Solving Random Resistor Networks

From: AleksandamDonev

To: Phillip Duxbury, Bruce Hendrickson, Sivan Toledo, Francois Pellegrini, and whoever
else cares.

Thesearesomeof my observationgnddirectionsfor futurework relatedto solvingthe
randomresistometworkproblemin physics whichis atthe coreof analgorithmfor doing
nortlinear networkoptimizationincludedin alibrary thatl amwriting (SSCNQ. | hopeto getsome
commentandhelpfrom you, aswell ascontributeto your own work on preconditioningof sparse
systems

PhysicalProblem

| wasstudyingiterativesolutionsto linear systemsarisingin networkoptimization
(ACAATX = b

whereA is thenodearcincidencematrix of agraphG, andC, is adiagonalmatrix containing
theconductance@nverseresistancegsof thearcsin G, x is avectorof (exces¥ potentialsatthe
nodesandb is avectorof (exces}flows in/out of thenodesin G. The systemmatrix C = ACAAT is
the conductancenatrix of the networkandit hasthe sparcitystructureof the Laplacianof G. The
numberof nodesof G is n, andthe numberof arcsis m = O(n).

Our graphsarerandomlydiluted hypercubdattices(grids). Thedilution d tells how manyarcs
wererandomlyremovedrom a completed-dimensionagrid whenG wascreateda
connecteebackboneextractionis performedafterward3. Sod = 0.75 meanghat75% of thearcs
werekept and25% of thearcsrandomlychoseranddiluted The graphthereforebecomesparses
andlesslike regularfinite-differencegridsasthedilution is lowered In 2D the lower boundto geta
connectedyraphis d = 0.5, andnearthis percolationpoint the graphsbecomedtractalwith some
fascinatingoroperties

Theconductances Ca arerandomlychosenin thesetestsuniformly from someinterval[1,«],
wherex is a measuref theill -conditioningin Ca. In certainphysicalapplicationssuchasstudying
binary superconductenormalmetalmixtures therangeof conductancess very wide, somebeing
very large othersvery small

[l -conditioningof the conductancenatrix C alsocomesbecauséhe unweighted_aplacianof G,
L = AAT, hasa conditioningnumberwhich increasesvith the sizeof thegrids Physically we
expectthatthe numberof CG iterationsneededo convergeo agoodsolutioof will beof theorder
O(L), whereL is thelengthof the physicalsystem(son = L9™, wheredim is the dimensionalityof
thespace. Thisis indeedobservedNearpercolation however the pathsbhetweemodesarefractal
andaoneobservescritical slowdowri in conjugategradientcodesWe canalsoexpectsignificant
differencedetweer? and3 dimensionagraphsasin FEM applicationsMost of my experiments
weredonein 2D!

Picturesof two of my 2D graphsto helpyouin visualization wherethe conductancesf thearcs
areshownastheir color, for d = 0.505 (closeto percolation andd =. 75, areshownbelow. The
color of thenodesindicatestheir numberingn the numberingof the nodesof thegrid. This
numberings very importantfor cacheperformancef the codes In particular we havedecidednot



to useanyspeciallyoptimizeddatastructurego represenG, but ratherusea standarcedgebased
representatiaranarrayof headandtail nodesfor eacharg of size[2,m|. This makesthe
matrix-vectorproductcalculationCx a very badperformerdueto largememorytraffic, and
reorderingthe nodeshelps but not by muchon my Pentiummachine(a factorof 2-4 or sg). | gotthe
bestresultsfor nodeorderingshasedn spacefilling Hilbert curves which comenaturallyfor
regulargrid graphs| tried someorderingsbasedn heaviesedgematching which takemuchlonger
to constructbutdid notdo anygoodfor thesegrid graphs



2D randomly diluted grid resistor network
Dilution: Are=0.75%, Neode=1.00, Ordering: Hilbert SFC
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2D rendomly diluted grid resistor network
Dilution: Are=0.51, Node=1.00, Ordering: Hilbert SFC
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Let me maketwo moreimportantpointsaboutthe kind of systemghatwe wishto study. The
structureof the Laplacians andgridsis relatively similar to finite-elementandfinite-difference
methodssothatwe canusea lot of techniqueglevelopedn thosetwo fields. But thereis an
importantdifference In finite elementsthe meshis afictional constructonecanalwaysmakea
coarseror finer meshandstill geta physicalsolution In our networks the disordered(randon)
discretestructureis whatmakeghe physicsof the problem somakingfiner or coarsegridsis to
someextentnon-physical Thereforecertainmultigrid or multilevel preconditioningechniques
whichwork wonderdfor elliptic PDE s arenotreally of muchuseto ud

Anothernoteto makeis thatl havesoftwarethatcangeneratetherkindsof lattices(for
exampleonesthatincludediagonallinks in the grid or seconenearesneighbourattices etc), but|
havenot usedtheseyet Also, we canaddperiodicboundaryconditionsin anygivencoordinate
direction which makeshelatticeatorus This usuallyintroducesmorefill -in in directfactorizations
thenwhenusingfree boundaryconditions but nottoo much(at most25% or soin 3D).

SpecialRequirementsfor the Linear Solver

Therearetwo thingsspecificto using insidea nontlinear networkoptimizationwhich arevery
importantin this context Thefirst is thatwe needto solvethe system repeatedly(say10-1000
timeg with changingCa andwith increasinglyhigherprecision In the beginningthe precisionis
verylow, soonly afew CG iterationsareneededo achievethedesiredaccuracybutlatermuch
higherprecisionsaareneededAlso, thereareregularizatioralgorithmswhich makeCa
well-conditionedn the beginningby addingdiagonalcorrectiongo it. In fact, mostof thealgorithms
sofar haveusedaniterativesolverto solve, simply becauset is rathereasyto fit CGinto a
nortlinearinexactNewtonalgorithmby bothgraduallyreducingthe desiredprecisionin the solution
andby makingthe systemwell-conditionedn the beginning Thereforel devotedmostattentionto
iterativesolvers

However | cannot overstateheimportanceof reusingcombinatoriadatastructuresdetween
solutionsof . Not only do we needto solvethe systenrepeatedljpecaus@f the nontlineariteration
wrappingit, butin statisticalphysicsof disorderedsystemsve needto averageover manyinsances
of theinitial Ca andthe supplydemandvectorb. Soreusingcombinatoriadatastructureselatedto
thegraphG is really of utmostimportanceanddirectmethodsarebestwhenit comesto that

Noteto SivanToledoconcerningTAUCS: For directmethodsthewayto reuse
previoussolutionsof the systenfor the samegraph G wouldbeto reusethefill -reducingordering of
thenodesandthe symbolicCholeskyfactorizationof C. Beforel forget | mustsaythatalthoughl
like TAUCSa lot, thefactthat it doesnot supportreusingthe symbolicphaseof the factorizationin
its top-levelinterfacebothersme Sinceit doessupporttaucs _ccs _etree though | amcertain
it would nottakea big changeto thelibrary to correctthis problem Dr. Toledq pleasdet meknow
if youcanchangethisin TAUCS If not, | will haveto interfaceto anotherlibrary or try to
understandheinternalsof TAUCSmyself

Solving with adirectsolverwith low desiredprecisionis harderthough becauséhe precision

with which onewantsto solvethelinearsystemis not relatedto thedroptoleranceor thedrop
fill -levelin asimpleway. In fact, | would appreciatenydirectionsfor howto do this. But asl said
reusingcombinatoriaktructuresetweersuccessiveolutionsis moreimprortantandwill
compensatéor this.

