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The Optimum Formula for the Gain of a Flow Graph
or a Simple Derivation of Coates’ Formula®
C. A. DESOERT, SENTOR MEMBER, IRE

Summary—Starting from the definition of a determinant and us-
ing a few of its elementary properties, this paper gives an independ-
ent derivation of the optimum formula for the gain of a flow graph.
Thus, a simpler path is shown to Coates’ important result. This paper
is self-contained, so that no previous knowledge of flow graphs is re-
quired. For motivation, the reader is referred to some well known
papers and books.

I. INTRODUCTION

ASON’S signal flow graphs'? constitute a very
useful tool for analysis of engineering problems,
linear problems especially. The reason for their

popularity and usefulness is that they display in a very
intuitive manner the causal relationships between the
several variables of the system under study. Many
people have successfully used flow graph ideas in various
fields.)=® Therefore, the publication of Mason’s second
paper? giving a systematic method for writing down al-
most by inspection the gain of a linear system was an
important addition to the flow graph literature. Pres-
ently the state has been reached where a great many
engineering schools include signal flow graphs in one of
their senior courses.?

More recently, C. L. Coates® has shown that Mason’s
general gain formula is not the simplest expansion and
has given a rigorous and lucid derivation of a new gain
formula that is optimum in the sense that, in general,
1) no cancellations can occur between common factors
of the numerator and denominator, and, 2) no cancel-
lation can occur among the terms of the algebraic sums
of the numerator and of the denominator.
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The purpose of this paper is to present an independent
derivation of Coates’ formula. The author’s hope is that
this derivation is so simple that even seniors can grasp
it!"® The only required background is the definition of a
determinant. For the reader’s convenience, this defini-
tion and the properties of determinants used in the
derivation are listed in the Appendix.

For further background, motivation and examples,
the reader is referred to the literature.'=3% The present
paper is self-contained in that it can be read independ-
ently of Mason’s and Coates’ papers.!—?

A word about the organization of the paper: There is
a difference between Mason’s and Coates’ procedure for
drawing the flow graph of a linear system. The differ-
ence, however, is very slight. The first five sections con-
stitute an independent derivation of Coates’ formula;
they use exclusively Coates’ procedure for associating a
flow graph to a system of equations. Section VII dis-
cusses the difference between Mason’s signal-flow
graphs and Coates’ flow graphs; it shows how, given one
of them, the other may easily be obtained.

I1. THE SET oF EQUATIONS AND ITS
AssociATED FLow GRAPH

Our purpose is to solve by topological methods the
set of linear algebraic equations

Z ApiX; — bk =0

=1

17 27"'!”)- (1)

To this set of equations we shall associate a flow graph
which is defined as follows:

Definition 1—A flow graph is a set of weighted
oriented branches which connect at nodes. That is,
each branch has a positive direction and a weight, the
branch gain.

The flow graph associated with (1) has # nodes and one
source node. The case »=2 is illustrated in Fig. 1. The
process of associating a flow graph to a set of equations
is as follows:

1) To the source node is associated an input variable
that is taken to be unity.

2) To each of the other nodes is associated one of the
variables x1, %2, + * *, x, of the set.

10 Some school will insist that the word “seniors” be replaced by
“sophomores.” More power to them!
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NODE O

Fig. 1—Flow graph for the case of 2 equations with 2 unknowns.

3) Each node is labelled by one of the integers from
1 to n such that the node labelled £ is associated
with x,. The source node is labelled 0.

4) If a;0, there is a branch directed from node %
to node j with gain ay.

5) If b0, there is a branch connecting the source
node 0 to node k. This branch is directed from 0 to
k and its branch gain is — by.

This process describes how one goes from the equa-
tions to the graph. The reverse process, to obtain the
equations from the graph, is very simple.

Consider Fig. 1 and concentrate on node 1. In order
to write the equation associated with node 1, first con-
sider all the branches coming into node 1; they are a1,
ap and —b;. The equation is obtained by equating to
zero the sum of the products of their branch gains times
the variables these branches originate from, viz:

an %1 + appxs — bi-1 = 0.

Physically, we may think of these nodes as high gain
operational amplifiers whose feedback loop is open. Be-
cause, in that case, if the output voltage is in the linear
range of the amplifier, the sum of the currents into the
input node must be very nearly zero.

