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Abstract

Some features of integrable lattice models are reviewed for the case of the six-vertex model.
By the Bethe ansatz method we derive the free energy of the six-vertex model. Then, from the
expression of the free energy we show analytically the critical singularity near the phase transition
in the anti-ferroelectric regime, where the essential singularity similar to the Kosterlitz-Thouless
transition appears. We discuss the connection of the six-vertex model to the conformal field theory
with ¢ = 1. We also introduce various exactly solvable models defined on two-dimensional lattices
such as the chiral Potts model and the IRF models. We show that the six-vertex model has rich
mathematical structures such as the quantum groups and the braid group.

The graphical approach is emphasized in this review. We explain the meaning of the Yang-
Baxter equation by its diagram. Furthermore, we can understand the defining relation of the
algebraic Bethe ansatz by the graphical representation. We can thus easily translate formulas of
the algebraic Bethe ansatz into those of the statistical models. As an illustration, we show explicitly
how we can derive Baxter’s expressions from those of the algebraic Bethe ansatz.

Keywords: exactly solvable models, the Yang-Baxter equation, statistical mechanics, phase tran-
sitions, the Bethe ansatz, the six-vertex model, integrable lattice models, conformal field theory,
two-dimensional lattice

1 Introduction

We introduce the six-vertex model defined on a two-dimensional square lattice. We describe the
model in detail, since it gives an important prototype of many solvable lattice models defined on two-
dimensional lattices [1]. The transfer matrix of the six-vertex model generalizes the XXZ quantum spin
chain which plays a central role among integrable quantum spin chains [2, 3]. The eight-vertex model,
which generalizes the six-vertex model directly, may be considered as the most important exactly
solvable model in statistical mechanics [4]. Moreover, many mathematical theories such as the algebraic
Bethe ansatz [7] and quantum groups [5, 6] are closely related to the six-vertex model. Starting from
the six-vertex model, one may have a wide viewpoint on various physical and mathematical topics
related to solvable models. There are quite a large number of topics related to exactly solvable models
in physics and mathematics [1, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27,
28, 29].
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We explain in §2 some features of the six-vertex model defined on a square lattice. We introduce
the Boltzmann weights and the transfer matrix for the six-vertex model. We review a method for
diagonalizing the transfer matrix, which is called the coordinate Bethe ansatz, and we show the
expressions of the free energy per site in the ferroelectric, the anti-ferroelectric, and the disordered
phases, respectively [30, 31]. The disordered phase is gapless, while the ferroelectric and the anti-
ferroelectric phases have gaps [32, 33]. We derive a critical singularity appearing at the phase transition
from the anti-ferroelectric to the disordered phases. We review the calculation of the singular part
of the free energy through the analytic continuation, as shown in Ref. [1]. The critical singularity
is very weak and has the essential singularity similar to the Kosterlitz-Thouless transition. We have
thus derived the KT-like singularity through exact calculation. After reviewing the finite-size analysis
of conformal invariance [34, 35, 36, 37|, we discuss that the massless phase of the six-vertex model
is related to the conformal field theory of ¢ = 1 which has U(1) symmetry. The ¢ = 1 CFT has
the critical line where critical exponents change continuously with respect to some parameter of the
model [38, 39, 40]. There are quite a few papers on the finite-size corrections of the integrable models
[41, 42, 43, 44, 45]. (For a review, see [46, 16, 47].) The critical line is also characteristic to the
Tomonaga-Luttinger liquid [48]. The existence of a critical line was first discovered by R.J. Baxter
through the exact solution of the eight-vertex model [49].

In §3, we review various integrable models in statistical mechanics [1]. We briefly introduce the
Ising model [8, 50, 51, 52|, the Potts models [53, 54, 55, 56], and the chiral Potts model [57, 58, 59,
60, 61, 62, 63, 64, 65, 66, 67, 68] and then the eight-vertex model [49, 4, 69, 70] and IRF models
[71, 72, 73, 74, 75, 76, 77, 78]. In §4, we solve explicitly the Yang-Baxter equations for the six-vertex
model. We introduce the algebraic Bethe ansatz [7, 79, 80, 81, 16]. Here we show that the Yang-
Baxter equation of the algebraic Bethe ansatz can be expressed by graphs. In §5, we discuss some
mathematical theories associated with integrable models such as the braid group [82, 83] and the
quantum groups [84].

There have been novel developments in the mathematical physics associated with the six-vertex
model [84, 20]. The integrable vertex models associated with various Lie algebras have been obtained,
which generalize the six-vertex model [85, 86]. The crystal basis of the quantum groups is derived
from the mathematical analysis of the corner transfer matrix which is fundamental for calculating the
one-point functions of the vertex models and IRF models [87, 88]. Through the g-vertex operators,
correlation functions of the XXZ spin chain or the six vertex model are obtained [20]. The dynamical
Yang-Baxter equation [89] and the elliptic quantum groups [90, 91, 92] have also been extensively
discussed. In fact, we can derive the R matrix of the eight-vertex model systematically from the
elliptic quantum group through the twists [92]. Furthermore, the correlation functions of the XXZ
model calculated with the g-vertex operators have been rederived for large but finite chains through
the algebraic Bethe ansatz with the Drinfeld twists [93, 94]. Here we note that the g-vertex operator
can be defined only on the infinite chain, while the algebraic Bethe ansatz with the Drinfeld twists
can be applied to any finite chain. By taking the thermodynamic limit, it has been shown that
the two approaches indeed give the same results. These papers indeed illustrate nontrivial physical
applications of the Drinfeld twits. It is recently found that the symmetry of the six-vertex model is
enhanced at some particular coupling constants: the transfer matrix commutes with the generators of
the sly loop algebra for the six-vertex model at roots of unity [95].

Let us discuss some physical motivations for the six-vertex model. The exact solution of the six-
vertex model was originally introduced for studying the statistical mechanics of ferro-electrics such
as the residual entropy and the ferroelectric transitions [30, 31]. However, it seems that the physical
motivation of the six-vertex model for ferro-electricity has decreased. On the other hand, there are
many different physical applications of of the six-vertex model. Here we consider a few examples,
the domain wall theory [96, 97], crystal growth [98, 99, 100, 101, 102, 103] and the thermodynamics
of the XXZ spin chain through the quantum transfer matrix [104, 105, 106, 107, 108, 109]. The
crystal growth on surfaces has been discussed by applying exact solutions of the six-vertex model



[98, 99, 100, 101, 102] and some extensions [103]. The free energy of the six vertex model gives
the equilibrium crystal shapes [98, 99]. The finite-temperature thermodynamics of the XXZ spin
chain has been studied extensively through the quantum transfer matrix, which is a version of the
inhomogeneous six-vertex transfer matrix [105, 106, 107, 108, 109]. The quantum transfer matrix
is obtained by regarding one direction of the square lattice as the imaginary time or the inverse
temperature [104]. There have been considerable efforts to evaluate thermal quantities analytically or
numerically. Several functional equations on the eigenvalues of the transfer matrix have been devised
[108, 109]. Finally, we remark that a universal relation between the dispersion curve and the ground-
state correlation length in quantum spin chains are discussed by using the exact solutions of the vertex
models [110].

In §2, we employ mainly the notation of Baxter’s textbook [1] except for the transfer matrix. In
84, however, we briefly show how the notation in statistical mechanics is related to the notation of the
algebraic Bethe ansatz or the Quantum Inverse Scattering Method. The graphical illustration should
be useful. Finally in §5 we discuss many connections of the six-vertex model to several mathematical
developments such as the quantum groups.

2 Solvable vertex models

2.1 The six-vertex model
2.1.1 Ice rule

Let us consider a square lattice as a model of two-dimensional ferroelectric crystal. Molecules are
placed on the vertices of the lattice. Arrows are placed on the edges of the lattice, which correspond
to directions of dipole moments of hydrogen bonds. As a crystal of hydrogen bonding, we may consider
ice, i.e., the crystal of water molecules. In this review, however, we simplify the molecular background
of the model (For instance, see [9]). We assume that the dipole moments defined on edges take only
two values +1.

At a vertex in the lattice, there are four edges. There are possible 16 configurations of the four
edges around the vertex since each of the edges takes two values +1.
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Figure 2.1: Configuration of polarizations around a vertex: «,f3,7,d. The Boltzmann weight is
expressed by w(a, f|y,d). Positive directions of dipole moments are given by upward or rightward.

Let symbols «, (3,7, denote the values of dipole moments around the vertex. Due to charge
neutrality, they should satisfy the following condition

a+B=v+0 (2.1)

For an illustration, let us consider the case when «, 3, and ¢ are given by +1. Then, a and 3 give



+ 2 to the vertex, while v and § deprive 4+ 2 from it, so that the net charge around the vertex is kept
neutral: a + 8 —~v—0 =0.

There are only 6 configurations satisfying the condition. The other configurations that do not
satisfy the condition are not allowed in thermal equilibrium. Thus, we call the model the six-vertex
model. The condition (2.1) is sometimes called ice rule, since ice as a crystal consists of water molecules
connected by hydrogen bonding.

We denote by 1 and 2 the values of polarization 1 and —1, respectively. The symbols 1 and 2 are
useful for matrix notation. Let p denote the notation of +£1 and k£ 1 and 2. Then, they are related by
the relation: k=14 (1 —p)/2.
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Figure 2.2: Vertex configurations satisfying the ice rule. They have the Boltzmann weights w(a, 8|7, 0)
as follows: (1) w(1,1]1,1); (2) w(2,2(2,2); (3) w(l1,22,1); (4) w(2,1]1,2); (5) w(l,2[1,2); (6)

w(2,1]2,1). The configurations (1) and (2) are for the weight a, (3) and (4) for b, and (5) and
(6) for c.

2.1.2 Boltzmann weights

It is a key idea in exactly solvable models that we define the model by the Boltzmann weights not by
the energies of configurations. Let us introduce the Boltzmann weights for configurations around a
vertex. For a vertex configuration «, 3,7, d, we denote by €(a, 8|7y, d) the energy at the vertex. Then,
the Boltzmann weight for a temperature T is given by

’U)(Oé,ﬁh/,(;) = exp(—e(a,ﬁhﬁ)/k:BT) (22)

Under the ice rule, there are only six configurations allowed round a vertex. Here, it is assumed that
the energy of a configuration violating the ice rule should be infinite. We denote by €; the energy of
the jth vertex configuration shown in Fig. 2.2.

