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Abstract. The purpose of this paper is to review and compare the existing perturbation bounds
for the stationary distribution of a finite, irreducible, homogeneous Markov chain.
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1. Introduction. Let P be the transition probability matrix of an n state finite,
irreducible, homogeneous Markov chain. The stationary distribution vector of P is
the unique positive vector 77 satisfying

n
7TTP:7TT’ Zﬂ'jZL
Jj=1

Suppose P is perturbed to a matrix ﬁ, that is the transition probability matrix of an n
state finite, irreducible, homogeneous Markov chain as well. Denoting the stationary
distribution vector of P by 7, the goal is to describe the change 7 —7 in the stationary
distribution in terms of the change £ = P — P in the transition probability matrix.
For suitable norms,

lm — 7| < s|E]

for various different condition numbers k. We review eight existing condition numbers
K1, -+, Kks. Most of the condition numbers we consider are expressed in terms of either
the fundamental matrix of the underlying Markov chain or the group inverse of I — P.
The condition number kg is expressed in terms of mean first passage times, providing
a qualitative interpretation of error bound. In § 4, we compare the condition numbers.

2. Notation. Throughout the article the matrix P denotes the transition prob-
ability matrix of an n state finite, irreducible, homogeneous Markov chain C and w
denotes the stationary distribution vector. Then

TP =nxT, T >0, me=1,

where e is the column vector of all ones. The perturbed matrix P=P—-Fis
the transition probability matrix of another n state finite, irreducible, homogeneous
Markov chain C with the stationary distribution vector 7:

TPp=7T, 7>0, 7le=1.
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The identity matrix of size n is denoted by I. For a matrix B, the (4,j) component
of B is denoted by b;;.

The 1-norm ||v]|; of a vector v is the absolute entry sum, and the co-norm || B/
of a matrix B is its maximum absolute row sum.

3. Condition Numbers of a Markov Chain. The norm-wise perturbation
bounds we review in this section are of the following form:

lm = 7llp < wil Ellg,
where (p,q) = (00, 00) or (1,00), depending on .

Most of the perturbation bounds we will consider are in terms of one the two
matrices related to the chain C: the fundamental matriz and the group inverse of
A =1— P. The fundamental matrix of the chain C is defined by

Z=(A+er")" L
The group inverse of A is the unique square matrix A% satisfying

AA#A = A, A*AA* = A% and AA* = A% A

The lists of the condition numbers x; and the references are as follows:

Schweitzer 1968[17] k1 = ||Z]|0o
Meyer 1980[12] Ko = || A% 0o
) max; (afj — min; af;-)
Haviv & van Heyden 1984[5] K3 = 5 ’
Kirkland et al. 1998]9]
Funderlic & Meyer 1986[4] K4 = max |af§|
i,
Seneta 1988[21] _
eneta 55—177_1(]3)
Seneta 1991[22] ke = T1(A") = 71(2)

ming [| A7 oo

Ipsen & Meyer 1994[6] Ky = 5
Kirkland et al. 1998]9]
1 i T
Cho & Meyer 1999[1] Kg = — max {max # i ],
2 mjj

where my;, 1 # j, is the mean first passage time from state ¢ to state j, and m;; is
the the mean return time state j.



3.1. Schweitzer 1968. Kemeny and Snell [8] call Z the fundamental matrix
of the chain because most of the questions concerning the chain can be answered in
terms of Z. For instance, the stationary distribution vector of the perturbed matrix
P can be expressed in terms of 7 and Z:

al =a"(I+EZ)™',  and
(3.1) al -7l =7TEZ.

(3.1) The equation (3.1), by Schweitzer [17], gives the first perturbation bound:
[m =71 < | Z]lco || Elloo-
We define
k1 = || Z]|0o-

3.2. Meyer 1980. The second matrix related to C is the group inverse of A. In
his papers [11, 12], Meyer showed that the group inverse A# can be used in a similar
way Z is used, and, since

Z =A% +en’,

‘all relevant information is contained in A%, and the term er™

[14]). In fact, in the place of (3.1), we have

is redundant’ (Meyer

7l =aT(I+ EA*)™1 and
(3.2) al — 7T =7TEA%#,

and the resulting perturbation bound is (Meyer [12])
I =7l < 1A% |loo 1 Bl co-
We define the second condition number
Ko = || A% 0o

3.3. Haviv and van Heyden 1984 & Kirkland, Neumann, and Shader
1998. The perturbation bound in this section is derived from (3.2) with a use of the
following lemma:

