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ABSTRACT 
' W s  papcr prcsents a novel upper bound for the second largest 

cigciivaluc of a finite rfversible tiiiie-lioiiiOgeiicoiis Markov chain as a 
luiirtioii of thrcc paraiiicters, namely, the siiiallest transition probabil- 
i t y ,  tlic urzderlying slrucfure of the chain, and the skewriess of the equili- 
I>riuiii distribution. Simolatctl Annealing (SA), is an example of a pro- 
1);ihilistic algorithm that is widely used for solving combinatorial optimi- 
zation probleins, wherein the transition probabilities are controlled by a 
ccrtain femperafure parameter T>O. Using the results of this paper, we 
c a n  Immd the time constant of convergence of S A  to equilibrium at 
a n y  lixcd temperaturc T >0, and also study the teiiiperafure asynzptufics, 
ii:imcly, the growth of this bound as T-rO. The eigenvalue bound of 
this paper is also compared with the bound derived by Jerrnm and Sin- 
clair iii [4). 

1. INTRODUCTION 
1,ct R = {l,2, . , . , N} bc a discrete sfafe  space, and consider a 

f i ~ ~ i e - / ~ ~ / i i o g e i i e o u ~  Markov chain ( X ( k )  ) on R with an NXN probabil- 
ity /rmuifio/i mafrix P = I.,,] such that for any i , /ER, and time k 2 0 ,  
p,) = I'rob ( X ( k  +1)=j I X ( k ) = i  ). Let v ( k )  = [ v , ( k ) ]  be the 1xN dis- 
/rihu/iori vector describing the chain at time k such that 
18) (/;) = Pro0 (X( /c )=i ) ;  it follo\vs that v ( k  +I) = v ( k )  P .  Soppose the 
M:irl<ov chain converges to an equilibriurii vector ii, i.e., 

(1.1) lim v ( k )  = ii = ?i 1'. 

l i i  t h i y  paper, we arc primarily intcrcstetl i n  the speed of convergence of 
I)(/<) to li. 1,et l=x,>lx21) . . . >Ix,. I denote the eigenvalues of P 
;ii.r;iiigcd i n  tlescending order of niagnitode. It is then well known [I] 
111;it tlic error at timc k can be bouiided b y  

i--m 

ujlicic A, is a constant independent of time k . If we define 

:is tlic /ime consrant of cowergelice, then (1.2) can be  written as 
~ l v ( k )  - 5 A ,  It follows that if \X21<1-1/q for some q>>l, 
then i<q.  I:urtherniore, given any 0<6<1 we will have l iv(k)  - 1 ~ 1 1  5 6 
wlicncvcr k > [ Iog(AN) + !qg(l/S) ] 7. Therefore, the rate at which the 
Markov chain achieves cquilibrimii is determined by the time constant 7 

;incl liciicc b y  thc eigenvalue of second largest magnitude 1,. 
'l'hc main rcsult of this papcr is the derivation of an upper bound 

on IIic cigcnvaliie of second largest niagnitode of a reversible Markov 
chain, 111 his rcinarkablc paper [3],  Alon established the relationship 
Ixtuccn thc second smallest eigenvaluc / i 2 ( Q )  of the Laplacian riiafrix 

0 1  ;I graph G , and a certain exppansiori parariiefer c ( G )  of the graph. 
A tlircct application of his idcas to Markov chains leads to a useful 
l 3 0 w i d  only for the case o ~ q w i m e f ~ i c  Markov chains as shown in [2]. A 
spiinctric Markov chain, ho\vever, can only have tlie uniforiiz equili- 
hriiiiii vector, namely, ii,=l/N for all ;En. In this paper \vc seek a use- 
1\11 I~oi in t l  [or reversible Mnrkoc, chaiiis which, in gencral, could have 
~io~~-uiiifor~ii cquilibrium distrihntions. 

