
SolvingRandomResistorNetworks

From: AleksandarDonev
To: Phillip Duxbury, Bruce Hendrickson, Sivan Toledo, Francois Pellegrini, and whoever

else cares.
Thesearesomeof my observationsanddirectionsfor futurework relatedto solvingthe

random-resistornetworkproblemin physics, which is at thecoreof analgorithmfor doing
non-linearnetworkoptimizationincludedin a library thatI amwriting (SSCNO). I hopeto getsome
commentsandhelpfrom you, aswell ascontributeto yourownwork onpreconditioningof sparse
systems.

PhysicalProblem
I wasstudyingiterativesolutionsto linearsystemsarisingin networkoptimization:

�
ACAAT � x � b   #   

whereA is thenode-arcincidencematrix of a graphG, andCA is a diagonalmatrix containing
theconductances(inverseresistances) of thearcsin G, x is a vectorof (excess) potentialsat the
nodesandb is a vectorof (excess) flows in/out of thenodesin G. Thesystemmatrix C � ACAAT is
theconductancematrix of thenetworkandit hasthesparcitystructureof theLaplacianof G. The
numberof nodesof G is n, andthenumberof arcsis m � O � n� .

Ourgraphsarerandomlydilutedhypercubelattices(grids). Thedilution d tells howmanyarcs
wererandomlyremovedfrom a completed-dimensionalgrid whenG wascreated(a
connected-backboneextractionis performedafterwards). Sod � 0.75 meansthat75% of thearcs
werekept, and25% of thearcsrandomlychosenanddiluted. Thegraphthereforebecomessparses
andlesslike regularfinite-differencegridsasthedilution is lowered. In 2D thelowerboundto geta
connectedgraphis d � 0.5, andnearthis percolationpoint thegraphsbecomefractalwith some
fascinatingproperties.

Theconductancesin CA arerandomlychosen, in thesetestsuniformly from someinterval � 1, � � ,
where� is a measureof theill -conditioningin CA. In certainphysicalapplications, suchasstudying
binarysuperconductor-normalmetalmixtures, therangeof conductancesis verywide, somebeing
very large, othersverysmall.

Ill -conditioningof theconductancematrix C alsocomesbecausetheunweightedLaplacianof G,
L 	 AAT, hasa conditioningnumberwhich increaseswith thesizeof thegrids. Physically, we
expectthatthenumberof CG iterationsneededto convergeto a goodsolutioof will beof theorder
O 
 L � , whereL is thelengthof thephysicalsystem(son 	 Ldim, wheredim is thedimensionalityof
thespace). This is indeedobserved. Nearpercolation, however, thepathsbetweennodesarefractal
anda oneobserves“critical slowdown” in conjugate-gradientcodes.Wecanalsoexpectsignificant
differencesbetween2 and3 dimensionalgraphs, asin FEM applications. Mostof my experiments
weredonein 2D!

Picturesof two of my 2D graphsto helpyou in visualization, wheretheconductancesof thearcs
areshownastheir color, for d 	 0.505 (closeto percolation) andd 	 .75, areshownbelow. The
color of thenodesindicatestheir numberingin thenumberingof thenodesof thegrid. This
numberingis very importantfor cache-performanceof thecodes. In particular, wehavedecidednot



to useanyspecially-optimizeddatastructuresto representG, but ratherusea standardedge-based
representation: anarrayof headandtail nodesfor eacharc, of size � 2,m
 . This makesthe
matrix-vectorproductcalculationCx a verybadperformerdueto largememorytraffic, and
reorderingthenodeshelps, but not by muchonmy Pentiummachine(a factorof 2-4 or so). I got the
bestresultsfor nodeorderingsbasedonspace-filling Hilbert curves, whichcomenaturallyfor
regulargrid graphs. I tried someorderingsbasedonheaviestedgematching, which takemuchlonger
to construct, but did not doanygoodfor thesegrid graphs.







Let memaketwo moreimportantpointsaboutthekind of systemsthatwewish to study. The
structureof theLaplacian’sandgridsis relativelysimilar to finite-elementandfinite-difference
methods, sothatwecanusea lot of techniquesdevelopedin thosetwo fields. But thereis an
importantdifference: In finite elements, themeshis a fictional construct–onecanalwaysmakea
coarseror finer meshandstill geta physicalsolution. In ournetworks, thedisordered(random)
discretestructureis whatmakesthephysicsof theproblem, somakingfiner or coarsergridsis to
someextentnon-physical. Thereforecertainmultigrid or multilevel preconditioningtechniques
whichwork wondersfor elliptic PDE’sarenot reallyof muchuseto us!

Anothernoteto makeis thatI havesoftwarethatcangenerateotherkindsof lattices(for
exampleonesthatincludediagonallinks in thegrid or second-nearestneighbourlattices, etc.), but I
havenot usedtheseyet. Also, wecanaddperiodicboundaryconditionsin anygivencoordinate
direction, whichmakesthelatticea torus. This usuallyintroducesmorefill -in in directfactorizations
thenwhenusingfreeboundaryconditions, but not too much(at most25% or soin 3D).

SpecialRequirementsfor the Linear Solver

Therearetwo thingsspecificto using insidea non-linearnetworkoptimizationwhicharevery
importantin this context. Thefirst is thatweneedto solvethesystem repeatedly(say10-1000
times) with changingCA andwith increasinglyhigherprecision. In thebeginningtheprecisionis
very low, soonly a few CGiterationsareneededto achievethedesiredaccuracy, but latermuch
higherprecisionsareneeded. Also, thereareregularizationalgorithmswhichmakeCA

well-conditionedin thebeginningby addingdiagonalcorrectionsto it. In fact, mostof thealgorithms
sofar haveusedaniterativesolverto solve, simplybecauseit is rathereasyto fit CG into a
non-linearinexactNewtonalgorithmby bothgraduallyreducingthedesiredprecisionin thesolution
andby makingthesystemwell-conditionedin thebeginning. ThereforeI devotedmostattentionto
iterativesolvers.

However, I cannot overstatetheimportanceof reusingcombinatorialdata-structuresbetween
solutionsof . Not only doweneedto solvethesystemrepeatedlybecauseof thenon-lineariteration
wrappingit, but in statisticalphysicsof disorderedsystemsweneedto averageovermanyinsances
of theinitial CA andthesupply-demandvectorb. Soreusingcombinatorialdata-structuresrelatedto
thegraphG is reallyof utmostimportance, anddirectmethodsarebestwhenit comesto that.

Noteto SivanToledoconcerningTAUCS: For direct methods, thewayto reuse
previoussolutionsof thesystemfor thesamegraphG wouldbeto reusethefill -reducingorderingof
thenodesandthesymbolicCholeskyfactorizationof C. BeforeI forget, I mustsaythat althoughI
like TAUCSa lot, thefact that it doesnot supportreusingthesymbolicphaseof thefactorizationin
its top-levelinterfacebothersme. Sinceit doessupporttaucs _ccs _etree though, I amcertain
it wouldnot takea big changeto thelibrary to correctthis problem. Dr. Toledo, pleaselet meknow
if youcanchangethis in TAUCS. If not, I will haveto interfaceto anotherlibrary or try to
understandtheinternalsof TAUCSmyself.

Solving with a directsolverwith low desiredprecisionis harderthough, becausetheprecision

with whichonewantsto solvethelinearsystemis not relatedto thedroptoleranceor thedrop
fill -level in a simpleway. In fact, I wouldappreciateanydirectionsfor how to do this. But asI said,
reusingcombinatorialstructuresbetweensuccessivesolutionsis moreimprortantandwill
compensatefor this.

