

in Equation 2.76 but by using the conditional distribution p(X|Y = y):

HX|Y =y)= =) p(X =z|Y =y) logp(X = z|Y =y),
zeX

which can be interpreted as the amount of uncertainty left in the outcome of the experiment
that X corresponds to, given that we know that the outcome of the experiment that Y
corresponds to is y. The conditional entropy of X given Y is then defined as the average of

such conditional entropies for each Y = y:

HX|Y)==) pY =y) HX|Y =y).
yeY
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We intuitively expect that conditioning on another variable Y should decrease the uncer-

tainty in X, and indeed it holds that
H(X|Y) < H(X) (2.78)
with equality only if X and Y are independent. Moreover, it is easy to show that
HX,)Y)=H(Y)+ H(X|Y)

using the chain rule of probability.
The decrease in the entropy of X due to knowing Y can be interpreted as the information

that Y conveys about X, and we define the mutual information between X and Y as

I(X;Y) = H(X)- HX|Y)
g (10 PY1D)
= Ep<l g o) ) (2.79)

which is always nonnegative due to the inequality in Equation 2.78 and zero only if X and Y

are independent of each other. Mutual information I(X;Y’) is symmetric in its arguments
and can be interpreted as, roughly speaking, a measure of correlation. Unlike the other
measures of dependence defined for specific cases such as the correlation coefficient between
two continuous variables and the odds ratio between two discrete variables, mutual infor-
mation provides a univariate quantification of dependence between discrete or continuous
or hybrid random variables or vectors.

We define conditional mutual information I(X;Y|Z) analogous to the way we defined

conditional entropy, using conditional distributions:
I(X;Y|Z=2)=H(X|Z=2)—-HX|Y,Z =2)
and

I(X;Y(2)=) p(Z I(X;Y|Z = 2).
2€EZ

Similar to the mutual information, conditional mutual information I(X;Y|Z) is always

nonnegative and zero only if X and Y are conditionally independent of each other given
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Z. Roughly speaking, the conditional mutual information I(X;Y|Z) measures how much
information X and Y contain about each other given that Z is known.

We define the relative entropy between two distributions p and ¢ as

D (p(X) || (X)) = B, (l‘)gi;?)

which is also called information divergence, or Kullback-Leibler divergence or distance (KL
distance or divergence). However, the relative entropy is not a valid distance measure, as it
is not symmetric in p and ¢, but it is nonnegative D (p [l q) > 0 with equality only if p = ¢. It
can be shown that mutual information between X and Y is conveniently equal to the relative
entropy between p(X,Y’) and the independence distribution ¢(X,Y) = p(X) q(Y), which
is conceptually helpful. The conditional relative entropy between conditional distributions
p(X|Y) and ¢(X|Y) is similarly defined as

p(X =z|Y =y)
(X =zlY =y)

D(pX|Y) || ¢(X|Y)) =) p(Y =y) > p(X =2V =y) log

yeyY zeX
Notice that p(Y = y) is implicit in the notation D (p(X|Y) || ¢(X]Y)).
The relative entropy D(p || ¢) can be interpreted as the mean information in favor of p

against ¢ per observation from p. In this sense, the relative entropy is closely related to the

significance level in a likelihood-ratio test (cf. Equation 2.63) and the chi-squared statistics,

D(( ) (X :;gp logmﬁ J(X =) = X

X =) 3~ (X =2)—q(X =2)" _ ,
zeX

The relative entropy is also closely related to maximum likelihood estimation from data.

Suppose that we want to find the distribution ¢* in a class of distributions Q that maximizes

the likelihood of data X = {X1,...,Xn}. The class Q can be, for example, a parametric

family of distributions, or a class of graphical models such as trees. It is straightforward to

show that the maximum likelihood solution ¢* is also the distribution in Q that is closest

to the empirical distribution p with respect to relative entropy:

= arqgergin {D(B(X) || ¢(X))} (2.80)
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where

2.10 Summary

In this chapter, we provided the theoretical background for our work in the later chapters
about modeling of temporal data and statistical inference from data for pattern classifi-
cation. We have introduced the statistical pattern classification framework that we will
work in and described some of the issues involved in the designing pattern classification
systems from data, mainly parameter estimation and model selection. We have discussed
likelihood-based and discriminative parameter estimation criteria that are popularly used in
practice. We have described the expectation-maximization algorithm for maximum likeli-
hood parameter estimation with missing data, which will appear in the later chapters in our
applications and be a subject of Chapter 6 in a new mathematical approach to parameter
estimation for the exponential family which was also reviewed in this chapter. We have
described hidden Markov models for modeling sequence data, whose multi-scale extensions
we will present in Chapter 4. We have also introduced graphical modeling framework for
statistical modeling with the aid of graphs. The graphical models subsume hidden Markov
models and many other popularly-used models, and we will use them throughout this thesis
for comparing models and inferring models from data. They will also be the subject of
Chapter 5 where an algorithm for their selection from data will be introduced. We have
also given an extensive discussion of model selection from data, first from a general data
modeling perspective and then from a pattern classification perspective. We have reviewed
popularly-used model selection criteria and discussed a particular model selection problem,
the structure selection for graphical models. The last topic of this chapter was information
theory where we have defined information-theoretic quantities that will appear in the later