Thc bound derived in this paper is of the form Ii21<1-l/q, n-here 
q is rclated to tlie minimiuii non-zero off-cliagonnl cntrp i n  P ,  the skew- 
I I ~ . T S  of its equilibriuni vector, and / i 2 ( Q ) .  Recently, Jerruin and Sin- 
clair [4] have derived an alternate bound of the form li2151-4h2/2, where 
4 is a certain conductance parameter associated with the reversible Mar- 
kov chain which is an extension of the expansion idea for edge-weighted 

t This work was supported in part by a prant from tlie Semiconductor Research 
Corpnrntion under contract # SRC 86-12-109, and in  part by a grant from the United 
St;rtes Air Force Office of Scientific Research under contract # AFOSR 884181. 

graphs. We coinparc the two bounds and exhibit a class of Markov 
chains for which our bound, treated as a function of skewness alone, is 
asymptotically tighter than the Jerruin and Sinclair bound. Reversible 
Markov chains are of interest because they can be  used to model sto- 
chastic algorithms for combinatorial optimization such as Simulated 
Annealing (SA) [6]. A s  an application of our results, we will consider 
using S A  at a fixed temperature to solve some specific combinatorial 
optimization problems and derive bounds on the time constant of con- 
vergence of such chains. 

2. PRELIMINARIES AND DEFINITIONS 

We study a time-homogeneous Markov chain ( X ( k )  ) on a finite 
state space n={1,2, . . . , N) with transition matrix P = R.1. I n  this 
paper we are using the standard graph-theoretic terminology h o m  [5].  

Definition 2.1 : The underlying directed graph of P is a directed graph 
G,(V, E d )  with vertex set V=R, and an arc (i.j) directed from vertex i 
to vertex j if and only if pij#O. The matrix P is irreducible if G, is 
strongly connected. For an irreducible matrix, let r denote the greatest 
common divisor of the lengths of all the directed cycles in its underlying 
directed graph. If r = l  the matrix is said to be primitive. A primitive 
matrix P also has the property that there exists an integer in>O such 
that P'* has all strictly positive entries. Some authors refer to Markov 
chains with irreducible P as ergodic chains, and to chains with primitive 
P as regular chains. 

From the Perron-Frobenius theory of nonnegative matrices [1], it 
can be  shown that X = l  is the largest eigenvalue of an irreducible P .  
Moreover, 1 is a simple eigenvalue. Let ?r be  the left eigenvector 
corresponding to the eigenvalue 1 of P, i.e., IT = ITP, satisfying d = 1, 
where 1 is a column vector with each entry = 1. We refer to T as tlie 
equilibrium vecfor of the Markov chain as motivated by the following 
result. 

Theorem 2.2 (Perron-Frobenius [I]) : Consider a Markov chain with 
irreducible P, distribution vector v ( k )  at time k , and equilibrium vector 
T .  Then, 

(1) xi > 0 for all i € R  and all right eigenvectors corresponding to any 
other eigenvalue X < 1  of P must be  orthogonal to T. Furthermore, 
P1= 1 and all left eigenvector corresponding to any eigenvalue 
X < 1  of P must be  orthogonal to 1. 
If P is primitive, then the distribution vector v ( k )  converges to T 
as k - t m  for any starting distribution vector v (0). 

(2) 

Definition 2.3 : If P is sfructurally-symntefFic, i.e., pi; >O if and only if 
p .. >0, then its underlying urzdirecfed graph is a simple undirected graph 
&(v, E )  obtained from the underlying directed graph G, (v ,  E ~ )  by 
deleting all self-loops and replacing all directed 2-cycles by simple 
edges. Thus, arcs (i,j) and ( j , i )  in  G, are replaced by a single edge 
{i , j }  in G . 
Definition 2.4 : For an irreducible 2' with equilibrium vector T, the 
skewness s, is defined to be 

Clearly, s, for an irreducible P is well defined from part (1) of Theorem 
2.2. The main result of this paper deals with reversible Markov chains, 
which we now define as  follows. 
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Definition 2.5 : A Markov chain with a n  irreducible transition matrix P 
and equilibrium vector ii is said to be reversible, if 

pl j  iii = p,, iil for all i , j E R  (2.2) 

Proposition 2.6 : Consider a reversible Markov chain w i t h  transition 
matrix P and equilibriuni vector IT. Define (1, = f o r  each i €0, antl 
D = diag[ d,,d,, . . . ,d,,,]. Then, 

(i) r is structurally symmetric, wliile D' r ancl D r D-' are  ~ i o t ~ i  
symmetric. 

(iii) Consequently, P is diagonalizablc and has real eigenvalues. 