Therefore, thesolutiontime for highprecisionsolutionsis not theonly indicatorof howgooda
solveris for ourapplications. Thepossibilityto reusea previoussolutionis alsoimportant, aswell as



theability to quickly solvea systemwith low precision. SoI will compareanddiscussthefollowing
aspectsof a linearsolver/preconditioner:

1. Solving with highprecision
2. Solving with low precision
3. Reuseof informationcomputedwhile solvingfor previousCA

4. Memoryrequirements
5. Easeof implementationandparallelization

Preliminary Timing Results
BeforeI evenstartI mustgiveyoumy results:
In 2D direct completefactorization methodswere a clear winner! This is not in fact sucha

big suprisesincethesegraphsareplanarin 2D sonesteddissectiongivesa provablygoodordering
with logarithmicallyboundedwork andfill -in, sinceeachvertexseparatoris of lengthO � n1/2 � .
Vaydia’spreconditioneralsoperformedratherwell, andsupporttreepreconditionerswereOK in
dealingwith theill -conditioningdueto CA, but still slow.

In 3D preconditionersusingsupport-treesonspace-filling curvesworkwell. Complete
factorizationmethodsfail badlyin 3D becausetherearenogoodorderingsfor thenodes. In 3D even
diagonalpreconditioningworksfine becausethedistancebetweenthenodesis smaller(i.e. O � n1/3 � )
andsoAAT is well-conditionedevenfor largegraphs. I havelittle experienceandknowledgewith
directmethods.

Question:
For 2D planargraphs, I knowthat thereareverygoodfill -reducingorderings. For my3D

grid-graphs, I couldnot geteitherminimumdegreeor nesteddissectionto workwell, andthefill
wasverylarge. Thisis probablybecauseof thesizeof theseparator(i.e. O � n2/3 � ). In your
knowledge, whatdo finite-elementpeopledo in 3D with direct methods?

PreconditionersImplemented
Hereis a brief descriptionof thepreconditioningoptionsandalgorithmsavailablein my codesat

themoment. Theyareall support-graphpreconditionersto someextent:

MiscaleneousPreconditioners

1. DiagonalPreconditioner (diag _precond )

This is of coursethesimplestsupport-graphpreconditioner, in which thesupportgraphis a
singlevirtual nodeconnectedvia arcsto all thenodesin thenetwork:

Mdiag � � � ACAAT �   #   

2. IncompleteFactorization with TAUCS (TAUCS_LDLT_precond )

Fornow, temporarily, I alsotreatcompletefactorizationwith TAUCSasa preconditionerfor
CG(andof courseCGconvergesin 1 iteration). I will changethis verysoonandmakea direct
solvera separateoption. But TAUCSalsooffersincompletefactorizations, which I canuseasa
realpreconditionerfor CG. Thetricky thing to choosethenis thedroptoleranceandthe



fill -reducingorderingmethod. I donot usemodifiedfactorizationshere.

Spanning-Tree BasedPreconditioners

1. MST Preconditioner (MST_precond )

This is a standardpreconditionerusedin interior-point networkoptimizationcodes. It takesasa
preconditioningmatrix:

MMST � BCBBT   #   

whereB is thenode-arcincidencematrix of themaximalweightspanningtreeof G (with
conductancesusedasweights). Thesupportgraphhereis theMST.

Thecostof this preconditionercomesfrom finding theMST andthensolvingwith MMST� 1 . I have
efficient codesfor both, which I codedmyself. In fact, I haveveryefficient codesfor rebuilding
a maximalspanningtree(forest) usinga previouslycomputedalmost-maximalspanningtree
(forest). Sincetheweightson thearcsCA settledownasthenon-linearoptimizationprogresses,
finding theMST becomesa very fastandefficient step. All thespanningtreesandforestswhich
I mentionfrom nowonarecomputedusingthesereoptimizationalgorithms!

2. RootedMST Preconditioner (MST_LDLt _precond )

This wasalsointroducedby thenetworkflow community. It basicallyaddsto theMST a
rootingvirtual nodeandconnectsthis nodeto all thenodesin thenetwork. Theconductancesof
therootingarcsareequalto thesumof theconductancesof thenon-tree(non-basic) arcs
incidentona givennode. Theresultingpreconditionercanbefactoredveryefficiently in linear
time andno fill by eliminatingthenodesof thetreein treelevelorder(from leavesup to root),

MMST_LDLt � BCBBT � � � NCNNT � � FLDLt DLDLt FLDLt
T   #   

whereN representsthenon-treearcsandFDFT is a root-freeCholeskyfactorizationof
MMST_LDLt .

3. IncompleteQR MST Preconditioner (MST_QR_precond )

This is alsotakenfrom thenetworkflow community. It is basicallya no-fill incompleteQR
factorizationof C usinganorderingof thearcsbasedon thetreelevelorderingof theMST:

MMST_QR
� FQRDQRFQR

T   #   

I havenot foundthis to beusefulto me, andMST_LDLt alwaysoutperformsit. In fact, it also
outperformsMST_QR, sothatI havereallyonly paidattentionto MST_LDLt .

Support-Tree Preconditioners

1. Grebman’sSupport Tree Preconditioner (ST_precond )
This is a support-graphpreconditionerthatis of researchinterestto mostof you. In my codes,
thesupporttreeis a regulartreeof fixed-predetermineddegreek andheighth, sothatthe
numberof partitionsof G neededto constructthesupporttreeis kh.



Now, assumethatwehavemaximizedh for a givenk. This meansthatwewantto goall the
way to about1 nodeperpartition. I haveinterfacedto bothCHACOandSCOTCHin my codes,
andtheyarebothtoo slowwhenonetriesto partitionall thewayup to a singlenode, which is
not suprising, becausetheywerenot madefor this purpose.
SoI decidedto look at this from anotherperspective. Assumewenumbertheleavesof the
supporttreesfrom 1 to kh. Thenwewantto assign(map) n

kh nodesof G to eachof thesesupport
nodes. This canbeviewedasa partitioningproblem, andSCOTCH’s featuresfor mapping
graphsontobinarytreeprocessorarchitecturesarebestsuitedin termsof providinghigh-quality
support. But theseareasI saidtoo costly. Now, assumewehaveanorderingof thenodesof G
thatis basedonproximity. If wesimplychopthis permutationinto kh piecesandconsecutively
assigneachsectionto a partition(support-node), wegeta supportgraphST. Sowecantranslate
theproblemof finding a mappingof thenodesto supportnodesto a problemof finding a linear
embeddingof G into 1D spaceandthentakingthenodesin orderastheyappearin this linear
embedding. I hopethis is clear.
I havenot reallyachievedmuch–onestill needsa methodfor computinga goodorderingof the
nodes. But this makesthecodemoregeneralandeasierto interfacewith different
techniques/libraries. Forexample, onecanpartitionthegraphwith CHACOandrequesta 1D
mesharchitectureof somesize, thenorderthenodeswithin eachpartitionusinga fastermethod
(for exampletheir defaultorderingin G), andthatwayspeedupCHACO’spartitioning.
But this actuallyworkedquitewell whenI useda spacefilling curveto embedG into
one-dimensionalspace, especiallyif I useda Hilbert curveasshownin theabovedemo
illustrations. Fora regulargrid, if wesetthedegreeof thesupporttreeto k � 2dim, this produces
exactlythesupporttreesGrebmangivesin his thesisfor regulargrids—partitionthemeshinto
2dim piecesby simplycuttingthesquare(cube) into 4 (8) piecesrecursively. Forothergraphs
theremaybeotherwaysto do this linearembeddingwhichwouldwork well?
Anothervery interestingpossibilityis to usethis SFCorderingof thenodesto computea
partitioninto kh partitions, andthenimproveon this partitionusingstandardmethodssuchas
KL/FM. To my sadsuprise, only CHACOhadsomesupportto do this usinga global
partitioningmethodcalled“ linear” (whichbasesthepartitionsona mediansplit of the
numberingof thenodesin G, whichasI saidabovein my codesis basedona Hilbert SFC).