Therefore the solutiontime for high precisionsolutionsis notthe only indicatorof how gooda
solveris for our applications The possibilityto reusea previoussolutionis alsoimportant aswell as



theability to quickly solvea systemwith low precision Sol will compareanddiscusghefollowing
aspect®f alinearsolverpreconditioner

Solving with high precision

Solving with low precision

Reuseof informationcomputedwhile solvingfor previousCa

Memoryrequirements

Easeof implementatiorandparallelization

grwONE

Preliminary Timing Results

Beforel evenstartl mustgive youmy results

In 2D direct completefactorization methodswere a clear winner! Thisis notin factsucha
big suprisesincethesegraphsareplanarin 2D sonestedlissectiorgivesa provablygoodordering
with logarithmicallyboundedwvork andfill -in, sinceeachvertexseparatois of lengthO(n?).
Vaydid s preconditionerlsoperformedatherwell, andsupportireepreconditionersvereOK in
dealingwith theill -conditioningdueto Ca, but still slow.

In 3D preconditionersusingsupporttreeson spacefilling curveswork well. Complete
factorizationmethoddail badlyin 3D becausehereareno goodorderingsfor thenodesIn 3D even
diagonalpreconditioningvorksfine becauséhe distancebetweerthe nodesis smaller(i.e. O(n?))
andsoAAT is well-conditionedevenfor largegraphs| havelittle experiencendknowledgewith
directmethods

Question

For 2D planargraphs | knowthatthereare verygoodfill -reducingorderings For my3D
grid-graphs | couldnot geteitherminimumdegreeor nesteddissectiorto work well, andthefill
wasverylarge. Thisis probablybecausef the sizeof the separator(i.e. O(n??)). In your
knowledgewhatdo finite-elemenipeopledoin 3D with direct method8

Preconditionersimplemented

Hereis abrief descriptionof the preconditioningoptionsandalgorithmsavailablein my codesat
themoment Theyareall supportgraphpreconditioner$o someextent

MiscaleneousPreconditioners

1. Diagonal Preconditioner (diag _precond )

This is of coursethe simplestsupportgraphpreconditionerin which the supportgraphis a
singlevirtual nodeconnectedsia arcsto all thenodesn the network
Mdiag = D(ACAAT)
2. Incomplete Factorization with TAUCS (TAUCS LDLT_precond )

Fornow, temporarily | alsotreatcompletefactorizationwith TAUCS asa preconditionefor
CG (andof courseCG convergesn 1 iteration. | will changehis very soonandmakea direct
solvera separat@ption But TAUCS alsooffersincompletefactorizationswhich | canuseasa
realpreconditionefor CG. Thetricky thingto choosethenis thedroptoleranceandthe



fill -reducingorderingmethod | do notusemodifiedfactorizationshere

Spanning Tree BasedPreconditioners
1. MST Preconditioner (MST precond )

Thisis a standardgreconditioneusedin interior-point networkoptimizationcodes It takesasa
preconditioningmatrix

Myst= BCgBT

whereB is thenodearcincidencematrix of the maximalweightspanningreeof G (with
conductanceasedasweightg. The supportgraphhereis the MST.

Thecostof this preconditioneccomesfrom finding the MST andthensolvingwith Myt | have
efficient codesfor both, which| codedmyself In fact, | havevery efficient codesfor rebuilding
amaximalspanningree(fores) usinga previouslycomputedalmostmaximalspanningree
(fores). SincetheweightsonthearcsCa settledownasthe nonlinearoptimizationprogresses
finding the MST becomes very fastandefficient step All the spanningreesandforestswhich
I mentionfrom now on arecomputedusingthesereoptimizationalgorithmsg

2. RootedMST Preconditioner (MST LDLt _precond )

This wasalsointroducedby the networkflow community It basicallyaddsto the MST a
rootingvirtual nodeandconnectshis nodeto all thenodesin the network The conductancesf
therootingarcsareequalto the sumof the conductancesf the nontree(nonbasiqg arcs
incidenton a givennode Theresultingpreconditionecanbe factoredvery efficiently in linear
time andnofill by eliminatingthe nodesof thetreein treelevel order(from leavesup to root),

Mwmst Lot = BCsBT + DINCNNT) = Fipit Dipie Flpie

whereN representshe nontreearcsandFDFT is a root-free Choleskyfactorizationof

MmsT LDLt -
3. Incomplete QR MST Preconditioner (MST_ QR precond )

Thisis alsotakenfrom the networkflow community It is basicallya no-fill incompleteQR
factorizationof C usinganorderingof thearcsbasedn thetreelevel orderingof the MST:

Mumst or = ForDorFbr

I havenot foundthisto beusefulto me, andMST LDLt alwaysoutperformst. In fact, it also
outperformaMST QR sothatl havereally only paidattentionto MST LDLt .

Support-Tree Preconditioners

1. Grebman’s Support Tree Preconditioner (ST_precond )
Thisis a supportgraphpreconditionethatis of researchnterestto mostof you. In my codes
thesupporttreeis aregulartreeof fixed-predeterminediegreek andheighth, sothatthe
numberof partitionsof G neededo constructhe supporttreeis k".



Now, assumehatwe havemaximizedh for a givenk. This meanghatwe wantto go all the
way to aboutl nodeperpartition | haveinterfacedto both CHACO andSCOTCHin my codes
andtheyarebothtoo slowwhenonetriesto partitionall theway upto a singlenode whichis
not suprising becauseheywerenot madefor this purpose

Sol decidedo look atthis from anothermperspectiveAssumewe numberthe leavesof the
supporttreesfrom 1 to k. Thenwe wantto assign(map k—”h nodesof G to eachof thesesupport

nodes This canbeviewedasa partitioningproblem andSCOTCHs featuredor mapping
graphsontobinarytreeprocessoarchitecturesrebestsuitedin termsof providing high-quality
support But theseareas| saidtoo costly. Now, assumave haveanorderingof thenodesof G
thatis basedn proximity. If we simply chopthis permutatiorinto k" piecesandconsecutively
assigneachsectionto a partition (supportnode, we geta supportgraphST. Sowe cantranslate
the problemof finding a mappingof the nodesto supportnodesto a problemof finding alinear
embeddingf G into 1D spaceandthentakingthe nodesin orderastheyappeaiin thislinear
embeddingl hopethisis clear.

I havenotreally achievednuch-onestill needsa methodfor computinga goodorderingof the
nodes But this makesthe codemoregeneralandeasierto interfacewith different
techniqueAibraries For example onecanpartitionthe graphwith CHACO andrequesi 1D
mesharchitectureof somesize thenorderthe nodeswithin eachpartitionusinga fastermethod
(for exampletheir defaultorderingin G), andthatway speedup CHACO' s partitioning

But this actuallyworkedquitewell whenl useda spacdfilling curveto embedG into
onedimensionakpaceespeciallyif | usedaHilbert curveasshownin theabovedemo
illustrations Foraregulargrid, if we setthedegreeof the supporttreeto k = 29™, this produces
exactlythe supporttreesGrebmargivesin his thesisfor regulargrids—partitionthe meshinto
29m piecesby simply cuttingthe squareg(cubg into 4 (8) piecesrecursively For othergraphs
theremay be otherwaysto do this linearembeddingvhich would work well?
Anotherveryinterestingpossibilityis to usethis SFCorderingof thenodesto computea
partitioninto k" partitions andthenimproveon this partition usingstandardnethodssuchas
KL/FM. To my sadsuprisg only CHACO hadsomesupportto do this usinga global
partitioningmethodcalled”linear’ (which baseghe partitionson a mediansplit of the
numberingof thenodesin G, which asl saidabovein my codess basedn a Hilbert SFQ.

