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The Optimum Formula for the Gain of a Flow Graph
or a Simple Derivation of Coates' Formula*

C. A. DESOERt, SENIOR MEMBER, IRE

Summary-Starting from the definition of a determinant and us-
ing a few of its elementary properties, this paper gives an independ-
ent derivation of the optimum formula for the gain of a flow graph.
Thus, a simpler path is shown to Coates' important result. This paper
is self-contained, so that no previous knowledge of flow graphs is re-
quired. For motivation, the reader is referred to some well kmown
papers and books.

I. INTRODUCTION

ASON'S signal flow graphs',2 constitute a very
I useful tool for analysis of engineering problems,

linear problems especially. The reason for their
popularity and usefulness is that they display in a very
intuitive manner the causal relationships between the
several variables of the system under study. Many
people have successfully used flow graph ideas in various
fields.'-9 Therefore, the publication of Mason's second
paper2 giving a systematic method for writing down al-
most by inspection the gain of a linear system was an
important addition to the flow graph literature. Pres-
ently the state has been reached where a great many
engineering schools include signal flow graphs in one of
their senior courses.5
More recently, C. L. Coates3 has shown that Mason's

general gain formula is not the simplest expansion and
has given a rigorous and lucid derivation of a new gain
formula that is optimum in the sense that, in general,
1) no cancellations can occur between common factors
of the numerator and denominator, and, 2) no cancel-
lation can occur among the terms of the algebraic sums
of the numerator and of the denominator.

* Original manuscript received by the IRE, August 10, 1959; re-
vised manuscript received, December 7, 1959. This research was sup-
ported by the U. S. Air Force, through the Air Force Office of Scien-
tific Research, Air Research and Development Command.
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The purpose of this paper is to present an independent
derivation of Coates' formula. The author's hope is that
this derivation is so simple that even seniors can grasp
it!10 The only required background is the definition of a
determinant. For the reader's convenience, this defini-
tion and the properties of determinants used in the
derivation are listed in the Appendix.

For further background, motivation and examples,
the reader is referred to the literature.'-3'5 The presenit
paper is self-contained in that it can be read independ-
ently of Mason's and Coates' papers.1-'
A word about the organization of the paper: There is

a difference between Mason's and Coates' procedure for
drawing the flow graph of a linear system. The differ-
ence, however, is very slight. The first five sections con-
stitute an independent derivation of Coates' formula;
they use exclusively Coates' procedure for associating a
flow graph to a system of equations. Section VII dis-
cusses the difference between M\/Iason's signal-flow
graphs and Coates' flow graphs; it shows how, given onie
of them, the other may easily be obtained.

II. THE SET OF EQUATIONS AND ITS
ASSOCIATED FLOW GRAPH

Our purpose is to solve by topological methods the
set of linear algebraic equations

(1)Z. akjiX- bk = O (k = 1, 2, , n).
j=l

To this set of equations we shall associate a flow graph
which is defined as follows:

Definition t-A flow graph is a set of weighted
oriented branches which connect at nodes. That is,
each branch has a positive direction and a weight, the
branch gain.

The flow graph associated with (t) has n nodes and one
source node. The case n= 2 is illustrated in Fig. 1. The
process of associating a flow graph to a set of equations
is as follows:

1) To the source node is associated an input variable
that is taken to be unity.

2) To each of the other nodes is associated one of the
variables xi, x2, *, xn of the set.

10 Some school will insist that the word "seniors" be replaced by
"sophomores." More power to them!
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Fig. 2-Flow graiph of the systeml- (2).

Fig. 1 Flow graph for the case of 2 equations with 2 unknowns.

3) Each node is labelled by one of the integers from
1 to n such that the node labelled k is associated
with Xk. The source node is labelled 0.

4) If ajk O, there is a branch directed from node k
to node j with gain a.k-

5) If bk 7HO, there is a branch connecting the source

node 0 to node k. This branch is directed from 0 to

k and its branch gain is - bk.