Under no external field, the Boltzmann weights must be invariant when reversing all the polariza-
tions simultaneously. Thus, we have €; = €3, €3 = €4 and €5 = €5, when there is no external field. We
denote the Boltzmann weights as follows.

w(1,1]1,1) = w(2,2]2,2) =w; =a
w(1,2)2,1) = w(2,1]1,2) =ws =b
w(l,2]1,2) = w(2,12,1) =wz =c¢ (2.3)

The Boltzmann weights of the zero-field six-vertex model have essentially only two parameters.
For instance, we may choose a/c and b/c. Note that the probability for the vertex configuration of a
is given by a/(a + b + ¢), which does not change by replacing a,b and ¢ with pa, pb and pc.



Let us consider /2 rotation of the square lattice. If we rotate vertex configuration (1) of Fig. 2.2
by the angle 7/2 in the counterclockwise direction, then, it becomes vertex configuration (4). Under
the 7/2 rotation, the weight a is exchanged with the weight b, while the weight ¢ does not change.

2.2 Partition function and the transfer matrix

Let us discuss the partition function of the system. We now set the boundary conditions. Here, we
consider the periodic boundary conditions for the two-dimensional lattice. We take a product of the
Boltzmann weights over all the vertices of the lattice, and sum up the product over all the allowed
configurations of arrows on the lattice.

J = Z H w(aj,bj|cj,dj) (24)

con fig jvertices

The partition function of the square lattice can be formulated as the trace of the products of the
transfer matrices. Let us define the transfer matrix 7 of the six-vertex model. The matrix elements
of the transfer matrix 7 acting on N lattice sites are given by

TI;II177-.-.-;;7QIVN = Z w(cl,bllal,cz)w(CQ,b2]a2,03)---w(cN,bN\aN,cl) (2.5)
Cl,..sCN
a a9 an
C1 ‘ (6] ‘ o CN ‘ C1
b1 bQ bN

Figure 2.3: Matrix elements of the transfer matrix 7"V

Under the periodic boundary conditions, the partition function Z ,+ of N x N " lattice is given by
the trace of the N'th power of the transfer matrices:

, /\ O1,.-,GN 1 / !
ZNN,:TT(TN): 3 (TN> AV S AY Al (2.6)
al,...,aN at,...,aN
Here A; denotes the eigenvalue of the transfer matrix 7.
The free energy per site f is given by
f=—kpTlog Zy\/(NN'). (2.7)

In the thermodynamic limit: N, N' — oo, the free energy per site is given by the largest eigenvalue
Anaz of the transfer matrix 7.

2.3 Diagonalization of the transfer matrix

2.3.1 The Yang-Baxter relations for six-vertex model

Let us consider three sets of the Boltzmann weights: (w1, w2, w3) = (a,b,¢), (a’,b,¢), and (a”,b",¢").
We denote by 7 and 7~ the transfer matrices constructed from the sets of the Boltzmann weights



(a',b',¢) and (a//, b//,c//), respectively. If the three sets of the Boltzmann weights satisfy the Yang-
Baxter equation
> wla,nfar,az)w (8, b3y, az)w’ (b, bala, 5)
B,y
= Z w”(ﬁ7a’a27a3)w,(bl77’alaﬁ)w(b27b3"7704)7 (2'8)
B,y

then the transfer matrices 7 and 7~ commute. The derivation of the commutation relation is given in
Appendix A. We note that a graphical presentation of the Yang-Baxter equation (2.8) will be shown
in Fig. 4.1.

Let us define the parameter A as follows

a’ +b? — 2
2ab '
For the zero-field six-vertex model, we can show that if the two sets of the Boltzmann weights have

the same value of the parameter A, then their transfer matrices commute. We shall explicitly discuss
in §4 that it is indeed derived from the Yang-Baxter equations (2.8).

A= (2.9)

2.3.2 The coordinate Bethe ansatz

Let us consider the matrix element Tlfl 17’.::51?\’ of the transfer matrix 7. Due to the ice rule, we may
express the suffix ay, ..., an by the positions of the value 2, as follows. Suppose that there are n suffices
given by the value 2 among the N suffices a,...,an. The n suffices are expressed as ay,, Gy,, - - ., 0z,
where x;’s are in increasing order: w1 < z3 < --- < x,, . Then, the entry aq,...,ay is equivalent to
the set of the z;’s: x1,...,2,. For an illustration, let us consider the case N =5 and n = 3. Then,
(r1,22,23) = (1,3,4) corresponds to (a1, az,as,aq,a5) = (2,1,2,2,1). Thus, the matrix element
Tyl “p can be denoted briefly as 771

Let us now discuss how to solve the secular equation: 7g = Ag. Here, the transfer matrix 7 is a
x 2NV matrix, ¢ is a 2V-dimensional eigenvector with eigenvalue A. In terms of matrix elements,
the secular equation is written as

2N

Z T gy yn) = Mg, .o ) (2.10)
Y1,.-Yn
Here, g(z1,...,z,) denotes the matrix element of the vector g for the entry (z1,...,z,). In the coor-

dinate Bethe ansatz, we assume the following form for the matrix element of the possible eigenvector
g

g(x1,..., ) = Z Apexp (kpizi+ -+ kppay) (2.11)
PeS,
Here, S, denotes the symmetric group of order n, and P is a permutation of n letters, 1,2,...,n,

where P maps j into Pj. The expression (2.11) is called the Bethe ansatz wave-function. If the vector
g whose elements are of the form (2.11) is an eigenvector of the transfer matrix, then we call it a Bethe
ansatz eigenvector.

For general n, the vector (2.11) becomes an eigenvector of the transfer matrix, if the wave-numbers
k;’s satisfy the Bethe ansatz equations. They are given by the following

exp(iNkj) = (=1)"* H exp(—1O(kj, k), for j=1,...,n, (2.12)
(=1
where O(p, ¢) is defined by
, 1 — 2Ae® 4 eilrta)
exp(=i®(p, q)) = 7 YA 1 ot

(2.13)



For the solutions k;’s to the Bethe ansatz equations, the eigenvalue A of the transfer matrix is given
by
Akt ... kp) = aN L(z1) - L(zp) + b M(21) - M(z,), (2.14)

where z; = exp(ik;) for j =1,...,n and the functions L(z) and M (z) are defined by

ab+ (2 — bv?)z a’ —c® — abz

L(z) = a(a —bz) ' M(z) = b(a — bz)

(2.15)

When we discuss the spectrum of an integrable model through the coordinate Bethe ansatz, we
often assume that all the eigenvectors of the transfer matrix are characterized by the Bethe ansatz
wave-function (2.11). However, it is not certain whether the assumption is valid or not. Thus, we
have to check it by other methods. In fact, there are several numerical studies on the validity of the
completeness of the Bethe ansatz for some integrable models.

On the other hand, there is no doubt on the mathematical structure of the Bethe ansatz wave-
function. We can derive the expression (2.11) by the algebraic Bethe ansatz through the ‘two-site’
model [79, 16]. (There is an instructive notice in [111].) It was shown that the matrix elements of
the product of B operators acting on the vacuum are given by the Bethe ansatz wave-function (2.11)
with k;’s being generic.

The Yang-Baxter relation leads to not only the integrability of the six-vertex model but also the
systematic construction of the eigenvectors. In fact, we shall see in §4 that the algebraic Bethe ansatz
is solely based on the Yang-Baxter equation.

2.3.3 An example of the eigenvector

For an illustration, let us consider the eigenvector g for the case of n = 1: g(z) = Aexp(ikx). Through
a direct calculation, we have

N z—1 N
Z Tya:g(y) — Z ax—y—le—J:—l—y—lCZg(y) + Z aN—l—a:—y—lby—x—lCZg(y)
y=1 y=1 y=z+1

aNflefzvc2Z

= (" L(2) + 0V M(2)) g(a) + (1-2") (2.16)

a—bz

Therefore, g(z) becomes an eigenvector if the Bethe ansatz equation 2V = 1 is satisfied.

2.4 The free energy of the six-vertex model
2.4.1 Three phases of the six-vertex model

There are three phases for the zero-field six-vertex model. They are given by the regions of the
parameter A: ferroelectric phase when A > 1; anti-ferroelectric phase when A < —1; disordered
phase when —1 < A < 1. It is found that the disordered phase (—1 < A < 1) is gapless (massless),
while the ferroelectric phase (A > 1) and the anti-ferroelectric phase (A < —1) are gapful (massive).

Let us consider the phase diagram of the six vertex model shown in Fig. 2.4. We recall that the
ratios a/c and b/c determine the model. Here we note that the number of independent parameters
is given by two, since the overall normalization factor is arbitrary. The regimes I and II give the
ferroelectric phase, the regimes III and IV are anti-ferroelectric and disordered, respectively. In terms
of the Boltzmann weights, the regime I is given by a > b+ ¢, the regime II by b > a + ¢, and the
regime IV by a + b < ¢ . Then, the regime III is given by a < b+¢, b <c+a and ¢ < a + b.

Let us derive the three phases through an intuitive argument. For the ferroelectric regime of
A > 1, we have a? + b? — ¢ > 2ab , which leads to the inequality: |a — b| > c¢. When a > b, we have
a > b+ c. Thus, the configuration where all the Boltzmann weights are given by the weight a should



be the largest contribution to the partition function Z. In fact, when n = 0 in eq. (2.14), we have
A = a" + Y. When a > b, the free energy per site, f, is given by €;: f = —kpT loga. When b > a,
we have f = e3 , similarly.

For the anti-ferroelectric regime of A < —1, we have the inequality @ + b < ¢. Thus, the vertex
configurations for ¢ should be more favorable than those of a or b. In fact, it is shown that the transfer
matrix has the largest eigenvalue when n = N/2. Furthermore, if we send |A| to infinity, all the vertex
configurations should be given by those of ¢. The phase is thus called anti-ferroelectric.

We may explain the reason why it is called anti-ferroelectric. Let us consider the configuration (5)
of Fig. 2.2. We see that the arrow coming from the left goes upward, while the arrow coming from
the right goes downward. If all the vertex configurations on the square lattice are given by (5), then
the lines coming from South West to North East and the lines coming from North East to South West
occupy the lattice alternatively. This gives the anti-ferroelectric order.

b/c

II

III

v

a/c

Figure 2.4: Phase diagram of the six-vertex model: regimes I and II are ferroelectric, regime III is
disordered, and regime IV is anti-ferroelectric.

2.4.2 Parametrization of the Boltzmann weights

It is nontrivial how to parametrize the Boltzmann weights. Recall that there are two independent
parameters for the six-vertex model. Thus, if we consider A as a parameter, there is only another one.
As we shall see later, it is related to the spectral parameter.