In general, for any KxK matrix M with real eigcnvalues, let 
A,(M)>X,(M)> . . . 2X,(M) denote tlie eigenvalues of M arranged in 
deAcerzding order. Using this notation, Theorem 2.2, antl Proposition 
2.6, it is clear that for a reversible Markov chain 

l=X,(P) > X,(P) 2 A@) 2 ' ' ' 2 X,(P). (2.3) 

Definition 2.7 : Given a simple undirected graph G ( V , E )  on N ver- 
tices. Let d e g ( i )  denote tlie degree of vertex LEV. Then the Laplaciari 
niafrix Q ( G )  is an N x N  matrix with off-diagonal entries defined as 
q = -1 if {i,j&E or 0 otherwise, and diagonal entries as q,, = d e g ( i )  
f6r a11 ~ E v .  Clearly, the Laplacian matrix Q ( G )  is a symmetric matrix. 

Proposition 2.8 : If G ( V , E )  is a connected simple graph on N vertices 
with a Laplacian matrix Q , then 

(1) Q 1 =  Q, and ran/ i (Q)  = N-1. Morec!ver, there exists a N - l x N  
matrix B of full rank sucli that  Q = D "11 . 

(2) The quadratic for111 x T Q x  = ( x ,  - 
{ J  . ) }€E  

In general, for any KxK matrix M with real eigenvalues let 
)Ll(M)<fL,(M)< . . < ~ L ~ ( M )  denote the eigcnvaliics of M arranged i n  
a.rceildiiig order. From Proposition 2.S, we have Q is posifive semi- 
definite, p,(Q) = 0, and pZ(Q)  > 0. 

Lemma 2.9 (Min-max principle [13]) : If A and B arc any two sym- 
metric K x K  matrices such that A -B is positive semi-definite, then 
/ / , ( E )  < p i ( A )  for each i = 1,2, . . . , K. 

Lemma 2.10 : Let B be any N - 1 x N  matrix of full rank. Then 
p 8 ( ~ ~ T )  = p i + l ( ~ T ~ )  for each i = 1,2, , , . , N - I .  

Theorem 2.11 : Let Q be any N x N  symmetric and positive semi- 
definite matrix with r a n k ( Q )  = N-1, S be a N x N  diagonal matrix with 
entries ui >0, and let ~ , , , ~ ~ ~ > 0  denote the smallcst diagonal entry in Y. 

Proof : From Proposition 2 3 ,  (2 = B T B ,  \vlicre B is an N - 1 x N  
matrix of full rank. Define C = B S .  Clearly, \-QC = C T C .  There- 
fore, by Lemma 2.10, 

Theli, @Q E) 2 g i i n ~ 2 ( Q  1. 

&QE) = //,(CTC) = p,(CC7')  (2.4) 

13Ut C C ~  = B C ' B ~ .   so, for any vector x t ~ l \ - '  
, A - I  

x T ( C C T  - u.,;?,,,BBT) x = (ud:-u 

,=I  

\v~ierc we liave clefiiieci y = B ~ X .  Therefore tlic matrix C C ~  - c j : , , , , ~ ~ ' r  

clude that 
is positive semi-definite by definition; licnce, by Lcmma 2.9, we coli- 

~L1(CCT)2~,~,~~,~Ll(BB (2.6) 

Applying Lemma 2.10 once again, we get 

P1(BBT)  = /I2@% = ,1*(Q) (2.7) 

Combining (2.4), (2.6), and (2.7) proves this theorem. 0 

3. A NEW EIGENVALUE BOUND 

A reversible Markov chain has a structurally-symmetric irreducible 
transition matrix P with an underlying untlircctcd graph G which is both 
connected and simple. From PropoFition 2 6, all cigenvalnes of P are 
real. Moreover, from Perron-Frobcnius theory [l], P has the second 
largest eigenvalue X,<1. The main resolt of  this paper is to obtain a 
tiqliter upper bound for A, of P . 

Theorem 3.1 : Let 61 = { l , Z ,  . . . ,A'), and consider a reversible Mar- 
kov chain on the state space R with transition matrix P ,  and equilibrium 
vector ii. If X < 1 is any eigenvalue of P ,  then 

Xi 1-  ~ / 4 Q ) / s ,  (3.1) 

where s, = tlie skewness of the equilibrium vector IT of P ,  jI?(Q) = the 
second smallest eigenvaloe of the Laplacian matrix Q of the underlying 
undirected graph G ( V , E )  of P ;  and a = niin { p , , :  {i , j ) E E  1 is the 
smallest noli-zero off-diagonal entry in P . 

