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W
e rem

ark that 1r can be view
ed as a m

atrix w
ith row

s indexed by V
(P) and

colum
ns indexed by V

(r) such that 1r(v,x) =
 1 if x E

 V
v and 0 otherw

ise. C
learly,

w
e
 
h
a
v
e

w
;

::ifII¡Ii!i,,,I¡I,

(ø
01rA

j,f) =
 1V

;lf(vj),
T

herefore,). =
 1V

;lf(vj)/f(vo),
D

U
sing T

heorem
s 7.9, 7.10 and 7.12, w

e w
il show

 that the m
ultiplicities of each

e
i
g
e
n
v
a
l
u
e
 
c
a
n
 
b
e
 
d
e
t
e
r
m
i
n
e
d
 
f
r
o
m
 
t
h
e
 
c
o
n
t
r
a
c
t
e
d
 
p
a
t
h
 
p
,

T
H

E
O

R
E

M
 7.13. F

or a distance-transitive graph r on n vertices, the m
ultiplic-

ity m
(À

) of an eigenvalue À
 ism

(À
) =

 II ;1I2g2(vo)

w
here 9 is the corresponding eigenfunction of the w

eighted path P
 contracted from

r
 
f
r
o
m
 
a
 
f
i
x
e
d
 
v
e
r
t
e
x
 
V
o
,

¡

Iii

P
R

O
O

F
. Let gi'S

 denote eigenfunctions of P
 and h's denote the corresponding

harm
onic eigenfunctions. N

ote that g(V
i) =

 vkIV
ilf(vi) w

here k is the degree of
r. W

e consider the follow
ing n x n m

atrix:
D

M
i =

 L fi(V
j)A

j.
j=

O

F
or a fixed i, the trace of M

i is just the trace of fi(V
o)A

o, H
ence

(
7
.
3
)
 
t
r
(
M
i
)
 
=
 
n
f
i
(
v
O
)
'

O
n the other hand, the eigenvalues of A

j are 1V
;lfo(vj)/ fo(vo), IV

; Ifi (V
j)/ fi (vo),. , . ,

1V
;IfD

(V
j)/ fD

(V
O

) of respective m
ultiplicities m

(À
o), ... , m

(À
D

)' T
herefore,

D

tr M
 =

 L fi(V
j) tr A

j
j=

OD
 D

 IV
;I

~
h(V

j) ~
m

(À
i)fl(V

j) fi(vo)

D
 IV

;I
L

 h(vj)m
(À

i)h(vj)-¡,( )
j=

O
 i V

o
I
I
 
1
1
2
 
m
(
À
i
)

g
i
 
f
i
(
 
v
o
)
k
'

H
ere, w

e use the fact that distinct eigenfunctions are orthogonal so that

"
 
f
 
0
 
i
f
p
-
l
q

~ fp(vi)fq(vi)IV
ilk =

 l II gp 112 if p =
 q,

i
?, '\ ....0' / \. ,.
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 7.14. T
he P

etersen graph and intersection graphs

T
he Petersen graph is a distance transitive graph on 10 vertices, T

he vertex
set is labelled by all 2-subsets of ~1, 2, 3, 4, 51. T

w
o vertices A

 and B
 are adjacent

if and only if A
n B

 =
 ø, T

he eigenvalues are 0, ~ (w
ith m

ultiplicity 5), and ~
(w

ith m
ultiplicity 4). T

he Petersen graph is a special case of the intersection graph
G

(n, r, k) w
ith vertex set consisting of all r-subsets of iI" .. , n 1. T

he vertices A
and B

 are adjacent if IA
nB

I =
 k. T

he sym
m

etric group Sn acts on the graph w
ith

isotropy group Sr x Sn-r. Since (Sn,Sr x Sn-r) is a G
elfand pair (97), the spectral

decom
positions of the space :F(v) =

 U
 : V

 -+
 R

1 are quite special:

:F(v) =
 E

o ff E
i ff ... ff E

r

w
here the dim

ension of E
i satisfies dim

 E
i =

 (7) - C
~i) for i 2: 1, and dim

 E
o =

 1.