At this stage an important point should be brought
up. It is clear that to every set of equations such as (1)
corresponds a flow graph and conversely. If, however,
the order in which the equations appear in (1) is
changed, the corresponding flow graph changes in a non-
trivial manner. For example, to the set of equations

axy + Bxy = 0
Y + x5 = by
lexy + nxe = by

corresponds the flow graph of Fig. 2.
Rearranging them as follows, we get a new set of equa-
tions

YX1 + oxs = &
X1 + a2 = b
axy + Bx; = 0

and the flow graph of Fig. 3.
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Fig. 3—Flow graph of the system (3).

Thus, once a system of linear homogeneous algebraic
equations, such as (1), has been ordered in a fixed way,
there is a one-to-one correspondence between the equa-
tions and the flow graph.

I1I. ALGEBRAIC SOLUTION OF (1)

If the matrix of the coefficients of the x;'s in (1) is
nonsingular, the solution is given by

2 Dby
k=1

1=1,2,---
A (

, 1) (2)

X, =

where

A is the determinant of the coefficient matrix (a;;).
Ay is the cofactor of the element of the £th row and
Ith column.

In the following we shall devise a topological method for
evaluating A and products of the form biA,.

1V. ToroLOGICAL EVALUATION OF A

In order to evaluate A by topological means, we re-
quire a few topological ideas; hence we define:

G to be the flow graph of the system (1), where the
equations are taken in the order in which they ap-
pear;

Gy to be the flow graph obtained from G by deleting
the source node 0.

Definition 2—A4 connection of the flow graph G is a
subgraph of G such that

1) each node of G is included,
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2) each node has only one braich terminating to it
and one branch originating from it.

Definition 3—4 directed loop is a connected subgraph
whose branches by, b;, - » +, b; can be ordered in such
a way that

1) The tip of b; is the origin of bxy1 (B=1,2, -,
I-1).

2) The origin of b, is the tip of b;.

3) Each node along the directed loop is encountered
only once.

Thus, a directed loop is precisely what is meant by a

loop in the ordinary language. Fig. 4 illustrates the con-

cept. Fig. 5(a) shows a flow graph G and Fig. 5(b) its

five connections. It is clear that a connection is either a

directed loop or a collection of nontouching directed

loops (they are nontouching because of 2) in definition 2).
In addition, we shall need this definition:

Definition 4—The connection-gain of a connection of G
is the product of the branch gains of the branches of
that connection. It is denoted by C(G).

The first link between the determinant A and the flow
graph G is obtained by referring to the definition of a
determinant:*

A= Z (sen P)ayi,aaiy * * * i, (3)
P

where the summation is taken over all the »n! permuta-

tions P=(1y, %, * * -, 1,) of the integers, 1, 2, -, n

and (sgn P) is +1 or —1 depending on whether the per-

mutation P is even or odd."

Lemma 1: A product appears in (3) if and only if it is a
connection-gain C(Go) of the flow graph G,.

Proof: Recall that G, is the graph G with the source
node 0 deleted. Consider a particular product ] in the
sum (3). Let J]’ be the set of all branches whose gain
appear in the product []. Since ][] is a product of
factors @y, with k running from 1 to #», there is one and
only one branch of []’ that terminates at each of the
nodes of Gy. Since 7, %, -+ -, %, is a permutation of
1,2, - -+, n, there is one and only one branch of []’
originating from each node of G,. Hence J]’is a connec-
tion of Gi.

Conversely, given an arbitrary connection of G, since
it contains by definition one branch terminating in each
of the nodes of Gy and one branch leaving each one of
the same nodes, then its connection-gain can be writ-
ten as

A15,@2iy * * * Qni,

where 7y, % - - -, 7, is a permutation of the numbers
1, 2, - - -, n. Hence, it will appear as one of the products
of the expansion (3).

11 The Appendix lists the three properties of determinants that
will be used later.
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Fig. 4—(a) Example of a directed loop. (b) This is not a directed
loop; when traversing the loop in the positive direction, node 3 is
encountered more than once. (c¢) This is not a directed loop be-
cause it is not a connected subgraph.
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Fig. 5—(a) Flow graph associated with the matrix 4. (b) The five
connections of the flow graph shown in Fig. 5(a).

6 b

O33 O44

Thus by simply listing all the connections of Gy, as is
done on Fig. 5, one obtains all the terms of the sum (3).
The question of the signs remains. First let us make two
rather obvious statements:

Statement 1—If, in a determinant, such as the one of
the matrix A, any two rows are interchanged and the
corresponding columns are also interchanged, the
value of the determinant is not affected. (See Ap-
pendix, Property 3.)

