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Labelled Graphical Models

JUKKA CORANDER
University of Helsinki

ABSTRACT. A class of log-linear models, referred to as labelled graphical models (LGMs), is
introduced for multinomial distributions. These models generalize graphical models (GMs) by
employing partial conditional independence restrictions which are valid only in subsets of an
outcome space. Theoretical results concerning model identifiability, decomposability and estima-
tion are derived. A decision theoretical framework and a search algorithm for the identification of
plausible models are described. Real data sets are used to illustrate that LGMs may provide a
simpler interpretation of a dependence structure than GMs.

Key words: Bayesian model determination, graphical models, log-linear models, reference
analysis, utility

1. Introduction

A widely used approach to modelling multinomial data is the class of log-linear graphical
models (GMs) introduced by Darroch et al. (1980). Theoretical aspects of graphical modelling
are comprehensively treated in Whittaker (1990) and Lauritzen (1996). While GMs provide a
simple interpretation of the dependence structure among a set of variables, they are restricted
to the representation of independence statements that are valid across the complete outcome
space. To overcome this restriction labelled graphical models (LGMs), which allow different
dependence structures in subsets of an outcome space, are introduced here.

Various related approaches which allow dependence structures to vary over subsets of an
outcome space have been discussed in the literature. Bock (1986, 1994, 1996) considered
entropy clustering of contingency tables, leading to sliced tables with different interaction
structures. Hojsgaard (1998, 2003a) introduced a general class of context specific independence
(CSI) models and Hajsgaard (2003b) focused on a subclass of CSI models called split models.
Decomposability of the CSI models has also been investigated by Eriksen (1999). The de-
velopment of the class of CSI models illustrates that some non-hierarchical log-linear models
may have a simple interpretation in terms of conditional independencies. Teugels & Van
Horebeek (1998a) briefly discussed the idea of allowing the presence or absence of an as-
sociation between two variables to depend on the values of all other variables under investi-
gation. A related algebraic approach of parametrizing a multinomial distribution in terms of
its moments was also introduced in Teugels & Van Horebeek (1998b).

Similar to split models, the class of LGMs is a subclass of the CSI models. While these two
subclasses share some properties, they are distinct in an important respect. Namely, a split
model is based on a nested separation (split) of the data, such that different models are
separately fitted to different subsets. As pointed out by Teugels & Van Horebeek (1998a), this
strategy has the disadvantage that when a variable is used in separation of the data, it can no
longer be used in a subsequent independence statement. On the contrary, an LGM imposes
restrictions to multinomial probabilities in a joint rather than nested fashion. This feature is
achieved by labelling the edges of a GM with outcomes of their respective common neigh-
bours, such that conditional on those outcomes the two variables represented by a particular
edge are independent. Complementary to the labels imposed to the edges of a GM, the
interaction structure corresponding to an LGM may be represented by a collection of coloured
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independence graphs associated with mutually exclusive subsets of the outcome space, such
that the complete outcome space is the union of these subsets.

There has been a considerable interest recently, from the perspective of the Bayesian pa-
radigm, in the task of determining which GMs are plausible in the light of data (see Dawid &
Lauritzen, 1993; Madigan & Raftery, 1994; Madigan & York, 1995; Dellaportas & Forster,
1999; Giudici & Green, 1999; Giudici et al., 1999; Corander, 2003). The class of LGMs poses
an additional challenge to model determination for several reasons. For instance, unlike for
GMs, the aspect of model identifiability needs to be taken into account, and also, the number
of possible models becomes astronomic already for a moderate number of variables. As a
solution to the model determination problem we describe a heuristic search algorithm, which
utilizes the decision theoretical approach of Corander (2003). When this approach is too
demanding computationally, asymptotic criteria, for instance that of Schwarz (1978), may also
be used.

The present paper is structured as follows. General properties of various log-linear models
for multinomial data are discussed in section 2 and LGMs are introduced in section 3. Section
4 is concerned with model determination strategies, while empirical examples are considered in
section 5. Some concluding remarks are given in the final section.

2. Log-linear models for multinomial distributions

Let A denote a set of k random variables for which the outcomes are labelled by the integers in
the finite set Z; = {0,1,...,r5}, & € A. The joint outcome space of a subset a < A is denoted by
Z, = X5 ¢ «Ls. The models for the joint distribution of A considered in the present paper belong
to the exponential family for which a detailed theory is developed in Barndorff-Nielsen (1978)
and Brown (1986).