Noteto Pellegrini Asfar asl amaware SCOTCHs the only serial graphpartitioning
library whichis still in developmentand| stronglyencourageyouto adda graph partitioning
methodcalledfor examplé‘ linear” , whichwill takea permutation(ordering) of thenodesand
basethe partition on a mediansplit of this ordering Thisis usefulfor two things
® Usinga problemspecificfasthigh-quality initial partitioning: AlthoughSCOTCH
supportsavariety of partitioningmethodg¢o makeaninitial guesdor KL/FM or multilevel
partitioning in manyproblemsthereis a naturalphysicalpartitioningwhich is goodand
easyto compute suchasin my casespacdilling curves By usinganodeordering
permutatiorarrayprovidedby theuser SCOTCHcanusethis otherpartitioningwithout
knowinganythingabouitit. Is this right?
@® Fastreoptimizationof previouspartitions
Assumethatin thebeginningl startwith anordering(linearembeddingf thenode$ based
on SFCsandusethis to createa partitioningfor the supporttree Thisis obviouslyboth
connectivityandedgeweightblind (eventhoughit workswonder3. Soit would be niceto
improveon it without doingtoo muchwork (asmultilevel would). With theabovescheme
thiscanbedone Thenin the nextiteration for anewmatrix Ca (i.e. newedgeweightg, |
canstartwith anorderingbasedn theimprovedpartitioning(assimpleasorderingthe
nodesinsideeachpartitionin the sameordertheywere while orderingthe partitionsbased



uponthe mappingproducedoy SCOTCHwith amesh1Dor leaf architecturg Asthe
weightsof thearcssettledown this stepwill becomédasterandeffectivelyreuseprevious
partitioninginformation Doesthis soundfeasibleto you?
Sa | will testthreedifferentmethodof computingthe partitioningof the nodesusedin
constructinghe supporttree

@® ST_SFC WeusethedefaultHilbert SFClinearembeddingf G to mapthenodesof G
ontoleaf nodesof thesupporttreeST.

@® ST _CHACOI useCHACO with alinearglobalmethodandthenusealocal KL
improvement! alsousea 1D meshprocessoarchitecturewhichis the closestCHACO
hasto thetreearchitectureof SCOTCH Notethatthis methodrequirescalling CHACO a
newfor eachnewvectorof arcconductance€a, whichis excessiveCHACO alsohas
inertial partitioning which producessimilar resultsto ST_SFC sol will notdiscusst
futher.

® ST _SCOTCHI useSCOTCHto mapthenodesof G ontoaleaftreebinaryprocessor
architectureusingits stateof-the-art multilevel methods This produceghe bestpartitions
andreduceghenumberof CG iterationsthemost(l will give numberdater), butit is rather
expensiveandslow.

Note | couldhavealsousedCHACO or SCOTCHto computea partitioningof thegraph
without usingedgeweights andthennot changedhis partitioningasthe conductancesf the
arcschangg(aweightblind mapping. This shouldin princinplebebetterthenST_SFC which
is ageometriomethodthatis both connectivity andweightblind. | would preferif SCOTCH
somedayimplementamy “linear” methodideg whichis in my opinionthe bestof all worlds

Combined (Transition) Preconditioners

| alsoimplementedusedtwo preconditionersvhich actasa bridgebetweerthe above
subclasses
1. Supported MST Preconditioners(ST_MST_precond

ThesearcasabridgebetweenST_precond andMST LDLt _precond , andarenovelin the
sensdhatl amto my knowledgeto first personto try themor implementthem buttheyare
really justa combinationof two successfuideas Solet meexplainwhatl did here

First, | useSCOTCHIto partitionthegraphinto 2" pieces usingits mappingto abinarytree
leaf architectureThis producegjoodandfastpartitionsaslongas2" is significantlylarger
thenthe numberof nodeg(say25-100 nodesper partition). | thenusethis partitioningto
constructasupporttreeSTof degree2 andheighth for thegraphG, justasfor ST _precond
(only nowtherearealot morenodesperoneleaf supportnodethenbeforg.

Then | maskout (removeby alogical mask all arcsin G thatcrossbetweersubpartitionsand
thenfind a minimal spanningorest(MSF) of theresultingsubgraptof G. Thisway | build an
MST insideeachsubpartition but with no arcscrossingoetweerpartitions Finally, | addthe
arcsof the MSFto the supporttreeto geta supportednaximalspanningforestsupportgraph
Hereis anillustrationwhich showsthe partition of eachnodewith its color andthe arcsof the
MSF asboldlines | wish| couldplot the supporttreein a 3D plot, butthisis hardto do (but|
hopeyou canvisualizeit yoursel):
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It shouldbe clearthatapplying(using this preconditioners no moredifficult or differentfrom
first usingthe MST LDLt preconditionerthenusingthe ST preconditionerin fact, it was
relatively easyto integratethis preconditioneinto my codesbecausé alredyhadall theneeded
codeready

Whatarethe advantagesf this approactoverplain supportof MST preconditionera Well,
comparedo ST_precond , ST_MST precond requirespartitioninginto largerpieces
whichis donemuchfasterin all the non-geometricgraphpartitioninglibraries! know of. The
abovediscussiongboutreusingpreviouspartitioninginformationappliesin full hereaswell.
Comparedo MST LDLt _precond , this methodseemdo reducethe numberof CG iterations
needednoreeffectively, simply because largeglobalMST cannot effectively supportthe
wholegrid, while smallerspanningreeshavemorefreedomin choosingwhich arcsto include
in the MST (sincethe globalview of the networkis not neededanymore). Finally, simply the
factthatthesepreconditionergantransientetweerntwo radically differentsupporttree
preconditionersboth of which showpromisein differentsituationsis a big bonus Themain
defficiencyof this approachs thatit requiresthe combinedmemoryoverheadf a supporttree
preconditione(i.e. overheadf copyingmy datastructuresvheninterfacingwith SCOTCH
andthe spanningreedatastructures.

. Vaidya’'s Preconditioner from TAUCS (TAUCS MWBprecond )

TAUCS is alsothefirst implementatiorof the maximalweightbasisVaidyapreconditionerand
| havetried theseaswell. Thesepreconditionerganbeviewedassupportgraph
preconditionersvhich areatransientbetweerMST precond andTAUCS LDLt _precond .
Theystartby constructingan MST of the network thenbreaking(partitioning it into t subtrees
of aboutequalsize(in aweightblind mannefr—this producesa spanningorestof thegrapl),
andthenaddingthearcof largestconductancéetweereachpair of treesto the supportgraph
Finally, aminimum-degreebasedill -reducingorderingis appliedto theresultingsupportgraph
andits conductancenatrix is factoredcompletelyusingTAUCS s (almos) stateof-the-art
supernoddimultifrontal Choleskyfactorizationroutines Pleasenotethat| havenotatall used
therecursiveVaidyapreconditionef TAUCS, sincethisis too complicatedo tuneand
understandks behaviour