Proof : Let d, = < for each i€R, and define the N x N  diagonal 
matrix D = diag [ d,, d,, . . . ~ d, 1. Since P is irreducible, xJ > 0 for 
each i E R  from part (1) of Theorem 2.2. Therefore d,>O, D is inverti- 
ble, and D-' = diag [ d;' ,  

Let X < 1 be any eigenvalue of P and let XER' be the correspond- 
ing right eigenvector, i.e., Px = Ax. Therefore, 

' . , d,' 1. 

XT(D' - W ) x  
1-1 = (3 .2)  

x T D 2 x  
where we have defined the matrix W = D'P,  whose entries satisfy 
w .  = df p .  = iiL p i j .  The reversibility Fondition of (2.2) implies that d is symrktric. Also, W1 = D 2 P l  = DI, by part (1) of Theorem 2.2. 
Now, consider the quadratic form in the numerator of (3.2) \vIiicli can 
be written, after some algebraic manipulation, as 

X T ( D 2  - W ) x  = 1UZl (x,-x,)? 2 B (x+$ (3 ,3 )  
{ I  .i) € E  6 . I J G  

where 

3 = mill { ivjl : {i , j j c E  ,I 2 Q T , ~ , ~ ~ ,  (3.4) 

denotes the smallest non-zero off-diagonal entry in  W ,  zmin is the snial- 
lest entry in IT, and a is defined in the statement of the theorem. 
Applying Proposition 2.8 part (2) to the right hand side of (3.3) a n d  
using (3.4) we get 

xT(D'  - W ) x  2 n iinlin x T Q x  (3.5) 

where Q is the Laplacian matrix associated with the underlying graph 
G .  Combining (3.2) and (3.5) results in 

1-1 2 Iy IT"" x T Q x  / xTD?x .  (3.6) 

It must be noted that x is a right eigenvector of P with eigenvalue 
X<1, while ii = l T D 2  is a left eigenvector of P with eigenvalue 1. Part 
(1) of Theorem 2.2 immediately shows that x and ii must be orthogonal. 
i.e., l T D 2 x  = 0. So consider the following constrained optimization 
problem : 

~ i n i r i i i z e  z Q z over all z ER' 

such rhar l T D ' z  = 0 and zTD': = 1. 

Setting y = D: or z = D-;, the problem beconies equivalent to 

Minimize y T ~ - ' o ~ - ' y  over a11 1, ER'. 

siich that l T D j  = 0 and y'y = 1 

Rccall from Section 2, that Q is a symmetric positive semi-delinite 
matrix with eigenvalues O=p,(Q)<p?(Q) and Ql = Q. Moreover. 
D-'QD-' is a symmetric positive semi-definite matrix wit11 nullvector 
01, i.e., D-'QD-' D1 = Q. Therefore the above optimization prob- 
lem is to minimize the quadratic form y T b - l ~ ~ - l y  over all riorriializeri 
vectors y ER" that are ortliogonal to DI, the eigenvector corresponding 
to the smallest eigenvalue 0 of tlie matrix D-'QD-'. The required 
minimum value of the quadratic form is clearly p,(D-'QD-l) from qua- 
dratic programming theory [14]. Hence, we get 

x T ~ x  I X ~ D ' X  2 p z ( ~ - ' ~ ~ - ' )  (3.7) 

P'(D-lQD-l) 2 / IT,,, (3.S) 

Applying Theorem 2.11 to the right hand side of (3.7), with S = D-', 
gives 

where iimsx is the largest entry in IT. 
Finally, combining (3.6), (3.7), and (3.8), we get 

1-A 2 0 Tmin /J?(Q) / TnlsX = / / 2 ( Q )  / 3 ;  (3.9) 

thus proving the theorem. 0 



1;or sonic graphs G ,  the second smallest eigenvalue p2(Q(G)) is 
c;is\ to compute analytically. Two examples are given below. 

Cycle graphs: If G is a simple-cycle on N vertices, then the eigen- 
va lues  of its Laplacian matrix Q can be shown to be [lo] 

p , ( Q )  = 2(1 - cos(2a(i-l)/N)) for all l_<i<N (3.10) 

('oiisrqucntly, the second smallest eigenvalue p2(Q)  = 2(1 - cos(2r/N)) 
wliirli approaclics 0 as N-+oo. 

