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Abstract

The six-vertex model with domain wall boundary conditiamrssquare ice, is considered for
particular values of its parameters, correspondintr{@-, and3-enumerations of alternating
sign matrices (ASMs). Using Hankel determinant represemtsifor the partition function and
the boundary correlator of homogeneous square ice, it iwstihow the ordinary and refined
enumerations can be derived in a very simple and straighdfiat way. The derivation is based
on the standard relationship between Hankel determinadtshogonal polynomials. For the
particular sets of parameters correspondingr{@-, and3-enumerations of ASMs, the Hankel
determinant can be naturally related to Continuous Hahmxmée-Pollaczek, and Continuous
Dual Hahn polynomials, respectively. This observatiomw for a unified and simplified
treatment of ASMs enumerations. In particular, along tinediof the proposed approach,
we provide a complete solution to the long standing probléthe refined 3-enumeration of
AMSs.
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1. Introduction

The six-vertex model on a square lattice with domain wallrztary conditions (DWBC) was
introduced in [1] and subsequently solved in [2], where &einant formula for the partition
function was obtained and proven (see also [3]). Analogaisrchinant formulae has been
given also for the boundary one point correlation functifjs The model, in its inhomoge-
neous formulation, i.e., with position-dependent Boltemaveights, was originally proposed
within the theory of correlation functions of quantum intaigle models, in the framework of
the quantum inverse scattering method [5]. The model was fatind to be deeply related
with the problems of enumeration of alternating sign masi¢ASMs) [6-11] and domino
tilings [12-15]. It should be mentioned that ASM enumenasi@ppear to be in turn deeply
related with quantum spin chains and some loop models, viaiRav-Stroganov conjec-
ture [16]; for recent works, see for instance Ref. [17] arfdnences therein.

In its homogeneous version, the six-vertex model with DWBIghas usual interpretation
as a model of statistical mechanics with fixed boundary damrd, and it may be seen as a
variation of the original model with periodic boundary cdimahs [18-21]. The latter was
originally proposed as a model for two-dimensional ice (feethe alternative denomination:
‘square ice’), and has been for decades a paradigmatic ostatigtical mechanics [22]. Till
now, specific results for the six-vertex model with DWBC attjgailar values of its parameters
(in fact, mainly derived within the context of ASMs) were alnied from general results for
the inhomogeneous version, first specializing the paramébethe considered case, and then
performing the homogeneous limit at the very end, and hence ¢or each particular case.
Each time, the homogeneous limit was an hard task on its ayir, riand a specific approach
was devised to work it out in each single case [10, 23, 24].

The purpose of the present paper is to explain how one cae@idbe other way around,
first performing the homogeneous limit once for all for thedalwith generic vertex weights,
and then specializing the result to the case of interesthbh@geneous limit has already been
done in [3] for the partition function, and in [4] for the baldery one point correlation func-
tions, resulting in Hankel determinant representationsifese quantities. Here we show how,
by specializing the parameters to some particular valuesgaploiting the standard relation-
ship between Hankel determinants and orthogonal polyrieyrall previously known results
concerning ordinary and refined enumerations can be denivadvery simple and straight-
forward way. It appears that for the particular sets of patans corresponding tt, 2-, and
3-enumerations of ASMs, the Hankel determinant is natunalgted to Continuous Hahn,
Meixner-Pollaczek, and Continuous Dual Hahn polynomraispectively. The approach which
we propose here allows for a unified and simplified treatmeA&Ms enumerations, including



the problem of refined-enumeration.

The paper is organized as follows. In the next Section wdlrgmadefinition of the model
and some related results, with particular attention to thekel determinant representations
for the partition function and the one-point boundary clatie. In Section 3, known results on
ASMs are reviewed, together with their connection with thease ice. In Section 4, we show
how the Hankel determinant entering the partition functtbsquare ice can be reinterpreted,
in the three cases corresponding tp2- and3-enumeration of ASMs, as the Gram determinant
for an appropriate choice of Continuous Hahn, Meixnerd&aiek, and Continuous Dual Hahn
polynomials, respectively, thus providing a very simplé atraightforward derivation of the
known results for ASM enumerations. In Section 5 we explwtfact that these polynomials,
being of hypergeometric type, satisfy some finite diffeeeaquations, which can be translated
into recurrence relations for the one-point boundary d¢atoe These recurrences in turn can be
solved, thus giving the results for the refined 2- and, especially interesting;enumeration
of ASMs. We conclude in Section 6 with a discussion of the psgal approach.

2. Square ice with DWBC

Let us start with recalling the formulation of the model. T$ig-vertex model, which was
originally proposed as a model of two-dimensional ice, isrfolated on a square lattice with
arrows lying on edges, and obeying the so called ‘ice-ralamely, the only admitted configu-
rations are such that there are always two arrows pointiraydmm, and two arrows pointing
into, each lattice vertex. An equivalent and graphicalip@er description of the configura-
tions of the model can be given in terms of lines flowing thiotige vertices: for each arrow
pointing downward or to the left, draw a thick line on the esponding link. The six possi-
ble vertex states and the Boltzmann weighisassigned to each vertex according to its state
i (1 =1,...,6) are shown in Figll1l. As it has been already stressed in thedunttion only
the homogeneous version of the model, where the Boltzmarghtgeare site independent, is
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Figure 1. The six allowed types of vertices in terms of arrgfirst row), in terms of lines
(second row), and their Boltzmann weights (third row).
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Figure 2: One of the possible configurations of the model WNWBC, in the casd& = 5: (a)
in terms of arrows; (b) in terms of lines.

considered here.

The DWBC are imposed on th€ x N square lattice by fixing the direction of all arrows
on the boundaries in a specific way. Namely, the verticalvesron the top and bottom of
the lattice point inward, while the horizontal arrows on &k and right sides point outward.
Equivalently, a generic configuration of the model with DWB&n be depicted by lines
flowing from the upper boundary to the left one. This line piet(besides taking into account
the ‘ice rule’ in an automated way) is intuitively closer t&MNs recalled in the next Section.
A possible state of the model both in terms of arrows and efliis shown in Fig. 2.

The partition function is defined, as usual, as a sum overoakiple arrow configurations,
compatible with the imposed DWBC, each configuration besgjgned its Boltzmann weight,
given as the product of all the corresponding vertex wejghts

6
In = > [Twr (2.1)

arrow configurationsi=1
with DWBC

Heren; denotes the number of vertices in the stateeach arrow configuratiom(+- - -+ng =
N?).

The six-vertex model with DWBC can be considered, with n& losgenerality, with its
weights invariant under the simultaneous reversal of atives,

w; = wy =: a, w3 = wy =: b, W5 = Wg =: C. (2.2)

Under different choices of Boltzmann weights the six-venmdel exhibits different behaviors,
according to the value of the parametedefined as

IR
2ab '

It is well known that there are three physical regions or pedsr the six-vertex model: the
ferroelectric phase) > 1; the anti-ferroelectric phaséy < —1; and, the disordered phase,

A= (2.3)
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—1 < A < 1. In the present paper we shall discuss only some particates; with values of
the Boltzmann weights that correspond to the disorderedeph¥a convenient parametrization
of the Boltzmann weights in this phase is

a = sin(A +n), b =sin(A —17), ¢ = sin 27). (2.4)

With this choice one haA = cos2n. The parametek is the so-called spectral parameter and
n is the crossing parameter. The physical requirement otigeBoltzmann weights, in the
disordered regime, restricts the values of the crossingpedtral parameters o< n < 7/2
andn < A <m/2—n.

An exact representation for the partition function was oilgd in Ref. [3]. When the
weights are parameterized accordingiol(2.4) such repasmmreads
[sin(\ — n) sin(\ + )]V

N-1

IT (k1)?

k=1

Iy = det 2 (2.5)

whereZ is anN x N matrix with entries

oItk sin 29

ONTE sin(\ —n)sin(A +1n)
Here and in the following we use the convention that indide&’o<x N matrices run over the
valuesj, k=0,1,..., N — 1.

This formula for the partition function has been obtainedhesshomogeneous limit of a
more general formula for a partially inhomogeneous sixeremodel with DWBC. The inho-
mogeneous model, with site-dependent weights, is definedtimducing two sets of spectral
parameterg\;} Y, and{v,},_,, such that the weights of the vertex lying at the interseotib
the j-th column with thek-th row depend on\; — v, rather than simply on, still through for-
mulae [Z}). The inhomogeneous model, though apparentitg owmplicate, can be fruitfully
investigated through the Quantum Inverse Scattering Mkthee papers [1-3] and book [5]
for details. As a result, the partition function of the inhmgeneous model is represented in
terms of certain determinant formula which, however, rezgigreat caution in the study of its
homogeneous limit;, — 0 and\; — ), since in this limit the determinant posse€§s — N
zeros that are cancelled by the same number of singulacibiesng from the pre-factor. A
recipe for taking such a limit was explained in detail in H8f.where formula[[Z5) was orig-
inally obtained. Subsequently, formulaZ2.5) was used ipepa [25, 26] to investigate the
thermodynamic limit,N — oo, of the partition function. In these studies the Hankel ratu
of the determinant appearing In_(R.5), a natural outcomé@hobmogeneous limit procedure,
was exploited through its relation with the Toda chain défgial equation or with the random
matrix partition function.