Noteto Pellegrini: Asfar asI amaware, SCOTCHis theonly serial graphpartitioning
library whichis still in development, andI stronglyencourageyouto adda graphpartitioning
methodcalledfor example“ linear” , whichwill takea permutation(ordering) of thenodesand
basethepartition ona mediansplit of this ordering. Thisis usefulfor two things:�

Usinga problem-specificfasthigh-quality initial partitioning: AlthoughSCOTCH
supportsa varietyof partitioningmethodsto makeaninitial guessfor KL/FM or multilevel
partitioning, in manyproblemsthereis a naturalphysicalpartitioningwhich is goodand
easyto compute, suchasin my casespacefilling curves. By usinga node-ordering
permutationarrayprovidedby theuser, SCOTCHcanusethis otherpartitioningwithout
knowinganythingaboutit. Is this right?�
Fastreoptimizationof previouspartitions:
Assumethatin thebeginningI startwith anordering(linearembeddingof thenodes) based
onSFC’sandusethis to createa partitioningfor thesupporttree. This is obviouslyboth
connectivityandedge-weight-blind (eventhoughit workswonders). Soit wouldbeniceto
improveon it withoutdoingtoo muchwork (asmultilevel would). With theabovescheme
this canbedone. Thenin thenextiteration, for a newmatrix CA (i.e. newedgeweights), I
canstartwith anorderingbasedon theimprovedpartitioning(assimpleasorderingthe
nodesinsideeachpartitionin thesameordertheywere, while orderingthepartitionsbased



uponthemappingproducedby SCOTCHwith a mesh1Dor leaf architecture). As the
weightsof thearcssettledown, this stepwill becomefasterandeffectivelyreuseprevious
partitioninginformation. Doesthis soundfeasibleto you?

So, I will testthreedifferentmethodof computingthepartitioningof thenodesusedin
constructingthesupporttree:�

ST_SFC: WeusethedefaultHilbert SFClinearembeddingof G to mapthenodesof G
ontoleafnodesof thesupporttreeST.�
ST_CHACO: I useCHACOwith a linearglobalmethodandthenusea local KL
improvement. I alsousea 1D meshprocessorarchitecture, which is theclosestCHACO
hasto thetreearchitectureof SCOTCH. Notethatthis methodrequirescallingCHACOa
newfor eachnewvectorof arcconductancesCA, which is excessive. CHACOalsohas
inertial partitioning, whichproducessimilar resultsto ST_SFC, soI will not discussit
futher.�
ST_SCOTCH: I useSCOTCHto mapthenodesof G ontoa leaf treebinaryprocessor
architecture, usingits state-of-the-art multilevel methods. This producesthebestpartitions
andreducesthenumberof CG iterationsthemost(I will givenumberslater), but it is rather
expensiveandslow.

Note: I couldhavealsousedCHACOor SCOTCHto computea partitioningof thegraph
withoutusingedge-weights, andthennot changedthis partitioningastheconductancesof the
arcschange(a weight-blind mapping). This shouldin princinplebebetterthenST_SFC, which
is a geometricmethodthatis bothconnectivity- andweight-blind. I wouldpreferif SCOTCH
somedayimplementsmy “ linear” methodidea, which is in my opinionthebestof all worlds.

Combined (Transition) Preconditioners

I alsoimplemented/usedtwo preconditionerswhichactasa bridgebetweentheabove
subclasses:

1. SupportedMST Preconditioners(ST_MST_precond)

Thesearcasa bridgebetweenST_precond andMST_LDLt _precond , andarenovelin the
sensethatI amto my knowledgeto first personto try themor implementthem, but theyare
really just a combinationof two successfulideas. Solet meexplainwhatI did here:

First, I useSCOTCHto partitionthegraphinto 2h pieces, usingits mappingto a binarytree
leaf architecture. This producesgoodandfastpartitionsaslongas2h is significantlylarger
thenthenumberof nodes(say25-100 nodesperpartition). I thenusethis partitioningto
constructa supporttreeSTof degree2 andheighth for thegraphG, just asfor ST_precond
(only now therearea lot morenodesperoneleaf supportnodethenbefore).
Then, I maskout (removeby a logicalmask) all arcsin G thatcrossbetweensubpartitionsand
thenfind a minimal spanningforest(MSF) of theresultingsubgraphof G. This way I build an
MST insideeachsubpartition, but with noarcscrossingbetweenpartitions. Finally, I addthe
arcsof theMSFto thesupporttreeto geta supportedmaximalspanningforestsupportgraph.
Hereis anillustrationwhichshowsthepartitionof eachnodewith its color andthearcsof the
MSFasbold lines. I wish I couldplot thesupporttreein a 3D plot, but this is hardto do (but I
hopeyoucanvisualizeit yourself):





It shouldbeclearthatapplying(using) this preconditioneris nomoredifficult or differentfrom
first usingtheMST_LDLt preconditioner, thenusingtheST preconditioner. In fact, it was
relativelyeasyto integratethis preconditionerinto my codesbecauseI alredyhadall theneeded
codeready.
Whataretheadvantagesof this approachoverplain supportof MST preconditioners? Well,
comparedto ST_precond , ST_MST_precond requirespartitioninginto largerpieces,
which is donemuchfasterin all thenon-geometricgraphpartitioninglibrariesI knowof. The
abovediscussionsaboutreusingpreviouspartitioninginformationappliesin full hereaswell.
Comparedto MST_LDLt _precond , this methodseemsto reducethenumberof CG iterations
neededmoreeffectively, simplybecausea largeglobalMST cannot effectivelysupportthe
wholegrid, while smallerspanningtreeshavemorefreedomin choosingwhicharcsto include
in theMST (sincetheglobalview of thenetworkis not neededanymore). Finally, simply the
fact thatthesepreconditionerscantransientbetweentwo radicallydifferentsupport-tree
preconditioners, bothof whichshowpromisein differentsituations, is a big bonus. Themain
defficiencyof this approachis thatit requiresthecombinedmemoryoverheadof a supporttree
preconditioner(i.e. overheadof copyingmy data-structureswheninterfacingwith SCOTCH
andthespanningtreedatastructures).

2. Vaidya’sPreconditioner from TAUCS (TAUCS_MWB_precond )
TAUCS is alsothefirst implementationof themaximalweightbasisVaidyapreconditioner, and
I havetried theseaswell. Thesepreconditionerscanbeviewedassupport-graph
preconditionerswhicharea transientbetweenMST_precond andTAUCS_LDLt _precond .
Theystartby constructinganMST of thenetwork, thenbreaking(partitioning) it into t subtrees
of aboutequalsize(in a weight-blind manner—this producesa spanningforestof thegraph),
andthenaddingthearcof largestconductancebetweeneachpair of treesto thesupportgraph.
Finally, a minimum-degreebasedfill -reducingorderingis appliedto theresultingsupportgraph
andits conductancematrix is factoredcompletelyusingTAUCS’s (almost) state-of-the-art
supernodal/multifrontalCholeskyfactorizationroutines. PleasenotethatI havenot at all used
therecursiveVaidyapreconditionerof TAUCS, sincethis is too complicatedto tuneand
understandits behaviour.

