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1. An indefinite inner product space

together with a symmetric (in the complex case hermitian) bilinear form

is a real or complex vector space

prescribed on it so that the corresponding quadratic form assumes both

positive and negative values.

In the development of probability theory on indefinite inner product

space, and in the study of solutions of r
the construction of induced probabilit
spaces, Hilbert spaces or Fréchet spaces

is of fundamental importance. Indeed

andom equations on these spaces,
y measures on concrete Banach
and the study of their properties
the application of the general

duality theory of topological vector spaces to inner product spaces leads

to partial majorants, majorants,
are, in many applications, Banach, H

In this Note we cousider probabilit
product space using the method of Kag
A. T. Bharucha-Reid [6] and N. Vakh

admisgible or intrinsic topologies which

ilbert or Fréchet topologies [3].
y measures on an indefinite inner
ipé de Fériet [5], D. Kannan and
ania [9].

2. We first introduce some concepts and notations.

Let (X, [.,.]) be an indefinite inner product space.
or, equivalently, [y, #] = 0 for a pair

and y are orthogonal to each other and
are said to be orthogonal if # 1 y for
A c X we put

At ={ze X

If [#y]=0
of vectors &, ¥y, we say that z
write z | 9. Two sets A, B c X
every x € A, y € B. For any set

o 1 A}

The subspace X° = X! is called the isotropic part and if X° # {0}

the space X is called degenerate.
Let {e;};e; be a system of eleme

nts of an inner product space

(X, [, -1 I [e 6] = 84y j €, (Rronecker delta) we say that the

system {e;}(e; is orthonormal.

A topology T on (X, [., .])is a partial majorant (majorant) of the

inner product if v is locally convex
function ¢,(#) = [, y] is ~<-continuous
T-continuous).
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and for any fixed y € X the
on X (the inner product is jointly

for all =
that e¥(e,
A to
associatel
space the
It is
topollogy
normal s;
system i1
Let
with a ¥
We -
exists [3;
Let
= (Eu ..

. tive maf
L ©
. e, fore
property
in the n

We
(4)

and

®)




rector space
ilinear form
sumes both

ner product
hese spaces,
ete Banach
T properties
the general
paces leads
ogies which
ologies [3].
efinite inner
{annan and

t[zy]=0
say that z
84, Bc X
or any set

it X° # {0}

duct space
vy that the

rant) of the
y € X the
et is jointly

As is well known a sequence {e,} of el
space is called a topological basis for X if fo
% unique sequence {£,} of scalars such tha

-]
1) Y Ea e
n=0
converges to z in X.
If {e,} is a topological basis for X then
ence {¢¥} of linear functionals, called coe

0

(2) =Y elz)e,

#=0

lements of a linear topological
r each # € X there corresponds
t the series

there is a corresponding sequ-
fficient functionals, such that

for all # € X. The sequences {¢,} and {¢}} are biorthogonal in the sense

that ef(en) = 8,4

A topological basis for X is called a Schauder basis for X if all the
associated coefficient functionals are continuous on X. If X is a Fréchet

space then every topological basis is a Sc
It is known [3, Theorem IV 3.3] tha

hauder bagis [7]. -
t if © is a separable majoran

topollogy on non-degenerate inner product space X, then every ortho-

normal system in X is countable and the
system in X.
Let (X;[.,.]) be a non-degenerate
with a Fréchet majorant topology + an
We will be concerned primarily with ¢
exists [3] a uniqueness condition for this ¢
Let ¢ be the space of complex nu
= (& ...y &4y -..)y E, € C). Since X has

tive map T between X and a subset X
(3) } x=TE =T, x
i.e., for each x € X there corresponds a uni

property that the sequence {z,}, where

in the metric d induced by t on X; th

e is a t-complete orthonormal

definite inner product space
a basis {e,}nen-

e Fréchet topology since there

ass of topologies on (X, [.,.]).
bers and let C* =={f:E =
basis, there is a linear bijec-
c O,

€X, EeX

ue sequence {£,} = ¢ with the

n =Y, &, converges to zero

foal

is lim d(=, z,) = 0.

We now define the sequences {{,} and {eo,, ,,_} of functions as follows

(4) q"n( El’ ey E-m) = d(:z:,,, 0) == d( Elel + ...+ E.mem 0)

and
(5)  Pus (Emn ceny Bppr) = A2 — Ty 0)

— qu.t(O, <oy 0y EMI? ey En#)’

The following properties of ¢, are immediate

8) Yulkrs ooy E) >0 i § [E] >0,
i=1
b) 4),(0, cey 0) =0,

7 = c. 188 97




¢) |YalEy - " Ea) — da(Ey ooy B
+ (& — )6, 0) = $o(E] — 1
. A& — E)) e, 0)

since d is a translation-invariant metric on X;
n e N, for a fixed basis on X.

functions on C*%,
Clearly the sequence {x,} converges

(6)

inf sup d(x,,,,
w0 ka»l .

hence the space X < C* which is a bije
be defined as follows :

