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The controversy surrounding Bayesian infer-
ence*, and its acceptability as a scientific
methodology of statistical inference, has cen-
tered on its requirement that prior informa-
tion about statistical parameters be explicitly
introduced and described in terms of a prob-
ability distribution. (See INFERENCE, STATIS-
TICAL for further background on the Bayes-
ian approach.) A common objection is that
the seeming arbitrariness and subjectivity of
the prior distribution is at variance with the
desire that statistical inference be entirely
“objective.”

The logical Bayesian view holds that a
prior distribution represents partial logical
information about unknown parameters, of
the same objective status as a statistical
model. In particular, it is supposed that, for
any model, there is a specific prior distribu-
tion representing “complete ignorance.” The
program of determining such ignorance
priors has been presented most cogently by
Jeffreys [18]. (See JEFFREYS’® NONINFOR-

MATIVE PRIOR.) An important strand in this
program is the idea of invariant prior distri-
butions.

INVARIANT PRIOR PROBABILITY
ASSIGNMENTS

Let P, be the distribution of a certain ob-
servand X over a space (£, &), given that a
parameter ©, with possible values in 6,
takes the value 6. Define & = (P,: 0 € @).
We shall assume that & is dominated by a
o-finite measure y on &/ and write f(x|8)
= dPy(x)/dy. By the model # = (X,0,%)
we shall understand the specification of the
variables X and ©, and distributions 22,
together, implicitly, with the parametrization
of #, i.e., the mapping associating the ap-
propriate Py, € & with the value § of ®. We
shall term the parametrized family & the
distribution model associated with .# .

The task set is to associate, with each
model .#, an ignorance prior distribution
IT , for its parameter. The possibility is ex-
plicitly allowed that ignorance may not be
representable by a “proper” probability dis-
tribution, but by a general o-finite measure
giving possibly infinite “probability” to the
whole parameter space. For example, igno-
rance about an unrestricted real parameter
might perhaps be represented by Lebesgue
measure, the “uniform distribution” on R
Bayes’s formula, stated as dTI(]|x)x
f(x|6)dI1(8), is formally applicable to such
“improper” distributions*, and will often
yield proper posterior distributions.

In nineteenth-century applications of
Bayes’s theorem™ it was common to take the
uniform distribution, in one or several di-
mensions, as a suitable representation of ig-
norance about a parameter with values in a
Euclidean space. This practice largely fol-
lowed Laplace* [19, 20]. However, as
pointed out by Fisher* [9, Chap. II], this
naive procedure leads to inconsistencies
if applied to different parametrizations of
the same problem. For example, if ® is an
unknown probability, an alternative pa-

rameter is ® = sin~'Y® . But a uniform dis-
tribution for ® implies a nonuniform density
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for O,
m(8)cc§ V31— 6)" /2

Jeffreys attempted to circumvent these
difficulties by searching for rules assigning
I, to .# in an invariant way. The main
desiderata for such a rule may be set out as
follows:

1. Parameter invariance (PI). Let .# =
(X,0,7) and let @ =¢(0) be a
(smooth) invertible function, or recoding,
of ©. The model .#, = (X,®,7) differs
from .# in its parametrization, but de-
scribes an equivalent situation. So we
should require that II ,(® € 4)=
IL (8 € ¢ '(4)).

Assuming Euclidean parameter
spaces, and the existence of densities 7_,
and 7, with respect to Lebesgue mea-
sure, this requirement becomes

T4 ($) = 70 (0) ()7
where J(#) is the Jacobian det(dp(6)/
88), and ¢ = ¢(8).

2. Data invariance (DI). Now let Y =
y(X) be a recoding of X, and let .4,
=(Y,0,2) be the induced model for
observand Y and parameter ©. Again
the essential situation is unchanged, and
we therefore require that II ,(© € 4)
=11 ,(© € A).