Themainadvantageof this preconditioneris thatit is a smart, weight-sensitivewayof limiting
theamountof fill -in. If t � 1, therewill beno fill sincethesupportgraphwill bea spanning
tree. Thereareothermethodsin theliteraturefor limiting fill , but maximalspanningtreeshave
alreadyshownpromisein thefield of networkoptimization, wheretheyplaya prominentplace
(sinceB is a basisfor theconstraintmatrix A). It’smaindisadvantageis theaddedoverheadof
computinga newMST anda newfill -reducingorderingeachtime a newCA is used, aswell as
thefact thatthereis little practical understandingof how t is relatedto thefill in andthe
conditioningof theresultingPCG.
I haveseveralsuggestionsto makealongthelinesof improvingVaydia’spreconditioners: 

Would it helpif wealsoadda virtual rootingnodefor thespanningforestto thesupport
graph, just like in MST_LDLt _precond , andconnectit with arcsequalin conductanceto
thesumof all arcsof G not accountedfor by Vaydia’spreconditioner. This will causeno
majordifferencefrom thepresentimplementationsinceat theendweperforma complete
factorizationanywayandsincethis wouldonly adda diagonalcorrectionto theMWB
preconditioner. Am I correctin this? This waywegeta preconditionerthatis a transient
betweenMST_LDLt andTAUCS_LDLt . 
At present, wemustdoa full fill -reducingreorderingof thenodesat eachsolutionstep.
This is wasteful, especiallyfor small t. I think BruceHendricksonandSivanToledo
alreadyknow this, but let mesayit just in case:



Assumewehaveourspanningforest, andwehavealreadyorderedthenodesaccordingto
their treelevelordering(i.e. from leafsto roots), andweareaboutto startaddingarcsthat
gobetweentreesin theforest. Mark all nodesas ! . This establishesparentrelationsfor the
nodesin theforest, andonenodein eachtreein theforestis theroot (in my codes, I
alreadyhavetheseparentrelationsbecausetheyareusedwhenupdatingandmaintingthe
MST/MSF).Whenweaddsuchanarcto thesupportgraph, markthetwo nodesthatit is
incidentuponandall of their parentsin thecorrespondingtree(i.e. up to therootof the
tree) as " . Oncewearedoneaddinginter-treearcs, whatwegetis a subgraphof G
containingthenodesmarkedastrue, " . I hopethis canbevisualizedwithouta drawing(I
canmakeoneif needed)? Let’scall this graphG# . For t $ n, G% will bemuchsparserthen
G, right? Now noticethatonly G% needsto bereorderedagain(the & nodeswill all be
orderedjust beforetheir subtreeroot, in their treelevelorder). All othernodesof G can
still beorderedbasedon thespanningforestwestartedwith. Also, thesolutionduringthe
preconditioningstepcanbecomputedon the & nodesjust asfor theMST preconditioner,
andonly onG% doweneeda completefactorization. Am I correctin this? Furtherreduction
in thesizeof G% is possibleby eliminatingall nodesin it of degree2 or less(sinceit is likely
to havelongpathsinsidethespanningtreeswherethepreviousforestorderingcanalsobe
used).
Wow! This paragraphis too convolutedandlong. Anyway, thesearejust ideas, whichare
only importantwhenoneneedsto solvethesystemrepeatedly, like wedo. Thereis
anotherpossiblytangibleadvantagein doingthis. If t ' 1, weknowthatminimum-degree
orderingis thebest, sincethesupporttreeis a spanningtree. However, for t ' n, it maybe
thatnesteddissectiondoesmuchbetter. By doingwhatI describedabove, wearefreeto
useanyorderingweknowof for thenodesof G% , andalwaysmaintingminimal-degree
orderingfor thenodesthatdid not getanyaddedarcs. In fact, maybeonecanorderthe
nodesof G% basedona filled-reducedorderingof thewholegraphG, without specifically
reorderingthemagain, thuspossiblysavinga lot of time. Whatdoyou think of this?(
Finally, I havea problemwith theway theforestis constructedin Vaydia’s
preconditioners. Thefirst problemis thefact thatwestartby computinga globalMST for
thewholegraphG. Not only is this expensive, but theglobalcharacterof theMST
constrainsthechoicesfor whicharcenterstheMST a lot (soa heavyarcmayhaveto be
thrownawaybecauseit formsa cycleeventhoughit is heavylocally, right?). Why not try
somethinglike whatI did in ST_MST_precond : Usea partitionerto partitionthegraph
into t components, andthencomputea maximalspanningforest, andfinally addinter-tree
arcsto makethefinal supportgraph. This of coursehasthedisadvantageof needinga
partitioneraswell, but I suspectit will work better. I havenot codedit yet though.
Improvementscanprobablyalsobemadeto which inter-treearcsarechosento beaddedto
thesupportgraph. At presentwechoosetheheaviestbetweeneachpair of trees. This is a
simplechoice, but I seenothingelsespecialaboutit.

Preliminary Comparisons

I will giveyousomepreliminarynumbersfrom timing testsI performed. Theseareindeedvery
crude(andrude) estimates, sincetherearemanyoptimizationsI know I cando in thecodesand



interaces, but which I havenot yetdonedueto a lack of time. I dohopethesenumberswill giveyou
somebetterideaof thepracticalissuesinvolved. All timesarein roughseconds, timedona 350
MHz PentiumII with 512 KB of cacheand512 MB of mainmemory.

Behaviour of the Condition Number
Theconditioningnumberof dependson threemajorfactors, andherearesomequick teststo tell

youhow. Thetestsareall performedin 2D with nopreconditioningusedin CG. A goodtestfor
conditioningwouldobservetheerrorhistoryof conjugategradient, but this is too time consuming, so
belowI simplyquotethetotal numberof CG iterationsneededto convergeto a large(say10 ) 6)
precisionfor theresidual. Thetotal numberof unpreconditionedCGiterationsis verysensitiveto the
desiredprecisionin this region, though:

Dependenceon ConductanceRange

In my codesI actuallychoosetheresistances(RA * CA) 1) of thearcs, herefrom a uniform
distributionin therange+ rmin,1, . Resultsfor 100 by 100 grid with dilution d * 0.75:

rmin # CGiterations

1 510

0.1 750

0.01 1750

0.001 4300

Dependenceon Dilution d

Thelower thedilution (pleaseforgivemefor reversingconceptshere, usually1 - d is whatis
calleddilution. Justrememberthata fractionof 1 - d of of thearcsin a completegrid arerandomly
removedwhenpreparingG), thelongerthepathsthroughthenetworkbecome(but thenumberof
arcandnodesis reduced), sothemoreCGiterationsareneeded. Herearesomenumbersfor a 150
by 150 latticewith rmin . 1:

d # CGiterations

1.0 325

0.85 550

0.70 800

0.55 1500

Dependenceon Lattice SizeL

Thelongerthenetwork, themorenodes, sothemorea CGiterationcosts. But theconditioning
alsogetsworsebecausepathsthroughthenetworkbecomelonger. Thenumberof CG iterationsis in
generalproportionalto thelengthof thelatticeL. Hereareresultsfor d . 1, rmin . 1:



L # CGiterations

50 140

100 220

200 360

400 560

Support-Tree Preconditioners
Now thatweknowhowtheconditioningdependson thephysicalparameters, let mesayhow

differentpreconditionerscopewith theseeffects. First I focusonsupporttreepreconditioners. Quick
testsindicatedthatin 2D thedegreeof thesupporttreeshouldbe4, which is expected(2dim in
general), andtheheightin theseexperimentsis chosensothatwehaveascloseto 1 nodeper
partitionaspossible. ForSCOTCHwith leaf (tree) architecturethedegreemustbe2.

Thefirst thing to testis theinfluenceof thepartitioner(linearembeddingreally, asI discussedat
lengthabove). Herearesomedifferentpartitionersfor a 200 by 200 grid with d / 0.75,
rmin / 0.001 (soa variationof 1000 in theconductances). I recordthetime it takesto computethe
partitioning(combinatorialreoptimization), thetime spentonapplyingthepreconditioner, thetotal
time spentin PCG, andthenumberof iterationsin PCG:

Partitioner Embedding Preconditioning Total PCG # iterations

CHACOinertial0 KL 2.6 0.33 5.0 190

CHACOlinear0 KL 4.5 0.35 5.6 160

CHACOintertial only 0.3 0.70 2.4 330

SCOTCHgfx , leaf 2.9 0.50 3.9 120

SCOTCHmultilevel 2.1 0.85 (???) 3.9 200

SFCordering(degree2) 0.0 0.90 2.0 240

SFCordering(degree4) 0.0 0.60 1.7 260

Now, I havenot tunedall theoptionsin thepartitioners. But it is clearthatpartitionerstakea
long time comparedto theactualCG iteration. SFC-basedorderingseemsthebest/ overall.
However, donoticethata goodpartitioningdoessignificantlyreducethenumberof PCGiterations
(SCOTCH’smultilevel is presentlytunedfor ST_MST_precond , thatis why it seemsnot to work
aswell above. Otherwiseit is thebestin termsof quality). Forcomparison, diagonally
preconditionedPCGtakes730 iterationsanda total of 3.5 seconds, 0.35 of whicharespent
preconditioning.