To obtain a minimal parametrization of the joint distribution of A, we adopt the convention
that the probability of the outcome labelled by 0 is determined by the remaining probabilities
for all 6 € A. Let I denote the outcome set where O is excluded, and accordingly, et
I} = XseoL5. Given an arbitrary element i € T,, we write i, for the outcome of the subset
acA.

The joint distribution can be characterized either directly by the probabilities
p = {p(i), i € Tp} or by a parameter vector 0 € ® with subvectors 8, corresponding to the
2K — 1 non-empty subsets a of A in a lexicographical order. The elements of 8,, labelled by
04(,), 1 € I, are coordinate projection functions (or interactions), such that

logp(i) = > ba), (1)
aCA

where the elements of i equal to 0 are ignored. This corresponds to the restriction 0,;, = 0, for
all i, € I, such that i; = 0 for some J € a (see Whittaker, 1990). The value of log p(i), say 8,
for the case with i5 = 0, for all § € A, is determined by the [Z4| — 1 elements in 0. It is assumed
in the sequel that p(i) > 0, for all i € Zo. For any such probability distribution, vector 0
attains finite values in R74| — 1. For a subset @ — A, the marginal probability of i,, i, € Z,, is
denoted by p,(i;). Given the probabilities p, the values of 8, ) are recursively determined using
the elements of 7, in lexicographical order (see Whittaker, 1990).

The class of models defined through 8 is very general, and one could, for instance, consider
exponential models where 8 is restricted to an arbitrary affine subspace of ® (see Lauritzen,
1996). However, the main problems with such generality are lack of an intuitive interpretation
and the difficulty of empirically verifying whether such models are plausible. The class of
graphical models G, where the elements are labelled by the 20 jpossible undirected graphs on
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A, is considerably more tractable in both these respects. Only a brief treatment of GMs
is provided here; for further details and explanations, see Whittaker (1990) or Lauritzen
(1996). The terms GM and (conditional independence) graph are used interchangeably in the
sequel.

An undirected graph G = G(A, E) contains the set of vertices A and the set of edges
E ¢ {A x A}, i.e. pairs of elements from A. For a subset a A, a subgraph G, = G(a, E,) of G
contains exactly those edges {8, y} € E for which {4, y} < a. The boundary bd(d) of a vertex &
is the set @ c A\8 of vertices adjacent to 9. A path is a sequence of vertices of G such that
vertices in every successive pair are adjacent. A subset of vertices s in a triple of non-over-
lapping subsets (a, b, 5) is said to separate subsets a and b, when any path in G between two
arbitrary vertices § € a, y € b intersects s. The cliques C(G) of a graph G are the subsets of A
corresponding to maximal complete subgraphs of G. A graph is decomposable when it can be
broken into a sequence of its cliques by certain basic operations. From this sequence, the
separators S(G) of a decomposable graph can be obtained as intersections of successive cliques.
For a decomposable graph G there exists a unique factorization of p(i) in terms of the marginal
distributions of the cliques and the separators (see below).

Under the current assumption of the positivity of each p(?), the following Markov properties
of a GM are all equivalent (here 1 denotes conditional independence).

Pairwise Markov property:

5 L y|A\{6,7} & {6,y} ¢ E, forall {4,7} C A.

Local Markov property:

5 L A\bd(8)|bd(8), forall é € A.

Global Markov property:

a 1 b|s, for all disjoint subsets (a,b,s) of A such that s separates a from b.

The log-linear parametrization for a GM is determined through the cliques C(G) by setting
0., = 0 whenever {5, v} < a and the edge {4, v} s absent in G. The dimensionality of the
corresponding subspace ©¢ of ® can be calculated using the formulas given in Lauritzen
(1996). If G is decomposable, the probability p(i) can also be directly written as the following
function of the marginal probabilities of the clique and separator subsets

_ e pelic)
a ers((}) ps(is) @

Consequently, the maximum likelihood estimate of @, say 0(G), is explicitly available for a
decomposable model and it corresponds to a projection of the empirical probabilities (relative
frequencies) with respect to the affine subspace ®; (see Lauritzen, 1996). For non-
decomposable models there are several iterative methods available for obtaining the
projection, in particular Rudas (1998) and Corander (2003) utilized the fact that the affine
subspace @ can be represented as an intersection of the affine subspaces of certain
decomposable models in which G is nested (see also Csiszar, 1975).