The mainadvantagef this preconditioneis thatit is a smart weightsensitiveway of limiting
theamountof fill -in. If t = 1, therewill benofill sincethe supportgraphwill beaspanning
tree Thereareothermethodsn theliteraturefor limiting fill , but maximalspanningreeshave
alreadyshownpromisein thefield of networkoptimization wheretheyplay a prominentplace
(sinceB is abasisfor the constraintmatrix A). It’s maindisadvantagés the addedoverheadf
computinganewMST anda newfill -reducingorderingeachtime anewCa is used aswell as
thefactthatthereis little practical understandingf howt is relatedto thefill in andthe
conditioningof theresultingPCG
| haveseverakuggestionso makealongthelinesof improving Vaydid s preconditioners
@® Wouldit helpif we alsoadda virtual rootingnodefor the spanningorestto the support
graph justlike in MST LDLt _precond , andconnecit with arcsequalin conductancé¢o
thesumof all arcsof G notaccountedor by Vaydid s preconditionerThis will causeno
majordifferencefrom the presenimplementatiorsinceat the endwe performa complete
factorizationanywayandsincethis would only adda diagonalcorrectionto the MWB
preconditionerAm | correctin this? This way we geta preconditionethatis atransient
betweerMST LDLt andTAUCS LDLt .
@® At presentwe mustdo afull fill -reducingreorderingof the nodesat eachsolutionstep
This is wastefu] especiallyfor smallt. | think BruceHendricksorandSivanToledo
alreadyknow this, butlet me sayit justin case



Assumewe haveour spanningorest andwe havealreadyorderedthe nodesaccordingto
theirtreelevel ordering(i.e. from leafsto rootg, andwe areaboutto startaddingarcsthat
go betweertreesin theforest Mark all nodesas . This establisheparentrelationsfor the
nodesn theforest andonenodein eachtreein theforestis theroot (in my codes|
alreadyhavetheseparentrelationsbecauseheyareusedwhenupdatingandmaintingthe
MST/MSF).Whenwe addsuchanarcto the supportgraph markthetwo nodeghatit is
incidentuponandall of their parentsn thecorrespondingree(i.e. up to theroot of the
treg as7. Oncewe aredoneaddinginter-treearcs whatwe getis a subgraplof G
containingthe nodesmarkedastrue, 7. | hopethis canbe visualizedwithouta drawing(l
canmakeoneif neededl? Let' s call this graphG. Fort < n, G will bemuchsparsethen
G, right? Now noticethatonly G needso bereorderedagain(the F nodeswill all be
orderedust beforetheir subtreeroot, in theirtreelevel ordel). All othernodesof G can
still be orderedbasedon the spanningorestwe startedwith. Also, the solutionduringthe
preconditioningstepcanbe computedon the F nodegustasfor the MST preconditioner
andonly on G dowe needa completefactorization Am | correctin this? Furtherreduction
in thesizeof G is possibleby eliminatingall nodesin it of degree? or less(sinceit is likely
to havelong pathsinsidethe spanningreeswherethe previousforestorderingcanalsobe
used.
Wow! This paragraphs too convolutedandlong. Anyway, thesearejustideas which are
only importantwhenoneneeddo solvethe systemrepeatedlylike we do. Thereis
anothempossiblytangibleadvantagén doingthis. If t = 1, we know thatminimumdegree
orderingis the best sincethe supportireeis a spanningree However for t = n, it maybe
thatnesteddissectiordoesmuchbetter By doingwhat| describedabove we arefreeto
useanyorderingwe know of for thenodesof G, andalwaysmaintingminimaltdegree
orderingfor the nodesthatdid not getanyaddedarcs In fact, maybeonecanorderthe
nodesof G basedn afilled-reducedrderingof thewhole graphG, without specifically
reorderinghemagain thuspossiblysavinga lot of time. Whatdo you think of this?

® Finally, | havea problemwith theway theforestis constructedn Vaydia s
preconditionersThefirst problemis the fact thatwe startby computinga globalMST for
thewholegraphG. Not only is this expensivebut the globalcharacteof the MST
constrainghe choicesfor which arcentershe MST alot (soa heavyarcmayhaveto be
thrownawaybecausét formsa cycle eventhoughit is heavylocally, right?). Why nottry
somethindike whatl did in ST_MST precond : Usea partitionerto partitionthe graph
into t componentsandthencomputea maximalspanningorest andfinally addinter-tree
arcsto makethefinal supportgraph This of coursehasthe disadvantagef needinga
partitioneraswell, but| suspectt will work better | havenot codedit yetthough
Improvementganprobablyalsobe madeto which inter-treearcsarechoserto be addedo
thesupportgraph At presentve choosehe heaviesbetweereachpair of trees Thisis a
simplechoice butl seenothingelsespecialaboutit.

Preliminary Comparisons

| will give yousomepreliminarynumberdrom timing testsl performed Theseareindeedvery
crude(andrude estimatessincetherearemanyoptimizations know | candoin thecodesand



interacesbutwhich | havenotyetdonedueto alack of time. | do hopethesenumberswill give you
somebetterideaof the practicalissuesnvolved All timesarein roughsecondstimedona 350
MHz Pentiumll with 512 KB of cacheand512 MB of mainmemory

Behaviour of the Condition Number

Theconditioningnumberof depend®nthreemajorfactors andherearesomequick teststo tell
you how. Thetestsareall performedn 2D with no preconditioningusedin CG. A goodtestfor
conditioningwould observeheerrorhistory of conjugategradient but thisis too time consumingso
below! simply quotethetotal numberof CG iterationsneededo convergeto alarge(say10-6)
precisionfor theresidual Thetotal numberof unpreconditioned G iterationsis very sensitiveto the
desiredprecisionin thisregion though

Dependenceon ConductanceRange

In my coded actuallychooseheresistanceéRa = C,l) of thearcs herefrom a uniform
distributionin therange[r min, 1]. Resultsfor 100 by 100 grid with dilution d = 0. 75:

rmn  #CGiterations

1 510
0.1 750
0.01 1750
0.001 4300

Dependenceon Dilution d

Thelower thedilution (pleasdorgive mefor reversingconceptdere usuallyl — d is whatis
calleddilution. Justremembethata fractionof 1 — d of of thearcsin acompletegrid arerandomly
removedwvhenpreparingG), thelongerthe pathsthroughthe networkbecomegbut the numberof
arcandnodess reduceql, sothemoreCG iterationsareneededHerearesomenumbergor a 150
by 150 lattice with rpin = 1:

d # CGiterations
1.0 325
0.85 550
0.70 800
0.55 1500

Dependenceon Lattice Sizel

Thelongerthe network themorenodes sothe morea CG iterationcosts But the conditioning
alsogetsworsebecausgathsthroughthe networkbecomdonger Thenumberof CG iterationsis in
generabproportionalto the lengthof thelattice L. Hereareresultsfor d = 1, rmin = 1



L  #CGiterations
50 140
100 220
200 360
400 560

Support-Tree Preconditioners

Now thatwe know how the conditioningdepend®n the physicalparameterdet me sayhow
differentpreconditionergopewith theseeffects First1 focuson supporttreepreconditionersQuick
testsindicatedthatin 2D the degreeof the supporttreeshouldbe 4, whichis expected29™ in
general, andthe heightin theseexperimentss chosersothatwe haveascloseto 1 nodeper
partitionaspossible For SCOTCHwith leaf (tree) architecturehe degreemustbe 2.