Z = (2.6)



The aim of this paper is to explain how this Hankel determifiarmula (and its analogue
for the boundary correlator, given below) can also be usegppiication to some well-known
problems of combinatorics, such as enumerations (and tvalkd ‘refined’ enumerations)
of ASMs. These problems and the known results are review#teimext Section. It is to be
mentioned that though in these combinatorial problems eaésdn fact with the homogeneous
six-vertex model with DWBC, the Hankel determinant formfdathe partition function was
never discussed previously in this context. Instead, theeroomplicated determinant formula
for the inhomogeneous model partition function was usetdercombinatorial proofs. In these
proofs, the homogeneous limit can be regarded, in fact, @snibst complicated part on the
way to the result. Consequently, one can expect that ektgatlevant information directly
from the homogeneous model should be technically much simpVe will show that this is
indeed the case since some standard classical orthogdgabpuals can be naturally related
(for some particular choices of the parameters) to the Hatédterminant in[(Z15).

In addition to the partition function, we shall discuss hels boundary one point corre-
lation functions. In general, two kinds of one point cortigla functions can be considered
in the six-vertex model: the first one (‘polarization’) isetiprobability to find an arrow on a
given edge in a particular state, while the second one isriblegpility to find a given vertex in
some state. If one restricts to edges or vertices adjacent to the bayntten such correlators
are called boundary correlators. Following the notatioingaper [4], where these boundary
correlators were studied, Iélg\’}) denote the probability that an arrow on the last column and
between the-th and the + 1-th rows (enumerated from the bottom) points upward (ohen t
line language, that there is no thick line on this edge), end{fp denote the probability that
ther-th vertex of the last column is in the state- 5 (or that the thick line flows from the top
to the left), see Figél1 ard 2. The first correlatéi(,), is, in fact, the boundary polarization,
whose interpretation is more direct from a physical pointiefv, while the second oné{](vr),
is closely related to the refined enumerations of ASMs. lasydo see that, due to DWBC, the
two correlators are related to each other as follows

G%) — H](\;’) + H](\;_l) + -+ H](\})_ (27)

In Ref. [4] both correlators were computed using Quantuneis® Scattering Method for
the inhomogeneous six-vertex model. In the homogeneouts Which is the situation we are
interested in here, determinant formulae generaliZing) (&ere found for these correlators.
For instance, foH](\’,“), the following expression was derived

(N —1)! sin2n det 'H

H](\;) - r N—r+1
[sin()\ — n)] [sin()\ + 7))] det Z

(2.8)




where theV x N matrix H differs from Z only in the last column,

Zp, for k=0,...,N—2
Hip = i Tain el Hain(e — N=r : 2.9
jk ﬁ [sine]" " [sin(e 22)_}1 for ke N _1 (2.9)
e’ [sin(e + A — )]

e=0

A similar expression is valid foGE{}) as well. In what follows we shall focus OH](\;); the
results forG%) will follow immediately from relation [Z]7). From the DWBQ@ immediately
follows thatGgV = 1, and therefore, froni{2.7), correlatHf has to satisfy

N
> oHY =1. (2.10)

r=1

In what follows this normalization condition will be usedapplication to the generating func-
tion of H](V”

3. Alternating Sign Matrices

An alternating sign matrix (ASM) is a matrix dfs, 0’'s and—1’s such that in each row and
in each columr(i) all nonzero entries alternate in sign, &gl the first and the last nonzero
entries are 1. An example of such matrix is

01 000
1 -1 100
0 0 010 (3.1)
01 000
0 0 001

There are many nice results concerning ASMs, for a review, ek [11]. Many of these
results have been first formulated as conjectures which sidysequently proved by different
methods.

The most celebrated result concerns the total numliey) of N x N ASMs. It was
conjectured in papers [6, 7] and proved in papers [9, 10] that

N
(3k —2)! 3k—2
= 2
H (2k — 1)! 2k—2 k[[1 (3.2)

Other results concern the weighted enumerations or thalkede:-enumerations of ASMs.
In z-enumeration the matrices are counted with a weighwherek is the total number of
—1 entries in a matrix (the numberhere should not be confused with the variableidely
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used in the following Sections). The numberaeénumerated ASMs is denoted traditionally
asA(N;x). The extension of the = 1 result above to the case of generties not known, but
for a few nontrivial cases, namely= 2 andz = 3, closed expressions fearenumerations are
known (the case = 0 is trivial since assigning a vanishing weight to each entry restricts
the enumeration to the sole permutation matricé&s; 0) = n!). The result in the case = 2,
related to the domino tilings of Aztec diamond [12,13, 1%lvébeen obtained in [7], and reads

A(N;2) = 2NWN-D/2, (3.3)

The answer in the case 8fenumeration, again conjectured in [6, 7], was subsequ&hdl]
proved to be

(3k—1)
m+ k)!

(3m+2)Im

- A 2m+1;3
[(Qm—i—l)] ( )

A(2m~+1;3) = 3mim+h) H{

} ) A(2m+2;3) = 3"

(3.4)
Another class of results concerns the so-called refined eratians of ASMs. In the refined
enumeration one counts the numberofx N ASMs with their solel of the last column at
ther-th entry. The refined enumeration can be naturally extetolbd also an:-enumeration.
The standard notation for the refineeenumeration isi(V, r; x); in the case: = 1 one writes
simply A(N, r) just like A(N) for the total number of ASMs. It was again conjectured in 6,7
and proved in [23] that refined enumeration of ASMs is given by
Cv) G
A(N). (3.5)

(V)

In the case of the refinetenumeration it has been shown in [7,12, 13, 15] that

A(N,r) =

1 N —1
A(N’T;Q):W<T—I>A(N;2)' (3.6)
The case of the refinegtenumeration appears to be much more complicate. Direcpaten
enumeration does not suggest any factorized form and neciomg concerningl(XN, r; 3) has
ever been proposed. Recently, Stroganov obtained a ceggaiesentation for the correspond-
ing generating function [27], allowing in principle a resive computation of the numbers
A(N,7;3).

The most direct way to recover all the previous results igtham a nice bijective corre-
spondence between ASMs and six-vertex model, which hasgigated out in [8,12,13], and
applied for the first time in [10], namely, that to each sindjlex N ASM corresponds one and
only one arrow configuration of the six-vertex model on fex NV square lattice with DWBC.
The correspondence between matrix entries and verticepistdd in Fig[B. As an example,
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Figure 3. Vertex states—ASM’s entries correspondence.

matrix (3.1) corresponds to the configuration of Eig. 2 aru wiersa.

As an immediate consequence of this correspondence, ASkeration is exactly given
by the partition function of square ice, when all vertex vinggare set equal to unity. More
generally, the number of1's in a given ASM being equal to the number of vertices of type
6 (see Fig[B), and the number of vertex of type 5 and 6 beingtc@ined by the condition
ns —ng = N, we readily get

AN;z) = (1 — a/4) N2 NP2 ZN’A:ﬂ/z . (3.7)
n=arcsin(y/z/2)

Therefore,z-enumeration of ASM corresponds to the computation of théitjwan function
of square ice on the subset of parameters space given Byb. In this correspondence,
values ofz belonging to the interval0, 4) corresponds to the disordered regime of the model,
-1<A<1

This nice correspondence can be further extended to thedefienumeration of ASMs.
In the language of square ice, the ratioV, r; ) /A(N; ) can be rephrased as the probability
of finding the unique vertex of type 5 on the right boundanhattth site, which is exactly the
definition of the boundary correlat(H](\’,”). Explicitly, one has

A(N7T7x) (r)

A(N;z) N‘AZW ' (3.8)

n=arcsin(y/z/2)

Thus, being able to compute the partition function and thenbary correlator for some partic-
ular choice of parameters, one immediately obtakemumerations and refinedenumerations
of ASMs respectively, for some corresponding values of x.

4. The patrtition function and enumerations of ASMs

4.1. Preliminaries

From representatioh (2.5), it is evident that the evaluatibthe the partition function in the
homogeneous case essentially reduces, modulo a trividhpter, to the calculation of the
determinant of theV x N matrix Z, which is a Hankel matrix, whose entries do not depend
on N. There is a standard method to treat such determinantshwhlased on the theory of
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orthogonal polynomials [28, 29], and has proven to be quitegrful when some assumption
are verified.
Let us assume that the entries of our Hankel matrix are writtehe canonical form

Zj = /OO 2R (2) da. 4.1)

[e.9]

Let us moreover suppose that there exist a complete setyiqoials{p,(z)}>, subject to
the orthogonality condition

/OO pj(z) pr(z) p(z) dz = h;dj). . (4.2)

[e.e]

Then, denoting by, the leading coefficient gf,, (),
() = Kpa" 4+ ..., Fn # 0, (4.3)

and using standard properties of determinants and of cottedgrolynomials, one obtains for
the determinant of th&/ x N matrix Z the following formula

1 N-1
detZ = det [/ p;(z)pr(x)p(x)dz (4.4)
jhk j,k=0
N-1
hn
n=0 Fn

Obviously, this formula may turn out useful provided thag et of polynomials which are
orthogonal with respect to the weightx) can be identified.

