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We remark that m can be viewed as a matrix with rows indexed by V(P) and
columns indexed by V/(I') such that n(v,z) =1if z € V,, and 0 otherwise. Clearly,
we have

(domdy, ) = Vi1 (vg).
Therefore, X' = |V;|f(v;)/ f(vo). a

Using Theorems 7.9, 7.10 and 7.12, we will show that the multiplicities of each
eigenvalue can be determined from the contracted path P.

THEOREM 7.13. For a distance-transitive graph I' on n vertices, the multiplic-
ity m(A) of an eigenvalue X is

m) = H 79" (00)

where g is the corresponding eigenfunction of the weighted path P contracted from
I’ from a fized vertez vg.

PROOF. Let g;’s denote eigenfunctions of P and f;’s denote the corresponding
harmonic eigenfunctions. Note that g(v;) = \/k|Vi|f(v;) where k is the degree of
I'. We consider the following n X n matrix:

D
.NK..M = MU .*.S.Ae.».vxﬁu..

j=0
For a fixed i, the trace of M; is just the trace of f;(vg)Ao. Hence
(7.3) tr(M;) = nfi(vo).

On the other hand, the eigenvalues of A; are |V;|fo(v;)/ fo(vo), |Vj| fa(v;)/ f1(ve),- .-,
|Vi1fp(v;)/ fo(vo) of respective multiplicities m(Xo), ... ,m(Ap). Therefore,
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Here, we use the fact that distinct eigenfunctions are orthogonal so that
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EXAMPLE 7.14. The Petersen graph and intersection graphs

The Petersen graph is a distance transitive graph on 10 vertices. The vertex
set is labelled by all 2-subsets of {1,2,3,4,5}. Two vertices A and B are adjacent
if and only if AN B = 0. The eigenvalues are 0, w. (with multiplicity 5), and w
(with multiplicity 4). The Petersen graph is a special case of the intersection graph
G(n,r, k) with vertex set consisting of all r-subsets of {1,...,n}. The vertices A
and B are adjacent if |ANB| = k. The symmetric group S, acts on the graph with
isotropy group Sy X Sp—,. Since (S, Sy X Sn—;) is a Gelfand pair [97], the spectral
decompositions of the space F(v) = {f : V — R} are quite special:

Fy=FE,0E ®...0E,

where the dimension of E; satisfies dim E; = (7) = (;™) fori > 1, and dim Eq = 1.

7.5. Eigenvalues and group representation theory

A brute force method for computing eigenvalues of a connected graph on n
vertices is to solve for z in the determinant, det(zI — £), of an n x n matrix.
Before starting such an arduous task, it makes sense to see if the matrix can be
diagonalized into smaller blocks. Group representation theory is exactly the answer
to such prayers when the graph is homogeneous.

Suppose T' is a Cayley graph [25]with vertices labelled by a group H and with
edge generating set K. Let p denote an irreducible representation of H of dimension
I. This means that p maps the elements of #{ into ! x [ matrices in such a way that
matrix multiplication is consistent with the group multiplication, ie., p(gig2) =
p(g1)p(g2). The eigenvalues of T' are exactly the eigenvalues of the smaller matrix

1
g.lEMub@v

geX

for p ranging over all irreducible representations of H. Each eigenvalue of the
dim p X dim p matrix has multiplicity dim p in the graph T".

Suppose I' is a homogeneous graph with associated group H. The vertex set
can be identified by H/Z where Z is the isotropy group. The edge generating set
K = {gZ : v ~ gv} for a fixed v is a union of double cosets

K=1IKI

: 1
The eigenvalues of I" are the eigenvalues of I — = 1

k 9Zek _.N._

MU p(z) where k is the

zegl
degree of I".

The best way to illustrate the connection between homogeneous graph I' and
the irreducible representations of the associated group H is by examining concrete
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We remark that for the Gelfand pairs in Example .N.H.m, all wﬁoa_po.ﬂzm _H%%HMW
sentations are 1-dimensional. This simplifies the computation of the eigenval
the corresponding homogeneous graphs.