Statement 2—Consider the system of equations (1)
and its associated flow graph G. Suppose any two
equations, say the sth and the kth, are interchanged
and also the two variables located in the correspond-
ing columns (z.¢., x; and x) : then to the resulting set
of equations (1) corresponds a new flow graph G'. A
little thought will show that G and G’ are identical
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except for an interchange of the labels of the <th and
kth node.

The method required for specifying the sign of each
term of (3) is obtained by the following reasoning:

Consider again a particular product [] of the sum
(3) and its associated connection []’ of the graph G..
I1’ is a collection of directed loops; for simplicity let us
assume that []’ consists of three nontouching directed
loops having respectively i, #s, n3 nodes. Clearly,
n1+n2+n3=mn, since all nodes of G, are included.

As a consequence of Statements 1 and 2 we can, with-
out affecting any of the terms of the determinant expan-
sion (3), relabel the nodes of []’ so that along the first
directed loop of J]’ as it is traversed in the positive
direction one traverses the nodes 1, 2, - - -, #; in that
order; and similarly for the other two directed loops.
The branch gain product of the first directed loop is then

A1nA21A32 * * ° Qnyngye

Note that the factors of this product are ordered so that
their row subscripts occur in their natural order as re-
quired by (3). Hence, the sign assigned to [] is that
assigned to the permutation, defined by the column
subscripts:

m,1,2,3, -« ym—Um+tn,m+1,-(m+n—1);
(m + ne 4+ n), (m + na+ 1), « - - (m 4 na+ ng — 1).

To rearrange this permutation in the natural order,
(m1—1)+(ne—1)+(n3—1) =n—3 interchanges between
adjacent symbols are required. Hence, the sign of the
permutation is (—1)"?*=(—1)*(—1)*. Note that
there are three directed loops in the product []. It is
clear that if the connection []’ had L directed loops the
sign would have been (—1)"+%,

Thus, we obtain the general

Theorem 1: The determinant A of the system (1) can be
evaluated from its flow graph G by the formula

A= (=D"2 (=DC(G), €
where ’
L, is the number of directed loops in the pth connec-
tion.
C(Gy)p is the connection gain of the pth connection.
Go 1s the flow graph G with the source node 0 deleted.

The summation of the connection gains C(G,) is taken
over all connections of G,.

Example: The determinant of the matrix associated
with the graph of Fig. 5. From the graph G of Fig. 5, we
obtain the matrix

an @ ap 0
0 an 0 Qo4
asy 0 ass 0

0 Q42 Q43 Qa4
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From the five connections of G shown on the figure,
det 4 = — 1202404305 + 1303042021 — Q11033042024
— 092044013831 + C11022033044.

This expansion can also be obtained by Mason’s method,
but his general formula will give 25 terms which will
eventually reduce to the five listed above.

V. EVALUATION OF THE NUMERATOR OF (2)

The numerator of (2) is a sum of terms all having the
same form. Consider one of them in particular; say,
Agiby. In other words, we are going to evaluate the nu-
merator of (2) assuming that there is only one branch,
with gain — by, connecting the source node 0 to the rest
of the graph, as shown on Fig. 6(a). Since we know how
to evaluate an n X#n determinant by topological means,
let us note that Ayb, is equal to the determinant ob-
tained by replacing the /th column of A by a column of
zero except for the element of the kth row, which is by,

ey

b «— kthrow

T Ith column

This determinant will not change if all the elements of
the kth row, with the single exception of by, are replaced
by zero. The result is the determinant A’.

A « kth row

00-.- 0b,0---0

T Ith column

In order to evaluate A’ by topological means, let us note
that the flow graph G’ associated with A’ is obtained
from G, by: 1) deleting all branches leaving node [ (the
node with which the variable x;, being sought, is asso-
ciated); 2) deleting all branches coming into node £k;
and 3) adding the branch b; oriented from node ! to
node k. This operation is illustrated on Figs. 6(a) and
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Fig. 6—(a) Flow graph G. (b) Flow graph G’ obtained from G by de-
leting all branches leaving node /, deleting all branches coming
into node & and adding branch by oriented from node / to node k.

6(b). From (4),
bl = A" = (—1) E (=DEC(G")-

where

C(G"), is the connection gain of the rth connection of
Gl
L, is the number of directed loops of the 7th con-
nection.
The summation is taken over all connections of G’.