This process describes how one goes from the equa-

tions to the graph. The reverse process, to obtain the
equations from the graph, is very simple.

Consider Fig. 1 and concentrate on node 1. In order
to write the equation associated with node 1, first con-

sider all the branches coming into inode 1; they are a11,

a12 and -b1. The equation is obtained by equating to
zero the sum of the products of their branch gains times
the variables these branches originiate from, viz:

al xi + a12x2- b- 1 = 0.

Physically, we may think of these nodes as high gain
operational amplifiers whose feedback loop is open. Be-
cause, in that case, if the output voltage is in the linear
range of the anmplifier, the sum of the currents into the
input node must be very nearly zero.

At this stage an important point should be brought
up. It is clear that to every set of equations such as (1)
corresponds a flow graph and conversely. If, however,
the order in which the equations appear in (1) is

changed, the corresponiding flow graph changes in a non-

trivial manner. For example, to the set of equatioins

Fig. 3-Flow graph of the svstem (3).

Thus, once a system of linear homogeneous algebraic
equations, such as (1), has beeni ordered in a fixed way,

there is a one-to-onie correspondence between the equa-

tions and the flow graph.

III. ALGEBRAIC SOLUTION OF (1)

If the matrix of the coefficients of the xj's in (1) is
nonsingular, the solution is given by

n

E Aklbk
k=l

Xl =

'A
(2)

where

A is the determinant of the coefficient matrix (aij).
Akl iS the cofactor of the element of the kth row anid

Ith column.

In the following we shall devise a topological method for
evaluating A anid products of the form bkAkl.

aX2 + OX33 0

7xl + X3 = bi

EX1 + iX2 b2

corresponds the flow graph of Fig. 2.
Rearranging them as follows, we get a new set of equa-

tions
'YX

CXl + 77X2

aX2

+ 3x3= b1

= b2

+ OX3 = 0

and the flow graph of Fig. 3.

IV. TOPOLOGGI(AL EVALUATION OF A

In order to evaluate A by topological mieans, we re-

quire a few topological ideas; hence we define:

G to be the flow graph of the systemn (1), where the
equatioins are taken in the order ill which they ap-

peear;
G, to be the flow graph obtaiined froml G by deleting

the source niode 0.

Definition 2 A connection of the flow graph G is a

subgraph of G such that

1) each node of G is included,

NODE 0 a02

2
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2) each node has only one branich terminating to it
and one branch originating from it.

Definition 3-A directed loop is a connected subgraph
whose branches bi, b2, , b1 can be ordered in such
a way that

1) The tip of bk is the origin of bk+1 (k = 1, 2,
1-1).

2) The origin of bi is the tip of b1.
3) Each node along the directed loop is encountered

only once.

Thus, a directed loop is precisely what is meant by a
loop in the ordinary language. Fig. 4 illustrates the con-
cept. Fig. 5(a) shows a flow graph G and Fig. 5(b) its
five connections. It is clear that a connection is either a
directed loop or a collection of nontouching directed
loops (they are nontouching because of 2) in definition 2).

In addition, we shall need this definition:
Definition 4-The connection-gain of a connection of G
is the product of the branch gains of the branches of
that coninection. It is denoted by C(G).

The first link between the determinant A and the flow
graph G is obtained by referring to the definition of a
determinant :4

A = E (sen P)ali,a2i2 anzi (3)
p

where the summation is taken over all the n! permuta-
tions P=(ii, i2, - *- , i") of the integers, 1, 2, * * , n
and (sgn P) is + 1 or -1 depending on whether the per-
mutation- P is even or odd.1"

Lemma 1: A product appears in (3) if and only if it is a
connection-gain C(Go) of the flow graph Go.