SupportedMST Preconditioner

Partitioning Method

For theseI eventuallydecidedto useSCOTCHwith multilevel mappingto a treeprocessor
achitecture, andto usea supporttreeof degree2 (this is a mustwith this optionin SCOTCH). Here
is a quick tableto showyouwhy, giving thepartiotioner, thetime to computethepartitioning, the
total time to solvethelinearsystemandthenumberof PCGiterationsfor a 200 by 200 latticewith



d 1 0.75, rmin 1 0.001, anda supporttreeof height5 (meaning25 1 32 partitions, or about100
nodesperpartition):

Partitioner Partitioningtime Total PCG # iterations

CHACO(inertial2 KL) 0.42 3.0 240

SCOTCH(multilevel) 0.40 1.9 140

Hilbert SFC 0.0 2.2 190

This showsyou thatthequalityof thepartitioningis not of utmostimportance, but it doeshelp
convergenceof course.

Sizeof Partitions

Thenextimportantthing to testis thenumberof partitions, i.e. thenumberof nodesperpartition
(or approximatelypersubtreein thespanningforest). Hereis this for thepreviouslattice. Wechange
thenumberof partitionsby changingtheheightof thesupporttreeh (as2h):

h Partitioning Preconditioner Total PCG # iterations

1 0.11 1.30 2.3 180

5 0.40 1.40 1.8 130

7 0.47 1.10 1.6 100

9 0.55 1.60 2.2 140

Althoughthis parameterseemssomewhatimportant, it doesnot seemcritical, andin fact I
observedthatabout50-150 nodesperpartitionwasoptimalin mostcases(evenin 3D), althoughI
did not experimenttoo muchwith this.

HerearesometheotherMST-basedpreconditionersfor comparison:

Preconditioner Total PCG # iterations

MST 2.5 240

MST_QR 4.2 400

MST_LDLt 1.7 160

And hereis a comparisonof threepreconditionersfor a 500 by 500 lattice(therestthesameas
above):

Preconditioner Total PCG # iterations

MST_LDLt 208 480

ST with SFCembedding 125 500

ST_MSTwith h 1 11 90 190

My conclusionwouldbethatif thepartitioneris spedupa bit by reusingpartitioninginformation
from previousiterationsthenthis is betterthansupporttreesandprobablymorerobust. Notethat
thesealsodonot requiretoo muchmemory. PlainsupporttreesrequireO 3 n logn4 storageto storethe
wholesupporttree. Herethestorageis almostlinear(but thespanningtreerequiresquitea bit). Also,
rememberthatit is easierto computethepartitioningfor largerpartitions, in particular, SCOTCH
worksjust fine in this regime! I believethis effectivelyimprovesuponthepreviouswork of
Grebman, at leastfor moreirregularandill -conditionedmatricessuchasours. Also, it is an
improvementoverthework in theinterior pointnetworkflow communitythatI havediscussedwith
BruceHendrickson. Whatdoyou think?



TAUCS Preconditioners
Herearesometiming testsfor completeCholeskyfactorizationsandVaidya’spreconditioners.

Thenumbersareverypleasingfor thesedirectmethods, at leastin 2D. LaterI will compareall of the
preconditionersagainstoneanotherandlook at 3D.

CompleteLLT Factorization

Themostimportantthinghereis of coursetheorderingmethod. Hereis a tablecomparing
methods, giving thetime to order, factorize, apply(solve), andthefill factor(numberof non-zero
elementsin thefactorL) for a 250 by 250 lattice(d 5 0.75, rmin 5 0.001 asusual). Forcomparison,
thenumberof non-zeroelementsin theoriginal conductancematrix is 1.5 6 105:

Ordering/preconditioner Ordering Factorization Solve Fill (in 105)

genmmd 2.2 2.4 0.8 5.4

md, amd, mmd too long

metis 4.6 2.42 0.9 5.7

identity 0.0 brokedown too large

ST_precond with SFC 0.0 17.0 370 iterations

ST_MST_precond , h 7 9 1.3 (init.) 4.0 (partitioning) 16.0 140 iterations

Basedonmy experimentation, genmmdis a verygoodorderingroutine. METIS is not bad
either, but SCOTCHreallyhasa lot moreoptionsandfunctionality. I havenot yetusedSCOTCHto
orderTAUCSmatricesthough, becausethis requiressomedoubleinterfacing. But becausethe
resultsabovearesoencouraging, I will devotea separateroutineto directfactorizationsanddo this,
especiallywhen/if TAUCSprovidesroutinesfor reusingthesymbolicphaseof thefactorization. For
theaboveexample, completefactorizationtakesabout2.28 2.48 0.87 5.5 seconds, ascomparedto 15
or 16 for supporttreepreconditioners. Whenonetakesinto accountthatthereorderingphasecanbe
reusedaswell aspartof thefactorization, this ratio becomesanorderof magnitudedifference
betweendirectanditerativemethods!

Hereis a tablefor a 500 by 500 lattice(about6 6 105 zerosin C):

Ordering/preconditioner Ordering Factorization Solve Fill (in 105)

genmmd, supernodal 9.6 11.5 3.0 25

metis , supernodal 21.6 11.6 3.0 26

genmmd, multifrontal 9.6 18.6 2.5 25

Again, evenfor this hugelattice, multiple minimumdegreeis better. Also noticethatsupernodal
routinesoffer little speedupovermultifrontal. I havealsoobservedthattheseoffer little speedup
overplain Choleskyfactorization. In my reading, I havereadthatif thematrix andthefactorsare
verysparse, dense-kernel-basedfactorizationsoffer little speedup. This is thecaseI think for our
latticesin 2D at least.

Incompletefactorizationsin 2D workedonmy machineup to about1000 by 1000 lattices(order
million nodes), andquitefastindeed. For thesesizes, ordinaryPCGtakesway too long (I was
impatientto wait for it), nomatterhowyouprecondition. Forsucha largelatticewith d 7 0.75,
orderingtookabout50 seconds, factorizationtook60, solution8.5, to givea total of about120
seconds. To usthis is impressivecomparedto PCGwhichphysicistsmostoftenuse. In termsof



memory, thetotal memorythatmy Fortranprogramallocatesandusesfor everythingis about150
MB, while themaximummemoryusedduringthesolutionwas400 MB or so, almosttwo thirdsof
which is thefactorization. But it is worth it whenonelooksat thespeedobtained, andmemoryis
gettingcheapereveryday.

TAUCS Point-IncompleteCholesky

Herethething to testis theinfluenceof thedropfactor. Hereis a shortdemotablefor our250 by
250 networkfrom above(thedroptoleranceis obviouslyrelatedto therangeof arcconductances):

droptol # iterations Ordering Total PCG Fill (in 105)

10 9 6 1 2.2 2.6 5.3

10 9 4 6 2.2 2.8 4.7

10 9 3 25 2.2 4.4 3.9

10 9 2 80 2.2 10.6 2.9

It doesnot seemto effectiveto me. And sincewecannot reusethesymbolicfactorizationhere, I
voteagainstincompletefactorizationsof this type. Therearebettermethodsin theliteraturethough.
I think thoughthatVaidya’spreconditionersaremorepromissingin termsof controllingfill -in, soI
proceedto givesomenumbersfor them:

TAUCS Vaidya’s Preconditioner

As I saidearlier, this preconditioneris not impementedoptimally yet in my opinion, with room
for improvement. But sometestingresultsof minewill hopefullybenefityour research. Themain
thing in thesepreconditionersis of coursethenumberof subtreest. In my codes, I specifythesubtree
ratio : ; t/n (so : ; 0.01 impliesabout100 nodespersubtree). Herearesomenumbersfor our250
by 250 lattice, with a total of about150,000 non-zerosin theconductancematrix. Someof these
timingsaredirty, i.e. theyincludein themthingsotherthanwhatis written:

: Actual t # iterations Ordering Factorization Total PCG Fill (105)

1.0 140,000 10 1.3 5.8 8.7 4.7

0.1 120,000 25 1.3 5.0 10.7 2.6

0.05 2400 34 1.3 4.8 12.0 2.1

0.01 500 67 1.2 4.5 17.5 1.6

0.0 1 630 1.1 120 1.4

MST_precond 1 660 3.7 65

Thesenumberclearlyshowthatasfar asspeedin 2D is concerned, themorememoryused–the
faster. However, Vaidya’spreconditionerswith about20-50 nodespertreehavein my experiments
shownto markedlyreducefill -in while alsosignificantlyreducingthenumberof CG iterations
needed. Soin 2D thesearequitepromissing!