7 ~—’E——{;,,}GG’°°.
If we define

(&)

inf sup ¢
#»0 kp1

d'(E, 9) = d'(£ — 9,0) =

== gup ¢,k
np0

SAE —-E)e +... +
o B — &) < d((E] — 1)e, 0) +

i.e.,, ¢, are continuous
if and only if
xu) =0

ctive correspondence to X, can

hl‘( En+11 ety E,H.k) = 0}.

sup d(z,, — ¥,, 0) =
#p»0

=1_Tu"'-7zm"’71n)

then (X, d') becomes a Fréchet space. On the other hand it follows that

the above defined map T: (X, d') - (X,

9) d'(&,

PO

Hence, by the open mapping theorem,
1somorphlsm

0) = sup d(z,, 0) > lim d(at,

d) is a continuous operator since
0) = d(z, 0) = d(TE, 0).

e have that T is a topological

Because of the isomorphism T between X and X < €%, a measure

S on X will induce a measure v on X.

8 measure on X, and we do this by using

rem [7], [6].
Let (* =0, C" = {(&, ..

maps =, and w,,, 1 <

(10) T, O — C"; (k) ..

(11) Tum o ¢ — on ; 7Tn,m( Eu .

It #, denotes the Borel o-algebra
(O*, 4,) is a separable standard Borel

be a sequence of measures defined on #,,

the following consistency conditions

(12) V.(0") =1,
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.y En), &i €

m < n, as follows

oy Bmple )

Va(B) = V. (nan(B)),

So, it is enough if we construct
Kolmogorov’s consistency theo-

0, 1 < i< n}, and we define

= (&, ..
?En) :<E1, ..

-y Ea)
-5 Em)

in C* then the Borel space
spa,ce forn = 1 Let 9y, 9,, ...,
#,, . .., respectively, satisfying

for all Be4,,.

we have

are mea

It i
that v(J
observe

C,
with bas
B

We

Thee
ing cond:
gorov’s th
v on X,
- The




-+

= &)y, 0) +

s continuous

: to X, can

.

follows that
yerator since

", 0).
; topological

, @ Imeasure

7e construct
stency theo-

. we define

;{orel space
PViy Vg oy
7; satisfying

From Xolmogorov’s consistency theorem for standard separable Borel

space. [8], we obtain a unique measure

(13) Y0®) =1, J.(B) = 3,(n;

v on (C®, #,) such that

Y(B)), for all Be4,.

We note that the =,’s and Tam'S ale measurable and the ¢,’s and Pui’S
are continuous. Thus ¢, , is 3,,,-measurable. X is defined by the fune-

tions ¢, , under countable operations,
of ¥ we obtain

hence from - the properties (13)

Lemma 1. The set ¥ <« 0= is v-measurable.

It & denotes the restriction of &, to X, that is, #=2Xn .‘i,c., and
if for all B ¢ X such that B — TB, Be%#, put

v(B) =73
we have that

(X, #, ) = (X, 4, 5) and

are measure spaces.
It is clear that 0'< v(X) = 3(X) <
that w(X) = 3(X) = 1, i.e., that (X, @,

B)

(X, %, v) = T-YX, @, v)

1. For to give a condition such
v) to be a probability space, we

observe that if, for a given ¢ > 0, we consider the cylinder set

Cauls) = {8: (8, ..

with base

° En+k) € Bn-k( 8)

k
Bﬂ,k( g) = N {( Eu ooy Bagr) 19, &y
i=]
We have
X = NUNC,.c) and 5(X)

e>0n3 lk»1

Theorem 1. Let {3} be a sequence of 4
ing conditions (12) and let 5 be the med
gorov’s theorem from {3 _}. Then by the ison

v on X,

The measure space (X, B, v) is a pre

any e >0, the sequence {3,} of measures
conditions (12), the condition

inf sup inf v, (B
e>0 np»l kp»1

. . o
,E,,+k+160,1-—1,a,._..}.

+r ey Bagi) < el

== inf sup inf ¥(C, i(¢))

€50 npl k31

neasures defined on (&} satisfy-
sure on C* obtained via Kolmo-
orphism (3), v induces a measures

pbability space if and only if, for
satisfies in addition to consistency

mk( E)) =1 M

3. Definition 1. Let X be a Fréchet space. A probability measure
v on X is called an L-measure if all continuous linear functionals on X

are v-measurable.

Theorem 2. The measure v on the Fréchet space X with the basis {e,}

is an L-measure.
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Proof. The reasoning is simila)
P,: 0°— €, P, () = &, is clearly §

6:("0) = En = Pn(a)
and for z* ¢ X* we have

o*x) = E

nel
Lemma 2. Every open set G of

rable set.
Proof. Since X is a separable t

G < X is a countable reunion of 1

every neighbourhood is a v-measurab)

d(w, @) = im d(w,, @,) = lim (£, —
=00

. N—»p00 .
continuous funections on C*.
Also we have

Lemma 3. Every continuous fu

variable on (X, &, v).
We obtain

Theorem 3. If (X, [.,.]) is a n

space with a majorant topology ~ and
product induces two complex random v

on (X, &, v).

Corollary 1. The weak topology
(Xy[.,.1) defined by the family {{,},e
locally convex topology defined by a
on (X, #B,v,).

Also the characteristic functi
(X, [.,-]), the concepts of mean and
measure and results as theorems of B
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