In the case of matrixZ with entries [Z.5) one can easily obtain the weight) using the
representation

sin 2n % Ay Sinhnz
= AT ———d 4.6
sin(A — n) sin(A + ) /_ ¢ sinh 5 v (4.6)

which is valid for\ andn corresponding to the disordered regime [26]. Unforturyasgbpro-
priate polynomials are not available in general and theipusvscheme cannot be fulfilled for
generic values ok andn. However, for some very particular values of these pararséte ap-
propriate orthogonal polynomials appear to be known, and just to be suitably chosen in the
framework of Askey scheme of hypergeometric orthogonaypainials [30]. To be precise,
there are essentially three cases, indicated in the phageadi of the model, see FIg. 4, which
fit into the schemei) the so-called ‘free fermion’ ling = 7 /4 andn/4 < A < 3w/4; ii) the

A = 1/2 symmetric point (or ‘ice point’)) = 7 /6 and\ = 7 /2; andiii) the A = —1/2 sym-
metric pointy = = /3 and\ = /2. With ‘symmetric’ here we mean that these points lie on the

[e.9]
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Figure 4: The phase diagram of the model, with ferroeleqt)¢ antiferroelectric AF) and
disordered D) phases, separated by the solid lines. The three considased, all belonging
to the disordered phase, are shown in bold: the free fernman &nd the three points corre-
sponding tal-, 2- and3-enumeration of ASMs.

line a = b. The polynomials corresponding to these three cases arakltePollaczek polyno-
mials, Continuous Hahn polynomials and Continuous DualHadlynomials, respectively. In
the rest of this Section we give details of computation faheaf these cases.

It is worth mentioning that all previously listed choicegpaframeters, for which the Hankel
determinant appearing ih(2.5) turns out to be related toesseh of classical orthogonal poly-
nomials, exactly cover-, 2- and3-enumerations of ASMs. On the other hand, the fact that no
set of polynomials in the Askey scheme corresponds to soher choice of the parameter
(even with\ set equal tar/2) is likely to be deeply related to the lack of factorizablenfailae
for z-enumerations of ASMs other than for= 1, 2, 3.

4.2. The free fermion line

We shall start with the = 7 /4 case which is technically the simplest one, though the petam
Ais not fixed,7/4 < XA < 37/4. In this case the orthogonality weightz) can be written as

1 T
I'f=+1i-
(2+5)

Comparing this formula with the orthogonality conditionr fdeixner-Pollaczek polynomials
[30]

sinh Jx _ e(A—7/2)x B eA=m/2)x 2

,u(x) _ e()\—ﬂ/Q)x (47)

sinh g:p 2 cosh %:p 21

[ , _ I'(n+ 2a)
— [ P9z;¢) P (x;¢)|T 2e@0me gy = = 7 4.8
27T/_Oo m (@3 0) Py (2 9) [I'(a +iz)["e x (2Sin¢)mn!5nm (4.8)
where ) .
P(a;9) = oo (_n’ S em) (4.9)
n! 2a0
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we find that the polynomials related to the Hankel deterntimathis case are

polz) = Pr(bl/Q) (%, 2\ — g) ) (4.10)

Using, for convenience, the parameter 2\ — 7/2 € (0, 7) instead of\, we have

2 (sin )™
= = 7 4.11
fin sin ¢’ fin 2 ) ( )

Inserting these expressions infa_{4.5), we straightfotlyaobtain the following result for the
partition function

B (si11<;5)N2 N1, 2mpl 2_
N e = TR H Sin [<sm M = (4.12)

Using Eqn.[(317), we immediately recover formdlal3.3)Jeznumeration of ASMs.

4.3. The ice point and the total number of ASMs

At the ice point, orA = 1/2 symmetric point, the computation is very similar. Fpe= /6
and\ = 7 /2 the orthogonality weight reads

sinh Zx 1 1 T 2 2\ |
= 6 — — T =442 |02 +42 4.13
() smhZz 47 <3+Z6) <3+26> (4.13)
where the triplication formula for thE-function
rae) = 2 ryr (o DYoot 2 4.14

has been used. The orthogonality condition for ContinuocaisrHpolynomials is

1 o

o o5 0,0, ¢, d)ppm(z;a,b,¢,d) T(a+ix) (b + ix) I'(c — ix) I'(d — izx) dz

™ — 0o
_F(n+a+c)F(n+a+d)F(n+b+c)F(n+b+d)5 (4.15)
S 2n+a+btct+d—1)T(n+a+bt+c+d—1)n! " 7

and the polynomials are given by

d
pn(xu a, b7 C, d) =i" (a T C)n(a * )n 3F2<

n!

—n,n+a+b+c+d—1,a+ir
a+tc,a+d

1). (4.16)

Orthogonality condition[{4.15) is valid if the parameterd, c, d satisfy Re (a, b, c,d) > 0,
a = ¢andb = d. Comparing[[Z113) witH{4.15) we are naturally led to theichkof parameters
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a=c=1/3andb = d = 2/3. Hence, the appropriate polynomials to be associated to the
Hankel determinant in this case are

r 1212 , —n,n+1,1/3+1iz/6
W@ =pal 22,2, 2,2 ) =i(2/3), 5 F 1). 4.17
p(x)p<63333) 1</)“< 2/3, 1 ) .17
For the normalization constant and the leading coefficienheve the expressions
2(3n + 1)! (2n)!
(2n+ 1)33n+1/2 n! K 6n (n!)2 ( )
where the triplication formula, Eqri{4114) has been usesihtplify the normalization constant

P

Substituting the obtained values/of andx,, in expression{415) for the determinant, taking
into account the value of the prefactor [n{2.5) for= 7/2 andn = 7/6, and cancelling
whatever possible, we arrive to the following value for tbe point partition function

(E)NQ fi_f (3n+1)!n! (4.19)

2 ) Menren+nr

ZN’)\ZTI’/2 =
n=m/6
The product expression here gives exactly the total numb&BMs, A(N), since by formula

B.1) the first factor related (V) with the partition function,
ANN) = 342 2, (.20
n=m/6
Thus, we have easily recovered the celebrated result, B@), for ASMs enumeration directly
from the Hankel determinant formula(R.5).

4.4. TheA = —1/2 symmetric point and 3-enumeration of ASMs

In this case) = 7/2 andn = /3, the weightu(z) can be rewritten, using (4114), in the form

LGL)0(E +i2)0(2 +i2)

(i5)

) 2
sinh %x 1

(4.21)

u(a:) - sinh gaj T 82

This expression recalls the weight for Continuous Dual HadignomialsS,, (z?%; a, b, ¢), which
are defined by

-n,a-+ir, a—izr
a+b,a+c
and, for real and nonnegative values of parametgrsc, satisfy the orthogonality condition

Sp(z%;a,b,¢) = (a+b),(a+c), 3F2<

1), (4.22)

1L, ) [(a +i0)T(b + )T (c + iz) |
27r/0 S (275 a,b,¢)S, (% a,b, c) I'(2iz)

=I'n+a+bl(n+a+c)l'(n+b+c)n!dym . (4.23)

dx
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At a first glance, however, Continuous Dual Hahn polynondalsiot seem appropriate for the
evaluation of the Hankel determinant: on one hand, thespay®omials inz? rather than in
x, and on the other hand the integration domair.in (4.23) isictsd to the positive half-axis.
These inconvenience may nevertheless easily be circuenetitanks to the following nice
feature of matrixZ, holding forA = = /2 and generie): whenever the sum of indicgs+ & is
odd, the corresponding ents;;, vanishes. In other words, the mati&at A\ = 7/2 exhibit

a chessboard pattern of vanishing and non vanishing en&gsan be seen from the Laplace
formula for the determinant of the sum of two matrices, tthiessboard structure immediately
implies that the determinant of such matrix always facesianto two determinants of smaller
matrices with no vanishing entries.