As noted by Dickey [8], these invariance
requirements do not relate specifically to
ignorance: identical considerations apply for
subjective prior distributions representing
genuine knowledge. The key additional as-
sumption is:

3. Context invariance (CI). If .# =(X,0,
P)and A4’ = (X',0,F) are two differ-
ent models having the same distribution
model, we should require that IT ,(©
€ A)=11 ,(® € 4). In other words,
no features of the structure, meaning, or
context of a model, other than its distri-
bution model, should be taken into ac-
count. This principle thus formalizes ig-
norance as the irrelevance of context.

When (CI) is assumed, we may write 11,

instead of II ,. The criteria (PD), (DI), and
(CI) together impose strong restrictions on
the assignment of prior distributions.

JEFFREYS’S AND HARTIGAN’S RULES

Jeffreys [18, Sec. 3.10] proposed the rule
75(8) = |I1(8)|'/?, where I(8) is the Fisher
information matrix* of &, with (i, j) entry
E,[(31/06,)(31/36))], where [=I(X,0)
=log f(X|#). When it exists, this satisfies
conditions (PT), (DI), and (CI). In the one-
parameter case, Jeffreys’s rule is equivalent
to assigning a uniform distribution to that
parametrization in which the information is
constant, in accordance with a suggestion of
Perks [24].

Hartigan [13] considered rules directly as-
sociating “inverse” distributions for the pa-
rameter with arbitrary data values in a spe-
cific model. In these terms, requirement (PI),
for example, becomes II ,(® E A|X = x)
=11 ,(0€¢ ' (4)|X=1x). When I,
(-| X = x) is supposed calculated from a
fixed prior II , using Bayes’s theorem, this
may be rephrased as relative parameter in-
variance (RPI), requiring that II , (P € 4)
< IL (0 €9 71(4)) [or 7, (@) = 7 ,(0) X
|7(8)|" '], where the implicit multiplier,
which drops out on forming posteriors, may
depend arbitrarily on the models and para-
metrizations. Similarly, we can introduce
(RDI) and (RCD).

Hartigan suggested a rule satisfying (RPI),
(RDI), and (RCI) which, for the one-
parameter case, yields prior density 7,(8)
with: (d/df)logn,(0) = E (1,1,)/ Eg(1y),
where [, = (3'/360"log f(X|8) (i=1,2).
He called this the asymptotically locally in-
variant (ALI) prior density. The rule may be
extended to the multiparameter case, yield-
ing simultaneous differential equations that
may, however, be insoluble.

Hartigan also introduced several further
invariance criteria. These are all satisfied
for the Jeffreys and ALI assignment rules.
New relatively invariant prior densities may
be constructed by the formula «(f)
(77 (0))}* (7" (9)}#, where a+ B =1, and
7/, m ¥ are the Jeffreys and ALI densities.

Table 1 gives the Jeffreys and ALI invari-
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ant priors for some familiar families of dis-
tributions. (The columns headed “Relative,”
“Inner,” and “Outer” are explained in the
following and in the section “Group Mod-
els.”)

SELF-CONSISTENCY

Suppose that, for the model # = (X,0,%),
we have a recoding of X, written as Y
= g o X, with the property that, whenever X
has a distribution in Z2, so does Y, and vice
versa. We obtain an induced recoding of ©,
® =g 0 ©, such that X~P, if and only if
g° X~P;,,. Then the model .#" = (Y,9,
Z) has exactly the same distribution model
Z as M. We call'g (g) an equivariant recod-
ing of X (@), and say that .#, or &, is
equivariant under g and g. The collection of
all equivariant recodings of X (@) forms a
transformation group & ().

For ®=g0°0, g€ Z, it follows from
(DI) and (PI) that II ,(®Eg°A4)=1I
(® € A). But if criterion (CI) holds, II ,.
(Pegoea)y=1_,(0O € g o 4). So when
(PT), (DI), and (CI) all apply, IT , (=1Iy)
must be invariant under Z: that is,
II,(g o A)=1II(4) for all g . Essen-
tially, this argument has been given by
Jaynes [17] and Villegas [32}.