Proof: Recall that Go is the graph G with the source
node 0 deleted. Consider a particular product I| in the
sumll (3). Let 1U' be the set of all branches whose gain
appear in the product H1. Since HI is a product of
factors akk, with k running from 1 to n, there is one and
only one branch of H1' that terminates at each of the n
nodes of Go. Sinice i1, i2, , in is a permutationi of
1, 2, n, there is one and only one branch of H'
originatinig from each node of Go. Hence fI' is a connec-
tionl of Go.

Coniversely, giveni an arbitrary connection of Go, since
it containis by definition one branch terminating in each
of the nodes of Go and one branch leaving each one of
the same niodes, then its connection-gaini can be writ-
ten as

a1j,a2i2 anin

where i1, i2- *,i is a permutation of the numbers
1, 2, - , n. Hence, it will appear as one of the products
of the expansion (3).

11 The Appendix lists the three properties of determinants that
will be used later.
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Fig. 4-(a) Example of a directed loop. (b) This is niot a directed

loop; when traversing the loop in the positive direction, node 3 is
encountered more than once. (c) This is not a dlirected loop be-
cause it is not a connected sLbgraph.
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Fig. 5-(a) Flow graph associated with the miatrix A. (b) The five
connections of the flow graph shown in Fig. 5(a).

Thus by sirrmply listing all the conniiections of Go, as is
done on Fig. 5, one obtaiins all the terms of the suml (3).
The question of the sigIns remains. First let us make two
rather obvious statements:

Statement 1-If, in a determinianit, such as the onie of
the matrix A, any two rows are inlterchaniged and the
corresponding columns are also initerchanged, the
value of the determinant is niot affected. (See Ap-
pendix, Property 3.)

Statement 2-Consider the system of equations (1)
and its associated flow graph G. Suppose any two
equations, say the ith and the kth, are interchanged
anid also the two variables located in the correspond-
ing columns (i.e., xi and Xk): then to the resultinig set
of equations (1') corresponds a new flow graph G'. A
little thought will show that G and G' are identical

1960 885
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except for an interchange of the labels of the ith and
kth node.

The method required for specifying the sign of each
term of (3) is obtained by the following reasoning:

Consider again a particular product ]I of the sum
(3) and its associated connection IJ' of the graph Go.
11' is a collectioni of directed loops; for simplicity let us

assume that H' consists of three nonitouchitng directed
loops having respectively n1, n2, n3 niodes. Clearly,
nl+n2+n3-n, since all nodes of Go are included.
As a consequence of Statements 1 atnd 2 we can, with-

out affecting any of the terms of the determinianit expan-
sion (3), relabel the nodes of I|' so that along the first
directed loop of fi' as it is traversed in the positive
(lirection one traverses the nodes 1, 2. , n1 inl that
order; and simiiilarly for the other two directed loops.
The branch gain product of the first directed loop is then

al,a21a32 . . . anl,nl-l

Note that the factors of this product are ordered so that
their row subscripts occur in their natural order as re-
quired by (3). Hence, the sign assigned to II is that
assigned to the permutation, defined by the column
subscripts:

nl, 1,2,3, * , ni-1; n1 + n2, 1-+ 1,* (n1 + n2 1);

(nl+ n2 +n3), (n +n2 + 1),* l*( + 2 +1n3- 1).

To rearrange this permutation in the natural order,
(nl - 1) + (n2 - 1) + (n3 - 1) = n -3 interchanges between
adjacent symbols are required. Hence, the sign of the
permutation is (- 1)-3= (- 1)n(-1)+. Note that
there are three directed loops in the product H7. It is
clear that if the conniection H4' had L directed loops the
sign would have been (- I)n+L.

Thus, we obtain the genieral
Theorem 1: The determinant A of the system (1) can be

evaluated from its flow graph G by the formula

,A = (- l)n E (- )LpC(Go)p (4)
where

L, is the number of directed loops in the pth connec-
tion.

C(Go)p is the connection gain of the pth connection.
Go is the flow graph G with the source node 0 deleted.
The summation of the connection gains C(Go) is taken

over all coinnections of Go.