In our final example we use terminology that may be unfamiliar to some readers.
A quick summary of this can be found in [85] or [84, 86].

EXAMPLE 7.16. The Buckyball, a soccer ball-like Eoﬁnc_m‘ consists oﬂ.@o owwm
bon atoms. It corresponds to a Cayley graph on Ay with edge mmzmmma Mzﬁmmaoz-
{(12345) (54321) (12)(23)}. The edges mmﬁﬁ@ﬁ&%ﬂ wmw Aw&,,m”mmv%%ummu tow

. ] 12345 ) .
le bonds” and the edges generated by A. , . .
Wwoamwgm representations for the alternating group were amgHB:Wa ww .‘MH%WMMHWM
[134] and they are of dimensions 1,3, 3,4, and m This means the wwv Mwm_ o cooend
diagonalized into blocks of sizes 1 x 1,3 X3 Q:.er multiplicity 3), .nﬂ (o seeons
type with multiplicity 3), 4 x 4 (with multiplicity 4), and & X 5 (wi P
5). Note that 1% + 32 4 32 + 42 + 5% = 60.

. . . d
i i th single bonds of weight 1 an
se we consider the weighted graph wi . .
mocmﬂwv%ﬁw:mm of weight ¢t. The eigenvalues of the adjacency matrix are exactly the
eigenvalues of
: pa+ pa~t +tpb

= . le,
for any irreducible representation p and a = (12345),b = (12) (34). For examp
for the dimension 5 representation ps we have

01000
00100
@)={ 00010
pl 0 0 0 01
100 0060
00001
1 00 00
ay=|0 1000
pi 00100
00010
-1 -1 -1 -1 -1
0 0 0 0 1
ps(b) o 0 0o 1 0
o 1 0 0 O
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Thus, the eigenvalues of the adjacency matrix are the roots of the characteristic
polynomial

(> +z—-t2+t—1)(x® —t2? —2? — 2z + 2tz — 3z + 13 — 2 + t + 2).

In summary, the eigenvalues of the Buckyball can be written in closed form as

roots of the following equations where the single bonds are weighted by 1 and the
double bonds are weighted by ¢:

(@): +z—12+t-1)(z® —tz’ - 2> — Pz + 2z -3 +t3 -2+t +2) =0
with multiplicity 5;

(b): (22 +z -t - 1)(2? + z — (¢ + 1)?) = 0 with multiplicity 4;

(): (2 +(2t+ Dz +12+t-1)(z* — 323 + (=282 +t — 1)z? + (312 — 4t + 8)z +
t* — 13 + 1% + 4t — 4 = 0 with multiplicity 3;

(d): =z —t— 2 =0 with multiplicity 1.

7.6. The vibrational spectrum of a graph

The Laplacian £ of a graph I' is an operator acting on the space of functions
{f : V(I') - R}. A natural generalization is the vibrational Laplacian Lx which
acts on the space F(V,X) = {f : V(I') — X} for some vector space X. We use the
word “vibrational” since the spectrum of the vibrational Laplacian Lx of a graph
I for the special case of X = R? is exactly the vibrational spectrum of the molecule

whose atoms correspond to the vertices of I' and whose bonds between atoms are
just edges of T' [84].

We start with a homogeneous graph I' with the associated group H and isotropy
group Z. We can generalize the Dirichlet sum (see Section 1.2) as follows: Suppose

that to each edge, e = {u,v}, of the graph we associate a self-adjoint operator, A.,
on X; we then define the quadratic form @ on F(V, X) by

(7.4) (9. Lx9) = W > @) — g(@)} - Ae - [9(u) — g()]

where the sum ranges over all edges of I'. Suppose p denotes a representation of H
on X. Furthermore, suppose A, in (7.4) satisfies
\wnn = bﬁbv\»mbﬂgvlu

where ae denotes the edge {ab, ac} and the edge e is denoted by {b,c}. Then it can
be shown (see [84]) that the spectrum of Lx can be decomposed into the union of
the spectra of the following operators over all irreducible representations v of I':

(7.5) DA | ®I-) Agpl9) ®(9)

geX g9eK

T e e N
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describe a deviation from equilibrium, so that u + h(u) is the new position of the
vertex u. Then the potential energy associated to h can be expressed as:

W(h) = W > kuw(lln + h(w) — (W + b))l - fu - wil)?.