To be precise, let us denote
. N—-1
2 () d:c] (4.24)

7,k=0

o0

Dy = det Z‘A:W/Q = det {/_

n=n/3

whereu () is given by [4.211). Since the orthogonality weight is evefr;,) = (—x), one has

[e.9]

oo 2/ 2R () de if j + kis even
/ 2R p(z) da = 0 (@) (4.25)
e 0 if 7 + kis odd
and consequently the following factorization arises
Dy, = DL?)DS% Dopyy = DSJLDTQ)- (4.26)

Here DY and DY} are determinants af. x m Hankel matrices, built only from the even
moments of the weight(z),

o0 m—1
DY) = det [/ 20T @) (1) da : o=0,1 (4.27)
0 4,k=0
where
pOz) =2p(z),  pO(z) = 22°u(x). (4.28)
Letpﬁf’) (x) be the polynomials subject to the orthogonality condition
/ p§0) (:cz)p,(f) () (z) dz = hg»o)éjk, (4.29)
0
then, in analogy with Eqnl_(4.5), we have the following fotenu
m—1
- o1 o o -
Dgn) = det [/ Wp§ )(xQ)pli )(xQ) M( )(ZC) dx
0 Ry Ry §,k=0
m—1 (o)
hn
— H o (4.30)
n=0 [’%n ]
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wherex'” is the leading coefficient of the polynomya{—[’ . Thus, Continuous Dual Hahn
polynomials can be related to the Hankel determlnﬂffg by properly specializing the pa-
rameterga, b, ¢) in each of the two cases,= 0 ando = 1.

Comparing Eqns[{4.28) anf(4]121) with the orthogonalityght (4.23), we are led to
specialize the parametefs, b, ¢) to the valueg0, 1/3,2/3) for 0 = 0 and(1,1/3,2/3) for
o = 1. Thus, we have

2 . .

0) (.2 _ zw 12 _ 1 2 T /6, —ix/6 ) 431

put) ‘31<36’0’3’3) (3 A3/,07 0 13, 2/3 (43D
and

Wy o (T2 1 2Y 4\ (5 —n,1+ix/6,1—i:c/6))
W =s (5153) = (5) G) om0 ). e

For the normalization constant and the leading coefficienhave

| | "
0 oni(3n)! 0 _ 1
h® =251 kO = <—% , (4.33)
and
n!(3n + 2)! 1\"
=M W () (4.34

respectively. Thé-function triplication formula, Eqn[{4.14) has again beesed to simplify
the expressions for the normalization constaitsandh’’. Using [2:3D) we obtain
m—1
DY) = 22m*=m3m* 2 TT k! (3k)!,
k=0

m—1
DY) = 22 tm3m* /2 TT kI (3k + 2)!. (4.35)
k=0
Substituting these values intb {4126), taking into accdhet pre-factor of Eqn.[{2.5), and
cancelling whatever possible, we obtain the following esggion for the partition function
at\ = /2 andn = /6,

N, " (3% + 2)!
ZQm‘)\:ﬂ-/Q = <_) 3" +m ' H |: :| (436)
n=m/3 2 k=0 m + k
(2m+1)2 m—1 2
1 (3k +2)
ZQm-l—l‘)\:W 5 = <_) 3m 242m+1/2 |:—:| (437)
n:wfg 2 k[[O (m+k+1)!
Recalling [(3.¥) which now reads
. [ 1\V
A(N;3) =2V <—) ZN) . (4.38)
V3 "
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formulae [3.4) for3-enumeration of ASMs are readily recovered.

In conclusion, in this Section we have given explicit foramifor the partition function of
the six-vertex model with DWBC for some particular valuepafametera andrn. Analogous,
essentially equivalent, expressions were already knowam fthe investigations of ASMs-
enumeration. It is worth emphasizing that the approacheptesl here allows to recover these
results in a very simple and straightforward way. The kaystof the whole approach is the
nice connection with known classical orthogonal polyndgiiaat will now be further exploited
to explore the boundary correlation function in applicatto the refinedc-enumerations of
ASMs.

5. The boundary correlator and refined enumerations of ASMs

5.1. Preliminaries

In this Section we shall show how the knowledge of the suitaelt of classical orthogonal
polynomials associated to each of the three considered,ceae be further exploited to de-
rive explicit answers for the one point boundary correlationction. As a consequence the
results for the refined-enumerations of ASMs can be obtained; the result for theedfi-
enumeration of ASMs is of primary interest since it was natjeotured previously.

In what follows, for the sake of simplicity and clarity, weahoften ignore the overall
normalization of the boundary correlator. As already désewl at the end of Secti@h 2, the
proper normalization can always be restored trough the LEgm (Z.10).

The basic idea is very simple, stemming from the fact, see.R28, 29], that the polynomi-
als associated to a given orthogonality weight) can be in turn represented as determinants,

pn—1(z) = constx det W, (5.1)

where N x N matrix W differs from Z, defined by[{(411), just only in the elements of the last
column,
Zj, for E=0,...,N -2,
Wi =18 : (5.2)
x  for k=N-1

The boundary one point correlator, see Efnl(2.8), thezefeads
sin(A+n)1" (sing) " sin(e — 2n)|V "
NN prl(ae> N N_1
sin(A — n) [sin(e + A — n)]

This representation is completely general, however it aafrdatfully exploited only when the

explicit form of the polynomial entering it is known, whictappens precisely in each of the
three cases under consideration, as explained in the pie@ection.

H](VT) = constx { (5.3)

e=0
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Indeed, in these three cases, the polynomials of interestglof hypergeometric type, are
known to satisfy the following finite difference equationghwespect to their variable, see,
e.g., Ref. [30]. Denoting(x) = P (x; ¢) for Meixner-Pollaczek polynomials one has

d?(o —ix)y(z + 1) + 2i[xcos ¢ — (n + a)sin Ply(z) — € (o +iz)y(z —i) =0. (5.4)
The Continuous Hahn polynomials satisfies
B(z)y(z +1) — [B(z) + D(z) + n(n+a+b+c+d—1)]y(z) + D(z)y(z —iz) = 0 (5.5)
wherey(z) = pu(z;a, b, ¢, d) and
B(z) = (c—iz)(d—iz),  D(z)=(a+iz)(b+iz). (5.6)
For the Continuous Dual Hahn polynomials one has
B(x)y(z +1) — [B(z) + D(z) + nly(z) + D(z)y(z — iz) =0 (5.7)

wherey(z) = S, (2% a,b,c) and

(a —iz)(b—ix)(c—iz)

(a+iz)(b+izx)(c+ix)
2iz(2iz — 1) ’ '

Blw) = 2iz(2iz + 1)

D(z) =

(5.8)

The approach we shall apply here to compute the boundarglatwr is based on the fact that
each of these finite-difference equations for the polynésyian be directly translated into a
recurrence relation for the boundary correlator which imtcan be solved explicitly.

The derivation of the recurrence relations for the boundaryelator in the three cases is
quite similar and will be explained below in detail in eacls&aThe general idea underlying
the procedure to obtain the recurrence relation is basedh®msimple relatiorny(0. £ i) =
et'ey(0.)et's which allows us to derive from each finite difference equatiorelation of the
form

y(as)Kaf(g) 0 = 0. (59)

e=

Here K. is some linear differential operator whose form is detesdiby the finite difference
equation, andf(¢) is a trial function. Under special choice of this functign9pbecomes a
linear recurrence relation for the boundary correlator.

To find this function we shall use also the fact that the foa{BI3) can be further rewritten
as follows

1) = constx {py-1(@)lg(e)* (@} (5.10)
wherew(e) andg(e) are given by
_ sin(A+n)sine _sin(A —n)sin(e — 2n)
wle) = sin(A — n) sin(e — 2n)’ e = sin(2n) sin(e + A —n)’ (5.11)
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and related to each other as .

g(e) = m-

It is clear that in order to rewrite EqQr.{5.9) as a recurrenatation forH](VT) the functionf(z)
should be chosen of the form

f(e) =g M w(e] ' 7(e) (5.13)

wherer(¢) is still arbitrary. Then, rewriting the operatéf. in terms of the differential operator

(5.12)

sin e sin(e — 2n)

D. :=wd, = — o (5.14)

sin 2n
and reexpressing all quantities in terms of the variahlthe expression for (=) can be easily
chosen in such a way that EQR.{5.9) turns into a recurrematme for the boundary correlation
function. The actual procedure becomes apparent afteantuto the examples.
As a last comment here it should be mentioned that the rewereelation forH](J) can
equivalently be viewed as an ordinary differential equafar the generating function

N
Hy(z) =Y HY 27, Hy(1)=1. (5.15)
r=1

Thus the problem of solving the obtained recurrence reiaten also be regarded as that of
finding a polynomial solution to the corresponding diffdrelrequation. In all cases considered
below, such differential equations appear to be at mosteo§édtond order.

5.2. The free fermion line

We start with reminding that this is the case whega 7/4, with the spectral parameter free to
vary within the intervalr /4 < A < 3w /4, or, usingp = 2\ — 7/2 we havel < ¢ < w. The
value\ = /2 (or ¢ = m/2) corresponds t@-enumerated ASMs.