LEMMA 3.1. For any vector d and for any vector c such that c'e =0,

o lds — ds
1c7d| < ||e|lx %_
The resulting perturbation bound is
# : #
~ max; (a7, — min; al’)
I = oo < ——2 5 — | E oo

(Haviv and van Heyden [5] & Kirkland, Neumann, and Shader [9]). We define

#

#
Jj )

— min; a;;

2

max; (a

R3 =



3.4. Funderlic and Meyer 1986. The equation (3.2) provides a component-
wise bound for the stationary distribution vector:

|mj — 75| < max laZi] 1B o
which leads us to

Ir = Flloo < max |afj| || El|oc-
i, J

Funderlic and Meyer [4] called the number

1 = max |af|
2,7 -

the chain condition number.

The behaviour of k4 is provided by Meyer [13, 14]. He showed that the size of
K4 is primarily governed by how close the subdominant eigenvalues of the chain are
to 1. (This is not true for arbitrary matrices. For an example, see [14, p.716].) To
be precise, denoting the eigenvalues of P by 1, Ao, -+, A,, the lower bound and the
upper bound of k4 are given by

1

2(n—1)
n min; |1 — A\;| —

IL A=)

Hence, if the chain is well-conditioned, then all subdominant eigenvalues must be well
separated from 1, and if all subdominant eigenvalues are well separated from 1, then
the chain must be well-conditioned.

In [13] and [14], it is indicated that the upper bound 2(n—1)/[[, (1 — A;) in (3.3)
is a rather conservative estimate of k4. If no single eigenvalue of P is extremely close
to 1, but enough eigenvalues are within range of 1, then 2(n—1)/]], (1 — ;) is large,
even if the chain is not too badly condition. Seneta [23] provides a condition number
and its bounds to overcome this problem. (See § 3.6.)

(3.3)

max [a;| <
2%

3.5. Seneta 1988. The condition numbers k1, k2, and k4 are in terms of matrix
norms. Seneta [21], however, proposed the ergodicity coefficient instead of the matrix
norm. The ergodicity coefficient 71(B) of a matrix B with equal row sums b is
defined by

m(B) = sup |v'B|:.

lofla=1

vTe=0
Note that 71 (B) is an ordinary norm of B on the hyperspace H" = {v: v € R", vTe =
0} of R™. eigenvalues are to b. For more discussion and study, we refer readers to
Dobrushin [2, 3], Issacson and Madsen [7], Seneta [18, 19, 20, 21, 22, 23], Tan [25, 26],
Rothblum and Tan [16], Lesanovsky [10], and Rhodius [15].

For the stochastic matrix P, the ergodicity coefficient satisfies 0 < 71 (P) < 1. In

case of 7 (P) < 1, we have a perturbation bound in terms of the ergodicity coefficient
of P (Seneta [21] 1988):

1
3.4 A< — B
(3.4 I =7l < {5 ]
(For the case 71 (P) = 1, see Seneta [22].) We denote
Ii = ;
T 1-n(P)

4



3.6. Seneta 1991. In the previous parts we noted that the group inverse A%
of A =1 — P can be used in place of Kemeny and Snell’s fundamental matrix Z.
In fact, if we use ergodicity coeflicients as a measure of sensitivity of the stationary
distribution, then Z and A# give the exactly same information:

Re = Tl(A#) = Tl(Z),
which is the condition number in the perturbation bound given by Seneta [22]:
Ir =7l < 71 (AF) [ Elloc (= 71(2) [ Elloo)-

In § 3.4, we observed that the size of the condition number x4 = max; ; \afj| is
governed by the closeness of the subdominant eigenvalues of P to 1, giving the lower
and upper bound for k4. However, the problem of overestimating the upper bound for
k4 occurs if enough eigenvalues of P are within range of 1, even if no single eigenvalue
A; of P is close to 1. The following bounds for x5 overcome this problem:

1 1 n
— < (AP < .
Hllnz|1*)\z| _Tl( )_Zlf)\z - m1n1|1—/\l|

%

Unlike the upper bound (3.3) for k4, the far left upper bound for kg takes only the
closest eigenvalue to 1 in to account. Hence, it shows that as long as the closest
eigenvalue of P is not close to 1, the chain is well-conditioned.

