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ABSTRACT

This paper presents a novel upper bound for the second largest
cigenvalue of a finite reversible time-homogencous Markov chain as a
[unction of three paramecters, namely, the smallest transition probabil-
ity, the underlying structure of the chain, and the skewness of the equili-
brium distribution.  Simulated Annealing (SA), is an example of a pro-
babilistic algorithm that is widely used for solving combinatorial optimi-
zation problems, wherein the transition probabilities are controlled by a
cerlain temperature parameter T>0. Using the results of this paper, we
can bound the time constant of convergence of SA to equilibrium at
any fixed temperature 7' >0, and also study the temperature asymptotics,
namely, the growth of this bound as T—0. The eigenvalue bound of
this paper is also compared with the bound derived by Jerrum and Sin-
clair in {4].

1. INTRODUCTION

Let Q={1,2,...,N} be a discrete srate space, and consider a
time-homogeneous Markov chain ( X (k) ) on © with an NXN probabil-
ity transition matrix P = [p,] such that for any i, j€Q, and time k>0,
Py = Prob (X(k+1)=j | X (k)=i ). Letv(k)=[v;(k)] be the IxN dis-
tribution  vector describing the chain at fime k& such that
v, (k) = Prob (X (k)=i); it follows that v(k+1) =v (k) P. Suppose the
Muarkov chain converges to an equilibrium vector =, i.e.,

lim v(k) =a=7P. (1.1)
k—oo
In this paper, we are primarily intcrested in the speed of convergence of
vik) to 7. Let 1=\>P,[>- - >hy| denote the eigenvalues of P
arranged in descending order of magnitude. It is then well known [1]
that the crror at time & can be bounded by

b (k) =5l < Ay o (12)
where Ay is a constant independent of time k. If we define
-1
7 = — (logh) (1.3)

as the rime constant of convergence, then (1.2) can be written as
W) —=fl < Aye It follows that if |\,[|<1-1/g for some g >>1,
then 7<q. Furthermore, given any 0<§<1 we will have |v(k) — 7|| < §
whenever k> [ log(Ay) + log(1/6) ] 7. Therefore, the rate at which the
Markov chain achieves equilibrium is determined by the time constant 7
and hence by the eigenvalue of second largest magnitude X,.

‘The main result of this paper is the derivation of an upper bound
on the cigenvalue of second largest magnitude of a reversible Markov
chain. In his remarkable paper [3], Alon established the relationship
between the second smallest eigenvalue p,(Q) of the Laplacian matrix
() of a graph G, and a certain expansion parameter ¢ (G) of the graph.
A direct application of his ideas to Markov chains leads to a useful
bound only for the case of symmerric Markov chains as shown in [2]. A
symmetric Markov chain, however, can only have the uniform equili-
brium vector, namely, m;=1/N for all i€Ql. In this paper we seek a use-
ful bound for reversible Markov chains which, in general, could have
non-uniform cquilibrium distributions.

The bound derived in this paper is of the form ]\, |<1--1/g, where
g is rclated to the minimum non-zero off-diagonal entry in P, the skew-
ness of its equilibrium vector, and x,(Q). Recently, Jerrum and Sin-
clair {4] have derived an alternate bound of the form \,|<1~¢"/2, where
¢ is a certain conductance parameter associated with the reversible Mar-
kov chain which is an extension of the expansion idea for edge-weighted
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graphs. We comparc the two bounds and exhibit a class of Markov
chains for which our bound, treated as a function of skewness alone, is
asymptotically tighter than the Jerrum and Sinclair bound. Reversible
Markov chains are of interest because they can be used to model sto-
chastic algorithms for combinatorial optimization such as Simulated
Annealing (SA) [6]. As an application of our results, we will consider
using SA at a fixed temperature to solve some specific combinatorial
optimization problems and derive bounds on the time constant of con-
vergence of such chains.

2. PRELIMINARIES AND DEFINITIONS

We study a time-homogeneous Markov chain ( X (k) ) on a finite
state space Q={1,2, ..., N} with transition matrix P = {p;]. In this
paper we are using the standard graph-theoretic terminology from [5].