In order to interpret this result in terms of the graph G,
let us define as follows:

Definition 5—A one-connection from p to g of a flow
graph G is a subgraph of G which includes all the nodes
of G, and such that

1) no branch terminates at $ and only one branch
of the subgraph originates from p, thus:

o>
r

2) no branch originates from ¢ and only one branch
of the subgraph terminates at g, thus:

—_ 0
q

3) all other included nodes have exactly one incom-
ing and one outgoing branch.

An example of a set of one-connections is shown on Figs.
7 and 8. It is apparent from Fig. 8 that, in general, a
one-connection is a forward path together with some
directed loops.

Consider Fig. 6(b). Each one of the connections of G’

Desoer: Gain of a Flow Graph
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Fig. 8—The one-connections from 0 to 3 of the flow graph of Fig. 7.

includes the branch by because it is the only branch that
leaves the /th node. In each one of these connections let
us remove the origin of branch &; from node / and place
it at the source node 0 where it was originally in graph
G. Finally, let us change the branch gain from &; to
—by. In each case the resulting configuration is a one-
connection from 0 to I of flow graph G. Since by displac-
ing the branch b; one directed loop has been “opened,”
the number of directed loops in the one-connections of
G is one less than that of the original connections of G';
this will result in a change of sign which will cancel the
one caused by the change of sign of the branch gain by.
Consequently,

bkAkl =A = (‘—1)” Z (—I)L"C(G,O - l)a

where

C(G; 0—1), is the one-connection gain (z.e., the prod-
uct of the branch gains) of the oth one-
connection from 0 to / of the flow graph
G.

L, is the number of directed loops in the oth
one-connection.

The summation is taken over all one-connections
from 0 to ! of G.
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V1. GENERAL ForMULA

In general, there is more than one branch connecting
the source node to the rest of the graph; obviously, in
such cases the individual contributions of each such
branch must be summed and the result takes this form:

Theorem 2: In order to solve for the variable x; defined by
the set of equations
i =b  (k=1,2,+-,n) (1
j=1

1) Set up the associated flow graph G as specified in
Section I1.

2) Draw all the connections of the flow graph G,
(=graph G with source node 0 deleted) and list
their connection gains: C(Gg)1, C(Go)s, * - -

3) Draw all the one-connections from the source node
0 to the node [ of the graph G and list their one-
connection gains: C(G; 0=10);, C(G; 0—1),, - - -

4)

2 (= DEC(G; 0 = D),

X =

2 (=1 5C(G),

where

L,=number of directed loops in the oth one-
connection from 0 to / of the flow graph G.

L,=number of directed loops in the pth connec-
tion of G,.

the summations are taken over all connections
and one-connections from 0 to / of graphs
Gy and G respectively.

Example: Consider the system of equations,

X + apvs + aipxs = b
| A22X9 + @axs = 0 (6)
a3Xy + agx; = by

0.

QgoX2 = Qa3X3 + Qass

Let us solve for x;3. The graph G is shown on Fig. 7. All
the connections of G are listed in Fig. 5(b). The one-
connections from 0 to 3 of G are shown on Fig. 8 Then,
by (§), we have

b3a11G9904s — b3011040024 — br1a31a22a40 + b1a51024042

X3 =
A

where

A = 4110200353044 — 01902404303 - Q13050402094 — 11033042024

= (22044013051.

The general expression (5) calls for two important
comments.
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Comment 1—1I# general, there can be no cancellation
of terms in the algebraic sums of either the numerator
or the denominator of (5).

The reason for this is quite obvious: Since each term is
a connection gain (a one-connection gain) of a connec-
tion (one-connection) distinct from all the other connec-
tions (one-connections) there can, in general, be no can-
cellations; for it would imply the existence of special
relationships between the gains of various branches.

There is, however, one simplification that any en-
gineer worth his salt would instinctively take advantage
of. Suppose x; is to be computed and suppose there are
some node variables xy,, %, - -, x¢, that have no
effect on-x;, then these nodes may be deleted from the
graph when x, is computed.

This idea can be expressed precisely if the following
definition is introduced:

Definition 6—A4 forward path from p to q of the flow
graph G is a connected subgraph whose branches b,

by, - - -, b; can be ordered such that
1) the tip of b, is the origin of b, (=1, 2, -,
1—1)

2) each node of the forward path has only one
branch terminating to it and one branch orig-
inating from it, with the exception of p and ¢
which, respectively, have only one branch orig-
inating and terminating to them.