Example: The determinant of the matrix associated
with the graph of Fig. 5. From the graph G of Fig. 5, we
obtain the matrix

[anl aL2 a13 01

O a22 0 a24
A=.

a3i 0 a33 0

_ a42 a43 a44

From the five connectionis of G showni oni the figure,

det A = -a12a24a43a31 + a13a31a42a24 - alla,3:,a42a24

-a22a44al3a3l + a11a22a33a44.

This expansion cani also be obtainledl by Masoni's method,
but his general formula will give 25 termiis wh}ich will
eventually reduce to the five listed above.

V. EVALITATION OF THE NUAIERATOR OF (2)
The numerator of (2) is a sum of terms all having the

same form. Consider one of them in particular; say,
Aklbk. In other words, we are goinlg to evaluate the nu-
merator of (2) assuming that there is onily one branch,
with gain -bk, co-nnecting the source node 0 to the rest
of the graph, as shown on Fig. 6(a). Since we know how
to evaluate an nXn deterninianit by topological means,
let us note that Aklbk is eclual to the determiniaint ob-
tained by replacin-g the Ith colunmi of A by a column of
zero except for the element of the kth row, which is bk.

0

0

bk

0

0

<- kth row

o

t Ith column

This determinant will not change if all the elements of
the kth row, with the single exception of bk, are replaced
by zero. The result is the determinant A'.

0

0

Al 0 () Obk*0 <- kth row

0

0

T Ith column

In order to evaluate A' by topological imeanis, let us note
that the flow graph G' associated with A' is obtained
from Go by: 1) deleting all branches leaving node I (the
node with which the variable xi, being sought, is asso-
ciated); 2) deleting all branches coming into node k;
and 3) adding the branch bk oriented froml- niode I to
node k. This operation is illustrated on Figs. 6(a) and

886 Allay
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F33 044

Fig. 7-Flow graph associated with the set of eqLuatioins (6).

a,, a22
Q

-I

3

3
(b)

Fig. 6 (a) Flow graph G. (b) Flow graph G' obtained from G by de-
leting all branches leaving node 1, deleting all branches coming
into node k and adding branch bk oriented from node I to node k.

6(b). From (4),

bkAkI = 'A' = )n (1)LTC(GI)T

where

C(G'), is the connection gain of the rth connection of
G'.

LT is the number of directed loops of the rth con-

nection.
The summation is taken over all connections of G'.

In order to interpret this result in terms of the graph G,
let us define as follows:

Definition 5-A one-connection from p to q of a flow
graph G is a subgraph of G which includes all the nodes
of G, and such that

1) no branch terminates at p and only one branch
of the subgraph originates from p, thus:

p

2) no branch originates from q and only one branch

of the subgraph terminates at q, thus:

bKt. 04 C024

3 4

4

a44

022

IQ0
-bZ 2

031

O 4

a44

I

-bb,31 (a24

° a42
3 4

Fig. 8-The one-connections from 0 to 3 of the flow graph of Fig. 7.

includes the branch bk because it is the only branch that
leaves the lth node. In each one of these connectionis let
us remove the origin of branch bk from node I and place
it at the source node 0 where it was originally in graph
G. Finally, let us change the branch gain from bk to
-bk. In each case the resulting configuration is a one-

connection from 0 to I of flow graph G. Since by displac-
ing the branch bk one directed loop has been "opened,"
the number of directed loops in the one-connections of
G is one less than that of the original connections of G';
this will result in a change of sign which will cancel the
one caused by the change of sign of the branch gain bk.
Consequently,

bkZAkl = Al= (-1)n (-1)L_C(G;O - I)

q

3) all other included nodes have exactly one incom-
ing and one outgoing branch.

An example of a set of one-connections is shown on Figs.
7 and 8. It is apparent from Fig. 8 that, in general, a

one-connection is a forward path together with some

directed loops.
Consider Fig. 6(b). Each one of the connections of G'

where

C(G; 0-l)a is the one-connection gain (i.e., the prod-
uct of the branch gains) of the ath one-

connection from 0 to 1 of the flow graph
G.