Definition 2.1 : The underlying directed graph of P is a directed graph
G4(V, E;) with vertex set V=02, and an arc (i,j) directed from vertex i
to vertex j if and only if p;0. The matrix P is irreducible if G, is
strongly connected. For an irreducible matrix, let » denote the greatest
common divisor of the lengths of all the directed cycles in its underlying
directed graph. If r=1 the matrix is said to be primitive. A primitive
matrix P also has the property that there exists an integer m >0 such
that P™ has all strictly positive entries. Some authors refer to Markov
chains with irreducible P as ergodic chains, and to chains with primitive
P as regular chains.

From the Perron-Frobenius theory of nonnegative matrices [1], it
can be shown that A\=1 is the largest eigenvalue of an irreducible P.
Moreover, 1 is a simple eigenvalue. Let = be the left eigenvector
corresponding to the eigenvalue 1 of P, i.e., r = zP, satisfying »1 =1,
where 1 is a column vector with each entry = 1. We refer to = as the
equilibrium vector of the Markov chain as motivated by the following
result.

Theorem 2.2 (Perron-Frobenius [1]) : Consider a Markov chain with
irreducible P, distribution vector v (k) at time k, and equilibrium vector
x. Then,

(1) = >0 for all ;i€Q and all right eigenvectors corresponding to any
other eigenvalue x<1 of P must be orthogonal to =. Furthermore,
P1=1 and all left eigenvector corresponding to any eigenvalue
<1 of P must be orthogonal to 1.

(2) If P is primitive, then the distribution vector v (k) converges to 7
as k —oo for any starting distribution vector v (0).

Definition 2.3 : If P is structurally-symmetric, i.e., Py >0 if and only if
p; >0, then its underlying undirected graph is a simple undirected graph
é(V, E) obtained from the underlying directed graph G,(V, E;) by
deleting all self-loops and replacing all directed 2-cycles by simple
edges. Thus, arcs (i,/) and (j,i) in G, are replaced by a single edge

{i,j}inG.

Definition 2.4 : For an irreducible P with equilibrium vector =, the

skewness s, is defined to be
i
S, =max —

e m;

(2.1)

Clearly, s, for an irreducible P is well defined from part (1) of Theorem
2.2. The main result of this paper deals with reversible Markov chains,
which we now define as follows.
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Detinition 2.5 : A Markov chain with an irreducible transition matrix #
and equilibrium vector = is said to be reversible, if

pim = pym for all i,jen (2.2)
Proposition 2.6 : Consider a reversible Markov chain with transition
malnx P and equilibrium vector #. Define d; = \/_ for each i €0, and
=diag( d.d,, - - - ,dy]. Then,
(i) P is structurally symmetric, while D*P and D P D™
symmetric.

are both
(iii) Consequently, P is diagonalizable and has real cigenvalues.

In general, for any KxK matrix M with real eigenvalues, let
MN(M)I>N(M)> - - - >Ag (M) denote the eigenvalues of M arranged in
descending order. Using this notation, Theorem 2.2, and Proposition
2.6, it is clear that for a reversible Markov chain

1=0(P) > 2(P) 2 0(P) = -+ 2 0 (P). @3)

Definition 2.7 : Given a simple undirected graph G(V,E) on N ver-
tices. Let deg (i) denote the degree of vertex i€V. Then the Laplacian
matrix Q(G) is an NxN matrix with off-diagonal entries defined as
q; = —1if {i,j }€E or 0 otherwise, and diagonal entries as g; = deg (i)
for all i€V. Clearly, the Laplacian matrix Q (G) is a symmetric matrix.

Proposition 2.8 : If G(V,E) is a connected simple graph on N vertices
with a Laplacian matrix @, then

(1) Q1=0, and rank(Q) = N—1. Morcover, there exists a N—1xN
matrix B of full rank such that Q = B "B
(2) The quadratic form xTQx = 3 (x - Xj)z.
{i.j}EE

In general, for any KxK matrix M with real eigenvalues let
1 (M)<pp(M)K - -+ <ppe (M) denote the cigenvalues of M arranged in
ascending order. From Proposition 2.8, we have Q is positive semi-
definite, p,(Q) = 0, and u,(Q) > 0.

Lemma 2.9 (Min-max principle [13]) : If A and B are any two sym-
metric KXK matrices such that A—B is positive scmi-definite, then
1 (B) < p;(A) for eachi =1,2, ..., K.

Lemma 2.10 :
w; (BB "y = (B B) for each i = 1,2,

Let B be any N—1xN matrix of full rank. Then
,N-1.