Thefirst thing to testis theinfluenceof the partitioner(linearembeddingeally, as| discussedt
lengthabove. Herearesomedifferentpartitionersfor a 200 by 200 grid with d = 0.75,
rmin = 0.001 (soavariationof 1000 in the conductancésl| recordthetime it takesto computethe
partitioning(combinatoriakeoptimizatior), thetime spenton applyingthe preconditionerthetotal
time spentin PCG andthe numberof iterationsin PCG

Partitioner Embedding Preconditioning Total PCG # iterations
CHACO inertiakKL 2.6 0.33 5.0 190
CHACO linearKL 4.5 0.35 5.6 160
CHACOintertialonly 0.3 0.70 24 330
SCOTCH(gfx , leaf 2.9 0.50 3.9 120
SCOTCHmultilevel 2.1 0.85 (??7?) 3.9 200
SFCordering(degree2) 0.0 0.90 2.0 240
SFCordering(degreet) 0.0 0.60 1.7 260

Now, | havenottunedall the optionsin the partitioners But it is clearthatpartitionerstakea
long time comparedo theactualCG iteration SFGbaseddrderingseemdhebest overall
However do noticethata goodpartitioningdoessignificantlyreducethe numberof PCGiterations
(SCOTCHs multilevelis presentlytunedfor ST_MST precond , thatis why it seemaotto work
aswell above Otherwiseit is the bestin termsof quality). For comparisondiagonally
preconditionedPCGtakes730 iterationsandatotal of 3.5 seconds0.35 of which arespent
preconditioning

Supported MST Preconditioner

Partitioning Method

Forthesel eventuallydecidedto useSCOTCHwith multilevel mappingto atreeprocessor
achitectureandto usea supportireeof degree? (thisis a mustwith this optionin SCOTCH. Here
is aquick tableto showyou why, giving the partiotioner thetime to computethe partitioning the
total time to solvethelinearsystemandthe numberof PCGiterationsfor a 200 by 200 lattice with



d = 0.75, rmin = 0.001, anda supporttreeof height5 (meaning2® = 32 partitions or about100
nodesper partition):

Partitioner Partitioningtime Total PCG # iterations
CHACO (inertiakKL) 0.42 3.0 240
SCOTCH(multilevel) 0.40 1.9 140
Hilbert SFC 0.0 2.2 190

This showsyou thatthe quality of the partitioningis not of utmostimportancebutit doeshelp
convergencef course

Sizeof Partitions

Thenextimportantthing to testis the numberof partitions i.e. the numberof nodesperpartition
(or approximatelypersubtrean the spanningores). Hereis this for the previouslattice We change
the numberof partitionsby changingthe heightof the supporttireeh (as2"):

h Partitioning Preconditioner Total PCG # iterations

1 011 1.30 2.3 180
5 040 1.40 18 130
7 047 1.10 16 100
9 055 1.60 2.2 140

Althoughthis parameteseemsomewhatmportant it doesnot seencritical, andin fact|
observedhatabout50-150 nodesper partitionwasoptimalin mostcasegevenin 3D), althoughl
did not experimentoo muchwith this.

Herearesomethe otherMST-basedpreconditionergor comparison

Preconditioner Total PCG #iterations

MST 25 240
MST QR 4.2 400
MST LDLt 17 160

And hereis a comparisorof threepreconditionergor a 500 by 500 lattice (therestthe sameas
above:

Preconditioner Total PCG #iterations
MST LDLt 208 480
ST with SFCembedding 125 500
ST _MSTwith h =11 90 190

My conclusionwould bethatif the partitioneris spedup abit by reusingpartitioninginformation
from previousiterationsthenthis is betterthansupporttreesandprobablymorerobust Note that
thesealsodo notrequiretoo muchmemory PlainsupportireesrequireO(nlogn) storageto storethe
wholesupporttree Herethe storagds almostlinear (butthe spanningreerequiresquite a bit). Also,
remembethatit is easierto computethe partitioningfor largerpartitions in particulayt SCOTCH
worksjustfine in thisregime | believethis effectivelyimprovesuponthe previouswork of
Grebmanatleastfor moreirregularandill -conditionedmatricessuchasours Also, it is an
improvemenbverthework in theinterior point networkflow communitythatl havediscussedvith
BruceHendricksonWhatdo you think?



TAUCS Preconditioners

Herearesometiming testsfor completeCholeskyfactorizationsandVaidyd s preconditioners
Thenumbersarevery pleasingfor thesedirectmethodsatleastin 2D. Later! will compareall of the
preconditionersgainstoneanotherandlook at 3D.

CompleteLLT Factorization

Themostimportantthing hereis of coursethe orderingmethod Hereis a tablecomparing
methodsgiving thetime to order, factorize apply (solve, andthefill factor(humberof non-zero
elementsn thefactorL) for a250 by 250 lattice (d = 0.75, rmin = 0.001 asusua). For comparison
the numberof nonzeroelementsn the original conductancenatrixis 1.5 x 10°:

Orderingpreconditioner ~ Ordering Factorization Solve Fill (in 10°)

genmmd 2.2 24 08 54

md amd, mmd toolong

metis 4.6 242 09 57

identity 0.0 brokedown toolarge

ST precond with SFC 0.0 17.0 370iterations

ST_MST precond ,h=9 13(init.) 4.0 (partitioning 16.0 140 iterations

Basedon my experimentationgenmmdis a very goodorderingroutine METIS is notbad
either, but SCOTCHreally hasa lot moreoptionsandfunctionality. | havenotyet usedSCOTCHto
orderTAUCS matricesthough becauseéhis requiressomedoubleinterfacing But becausehe
resultsabovearesoencouragingl will devotea separateoutineto directfactorizationsanddo this,
especiallywhenif TAUCS providesroutinesfor reusingthe symbolicphaseof the factorization For
theaboveexample completefactorizationtakesabout2.2+2.4+0.8=5.5 secondsascomparedo 15
or 16 for supporttreepreconditionerswhenonetakesinto accountthatthe reorderingphasecanbe
reusedaswell aspartof thefactorization this ratio becomesnorderof magnitudadifference
betweerdirectanditerativemethods$

Hereis atablefor a 500 by 500 lattice (about6 x 10° zerosin C):

Orderingpreconditioner Ordering Factorization Solve Fill (in 10°)

genmmd supernodal 9.6 115 30 25
metis , supernodal 21.6 11.6 30 26
genmmd multifrontal 9.6 18.6 25 25

Again, evenfor this hugelattice, multiple minimumdegreds better Also noticethatsupernodal
routinesoffer little speedup overmultifrontal. | havealsoobservedhattheseoffer little speedup
overplain Choleskyfactorization In my reading | havereadthatif the matrix andthefactorsare
very sparsedensekernetbasedactorizationsoffer little speedup. Thisis thecasel think for our
latticesin 2D atleast

Incompletefactorizationgn 2D workedon my machineup to about1000 by 1000 lattices(order
million node$, andquitefastindeed Forthesesizes ordinaryPCGtakesway too long (I was
impatientto wait for it), no matterhow you precondition For sucha largelatticewith d = 0. 75,
orderingtook about50 secondsfactorizationtook 60, solution8.5, to give atotal of about120
secondsTo usthisis impressivecomparedo PCGwhich physicistsmostoftenuse In termsof



memory thetotal memorythatmy Fortranprogramallocatesandusesfor everythingis about150
MB, while the maximummemoryusedduringthe solutionwas400 MB or so, almosttwo thirds of
whichis thefactorization But it is worth it whenonelooks at the speedbtained andmemoryis
gettingcheapeeveryday.