L£7 is the number of directed loops in the ath
one-connection.

The summation is taken over all one-conniections
from 0 to 1 of G.

(a)
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VI. GENERAL FORMULA

In general, there is more than one branch conniectinig
the source niode to the rest of the graph; obviously, in
such cases the individual contributions of each such
branch must be summiied and the result takes this formn:

Theorem 2: In order to solve for the variable xi defined by
the set of equiations

E akjXj - bk
j=l

(k= 1, 2, * ,n)

1) Set up the associated flow graph G as specified in
Section I I.

2) Draw all the coninectionis of the flow graph Go
( graph G with source node 0 deleted) and list
their connectioni gains: C(Go) 1, C(GO)2,

3) Draw all the one-connectionis from the source node
0 to the niode I of the graph G and list their one-
connectionl gains: C(G; 0-l),, C(G; 0-1)2,

4)

E)L-ltC(G; O - I)OI

E (-1) LC(Go),p (5)
p

where

L= number of directed loops in the o-th one-
connectioni fromn 0 to I of the flow graph G.

Lp = num-ber of directed loops in the pth connec-
tion of Go.

the summations are taken over all connections
and onie-connectionis from 0 to I of graphs
Go and G respectively.

Example: Conisider the system of equationis,

a11x1 + a12x2 + a,3x3 b

I a22X2 + a24x4 0
1a31Xi + a33x3 b3 (6)

a42x2 = a43x3 + a44x4 0.

Let us solve for X3. The graph G is showni on Fig. 7. All
the connections of G are listed in Fig. 5(b). The one-
connections from 0 to 3 of G are shown oni Fig. 8 Then,
by (5), we have

X3 =
b3a la22a44 - b3ala42a24- b1a3la22a44 + b1a3la24a42

'A

where

A = a11a22a33a44- a12a24a43a3I + al3ana42a24- a11a33a42a24

- a22a44al3aal.

The general expression (5) calls for two important
comments.

Coumment 1-In general, there cacn be no caincellation
of terms in the algebraic sumiis of either the num-lerator
or the denominator of (5).

The reasoni for this is quite obvious: Since each term is
a couitiection gain (a oiie-coiiiiectioii gain) of a coiiiiec-
tioIn (one-connection) distinct fromncall the other connec-
tiolns (otne-connectionis) there can, in genieral, he nio cani-
cellatioins; for it would imiiply the existence of special
relationships betweeni the gainis of various branches.

TIhere is, however, one simplificatioil that any en-
gineer worth his salt would inistinictively take advantage
of. Suppose xi is to be computed andc suppose there are
some niode variables Xk1, Xk,, . , k,j that have nio
effect on-xi, then these nodes may be deleted fromn the
graph when x1 is computed.

This idea canl be expressed precisely if the following
definitioni is introduced:

Definitioin 6--- A1 forward path fromii p to q of the flow
graph G is a connlected subgraph whose branches bi,
b2, b, can be ordered such that

1) the tip of bk is the origin of bk+l (k 1, 2,
1-1)

2) each node of the forward path has onily one
branch terminating to it aand one branch orig-
inating from it, with the exceptioni of p anid q
which, respectively, have only onie branch orig-
inatilng aind termninatinig to themi.

A forward path from p to q can be obtained from each
one-conniection from p to q by deleting fromii the onie-
connlectionis all the directed loops.
The seconid comm1nenit takes the formii

Comment 2 Wheni solving for x1, delete from the
graph G all the nodes Xkl, x*2, Xk. which have
the property that there is no forward path that con-
nects each one of them to x1.

Example: Consider the systemn

auixi + al2X2

a2lxl + a22X2

= 0

= + b2

a32x2 + a33X:3 + a34X4 0

a4:3x3 + a44X4 (.