Theorem 2.11 : Let Q be any NxN symmetric and positive semi-
definite matrix with rank (Q) = N—1, £ be a NxN diagonal matrix with
entries ¢;>0, and let ¢, >0 denote the smallest diagonal entry in .
Then, ,uZ(EQ ) > a-,impz(Q)
Proof : From Proposition 2.8, Q =B B
matrix of full rank. Define C = BE. Clcarly,

fore, by Lemma 2.10,

where B is an N—-1xN
SQE:CTC. There-

(E0T) = in(CTC) = p(CCT) 24)
But cc” = BB, Also, for any vector ,1’61{"\.7l
N-1
xccT —a2,BBT)x = S(oi-on,)yi > O 2.5)
i=l
where we have defined y = BTx. Thereforc the matrix CCT — ”“,,BB

is positive semi-definite by definition; hence, by Lemma 2.9, we con-
clude that

1 (CCTY>0l 1 (BBT) (2.6)
Applying Lemma 2.10 once again, we get
(BB = m(B” B) = 1n(Q) @.7)

Combining (2.4), (2.6), and (2.7) proves this theorem. []

3. A NEW EIGENVALUE BOUND

A reversible Markov chain has a structurally-symmetric irreducible
transition matrix P with an underlying undirected graph G which is both
connected and simple. From Proposition 2.6, all cigenvalues of P are
real. Moreover, from Perron-Frobenius theory [1], P has the second
largest eigenvalue \,<1. The main result of this paper is to obtain a
tighter upper bound for A, of P.
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Theorem 3.1 : Let (= {1,2,--- N}, and consider a reversible Mar-
kov chain on the state space 2 with transition matrix P, and equilibrium
vector m. If X < 1is any eigenvalue of P, then

A< 1— ap(Q) /s, (3.1)

where s_ = the skewness of the equilibrium vector 7 of P, p,(Q) = the
second smallest eigenvalue of the Laplacian matrix Q of the underlying
undirected graph G(V,E) of P, and a =min { p;: {i,j}€E } is the
smallest non-zero off-diagonal entry in P.

and define the NxN diagonal
Since P is irreducible, =; > 0 for
Therefore d;>0, D is inverti-

Proof : Let d; = \/7; for each i€Q,
matrix D = diag [d, d,, - ,dy ]
each i €Q from part (1) of Theorem 2.2.
ble, and D' = diag [d;", ,dit ).
Let A < 1 be any eigenvalue of P and let xeR" be the correspond-

ing right eigenvector, i.e., Px = \x. Therefore,

T (D = W)x
=T (3.2)
x Dx
where we have defined the matrix W = DZP, whose entries satisfy
=d; p; = = p;. The revezrsxblhty condition of (2.2) implies lhm
V/ is symmetric. Also, W1=D"Pl= D™, by part (1) of Theorem 2

Now, consider the quadratic form in the numerator of (3.2) which can

be written, after some algebraic manipulation, as

x(D* = W)x = Wy (x,—xj)2 >8 Y (J:i—x]-)2 G.3)
{i.j}€E {i.j}€E
where
g=min {w;: {i,j}EE } > am,, (3.4

denotes the smallest non-zero off-diagonal entry in W, =, is the smal-
lest entry in 7, and o is defined in the statement of the theorem.
Applying Proposition 2.8 part (2) to the right hand side of (3.3) and

using (3.4) we get
(DT = W)x > 0w,k Ox (3.5)

where Q is the Laplacian matrix associated with the underlying graph
G. Combining (3.2) and (3.5) results in

1-X > a7y, xTQx /xTDZx. (3.6)

It must be noted that x is a right eigenvector of P with eigenvalue
A<1, while 7 = 1" D” is a left eigenvector of P with eigenvalue 1. Part
(1) of Theorem 2.2 immediately shows that x and = must be orthogonal,
ie., 1 D*x =0. So consider the following constrained optimization
problem :

s T N
Minimize z° Q z over all z€R

such that 1" D’z = 0 and D% =1

Settingy =Dz orz = D'y, the problem becomes equivalent to
gy Y |2 q

Minimize yTD_lQD ~y over all y RY

such that lTDy =0 and yTy =1.