TAUCS Point-Incomplete Cholesky

Herethething to testis theinfluenceof thedropfactor. Hereis a shortdemotablefor our 250 by
250 networkfrom above(the droptolerances obviouslyrelatedto the rangeof arcconductances

droptol #iterations Ordering TotalPCG Fill (in 10°)

1076 1 2.2 2.6 5.3
104 6 2.2 2.8 4.7
1073 25 2.2 4.4 3.9
102 80 2.2 10.6 29

It doesnotseemto effectiveto me And sincewe cannotreusethe symbolicfactorizationhere |
vote againsincompletefactorizationsof thistype Therearebettermethodsn theliteraturethough
| think thoughthatVaidyd s preconditionergremorepromissingn termsof controllingfill -in, sol
proceedo give somenumberdor them

TAUCS Vaidya'’s Preconditioner

As | saidearlier, this preconditioneis notimpementedptimally yetin my opinion, with room
for improvementBut sometestingresultsof minewill hopefully benefityourresearchThemain
thing in thesepreconditionerss of coursethe numberof subtrees. In my codes| specifythesubtree
ratior = t/n (sor = 0.01 impliesabout100 nodespersubtre¢. Herearesomenumberdor our 250
by 250 lattice, with atotal of about150,000 nonzerosin the conductancenatrix. Someof these
timingsaredirty, i.e. theyincludein themthingsotherthanwhatis written:

T Actualt #iterations Ordering Factorization TotalPCG Fill (10°)
1.0 140,000 10 13 5.8 8.7 4.7

0.1 120,000 25 13 5.0 10.7 2.6
0.05 2400 34 13 4.8 12.0 2.1
0.01 500 67 12 4.5 17.5 1.6

0.0 1 630 11 120 14
MST precond 1 660 37 65

Thesenumberclearly showthatasfar asspeedn 2D is concernedthe morememoryused-the
faster However Vaidyd s preconditionersvith about20-50 nodespertreehavein my experiments
shownto markedlyreductill -in while alsosignificantlyreducingthe numberof CG iterations
neededSoin 2D thesearequite promissing

In fact, in 2D thesework muchbetterthanmy otherno-fill supportgraphpreconditionersFor
example hereis a 500 by 500 lattice nearpercolation(d = 0.501). Thisis very difficult for CG
codesdueto thefractalnatureof pathsbetweemodes



Preconditioner #iterations Preconditioning Total PCG

ST with SFC 4000 62 190
ST_MST(h = 9) 2600 140 85
TAUCS MWEr = 0.05) 45 50 10
Hereis the sametablenot nearpercolation(d = 0.75):

Preconditioner #iterations Preconditioning Total PCG
ST with SFC 510 42 140
ST_MST(h = 10) 320 88 170
TAUCS MWHEz = 0.05) 47 34 67

Theseconformto generalexpectationsSupporttreesbasedon SFC s do not work well near
percolationwhile supportedMSF s work better However Vaidyd s preconditioneoutperformgdo
notforgetthatcompletefactorizationin this caseoutperformsall anyway).

Performancelnside a Non-Linear Optimization
Solver

As | saidin the beginning we usethis linear solverinsidea nontlinear Newtonbasecdetwork
optimizationcode Hereis whatatypical outputlookslike for a costfunctionthatis of theform
fi(x) = aix®, wherethea; aresortof resistancesf thearcs(theresistancelereactuallychangeas
the optimizationproceedsin theinterval[0. 1, 10. 0] anddistributeduniformly.

In 2D

Herearesomelogsfrom my optimizationlibrary for the abovecostfunctionfor a 250 by 250
latticewith d = 0.75.

Whenusingcompletefactorization throughout
[ hpf @auss 2Ddp] $ TestSSCNO. x

Start of TCGN statistics

Iter . # Excess LS step LS #iter CG residual CG #iter
1 1. 00000 2.391 4 0. 915E- 10 1
2 1.39781 0. 807 5 0. 182E- 10 1
3 0. 68251 0.772 6 0. 227E- 10 1
4 0. 33752 0. 670 6 0.177E-10 1
5 0. 13498 0. 702 6 0. 505E- 11 1
6 0. 06248 0. 657 9 0. 357E- 11 1
7 0. 02515 0. 690 6 0. 115E-11 1
8 0.01154 0. 642 9 0. 104E- 11 1
9 0. 00478 0. 685 10 0. 644E-12 1

10 0. 00237 0. 635 6 0. 689E- 12 1

End of TCGN statistics

Profiling timing  results

SSCNOinitialization . 0.890000105



- - -> Preconditioner initialization : 2.15000010
TCGN iterations :

___>Aray updates : 0.709990501
- -->Conductance calculation : 2.96000242
--->Line Search : 46.1000023
------ >Cost function  evaluation . 44.4799957
------ >Root bracketing : 5.82000589
------ >Root finding  solver : 40. 1699905
--->Solving Newton’s linear  system : 30.5200043
------ >Preconditioner construction :

--------- >Combinatorial reoptimization : 0. 00000000E+00
--------- >Creation  ( factorization ) : 24.1600018
------ >PCG iteration : 5.36999989
--------- >Preconditioning : 4.53001308
_________ >Dot products : 0.109998226
--------- >Vector updates : 0.269987583
--------- >Matrix -vector products : 0.390001297

Total elapsed -time timings for 89963 arcs and 58641 nodes

Creating the network problem took : 1.63000000
Solving the network problem took . 81.2300034
Cost function evaluations took : 47.4399986

Average arc conductance at solution : 0.2796630287808338
Extreme conductances at solution : 5.301579178946971E-03 199. 7359795070896
At present allocated : O bytes , maximum allocated at one time : 13768831 bytes ,

Someof thesenumbersarenot of interestto any of you sincetheyarerelatedto the non-linear
networksolver. For uswe wantto focusonthesectlonabouttheIlnearsolverln theinneriteration

--->Solving Newton’s linear  system : 30.5200043
------ >Preconditioner construction :

--------- >Combinatorial reoptimization : 0. 00000000E+00
--------- >Creation  ( factorization ) : 24.1600018
------ >PCG iteration : 5.36999989
--------- >Preconditioning : 4.53001308
......... >Dot products : 0.109998226
--------- >Vector updates : 0.269987583
--------- >Matrix -vector products : 0.390001297

As | saidearlier, if PCGis usedhere thenit is pOSS|bIeto usealower precisionin the beginning
of theiterations This effectivelyreduceghe numberof CG iterationsneededAlso, asthe
optimizationproceedsowardthe optimum theinitial guessn PCGbecomegloserto thetrue
solution Completefactorizationcould not useany of thesefactsexplicitly.