The boundary correlator in this case is given by the fornflal) where

_sin(¢/2) cose
sin(e + ¢/2)

andpy_i(z) is given by the formulal{4.10), i.e., being the particulaseaf the Meixner-
Pollaczek polynomial. The finite-difference equatibnljsmthis case reads

w(e) = —cot(¢/2) tane, g(e) = (5.16)

d? (% — 'Zx) py_1(x +4i) +2i E oS ¢ — (N - %) sin 4 pn-1(z)

— e (% + %) prn_1(z —4i)=0. (5.17)
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Usingpn_1(0- £ 4i) = eTepy_,(0.)e™ we derive the condition
pra(@2) K- lg()¥ o) ()] =0 (5.18)

whereK_. is the first order linear differential operator

sin € cose

K.=——F—0.sin(2e+¢)+ N —1 (5.19)
sin ¢

andr(e) is an arbitrary function which will be suitably chosen beltwturn equation[{5.18)
into a recurrence relation for the boundary correlator. &uor now is to explain how this
function can be found and the recurrence relation can bensuta
First, using the operator
D, =sinecose 0. = wa,, (5.20)

and changing to the variableusing

sin(2e + ¢) (w—1)(aw+1)

_ — = 2 2 21
Sln¢ an +1 Y Q tan ((b/ )7 (5 )
we find .
_ _ _ 2 s
K. = {Dg(w D(aw +1) + (N = 1)(aw? + 1)}aw2 T (5.22)
Next, let us define the operat& by
K.g" ' =gV 'K, (5.23)
whereyg is given by [5.16). Using
— w
9 (Deg) = ——— (5.24)
w—1
we find .
~ w J—
K. = {Dg(aw+1) (N - 1)}W2H. (5.25)

Now the choice of the function(s) is evident, since in terms of the operatsr the relation

GI8) reads

pn-1(0-) gV K w | =0 (5.26)

e=0
and therefore if we choosg¢) to cancel the factor standing outside the braceEIn15.25) th
we immediately obtain

pn_1(0-) g™ ! {Dg(aw +1) = (N — 1)} !

= 0. (5.27)

e=0
Finally, reminding thatD. = wd,, this last equation directly leads to the recurrence refatio
arHG™ — (N =) H{ =0 (5.28)
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where we have usefl{5]10). Note, that actual choice of thetiimr (¢) have been governed to
have all coefficients in the braces [0 {3.25) to be polynosiial.. Note also the ‘anti-normal’
ordering of the differential operator there. Below we spaticeed in other cases exactly in the

same way.
Solving the recurrenc€{5.28) we find
, N -1 tan2(¢/2)]" "
H) = ( - ) [ <‘f/ ) — (5.29)
=1/ 11+ tan?(¢/2)]

Here the proper normalization is achieved by directly $ztig condition [Z.1D).

Thus, the result of Ref. [4] is readily recovered. Moreovecalling [3.8), and specializing
A =m/2,thatis¢p = w/2 ortan(¢/2) = 1, the expressioi(3.6) for the refineeenumeration,
obtained in [7,12,13,15], is immediately reproduced.

5.3. The ice point and the refined enumeration of ASMs

Now we turn to the interesting case of the ice point, whichre&gponds to the values =
/2 andn = 7/6. In this case the boundary correlatHr]‘\’,") IS equivalent to the refinet-
enumeration of ASMs.

In this case the boundary correlator is given by formula@pvthere

sine _ sin(e — 7/3)

)= dne—az3y 9= sin(e + 7/3)’

 sin(e —7/3)’ (5.30)

andpy_1(x) is Continuous Hahn polynomial, sde {4.17). The finite défere equatior(3.5)
reads

(% - %) (g — %) py-1(w + 6i) + ﬁ—; - g — N(N - 1)] pN-1(2)

+ (% + %“) @ + %) py1(z —6i) =0 (5.31)

Similarly to the previous case, employipg (0. %+ 6i) = et%py_,(0.)e™'* we obtain

pr-1(22) Ko g w(e) (9| _ =0 (5.32)
whereK_. is the second order differential operator
1 1
K. = 5sin3e 0? sin 3¢ + 5 sin?3s — N(N —1). (5.33)

Now our aim is to obtain the recurrence relation Hjﬁ) and find its solution.
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The operatoiD., in this case reads

2
D, =:wd, = ——=sinesin(e — 7/3)0.. 5.34
g sinesin(e — /3) 534)
Taking into account the identity
sin3e = —4sinesin(e + 7/3) sin(e — 7/3) (5.35)
and
V3 w V3 w—1
sing = ——————| sine +7/3) = —— ———, 5.36
2 Vwr—w+1 ( /3) 2 Vw2 —-—w+1 (5-:36)

we reexpress the operatit in terms ofw and the operatab., with the latter acting from the
very left,

1
_ 2 - 2 2 o o 2
K. = [Dg(w D’ = Do =)= NN = ) —w + )] 5= (837)
Taking into account that
1 W
9 (Deg) = ———7 (5.38)
for the operatois. := g~ ¥+ K.¢V~! we obtain
K= {Dw -1~ DN - Do+ I+ NN -} "1 (5.39)
: c ‘ w?—w+1
Choosingr(s) = (w? —w +1)/(w — 1) in (&32) allows us to write
@Wg@wN%@2@—1y4%mN—1w+¢H4wN—1&w“1ﬂ:ﬂ (5.40)

which, recalling thaD. = wd,,, and Eqn.[[5.70), immediately gives us the following reence
relation
rir—2N + DH{™ — (r = N)Y(N +r - 1)H{ = 0. (5.41)

This recurrence can be easily solved modulo a normalizatoistant

(N+r—21(2N—1—7)

H" — const
N % r— )N =)

(5.42)

A possible way to fit the normalization conditidn {2.10),asconsider the generating func-
tion Hy(z) defined via EqnI{5.15). The result reads

Hy(z) = (2N - DIeN -2 1(1—N, N

(N = 1)1 (3N —2)! 2 —2N

z) (5.43)
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where the proper normalization is easily determined thindDigu-Vandermonde identity

2F1(_7Z’ b‘l) = <C(;)i)m; (@)m == ala+1)---(a+m—1). (5.44)

Inspecting the coefficient af ~! in (5.43) we finally obtain

YN

(v-1)
The refinedl-enumeration of ASMs, Eqri{3.5), immediately follows frtime last formula and
the relation[(3.B).

It is worth to noting that the proof presented here for thenesfil-enumeration of ASMs is
considerably simpler in comparison to that of Refs. [23, #4jich were based on the inhomo-
geneous square ice partition function formula of Ref. [2].

H{ =

(5.45)

5.4. TheA = —1/2 symmetric point and the refined 3-enumeration of ASMs

We shall now apply the same approach to compute the boundagla:torH](\’,") in the case of
the A = —1/2 symmetric point, i.e., when = 7 /3 and\ = 7/2. This case corresponds to the
refined3-enumeration of ASMs.

As shown in Sectiof 4l 4, in this case there are two sets ofiQomis Dual Hahn polynomi-
als, with differently specified parameters, see Edns.Jjj48d [4.3P), which are related to the
determinant of the Hankel matrix, see Eqn[{Z2]16). The appearance of two sets of polynomials
is due to the factorization of the Hankel determindettZ. The explicit form of this factoriza-
tion in turn depends on whethéf is odd or even, see Eqi._(4126). Such factorization occurs
also for the determinant of matri®/, defined by[(52). Denotin@y(x) = det W, similarly

to (4.26) we have

Dyo(z) = DO 2 DV (%),  Dy,ii(x) = DY, (2%) DY), (5.46)

2m

where D7) (2?) stands for the determinants of the matrices built from thenemoments of
measures:(?), with entries of the last column replaced b¥. These determinants are pre-
cisely the Continuous Dual Hahn polynomiqié;),l(:ﬁ), specified by Eqns[{4.B1) arld (41.32).
Therefore up to overall constants determinedﬁ&) andDY, we have

0)(,.2 ; ;
constx py,’ (z2) if Visodd N =2m + 1
pN—l(x) = (1) . . . (547)
constx x py’ (2?) if NisevenN = 2m + 2

In this way the polynomials appearing [0.{b.3) are expregséetms of Continuous Dual Hahn
polynomials.
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Hence, in the considered case representafion](5.10) aschie form

H) ., = constx pl)(9?) 0, g?™+w ! . (5.48)
H) ., = constx p'¥), | (87) g?™ 2w . (5.49)

where e .
w=uw(e)= Tl 1 a/3) 9=—7 (5.50)

Here we have shiftech — m + 1 for the N odd case for later convenience.
Starting from expressions (5148) aifd (5.49), one can dén&eecurrence relation fdﬁj(\’,“)
in the cases oV even and odd, respectively. Here instead we shall procéfedatitly using the
fact that it is possible to express the boundary correlatterims of a single set of polynomials,
and thus treat both cases in a unified and simplified way. bhd#enoting
W(z) =p2 (%), o=0,1, (5.51)

m

let us consider the polynomials

21 11

u m =Oom\ 575 05 |- 52
Uom(x) = S, (362 66) (5.52)
These polynomials arise when one studies the action of trvérd shift operator’ for the
Continuous Dual Hahn polynomials (see, e.g., Ref. [30],.E#y8.7)),

@WH@+30—@WH@—3D:-mn+n§@3@y (5.53)

Surprisingly enough, changing the sign in LHS of this relatgives us again Continuous Dual
Hahn polynomials, which are exactly those defined abomé%&), ie.,
o (T 4 31) + Tigm (2 — 31) = 2ul) (2). (5.54)

2m

This relation can be easily proven by expressing all polyiaésyon both sides as truncated
hypergeometric series. It is worth to note that this refai® not a specialization of some
general relation for the Continuous Dual Hahn polynomiblg, is instead specific for the
particular choice of parameters of the polynomials.