7.5. E
igenvalues and group representation theory

A
 brute force m

ethod for com
puting eigenvalues of a connected graph on n

vertices is to solve for x in the determ
inant, det(xI - £), of an n x n m

atrix.
B

efore starting such an arduous task, it m
akes sense to see if the m

atrix can be
diagonalized into sm

aller blocks, G
roup representation theory is exactly the answ

er
to such prayers w

hen the graph is hom
ogeneous.

S
uppose r is a C

ayley graph (25Jw
ith vertices labelled by a group 1- and w

ith
edge generating set /C

. Let p denote an irreducible representation of 1- of dim
ension

l. T
his m

eans that p m
aps the elem

ents of 1- into L x L m
atrices in such a w

ay that
m

atrix m
ultiplication is consistent w

ith the group m
ultiplication, i.e., p(gig2) =

p(gi)p(g2)' T
he eigenvalues of r are exactly the eigenvalues of the sm

aller m
atrix

1
I
 
-
 
i
k
 
L
 
p
(
g
)

gE
K

for p ranging over all irreducible representations of 1-. E
ach eigenvalue of the

dim
 p x dim

 p m
atrix has m

ultiplicity dim
 p in the graph r.

Suppose r is a hom
ogeneous graph w

ith associated group 1-. T
he vertex set

can be identified by 1-/I w
here I is the isotropy group, T

he edge generating set
/C

 =
 ~gI : v '" gv 1 for a fixed v is a union of double cosets

/C
 =

 I/C
I

T
h
e
 
e
i
g
e
n
v
a
l
u
e
s
 
o
f
 
r
 
a
r
e
 
t
h
e
 
e
i
g
e
n
v
a
l
u
e
s
 
o
f
 
I
 
-
.
~
 
L
 
I
~
I
 
L
 
p
(
x
)
 
w
h
e
r
e
 
k
 
i
s
 
t
h
e

g
I
E
K
 
x
E
g
I

degree of r.

T
he best w

ay to ilustrate the connection betw
een hom

ogeneous graph rand
the irreducible representations of the associated group 1- is by exam

ining concrete



W
e rem

ark that for the G
elfand pairs in E

xam
ple 7,15, all irreducible repre-

sentations are I-dim
ensionaL

. T
his sim

plifies the com
putation of the eigenvalues of

the corresponding hom
ogeneous graphs.

In our final exam
ple w

e use term
inology that m

ay be unfam
ilar to som

e readers.
A

 quick sum
m

ary of this can be found in (85) or (84, 86).

E
X

A
M
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 7,16. T
he B

uckyball, a soccer ball-like m
olecule, consists of 60 car-

b
o
n
 
a
t
o
m
s
,
 
I
t
 
c
o
r
r
e
s
p
o
n
d
s
 
t
o
 
a
 
C
a
y
l
e
y
 
g
r
a
p
h
 
o
n
 
A
5
 
w
i
t
h
 
e
d
g
e
 
g
e
n
e
r
a
t
i
n
g
 
s
e
t

H
I2345), (54321), (12)(23)1, T

he edges generated by (12)(34) correspond to "dou-
ble bonds" and the edges generated by (12345), (54321) to "single bonds". T

he
irreducible representations for the alternating group w

ere determ
ined by Frobenius

(134) and they are of dim
ensions 1,3,3,4, and 5. T

his m
eans the L

aplacian can be
diagonalized into blocks of sizes 1 x 1, 3 x 3 (w

ith m
ultiplicity 3), 3' x 3' (a second

type w
ith m

ultiplicity 3), 4 x 4 (w
ith m

ultiplicity 4), and 5 x 5 (w
ith m

ultiplicity
5
)
.
 