We recall that the phases of the zero-field six-vertex model are classified into the following: A < —1,
—1<A<land1<A.
(1) Anti-ferroelectric phase

For A < —1, we define a real parameter \ by

A = —cosh A (0<A) (2.17)

and we parametrize the Boltzmann weights as follows

A — A
a:psinh(Tv)7 b:psinh(#), c=psinh\, (=A<v <)) (2.18)
where p is the normalization factor. Let us define the rapidity « for the wavenumber k as
A —ia SN ;
, et —e sin 5 (o — @A)
k) = : = — 2 2.19
exp(ik) erie — 1 sin %(a +i\) ( )



By replacing the wave numbers p and ¢ with the rapidities @ and 3 in eq. (2.13), the phase factor
O(p, q) is written as follows

, e — g~ila=h) sin 3 ((o — B) — 26
exp(=iO(p,0)) = s 1 = “ni(@—g) o (2.20)

(2) Disordered phase
For —1 < A < 1, we define a positive real parameter u by

A = —cosp O<p<m) (2.21)

and we parameterize the Boltzmann weights as follows

a:psin('u;w), b:psin('u;w), c=psinp, (—p<w<p). (2.22)

Here p is the normalization factor. We define the rapidity « for the wavenumber & by

et — e sinh 2 (a — ip)
k) = — = — 2 2.23
exp(l ) el,quCV _ 1 Slnh %(O{ + Z/,[/) ( )

In terms of rapidities o and (3, the phase factor ©(p, q) is expressed as

it — ea=h sinh L((a — B) — 2ip)
—i© = = — 2 2.24
eXp( ? (p7 q)) 621;,44—04—5 —1 sinh %((Oé — ﬁ) + 22/,1/) ( )
(3) Ferroelectric phase
For A > 1, we define the real parameter \ by
A = cosh A (0<A) (2.25)
and we may parameterize the Boltzmann weights as follows: When a > b (the regime I),
a= psinh()\ _ U) , b= —psinh()\ i U) , c¢=psinh(A), (v<-=X). (2.26)
When a < b (the regime II),
— A
a= —psinh(%)7 b= psinh(#), ¢ = psinh(A), (v> ). (2.27)

Here we recall that p is the normalization factor. The wavenumber k is related to the rapidity « by

A —ia S| ;

, et —e sin 5 (o — @A)

k) = ——— =2
exp(ik) ATl — 1 sind(a+1iA)

(2.28)

The phase factor ©(p, q) is written as

. e — gila=h) sin 3 ((o — B) — 26
exp(=iO(p,0)) = s 1 = “ni(@—g) o (2.29)

Let us consider curved lines given by changing the spectral parameter w or v continuously. All the
curves pass through the points (a/c,b/c)=(1,0) and (0,1). Except for the two points, however, any
points on the horizontal axis: b/c = 0 or the vertical axis: a/c = 0 are never reached by the above
parametrizations with finite values.



2.4.3 Expressions of the free energy

(1) Anti-ferroelectric phase
When A < —1, the system is in the anti-ferroelectric phase. The free energy per site f is given by

Ao & e ™ sinhm(\ +v)
= —kpTl — kT 2.
f kT loga = ks ( 2 + mzjl m coshmA (2.30)
2, e ™ sinhm(\ — v)
= —kpTlogb— kgT 2.31
BEo8 B ( + mzzl m cosh mA (2:31)

for — A <v <A
(2) Disordered phase
When —1 < A < 1, we have

% sinh(p 4+ w)z sinh(r — p)z

= —kpT1 — kT d 2.32
f plLioga kb / 2z sinh 7wz cosh px v (2:32)
% sinh h(m —

- —kBTlogb—k:BT/ sinh(p — wjrsinh(r = pz | (2.33)
2z sinh mx cosh px

for —p < w < p.
(3) Ferroelectric phase

When a > b (the regime I), we have f = —kpT loga, while when b > a (the regime II), we have
f = —kpTlogh.

2.4.4 Correlation length

Correlation length has been calculated for the six-vertex model [32, 1]. In fact, it is calculated for
the eight-vertex model. In the ferroelectric and the anti-ferroelectric regimes of the six-vertex model,
the correlation length is finite. It becomes very large near their phase boundaries to the disordered
phase. In the disordered phase of the six-vertex model, the correlation length diverges throughout the
regime. Thus, the disordered phase is critical.

2.5 Critical singularity in the anti-ferro regime near the phase boundary

We now discuss a singular behavior of the free energy shown at the phase transition from the anti-
ferroelectric to the disordered phases [1]. Here we note that the former one is gapful, while the latter
is gapless. Recall that the phase boundary between the regimes III and IV is given by a + b = c.
When T > T,, the system should be in the disordered regime (—1 < A < 1), while when T' < T, it is
in the anti-ferroelectric regime (A < —1). In the lower temperature, the system should be ordered.

Let us calculate the analytic continuation of the high-temperature free energy (2.32) into the low-
temperature phase, so that we can single out the singularity of the free energy near T, and for T < T,.
First, we reformulate the integral of eq. (2.32) as follows.

/oo sinh(p + w)x sinh (7 — _p /00 sinh(p + w)z exp(m — u)xdx (2.34)

oo 2z sinh mx cosh px 2z sinh mx cosh px

Here P denote the principal value integral. Second, we set A to be a very small positive real number,
and take a value v satisfying —A < v < A. We consider the path in the complex u-plane:

p=Aexp(—if), for 0<6<m/2. (2.35)
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Along the path, we calculate the analytic continuation of the high-temperature free energy (2.32).
Here, we also consider the path of w: w = vexp(—if) for 0 < 6§ < 7/2. Then, we have

73/ —isin(A + v)x exp(m + z)\):cdx

—o 2x sinh wx cos A\x

_ At n i e~ ™ sinhm(\ + v) _; i ™ cos ((m —1/2)mv/\) e_(m2_1/2)7r2/>‘ (2.36)
= m cosh mA o} —1/2)sinh ((m — 1/2)72/X)

The real part of the analytic continuation corresponds to the expression of the anti-ferroelectric free
energy. Therefore, we obtain the singular part of the free energy

> M cos ((m — 1/2)mv/\) ex m—1/2)7% /)
fuing = iksT 3 ( ((( - 1/2/) s)mh/ ) —p1(/2§ 2 /)\)/ s (237)
We define the reduced temperature ¢t by
t=(a+b—c)/c. (2.38)
In the low-temperature phase (T' < T.) and near T, ¢ is given by
t~ —%(V —?) (2.39)
Approximately, ¢ is given by t ~ —\2/8. Near T., we have
fsing = —dikgTe ™ /A CO&(;T;}) (2.40)
Thus, we have
fsing o< €xp <_7cor\1/si_a;nt) (2.41)

Near T, the free energy has an essential singularity.

The singularity of the free energy is very close to that of the Kosterlitz-Thouless transition. In fact,
calculating exactly, we can show that the correlation length ¢ diverges at T, as £ o exp (constant/v/—t),
when T approaches T, in the anti-ferroelectric phase.

2.6 XXZ spin chain and the transfer matrix

The logarithmic derivative of the transfer matrix of the six-vertex model gives the Hamiltonian of the
XXZ spin chain.

d
~'—7 o Hxxz + constant (2.42)

| =
0gTlymr =T o

dv
where Hxxz is given by

HXXZ—JZ(U O'J+1+O' O'J+1—|—AO' 0]+1). (2.43)

Intuitively, we may express it by 76y (v) ~ exp(—vHxxz).
The XXZ spin chain and the six-vertex transfer matrix have the same eigenvectors in common
thanks to eq. (2.42). Taking logarithm of the Bethe ansatz equations, we have

M
Nkj =2nl; =) O(kj, k), for j=1,... .M. (2.44)
/=1
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where M is the number of down spins. (We assume 2M < N.) Here I; is an integer if M is odd and
half an integer if M is even.

The ground state of the XXZ spin chain for A < 1 was obtained by Yang and Yang [3]. The
ground state is specified by the integers [; = j — (M +1)/2 for j = 1,...,M. When N is very
large, the distribution of £;’s becomes continuous. The number of k;’s between k and k + dk can be
approximated by Np(k)dk. Thus, we have the integral equation of p(k)

Q ' i
(k) = 1+ [ ) %p(k \dk (2.45)

where @) is determined by the normalization condition

/_ C; p(k)dk = M/N . (2.46)

The integral equation (2.45) can be solved by changing the variable & to rapidity «, and then by taking
the Fourier transform for the half-filling case M/N = 1/2. When M/N is close to 1/2, the integral
equation can be solved by the Wiener-Hopf method [3].

2.7 Low-lying excited spectrum of the transfer matrix and conformal field theory

In this section, we assume that the low excited spectra of the transfer matrix of gapless models should
be characterized by the conformal invariance, if the system size is large enough. The assumption is
not rigorous, however, there are many studies which confirm it numerically for integrable models. We
review the finite-size corrections for the XXZ spin chain and the six-vertex model.

2.7.1 Finite-size corrections

Let us consider a conformally invariant field theory defined in the two-dimensional Euclidean space
with coordinates r1 and rp. The energy momentum tensor 7, for pu,v = 1,2 should be symmetric
and traceless due to the conformal symmetry. Introducing the complex coordinates z = r; + irg,
Z = ry — ire, we define the chiral operator : T = (T11 — Tag — 2iT12)/4, and the anti-chiral operator:
T = (T11 — Ty + 2iTi2) /4. The operator T (or T) depends only on the variable 2z (or 2).

The energy momentum tensor has the operator product expansion

0/2 + QT(ZQ) +8T(22)+

T(21)T(z2) = (21— 2)' (21— 22)?

2.47
po— (2.47)

Here cis called the central charge. We define the operators L,, by the expansion: T'(z) = >.0° L,z "2
The operator product expansion (2.47) corresponds to the Virasoro algebra

(m® — m)bmno (2.48)

[Ly, L] = (m —n)Lppqn + B

Under a conformal transformation z — w, the energy momentum tensor is transformed as
1) = (%) 2w + o2} (2.49)
z2)=|— w) + —{w, z .
dz 1247

where the symbol {w, z} denotes the Schwarzian derivative: (dw/dz%)/(dw/dz) - (3/2)(d*w/dz*)?/(dw/dz)?.
Let us consider the conformal mapping from the z-plane to a cylinder of circumference L:

L
z—w=—1logz (2.50)
2m
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Here w = 7 — ¢x with imaginary time 7 = ¢¢t. The Hamiltonian H on the cylinder is given by the space
integral of the (1,1) component of the energy momentum tensor (7).