If & is transitive on © (so that, for any
values 0,,02 of O, there exists g € Z with
8, = g ° 8,), the condition of invariance un-
der & determined I, uniquely (up to a
multiple). This must then agree with Jeff-
reys’s prior, since that certainly satisfies
(DI), (PI), and (CI). Frequently, however, g
will be small, and there will be numerous
invariant distributions. The theory of Bril-
linger [5] is of relevance to the general char-
acterization of . ’

If we only insist on the weaker criteria
(RPI), (RDI), and (RCI), the self-con-
sistency requirement becomes II(g o A4)
= a(3).I1,(4) (g € ¥), for some multiplier
«, which must be a homomorphism from <
into the multiplicative group of positive re-
als. Such relatively invariant priors will in-
clude the ALI prior when it exists.

To clarify ideas, suppose that © is the
unknown weight, in ounces, of a certain
potato, and X is the reading, also in ounces,
on a balance used to weigh it. Assume that
X is normally distributed about ©, with un-
known standard deviation ® ounces. Now
let X’ =bX, ® =00, & =5hP, where b
=1/35,840, be the same quantities mea-
sured in tons rather than ounces. Then the
requirement (RCI) demands a proportional
formal formula for the prior density of (&,
@) as for that of (®,®): this is satisfied for
the relatively invariant priors 7(8,¢) « ¢*,
with invariance if k= —2. Clearly, in this
context it would nof, under any reasonable
opinion, be irrelevant to the form of the
prior distribution whether our measurements
were in tons or in ounces. This reflects the
fact that we are not entirely ignorant about
the weight of potatoes, and demonstrates the
strength of the requirement of context in-
variance.

EXPONENTIAL MODELS

Consider a distribution model with densities
constituting a regular exponential family* of
order k:

f(x10) = exp{a(x) + b(8) +$(8)1(x)}
(0 e@),

where
= {0: fexp{a(x) + #(8)"1(x)}du(x) < w0},

& = ¢(0) is an open convex subset of R*.

Since the canonical parameter @ = ¢(0)
seems to have a special status, one might
assign a suitable prior distribution to @, and
transfer it to an arbitrary parameter ® by
means of (PI). Specifically, we suppose that
a prior distribution over ® is assigned which
depends only on its domain ®, and on no
other feature of the model.

However, if ® is a canonical parameter, so
is any affine transformation of ®. So the rule
above is only self-consistent if the prior as-
signed is relatively invariant under all affine
transformations preserving ®. The uniform
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distribution over ®, which is Hartigan’s ALI
prior, has this property, and is the only such
distribution if ® = R*. For k = Land & = (0,
), 7(¢) must have the form ¢*, while for
& = (—1,1), any prior symmetric about 0 is
permissible. These results are due to Hu-
zurbazar [16], although his analysis of the
case k > 1 appears suspect.

An alternative almost identical approach
focuses on the mean-value parameter ¥ =
¥(0), where (0) = E,(¢(X)), again taking
values in a convex subset of R¥, and unique
up to an affine transformation.

For the binomial model: f(x|8)=
A -6y (x=0,1,...,n; 04
< 1) we have @ =1og{0®/(1 — ©)}, ¥ = n0O.
The first approach above yields #(¢)oc 1,
equivalent to 7(#) « {#(1 — )}~ [compare
Jeffreys’ prior: w(8) < {8(1 — 8)}~'/?]. The
second approach justifies any prior for ®
symmetric about 1.

In this case a third approach is to assign,
say, the discrete uniform distribution di-
rectly to the canonical statistic X. This arises
as the marginal distribution when #(8) = 1.
This is essentially the justification of this
prior given by Bayes.

For an exponential family any equivariant
recoding must induce an affine transforma-
tion of both ® and ¥, preserving their
domains [1], so that the considerations
above do not conflict with those of the pre-
ceding section. In particular, the uniform
distribution for either ® or ¥ will be rela-
tively invariant under any equivariant recod-
ing.

Huzurbazar [16] extends these ideas to
nonregular families, where the range of the
distribution varies with the parameter.