In fact, in 2D thesework muchbetterthanmy otherno-fill supportgraphpreconditioners. For
example, hereis a 500 by 500 latticenearpercolation(d ; 0.501). This is verydifficult for CG
codesdueto thefractalnatureof pathsbetweennodes:



Preconditioner # iterations Preconditioning Total PCG

ST with SFC 4000 62 190

ST_MST(h < 9) 2600 140 85

TAUCS_MWB( = < 0.05) 45 50 10

Hereis thesametablenot nearpercolation(d < 0.75):

Preconditioner # iterations Preconditioning Total PCG

ST with SFC 510 42 140

ST_MST(h < 10) 320 88 170

TAUCS_MWB( = < 0.05) 47 34 67

Theseconformto generalexpectations: SupporttreesbasedonSFC’sdonot work well near
percolation, while supportedMSF’swork better. However, Vaidya’spreconditioneroutperforms(do
not forgetthatcompletefactorizationin this caseoutperformsall anyway).

PerformanceInside a Non-Linear Optimization
Solver

As I saidin thebeginning, weusethis linearsolverinsidea non-linearNewton-basednetwork
optimizationcode. Hereis whata typical outputlookslike for a costfunctionthatis of theform
f i > x? < @ ix3, wherethe @ i aresortof resistancesof thearcs(theresistanceshereactuallychangeas
theoptimizationproceeds) in theinterval A 0.1,10.0B anddistributeduniformly.

In 2D
Herearesomelogsfrom my optimizationlibrary for theabovecostfunctionfor a 250 by 250

latticewith d C 0.75.
Whenusingcompletefactorization throughout:

[ hpf @gauss 2Ddp] $ TestSSCNO. x

_______________________________________Start of TCGN statistics
Iter . # Excess LS step LS #iter CG residual CG #iter

_______________________________________________________________

1 1. 00000 2. 391 4 0. 915E- 10 1
2 1. 39781 0. 807 5 0. 182E- 10 1
3 0. 68251 0. 772 6 0. 227E- 10 1
4 0. 33752 0. 670 6 0. 177E- 10 1
5 0. 13498 0. 702 6 0. 505E- 11 1
6 0. 06248 0. 657 9 0. 357E- 11 1
7 0. 02515 0. 690 6 0. 115E- 11 1
8 0. 01154 0. 642 9 0. 104E- 11 1
9 0. 00478 0. 685 10 0. 644E- 12 1

10 0. 00237 0. 635 6 0. 689E- 12 1

_______________________________________End of TCGN statistics

Profiling timing results :
______________________________________________:
SSCNOinitialization : 0. 890000105



- - - D Preconditioner initialization : 2. 15000010
TCGN iterations :
- - - D Array updates : 0. 709990501
- - - D Conductance calculation : 2. 96000242
- - - D Line Search : 46. 1000023
- - - - - - D Cost function evaluation : 44. 4799957
- - - - - - D Root bracketing : 5. 82000589
- - - - - - D Root finding solver : 40. 1699905
- - - D Solving Newton ’ s linear system : 30. 5200043
- - - - - - D Preconditioner construction :
- - - - - - - - - D Combinatorial reoptimization : 0. 00000000EE 00
- - - - - - - - - F Creation ( factorization ) : 24. 1600018
- - - - - - F PCG iteration : 5. 36999989
- - - - - - - - - F Preconditioning : 4. 53001308
- - - - - - - - - F Dot products : 0. 109998226
- - - - - - - - - F Vector updates : 0. 269987583
- - - - - - - - - F Matrix - vector products : 0. 390001297
______________________________________________:
Total elapsed - time timings for 89963 arcs and 58641 nodes
__________________________
Creating the network problem took : 1. 63000000
Solving the network problem took : 81. 2300034
Cost function evaluations took : 47. 4399986
__________________________
Average arc conductance at solution : 0. 2796630287808338
Extreme conductances at solution : 5. 301579178946971E- 03 199. 7359795070896
At present allocated : 0 bytes , maximum allocated at one time : 13768831 bytes ,

Someof thesenumbersarenot of interestto anyof yousincetheyarerelatedto thenon-linear
networksolver. Foruswewantto focuson thesectionaboutthelinearsolverin theinneriteration:

- - - F Solving Newton ’ s linear system : 30. 5200043
- - - - - - F Preconditioner construction :
- - - - - - - - - F Combinatorial reoptimization : 0. 00000000EE 00
- - - - - - - - - F Creation ( factorization ) : 24. 1600018
- - - - - - F PCG iteration : 5. 36999989
- - - - - - - - - F Preconditioning : 4. 53001308
- - - - - - - - - F Dot products : 0. 109998226
- - - - - - - - - F Vector updates : 0. 269987583
- - - - - - - - - F Matrix - vector products : 0. 390001297

As I saidearlier, if PCGis usedhere, thenit is possibleto usea lowerprecisionin thebeginning
of theiterations. This effectivelyreducesthenumberof CG iterationsneeded. Also, asthe
optimizationproceedstowardtheoptimum, theinitial guessin PCGbecomescloserto thetrue
solution. Completefactorizationcouldnot useanyof thesefactsexplicitly.

Hereis whatwegetwhenusingsupport tree preconditioning with SFCbasedpartitioning:
- - - F Solving Newton ’ s linear system : 46. 8600044
- - - - - - F Preconditioner construction :
- - - - - - - - - F Combinatorial reoptimization : 0. 00000000EE 00
- - - - - - - - - F Creation ( factorization ) : 0. 890007734
- - - - - - F PCG iteration : 45. 8900108
- - - - - - - - - F Preconditioning : 13. 3700991
- - - - - - - - - F Dot products : 5. 80995893
- - - - - - - - - F Vector updates : 10. 4799614
- - - - - - - - - F Matrix - vector products : 13. 7399788

Sothedifferenceis not thatgreatanymore. Similar resultsareobservedfor supportedMSF
preconditioning with h G 9:

- - - F Solving Newton ’ s linear system : 86. 1699982
- - - - - - F Preconditioner construction :
- - - - - - - - - F Combinatorial reoptimization : 45. 2400436
- - - - - - - - - F Creation ( factorization ) : 0. 769967079
- - - - - - F PCG iteration : 40. 0799789
- - - - - - - - - F Preconditioning : 23. 4500427



- - - - - - - - - H Dot products : 2. 89997721
- - - - - - - - - H Vector updates : 5. 26985025
- - - - - - - - - H Matrix - vector products : 7. 08008862

And for Vaidya’spreconditioner with I J 0.05:
- - - H Solving Newton ’ s linear system : 74. 1699829

- - - - - - H Preconditioner construction :
- - - - - - - - - H Combinatorial reoptimization : 0. 00000000EK 00
- - - - - - - - - H Creation ( factorization ) : 55. 3799896
- - - - - - H PCG iteration : 17. 5900021
- - - - - - - - - H Preconditioning : 13. 4600077
- - - - - - - - - H Dot products : 0. 829998016
- - - - - - - - - H Vector updates : 1. 27001905
- - - - - - - - - H Matrix - vector products : 1. 70000124

In 3D

Thepictureis muchdifferentin 3D. Thereiterativesolversgainadvantagebecausethedistance
betweennodesis of orderO L n1/3 M insteadof O L n1/2 M asin 2D. However, directfactorizationsgaina
big disadvantage, becauseseparatorsbecomeO L n2/3 M insteadof O L n1/2 M asin 2D.