As a direct consequence of relatiohs (5.53) &nd (5.54) weesarite the correlator as

Hyp), 5 = CONSEX lami(D.) sin3e g™l | (5.55)

H2(2+3 = CONStX Tgp42(0:) cos3e g?" 2w !

(5.56)
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Noticing that

33 ww+1) Cosggz_(w—l)(2w+l)(w+2)

5.57
2 (WHw+1)3% 2(w? +w+1)%2 (5-57)

sin e = —

and recalling thay = 1/(w — 1) it can be easily seen that the correlator possesses th&us&ruc

, B(’"—l) B(T—Q)
HY) = =2 ; 2m_ (5.58)
. 2B(7"—1) 5B(r—2) 2B(r—2)
HY) =2 o e I (5.59)
where the quantitieBé’;,)L are defined as
2m+1, ,r+2
r ~ qg w
Bérr)L = meUQerg(ag) (u)Q o 1)3/2 0; r= 0, 1, ey 2m. (560)
e=

Here,b,,, IS some normalization constant; we assume that

2m

> Bi =1 (5.61)

r=0
This condition, together with Eqnd.(5158) and (5.59), eesuhat normalization condition
(Z10) is satisfied. As in previous cases, the proper nomaiadin will be restored at the end of
computation, according to conditidn (5161).

Thus, instead of studying the correlator fdr even and odd separately it is enough to
consider the quantithéZ which is defined by an essentially similar formula, E4o. (.6 he
procedure developed previously will be applied now to deavrecurrence relation fo?éj;l.
The finite-difference equatiob(5.7) reads

(1+a2) [ﬂ2m+2(:c 4 61) — Tgmya( — 6i)} — 2i(m + )aligmya(z) = 0. (5.62)

Using this equation, like in the previous cases, we can write

Ugmy2(0:) K- f(€) 0 =0 (5.63)
whereK. is the second order differential operator
1
K. = ——=|sin3ecos3e (9 + 1) — 6(m + 1)0. 5.64
vl (02 +1) ~6(m +1) (5.64)

while f(¢) is some arbitrary function. Obviously, to obtain a recucesrelation for the quan-
tities BY"), the functionf () is to be chosen of the form

2m?

92m+1wr+2

f=r

5.65
(1+w+w?)3? (5.69)
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where again is some function to be chosen later.
Taking into account that the differential operafor in the considered case reads

D. =wi, = % sin e sin(e + 7/3)0. (5.66)

and passing to the variahle we obtain

(2w? + bw + 2)(w? — 1)

K. = D?
‘ ww?+w+1)
D (W? 4+ 4w + 1) (2w? 4 bw + 2)(w — 1)? 4m(w2+w+1)
‘ ww?+w+1)? w
w* + 4w’ + olw” + 4w + w* + ow + w* — w* —
8wt + 4w3 + 5Tw? + 4 8)(2w? + 5w + 2)(w? — 1 21
_ Do 1) +4m . (5.67)
Defining operatof(8 by the formula
2m+1 2m+1
g _ g o
ke (WHw+1)32 (W24 w+1)32 Ke (5.68)
we may rewrite conditiol{5.63)
92m+1 " )
~ r+ —
u2m+2(8€) (wg +w+ 1)3/2 KETW =0 - 07 (569)

where

K. = {Dg (2w? 4 5w + 2)(w? — 1)

_D. [(2w2 45w+ 2)(Tw? — 2w — 1) + dm(w* + 50® + 40? — 1)]

+2(2w? + 5w + 2)(5w? — 2w + 1) + 2m(dw?* + 26w® 4+ 17w? + 5w + 2)

4mPw(3w? + 4w + 2) p————. (5.70
+4miw(3w” + 4w + >}w(w2+w+1) ( )
Choosingr = w + 1 + w~! we therefore obtain
LI ) p— o D? (20" + 5w® — 5w — 2)
(W2 w+1)32] ¢
—D. [(14w4 4 310% 4 202 — 9w — 2) + dm(wt + 5w+ dw? — 1)}
+ 2(10w* + 21w + 2w* 4+ w + 2) + 2m(4w* + 26w* + 17w? + 5w + 2)
+ 4m?(3w® + dw? + 2w)}w =0. (5.71)
e=0
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This equation leads immediately to the recurrence reIetD'onBéQ. The latter enjoy the sym-
metry B{") = B{*™") which obviously guarantee§l) = H{' """ (this is also known as
the top-bottom or left-right symmetry of the set of ASMs). make this, symmetry more ap-
parent it is convenient to write this recurrence relatiorierms of E{,) := Béﬁ”’, so that

EW = EST withr = —m, ..., m. The recurrence relation reads

20r —m —2)(r +m+1) B¢ + (50 + 10rm +r — 3m? — 9m — 6) B¢~V
+2(1 4 8m)r E@) — (51 — 10rm — r — 3m* — 9m — 6) EU+Y
—2(r—m—1)(r+m+2)E'? =0. (5.72)

Using this relation one can find recursively alfr)’s for any givenm assuming thatZ!!) = 0
if |r| > m. However, since the recurrence relation is five-term it cardly be solved, e.g.,
by guessing its solution. The remaining of this Section iggposition of a possible way to
solve it explicitly. As we shall show now this can be done bygcassive transformations of the
generating function foBé’;z.

Consider the generating function

m 2m
En(z)= Y EW =23 "By 2 Eu(z) = En(z7). (5.73)
r=0

r=—m
which satisfies, as a direct consequence of recurrencéorel@72), the following homoge-
neous second order linear differential equation:

{(2 — 2 (22 +5+2271)(20.)?
+ [(22 +5+227")(B2—2+32z7") +2m(52 + 8 + 52‘1)} 20,
—(z—2z7") [m(GZ — 14627 +m?*(22+ 3+ 22_1)} }Em(z) =0. (5.74)

The solution of this equation we are interested in is a patyiab of degree2m times factor
2~™, see Eqn.[{&.13). Let us now consider the substitution
r—dq

z2=——,
qr — 1

q = exp(in/3) (5.75)

which maps the six singularities of this equation lying omithal axis of the complexplane, at
pointsz = —1,0,1/2,1, 2, oo, onto the six roots of equatiatf = 1,i.e.,x = 1, ¢, ¢* ¢, ¢*, ¢°,
lying on the unit circle of the complex-plane. Note moreover the trivial but useful identity
1 + ¢*> = ¢. Taking into account symmetr{Z{5173) enjoyed By,(z), and the identityqz —
1)(z —q) = (qz)(z — 1 + z71), itis easily seen that the function

Viu(2) = (z — 1+ 2 1™ B, (_q";__ql) (5.76)
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is again of the formx~—™ times a polynomial of orde?m in x, symmetric undet — 1/x, i.e.,
the functionV,,(€%) is an even trigonometric polynomial of degreein . Equation [5.74)
translates into the following equation:

{(x?’ —27%)(20,)?
+ [(:c +14+a D@ =bz+12—5x ' +27%) —2m(z +a ') (2* -5+ :c*Q)]xam
—(z—27") [m(:c2 —dr+13—da " +27%) —mP(2® — T+ :1:72)] }Vm(:c) =0. (5.77)

At the first glance there is no advantage in considering thetfanV/,,,(x) since the underlying
recurrence relation for expansion coefficients\gf(x) is even worse than that for those of
E..(z): itis a seven-term relation. However, if one considersaadithe function,

h(2) = (2 — 27 1) (2 42 4+ 271V, (2) (5.78)

then it appears that the differential equation satisfied,pir) contains only integer powers of
23 in their coefficients

{(:cg—:c_?’)(:c&x)Q— [3(2m+1)(:€3+x_3)—6} 20, +(3m—+1)(3m+2)(2* —27?) phy(z) = 0,
(5.79)
or, using the variable, related tar asz = exp(iy), we have

{af, -3 [(Qm + 1) cot 3 — —} d,— (3m+1)(3m + 2)}hm(ei“") =0. (5.80)

sin 3¢
It is easy to see that the underlying recurrence relationisqust a three-term and it appears
to be solvable explicitly.