N
o
t
e
 
t
h
a
t
 
1
2
 
+
 
3
2
 
+
 
3
2
 
+
 
4
2
 
+
 
5
2
 
=
 
6
0
,

Suppose w
e consider the w

eighted graph w
ith single bonds of w

eight 1 and
double bonds of w

eight t. T
he eigenvalues of the adjacency m

atrix are exactly the
e
i
g
e
n
v
a
l
u
e
s
 
o
f

tj
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p
a
 
+
 
p
a
-
i
 
+
 
t
p
b

f
o
r
 
a
n
y
 
i
r
r
e
d
u
c
i
b
l
e
 
r
e
p
r
e
s
e
n
t
a
t
i
o
n
 
p
 
a
n
d
 
a
 
=
 
(
1
2
3
4
5
)
,
 
b
 
=
 
(
1
2
)
(
3
4
)
.

f
o
r
 
t
h
e
 
d
i
m
e
n
s
i
o
n
 
5
 
r
e
p
r
e
s
e
n
t
a
t
i
o
n
 
P
5
 
w
e
 
h
a
v
e

(01000)

00100
P5 ( a) =

 0 0 0 1 0
00001
10000

(00001)

10000
P

5(a-i) =
 0 1 0 0 0,
o
 
0
 
1
 
0
 
0

o
 
0
 
0
 
1
 
0

(
 
-
1

-1
-1

-1

-0
p,(b) ~

 ~
0

0
0

0
1

0

0
0

1

1
0

0

,
 
'
\

F
o
r
 
e
x
a
m
p
l
e
,
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T
hus, the eigenvalues of the adjacency m

atrix are the roots of the characteristic
polynom

ial

(x2 +
 x - t2 +

 t - 1)(x3 - tx2 - x2 - t2x +
 2tx - 3x +

 t3 - t2 +
 t +

 2).

In sum
m

ary, the eigenvalues of the B
uckyball can be w

ritten in closed form
 as

roots of the follow
ing equations w

here the single bonds are w
eighted by 1 and the

double bonds are w
eighted by t:

(
a
)
:
 
(
x
2
 
+
 
x
 
-
 
t
2
 
+
 
t
 
-
 
1
)
(
x
3
 
-
 
t
x
2
 
-
 
x
2
 
-
 
t
2
x
 
+
 
2
t
x
 
-
 
3
x
 
+
 
t
3
 
-
 
t
2
 
+
 
t
 
+
 
2
)
 
=
 
0

w
ith m

ultiplicity 5;
(
b
)
:
 
(
x
2
 
+
 
x
 
-
 
t
2
 
-
 
1
)
(
x
2
 
+
 
x
 
-
 
(
t
 
+
 
1
)
2
)
 
=
 
0
 
w
i
t
h
 
m
u
l
t
i
p
l
i
c
i
t
y
 
4
;

(c): (x2 +
 (2t +

 l)x +
 t2 +

 t -1)(x4 - 3x3 +
 (-2t2 +

 t -1)x2 +
 (3t2 - 4t +

 8)x +
t4 - t3 +

 t2 +
 4t - 4 =

 0 w
ith m

ultiplicity 3;
(
d
)
:
 
x
 
-
 
t
 
-
 
2
 
=
 
0
 
w
i
t
h
 
m
u
l
t
i
p
l
i
c
i
t
y
 
1
.

7.6. T
he vibrational spectrum

 of a graph

T
he L

aplacian L
 of a graph r is an operator acting on the space of functions

f
.
 
:
 
V
c
r
)
 
-
t
 
I
Æ
.
)
 
A
 
n
a
t
u
r
a
l
 
g
e
n
e
r
a
l
i
z
a
t
i
o
n
 
i
s
 
t
h
e
 
v
i
b
r
a
t
i
o
n
a
l
 
L
a
p
l
a
c
i
a
n
 
L
X
 
w
h
i
c
h

a
c
t
s
 
o
n
 
t
h
e
 
s
p
a
c
e
 
F
(
V
,
 
X
)
 
=
 
f
.
 