A 1 L _
H = % 0 dx (Tcyl(w) + Tcyl(w))
27 - T
= —(Lo+ Lo) — — 2.51
i (Lo + Lo) oL (2.51)
Here we have used (2.49). For the momentum operator on the cylinder, we have
A 1 L _
P = 2_ dx (Tcyl(w) - Tcyl(w))
T Jo
27 -
- 2,y (2.52)

Let us now discuss the application of the formulas (2.51) and (2.52) to the quantum spin chains.
We assume that the low excited energies should be gapless and conformally invariant. In other words,
we assume that the excitations near the ground state have a linear dispersion relation. Let v denote
the velocity of the linear dispersion. Then, for the ground-state energy Ey, we have

mTue
FEy=Lesy — — 2.
0 €oo 6L ( 53)
and for the excited energy F., and the momentum P., we have
2mv - —
Eex —Ey = T(/~L+h+1\7+1\7)
2T - —
P.,.—F = f(h—h+N—N) (2.54)

where h and h are the conformal weights related to the zero modes of the field, and the eigenvalues of
N and N are given by non-negative integers.

There is another viewpoint on the finite-size scaling. Let us consider the ¢ axis as the space axis
for an infinitely long quantum spin chain, and x axis as the imaginary time axis. Here we assume that
L = v =v/T. Thus, our system now becomes the quantum spin chain in the finite temperature 7.
Replacing Fy with v3f, where f denotes the finite-temperature free energy of the spin chain, we have
f = —mcT?/6v. Thus, we may calculate the specific heat C by the formula C' = —T9%f/9T?, and we
have

e
C=oT (2.55)

2.7.2 The free Boson: CFT with c=1

Let us consider a free Bose field p(z,t) defined on a cylinder of circumference L. The Lagrangian is
given by

£=30 [ {09 - @)} (2.56)

We define the mode ¢,, by the Fourier expansion ¢(z,t) = > ¢n(t) exp(—2minz/L) . From the
canonical quantization, we have the conjugate momentum 7, = gL¢p_,,, and the commutation relation
[©ns Tm] = ©0nm - With the operators a,, and a,, for n # 0 satisfying

[an, am] = N0ptm  [an,@m] =0 [an, Gm] = néptm , (2.57)

the Fourier mode is expressed as ¢, = i (a, — a—y) /(ny/4mwg) , for n # 0. The Hamiltonian is given
by
27

H: i

o+ == > (a—nn + G_piin) (2.58)

1
2gL o
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Hereafter, we assume g = 1/4mw. The convention is consistent with the conformally invariant partition
functions.

We now discuss the compactification of the Boson with radius R. Suppose that the field operator
 takes its value only on the circle of radius R. In other words, we may identify ¢ with ¢ + 27 R.
Then, the eigenvalue of the momentum my conjugate to ¢y is given by n/R for an integer n. Here we
recall that the wavenumber of a one-dimensional system of size L is given by 27n/L (n € Z), and also
that the range of g is given by 2w R, which corresponds to L. Furthermore, we may assign on the
operator ¢ the boundary condition for an integer m

o(x + L,t) = p(x,t) + 2rmR (2.59)

Here, the integer m is called the winding number. The mode expansion of ¢ is given by

4 2T R 1 . .
Sp(:p, t) — 00 1 —7T7Tot i Iy mx +Z Z - (an627rzn(x—t)/L _ C_L,n€27”n($+t)/L) (260)
L L o n

In terms of the coordinates z = exp(27 (7 —ix)/L) and z = exp(27(7 +ix)/L), p(z,t) is given by the
sum of the holomorphic and anti-holomorphic parts: ¢(z,%) = ¢(z) + ¢(z) . Here, they are given by

1 - 1
o(z) = LA iaplog(z) + 1 Z —apz* 9(z) = LA iaglog(z) + 1 Z —apzk (2.61)
2 k 2 k
k#0 E+#£0
with ag = n/R+mR/2 and ag = n/R—mR/2 . Here we can show that the operator J(z) = i0¢(z)/0z
is the U(1) current operator.

Making use of Noether’s theorem, we have

T(z) = —% : (ag—f))? L T(E) = —= (36(2)) - (2.62)

Here :: denotes a proper normal ordering. Then, through the Laurent expansion of powers of z, we
have

1 o
Lo = 5@3 + Z a_pap, (2.63)
n=1
Thus, the conformal weights hp,;, and Ay, are given by
L/n 1 2 _ L/n 1 2
(L= =— (=== 2.64
hom 2(R+2mR) ) hm Z(R 2mR) (2.64)

2.7.3 The XXZ spin chain and CFT with c=1

We discuss the finite-size corrections to the XXZ spin chain. The finite-size corrections to the ground
state energy is calculated in [42, 43, 44, 45] based on the method with the Euler-MacLaurin formula
[41]. (For a review, see [16, 46, 47].) The result is

T 27v (AM)? -
Eer = Lew — — +—— [ (AD)?*¢? N+ N 2.
ex €oo 6L + 7 (( ) § + 452 + + ) ( 65)
Py — Py = 2kpAD+ %(ADAM +N—N) (2.66)

Here the term e, denotes the ground-state energy per site. The Fermi velocity is obtained by the
derivative of the dressed energy [16] with respect to the rapidity at the Fermi level.

The central charge c is given by 1. AD and AM are integers. AM denotes the change in the number
of down spins, and AD the number of particles jumping over the Fermi sea through the backscattering.
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We note that the difference of the conformal weights (2.64) is given by hyup — hpm = nm. Thus, AM
and AD correspond to n and m of the ¢ = 1 CFT, respectively. N and N are derived from the
particle-hole excitations near the Fermi surface. The Fermi wavenumber kg is given by kp = 7M/L
where M is the number of down spins. If the dispersion is linear, kg is consistent with the number of
particles M.

The parameter £ is given by the dressed charge, which is defined by an integral equation. We note
that the sum of the conformal weights (2.64) is given by Ay + hym = n?/R? +m?R? /4. Thus, the
dressed charge £ corresponds to the radius R of the ¢ =1 CFT, £ = R/2. Under zero magnetic field,
the dressed charge £ or the radius R is given by [33]

R— (ﬂz_ﬂﬂ)l/g 0<pu<m). (2.67)

3 Various integrable models on two-dimensional lattices

3.1 Ising model and Potts model
3.1.1 Ising model

Let us consider the Ising model defined on a square lattice. Each lattice site has spin variable which
takes the two values 1. We denote by o; the spin variable of lattice site j. The Hamiltonian of the
Ising model is given by
H = —JZ 0i0; (3.1)
(4,9)
where the symbol (i, j) denote that sites ¢ and j are nearest neighbors, and we take the sum over all
the pairs of adjacent sites on the lattice.

There have been many papers written on the two-dimensional Ising model [8]. However, it should
be remarked that correlation functions are calculated exactly for the two-dimensional Ising model in
the scaling limit [50, 51].

We remark that exact solutions are discussed for the Ising model defined on various two-dimensional
lattices such as the Kagome lattice (For a review, see Ref. [52] ).

3.1.2 Self-dual Potts model

The Potts model generalizes the Ising model into a p-state model with p > 2 [1, 53, 54]. Let us consider
the three-state Potts model defined on a square lattice [53]. Each lattice site has spin variable which
takes three values 1, 2, 3. We denote by o; the spin variable of lattice site j. The Hamiltonian of the
Potts model is given by

H= _JZ6(Ji,Jj) (32)

(4,9)

Here the symbol §(a,b) denote the Kronecker delta.
In general, the Potts model is not solvable. However, at its criticality, it is equivalent to some
variant of the six-vertex model, and is solvable. Thus, the self-dual Potts model is integrable [55, 56].

3.1.3 Ashkin-Teller model

With each site i we associate two spins: s; and t;. They take values +1. The Hamiltonian of the
model is given by
H=-— Z [KQ(SiSj + titj) + K4Si5jtitj] (33)
(4,9)
It is known that the Ashkin-Teller model and the eight-vertex model are in the same universality class
[38]. The universality class is described by the ¢ = 1 CFT with the twisted boson [40].
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3.2 Chiral Potts model
3.2.1 General case

There is another version of the Potts model [1, 53]. We may assign the chiral symmetry, or Z/pZ
symmetry on the Potts model, which we call the chiral Potts model.

We now explain the most general chiral Potts model defined on a square lattice [64]. Let a and
b denote the spin variables defined on two nearest-neighboring sites. The interaction energy between
the spins depends on the difference n = a — b (mod N) as

N—1
n) = Z Ewi" w= /N (3.4)
j=1

We note that £(N +n) = £(n). The parameter E; can be written as

E; A ‘ N
o = ~Hwt for =1 (5] (3.5)
where K; and A; constitute N — 1 independent variables, and the symbol [[-]] denotes the Gaussian

symbol. For a real number z, [[z]] denotes the biggest integer not larger than x. We also assume that
EN_j is complex conjugate to E;: Ey_; = E7. When N is odd, we have

([(N-1)/2]] N
E(n) 2 a (DY +1)

3.2.2 Integrable chiral Potts model

Let us discuss the integrable restriction of the most general chiral Potts model defined on the square
lattice. It has horizontal and vertical couplings. Suppose that spin variables a and b are located on
two neighboring sites connected by a horizontal line. When the line goes rightward from a to b, the
horizontal coupling has the energy &£,4(a — b) and the Boltzmann weight W,,(n). Here p and ¢ are
‘rapidity’ parameters. For spin variables ¢ and d located on two neighboring sites connected by a
vertical line, the vertical coupling has the energy &,,(c — d) and the Boltzmann weight Wy,(c — d)
when the vertical line goes upward from ¢ to d.

The model is called solvable if the Boltzmann weights W’s and W's satisfy the star-triangle equa-
tion

N
Z Wer (b — )Wy (a — d)Wpg(d — ¢) = RpgrWpe(a — D)Wy ) (b — )Wy, (a — ¢) (3.7)
d=1

The solution to the above equation is given by

fp  Yq — Tpw?
Wye(n) = =S J
Hq Yp — TqW
fphg - ——————— (3.8)
(=
with a constant R, depending on the three rapidity variables. The constraint that the Boltzmann
weight should have periodicity modulo N: Wy,(n + N) = Wy,(n) gives for all rapidity pairs p and ¢

1j
o]

N N N N
Fo y,, e O ./ M./ (3.9)
Kq g — ) S
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We can define k and k" such that

3 1— kylY
= = 3.10
Ky 1— k) K (3.10)
a) +y) =k(1+az)y)) (3.11)

where k2 + (k:,)2 = 1. Thus, the rapidities are placed on a curve of genus g > 1 of Fermat type.

We make some comments. Multiplying the two equations of (3.9) and noting that p and ¢ are
independent, we can show eq. (3.10) and then eq. (3.11). The star-triangle equation is proven
illustratively in the appendix of Ref. [60]. We note that the vertex-type formulation of the chiral
Potts model is related to the tetrahedron equation [63]. The integrable chiral Potts model generalizes
the self-dual Zy model given by Fateev and Zamolodchikov [65]. An elliptic extension of the self-dual
Zn model is introduced in Ref. [66], and the Yang-Baxter equation is proven for the model in Ref.
[67]. Some nontrivial connections among higher-rank chiral Potts models, elliptic IRF models and
Belavin’s Zy symmetric model are explicitly discussed in Ref. [68].