The particular solution of Eqri{5.B0) which we are lookingif the functiorh,, (¢¥) being
an antisymmetric trigonometric polynomial of degfee + 2 in ¢, see Eqn[{5.18). Hence, we

are led to use the substitution of the form
2m—+1

h(€¥) = Z Yesin[(3m + 2 — 3k)¢]. (5.81)

k=0

The coefficientsy, have to satisfy the recurrence relation
(3k +2)(3k + 3) vkt + (Bm+2 = 3k)y, — [3(2m— k) + 7] [3(2m — k) + 6] 31 = 0. (5.82)

Inspecting the explicit form of the first few,’s, allows us to guess that the solution of the
recurrence relation is

Yar =70 (=1)! W (77)’ a1 = %0 (=1

(1) 9
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that can be easily verified directly. Hefe), stands for Pochhammer symbol, defined previ-
ously in Egn.[(5.44). Thus, we have obtained for the functigiiz) the following expression:

3m + 2
3m+1

b (2) = Cm <gm(:c) +

where the functiong,,(z) andg,,(x) are given by

gm(T) : i <m 22/ 3) <mm__223) (gPm A2k _ g dm2toh) (5.85)

k=0

S

m
k=0

fm(:c)) (5.84)

fm(x> :

andc,, is some constant such thef,(1) = E,,(1) = 1; this normalization follows from the
normalization condition{5.61) foB.").

It is worth noticing that functiork,,,(z) as given in Eqns[{5.84), (5185], (51 86), in connec-
tion with the problem of refine@-enumeration has also been found by Stroganov in Ref. [27],
within a different approach, using a certain functionalaepn satisfied by the inhomogeneous
square ice partition function. This functional equatiod ladready been investigated in [31] as
the Baxter T-Q equation for the ground state of XXZ Heiseglspind /2 chain atA = —1/2
and with odd number of site¥ = 2m + 1.

The problem we are facing now is to reconstruct, from theieifpdnowledge of function
hm(x), the generating functiofv,,,(t). This amounts essentially to divide out the factars-

- 1)?™ ! and(z + 2+ 271) to find functionV,, (z) first, and next to change back to the original
variablez = (x — ¢q)/(1 — qz) to recoverE,,(z). We shall follow the line of our previous
paper [32] where this procedure was fulfilled.

To undertake the first step in this program it is useful to rb& the functions,,(z) and
gm(z) can also be written as follows

gm@):%{ﬂmwzﬂ(_m’ 1/3 ( 23
—amt,m (T T

o) = T [ gy (T 1)
) e

Since the parameters of the hypergeometric functionsiagtérese expressions differ by in-
tegers one can expect that (z) and f,,(x) are connected by some three-term relations via
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Gauss relations (see, e.8R.8 of [29]). Indeed, using Gauss relations it can be showah th

2F1(—m, 12—2/3’<) _ 3m2+4 2F1(—m—1;l/—3m—2/3‘c)

—m, —m+1/3
4/3

3m + 2
2

(1+¢) 2F1( ‘g) (5.89)

and therefore one can express the functigfir) in terms off,,,(z) and f,, .1 (x):

3, -3 3(m+1)
gm(z) = 2Bm+1) (% +277) fm(z) — 2Bm+ 1)

Substituting[[5.90) intd (5.84) we obtain an analogous fdenfor functionh,,, (z):

2 Foner (2. (5.90)

3m+ 3
3m + 2

3m + 2

Cm m fmi1(2)] - (5.91)

() = (2° +2+27°) fin(2)

Introducing now the functio®,,, (), implicitly defined by

fn(x) = (2 — 27?1 Q,(2) (5.92)

the factor(z —z~')*"*1(z+2+z~!) can be formally extracted in expressien(%.91)/oKx),
thus giving us a representation fagy, () in terms ofQ,, () and@,,,+1(z),

3m + 2
2(3m+1)

3m—+ 3
3m + 2

(r—2+ xil) Qm1(z)]
(5.93)
The meaning of this procedure becomes apparent by notieatghe functior(,,(x) can
be found explicitly from expressiol (5188) for the functigpn(z) in virtue of the so-called
cubic transformation for the Gauss hypergeometric functithe details of this derivation are
given in Appendix A. For functiord),,, (=) the following explicit formula is valid

O () = (2m)! gt — gtz \"™ (M m +1|gx —q !
T 3m ()2 qg—q! >t —2m gr—! —q iz )’

Vin(2) = ¢ (r—14+271)?Qun(z) —

(5.94)

Hence, functiori/,,(z) can be found by inserting this expression ififo (5.93), thvisg

(2m)! (2m + 1)!

V. (z) =
(=) m! (3m + 1)!
R BN _ 1 11
Jam st (S (e
q—q- —2m qgr—! —q lx
2(2m + 1 g\
_22m+1) )(a:—2+3:’1) i
3m + 2 qg—q !
— -1 2 _ ,—1,..-1
S % Bl et B B Y1)
—2m — 2 qr-1 —qlx
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Here we have written the expression fidy,(x) taking into account also the proper normal-
ization of this function,V;,,(1) = 1. The normalization can be verified by virtue of Chu-
Vandermonde identity (5.#4) and it is equivalent to the choi

37+ (2m + 2)!

em = (Bm A+ 1) —

(5.96)

of this constant in Eqns[{5B4) and (3.93). It is worth to trmnthat functions@,,(z),
Eqgn. [5.9%), and/,,(x), Egn. [595b), are the first and the second solution, resbgtiof
Baxter T-Q equation for the ground state of XXZ Heisenb&rg- —1/2 spin chain with odd
number of sitesV = 2m + 1, see Refs. [24,27,31, 33].

To obtain function¥,, (z) from the given expression far,,(x) one can use the formula

+
En(z) = 3™z + 1+ 2" 1™V, (;q +q1> (5.97)

which is the inverse of{5.76). Applying this transformatio (5.9%) we obtain

2142
z+2

27V 42
po )} (5.98)

(2m)! (2m + 1) 1

Ep(z) = {9(,2 + 2)m2F1(

3! Bm A+ D! (2142712

—-m, m+1

—2m
2(2m+1)
3m + 2

—-m—1, m+2
—2m — 2

(z—2+2H(z+2)" R (

This expression is however not the final answer yet, sincdat®r (» + 1 + z~!)? in the

denominator is to be cancelled explicitly (recall thgt(z) is to bez=" times a polynomial
of degree2m in z, hence the expression in the brackets contains implidigygdroper factor
(z+ 1+ z71)?). This can be achieved using again Gauss relations; foilsletae Appendix B.
The final result is

_ (2m)!(@2m+2)! m -m, m+2| 1+2z
En(?) = s ) Bm - 20 {(Qm FDEHT R ( —om—1 |z(z + 2))
~3m(z 42", R <_m *_12’mm 2 Zl(;f; ))} . (5.99)

This completes the derivation of functidf), ().

We can now extract from this expression closed formulaeHercbefﬁcientsBéZ, which
are related tdv,, (z) through Eqn.[[(5.43). To find these coefficients we expRnd@j5rBpower
series inz, thus expressing’,,(z), as a triple sum, and next we apply Chu-Vandermonde
formula [5.44) to make the sum with respect to the index dafithe hypergeometric series
in (8.99), thus expressing,,(z) as a double sum. These two summations can be rearranged
in such a way that one of them becomes with respeact while the other one defines the
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coefficients of power expansion in We obtain

[r/2]

2m + 1)!'m! 3m + 3
gy = Gmx Dim! Om +2— 1+ 2
2m = 3m (3m + 2)! >, emr2-r2)( 7,

" <2m+£—r+1) <m+€+1

¢=max(0,r—m)

)27"—24. (5.100)
m—+1 m—+1

Here[r /2] denotes integer part of/2. This expression foBéZ indeed solves the five terms
recurrence relatiofi (5.7 2) (recall thaf, = Béﬁ”’).

We would like also to mention that formula{5.100) can alsawi¢ten in terms of termi-
nating hypergeometric series, for instance, as follows:

r (3m+3\ (2m+1—r
B(T)IQ( r )( m-+1 ) 24 L —(T’—l)/Q,—T/Q,m+2’2m+2_T 1
2m 3m(3m+2) Bm+4—-1)/2, Bm+5-7)/2, m—r+1

m+1 4

1

)
This formula is valid forr = 0,1, ..., m (a similar expressionfar=m +1,m +2,...,2m
can be simply obtained through the replacement 2m — r in RHS of [5.1011). The twqQF;
in (5101) can be further combined into a singl§ . Analogous formulae foBéZ in terms
of terminating hypergeometric series of argumémbay be written down as well. Analyzing
these expressions, however it seems to be hard to perforsuthén [5.10D) in a closed form,
even if very suggestive similarities can be found with knaummation formulae, s€g7.5
and 7.6, especiall§7.6.4, of Ref. [34].