Recall from Section 2, that Q is a symmetric positive semi-definite
matrlx \mh eigenvalues —ﬂ1(0)</11(0) and Q1l=0. Moreover,
D~ QD is 2 svmmemc positive semi-definite matrix with nullvector
D1, ie., D™ QD ' D1 = Q. Therefore, the above optimization prob-
lem is to minimize the quadratic form y D_ OD™y over all normalized
vectors y R that are orthogonal to D1, the eweuvector corresponding
to the smallest eigenvalue 0 of the matrix D~ QD The required
minimum value of the quadratic form is clearly p,(D~ QD ") from qua-
dratic programming theory [14]. Hence, we get

xT0x /3D > (DD 3.7)
Applying Theorem 2.11 to the right hand side of (3.7), with £ = p,
gives

~1 1
(D7D 2 1(Q) / Ty @9)
where 7 is the largest entry in 7.
Finally, combining (3.6), (3.7), and (3.8), we get
1) 2> Ty 2(Q) / T = @ 12(0) /5, (3.9)

thus proving the theorem. []



For some graphs G, the second smallest eigenvalue p,(Q(G)) is
casy to compute analytically. Two examples are given below.

Cycle graphs: If G is a simple-cycle on N vertices, then the eigen-
values of its Laplacian matrix O can be shown to be [10]

#:(Q) =2(1 ~ cos2n(i —1)/N)) for all 1<i<N (3.10)

Consequently, the second smallest eigenvalue ;,(Q) = 2(1 — cos(2x/N))
which approaches 0 as N —co.

Hypercube graphs: If G is an 1-dimensional hypercube having N = 2"
vertices, then its Laplacian matrix Q has n +1 distinct eigenvalues [11)
given by

€, =2m for all 0<m <n (3.11)

; . - n
where cigenvalue 2m has an algebraic multiplicity of [ ] Conse-

quently, the sccond smallest eigenvalue u,(Q) = 2 which is independent
ol N, the size of the matrix.

IFor graphs G in which ;,(Q (G)) is not easy to compute, one can
use a lower bound derived by Alon [3], which depends on the expansion
properties of a graph.

4. APPLICATIONS OF THE EIGENVALUE BOUND

As an application of the results of Section 3, we consider the
Simulated Annealing (SA) algorithm. This algorithm was first pro-
pused as a probabilistic algorithm for solving difficult combinatorial
optimization problems [6]. Tt has been used with some success in prob-
lems such as VLSI layout optimization, the design of FIR filters with
finite precision, and image restoration.

We describe the SA algorithm briefly. Let Q={1,--- ,N} bea
set of states with a cost function C:Q — R. The SA algorithm
attempts to find a state with globally minimum cost. Let x (k) denote
the state of the algorithm at time k. With each state i €0, we associate
a set of neighboring states N;C2, which satisfy the following assump-
tions:

(A1) The neighboring sets are symmetric; that is, jeN; if and only if
ieN;.

(A2) Given any two states i and j in Q, there exists a finite sequence of
states gy, v v i, such that ig=i, i, =j, and z’MGN,-I, for each

{=0,1, - -+ ,m—=1. This condition is often referred to as the

reachability requirement.

m

(A3) A simplifying assumtion that |N;| = p for each i€, i.e., all neigh-
bor scts are of the same size.
et T7>0 be a fixed parameter that is analogous to the remperature
in the physical anncaling process. We define
-yr
=7 (4.1)
— . —1y~1 .
to simplify notation. Note that T = (loge ). So, if 0<T'<co then
O<c<l. Also, as T—0 we have e—0. The SA algorithm thus simulates
a time-homogeneous Markov chain on state space (2 with transition
matrix P = [ p;; ] with off-diagonal entries (i ) given by

p~ dCO-COI it jeN,
Py

€

4.2)
0 if jen-N,

where [z} denotes the positive part of a real number z. The diagonal

entries of P are given by

pi = 1-3py
jH
The equilibrium vector #(e) = [7,(e)] satisfies the Boltzmann distribution
with 7 (¢) =Y where 4 is a normalizing constant. It is easy to
check that P is primitive and and the Markov process is reversible for
O<e <,

4.3)

It must be emphasized that we have assumed a fixed temperature
T>0 for all time & of the SA algorithm. This is often referred to as
lixed-Temperature-Simulated-Annealing, (FTSAY) as opposed to a situa-
tion wherein the temperature is allowed to vary with time k& according
to a prespecified cooling schedule (see {7,8,9] for details) which results
in a time-inhomogeneous Markov chain. In this paper, however we
focus only on the FTSA algorithm.