In the above expression, the sum is over all pairs {u,w} of vertices connected by
an edge, and k, ., is the spring constant of that edge. If h is sufficiently small so
as to enable us to ignore terms quadratic in h, we then have
1
lla+ h(z) — (w + A(w))]l llu - wii? + 2(u — w) - (h(u) - h(w))]?
~ |u-wl| +wuw - (h(w) - h(w))

Q

where
u—-w

o —wi
is the unit vector from u to w and - denotes the scalar product on R*. Then the
quadratic approximation to W is given by

W) = 2 3 Kuwlone - (h() — b))

Hence, we may take A, to be a 3 x 3 matrix:

Wy, w

_ t
Ae = Woyw @ Wy 4

where e is the edge joining u to w.

We can now use the above methods and (7.5) to compute explicitly the vibra-
tional spectra of a molecule in terms of the irreducible representations of As. The
space of displacements is F(V,R?®) = {f : V — R®}. We choose p to be the ordinary
three-dimensional representation (which is just rotation in R%). Using irreducible
representations of As, we can then evaluate explicitly all vibrational eigenvalues by
treating 3 x 3,9 x 9,9 x 9,12 x 12, and 15 x 15 matrices.

We point out that the above methods not only determine the vibrational spec-
trum, but also the specific representation associated to each eigenvalue. This addi-
tional information is important in chemical applications. For the case of homoge-
neous molecules, we can, in advance of all computations and independent of specific
models for the potential energy, determine the number of representations of each
type by a simple application of the Frobenius reciprocity formula.

Now the space of displacements of the Buckyball has dimension 180 = 60 x 3.
But the space of entire (infinitesimal) rigid displacements of the molecule as a whole
is six-dimensional (the Lie algebra of the Euclidean group). By subtracting these
six dimensions, we get

1. The space of vibrational states is 1 74-dimensional.
The 180-dimensional space is the tensor product of the regular representation

with a three-dimensional representation. So we must decompose the regular repre-

1 M. mcdnilne it A i ldinlicity annial
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the Hmo-&Bm:mmoEt displacement space decomposes into 48 = 3 x 16 irreducibles.
Subtracting off two three-dimensional representations, we obtain:

2. The number of distinct vibrational modes is at most 46.

. For a i‘cnmao:w_. line to be visible as an absorption or emission line in the
infrared (as a transition between the ground state and a one-photon state) it is
necessary that the associated irreducible representation be equivalent to (the com-

plexification of) the representation of % on the ordin i i
: ] ary three-dimensional
R3 in which the molecule lies. Y o space

In the Raman experiment, light of a definite frequency is scattered with a
change of frequency. This change, known as the Raman spectrum, is associated
to those representations which intertwine with the space S2(R?) of m%SEmEn two
tensors. Therefore, both the infrared spectrum and Raman spectrum can be directly

mmamuawuma by using the Frobenius reciprocity formula. For details on this. the
reader is referred to [84, 230]. ,

3. The space of classical vibrational states has dimension 1 74. Any force matriz
b

m..\ s.:cn.:..g:u .@:&mﬂ .3m group As has (at most) 46 distinct eigenvalues yielding four
lines visible in the infrared and ten in the Raman spectrum.

Notes:

The .@80? in Section 2 are mainly adapted from [14]. There are several chap-
ters on distance transitive graphs in Biggs [25]. Here we have given slightly different
proofs. The computation for the spectrum of the Buckyball graph is based on [87]
More reference on the vibrational spectrum of graphs can be found in [84, 85, ma_“
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