3.3 The eight-vertex model

Let us explain the eight-vertex model which was solved by Baxter in 1972 [4]. The Boltzmann weights
w(a, B, 6;u) of are nonzero if the charge is conserved modulo 2: a+ 3 = 7+ (mod) 2. We have the
six configurations around a vertex shown in Fig. 2.2 and the two in Fig. 3.1 . We assume that there
is no external field. The weights therefore become symmetric: €1 = €9, €3 = €4, €5 = €4, and €7 = €g.

Figure 3.1: Vertex configurations for the eight-vertex model. (7) w(2,21,1); (8) w(1,1]2,2).

wl,11,1) = w(2,2)2,2) = w; = agy
w(1,22,1) = w(2,1]1,2) = ws = bgy
w(1,2]1,2) = w(2,1]2,1) = ws = cgy
w(1,1)2,2) = w(2,2[1,1) = wy = dgy (3.12)

We give a parametrization of the Boltzmann weights. We define the theta function

(e e]
0(z;7) =2 sinnz H (1 —p*™)(1 — p*"exp(27iz))(1 — p*™ exp(—2miz)), (3.13)
n=1
where the nome p is related to the parameter 7 by p = exp(mit) with Im 7 > 0 . We also

define the theta functions 6y(z) and 61(z) satisfying 0,(z + 1) = (=1)%0n(2) and O,(z + 7) =
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ie~™EHT/2)9, (2) for @ = 0,1 , where we define 61(z) by 61(z;7) = 6(2;27). The Boltzmann
weights agy (2), bsy (2), csy (z) and dgy (z) are expressed as

aav(z) = 0o(2)00(2n) ey (2) = 01(2)00(2n)
v Bo(z —20)00(0) T 01(2 — 20)60(0)’
0o(2)01(2n) ___61(2)0:(2n)
csv (2) —91(2 — 2:7)60(0) , dgv(z) = _60(2 = 2717)90(0) (3.14)

3.4 IRF models
3.4.1 TUnrestricted 8V SOS model

We introduce unrestricted Solid-on-Solid models. They are also called Interaction-Round-a-Face mod-
els or IRF models, briefly [1].

To each site i of a two-dimensional square lattice, a spin a; is associated. Let 4,7, k, and £ be
the lattice sites surrounding a face (or a square), where i, j, k,¢ are placed counterclockwise from
the southwest corner. We assume that an elementary configuration is given by that of the four spin
variables around the face, and the probability of having a;,a;,ay,ay is denoted by the Boltzmann
weight w(a;, aj, ag, ag; z). Here the variable z is called the spectral parameter.

For unrestricted 8V SOS model, a; can take any integer. When sites ¢ and j are nearest neighboring,
then the states a; and a; are said to be admissible if and only if |a; —a;| = 1 [69, 1]. The Yang-Baxter
equations are given by

ZU}((Z, baga f’ = U/)w(f,g,d, €5 Z)w(g, b’ ¢, da U])
g

= Y w(f,a,g,ew)w(a,b,c,g;z)w(g,c,d, e;z —w), (3.15)
g

where the summation of the variable g is taken over all the admissible states.
The Boltzmann weights are given by

0(2n — z)

w(d+1,d+2,d+1,d,z,w0) - w(d,d—l,d—Q’d—l’Z): 9(277)

w(d—1,d,d+ 1,d;z,wg) = w(d+1,d,d—1,d;z,wp)
0(z) VO(2n(d+ 1)+ wo)f(2n(d — 1) + wo)

0 2nd
w(d+1,d,d+1,d;z,wg) = (;(_;ndn-i-jl_}OU;O)
0(z —2nd —
oL 1) (;(2ndn+ woﬂ)}o) (3.16)

3.4.2 RSOS models

Let us explain restricted Solid-on-Solid models (RSOS models) [71]. Let s denote the number of
elements in S. Consider a s x s matrix C satisfying the following conditions [76, 77]:

(i) Cop =Cha =0 or 1

(il) Cue =0

(iii) For each a € S, there should exist b € S such that Cy, = 1
For such choice of C'; we impose a restriction that two states a and b can occupy the neighboring
lattice sites if and only if Cyp, = 1. We call such a pair of the states (a,b) admissible. For the case of
unrestricted models, the infinite matrix C satisfies the conditions (i), (ii), and (iii) with an infinite set

S.
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For an illustration, let us consider the restricted eight-vertex Solid-on-Solid model (the restricted
8V SOS model), which we also call the ABF model [71]. For the N-state case, we have S =
{1,2,...,N}. The nonzero matrix elements of C are given by C; ;41 = Cj;1;=1for j=1,2,... ,N—
1; other matrix elements such as C1 y and Cn 1 are given by zero. Setting wg = 0, then we have the
Boltzmann weights of the ABF model. The Boltzmann weights satisfy the Yang-Baxter relations
(3.15) with the finite set: S ={1,2,...,N}.

Let us explain CSOS models, another type of RSOS models [75, 76, 77]. Here we assume that
2Nn = m1, where integer m; has no common divisor with N. If we set wg # 0, then we have the
Boltzmann weights of the cyclic SOS model (CSOS model). We can show that the Boltzmann weights
satisfy the Yang-Baxter relations with the finite set: S = {1,2,..., N} and the cyclic admissible
conditions: C1 ny = Cn,1 = 1.

We remark that the connection between the 6j symbols and the Boltzmann weights of IRF models
is first discussed in Ref. [78].

3.4.3 Fusion IRF models and ABCD IRF models

The 8VSOS model was generalized into the fusion IRF models. [72] IRF models associated with AS)
Lie algebra are constructed. [73] The IRF models associated with B®) M) D) typed Lie algebra
are also obtained [74].

In the IRF models, the one-point function, which is the magnetization per site, can be calculated
by the corner transfer matrix method invented by Baxter [1].

3.4.4 (Gauge transformations
It is sometimes convenient to employ a gauge transformation

w(a,b,e,d;z) — w(a,b,c,d;2) ge (3.17)

Ya

The transformed Boltzmann weights also satisfy the Yang-Baxter relations (3.15). For instance, we
may set g, = exp(mia/2) \/0(2na + wp) (a € Z).

4 Yang-Baxter equation and the algebraic Bethe Ansatz

4.1 Solutions to the Yang-Baxter equation
4.1.1 Derivation of a solution for the six-vertex model

Let us solve the Yang-Baxter equation for the six-vertex model. We recall that it is given by

3" wla,vlar, a2)w (B, bsly, az)w” (by, bo|er, B)
a8,y

= > w'(B.olas, a3)w (by,|ar, B)w(b, bsly, ). (4.1)
a8,y

The Yang-Baxter equation is illustrated in Fig. 4.1.

There are 23 x 23 = 64 cases for the entries (ay,az,a3) and (by, by, b3). Due to the ice rule, however,
the Yang-Baxter equation is trivial unless a; + ag + a3 = by + by + b3. We have thus only 20 entries:
(3C0)* + (3C1)% + (3C2)* + (3C5)° =1+ 9+ 9+ 1 = 20.

Let us consider symmetries of the Boltzmann weights given in (2.3). If we exchange 1 and 2, the
Boltzmann weights do not change. Thus, we have reduced 20 cases into 10 cases.

((11, a2, az; bl, b2a b3) = (1, 15 1a 15 1’ 1)’
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Figure 4.1: The Yang-Baxter equations for vertex models. The spectral parameters are shown by the
angles between pairs of straight lines.

(1,1,2;1,1,2),(1,1,2;1,2,1),(1,1,2;2,1,1),

) ) ) ) )

(1,2,1;1,1,2),(1,2,1;1,2,1), (1,2, 1;2,1,1),

) ) ) ) )

(2,1,1;1,1,2),(2,1,1;1,2,1), (2,1,1; 2,1, 1) (4.2)

) ) ) ) )

We now recall that the Boltzmann weights (2.3) have the symmetry

w(a, Bly,6) = w(v,dla, B) = w(B, ald, ) (4.3)

Combining these symmetries we can show that the Yang-Baxter equation for the two entries (1) and
(2) are equivalent: (1) (a1, as2,as; b1, ba,b3) ; (2) (bs,ba, b1;as,a2,a1). Precisely, the L.H.S. (or R.H.S)
of the Yang-Baxter equation of the case (1) corresponds to the R.H.S. (or L.H.S) of eq. (4.1). Thus,
we have the three cases as follows.

(1,1,2;1,1,2),(1,1,21,2,1),(1,2,1;1,1,2) (4.4)

For the three cases, the Yang-Baxter equations are given by

! " 11 !
aca = bcb +cac
/1 ! 1,1
abc = bac +ccbh
I 1" 1,1 !
cba = cab +bcc (4.5)

A nontrivial solution (a”7 b, c") exists only if the determinant vanishes

/ ’ /

ac —bc —ca

; / / L N2 ()2 — ()2 2 4 p2 _ 2
0 cc ba —ab |=abcabdc (a) +(,), (<) et ¢ (4.6)
Cb/ —Ca/ —bc/ ab ab
We define the parameter A by
a’ +b? — 2
The condition that the determinant vanishes is given by
A=A (4.8)

Thus, the transfer matrices 7 and 7 commute, if the two sets of weights (a, b, c) and (a/, b, c/) have
the same A.
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In terms of the spectral parameter u, we can parametrize the three Boltzmann weights a, b and c.
We express the weight as w(«, (], d;u). Let u and v be arbitrary. We denote w(a, 8|7, d), w/(a, Blv,0)
,and w’ (o, 87, 0) as w(a, By, 6;u), wla, By, d;u + v), and w(w, 8|7y, 6;v), respectively. The Yang-
Baxter equations are depicted in Fig. 4.2. As a solution, we may have (a,b,c) = (psinh(u + 27),=
psinhu,= psinh2n . Here we set A = cosh2n . The transfer matrices 7(u) and 7(v) commute:

T(u)T(v) = 7(Vv)7T(0).

4.1.2 Gauge transformations for vertex models

Let us suppose that w’s satisfy the Yang-Baxter equation. Then we can show that transformed weights
w’s defined by

w(er, By, 63u) = ()" exp(r(a +7 = B = dJu)w(a, By, b3 u) (4.9)

also satisfy the Yang-Baxter equations [82, 83]. Here ¢ = 1, and the number & is arbitrary.

The gauge transformation is important in the derivation of the Jones polynomial from the sym-
metric Boltzmann weights of the six-vertex model under zero field [82]. It is also quite useful when
we discuss the relation of the six-vertex model to the quantum group, as we shall see in §5 (see also
the appendix of Ref. [95]).