Although models in the class G have many useful properties, they impose rather strong
restrictions on 0, as discussed in the previous section. To present conditional independence
statements in a more flexible way, Hojsgaard (1998) introduced the general class of CSI
models with the feature that dependence (or interaction) of variables can be outcome
specific. Let a and b be disjoint subsets of A. Using the notation of Hajsgaard (1998), by
letting the pair (i, @) to represent an clement in the generating class D, a CSI model can

be written as

© Board of the Foundation of the Scandinavian Journal of Statitics 2003.

et

-y




496 J. Corander Scand J Statist 30
log p(i) = Z ‘/’Iah([a) (3)
(in,@)€D

where 1112([”) is a real number, equal to zero for all j € T, with j, # i,. For details on model
representation through generating classes, see Lauritzen (1996). From (3) it is seen that the
interaction terms are outcome (context) specific and vanish outside the subsets i,. A GM is a
special case of a CSI model where the index set b is empty for all terms in D. The class of CSI
models is extremely general and enables specification of a wide range of conditional independence
hypotheses. On the other hand, the price of this generality is that model identifiability and
empirical plausibility are difficult to assess (by model non-identifiability we mean the existence of
at least two different generator classes leading to the same affine parameter subspace).

Hajsgaard (1998) also introduced a subclass of CSI models which he called split models.
They admit a graphical representation of the interaction structure in terms of a collection of
graphs embedded in a tree structure, where the absence of an edge corresponds to a CSI in
each graph. The idea of imposing the CSI constraints on a GM rather than on an unrestricted
distribution p considerably simplifies the empirical work with the models, and is utilized here
as well. However, as split models are defined through deletion of edges of a GM and through
splits of the data to subsets where the additional parameter restrictions are imposed separately,
they do not always enable representation of the CSI restrictions in a joint manner. As noted
earlier, when a variable is used in separation of the data in a split model, it can no longer be
used in a subsequent independence statement. To overcome such restrictions while retaining as
much simplicity of interpretation as possible, a subclass of CSI models referred to as LGMs is
introduced in the next section.

3. Labelled graphical models
We start by specifying the class G; of LGMs in the following definition.

Definition 1

Let G(A, E) be a GM for A. For all {3, y} € E, let Lys ,; denote the set of vertices adjacent to
both 6 and vy. For a non-empty L ., define the label of the edge {J,y} as the set
L,y =i, € Ir,.,6Ly\Ls 4y = ir, } of all outcomes of Ly ,y for which & and y are
conditionally independent. The graph G where the edges are labelled with Ls .,y is called a labelled
graphical model Gy for A.

An LGM is a GM when the label sets are all empty, as no additional independence constraints
are then imposed on the variables, or when the label sets equal I, , in which case the
conditional independence statements hold in the complete outcome space. The additional
constraints imposed by a G are called partial conditional independence (L) constraints. The
labelled models define a subclass of CSI models by first allowing the generator class to involve
only cliques of a graph, and then allowing the exclusion of certain interactions.

To visualize the constraints imposed by an LGM, one can utilize two distinct approaches.
First, the integer vectors in the set L5, can be attached to the edges of G. Notice that given a
fixed ordering of the variables, the label ir,,., need not contain the variable indices, as Ly,
contains all variables adjacent to both é and y and is therefore visible in the graph. For large
label sets this may be impractical, and alternatively, one can use coloured graphs to represent
LGMs. In general, in coloured graphs any two vertices may be adjacent in several ways. One
can consider the adjacency of a pair {d, y} in terms of a variable Y; ,; taking values labelled
0, ..., r, which are called colours. Typically, the colour with the zero-label corresponds to a
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non-adjacent pair of vertices. In this notation, ordinary graphs allow only two possible colours
(corresponding to adjacency and non-adjacency) for each pair of vertices.