Hereis whatwe getwhen usingsupport tree precondltlonlng with SFCbasedpartitioning

--->Solving Newton’s linear  system 46. 8600044
------ >Preconditioner construction :

--------- >Combinatorial reoptimization : 0. 00000000E+00
--------- >Creation  ( factorization ) : 0.890007734
------ >PCG iteration : 45.8900108
--------- >Preconditioning : 13. 3700991
......... >Dot products : 5.80995893
--------- >Vector updates : 10. 4799614
--------- >Matrix -vector products © 13.7399788

Sothedifferenceis notthatgreatanymore Similar resultsareobservecfor supported MSF
preconditioning with h = 9:

--->Solving Newton’s linear  system : 86.1699982
------ >Preconditioner construction :

--------- >Combinatorial reoptimization : 45.2400436
--------- >Creation  ( factorization ) : 0.769967079
------ >PCG iteration : 40.0799789

--------- >Preconditioning . 23. 4500427



_________ >Dot products : 2.89997721

--------- >Vector updates : 5.26985025
--------- >Matrix -vector products : 7.08008862
And for Vaidya’s preconditioner with ¢ = 0.05:

--->Solving Newton’s linear  system : 74.1699829
------ >Preconditioner construction :
--------- >Combinatorial reoptimization : 0. 00000000E+00
--------- >Creation  ( factorization ) . 55.3799896
------ >PCG iteration : 17.5900021
--------- >Preconditioning : 13. 4600077
_________ >Dot products : 0.829998016
--------- >Vector updates : 1.27001905
--------- >Matrix -vector products : 1.70000124

Thepictureis muchdifferentin 3D. Thereiterativesolversgainadvantagéecausehedistance
betweemodesis of orderO(nY?) insteadof O(n%?) asin 2D. However directfactorizationgyaina
big disadvantagebecauseseparatorfecomeO(n?3) insteadof O(nY?) asin 2D.

Hereis the samecostfunctionasabovewith a 25 by 25 by 25 latticewith d = 0.80 with periodic
boundaryconditionsin they andz directions(this givesa furtherdisadvantagéo factorization$.

Completefactorization asa preconditioner

--->Solving Newton’s linear  system : 154.230011
------ >Preconditioner construction :

--------- >Combinatorial reoptimization : 0. 00000000E+00
--------- >Creation  ( factorization ) : 149. 430023
------ >PCG iteration 1 4.60998154
--------- >Preconditioning © 4.39996910
_________ >Dot products © 3.99932861E-02
......... >Vector updates : 7.00206757E-02
--------- >Matrix -vector  products 7. 00092316E- 02

Suprisinglyslow A look atthelog from TAUCS attheIast|terat|onshowsmhy—theflll is just

very largein this case

taucs _ccs _genmmd calling genmmd matrix is 15624x15624, nnz=53034

taucs _ccs _genmmd genmmd returned .
Symbolic  Analysis  of LLAT: 2. 92e+06 nonzeros , 1.12e+09 flops
Symbolic  Analysis 0. 176 seconds (0.180 cpu)
Supernodal  Multifrontal LL"T = 21.510 seconds (21.390 cpu)

Nesteddissectiordoesnot do muchof a betterjob reorderingeither, asseerwhentrying to use
METIS for thefill -reducingordering
taucs _ccs _metis : calling metis matrix is 15624x15624, nnz=53099

taucs _ccs _metis : metis returned
Symbolic  Analysis of LLAT: 1.90e+06 nonzeros , 4.52e+08 flops

Symbolic  Analysis = 0. 147 seconds (0.150 cpu)
Supernodal  Multifrontal LLAT = 17. 016 seconds (16.880 cpu)
Hereis Vaydia’s preconditioner with 7 = 0.01 (7 = O 05 wastoo slowin this casé:

--->Solving Newton’s linear  system 18. 3700027

------ >Preconditioner construction :

--------- >Combinatorial reoptimization : 0. 00000000E+00

--------- >Creation  ( factorization ) : 12.8500004

------ >PCG iteration : 5.29999828

--------- >Preconditioning : 4.10999680

_________ >Dot products :0.219999790

--------- >Vector updates : 0.189996719

--------- >Matrix -vector products : 0.720005035

A look atthelog from TAUCS atthelastiteration



taucs _ccs _genmmd starting (genmmg

taucs _ccs _genmmd calling genmmd matrix is 15626x15626, nnz=32340

taucs _ccs _genmmd genmmd returned .
Symbolic  Analysis of LLAT: 7.02e+04 nonzeros , 8.54e+05 flops
Symbolic  Analysis = 0. 048 seconds (0.050 cpu)
Supernodal  Multifrontal LLAT = 0. 431 seconds (0.430 cpu)

Sowe seethatthe succes®f Vaidyd s preconditioners tied to the succes®f complete
factorizations—if therearegoodeliminationorderingsthenit will performwell, if not, it won't! So
| preferto look at this preconditioneasaway to controlthefill -in for factorizationsn 2D mostly.
Whatdo you think?

Now the suprise OrdinaryPCG performsvery well on this problem The only preconditioner
which workswell aresupporttreesof degree8 andplain diagonalpreconditioning

SFG basedsupport tree preconditioner (treedegreeB)

--->Solving Newton’s linear  system 4. 33000040
------ >Preconditioner construction

--------- >Combinatorial reoptimization 0. 00000000E+00
--------- >Creation  ( factorization ) 0.289999723
------ >PCG iteration 4. 04000044
--------- >Preconditioning 0. 919996500
......... >Dot products 0. 370002389
--------- >Vector updates 0. 760006666
--------- >Matrix -vector products 1.72999382

Supported MSF precondltloner withh =7 (notgoodelther‘>I ?):

--->Solving Newton’s linear  system 15. 9999981
------ >Preconditioner construction

--------- >Combinatorial reoptimization 12. 8199921
--------- >Creation  ( factorization ) 0. 300005198
------ >PCG iteration 2. 87000012
--------- >Preconditioning 1. 64999652
......... >Dot products 0. 189999819
--------- >Vector updates 0. 189998865
--------- >Matrix -vector products 0. 750004053

In fact, S|mpled|agonal preconditioning doessufﬁuent

ywell in this case

--->Solving Newton’s linear  system 4,89999771
------ >Preconditioner construction

--------- >Combinatorial reoptimization 0. 00000000E+00
--------- >Creation  ( factorization ) 9. 00001526E- 02
------ >PCG iteration 4.78999710
--------- >Preconditioning 0. 529995203
......... >Dot products 0. 490005016
--------- >Vector updates 1. 02999663
--------- >Matrix -vector products 2. 43999815

| getsimilar resultsfor largersystemsaswell. | will swampyouallttle bit with too muchdata
here butherearelogsfrom diagonalandST preconditioningor a 50 by 50 by 50 equivalentof the

previouslattice

Diagonal
--->Solving Newton’s linear  system 54. 4099998
------ >Preconditioner construction
--------- >Combinatorial reoptimization 0. 00000000E+00
--------- >Creation  ( factorization ) 0. 669992924
------ >PCG iteration 53. 6000214
--------- >Preconditioning 5. 61999464
--------- >Dot products 7.43007994
--------- >Vector updates 13. 7700024
--------- >Matrix -vector products 23.9698772
Degree8 SFC support tree:
--->Solving Newton’s linear  system 43. 8099976

------ >Preconditioner construction
--------- >Combinatorial reoptimization

0. 00000000E+00



--------- >Creation  ( factorization ) : 2.44000292

------ >PCG iteration : 41.2599983
--------- >Preconditioning : 13.2199602
......... >Dot products : 4.31003094
--------- >Vector updates : 7.81012678
--------- >Matrix -vector products : 14.0800467

Onemight saythatdiagonalpreconditionings enough But thisis notreally thecaseif Ca is
significantlymoreill -conditionedat the solutionpoint. For example herearethe sametwo logsfrom
above but now with initial rangefor the“resistancése; [0.01, 100.0] (beforeit was[0. 1, 10.0]):

Diagonal

--->Solving Newton’s linear  system : 118. 730057
------ >Preconditioner construction :

--------- >Combinatorial reoptimization : 0. 00000000E+00
--------- >Creation  ( factorization ) : 1.06001854
------ >PCG iteration : 117. 420013
--------- >Preconditioning : 11.4601526
_________ >Dot products : 15. 2589092
--------- >Vector updates . 26.7803822
--------- >Matrix -vector products : 57.5801201

And for support-trees

--->Solving Newton’s linear  system : 91.5899506
------ >Preconditioner construction :

--------- >Combinatorial reoptimization : 0. 00000000E+00
--------- >Creation  (factorization ) : 3.09995985
------ >PCG iteration : 88.3000336
--------- >Preconditioning : 19.9103394
_________ >Dot products : 9.64003468
--------- >Vector updates : 17.5898857
--------- >Matrix -vector  products 37. 0296402

Sosupporttreesareat leastmorestablein this respec;tandl recommendhemfor 3D problems
Whatdo you makeof all theabovedatal havebotheredyou with?