Hereis thesamecostfunctionasabovewith a 25 by 25 by 25 latticewith d J 0.80 with periodic
boundaryconditionsin they andzdirections(this givesa furtherdisadvantageto factorizations):

Completefactorization asa preconditioner:
- - - H Solving Newton ’ s linear system : 154. 230011
- - - - - - H Preconditioner construction :
- - - - - - - - - H Combinatorial reoptimization : 0. 00000000EK 00
- - - - - - - - - H Creation ( factorization ) : 149. 430023
- - - - - - H PCG iteration : 4. 60998154
- - - - - - - - - H Preconditioning : 4. 39996910
- - - - - - - - - H Dot products : 3. 99932861E- 02
- - - - - - - - - H Vector updates : 7. 00206757E- 02
- - - - - - - - - H Matrix - vector products : 7. 00092316E- 02

Suprisinglyslow! A look at thelog from TAUCSat thelastiterationshowswhy—thefill is just
very largein this case:
taucs _ccs _genmmd: calling genmmd, matrix is 15624x15624, nnz N 53034
taucs _ccs _genmmd: genmmd returned .

Symbolic Analysis of LL^T: 2. 92e O 06 nonzeros , 1. 12e O 09 flops
Symbolic Analysis N 0. 176 seconds ( 0. 180 cpu )
Supernodal Multifrontal LL^T N 21. 510 seconds ( 21. 390 cpu )

Nesteddissectiondoesnot domuchof a betterjob reorderingeither, asseenwhentrying to use
METIS for thefill -reducingordering:
taucs _ccs _metis : calling metis matrix is 15624x15624, nnz N 53099
taucs _ccs _metis : metis returned

Symbolic Analysis of LL^T: 1. 90e O 06 nonzeros , 4. 52e O 08 flops
Symbolic Analysis N 0. 147 seconds ( 0. 150 cpu )
Supernodal Multifrontal LL^T N 17. 016 seconds ( 16. 880 cpu )

Hereis Vaydia’spreconditioner with P Q 0.01 ( P Q 0.05 wastoo slow in this case):
- - - R Solving Newton ’ s linear system : 18. 3700027
- - - - - - R Preconditioner construction :
- - - - - - - - - R Combinatorial reoptimization : 0. 00000000EO 00
- - - - - - - - - R Creation ( factorization ) : 12. 8500004
- - - - - - R PCG iteration : 5. 29999828
- - - - - - - - - R Preconditioning : 4. 10999680
- - - - - - - - - R Dot products : 0. 219999790
- - - - - - - - - R Vector updates : 0. 189996719
- - - - - - - - - R Matrix - vector products : 0. 720005035

A look at thelog from TAUCSat thelastiteration:



taucs _ccs _genmmd: starting ( genmmd)
taucs _ccs _genmmd: calling genmmd, matrix is 15626x15626, nnz S 32340
taucs _ccs _genmmd: genmmd returned .

Symbolic Analysis of LL^T: 7. 02e T 04 nonzeros , 8. 54e T 05 flops
Symbolic Analysis S 0. 048 seconds ( 0. 050 cpu )
Supernodal Multifrontal LL^T S 0. 431 seconds ( 0. 430 cpu )

Soweseethatthesuccessof Vaidya’spreconditioneris tied to thesuccessof complete
factorizations—if therearegoodeliminationorderings, thenit will performwell, if not, it won’ t! So
I preferto look at this preconditionerasa way to controlthefill -in for factorizationsin 2D mostly.
Whatdoyou think?

Now thesuprise. OrdinaryPCGperformsverywell on this problem. Theonly preconditioner
whichworkswell aresupporttreesof degree8 andplain diagonalpreconditioning:

SFC-basedsupport tree preconditioner (treedegree8):
- - - U Solving Newton ’ s linear system : 4. 33000040
- - - - - - U Preconditioner construction :
- - - - - - - - - U Combinatorial reoptimization : 0. 00000000ET 00
- - - - - - - - - U Creation ( factorization ) : 0. 289999723
- - - - - - U PCG iteration : 4. 04000044
- - - - - - - - - U Preconditioning : 0. 919996500
- - - - - - - - - U Dot products : 0. 370002389
- - - - - - - - - U Vector updates : 0. 760006666
- - - - - - - - - U Matrix - vector products : 1. 72999382

SupportedMSF preconditioner with h V 7 (not goodeither?!?):
- - - U Solving Newton ’ s linear system : 15. 9999981
- - - - - - U Preconditioner construction :
- - - - - - - - - U Combinatorial reoptimization : 12. 8199921
- - - - - - - - - U Creation ( factorization ) : 0. 300005198
- - - - - - U PCG iteration : 2. 87000012
- - - - - - - - - U Preconditioning : 1. 64999652
- - - - - - - - - U Dot products : 0. 189999819
- - - - - - - - - U Vector updates : 0. 189998865
- - - - - - - - - U Matrix - vector products : 0. 750004053

In fact, simplediagonalpreconditioning doessufficientlywell in this case:
- - - U Solving Newton ’ s linear system : 4. 89999771
- - - - - - U Preconditioner construction :
- - - - - - - - - U Combinatorial reoptimization : 0. 00000000ET 00
- - - - - - - - - U Creation ( factorization ) : 9. 00001526E- 02
- - - - - - U PCG iteration : 4. 78999710
- - - - - - - - - U Preconditioning : 0. 529995203
- - - - - - - - - U Dot products : 0. 490005016
- - - - - - - - - U Vector updates : 1. 02999663
- - - - - - - - - U Matrix - vector products : 2. 43999815

I getsimilar resultsfor largersystemsaswell. I will swampyoua little bit with too muchdata
here, but herearelogsfrom diagonalandST preconditioningfor a 50 by 50 by 50 equivalentof the
previouslattice:

Diagonal:
- - - U Solving Newton ’ s linear system : 54. 4099998
- - - - - - U Preconditioner construction :
- - - - - - - - - U Combinatorial reoptimization : 0. 00000000ET 00
- - - - - - - - - U Creation ( factorization ) : 0. 669992924
- - - - - - U PCG iteration : 53. 6000214
- - - - - - - - - U Preconditioning : 5. 61999464
- - - - - - - - - U Dot products : 7. 43007994
- - - - - - - - - U Vector updates : 13. 7700024
- - - - - - - - - U Matrix - vector products : 23. 9698772

Degree-8 SFCsupport tree:
- - - U Solving Newton ’ s linear system : 43. 8099976
- - - - - - U Preconditioner construction :
- - - - - - - - - U Combinatorial reoptimization : 0. 00000000ET 00



- - - - - - - - - W Creation ( factorization ) : 2. 44000292
- - - - - - W PCG iteration : 41. 2599983
- - - - - - - - - W Preconditioning : 13. 2199602
- - - - - - - - - W Dot products : 4. 31003094
- - - - - - - - - W Vector updates : 7. 81012678
- - - - - - - - - W Matrix - vector products : 14. 0800467

Onemight saythatdiagonalpreconditioningis enough. But this is not really thecaseif CA is
significantlymoreill -conditionedat thesolutionpoint. Forexample, herearethesametwo logsfrom
above, but nowwith initial rangefor the“resistances” X i Y 0.01,100.0 Z (beforeit was Y 0.1,10.0 Z ):

Diagonal:
- - - W Solving Newton ’ s linear system : 118. 730057
- - - - - - W Preconditioner construction :
- - - - - - - - - W Combinatorial reoptimization : 0. 00000000E[ 00
- - - - - - - - - W Creation ( factorization ) : 1. 06001854
- - - - - - W PCG iteration : 117. 420013
- - - - - - - - - W Preconditioning : 11. 4601526
- - - - - - - - - W Dot products : 15. 2589092
- - - - - - - - - W Vector updates : 26. 7803822
- - - - - - - - - W Matrix - vector products : 57. 5801201

And for support-trees:
- - - W Solving Newton ’ s linear system : 91. 5899506
- - - - - - W Preconditioner construction :
- - - - - - - - - W Combinatorial reoptimization : 0. 00000000E[ 00
- - - - - - - - - W Creation ( factorization ) : 3. 09995985
- - - - - - W PCG iteration : 88. 3000336
- - - - - - - - - W Preconditioning : 19. 9103394
- - - - - - - - - W Dot products : 9. 64003468
- - - - - - - - - W Vector updates : 17. 5898857
- - - - - - - - - W Matrix - vector products : 37. 0296402

Sosupporttreesareat leastmorestablein this respect, andI recommendthemfor 3D problems.
Whatdoyoumakeof all theabovedataI havebotheredyouwith?