GROUP MODELS

In an attempt to weaken (CI), and the strong
implications of self-consistency, we might
(following Fraser [10]) suppose to be given,
along with a model .# =(X,0,#), a sub-
group G of the group & of equivariant re-
codings of X. Only for g € G shall we regard
the transformed model .#’' = (go° X, g ¢ 0,
Z) as equivalent in context to .#, and so

require identical, or proportional, prior den-
sities for ® and g o ©. We call (G,Z) the
group model associated with .#. An analysis
parallel to that of the section “Self-Con-
sistency” now implies only the invariance, or
relative invariance, of II , under the smaller
group G={g:g € G).

In typical applications, G and G are lo-
cally compact topological groups. There
then exists a left Haar measure p on the
Borel subsets of G, determined up to a mul-
tiple, satisfying n(gS) = u(S) (g € G), and
a right Haar measure v, where »(S)
= u(S ™Y, for which »(Sg)= »(S). More-
over, »(gS)=A(g)”'»(S), where A is the
modular function of G. For further back-
ground, see, e.g., Nachbin [21].

We call the group model transitive if G is
transitive on ©. Then any measure m on G
induces a measure II on © by the rule:
T(A)=m({(gE G:§° 0, A}), where 6,
€0 is a fixed reference point. If m is left
Haar, then II is invariant under G, while the
condition that II should not depend on the
choice of reference point 8y, is satisfied when
m is right Haar. Villegas [33, 34] terms these
induced distributions the inner and outer
priors, respectively. The inner prior, being
invariant, agrees with Jeffreys’s rule, as is
apparent in Table 1. The outer prior is rela-
tively invariant with multiplier A(g) ™"

A quantity Q = ¢(X,0) is termed invari-
ant under G if g(gex,go0)=gq(x,0)
(g € G). For a transitive model, the distri-
bution of Q = ¢(X,#) under P, is the same
for all 8; this remains true conditional on the
maximal invariant statistic 4 = a(X) under
G, which is ancillary*. Fraser [10], Stein [25],
Hora and Buehler [15], and Bondar [3] show
that when the outer prior distribution is
used, the posterior distribution of a G-
invariant quantity Q is identical with its
sampling distribution (conditional on A).
For example, for the model X;~.# (M, 2
independently (i = 1,2, ..., n), with a typi-
cal g € G operating as. g o (X)) = (a + bX)),
g (M,%)= (a+ bM,bX) (b > 0), the outer
prior, with 7(p,0) 6™ !, implies that, in
the posterior distribution, the ¢-statistic
n'/%(% — M)/s has Student’s distribution on
(n — 1) degrees of freedom. [The inner prior
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density 7( u,0) o ¢~ 2 yields the “wrong” de-
grees of freedom n; however, Villegas [33,
34] attempts an objective justification for
inference based on such inner priors: see
INNER INFERENCE.]

The result above implies the identity of
Fraser’s fiducial* (structural) distribution for
© with the posterior based on the outer prior
distribution. Moreover, equivariant Bayesian
confidence intervals* based on this prior will
possess the classical confidence property. It
also yields best equivariant procedures in
decision theory [36].

Such connections with other modes of in-
ference induced Jeffreys and others to aban-
don the inner prior in favor of the outer
prior in group models, as producing more
“objective” results. Note, however, that this
cannot be done_consistently if the strong
condition (CI) is assumed, since there exist
distribution families equivariant under the
action of two different groups, with different
modular functions, for which no prior can
be outer under both groups. As an example,
let X have the zero-mean p-variate normal
distribution, with dispersion matrix X. This
distribution model is equivariant under the
group G of all nonsingular (p X p) matrices,
with go X =gX, goZ=gZg”; and also
under its subgroups G, (respectively, G,) of
all lower (respectively, upper) triangular ma-
trices with positive diagonal. These yield
three different transitive group models, all
inducing different outer priors for X [23}].

SOME DIFFICULTIES

We now present some “paradoxes” relating
to the specification of an ignorance prior
within a specific model. (Stone and Springer
[30] consider the consistency of joint specifi-
cation of priors in models related to each
other.)

Strong Inconsistency

Let X; (i=1,2,..., N) be a random sam-
ple from the general p-variate normal distri-
bution .# (M, A). This model is equivariant
under X;,—>AX;+b, M>AM +b, A—>

AAAT. [A nonsingular (p X p), bERP] A
sufficient statistic is (X, S), where

_ N
NX=SX,,

i=1

N
(N-1S=3 XX - NXX".
i=1
Relatively invariant priors for this group
have density of the form #(p,A)x
|A|=¢1/2®, being inner for v=p+2 and
outer forv=p+ 1.