3.7. Ipsen and Meyer 1994, & Kirkland, Neumann, and Shader 1998.
Ipsen and Meyer [6] derived a set of perturbation bounds and showed that all sta-
tionary probabilities react in an uniform manner to perturbations in the transition
probabilities. The main result of their paper is based on the following component-wise
perturbation bounds:

u = ”A(ZWOO [ £ 0o forall j =1,2,---,m,

(35) |7Tk - %k" < m,in HA(_]§||OO ||E||OO7 for all k = 1727 e, N,
J

where A(;) is the principal submatrix of A obtained by deleting the j-th row and
column from A.

Kirkland, Neumann, and Shader [9] improved the perturbation bound in (3.5) by
a factor of 2:

min; | Azl

E o0y
oGl

I = Tlloo <
giving the condition number

min; AG

R = 5

3.8. Cho and Meyer 1999. In the previous sections, we saw a number of
perturbation bounds for the stationary distribution vector of an irreducible Markov
chain. Unfortunately, they provide little qualitative information about the sensitivity
of the underlying Markov chain. Moreover, the actual computation of the correspond-
ing condition number is usually expensive relative to computation of the stationary
distribution vector itself.



In this section a perturbation bound is presented in terms of the structure of the
underlying Markov chain. To be more precise, the condition number  is in terms of
mean first passage times.

For an n-state irreducible Markov chain C, the mean first passage time m,;
from state ¢ to state j (j # i) is defined to be the expected number of steps to enter
in state j for the first time, starting in state 7. The mean return time m;; of state
7 is the expected number of steps to return to state j for the first time, starting in
state j.

Using the relationship

we obtain the perturbation bound

- 1 max;—; M;i
I~ e < § e [R50 |y
J 3J
(Cho and Meyer [1]). We define
1 PRy
s = & max [%}
2 mj;

Viewing sensitivity in terms of mean first passage times can sometimes help prac-
titioners decide whether or not to expect sensitivity in their Markov chain models
merely by observing the structure of the chain without computing or estimating con-
dition numbers. For example, consider chains consisting of a dominant central state
with strong connections to and from all other states. Physical systems of this type
have historically been called mammillary systems (see Sheppard and Householder [24]
and Whittaker [27]). The simplest example of a mammillary Markov chain is one
whose transition probability matrix has the form

1—p o - 0 D1
0 1_p2 0 D2
(3.6) P= : S :
0 0 - 1=ps Dk
T @ o 1=31.4q5

in which the p;’s and ¢;’s are not unduly small (say, p; > .5 and ¢; ~ 1/k). Mean first
passage times m;;, ¢ # j, in mammillary structures are never very large. For example,
in the simple mammillary chain defined by (3.6) it can be demonstrated that

1

— when j =k +1

Y2 i

1+ 1 .

myj = 7= when ¢ =k +1 where o = dh

i pj w1 P

1 1 1
to L L heni AR+l
4qj Pi  Pj

Since each m;; > 1, it’s clear that kg cannot be large, and consequently no stationary
probability can be unduly sensitive to perturbations in P. It’s apparent that similar
remarks hold for more general mammillary structures as well.
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4. Comparison of Condition Numbers. In this section, we compare the con-
dition numbers ;. The norm-wise perturbation bounds in § 3 are of the following
form:

I = 7llp < sl Ellg,

where (p, q) = (00, 00), or (1,00), depending on I. (For ky4, a strict inequality holds.)
The purpose of this section is simply to compare the condition numbers appearing in
those norm-wise bounds. Therefore we use the form

|7 — 7l

< Ky
[ E£]|o

for all condition numbers although some of the bounds are tighter than in this form.
(See Remark 4.1.)

LEMMA 4.1.
# # | _ # s o7
(a) max Hil’%X laf; —ai;| = max (af; — min al;)
# ; #
max; (a?. — min; a7,
(b) i (93 La5) < max |a7| < max (a¥, — min a*)
2 i,j J j 27 i )

(¢) H}f}XIaZfI < 1A% o

(d) max (afj - miin aﬁ) < 11 (A%)

(@) 4% =1 < [|Z]|oo < A% [|oo + 1

Proof.
(a) Using a symmetric permutation, we may assume that a particular probability
occurs in the last position of 7. Partition A and 7 as follows:

_ An) Cc _ 71'(”)
A= o) =)

where A(,) is the principal matrix of A obtained by deleting the n-th row
and column from A. Since rank A = n — 1, the relationship a,, = dTA(;ll)c
holds, so that

A <(I —emiy) Ay I —en(y)  —ma(l = 6”@>)Anl>e) ,

-1

—W(T[;L)A(;}) (I—- ew%rn)) 7Tn7r2fn)A )€
Hence
& —wne;fFA(;l)e + wnwg‘rn)A(:Ll)e, i#mn,
(4.1) in = an(T)A(l)e i=n
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where e; is the i-th column of I. By M-matrix properties, it follows that
A(_nl) > 0 so that wneiTA(_nl)e, wnﬂa)A(_le > 0. Thus

n)

# _ o #
miaxam =a

nn’

and the result follows.
For each j, a # > 0, by (4.1). Since 7T A# = 07, it follows that there exists

ko such that ak ,; < 0. Furthermore, let o be such that max; \a | = |amj|
Then
#
| < |alojfak0]|, ifaf ; >0,
‘ot |af§j aﬁ|, otherwise.