For each i € Ty, define the coloured graph G} on A as the graph where each pair {J, y} has
one of three possible colours (say Co, C; and Cy) according to the following. All {4, v} such
that {8, y} is not in the edge set of the underlying GM G, attain colour Cy (i.e. are non-
adjacent in G%). For all i and {4, y} with non-empty Ly ,, such that i contains a label
i, ., € Ly, the edge {6, 7} in G¢ has the colour C,, and colour C, otherwise. In this
notation, vertex pairs associated with colours Co and C, have the same interpretation as in
ordinary GMs, whereas colour C; represents the additional conditional independence con-
straints. An LGM may then be represented by the finite collection of distinct coloured graphs
cotresponding to the m disjoint subsets 7., 7" of T, where

i — @), forall {i,j} C T,

G, #G), forallieI'jeI",

Tp=|J7' and 7' I" =, for all index pairs {/, Iy
I=1

Interpretation of these coloured graphs is facilitated by the fact that they share the global
Markov properties of the underlying GM and satisfy the additional conditional independence
statements for edges having the colour C,. The global Markov property follows from the
definition of an LGM, as it induces the same global conditional independence constraints on
p(i) as the underlying GM. However, edge colouring is necessary for distinguishing conditional
independencies from marginal independence, as the absence of the edges with colour C; might
lead to such interpretations (see examples below). The form of additional parameter
constraints imposed by an LGM is given in the following proposition.

Proposition 1

Affine subspaces of @ induced by LGMs. Let a < (LY {6, v}) contain {8, y} and all the
variables with non-zero outcomes in a label ir, of {6, y}. The (rs — 1)(r, — 1) restrictions
imposed by the label are of the form 36 < abeiy = 0, such that {8, v} b and iy is a marginal

outcome of i

Proof. See the appendix.

Maximum likelihood estimation of CSI model parameters has been considered in detail by
Heojsgaard (1998, 2003a) and Eriksen (1999), and the results may be utilized for LGMs.
However, an alternative estimation scheme can be based on the approach of Rudas (1998) and
Corander (2003), such that the affine subspace Og, is represented as an intersection of affine
subspaces corresponding to the m graphs with coloured edges. In practice this means that the
conditional independence restrictions given by each graph G} are cyclically fitted to the cor-
responding m subsets of Z, until a convergence criterion is satisfied.

To illustrate LGMs, a variety of different models based on the complete graph for three
binary variables are given in Table 1. The corresponding graphs with labelled edges and the
coloured graphs are visualized in Figs 1 and 2, respectively. It is essential to notice that while
G satisfies the conditional independence restrictions according to all G;, these restrictions do
not jointly imply marginal independence. That is, the partial conditional independencies

© Board of the Foundation of the Scandinavian Journal of Statistics 2003.
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Table 1. Examples of LGMs based on the complete graph for three binary variables, here
# G denotes the number of distinct models with a particular number of labelled edges

# Labelled edges Labelled edges Labels #G, Constraints on 6
1 {2,3} =0 6 03,y = 0
2 {1,2} ih=1 12 01230,y = —Bi2,,)
{29 3} il =0 023(i23) =0
3 {1, 2} =1 8 0123, = —B12¢)
{1, 3} =0 013, =0
{2, 3} =0 923(1'23) =0
1 1
0 0 0 0

(a) (b) ()

Fig. 1. LGMs for the example models in Table 1. Parts (a), (b) and (c) correspond to the cases with 1, 2
and 3 labels, respectively.

) L 7lo and 8 L gy do not imply & L {y, ¢}. For instance, the model in Fig. 1c where all edges
are labelled, does not imply that p(i123 = 001} = p(i; = 0)p(i, = O)p(i3 = 1), although all three
partial conditional independencies are valid for the outcome i;; = 001. Deletion of the edges
of the graphs G, (see Fig. 2¢) instead of colouring would therefore occasionally lead to wrong
conclusions about marginal independence.

The number of possible LGMs increases very rapidly with sizes of the cliques of a GM and
the numbers of outcomes rs. For instance, consider labellings of a complete graph on k
variables where each label set contains only a single outcome. Assuming further that the

number of possible outcomes is equal for all variables (say r) the number of distinct labellings
—1 2 k(k - 1)/2 plk=2)i

correspond to meamngful parameter constraints. Consider, for instance, the graph G on a set
of four binary variables, with the cliques {1, 2, 3} and {1, 3, 4}. The four potential labels of
the edge {1, 3} and the corresponding parameter constraints are given in Table 2. As 012340,
is restricted to zero by G, the choice of labelling L33 = {(00), (01), (10)} leads to the same
parametric model as the graph with the cliques {1,2}, {2,3}, {3,4} and {1,4}.