4.2 Algebraic Bethe ansatz

4.2.1 R matrix and the L operator

Let us diagonalize the transfer matrix by the method of the algebraic Bethe ansatz. [80, 81, 16]

Let us introduce the notation of the matrix tensor product. We define the direct product A ® B
of matrices A and B. Let Aj, denote the matrix element for the entry of column j and row k of the
matrix A. Then, the matrix element of column (jq, j2) and (k1, k2) is defined by

(A® B)\ 7y = AL B (4.10)

We now define the R matrix of the XXZ spin chain. The element Rgg corresponds to the entry of
column (a,b) and row (c,d).

R(2)i1 R(2)13 R(2)a1 R(2)2 a(z) 0 0 0
"= RO RO RCH RS || 0 i o | 6
R BT RGHE R(E)% 0 0 0 a)
Here a(z), b(z) and ¢(z) are given by
a(z) =sinh(z +2n), b(z) =sinhz, c¢(z)=sinh2y. (4.12)

Here, the functions a(z), b(z) and ¢(z) are equivalent to the Boltzmann weights a, b and ¢ in §2
We now introduce L operators. We write the matrix element the L operator with entry (j,%) as
(Ln(2));y, or Ln(2)y, - The L operator for the XXZ spin chain is given by

| Lu(2)1 Ln(2)3 \ [ sinh(zl, +no?) sinh 2n o,
Ln(z) = < Ln(2)? Ln(2)3 | sinh 2n ot sinh (z1,, — no?) (4.13)

Here I,, and ¢2 (n =1,...,L) are acting on the n th vector space V;,. The L operator is an operator-

valued matrix which acts on the auxiliary vector space Vy. The symbols ¢& denote o = Ej5 and
0~ = FE51, and ¢%,0Y,0% are the Pauli matrices
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F's oy,
(1) (2) a1 a2
b =1 a :
b1 b
Bn

Figure 4.2: (1) Lyp(2)}]an,8, 5 (2) R(Z)Zf,ff

In terms of the R matrix and L operators, the Yang-Baxter equation is expressed as
R(z =) (Ln(2) @ Ln(t)) = (Ln(t) © Ln(2)) R(z — 1) (4.14)

Here the tensor symbol in L,(z) ® L, (t) denotes the tensor product of auxiliary spaces.
The Yang-Baxter equation (4.14) gives the relation between the two products of 4 x 4 matrices.
For an illustration, we consider the L.H.S. of (4.14).

a1,a2 . c1,c
Rz =) La(2) @ La(0)] " = 37 R(z =022 (Ln(2) ® Lu(0)); 52
’ c1,¢2
= > R(e =8 Ln(2)j) % Ln(t)32 (4.15)
C1,C2

Here the symbol x denotes the product of matrices acting on the n th space V,,. Expressing the

(679 mt/—?Z(
a1
by C1
b C2
Z2="n

ﬂn \\ az

Figure 4.3: The Yang-Baxter equation: R(z —t)(L(z) ® L(t)) = (L(t) ® L(z))R(z — t), eq. (4.14).

operator products in the nth space V,,, the L.H.S. of (4.14) is written as follows

ai,a2
Rz =) La(2) © Lu(t)], " langn = D Rz = 0858 (Ln(2) © Lu(t)5152 lawus
’ C1,C2
= Y YRG5 La(2)itlan g Ln()i2 ]y, (4.16)
C1,€2 Tn

4.2.2 Monodromy matrix and the construction of the eigenvector

We define the monodromy matrix by the product of the L operators (see also Fig. A.1)
T(2) = L(2)- La(2) L1 (2). (4.17)
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The transfer matrix 741 (z) of the six vertex model is given by the trace of T'(z)
16y (2) = trT(z) = A(z) + D(2), where T(z) = < A(z) B(2) ) (4.18)

The Yang-Baxter equation (4.14) leads to the commutation relation: R(z —t)(T(2) @ T(t)) = (T(t) ®
T(z))R(z—t), from which we have many relations among the operators A, B, C, and D. For instance,
we have B(z)B(t) = B(t)B(z). Furthermore, we have

A()B() = ZE; - 2 BHAR) - = gz a) (4.19)
D()B(t) = ZE; - g B(OD(:) - = E)B(z)D(t) (4.20)
We define the ‘vacuum’ by
N
0) =Dl Dz~ D (4.21)
Multiplying A(z) and D(z) on the vacuum, we have
A(2)|0) = a(z = n)V[0),  D(2)|0) = b(= —m)™0). (4.22)

Let us consider the vector generated by the product of B operators.

|M) = B(t1) - -~ B(ta)|0) (4.23)
Then, through the commutation relations such as (4.19) and (4.20) we can show [7, 16] that the vector
|M) gives an eigenvector of the transfer matrix 7gy(z) if rapidities ¢1,ta,..., tas satisfy the set of
equations

(a(tj - 77)>N _ et —t) bt —t) T (a(tj — tr) btk — 1))

, for j=1,...,M. (4.24)
b(tk - tj) C(t]‘ - tk) k=1: k] b(tj - tk) a(tk - tj)>

They are the Bethe ansatz equations (2.12) with different parametrization. For a set of solutions,

ti,to,...,tar to eqs. (4.24), the eigenvalue of the transfer matrix 74y (2) is given by
M M
a(t; — z) N 17 alz—t)
Aiturtarootar) = a(z— )V [[ D=2 4o — gy [T UEZ12)
jHl bt —2) jHl b(z = ;)
M. M .
) sinh(t; —z+2n) . sinh(t; — z — 2n)
— hN J hN . J
sinh™ (2 + 77)]1;[1 sinh(t; — z) +sinh™(z 77)};[1 sinh(t; — z)
(4.25)

4.2.3 Connection to the coordinate Bethe ansatz result

Let us compare the result of the coordinate Bethe ansatz in §2. We consider the disordered phase:
—1 < A < 1. First, we change the variables w and « defined in §2 into v and ¢ by w = 2u — p and
a = 2¢ — i, respectively. Thus, from the expressions (2.22) we have (a,b,c) = (sin(p — u), sin u, sin x1)
= i(sinh(—ip + iu), sinh(—iu), sinh(—iu)) and

ab+ (c* — b?)z; _ _sinh((aj —dw — 2ip)/2) _ sinh(—(¢; — iu) + ip)
a(a — bzj) sinh((a; — tw)/2) sinh(¢; — iu)

LBaxter (Z ) —

j (4.26)
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Here we recall that the symbol LB%"(z) has been defined in eq. (2.15) in order to denote the
eigenvalue of the transfer matrix of the six-vertex model. The expression (4.26) can be derived from
the formula (4.25) of the algebraic Bethe ansatz as follows. First, we take the gauge transformation:
b(z) — —b(z), which corresponds to the case ¢ = —1 and x = 0 in eq. (4.9). Then, we replace the
variables z, t;’s, and 27 in (4.25) by z —n — —iu, t; —n — —(j, and 217 — iy, respectively. We have
the following:

a(t; — z) a(t; — z) _ _sinh(tj —z+2n) _ sinh(—(¢; — iu) + ip)
b(t; — 2) b(t; — 2) sinh(t; — z) sinh(¢; — iu)

(4.27)

and sinh™ (z + 1) — sinh™ (—iu + ix) . Thus, the formula (4.25) reproduces the expression (2.14) for

the eigenvalues of the transfer matrix except for the normalization factor V.

5 Mathematical structures of integrable lattice models

5.1 Braid group
5.1.1 The Yang-Baxter equation in operator formalism

The Yang-Baxter equation in §2 gives a sufficient condition for the existence of commuting transfer
matrices. However, there are other viewpoints on the Yang-Baxter equation.
Let E/,]C denote the matrix given by

7\
(BL), = Gasbon ab=1,2. (5.1)
We define operators X;(u)’s by
®(—1) ®(N—j—1)
— d — .
Xj(z) = Zw(a,b|c,d;z)]®---®I®E§®Eb®I®---®I for j=1,...,N—-1 (5.2)

a,b,c,d
Here, the symbol w(a, b|c, d; z) corresponds to RZ’i(z), and the essential part of Xj(z) is given by

X(z)= Y w(a,ble,d;2)E; ® By (5.3)
a,b,c,d

which is equivalent to R(z). In terms of the X;(z)’s, the Yang-Baxter equation is expressed by the
following

Xj(Z)Xj.H(Z + t)Xj(t) = Xj+1(t)Xj(Z + t)Xj_H(Z) , for j=1,...,N—1. (5.4)

5.1.2 The braid group

The braid group By for N strings is an infinite group which is generated by the generators b1,...,bny_1
satisfying the defining relations

bjbjt1bj = bjt1bibjta
bibj = bjbi for ’i—j‘>1 (5.5)

Let us assume that the limit: lim,_. X;(2) exists. Then, eq. (5.4) becomes

Xj(OO)XjJrl(OO)Xj(OO) = XjJrl(oo)Xj(oo)XjJrl(oo) 5 for ] = 1, e ,N —1. (56)
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This is nothing but the defining relations of the braid group. Thus, the Boltzmann weights of solvable
models expressed in terms of the spectral parameter lead to representations of the braid group.

We now show that from a given exactly solvable model, one can derive two different representations
of the braid group [82]. Here, the gauge transformation (4.9) plyas a central role. This technical point
is quite fundamental when we make connections of exactly solvable models to quantum groups and
the Temperley-Lieb algebra (for instance, see the appendix of Ref. [95]).

We first consider the Boltzmann weights of the zero-field six-vertex model given by eqs. (4.12).
Taking the infinite limit to them, we have the following

1 0 0 0

. . 0 0 exp(—2 0
Jim. X(z)/sinh(z 4 2n) = 0 exp(—2n) p(O ) 0 (5.7)

0 0 0 1

The representation of the braid group (5.7) leads to a link polynomial equivalent to the linking number.
Let us now apply the gauge transformation (4.9) with e = 1 and k = 1/2 to the weights given by
egs. (4.12) [82] . Then, from the transformed Boltzmann weights we have

1 0 0 0

.S . 0 0 exp(—2 0
Jim. X(z)/sinh(z 4 2n) = 0 exp(—2n) 1- e>£p(—ni77) 0 (5.8)

0 0 0 1

This matrix representation of the braid group leads to the Jones polynomial with ¢ = exp(2n) [82].

We remark that based on the representations of the braid group which are derived from the
Boltzmann weights of exactly solvable models, we can construct various invariants of knots and links
(see, for reviews, Refs. [83, 112, 113)).

5.2 Quantum groups (Hopf algebras)

From the quantum groups (the Hopf algebras) we can systematically construct representations of the
braid group such as derived from the six-vertex model. Almost all the solutions of the Yang-Baxter
equations can be constructed in some framework of quantum groups. Furthermore, the connection of
solvable models to the quantum groups is useful for investigating nontrivial properties of integrable
models.