A forward path from p to ¢ can be obtained from each
one-connection from p to ¢ by deleting from the one-
connections all the directed loops.

The second comment takes the form

Comment 2—When solving for x;, delete from the
graph G all the nodes xi,, %k, - - -, %, which have
the property that there is no forward path that con-
nects each one of them to x;.

Example: Consider the system
anx; + ants =0
A%y -+ Qooks =
@3¥s + 333 + azxy = 0

AgXs + @y = 0,

The corresponding flow graph is shown in Fig. 9. It is
obvious in this simple example, from the graph and
from the equations, that the variables x; and x; may be
disregarded in solving for x:; also, there is no forward
path from 3 to 1 and from 4 to 1.

A straightforward analysis shows that if the nodes
Xk, * * X, are not deleted, all the connection gains and
the one-connection gains of (5) will have a common
factor which will cancel from numerator and denom-
inator. This leads to the very important conclusion that,
provided the precaution of Comment 2 is taken into ac-
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Fig. 9—Illustration of a flow graph that has no forward
path from nodes 3 and 4 to node 1.

count, Theorem 2 gives the optimum gain formula for a
flow graph.

Thus, the following important conclusion is reached:
Given the problem of solving (1) by topological meth-
ods then, provided the Comment 2 is taken into ac-
count, the expression given in Theorem 2 is the simplest
expression for the solution in terms of the b:'s and ay;’s.

VII. THE RELATIONSHIP BETWEEN SiGNAL-FLOW
Graras (MasoN) AND FLow Graprus (COATES)

The process of association of a flow graph (Coates)
to a set of equations has been described in detail in Sec-
tion I1. For reference let us note that the equations are
written

Z apjX; = bk (k = 1, 2, ctty, n) (1)
=1

where

ax; is the gain of the branch, directed from j to &,
connecting node j to node &, and
—by is the gain of the branch connecting the source
node to node k.
Mason,? on the other hand, writes his equations thus:

g =ant+ b (k=1,2,+4+,n) (7

gx; is the gain of the branch, directed from j to k,
connecting node j to node &, and
—by is the gain of the branch connecting the source
node to node k.

where

Simply by looking at the equations we can see clearly
that (1) and (7) will be identical if and only if

g =ar if k#j and gu — 1= ap.

This gives the following rules:

1) To obtain a flow graph (Coates) from a given sig-
nal-flow graph (Mason), simply subtract one from the
gain of each existing self loop and to each node of the sig-
nal-flow graph devoid of self loop, insert one with gain
—1.

2) To obtain a signal-flow graph (Mason) from a flow
graph (Coates), add unity to the gain of each existing
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self loop and to each node of the flow graph devoid of
self loop, insert a self loop of gain +1.

Physically, we can interpret both graphs in terms of
analog computer concepts:

A. Signal-Flow Graphs

Node variables x;: potential of node j with respect to
ground.
Gain g;: admittance of the branch connect-
ing j to k, thus gy;x; is a current
entering node k.
Node: electronic summing amplifier: its
output voltage is equal to the sum
of the input currents:

n

X = Z 8riX; — by 1.

7=1

Note that this summing amplifier
does not invert the sign as is usu-
ally the case with analog computer
amplifiers.

B. Flow Graphs

Node variables x;: potential of node j with respect to
ground.
Gain ai;: admittance of the branch connect-
ing j to k.

Node: operational amplifier with its feed-
back loop open; thus if the output
voltage x; isin the linear range, the
sum of the input currents is neg-
ligibly small in view of the high
gain of the amplifier; hence

E apjX; — bkl = 0.

APPENDIX

By definition, the determinant! of a matrix 4 is

det A = A= D (sgn P)aryasi, * * * s,
P

where Z/P denotes that the summation is taken only
over the n! permutations 73, 42, - - -, 7, 0f 1,2, - -+, n
and (sgn P) is +1 or —1 depending on whether the per-
mutation 1y, 4, - + *, 1, is even or odd.

The key properties that are used in the paper are the
following:

1) The interchange of any two adjacent symbols of a
permutation changes the permutation into one of the
opposite parity.

2) Exactly one element from each row and one ele-
ment from each column appears in each term of the ex-
pansion of A.

3) If any two parallel lines (rows or columns) of 4 are
interchanged, the determinant of the resulting matrix is
—det 4.