As there exist in general several generator classes for a CSI model leading to the same affine
subspace, the interpretation of the conditional independence constraints may be ambiguous
(as illustrated in the above example). To facilitate the interpretation of LGMs we introduce
two conditions, which ensure that the affine subspace ®¢, does not coincide with the affine
subspace according to any GM or another LGM with the same or a larger number of edge
labels. The regularity condition ensures that none of the edges of a graph can be completely
removed by the inclusion of the label constraints. In particular, this means that for a regular
LGM L, must always be distinct from 1;,,.,- The maximality condition in turn guarantees
that no additional labels can be imposed to the edges without reducing the dimension of the
affine subspace Q.

can be expressed as Z . However, in general, all labellings do not
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Fig. 2. Coloured independence graphs for the example models in Table 1. Parts (a), (b) and (c) correspond
to the cases with 1, 2 and 3 labels, respectively. The dashed line indicates conditional independence and the
eight outcomes are labelled according to a lexicographical order of the binary vectors i = (i1, ia, 1), i€,

(000), (001),..., (111).

Table 2. The four possible labels of the edge {1, 3} and the corresponding parameter
constraints for the graph G with cliques {1, 2, 3} and {1, 3, 4}, on a set of four binary

variables

Label Constraints on 0

irs = (00) 813, =0

ira = (01) 01346,,0 = ~B136,)

irg = (10) 01236,y = ~B13a,y

ha = (11) 8123400 = ~O1236,,) T B340 T O1361y)
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Definition 2
Regular LGMs. An LGM is called regular if, for no edge {5, v} in G, the edge labels induce an
affine subspace Og, such that B,y = 0 whenever {9, y} C a.

Definition 3
Maximal regular LGM. A regular LGM is called maximal if, for no edge {6, vy} in G, additional
labels can be imposed without reducing the dimension of the affine subspace ®g,.

To illustrate the maximality condition, an example with five binary variables is given in
Table 3. For instance, the LGM with all labels leads to the same parameter constraints as the
two LGMs where all labels except the last one for either of the two edges are chosen. Similarly,
the model with the first two labels for both edges corresponds to the two models where the first
two labels are put on one edge and only the first label on the other edge.

Determination of the maximality of an LGM is simplified by noting that addition of the label
ir,, , does not impose a new constraint on 0 if all terms in the sum >, - 05, = 0 are already
constrained. This happens when for all & ¢ a there is an edge {0, 1} in G, with a label including
the elements of ip(s, -}, or when b = {g, 1} = {4, y}, the label iy, = (0,...,0) is in Lys ;3. The
dimension of the affine subspace @, can be determined from the dimension of ¢ by imposing
the label constraints sequentially and controlling after each new label outcome whether further
model reduction is achieved. Proposition 1 shows that a label can induce at most (rs — 1)(r;, — 1)
new restrictions. For instance, the maximal model with all labels in Table 3, imposes six con-
straints on 8. The next proposition formalizes the consequences of the regularity and maximality
concepts, i.e. the affine subspaces of two maximal regular LGMs are always distinct.

Proposition 2

The affine subspace of © induced by a maximal regular LGM is unique, such that ®¢, # Og, for
all distinct G, G’ with arbitrary labellings L(G1), L(G}), and Og, # O _ for all distinct maximal
labellings L(G.),L (Gy) with an arbitrary G.

Proof. Let G and G’ differ in at least one edge, say {9, y}, such that {8, y} is absent in G’. All
8, , where {4, y} < a are thereby restricted to zero in Og,, whereas at least one of these terms
is by the regularity condition left unrestricted in @, for an arbitrary labelling. To prove the
latter part of the proposition, assume ®g, = O, for two distinct labellings £(G L), L(Gy) of
an arbitrary G. Then, both models impose exactly the same restrictions on 8, but neither of the

Table 3. Some edge labels and the corresponding parameter constraints
for the complete graph on a set of five binary variables

Constraints on 0

Label for edge {1, 3}

izgs = (000) 013, =0

izas = (100) 812301, = —O13¢,

fq5 = (010) 81346,,0 = B3,

fas = (110) 0123400 = —(0123G,,) + 01346,y T Ou3gyy)

Label for edge {2, 3}

i145 = (000) 023,y = 0

ias = (100) 012301, = ~0230,

igs = (010) 023401, = 02305,y

i145 = (110) 01234010 = ~(Br23,0 T O23a,) T O23p)
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4. Model determination

The Bayesian approach to empirical learning of model structures has attained vivid interest in
the recent statistical literature. The Markov chain Monte Carlo (MCMC) strategy has widely
been proposed for assessment of the graph structure underlying dependencies among a set of
random variables. However, for large scale problems with many variables (see Myllymaki
et al., 2001) or a complicated model structure (as in the present case), the MCMC approach
may be inefficient or very difficult to implement. Corander (2003) used a heuristic search
algorithm in a decision theoretical context to learn GM structures from data. Here we describe
a similar approach, where asymptotic approximations may also be used when the computa-
tional burden is prohibitive.