Summary and Future Directions
This is anexitingandnovelfield. I wish I hadmoretime to work on it. But I mustcontinuewith

codingmy library now. I hopeto domorework onpreconditioningandlinearsolversin generalin
thefuturethough, andpleasekeepmeapraisedonanyprogressyou learnof or doyourselves. Here
aresomeof my conclusions:

It seemsthatthreekindsof codesarenecessaryin anyreally state-of-the-art network
optimizationsoftware:\

Graph Partitioners: As far asserialcodesgo, I votefor SCOTCH. I hopethis library is further
updated, developed, advertisedanddistributed, andin particularI hopethatthelinear
partitioningmethodis addedto it. It’sability to mapto a treeprocessorarchitectureis also
usefulin thecontextof supporttrees. It’s interfaceis veryniceandefficient, andasanadded
bonusthenewversionhasstate-of-the-art fill -reducingorderingroutinesthatuseeithernested
dissectionor minimumdegreealgorithms, andsomenovelhybridschemes. Combinedwith
ParMETIS, this systemcandowondersona distributed-memoryparallelmachine.\
Maximal SpanningForestscodes: I havestate-of-the-art codesfor this thatcanreoptimize
previouslycomputedspanningtreesanddootherusefulthings. i donot planto releasethem
separatelyasa library, but anyoneis welcometo takea look at them. MST’sareimportantto
sparsenetworkoptimizationmostlybecasetheyarea robustway to involve thearcweightsin
decidingwhicharcsto dropfrom anincompletefactorization, asin Vaydia’spreconditioner.
Theyarealsoverywell studied.
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SparseCholeskyFactorization codes: I know little aboutthis, but TAUCS is a nicelibrary and
it implementsthetwo majorcontestants, supernodalandmultifrontal techiques. It is of course
not at thestagethatotherlibrariesareyet. Thewonderfulthing is thattherearemany
public-domaincodesin this field, thanksto finite-elementapplications. Adding functionalityfor
reusingthesymbolicfactorizationphasein TAUCS is very important!

Finally, let mesummarizeandcomparethethreemajorpreconditionercontestantsanddirect
factorizationalongthepointsI saidI would focuson:

1. Solving with high precision:

In 2D, directsolversarea clearwinner. Vaydia’spreconditionerswork OK, but for usdirect
factorizationis betterbecauseonecanveryeffectivelyreuseinformationfrom a previously
computedsolution. I madesuggestionsonhowto improveVaydia’spreconditioners. Support
treesareeffectivein controllingtheill -conditioningdueto ill -conditioningin CA, but arestill
slow. Themainreasonfor this is thatthenumberof iterationsneededin unpreconditionedCGis
of theorderO ^ n1/2 _ , sofor thelargestnetworkswecando (which is whatinterestsusmost), too
manyCGiterationsareneeded, regardlessof theno-fill preconditionerused.
In 3D, nopreconditionerseemsto justify its costfully . Supporttreesbasedonspace-filling
curvesareat leasteasyto constructandreuse, andareeffectivein controllingthe
ill -conditioningdueto ill -conditioningin CA, soI at leastrecommendusingthem. I amnot sure
whatelseto say?

2. Solving with low precision

PCGis idealfor this becauseit directly computestheresidual. But it is just too slow in 2D, and
offerslittle chancesof reusingprevioussolutions. I canoffer nogoodwaysof controllingthe
ammountof work neededin constructinganyof thesuccessfulpreconditionersbasedon the
desiredprecision. Weexpectfor examplethata small t shouldbeusedfor lowerprecisions, and
largerfor largerprecisionsin Vaidya’spreconditioners. But howexactly? I canonly saythatfor
ourspecificneedsthereuseof combinatorialinformationis moreimportantandthusI will
throw this into thewaterandonly savetime by reducingthenumberof PCGiterationsneeded,
not somuchthecostof constructingthepreconditioner.

3. Reuseof informationcomputedwhile solvingfor previousCA.
Direct methodsareclearlybestin this. But in 3D theyseeminfeasibledueto largefill in? There
arethreemainformsof reusingpreviousinformationfor theotherpreconditioners]

Reusingpreviouspartitioning information, probablyby performingincrementalKL/FM
reoptimization. I havefoundKL/FM to besomewhatunstablein bothCHACOand
SCOTCH—it hangseverynowandthen. Someof thetricks youusethere, suchasusing
arcweightsasindicesandlogarithmicindexingin SCOTCH, aresomewhatdangerousand
easyto not takeinto accountproperly. My suggestionis thelinearglobalmethodidea.
ST_precond , ST_MST_precond andTAUCS_MWB_precond canall benefitfrom
this.]
ReusingthepreviousMSF—I havecodesto do this basedonalgorithmsdevelopedfor the
networksimplexmethod. I havefoundthemjust asfastor fasterthencodesthatstartfrom
scratchevenwhenonereoptimizesa completelyrandomspanningforest.]
Reusingfill -reducingorderingsinformationwith Vaydia’spreconditioners. I gavesome
suggestionsaboveonhowto do this, but I amreallynot certainof it.

4. Memory requirements
Direct methodsareby commonwisdomtheworsthere. But my observationsarethatin 2D they



requireaboutthesamestorageasusinga preconditionerwhich requiresadditionaldata
structures, suchasST_precond or MST_ST_precond . In 3D thefill wasnot acceptable. I
like theidea’sbehindVaidya’spreconditionersa lot–theycombinegraphpartitioning, MSF’s,
orderingandfactorizationsall in one, andprovidea descentguardagainstexcessivefill . But
theydid not seemto yetbeworthwhilein 3D, especiallyconsideringhowmuchwork is
involvedin implementingthem. But thereis plentyof roomfor improvementhere!

5. Easeof implementation and parallelization.

Iterativemethodsareof coursea winnerhere. All supportgraphpreconditionersareto some
extentparalleliziable, sinceonecanalwaysexcludeinter-processorarcsfrom thesupportgraph,
or usea supporttreewhich is truncatedaftereachprocessorholdsaboutonesupportnodeor so.
Thereis a lot of work doneby youandothersin this field. Unfortunately, I will not havetime to
parallelizethecodesfor now. Oneof themainobstaclesfor meis thelack of a good
programmingparadigm–OpenMPis too restricted, andI truly dislike MPI, andmy personal
love, HPF, is in dyingstages... But thereis definitelypromisein this respectin all of the
preconditionersdiscussed. It seemsthoughthatfor distributedmachinesoneshouldalwayskeep
aniterativesolverasthefinal wrapperaroundanythingthatonedoesseriallyoneachprocessor.
BruceHendricksonwouldbea personto decidethis.

In fact, theoverallconclusionis thesameasmanyothersbeforemehavecometo: Thebest
solutiontechniqueandpreconditionerdependson theexactspecificsof theproblemat hand. But a
combinationof powerfulgeneral-purposetoolsfrom graphalgorithmsdoesseema promising
directionto look into.

Thankyouall for yourhelpsofar. I hopewecanfurtherimproveanddevelopuponwhathas
beendonesofar.