:
 
V
 
(
r
)
 
-
t
 
X
l
 
f
o
r
 
s
o
m
e
 
v
e
c
t
o
r
 
s
p
a
c
e
 
x
,
 
W
e
 
u
s
e
 
t
h
e

w
ord "vibrational" since the spectrum

 of the vibrational L
aplacian L

X
 of a graph

r for the special case of X
 =

 IR
3 is exactly the vibrational spectrum

 of the m
olecule

w
hose atom

s correspond to the vertices of r and w
hose bonds betw

een atom
s are

j
u
s
t
 
e
d
g
e
s
 
o
f
 
r
 
(
8
4
)
.

W
e start w

ith a hom
ogeneous graph r w

ith the associated group 1i and isotropy
group 

'I. W
e can generalize the D

irichlet sum
 (see Section 1.2) as follow

s: Suppose
that to each edge, e =

 ~
 u, v), of the graph w

e associate a self-adjoint operator, A
e,

on X
; w

e then define the quadratic form
 Q

 on F(V
, X

) by

(7.4)
1

(g, L
X

g) =
 '2 ~)g(u) - g(v)) . A

e . (g(u) - g(v))

w
here the sum

 ranges over all edges of r, Suppose p denotes a representation of 1i
on X

. Furtherm
ore, suppose A

e in (7.4) satisfies

A
a
e
 
=
 
p
(
a
)
A
e
P
(
a
)
-
i

w
here ae denotes the edge ~ab,acl and the edge e is denoted by ~b,cl. T

hen it can
be show

n (see (84)) that the spectrum
 of L

X
 can be decom

posed into the union of
t
h
e
 
s
p
e
c
t
r
a
 
o
f
 
t
h
e
 
f
o
l
l
o
w
i
n
g
 
o
p
e
r
a
t
o
r
s
 
o
v
e
r
 
a
l
l
 

irreducible representations, of r:

(
7
.
5
)
 
(
L
 
A
g
)
 
0
 
i
 
-
 
L
 
A
g
p
(
g
)
 
o
 

,(g)
g
E
I
C
 
g
E
I
C
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describe a deviation from
 equilbrium

, so that u +
 h(u) is the new

 position of the
v
e
r
t
e
x
 
u
.
 
T
h
e
n
 
t
h
e
 
p
o
t
e
n
t
i
a
l
 
e
n
e
r
g
y
 
a
s
s
o
c
i
a
t
e
d
 
t
o
 
h
 
c
a
n
 
b
e
 
e
x
p
r
e
s
s
e
d
 
a
s
:

1
W

(h) =
 '2 L

 ku,w
(llu +

 h(u) - (w
 +

 h(w
))11 -llu - w

i1)2,

In the above expression, the sum
 is over all pairs r u, w

) of vertices connected by
an edge, and ku,w

 is the spring constant of that edge. If h is suffciently sm
all so

as to enable us to ignore term
s quadratic in h, w

e then have

lIu +
 h(u) - (w

 +
 h(w

))1I ~ (Iu - w
ii2 +

 2(u - w
) , (h(u) - h(w

)))~
~

 lIu - w
ll +

 w
u,w

 ' (h(u) - h(w
))

the l80-dim
ensional displacem

ent space decom
poses into 48 =

 3 x 16 irreducibles.
Subtracting off tw

o three-dim
ensional representations, w

e obtain:

2. T
he num

ber of distinct vibrational m
odes is at m

ost 46.

For a vibrational line to be visible as an absorption or em
ission line in the

infrared (as a transition betw
een the ground state and a one-photon state) it is

necessary that the associated irreducible representation be equivalent to (the com
-

plexification of) the representation of 11 on the ordinary three-dim
ensional space

¡æ
3 in w

hich the m
olecule lies.