To tackle the model assessment problem we suggest the following four-step strategy
(decomposability of LGMs is defined below).

1. Find the most plausible decomposable GMs.

2 Given the models from step 1, check whether any non-decomposable GMs should be
among the most plausible models.

3. For each of the most plausible models according to steps 1 and 2, identify the most
plausible decomposable LGMs.

4. Given the models from step 3, identify the most plausible non-decomposable LGMs.

By definition 1, edges can only be labelled in cliques with at least three variables, which reduces
the number of candidate models considerably. To reduce further the number of models, we
suggest the use of a principle of parsimony, such that whenever a model with label set L5, i
found plausible, none of the models with a label set [:’{ sqp C Liogy 18 considered plausible.

To apply the model search strategy sketched above, it has to be decided how a model’s
plausibility is judged. A relatively simple approach is to use asymptotic model determination
criteria based on the maximum likelihood estimate 0(G,) and a penalty term (G, n),

according to

log L(8(Gy)) — e(GL,n) (4)
For instance, commonly used criteria of this type are those introduced in Schwarz (1978), and
Hannan & Quinn (1979). The penalty terms for the Schwarz and Hannan—Quinn criteria equal
1®g,|(log n)/2 and |@g,| log log n, respectively, where |@g,| is the number of free parameters
in Og,. As a more elaborate way of judging the plausibilities, we extend the GM determination
criterion introduced in Corander (2003) to LGMs. According to this criterion, given a set x of
n exchangeable observations iy,...,i,, the plausibility of G is measured by the posterior
expected logarithmic utility

#(Grlx) =n / [Zp(i) IOg‘I(iIGL)] n(p|x)dp — ¢(GL,n) (5
i€Ty

where g(i|G ) is the projection of p(i) according to the affine subspace ©g,, and ©(p|x) denotes
the posterior of p. When the posterior shrinks towards @ for n — oo, the criterion (4) can be
interpreted as an asymptotic approximation to the expected utility of a model to explain the
observed data.

Let a, be a vector of constants (a(i), i € Za), and let na = (n(i) = Z;Zl I(i; = i),i € Ia)
denote the observed counts of the different outcomes. Assume the prior distribution for the
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T

probabilities of i € Z, is the Dirichlet (a,) distribution. The corresponding posterior is then
Dirichlet (za + n4). The choice of a(i) equal to 1/|Z,] for all i € Ty, leads to a prior which is
vague and symmetric with respect to marginalization. Analogous to Corander (2003), we use a
reference approach with this particular prior, penalty term |®g | log log n, and relative ex-
pected utilities of the models

. « _ exp{a(Gix)}
#GLx)" = 2 6,ec; exp{a(Ge|x)}

Here ] is a subclass of G; when G, is too large to allow for exhaustive enumeration in model
determination. An LGM may be considered plausible when (6) exceeds some boundary, such
as 0.05 (cf. Madigan & Raftery, 1994).

Eriksen (1999) investigated decomposability conditions of the CSI models under which the
maximum likelihood estimate is available in a closed form. We use the term strong decom-
posability (definition 4) to refer to LGMs for which the posterior expected utility is available
analytically. For a strongly decomposable LGM, the formula (2) is modified by replacing the
probability p.(i.) by

(6)

Py levs)Pogy liev(y)
Peiogylie\(s,)

whenever {6, y} < ¢ and iy, 1 € L5, 13-

Definition 4

Strongly decomposable LGMs. An LGM is called strongly decomposable if (1) the underlying
graph G is decomposable, and (2) no cliqgue contains more than one labelled edge, and (3) no
separator contains any labelled edges.

The expected logarithmic utility of a decomposable GM has an analytic expression under
the Dirichlet posterior, as shown in Corander (2003) using the result of Yuan & Kesavan
(1997). The proposition below extends this result to strongly decomposable LGMs.