Ilypercnbe graphs: If G is an n-dimensional hypercube having N = 2" 
vcrticcs, tlicn its Laplacian matrix Q has ri +1 distinct eigenvalues [ll] 
givw b y  

(3.11) 

wlicrc cigcnvaluc 2171 has an algebraic mnltiplicity of . Conse- 
q i i c , i i t l y ,  the sccond smallcst eigenvalue i i 2 ( Q )  = 2 which is indepcndent 
0 1  N .  11ic s i x  of the matrix. 

k'or graphs G in \vhich j i z ( Q  (G)) is not easy to compute, one can 
115c ;I lower bound derived b y  N o n  [3] ,  \vhich depends on the exparision 
projicrlics of a graph. 

c,,, = 2rn for all 0 5 171 < 11 

IjYZ 1 

4. APPLICATIONS OF THE EIGENVALUE BOUND 

As a n  application of the results of Section 3, we consider tlie 
Siniii1:itcd Annealing (SA) algorithm. This algorithm was first pro- 
J I C I S C ~  ;is a probabilistic algorithm for solving difficult combinatorial 
opliiiiization problems [ 6 ] .  It has been used with some success in prob- 
l e m <  such as VLSI layout optimization, the design of FIR filters with 
liiiilc precision, and image restoration. 

Let R = {l, . . . ,N] be a 
SCI 0 1  statcs with a cost function C :  R -+ R. The SA algorithm 
;Iltc.iiipts to find a state with globally niirijt~iun~ cost. Let x ( k )  denote 
111c state of  the algorithm at time k . With each state i ER, we associate 
;I SCI of neighboring states N, CR, which satisfy the following assump- 
tions: 

(AI )  'l'lic neighboring sets are symmetric; that is, ;EN2 if and only if 
I EN,. 

(A2)  (iivcn any two slatcs i and j iii R, tlicre exists a finite sequence of 
s ta tes  i,,i,, . ,i,,, such that i,=i, i,,, = j ,  and i,+,€N, , for each 
I =O, I ,  . . . ,171 -1. l l i is  condition is often referred to as the 
rcw-lrabilily requireinen t. 

(I\.?) A siniplifying assunition that IN, I = p for each ita, i.e., all neigli- 
hoi- sets arc of the same sixc. 
I .et ?'>O be a fixed parameter that is analogous to the rer71pernrure 

-117' 

We describe the SA algorithm briefly. 

/ 

i i i  tlic physical anncaling process. We define 

(4.1) c = e  

t o  sinlplify notation. Note that T = (loge-')-'. So, if O<T<cc then 
Oci < I .  Also, as T-rO we have 6-0. The SA algorithm thus simulates 
a linlc-homogcneous Markov chain on state space R with transition 
i i ia t r ix  /' = [ p ,  ] with off-diagonal entries ( i # j  ) given by 

-1 elCU)-C(~)l '  if j EN, 
(4.2) 

Pi, = i' 0 if jER-N, 

w11c1.c 1; 1' denotes the positive part of a real number z . The diagonal 
ciitrics of P are given by 

(4.3) 

' 1 ' 1 1 ~  cqiiilibrium vcctor r(i) = [r, (e)] satisfies tlie Bolrmarin distribution 
wi t11  7, (0 = 7 e'-(') wlierc 7 is a normalizing constant. It is easy to 
clicrl; 111;it P is Ixiniitivc and a n d  the Markov process is reversible for 
O<i < I ,  

1 1  must be emphasized that n e  have assumctl a Jixeci trr7iperarure 
' / '>(1 l o r  all time k of the SA algorithm. This is often referred to as 
I~'iz~~~l-'l'cmpcratiirc-Simulnte~l-Aiiiic~liiig, (FlS.4) as oppascd to a situa- 
l ioi i \\ licrciii the tenipcraturc is allo\vetl to vary \vith time k according 
t o  ; I  prcspccifietl coolitig .schedule (see [7,8,9] for details) U hich results 
i i i  ;I rir~ie-irihor7ioge~zeou~ Markov chain. In this paper, however we 
I C I C I I S  only on the FTSA algorithm. 