The complete expression for the boundary correlafé)'}? can be readily obtained by in-

serting [5.100) of(5.101) int(5.68) arld (3.59). Finathe refined3-enumeration of ASMs,

A(N,r;3), follows from multiplying the result forH](&") by the total number o8-enumerated
ASMs, A(N, 3), seel[3B) and(3.4).

r Fg((—(r—l)/Z,—T/2+1,m+2,2m+2—r (5.101)

T m+1t 3m+4—r)/2, Bm+5—-71)/2, m—r+1

6. Conclusion

The main purpose of the present paper was to point out the mitegtion between ASM enumer-
ations and some classical orthogonal polynomials. In@aletr, in Sectiofil4 we have shown an
alternative way to recover known results for the partitiondtion of the six-vertex model with
DWABC, in the three cases of tie= 0 line, and the symmetrid = 1/2 andA = —1/2 points,
corresponding t@-, 1- and3-enumeration of ASMs, respectively. The derivation we haree
sented in Sectionl 4 is in our opinion extremely simple andigittforward. It is based on the
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fact that the Hankel determinant entering the represemddr the partition function can be
naturally related in these three cases to Meixner-Pollg&entinuous Hahn, and Continuous
Dual Hahn polynomials, respectively.

It is to emphasize that the three considered cases, 1,2, 3, are the only ones in which
‘factorized’ answers for ASMst-enumerations are known to exist. The fact that no set of-poly
nomials corresponding to other choices of the parameterbedound in the Askey scheme
strongly suggests that no ‘factorized’ answer exist foreotralues ofr. However, one might
speculate that for some values of the crossing parametire partition function of the six-
vertex model with DWBC might still admit a ‘factorized’ fornbut in terms ofg-numbers
(with ¢ related tay throughg = €*), and obtained via some suitalgigolynomial, possibly of
Askey-Wilson type. Concerning this, it is worth mentionagecent paper [35] which contains
rather promising preliminary results in this direction.eSplating further, an interesting prob-
lem which we would like just to hint here concerns a possiblation of suchy-polynomials
asq tends to a cubic, quartic or sixth root of unity, with the thsets of classical polynomials
mentioned above. In this respect, recall that in paper §23¢gendre polynomials were used
while in the present paper Continuous Hahn polynomials Baegvn to play an analogous role.

In Section[b we have used the knowledge of appropriate ootalgpolynomials for the
cases under investigation to derive recurrence relationthe boundary one point correlator
H}Q. In the first two cases, such recurrences are trivially shhasmd known result for the
closely related problems of ASMs’refindd and 2-enumerations are easily reproduced. The
same approach is applied to the symmeftie- —1/2 point, but the resulting recurrence rela-
tion for H](\’,") appears very intricate, not being two-term (like in casexs @ind1-enumerations)
but rather five-term. Even though the differential equafimnthe corresponding generating
function is not of hypergeometric type, it has been showndasdlvable in terms of a suit-
able linear combination of hypergeometric functions. Tbealled cubic transformation for
the Gauss hypergeometric function has been applied to watrlkarm explicit formula for the
refined3-enumeration of ASMsA(N, r;3). The latter appears not to be writable as a single
hypergeometric term, i.e., not to be ‘round’ (or ‘smootltdntrarily to other known expres-
sions for enumerations of ASMs, and it hardly could have lmmnectured on the basis, e.g.,
of computer experiments.
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Appendix A

We reproduce here for the sake of completeness the proofmf &@4) given in a previous
paper [32].
The key identity which is to be used here is the so-calledcctiansformation of Gauss
hypergeometric function [29] which in its most symmetricrforeads:
¢)

I'(a) 2F1<a+1/3,a<3)_ _1CF(a+2/3) 2F1<a+1/3,a+2/3

T'(2/3) 2/3 T(4/3) 4/3
_ a-sar1 (1= ¢\ T'(3a) a+1/3,3a] (—w
=3 (1—w> T'(2a + 2/3) 2F1( 2a +2/3 u’1—()' A1)

Herew is a primitive cubic root of unityw = exp(+2in/3), anda is arbitrary parameter. To
show that indeed the cubic transformation is relevant tocasge, let us rewritd {5.B8) in the
form consistent with LHS of{All). Taking into account that

2F1<—m, —m + 1/3’4) -5 I'(1/3)T'(4/3) (—<)m2F1<_m’ —m — 1/3’<1)

4/3 —m+1/3)T(m +4/3) 2/3
(A.2)
and
I'(1/3) g L(—=m —1/3) L(m+4/3) o (3m+1)!
T(m+4/3) (=1 r2/3) = D(-m+1/3) Vg A3
it is easy to see thdf{5.B8) can be rewritten in the form
(=D Bm 1) g [T(=m —1/3) —m, —m—1/3| _
o) =S St ()
LI(—=m+1/3) —-m, —m+1/3| _
iy ()] e

Clearly, both terms in the brackets are the same as in LHS.dl) @xovided the parameteris
specialized to the value= —m — 1/3.
To apply the cubic transformation 1o {A.4) we first define

. I(a) a+1/3, a| 4 [(a+2/3) a+1/3,a+2/3| 4
wiest) = gy 2" ogs )+ en (s
(A.5)
sothat (=)™ (3m + 1)!
fm(z) = 3 (—m — 1/3;272). (A.6)

33m+1 ()2
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Next, we note that for a sum of two terms one can always write
-1
q -2
X—q7Y)—
q—q! ( ) q—q!
and if ¢ = exp(im/3), which is exactly the case, one can set ¢ for the first pair of terms
andw = ¢2 for the second one. This recipe allows one to apply the cuaisformation, that

X+Y =

(X — qQY) (A.7)

gives
L 373+ (3q) (1 — ()3 a+1/3, 3al ¢ —¢*
W(a,C)— 1—\(2a+2/3) q(l_qZ)—3a+1[ 1( 2a+2/3 1 ]-_g)
2
+ PR <a2tll+/32>/§’a q2§1 _Qg )} (A.8)

To obtain a new formula fof,,,(x) via (A.8) we have to evaluate now the limit—> —m —1/3

of (A8). The limit of the pre-factor can be easily found dae t
_1)m+1 !
lim [(3a) _ 2 (D)™ (2m)! (A.9)
as-m-1/31'2a+2/3) 3 (3m+1)!

To find the limit of the expression in the brackets[in{A.8) veeanthat

— 2 )
qQC T _. q_27< 9 _q1_ (A.10)

1-¢ 1—-¢
1—3)]

and hence the following formula can be used

1 1
lim [2F1<a+ /3, 3a S)+q3“+12F1<a+ /3, 3a

a——m=-1/3 2a+2/3 2a+2/3
— — —1
Y U AR
2 —2m

Formula[A.I1) can be proved, for instance, by virtue of dead analytic continuation formu-
lae for the hypergeometric function (see, e.g., Egns. (#l)(@hin §2.10 of [29]). Collecting
formulae we arrive to the expression

32m+1 (2m)! (1 — C)3m+1 —m, =3m —1| ,( — ¢

—m —1/3;() = — F ’ 2 . (A.12
Finally, substituting this expression info{A.6) and usihg identity
a,b B . a,c—bl (

2F1< . () =(1-0) 2F1< . g—l) (A.13)

we obtain
__(2m)! R e A —m, m+1|qgx—q 'z
fml) = 3m (m!)? (z—27) qg—q! 2b —2m gr=! —qlz )’

(A.14)
Obviously, this expression leads directly fo (%.94) whigkhius proved.
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Appendix B

Here we explain how the final expression for functibp (z), Eqn. [5.9D), can be obtained

from Eqn. [2.9B).
We begin with noting that the hypergeometric functionsypoimials) which enters expres-
sion [5.98) belong to the class of the functions

a,b
F ’ B.1
A, %0 ) B.1)
which are, in the case afbeing a negative integer, possess the symmetry
a,b a,b |1
F ’ = (" F ’ — . B.2
(o3 a5 ) ©2

Obviously, sincel,,(z) is symmetric with respect to — 21, it is natural to deal only with

the functions of the form{{Bl1) when transforming the expi@s for E,,,(z). It is convenient

to use the notation

27142
z+4+2

-m, k+1
-m—k

\Ilgj)(u) =(z242)"F (

) , wi=z+1+z2" (B.3)

Note that\Ifffi)(u) is a polynomial of degreen in u. Using Gauss relations the following
identities can be proven

W) = (1 3 ¥ - R e ) @)
WO (u) = % W (u) + Wmt k1) (u+3) WP (u) . (B.5)

Returning to[[5.98) we note that in termsbf’s the generating functiod,,,(z) reads

Bn(e) = oot B fow + 2 -y uw) . @e)

Applying (B:4), withk = m + 1, gives us
B, (2) = 2m)! (2m+1)! [2(2m + 1) Pl () 6m \Ingjll)
3mm! (3m+ 1) | 3m+2 3m + 2
9 l_2(2m 1) e

(u)

(u) +

u? 3m+2 ™ 3m + 2

Now, the relation[(BJ) withk = m shows that the expression in the brackets is zero. Hence
we find

(u+3) U™ () + wim) (u)] } (B.7)

o 2m)!(2m +2)!
©3m(m+1)! (3m + 2)!
Restoring the original notations, we arrive to expresdiofd).

m—

(2m + 1) WD () — 37 YD (u)} . (B.8)
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