Consider 0, = NX - M)7S (X - M)
(Hotelling’s 7%*) and Q,= NY*X, - M))
/8}/? (Student’s ¢ for a single data compo-
nent). Then Q, is invariant, but Q, is not.
The sampling distributions for both @, and
0, are constant, being respectively { p(N —
1)/(N —P)} : Fp,N—p and tN-—]'

It may be shown that the posterior distri-
bution for Q, is

{(p(N—=1)/(N—v+ 1)}FP’N_U+1,
while that for Q, is {(N—-1)/(N—v+
D}/2ty_, ., [11]. The choice o=p+1
yields the “correct” distribution for Q,, as
follows from the general results of the sec-
tion “Group Models”; however, it gives the
“wrong” distribution {(N — 1)/(N —
P)}'’ty_, for Q,. If we consider the (non-
equivariant) interval estimator for g,, of the
form (X, = k(S,,/N)'/?), this will have con-
stant sampling coverage probability 7y,
= Pr(|ty_,| < k), and different constant pos-
terior probability

Y2 =Pr(ltn_,| < k{(N = p)/(N - 1)}'2).
This conflict between the “objective poste-
rior” and “sampling” interpretations is
called “strong inconsistency” by Stone [28].

The choice v =2 eliminates the inconsis-
tency for Q,, but introduces it for Q,. No
prior can eliminate both inconsistencies si-
multaneously.

An example with similar behavior is pre-

sented by Dempster [7].

Marginalization Paradoxes [6]
Let X;; (i= 1,2; j=1,2,...,N) be inde-

pendent, X;; having the normal distribution
N (M;,Z?). This model is equivariant under
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(X)) (a; + bXy), (M,,Mz,Zl)—>(a1
+ le,a2 + sz,bZ) (b > 0). Relatively
invariant prior densities have the form
7y, Py, 0) o 0, with A = —3 giving the in-
ner, and A = — 1 the outer prior.

Define Z,= M,/S, Z;=X,;/S [NX,=
EJX,J, §2= i (X )_(_)2] The marginal
posterior d1str1but10n for Z,, under a rela-
tively invariant prior, has density at &, pro-
portional to

j(;wwz"_“_"exp[— 1 {wz + n(z0 — 51)2} ] do, (1)

depending only on the value z; of Z;. It
seems that it ought, therefore, to be possible
to reproduce this marginal posterior if only
Z, is observed. Now the sampling density of
Z,, which depends only on the value £; of
Z,, is proportional to

wawZ”_zexp[ -1 {w2 +n(zw— £1)2} } dw,
@)

so that any posterior density for X, using
Bayes’ theorem* with data Z, alone, would
contain (2) as a factor. However, examining
(1), we see that this will not hold, unless
A = —2—neither inner nor outer.

An almost identical argument applies
when (Z,,Z,) are considered jointly, with
posterior distribution governed by (Z,,Z,);
only in this case the choice A= —3 is
needed to avoid the inconsistency. Thus
there can be no relatively invariant prior
which simultaneously avoids all such para-
doxes.

FINITE ADDITIVITY

Many of the problems associated with igno-
rance priors stem from their impropriety. An
alternative approach, still in its infancy, is to
insist on propriety, but allow distributions
which are only finitely additive. Some rele-
vant theory is given by Heath and Sudderth
[14}.

We focus on assignments of inverse distri-
butions {II,} for parameter ® given data
X = x, which can be regarded as posteriors
based on a finitely additive prior. This prior

need not be uniquely determined; moreover,
the inverse distributions need not, with finite
additivity, be constructed using Bayes’ theo-
rem. General coherence* properties for
proper priors imply that it is now impossible
to have an interval estimator I(X) for ® for
which, simultaneously, P,(8 € I(X)) < v,
all 8, and II (® € I(x)) > v,, all x, where

1 < v,. That is, strong inconsistency cannot

occur. Similarly, the marginalization para-
dox is avoided, since the “un-Bayesian” look
of the marginal posteriors is deceptive: they
are true posteriors, based on the appropriate,
finitely additive marginal prior distribution
[31].