chapters.
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Chapter 3

APPLICATIONS AND EXPERIMENTAL PARADIGMS

In this chapter we will introduce three pattern recognition applications that we will use
in the later chapters to test the ideas and tools developed in this thesis. These applications
are speech recognition, speaker verification, and machine tool-wear condition monitoring.
Our purposes in this chapter are three fold. First, we will define the problem that we are
trying to solve in each application. All three applications are quite elaborate in that they
require a number of signal and statistical processing steps and modules from the raw input
signal to the final classification decisions. Second, we will give a classifier system architecture
for each application, which we will use in our experiments in the later chapters. A system
architecture consists of a sequence of processing steps and modules such as feature extraction
from the sensory signals, statistical modeling of extracted features, and decision making and
search based on the scores provided by the statistical models. Our focus in this thesis is
mainly statistical modeling, and as such, many components of the system architectures will
be left intact in our experiments in the later chapters. Third, we describe the specific tasks
and experimental paradigms for our experiments, including data, and training and testing
procedures, signal processing parameters, software, and standard evaluation metrics. Most
of these tasks are standard and have been used in literature before, allowing meaningful
comparisons of our results with those of others.

In the coming sections, we will provide the background information, system architec-
tures, and experimental paradigms for first speech recognition, then speaker verification,

and finally for machine tool-wear condition monitoring.

3.1 Speech Recognition

Speech recognition is the process of finding the sequence of words corresponding to a spo-

ken utterance. Speech recognition is an important problem that many human-computer
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interface technologies depend on. The recognized words can be the final output for com-
mand and control or data entry, or they can be input to another system to achieve spoken
language understanding and translation [73].

There are a number of parameters affecting the performance of a speech recognition sys-
tem. Speech recognition for one specific speaker, speaker-dependent speech recognition, is in
general easier than speech recognition for a broad population, speaker-independent speech
recognition. Isolated-word recognition requires that speaker speaks with a pause between
words, whereas continuous speech recognition does not. Read speech is easier to recog-
nize than conversational, spontaneous speech, since the latter shows a greater variability
in speaking rate and style and interdispersed with filled pauses, hesitations, and ungram-
matical constructions rarely observed in read speech. The recognition is more difficult for
unconstrained speech with a vocabulary size up to 80,000 words than for the constrained
speech such as digit or number sequences with a vocabulary less than 100 words. Domain
restrictions in what speakers can say, such as travel reservation and telephone banking, can
also significantly help the recognition. Environmental conditions (such as noise), and com-
munication channel (such as a cellphone vs. a high-end microphone ) can severely distort
acoustic signal and limit recognition performance. In this work, we will focus two con-
tinuous, speaker-independent telephony speech recognition tasks: recognition of numbers
and recognition of conversational speech with a medium recognition vocabulary. However,
the recognition systems that we will use for these tasks are very similar to each other and
also to the contemporary speech recognizers used for medium-to-large vocabulary continu-
ous speech recognition. We will describe the main processing stages and components in a
typical speech recognition system below.

Speech recognition involves finding the sequence of an unknown number of words un-
derlying an acoustic signal. The most successful approach to speech recognition to date is
based on the principles of statistical pattern recognition [159, 275], and the main processing
stages of a state-of-the-art continuous speech recognizer is displayed in Figure 3.1.

The acoustic signal A is a highly redundant representation of the linguistic information
conveyed in, and it also has speaker-dependent information and characteristics. At the front-

end signal processing, the acoustic signal is converted to a sequence of feature vectors ) =
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Figure 3.1: The main processing stages for a state-of-the-art speech recognizer. In this
example, the system recognizes the spoken phrase “Oh No!” as “Oh Yes?”.

{Yo,...,Yr_1} which compactly represents perceptually important, speaker-independent
characteristics of the acoustic signal while suppressing any speaker-dependent characteristics
as much as possible.

At the next stage, the features ) are used in a plug-in Bayes classifier to find out the

most likely word sequence W* underlying these features:
W = argmax {pOWV) p(YIWV)} (3.1)

where the maximization is performed over all possible