Let us introduce the quantum group Ug(slz) , which is a g-analog of the universal enveloping
algebra of sly. Generators X+, H satisfy

K- K1

KXinl — quXi’ [X‘F’X*] — -
q—q

(5.9)

We may express K as K = ¢f. Taking the limit of ¢ to unity, the relations are reduced into the
commutation relations of sls.
The tensor product is defined by the following

AK) = KoK
AXT) = XTel+KoXT
AXT) = X @K '+1IX" (5.10)

The operation A(-) is called the comultiplication. In the quantum group, the comultiplication does
not commute with the exchange operator o defined by ca ® b = b ® a. However, there is an operator
R which satisfy the following

RA(z) = oA(z)R, for z e Uy(sly) (5.11)
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Thus, the tensor product Vi ® Vo can be related to Vo ® V; through the R matrix of the quantum
group.

In the U,(sl2), the R matrix can be constructed in the operator formalism. If operators X+ and
H satisfy the defining relations of the U,(slz), then the operator R defined by the following satisfy
the intertwining relation (5.11)

R=q "1 exp, (~(qg— ¢ HK' X @ XK) (5.12)

where exp,  denotes the infinite series
exp, & = i “n(n-1/2 2 (5.13)
pq - . q [n] ' .
n=

The operator R is called the universal R matrix.

The representation (5.8) of the braid group corresponds to the representation of the universal R
matrix on the tensor product of two fundamental representations.

We note that the universal R matrix can be constructed canonically through Drinfeld’s quantum
double construction (for instance, see [24]). This is similar to the Sugawara construction which derives
the energy momentum tensor from the current operator.

References

[1] R.J. Baxter, Ezactly Solved Models in Statistical Mechanics (Academic Press, 1982, London).
[2] H.A. Bethe, Zeitschrift fiir Physik 71 (1931) 205.

[3] C.N. Yang and C.P. Yang, Phys. Rev. 150(1966) 321; 150(1966) 327; 151 (1966) 258.

[4] R. Baxter, Ann. Phys. 70 (1972) 193.

[5] V.G. Drinfel’d, Soviet Math. Doklady 32 (1985) 254; V.G. Drinfel’d, Qunatum Groups, in Pro-
ceedings of the International Congress of Mathematicians, Berkeley, 1986, A.M. Gleason (ed.),
pp- 798-820, American Mathematical Society, Providence, R.I.

[6] M. Jimbo, Lett. Math. Phys. 10 (1985) 63.
[7] L. Takhtajan and L. Faddeev, Russ. Math. Survey 34(5) (1979) 11.

[8] B.M. McCoy and T.T. Wu, The Two-Dimensional Ising Model (Harvard University Press, Cam-
bridge Massachusetts, 1973).

[9] J.M. Ziman, Models of disorder (Cambridge University Press, Cambridge, 1979).

[10] M. Gaudin, La fonction de l’onde de Bethe pour les modéles exacts de la méchanique statistique,
(Masson, 1983, Paris).

[11] Conformal Invariance and Applications to Statistical Mechanics edited by C. Itzykson, H. Saleur
and J.-B. Zuber (World Scientific, Singapore, 1988).

[12] C. Itzykson and J.-M. Drouffe, Satistical field theory Vol. I and II (Cambridge University Press,
Cambridge, 1989).

[13] C.N. Yang, M.-L. Ge, Braid groups, knot theory and statistical mechanics (World Scientific, 1989,
Singapore)

26



[14]
[15]

[16]

[17]
[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]
28]
[29]
[30]

[31]

32]
33]

[34]

[35]

Yang-Baxter equation in integrable systems ed. by M. Jimbo (World scientific, Singapore, 1990).

P. Martin, Potts models and related problems in statistical mechanics (World Scientific, Singapore,
1991).

V.E. Korepin, N.M. Bogoliubov and A.G. Izergin, Quantum Inverse Scattering Method and Cor-
relation Functions (Cambridge University Press, Cambridge, 1993)

G. Lusztig, Introduction to Quantum Groups (Birkh&user, Boston, 1993).

V. Chari and A. Pressley, A guide to QUANTUM GROUPS (Cambridge University Press, Cam-
bridge, 1994).

FEzactly solvable models of strongly correlated electrons, edited by V.E. Korepin and F. H. Essler
(World Scientific, Singapore, 1994).

M. Jimbo and T. Miwa, Algebraic Analysis of Solvable Lattice Models (AMS, Rhode Island, 1995)

A M. Tsvelik, Quantum Field Theory in Condensed Matter Physics (Cambridge University Press,
Cambridge, 1995).

S. Majid, Foundations of Quantum Group Theory (Cambridge University Press, Cambridge,
1995).

P. Di Francesco, P. Mathieu, D. Sénéchal, Conformal Field Theory, (Springer-Verlag, 1997, New
York)

P. Etingof and O. Schiffmann, Lectures on Qunatum Groups (International Press, Cambridge,

MA, 1998)

A.O. Gogolin, A.A. Nersesyan, A. M. Tsvelik, Bosonization and Strongly Correlated Systems
(Cambridge University Press, Cambridge, 1998).

M. Takahashi, Thermodynamics of One-Dimensional Solvable Models (Cambridge University
Press, Cambridge, 1999).

S. Sachdev, Quantum Phase Transitions (Cambridge University Press, Cambridge, 1999).
Physical Combinatorics, edited by M. Kashiwara and T. Miwa (Birkh&user, Boston, 2000).
MathPhys Odyssey 2001, edited by M. Kashiwara and T. Miwa (Birkh&user, Boston, 2002).

E. H. Lieb, Phys. Rev. 162 (1967) 162; Phys. Rev. Lett. 18 (1967) 1046; Phys. Rev. Lett. 19
(1967) 108.

E. H. Lieb and F. Y. Wu, in Phase Transitions and Critical Phenomena Vol. 1, edited by C.
Domb and M. S. Green (Academic Press, London 1972) 331.

J.D. Johnson, S. Krinsky and B.M. McCoy, Phys. Rev. A 8 (1973) 2526.

A. Luther and I. Peschel, Phys. Rev. B 12 (1976) 3908. (A. Luther, Phys. Rev. B 14 (1976)
2153.)

J.L. Cardy, J. Phys. A 17 (1984) L385; J. Phys. A 17 (1984) 1.961; Nucl. Phys. B 270 (1986)
186.

H.W.J. Bléte, J.L. Cardy, and M.P. Nightingale, Phys. rev. Lett. 56 (1986) 742

27



[36] I. Affleck, Phys. Rev. Lett. 56 (1986) 746.

[37] 1. Affleck, Flields, Strings and Critical Phenomena edited by E. Brezin and J. Zinn-Justin (North-
Holland, Amsterdam, 1990) 563.

[38] L.P. Kadanoff and A.C. Brown, Ann. Phys. 121 (1979) 318.

[39] J.L. Cardy, J. Phys. A 20 (1987) L891.

[40] S.-K. Yang, Nucl. Phys. B 285 (1988) 153.

[41] H.J. de Vega and F. Woynarovich, Nucl. Phys. B 251 (1985) 439.

[42] H.J. de Vega and M. Karowski, Nucl. Phys. B 285 [F'S 19] (1987) 619.

[43] S.V. Pokrovskii and A.M. Tsvelik, Sov. Phys. JETP 66 (1987) 1275. (Zh. Eksp. Teor. Fiz. 93
(1987) 2232.)

[44] N.M. Bogoliubov, A.G. Izergin and N.Yu Reshetikhin, J. Phys. A 20 (1987) 6023.
[45] H.J. de Vega, J. Phys. A 20 (1987) 6023.

[46] H.J. de Vega, Int. J. Mod. Phys. 4 (1989) 2371.

[47] J. Suzuki, T. Nagao and M. Wadati, Int. J. Mod. Phys. B 6 (1992) 119.

[48] F.D.M. Haldane, Phys. Rev. Lett. 47 (1981) 1840; J. Phys. C 14 (1981) 2585.
[49] R. Baxter, Phys. Rev. Lett. 26 (1971) 852.

[50] T.T. Wu, B.M. McCoy, C.A. Tracy and E. Barouch, Phys. Rev. B 13 (1976) 316.

[51] M. Sato, T. Miwa and M. Jimbo, Proc. Jap. Acad. 53A (1977) 147, 153, 183; Publications
R.LM.S., Kyoto University, 14 (1978) 223; 15 (1979) 201, 577, 871.

[52] I. Sy6ji, in Phase Transitions and Critical Phenomena Vol. 1, edited by C. Domb and M. S. Green
(Academic Press, London, 1972) 269.

[53] R.B. Potts, Proc. Camb. Phil. Soc. 48 (1952) 106.

[54] T. Kihara, Y. Midzuno and T. Shizume, J. Phys. Soc. Jpn. 9 (1954) 681.

[55] H.N.V. Temperly and E.H. Lieb, Proc. R. Soc. London Ser. A 322 (1971) 251.

[56] R.J. Baxter, J. Stat. Phys. 28 (1982) 1.

[57] H. Au-Yang, B.M. McCoy, J.H.H. Perk, S. Tang, and M.-L. Yan, Phys. Lett. A 123 (1987) 219.
[58] R.J. Baxter, J.H.H. Perk and H. Au-Yang, Phys. Lett. A 128 (1988) 138.

[59] G. Albertini, B.M. McCoy and J.H.H. Perk, Adv. Stud. in Pure Math. 19 (1989) 1.

[60] H. Au-Yang and J.H.H. Perk, Adv. Stud. in Pure Math. 19 (1989) 57.

[61] V.V. Bazhanov and Yu.G. Stroganov, J. Start. Phys. 59 (1990) 799.

[62] G. von Gehlen and V. Rittenberg, Nucl. Phys. B 257 (1985) 351.

[63] S.M. Sergeev , V.V. Mangazeev and Yu. G. Stroganov, J. Stat. Phys. 82 (1996) 31.

28



[64] H. Au-Yang and J.H.H. Perk, Int. J. Mod. Phys. B 11 (1997) 11.
[65] V.A. Fateev and A.B. Zamolodchikov, Phys. Lett. A 92 (1982) 37.
[66] M. Kashiwara and T. Miwa, Nucl. Phys. B 275 (1986) 121.

[67] K. Hasegawa and Y. Yamada, Phys. Lett. A 146 (1990) 387.