Proposition 3

The expected logarithmic utility of a strongly decomposable LGM. Let the posterior n(p|x) of
p be a Dirichlet distribution. The difference 3 ;. 1, p(i) log q(iiGy) between the negative
Kullback—Leibler divergence and the entropy of p is proportional to the posterior expectation of

D> pelicylogplic) = > D pilic) logpi(is)

ceC(G) i €T, s€3(G) is€L,
where
iy _ Py lieis))Pe gy (i)
pric) = \{3) \le\ {3} /Pc\ {y} e\ {1}

Py iago )

if {0,y cc, Lisy 20, ingsy € Loy and pi(ic) = pc(ic) otherwise. Let K(py ('|is)) denote the
entropy of the conditional distribution py(‘\is). The expression y, .1 pc(i.)log p}(i.) simplifies to

Y Pliae) g, Cliag)) = bsig, Cliag)

i(o)€L15.
= h(pyig,,, Cliavo )] = Ape ()

which has an analytic expectation using the properties of the Dirichlet distribution.
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Proof. See the appendix.

When an LGM is not strongly decomposable, the expected logarithmic utility cannot be
calculated explicitly. In general, the expectation has to be calculated by generating a set of
random quantities from the posterior, and projecting each of these to Og,, to obtain an
approximation. Notice that the posterior expectation is with respect to the complete graph,
and therefore only independent realizations from a Dirichlet distribution are required. When
the projection of the probabilities is computationally too intensive, it is more reasonable to
replace the expected entropies with the maximum likelihood estimates, which leads to the
asymptotic formula (4).

5. Empirical examples

We consider now examples of labelled graphical modelling using real data sets. The first one is
the Florida murderers data containing 4764 observations on three binary variables, which has
been considered by numerous authors (see, for instance, Whittaker, 1990, p. 47). The variables
are: (1) race of a victim (black/white), (2) race of an alleged murderer (black/white) and (3)
sentence (death or other). The second data set is the university admission data analysed in
Edwards (2000), where 4544 applicants are classified by admittance (1), gender (2) and de-
partment (3), the last one having six different categories. In both cases the variables are
denoted by the integers A = {1, 2, 3} in the given order. The final example is the mathematics
data set reported in Fowlkes et al. (1988), and also analysed in Madigan & Raftery (1994). The
data set consists of 1190 observations on variables described in Table 4.

Graphical model determination using the approach of Corander (2003) leads to the com-
plete graph with relative utility approximately equal to 1 for both data sets with three vari-
ables. The conclusion is that none of the three edges is removable in these data. Given the
complete graph for the data sets with three variables, it is feasible to use exhaustive enu-
meration in model determination. In the presentation of model search results, only models
with reasonably high utilities are shown. For non-decomposable LGMs, the expected log-
arithmic utility was determined using 1000 draws from the posterior and projecting these into
the relevant affine subspace of ©.

For the Florida murderers data, model search gave the results presented in Fig. 3. The data
strongly supports the conclusion, that for black victims, the race of the alleged murderer and
sentence are independent, while for white victims there is a considerable degree of dependence
in the conditional distribution.

Table 4. Description of the variables in the mathematics data set

Variable Label Outcomes Label
Attendance in mathematics lectures 1 Attended 0
Did not attend 1
Gender 2 Female 0
Male 1
School type 3 Suburban 0
Urban 1
Answer to the statement ‘T'll need 4 Agree 0
mathematics in my future work’ Disagree 1
Subject preference 5 Math-science 0
Liberal arts 1
Future plans 6 College 0
Job 1

i‘ © Board of the Foundation of the Scandinavian Journal of Statistics 2003.
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RCmCancH

Gle = 0.77 Gle = (.18 GL’X = 0.05

Fig. 3. LGMs with the highest relative utilities for Florida murderers data. Labels equal to 0 and 1 denote
‘black’ and ‘white’, respectively.

23456

Fig. 4. The LGM with the highest relative utility for the university admission data (utility approximately
equal to unity).

For the admission data, the single model given in Fig. 4 was superior to the others, leading to
the conclusion that the admittance and gender of an applicant are dependent only within one
of the six departments.

For the mathematics data, GM determination using the approach of Corander (2003) gave
the following model the largest relative utility (0.62), which is approximately four times higher
than utilities for some neighbouring models (Fig. 5).

To search among LGMs, labels were imposed on each edge and those resulting in a
plausible model with respect to the GM (relative utility in a pairwise comparison higher than
0.05) were then combined in all possible ways. To avoid problems similar to the mass signi-
ficance phenomenon, the subclass G; in (6) was defined to include all models visited in the
search among label combinations, i.e. also the non-plausible ones (Fig. 6).