Thus, for all j,
max |a?§| < max |a akJ|
i ik
so that
max\a | < max max |a” - ak]|

On the other hand,

max; max; |a ak]\ max; ; \a | + maxy, ; |a,€]|

2 2

max|a |-

Now the assertion follows by (a).
follows directly from the definitions of 1-, and co- norm, and their relationship,
For a real number a, define a* = max {a 0}. Then

# #
m]ax IrZ;%X |aij — akj\ = rr;a},ex mjax |a akj|
# #\+
< nﬁx (aij — akj)

J

=11 (A%), by Seneta [19, p.139],

and the assertion follows by (a).
For any vector x € R",

71(A%) = g max | AL — A7 |,

and

max; max; g |a,; —a 1
j 12 | k?J| — _HZI%X”Aﬁ - Azé*HOO’

where B;,. denotes the it" row of a matrix B.
8



(f) Since for any matrix B with equal row sums,

n(B) = sup [[v" B,
llvfla=1
vTe=0
and
ly"Bllv < [lyllx 1Bl
for any vector y € R", we have

71(B) < [ Blloo-

The inequalities follow by this relationship together with the following facts,
proven in Seneta [22]:

T (A%) =71(2),

and if 7 (P) < 1, then

1
Ay < ——— .
AN S )
(g) follows by applying the triangle inequality to
Z =A% +en? and A¥* =Z —er?. O

The following list summarizes the relationship between the condition numbers:
Relation between condition numbers.

Kg = k3 < Ky < 2K3 < Kg < K, forl=1,2,5,
ke < MK3,
I{2—1§I€1§FL2+1.
REMARK 4.1. As remarked at the beginning of this section, some of the condition

numbers provide tighter bounds than the form used in this section. To be more precise,
forl=1,256,

e i T
[Flee = 1Bl

To give a ‘fairer’ comparison to these condition numbers, note that (m — 7)Te = 0
implies |1 — 7|00 < (1/2)||m — 7|1 so that

Im =7l _

KR
1Bl ="

where k) = (1/2)k, for 1 =1,2,5,6.> The comparison of these ‘new’ condtion num-
bers K] with k3 is as given above:

R3 S K;v
forl=1,2,56.

IThe authors thank the referee for bringing this point to our attention.
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5. Concluding Remarks. We reviewed eight existing perturbation bounds,
and the condition numbers are compared. The list at the end of the last section
clarifies the relationships between seven condition numbers. Among these seven con-
dition numbers, the smallest condition number is x3

#

#
JJ )

— min; a;

2

max; (a

by Haviv and van Heyden, and Kirkland et al., or equivalently, xg

l max [max#j mi]}
J M
by Cho and Meyer.

The only condition number not included in the comparison is

minj ”A(ij;Hoo

Ry = 5

Is k3 a smaller condition number than x7? Since by (4.1),

#

s — mlln a? = Wj||A(j;||Mv

J
for each j, the question is whether

1 . 1
(5.1) m]aX 7Tj||A(j)||00 < mjln HA(]-)HOO
holds. In other words, is 7; always small enough so that max; 7rj||A(_j§HOO is never
larger than min; ||A(_J§||OO7 This question leads us to the relationship between a

stationary probability 7; and the corresponding A(_;
In a special case, the relationship is clear.

LEMMA 5.1. If P is of rank 1, then

- 1 .
”A(ﬁ”m:ﬂ_j» forallj =1,2,---,n.

The proof appears in Kirkland et al. 1998[9, Observation 3.3].

This relationship for an arbitrary irreducible Markov chain does not hold. In
general, however, ||A(7j§||C>O tends to increase as m; decreases, and vice versa.

Notice that kg is equal to k3. However, viewing sensitivity in terms of mean
first passage times can sometimes help practitioner decide whether or not to expect
sensitivity in their Markov chain models merely by observing the structure of the
chain, thus obviating the need for computing or estimating condition numbers.
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