[68] Y. Yamada, to appear in Int. Jour. Mod. Phys. A (the Proceedings of the 6th Int. Workshop CFT
and IM, September 2002, Russia); see also Y. Yamada, Commentarii Mathematici, Universitatis
Sancti Pauli, Vol 48 (1999) pp. 49-76. @

[69] R. Baxter, Ann. Phys. 76 (1973) 1; Ann. Phys. 76 (1973) 25; Ann. Phys. 76 (1973) 48.
[70] A.A. Belavin, Nucl. Phys. B 180 (1981) 189.

[71] G.E. Andrews, R.J. Baxter and P.J. Forrester, J. Stat. Phys. 35 (1984) 193.

[72] E. Date, M. Jimbo, A. Kuniba, T. Miwa and M. Okado, Adv. Stud. Pure Math. 16 (1988) 17.
[73] M. Jimbo, T. Miwa and M. Okado, Nucl. Phys. B 300 (1988) 74.

[74] M. Jimbo, T. Miwa and M. Okado, Commun. Math. Phys. 116 (1988) 353.

[75] P.A. Pearce and K.A. Seaton, Phys. Rev. Lett. 60 (1988) 1347.

[76] A. Kuniba and T. Yajima, J. Stat. Phys. 52 (1987) 829.

[77] Y. Akutsu, T. Deguchi and M. Wadati, J. Phys. Soc. Jpn. 57 (1988) 1173.

[78] V. Pasquier, Commun. Math. Phys. 118 (1988) 507.

[79] V.E. Korepin, Comm. Math. Phys. 86 (1982) 381.

[80] L.D. Faddeev and L. Takhtajan, J. Soviet Math. 24 (1984) 241 .

[81] L.A. Takhtajan, Introduction to Algebraic Bethe Ansatz, Lect. Notes in Physics 242 (Springer-
Verlag, 1985, Berlin) pp. 175-219.

[82] Y. Akutsu and M. Wadati, J. Phys. Soc. Jpn. 56 (1987) 3039.
[83] M. Wadati, T. Deguchi and Y. Akutsu, Phys. Reports 180 (1989) 247.

[84] M. Jimbo, in Nankai Lectures on Mathematical Physics (World Scientific, Singapore, 1992) pp.
1-61.

[85] M. Jimbo, Comm. Math. Phys. 102 (1986) 537.

[86] V.V. Bazhanov, Comm. Math. Phys. 113 (1987) 471.

[87] M. Kashiwra, Comm. Math. Phys. 133 (1990) 249.

[88] G. Lusztig, AMS 3 (1990) 447; Prog. Theor. Phys. Supplement 102 (1990) 175.
[89] O. Babelon, D. Bernard, E. Billey, Phys. Lett. B 375 (1996) 89.

[90] G. Felder, in the Proceedings of the International Congress of Mathematicians, Zirich, 1994
(Birkh&user, Basel, 1994) p.1247.

29



[91] G. Felder and A. Varchenko, Commun. Math. Phys. 181(1996) 741; Nucl. Phys. B 480 (1996)
485.

[92] M. Jimbo, H. Konno, S. Odake, J. Shiraishi, Transformation Groups 4 (1999) 303.

[93] J.M. Maillet and J. Sanchez de Santos, Amer. Math. Soc. Transl. (2), 201 (2000) pp. 137-178
(Drinfel’d Twists and Algebraic Bethe Ansatz, g-alg/9612012).

[94] N. Kitanine, J.M. Maillet, and V. Terras, Nucl. Phys. B 567 [F'S] (2000) 554.
[95] T. Deguchi, K. Fabricius and B. M. McCoy, J. Stat. Phys. 102 (2001) 701.
[96] V.L. Pokrovskii and A.L. Talapov Sov. Phys. JETP 51 (1980) 134.

[97) M. den Nijs, in Phase Transitions and Critical Phenomena, Vol. 12, edited by C. Domb and J.
L. Lebowitz (Academic Press, London 1988) 219.

[98] H. van Beijeren, Phys. Rev. Lett. 38 (1977) 993.

. Jayaprakash, W.F. Saam and 5. Teitel, Phys. Rev. Lett. ; O. Jayaprakash, W.F.
99| C.J kash, W.F. S d S. Teitel, Phys. Rev. LL 50 (1983) 2017; C. J kash, W.F
Saam, Phys. Rev. B 30 (1984) 3916.

[100] Y. Akutsu, N. Akutsu and T. Yamamoto, Phys. Rev. Lett. 61 (1988) 424; W.F. Saam, Phys.
Rev. Lett. 62 (1989) 2636; Y. Akutsu, N. Akutsu and T. Yamamoto, Phys. Rev. Lett. 62 (1989)
2637.

[101] J. D. Noh and D. Kim, Phys. Rev. E 53 (1996) 3225.
[102] D.B. Abraham, F.H.L. Essler and F.T. Latrémoliére, Nucl. Phys. B. 556 (1999) 411.
[103] Y. Akutsu, N. Akutsu and T. Yamamoto, Phys. Rev. B 64, 085415 (2001).

[104] M. Suzuki, Phys. Rev. B 31 (1985) 2957; M. Suzuki and H. Betsuyaku, Phys. Rev. B 34 (1986)
1829.

[105] M. Suzuki and M. Inoue, Prog. Theor. Phys. 78 (1987) 787.

[106] T. Koma, Prog. Tgheor. Phys. 78(1987) 1213.

[107] J. Suzuki, Y. Akutsu and M. Wadati, J. Phys. Soc. Jpn. 59 (1990) 1357.

[108] A. Kliimper, Z. Phys. B 91 (1993) 507

[109] M. Shiroishi and M. Takahashi, Phys. Rev. Lett. 89 (2002) 117201.

[110] K. Okunishi, Y. Akutsu, N. Akutsu and T. Yamamoto, Phys. Rev. B 64, 104432 (2001).
[111] T. Deguchi, J. Phys. A: Math. Gen. 34 (2001) 9755.

[112] L.H. Kauffman, Knots and Physics (World Scientific, Singapore, 1991)

[113] F.Y. Wu, Rev. Mod. Phys. 64 (1992) 1099.

30



A Commuting transfer matrices and the Yang-Baxter equations

We show that if given two sets of the Boltzmann weights of the six vertex model satisfy the Yang-
Baxter relation, then their transfer matrices commute. We consider three sets of the Boltzmann
weights: (w1, wa, ws) = (a,b,¢), (a',b,¢), and (a”",b",¢"). Let us denote by 7 and 7 the transfer
matrices constructed from the sets of the Boltzmann weights (a/, v, c/) and (a”, b//,c”), respectively.
Then, we can show that if the three sets of the Boltzmann weights satisfy the Yang-Baxter equations
given in §2.3, then the transfer matrices 7 and 7 commute.
Let us now explicitly discuss the commutation relation. We first introduce the monodromy matrix.
It is an N ranked tensor, whose («, 3) elements are defined as follows
(T “3)&1’ SON Z w(ﬁ, bllal, CQ)U)(CQ, bg‘ag, Cg) o w(cN, bN\aN, a) (Al)

b1,..,bN
€2,..,CN

The transfer matrix is given by the trace of the monodromy matrix

T=tr(T) = Z To.a (A.2)

a=1,2

In terms of the matrix elements, we have

(M1 on = 22 (Taa)y 5 (A.3)
a=1,2
a a9 an
15 ‘ C2 ‘ CN ‘ o
b1 b2 bN

ai,...aN
b1,..,bN

Figure A.1: The matrix element (a, ) of the monodromy matrix (75 g)

Let us denote by 7" and T” the monodromy matrices for the sets of the Boltzmann weights
(a',b',¢) and (a",b",c"), respectively. We consider the product of the matrix elements of the two
monodromy matrices: T;BT:{:(;. The entry of (aq,...,ay) and (by,...,bx) of the product Tol[ﬁT,;i(; is

given by
/ 7 at,...,aN / at,...,aN " €1,-.,EN
(T“/1,7N+1T51,5N+1)b1 _ - Z (T“/177N+1)el (T51,5N+1)b1 by

b e
bN eren EN

- Z Z 71761’011702) (02762’012703)”'11)
€1,..,EN €C2,...,CN
x 3w (61, biler, da)w (da, balea, ds) - w” (dn, by len, dn41)
da,...,dN

— Z Z Z ( (71, e1lar, c2)w (51,51\617652))'

€2,--,CN d2,...,dN €1;--EN

’

(en, €N\0N7 YN+1)

(w/(cm ealas, c3)w” (da, b2\€27d3)) (w/(cm enlan, ywi1)w' (dy, bN!€N75N+1))
- Z Z S(a17 bl)gll:;z ’ S(a27 bQ)ZQin?;, e S(G’N7 bN)Slx:gxii (A4)

€2,--,CN d2,...,dN

Here S(aj;, bj)z Zill has been defined by

S(az, b))t = > _w (ej ez, cie)w (dj,b5lej,djs) (A.5)

€j
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We define the matrix element My, CO’CI as follows

Here we assume that M

matrix M. Multiplying the matrix M to the product T,

007

Mggfli = w(do, d1’00, Cl)

N times, we can derive the following

70,C1 ! CN,YYN+1
Z M50 dy TCly’YN+1 d175N+1 - Z 5170N+1Td17dN+1MdN75N+1
c1,d1 cN,dN
al az an ay az an
Y0 C1 C9 IN+1 To_{ 1 €2 IN+1
do di Tdz ON+1 0o | di d ON+1
b1 b2 bn 1 by bn
al az anN
Yo Ll C CN  YN+1
do [ dy dy  ON+1
by by N

(A.6)

g denotes the matrix element for column (co,do) and row (ci,d;) of the

T:{: s and applying the Yang-Baxter relation

(A7)

Figure A.2: Pictorial proof of the commutation relation: MT T" = T"T M. Open and closed circles

denote the Boltzmann weights w’ and w”,

di,...,dy is assumed.

Let us briefly discuss the derivation of relation (A.7).

respectively. The summation over variables cy, ...

,ey and

It is depicted in Fig. A.2. In the first

equality of Fig. 2.6, we have applied the Yang-Baxter relation formulated as follows
> MG St )i = 2 8 G bR
c1,d1

Here the symbol S/(aj, bj)z ’f;jill has been defined by

c1,d1

S (aj, b)) 0 =Y w (e e5lag, cj)w (d,bjlej, dj)
€
We also note that the LHS of (A.7) corresponds to the sum

> > M S(ar,bi)gq - Slag, ba) -

C1,C2,--,CN dy,d2,...,dN

CNYYN+1
- S(aw, bN)dN76N+1

Let us consider the inverse of the matrix M

(a2 = ()

C1,C2

dy,d2

C1,C2

d1,d2 - 6017626d17d2
Multiplying the inverse M ~! to both hand sides of (A.7) we have
MT/T//M_l _ T//T/

Noting tr(MT' T" M)
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(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

= tr(T'T"), we obtain the commutation relation of the transfer matrices

(A.13)