'I'ein~~ernture Asymptotics : For a chosen O < e < l ,  let v , ( k )  denote the 

P,, = 1 - c PA, 
1" 

distribution vector of the FTSA chain at time k 2 0  as defined in Section 
1. From Theorem 2.2 part (2) we have 

Iim liv,(k) - a(t)ll = 0 
k -m (4.4) 

In this section we are primarily interested in the rate of conver- 
gence of (4.4) as a function of 6-0, in which case it can be shown that 
/IT(<) - ~ ~ 1 l - r  0, where T' denotes tlie optimal distribufion vector whose 
entries are uniformly distributed over the states with globally minimum 
cost. We refer to this as the remperature asymptorics of FTSA. From 
the discussion in Section 1, it is clear that for a particular t>O, the rate 
of convergence of (4.4) is governed by the time-constant of convergence 
7, defined by (1.3). Using (1.3) and (3.1) we now derive a bound for 7 
and study the behavior of this bound as €--to. 

From Theorem 3.1 we can obtain an upper bound on the eigen- 
value of the transition P with second largest algebraic value. However, 
to obtain a meaningful bound on 7, tlie time-constant of convergence, 
we need an upper bound on the eigenvalue of P of second largest rnag- 
nrrude. To avoid this prob!em, we consider a new Markov chain 
corresponding to the matrix P = I /z(I+P).  Clearly, P has noti-negative 
eigenvalues and P has the s+me equilibrium vector as P .  Furthermore, 
the off-diagonal entries of P are half the corresponding entries of P ;  
hence, @ is also reversible by (2.2) and has the same uvderlying 
undirected graph as P .  We will therefore work with the new P instead 
of P .  

Let us now relate the parameters used in the bound of Theorem 
3.1 to the parameters of the optimization problem being solved by an 
FTSA Markov chain. Define 

A =  max I C ( i ) -  C ( j )  I 
I .i En (4.5) 

as the maximum cost difference between any two states. Let G ( V , E )  
be  the underlying undirected graph of P (or P )  with Laplacian matrix Q 
and define 

6= max I C ( i ) - C ( j )  1 
{* 

as the maximum difference in costs between any two neighboring states 
in the Markov chain. Then, the skewness of the chain is given by 

(4.7) 
- A  

s,= € 

The smallest non-zero off-diagonal entry of P can be computed to be 

a = t s / 2 p  (4.8) 
where p is the number of neighboring states for each state as given by 
assumption (A3). Using (3.1), (4.7), and (4.8) we get 

from which the time-constant for convergence for sufficiently sinall t 

using (1.3) can be  bounded by 

For a fixed optimization problem (i.e., fixed N ,  p, Q, etc.), (4.10) 
shows that the time-constant for convergence of the FTSA Markov 
chain to its equilibrium vector with skewness s, is 7 = O(s:), since 
6 < A by definition. In practice, usually 6<<A which yields 7 = O(sr). 
Furthermore, tlie bound given by Theorem 3.1 may not be tight suggest- 
ing an even slower growth of 7 as a function of the skewness s,. 

We now compare our eigenvalue bound of (3.1) with that of Jer- 
rum and Sinclair derived in [4]. To this end we need the following 
definitions. 

Definition 4.1 : [4] Given a reversible Markov chain on state space R 
with transition matrix P and eqiiilibrimn vector T. The corzducrance 
paranierer is defined as 

C PzjTi 

(4.11) 

I €S 

where the above mininiization is performed over all subsets S of states 
with O<c?ii<l/Z. 

1 ES 

Theorem 4.2 : [4] For a reversible Markov chain with transition matrix 
P satisfying pi, 2 1/2 for all z~i2, and conductance parameter 4, we 
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have 

1 - 24 5 X2(P) < 1 - 4, / 2 (4.12) 

We will consider two examples. The first one will demonstrate 
that our eigenvalue bound of (3.1) is fairly tight as a function of of the 
skewness s,. The second example will show that the parameters 
required to compute our bound are much easier to estimate than the 
conductance parameter 4 reqoired by Jerrum and Sinclair to compute 
their bound given by (4.12). 

Example 4.3 : Consider a simple cycle on N = 412 vertices as the 
underlying graph of a FTSA Markov chain with a cost fi~nction defined 
as follows : 

FTSA algorithm to reach an equilibrium vector of skewness s = lo4 is 
bounded above by i 5 5x10' iterations. 