The corresponding flow graph is shown in Fig. 9. It is
obvious in this simple example, from the graph and
from the equations, that the variables xj and X4 nmay be
disregarded in solving for x1; also, there is no forward
path from 3 to 1 and from 4 to 1.
A straightforward analysis slhows that if the niodes

Xk1 Xk,, are not deleted, all the coninection gainis and
the onie-connection gains of (5) will have a common
factor which will cancel from numerator and denom-
inator. This leads to the very imiportanit conclusion that,
provided the precaution of Comnmenit 2 is taken into ac-
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Fig. 9 Illustrationi of a flow graph that has no forward
path from nodes 3 and 4 to node 1.

counlt, Theorem 2 gives the optimum gain formiiula for a

flow graph.
Thus, the following importanit conclusion is reached:

Given the problem of solving (1) by topological meth-
ods then, provided the Comment 2 is takeni into ac-

coun1t, the expression giveni in Theorem 2 is the simplest
expression for the solution in terms of the bk's and aij's.

VII. THE RELATIONSHIP BETWEEN SIGNAL-FLOW
GRAPHS (MASON) AND FLOW GRAPHS (COATES)

The process of association of a flow graph (Coates)
to a set of equations has been described in detail in Sec-
tioni II. For reference let us note that the equations are

written

n

E akjXj =bk
j-l

(k = 1, 2, , n) (1)

where

akj is the gain of the branch, directed from j to k,

connecting node j to node k, and
-bk is the gain of the branch connecting the source

node to node k.
Mason,2 oni the other hand, writes his equations thus:

E gkjXj = Xk+ bk (k = 1,2, . . ., n) (7)
where

gkj is the gain of the branch, directed from j to k,
coinnectinig node j to node k, and

-bk is the gaini of the branch connecting the source

node to node k.

Simply by lookiing at the equations we can see clearly
that (1) anid (7) will be identical if and only if

gAj= akj if k # j and gkk -=akk.

This gives the following rules:
1) To obtain a flow graph (Coates) from a given sig-

nal-flow graph (M\Iason), simply subtract one from the
gain of each existinig self loop and to each node of the sig-
nal-flow graph devoid of self loop, insert one with gain
-1.

2) To obtaini a signal-flow graph (Mason) from a flow
graph (Coates), add unity to the gain of each existing

self loop and to each niode of the flow graph devoid of
self loop, insert a self loop of gain +1.

Physically, we can interpret both graphs in terms of
analog computer col1cepts:

A. Signal- Flow Graphs
NTode variables xi: potential of niode j with respect to

grounid.
Gain gkj: admittanice of the branch connect-

ing j to k, thus gkjXj is a current
entering node k.

Node: electronic summinlg amnplifier: its
output voltage is equal to the sum
of the input currenits:

Xk = -bk 1.
j=l

Note that this summing amiiplifier
does not invert the sign as is usu-
ally the case with analog computer
amplifiers.

B. Flow Graphs
Node variables xj: potential of node j with respect to

ground.
Gain akf: admittance of the branch connecAt-

ing jto k.
Node: operational amplifier with its feed-

back loop open; thus if the output
voltage Xk is in the linear range, the
sum of the input currents is neg-
ligibly small in view of the high
gain of the amplifier; hence

E akjxj - bk- 1 = 0.

APPENDIX

By definitioni, the determinanit4 of a matrix A is

det A = A = E (sgn P)a1ila2 2 * i*,
p

where SI/P denotes that the summationi is taken only
over the n! permutatioIns ?1, i2, in of 1, 2, , n
and (sgn P) is +1 or -1 depending on whether the per-
mutation il, i2, *- i, is even or odd.
The key properties that are used in the paper are the

following:
1) The interchange of any two adjacent symbols of a

permutation changes the permutation into one of the
opposite parity.

2) Exactly one element from each row and one ele-
ment from each column appears in each term of the ex-
pansion of A.

3) If any two parallel lines (rows or columns) of A are
interchanged, the determinant of the resulting matrix is
-det A.
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