T
hen the

In the R
am

an experim
ent, light of a definite frequency is scattered w

ith a
change of frequency. T

his change, know
n as the R

am
an spectrum

, is associated
to those representations w

hich intertw
ine w

ith the space 82 (¡æ
3) of sym

m
etric tw

o
tensors. T

herefore, both the infrared spectrum
 and R

am
an spectrum

 can be directly
determ

ined by using the Frobenius reciprocity form
ula, For details on this, the

reader is referred to (84, 230).

w
here

u-w

i::

W
u
,
w
 
=
 
l
I
u
-
w
l
l

is the unit vector from
 u to w

and ' denotes the scalar product on jR
3 ,

quadratic approxim
ation to W

 is given by
1

W
(h) =

 '2 L
ku,w

(w
u,w

' (h(u) - h(w
))f.

H
ence, w

e m
ay take A

e to be a 3 x 3 m
atrix:

A
 
-
 
t

e
 
-
 
w
u
,
w
 
0
 
w
u
,
w

rir,
,",;1..

~~: '
'.1 ~ :

i;~: .
.;,:111, "'1¡

",1,

""

l II I
,
 
I
 
l
;

Ill' "
t, i : ~:,
,
 
I
 
I
I
Q

~u '

'Ii

i
!
l
 
;
~
'

w
here e is the edge joining u to w

.

W
e can now

 use the above m
ethods and (7.5) to com

pute explicitly the vibra-
tional spectra of a m

olecule in term
s of the irreducible representations of A

s, T
he

space of displacem
ents is F(V

, jR
3) =

 U
 : V

 -- jR
3). W

e choose p to be the ordinary
three-dim

ensional representation (w
hich is just rotation in ¡æ

3). U
sing irreducible

representations of A
s, w

e can then evaluate explicitly all vibrational eigenvalues by
t
r
e
a
t
i
n
g
 
3
 
x
 
3
,
9
 
x
 
9
,
9
 
x
 
9
,
 
1
2
 
x
 
1
2
,
 
a
n
d
 
1
5
 
x
 
1
5
 
m
a
t
r
i
c
e
s
,

W
e point out that the above m

ethods not only determ
ine the vibrational spec-

t
r
u
m
,
 
b
u
t
 
a
l
s
o
 
t
h
e
 
s
p
e
c
i
f
i
c
 
r
e
p
r
e
s
e
n
t
a
t
i
o
n
 
a
s
s
o
c
i
a
t
e
d
 
t
o
 
e
a
c
h
 
e
i
g
e
n
v
a
l
u
e
.
 
T
h
i
s
 
a
d
d
i
-

tional inform
ation is im

portant in chem
ical applications. For the case of hom

oge-
neous m

olecules, w
e can, in advance of all com

putations and independent of specific
m

odels for the potential energy, determ
ine the num

ber of representations of each
type by a sim

ple application of the F
robenius reciprocity form

ula.

N
ow

 the space of displacem
ents of the B

uckyball has dim
ension 180 =

 60 x 3.
B

ut the space of entire (infinitesim
al) rigid displacem

ents of the m
olecule as a w

hole
is six-dim

ensional (the L
ie algebra of the E

uclidean group). B
y subtracting these

six dim
ensions, w

e get

1. T
he space of vibrational states is 174-dim

ensional.

T
he l80-dim

ensional space is the tensor product of the regular representation
w

ith a three-dim
ensional representation. So w

e m
ust decom

pose the regular repre-
_n':.it. .. ....l+

~
""l~

,.~
..,.T

 cu"'no:l

3. T
he space of classical vibrational states has dim

ension 174. A
ny force m

atrix,
F

, invariant under the group A
s has (at m

ost) 46 distinct eigenvalues yielding four
lines visible in the infrared and ten in the R

am
an spectrum

.

N
otes:

T
he proofs in Section 2 are m

ainly adapted from
 (14). T

here are several chap-
ters on distance transitive graphs in B

iggs (25). H
ere w

e have given slightly different
proofs. T

he com
putation for the spectrum

 of the B
uckyball graph is based on (87).

M
ore reference on the vibrational spectrum

 of graphs can be found in (84, 85, 86).
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