If (G,%) is a transitive group model, the
appropriate extension of the theory of the
section “Group Models” [based on Harti-
gan’s versions of (PI), (DI), and (CI)] yields
the posterior equivariance requirement:

My(OEgoAd|X=gex)

=lx0 EA|X = x) (g €G).
This property does hold for formal pos-
teriors based on improper, countably addi-
tive, relatively invariant priors. It is, there-
fore, of interest to enquire when such formal
posteriors are true posteriors for some
proper, finitely additive prior, since they
cannot then be subject to the difficulties of
the section “Some Difficulties.” This will be
so if and only if the formal prior used is
outer, and the group G has the technical
property known as amenability [4, 12], imply-
ing that it can support a proper right-
invariant finitely additive distribution, which
then induces the required proper prior. This
approach, therefore, gives some justification
to the use of the improper outer prior
(although no justification for the inner
prior), but only for “well-behaved” groups.
In particular, the group of the section
“Strong Inconsistency” is nonamenable, as
must be the case for Q, to provide strong
inconsistency for the outer prior having
v=p+ 1. For such groups, the posterior
equivariance requirement is simply not satis-
fiable within the framework of finite additiv-
ity.
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CONCLUSION

Logical Bayesianism is not currently popu-
lar. Certainly, the claim that a unique igno-
rance prior distribution exists for any prob-
lem must remain suspect as long as the
relevant theory produces a whole range of
choices in some problems, and no prior free
from all objections in others. Nevertheless,
much current Bayesian practice uses, overtly
or covertly, priors supposed to represent
“yague prior knowledge” with respect to a
given model; often an outer prior is sup-
posed. From a subjectivist viewpoint, such
formal priors may be regarded as approxi-
mations to diffuse but proper real priors,
although this argument requires much care
and its general validity depends, at least, on
the amenability of the underlying group [26,
27, 29]. Alternatively, the need is felt for a
“zero” or “reference” prior to which an in-
formative subjective distribution can be
compared [2, 22, 35]. The formalization of
ignorance thus remains the central object of
a continuing quest by the knights of the
Bayesian round table: inspiring them to
imaginative feats of daring, while remaining,
perhaps, forever unattainable.
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INVENTORY THEORY

Inventory theory involves a class of mathe-
matical models devoted to the analysis of
systems in which stock is maintained to meet
an external or an internal demand. The eco-
nomic motives for maintaining inventories
are discussed below.

Economies of Scale

If the marginal cost of producing or order-
ing units from an outside supplier is a nonin-

creasing function of the number of units
produced, then it is economical to produce
or order in lots and store units for future
use. The conventional approach for model-
ing this phenomenon has been to assume
that the cost of ordering y units, say C(y), is
of the form

C(y)=Kd(y) + ¢,

where

ify>0

1
S(y)={0 if y = 0.

The fixed cost component, K (often called
the setup cost), is incurred if a positive order
is placed, independent of the magnitude of
the order. The average cost per unit of order-
ing y >0 units is [C(y)/y]=(K/y)+c,
which is clearly decreasing in y.

Nonstationarities

If costs of production increase over time, it
may be advantageous to retain stocks to
avert the higher production costs. Similarly,
if the value of the inventory is increasing,
stocks are held in order to take advantage of
higher future prices. Maintaining inventories
may also be advantageous if demands are
increasing as a function of time.

Uncertainties

A fundamental motive for carrying invento-
ries is to provide a buffer against uncer-
tainty. The most significant source of uncer-
tainty is future demands. When the demand
is random, a consequence of the analysis is
that optimal policies retain safety stocks to
provide a hedge against the uncertainty. In
some systems, uncertainty in supply can be a
dominant factor. Another common source of
uncertainty is in the time required to replen-
ish stocks.

HISTORICAL BACKGROUND

The simple economic lot size model, which
forms the basis for much of the subsequent
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