Temperature Asymptotics : For a chosen 0<e<I, let v (k) denote the
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distribution vector of the FTSA chain at time k >0 as defined in Section
1. From Theorem 2.2 part (2) we have

1}1_‘30 k) = (9]l = 0 “.9

In this section we are primarily interested in the rate of conver-
gence of (4.4) as a function of ¢—~0, in which case it can be shown that
llr(e) — #'lj — 0, where =* denotes the optimal distribution vector whose
entries are uniformly distributed over the states with globally minimum
cost. We refer to this as the temperature asymptotics of FTSA. From
the discussion in Section 1, it is clear that for a particular ¢>0, the rate
of convergence of (4.4) is governed by the time-constant of convergence
7, defined by (1.3). Using (1.3) and (3.1) we now derive a bound for 7
and study the behavior of this bound as e—0.

From Theorem 3.1 we can obtain an upper bound on the eigen-
value of the transition P with second largest algebraic value. However,
to obtain a meaningful bound on 7, the time-constant of convergence,
we need an upper bound on the eigenvalue of P of second largest mag-
nitude. To avoid this problem, we consider a new Markov chain
corresponding to the matrix P = 14(I+P). Clearly, P has non-negative
eigenvalues and P has the same equilibrium vector as P. Furthermore,
the off-diagonal entries of P are half the corresponding entries of P;
hence, P is also reversible by (2.2) and has the same underlying
undirected graph as P. We will therefore work with the new P instead
of P.

Let us now relate the parameters used in the bound of Theorem
3.1 to the parameters of the optimization problem being solved by an
FTSA Markov chain. Define
A= max |CG)~C() |
i,jeQ
as the maximum cost difference between any two states. Let G(V,E)
be the underlying undirected graph of P (or P) with Laplacian matrix Q
and define

@.5)

§= max

{i.]}eE

as the maximum difference in costs between any two neighboring states

in the Markov chain. Then, the skewness of the chain is given by
-a

[CG) - ()| .6)

Sp=¢ 4.7)
The smallest non-zero off-diagonal entry of P can be computed to be
o=/ (4.8)

where p is the number of neighboring states for each state as given by
assumption (A3). Using (3.1), (4.7), and (4.8) we get

0< 0P <1 = m(@) /2 @.9)

from which the time-constant for convergence for sufficiently small ¢
using (1.3) can be bounded by

2p 2p
7 < -
[LZ(Q) E( +) ﬂz(Q)

For a fixed optimization problem (i.e., fixed N, p, Q, etc.), (4.10)
shows that the time-constant for convergence of the FTSA_ Markov
chain to its equilibrium vector with skewness s is 7= 0(512{)’ since
§ < A by definition. In practice, usnally §<<A which yields 7 = O(s,).
Furthermore, the bound given by Theorem 3.1 may not be tight suggest-
ing an even slower growth of 7 as a function of the skewness s,.

14+5/A
5,1 (4.10)

We now compare our eigenvalue bound of (3.1) with that of Jer-
rum and Sinclair derived in [4]. To this end we need the following
definitions.

Definition 4.1 : [4] Given a reversible Markov chain on state space
with transition matrix P and equilibrium vector ». The conductance
parameter is defined as
b DT
i€S,jev—s

#(P) = min (4.11)

3
ieS
where the above minimization is performed over all subsets S of states
with 0< Y7, <1/2.
ies

Theorem 4.2 : [4] For a reversible Markov chain with transition matrix
P satisfying p; > 1/2 for all i€f), and conductance parameter ¢, we



have

1-26 < N(P) < 1-4"/2 (.12)

We will consider two examples. The first one will demonstrate
that our eigenvalue bound of (3.1) is fairly tight as a function of of the
skewness s5,. The second example will show that the parameters
required to compute our bound are much easier to estimate than the
conductance parameter ¢ required by Jerrum and Sinclair to compute
their bound given by (4.12).