The final utility of the GM with the cliques {1}, {245}, {345}, {346} used as the starting
model, is so much lower (<0.01) than the utilities of the labelled models, that it is not included

2 Q 3

Fig. 5. The GM with the highest relative utility (0.62) for the mathematics data.
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Fig. 6. LGMs with the highest relative utilities for the mathematics data.

Scand J Statist 30

in the final class of plausible models. Interpretation of the model search results, in addition to
the independencies stated by the GM, gives the following: gender and attitude towards
mathematics are independent for those who prefer liberal arts; gender and subject preference
are independent for those with negative attitude towards mathematics; school type and subject
preference are independent for those with positive attitude towards mathematics.

6. Remarks

The examples of section 5 illustrate the potential of LGMs to provide a simple, outcome-
dependent interpretation of the dependence structure of a multinomial distribution. Moreover,
the relative expected utilities provide a convenient measure of the plausibility of investigated
models in the light of data. As the model space is typically very large, it might be useful to
develop a heuristic search algorithm utilizing logical implications between different models in
the sense of Malvestuto (1996), where hierarchical log-linear models were considered.

A natural generalization of the LGMs are labelled mixed graphical interaction models,
where some of the variables are qualitative and some quantitative. In addition to the outcome-
dependent parameter restrictions considered here, labelling would then allow varying de-
pendence structures for pairs of quantitative and qualitative/quantitative variables when the
conditioning set includes qualitative variables. Labelled directed acyclic and chain graphs for
the pure discrete case could also provide interesting extensions.
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Appendix

Proof of proposition 1. The proposition can be proved by considering the restrictions
imposed by a GM where the edge {8, y} is absent and noting that an LGM imposes only a
subset of such restrictions. Let F(G) denote the class of variable subsets not involving {4, 7},
and F(G)" the class of remaining subsets. The log-probabilities may be written as

log p(i) = Z Bhi) + Z Bagi)-
beF(G)* deF(G)

A GM where {8, 7} is absent restricts the log-probabilities according to Sp e may i) = 0,
for all i € I. In particular, for the outcome i where only 6 and y have values distinct from
zero, the restriction becomes 051G, = 0 (for each of the (rs - 1)(r, = 1) terms). As each
interaction term 05, is recursively defined in terms of the difference between a log-probability
and the lower order terms involving all the subsets of b, the absence of {8, y} constraints each
0, b € FG), to zero in a GM. On the contrary, an LGM imposes the conditional
independence only for a subset of Z,, whereby the stated resuit follows. Notice that, as an
LGM satisfies the constraints imposed by a GM, all the interaction terms involving both of the
variables in {8, y} and at least one variable outside Ly , are set to zero.

Lemma 1
The formula (3) in Yuan & Kesavan (1997) states the following result. Under the Dirichlet

(as + na) posterior for p, the expectation of the entropy ~Siezp(i) log p(i) has the
expression

_ 5 DD () (i) +1) — b+ )l + )

£+ a(i)|Ta]

where Y(°) is the digamma function.

Lemma 2
Lemma 7.2 in Dawid & Lauritzen (1993) states the following properties of Dirichlet distribution.

Let a < A, b = A\a, and let p have the Dirichlet (an) distribution. Then (1) Doja("lia) are all
independent and distributed as Dirichlet (an(iz)), and (2) poja L Pa

Proof of proposition 3. The expression ez, Pelic) log p; (i) can be written as

S pli)logpi)+ > pelic)logpi(i)

i€l ey (3} €L 1831 ie€L i) €L 1)

The second sum is equal to
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—h(pc(‘)) - Z pc(ic) log pc(ic)

e€leiin(a;) €L ()
and as the probability p?(i.) in first sum factorizes, one obtains

Pe(ic)llog pe(s) (iev(s)) +108 e () (i () — 108 Pev (5,33 (e (5,33
(e€Tctier(5) €L 135

The expression

> Pl P, (o) = Ao, (liae)
Tev{a) €L 51
- h(p}’u—(m; ('|iC\{5,7}))H - h(Pc())
follows then by rewriting the sums. Applied to the cliques of the current graph, lemma 2 shows

that the expectation may be taken separately for each of the terms, and lemma 1 gives the
explicit form for the expectation.
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