Estimating the conductance parameter for the chain in Example 
4.4 is not straight forward; hence, the Jerrum and Sinclair eigenvalue 
bound of (4.12) is not directly useful in obtaining a meaningful bound 
for the time-constant in this case. However, with considerable 
ingenuity, Jerrum and Sinclair have been successful in obtaining good 
lower bounds for the conductance of certain classes of reversible chains 
[4]. Indeed, for these chains, the conductance is much larger than 
O(l/s,J; hence, our upper-bound by (3.1) is not tight in this case. Our 
bound, on the other hand is very simple to compute in general, as 
demonstrated by Example 4.4, and is also tight on certain chains as con- 
sidered in Example 4.3. 

i if 1<i<n 

211 +1-i if IZ + ~ < i  <?/I 
5. CONCLUSIONS 

In this paper we have derived a new upper bound on the second 
largest eigenvalue of a reversible Markov chain. The bound is a simple 
function of the skewness of the equilibrium vector of the chain and we 
give examples of reversible chains where the upper bound is fairly tight. 
The upper bound on the eigenvalue enables us to study the time con- 
stant of convergence of the Markov chain to its equilibrium vector. In 
particular, we can bound the time constant of convergence of a fixed 
temperature simulated annealing (FTSA) algorithm solving a particular 
instance Of an Optimization problem. Moreover, we study the 
growth of this bound as the temperature approaches zero or skewness 
becomes arbitrarily large. 

i -2n if 2n +1<i 5311 

412 +1-i if 31Z +1<i 54rz 

(4'13) C ( i )  = 

usillg these costs, = 2, alld SOllle +o, defille transition p 
using (4.2) and (4.3) and set p = I/*(I+P), F~~ transition matrix p it 
call be shown that A = li -1, 6 = = € 4 - 1 )  of the 
corresponding equilibrium vector .(E). Since the underlying graph of 
is a cycle graph, using (3.10) and (4.11) gives 

cu = E/4, skewlless 

U (n -1  - cn /de) = 2(1- C O ~ ( ~ ) )  3 4 = ~ 

4(1 - E " )  
(4.14) 
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1 - X 2 ( 8  2 (1 - cos(:)) 
2 

while the Jerrum and Sinclair bound from (4.12) gives [2] 

1 - A,($) 2 c ~ ' ' - ~  / 32 (4.16) 

for SUffiCiently Small 6 and large f i .  If we look at the time COllStallt 7 as 
a function of the skewness s , then combining our upper-bound of (3.1) 
with the lower-bound of (4.12) results in 

[3] 

[4] 

(4.17) U + M ~ ~  -1)) 
2 

' 2 S < i <  
1 - cos(a/2n) 

2 s  < 7 5 3 2 s 2  

whereas using both the bounds from (4.12) yiclds [5] 

[6] 
(4.18) 

This clearly shows that, the upper-bound in (4.17) is fairly tight for large 
n . Furthermore, for large skewness s, the upper-bound in (4.17) is 
considerably better than that of (4.18). 

The purpose of Example 4.3 was merely to illustrate an example of 
a reversible Markov chain for which the eigenvalue bound (hence, a 
bound on the rate of convergence) is fairly tight. The corresponding 
optimization problem, however, is very easy, since, by construction, the 
states 1, 2n, 2n +1, and 4n have the globally minimum cost of 1. The 
following example illustrates a difficult and more realistic optimization 
problem for which one can still use our eigenvalue bound of (3.1) to 
obtain a meaningful bound on the time-constant of convergence of the 
corresponding FTSA Markov chain. 

Example 4.4 : Let {aa,<a,< ' ' ' <a,) bc a set of Positive integers in 
ascending order and define K = %(a,+a,+~ . . +a,,). Let R denote the 
state space of all binary vectors of length n and consider a state 
u = (u,,u,, . . . ,U") where u,g{O,l). Define thc cost of the state as 
C ( u )  = B - q u i  I. Define the neighbors of a state U as all states 

cliifering from T i n  exactly one bit anti consitler an FTSA a~gorit~im to 
find the state of minimum cost. This is the optimization version of the 
SET-PARTITION problem that is known to be NP-Col1lplete [121. 
Clearly, N = 2", p = n ,  8 = a,, , A = K ,  skewness s = i K ,  and the 
underlying graph is the n-dimensional hypercube for which p,(Q) = 2. 
Using (4.10), we immediately get an upper-bound for the time constant 
of convergence as 

[71 

[81 

[91 

lG-3  

(4.19) 

For example, if the given integers are {3,5,6,11,15), we have n = 5, 
a,, = 15, and K = 20. From (4.19), we see that the time-constant for an 

l*"/K 
i < 1 2 s  
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