Example 4.3 : Consider a simple cycle on N =4n vertices as the
underlying graph of a FTSA Markov chain with a cost function defined
as follows :

i if 1<i<n

2n41—i if n+1<i<2n
c@) = (4.13)
© i—2n if 2n41<i<3Bn

dn+1—i if 3n+1<i<dn

Using these costs, p = 2, and some >0, define the transition matrix
using (4.2) and (4.3) and set P = V([+P). For transition matrix P it
can be shown that A=n-1, § =1 a = ¢/4, skewness s = ¢ " of the
corresponding equilibrium vector 7(e). Since the underlying graph of P

is a cycle graph, using (3.10) and (4.11) gives

n—1 n
L3 €
p(Q) =2(L —cos(7)) , p=—"""— (4.14)
2n 41 —¢")
On this example, using our eigenvalue bound from (3.1) we get
N En L3
1-XP) > — (1 —cos(—)) (4.15)
2 2n
while the Jerrum and Sinclair bound from (4.12) gives
1=0F) > &7 /3 (4.16)

for sufficiently small ¢ and large r. If we look at the time constant 7 as
a function of the skewness s, then combining our upper-bound of (3.1)
with the lower-bound of (4.12) results in

2
2s <1< gUH/e=0 (4.17)
1 — cos(w/2n)
whereas using both the bounds from (4.12) yields
2s <1< RS (4.18)

This clearly shows that, the upper-bound in (4.17) is fairly tight for large
n. Furthermore, for large skewness s, the upper-bound in (4.17) is
considerably better than that of (4.18).

The purpose of Example 4.3 was merely to illustrate an example of
a reversible Markov chain for which the eigenvalue bound (hence, a
bound on the rate of convergence) is fairly tight. The corresponding
optimization problem, however, is very easy, since, by construction, the
states 1, 2n, 2n+1, and 4n have the globally minimum cost of 1. The
following example illustrates a difficult and more realistic optimization
problem for which one can still use our eigenvalue bound of (3.1) to
obtain a meaningful bound on the time-constant of convergence of the
corresponding FTSA Markov chain.

Example 4.4 : Let {a,<a,< - - - <a,} be a set of n positive integers in
ascending order and define K = "2(a,+a,+ - - - +a,). Let Q denote the
state space of all binary vectors of length n and consider a state
u = (uy,Uy . .. ,u,) where u;€{0,1}. Define the cost of the state as
Cu)=|K — X au;|. Define the neighbors of a state u as all states

1<i<n
differing from u"in exactly one bit and consider an FTSA algorithm to
find the state of minimum cost. This is the optimization version of the
SET_PARTITION problem that is known to be NP-Complete [12].
Clearly, N =2", p=n, §=a,, A=K, skewness s =¢ , and the
underlying graph is the n-dimensional hypercube for which u,(Q) = 2.
Using (4.10), we immediately get an upper-bound for the time constant
of convergence as
1+a, /K

r<ns (4.19)

For example, if the given integers are {3,5,6,11,15}, we have n =5,
a, =15, and K =20. From (4.19), we see that the time-constant for an

FTSA algorithm to reach an equilibrium vector of skewness s = 10* is
bounded above by 7 < 5x10’ iterations.

Estimating the conductance parameter for the chain in Example
4.4 is not straight forward; hence, the Jerrum and Sinclair eigenvalue
bound of (4.12) is not directly useful in obtaining a meaningful bound
for the time-constant in this case. However, with considerable
ingenuity, Jerrum and Sinclair have been successful in obtaining good
lower bounds for the conductance of certain classes of reversible chains
[4]. Indeed, for these chains, the conductance is much larger than
O(1/s,); hence, our upper-bound by (3.1) is not tight in this case. Qur
bound, on the other hand is very simple to compute in general, as
demonstrated by Example 4.4, and is also tight on certain chains as con-
sidered in Example 4.3.

5. CONCLUSIONS

In this paper we have derived a new upper bound on the second
largest eigenvalue of a reversible Markov chain. The bound is a simple
function of the skewness of the equilibrium vector of the chain and we
give examples of reversible chains where the upper bound is fairly tight.
The upper bound on the eigenvalue enables us to study the time con-
stant of convergence of the Markov chain to its equilibrium vector. In
particular, we can bound the time constant of convergence of a fixed
temperature simulated annealing (FTSA) algorithm solving a particular
instance of an optimization problem. Moreover, we can study the
growth of this bound as the temperature approaches zero or skewness
becomes arbitrarily large.
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