Summary and Future Directions

Thisis anexitingandnovelfield. | wish | hadmoretime to work onit. But | mustcontinuewith
codingmy library now. | hopeto do morework on preconditioningandlinearsolversin generaln
thefuturethough andpleasekeepme apraisedn any progress/ou learnof or do yourselvesHere
aresomeof my conclusions

It seemghatthreekindsof codesarenecessaryn anyreally stateof-the-art network
optimizationsoftware

@® Graph Partitioners: As far asserialcodesgo, | votefor SCOTCH | hopethislibrary is further
updateddevelopedadvertisecanddistributed andin particularl hopethatthelinear
partitioningmethodis addedto it. It’ s ability to mapto atreeprocessoarchitecturas also
usefulin the contextof supporttrees It’ s interfaceis very nice andefficient, andasanadded
bonusthe newversionhasstateof-the-artfill -reducingorderingroutinesthatuseeithernested
dissectioror minimumdegreealgorithms andsomenovelhybrid schemesCombinedwith
ParMETIS this systemcando wonderson adistributedmemoryparallelmachine

@® Maximal SpanningForestscodes| havestateof-the-art codesfor this thatcanreoptimize
previouslycomputedspanningreesanddo otherusefulthings i do not planto releasehem
separatelyasallibrary, butanyoneis welcometo takealook atthem MST s areimportantto
sparsenetworkoptimizationmostly becaseheyarea robustway to involve thearcweightsin
decidingwhich arcsto dropfrom anincompletefactorization asin Vaydid s preconditioner
Theyarealsovery well studied



@® SparseCholeskyFactorization codes| know little aboutthis, but TAUCS s anicelibrary and
it implementghe two major contestantssupernodaandmultifrontal techiquesilt is of course
not atthe stagethatotherlibrariesareyet Thewonderfulthing is thattherearemany
publiccdomaincodesn thisfield, thanksto finite-elementapplications Adding functionality for
reusingthe symbolicfactorizationphasan TAUCS s very important

Finally, let me summarizeandcomparethe threemajor preconditionecontestantanddirect
factorizationalongthe pointsl saidl would focuson:
1. Solving with high precision:

In 2D, directsolversarea clearwinner. Vaydia s preconditionersvork OK, butfor usdirect
factorizationis betterbecaus@necanvery effectivelyreuseinformationfrom a previously
computedsolution | madesuggestionsn howto improveVaydia s preconditionersSupport
treesareeffectivein controllingtheill -conditioningdueto ill -conditioningin Ca, but arestill
slow. Themainreasorfor thisis thatthe numberof iterationsneededn unpreconditione€G s
of theorderO(n¥?), sofor thelargestmnetworkswe cando (which is whatinterestaus mos), too
manyCG iterationsareneededregardles®f the no-fill preconditioneused
In 3D, no preconditioneseemso justify its costfully. Supporttreesbasedon spacefilling
curvesareatleasteasyto constructandreuse andareeffectivein controllingthe
ill -conditioningdueto ill -conditioningin Cx, sol atleastrecommendisingthem | amnotsure
whatelseto say?

2. Solving with low precision

PCGis idealfor thisbecausdt directly computegheresidual But it is justtoo slowin 2D, and
offerslittle chance®f reusingprevioussolutions | canoffer no goodwaysof controllingthe
ammountof work neededn constructingany of the successfupreconditionerbasedn the
desiredprecision We expectfor examplethata smallt shouldbe usedfor lower precisionsand
largerfor largerprecisiondgn Vaidyd s preconditionersBut how exactly? | canonly saythatfor
our specificneedgshereuseof combinatoriainformationis moreimportantandthus| will
throw this into the waterandonly savetime by reducingthe numberof PCGiterationsneeded
not somuchthe costof constructinghe preconditioner

3. Reuseof informationcomputedwhile solvingfor previousCa.
Directmethodsareclearlybestin this. Butin 3D theyseeminfeasibledueto largefill in? There
arethreemainformsof reusingpreviousinformationfor the otherpreconditioners

@® Reusingoreviouspartitioning information probablyby performingincrementaKL/FM
reoptimization| havefoundKL/FM to be somewhatnstablen both CHACO and
SCOTCH—it hangseverynow andthen Someof thetricks you usethere suchasusing
arcweightsasindicesandlogarithmicindexingin SCOTCH aresomewhatlangerousind
easyto nottakeinto accountproperly. My suggestions thelinearglobalmethodidea
ST precond , ST_MST precond andTAUCS MWBprecond canall benefitfrom
this.

@® ReusinghepreviousMSF—I havecodesto do this basedon algorithmsdevelopedor the
networksimplexmethod | havefoundthemjust asfastor fasterthencodesthatstartfrom
scratchevenwhenonereoptimizesa completelyrandomspanningorest

® Reusindill -reducingorderingsinformationwith VVaydid s preconditionersl gavesome
suggestionsaboveon howto dothis, butl amreally not certainof it.

4. Memory requirements
Direct methodsareby commonwisdomtheworsthere But my observationgrethatin 2D they



requireaboutthe samestorageasusinga preconditionewhich requiresadditionaldata
structuressuchasST_precond or MST ST _precond . In 3D thefill wasnotacceptablel
like theideds behindVaidyd s preconditioners lot-they combinegraphpartitioning MSF's,
orderingandfactorizationsall in ong andprovidea descenguardagainstexcessivdill . But
theydid not seemto yet beworthwhilein 3D, especiallyconsideringhow muchwork is
involvedin implementinghem But thereis plentyof roomfor improvementeré

5. Easeof implementation and parallelization.

Iterativemethodsareof courseawinnerhere All supportgraphpreconditionergsreto some
extentparalleliziable sinceonecanalwaysexcludeinter-processoarcsfrom the supportgraph
or usea supporttreewhich is truncatedaftereachprocessoholdsaboutonesupportnodeor so.
Thereis alot of work doneby you andothersin this field. Unfortunately | will nothavetimeto
parallelizethe codesfor now. Oneof the mainobstaclesor meis thelack of agood
programmingparadigmOpenMPis too restricted andl truly dislike MPI, andmy personal
love, HPF, is in dying stages. But thereis definitely promisein thisrespecin all of the
preconditionersliscussedit seemghoughthatfor distributedmachineneshouldalwayskeep
aniterativesolverasthefinal wrapperaroundanythingthatonedoesseriallyon eachprocessar
BruceHendricksorwould be a personto decidethis.

In fact, the overallconclusionis the sameasmanyothersbeforeme havecometo: Thebest
solutiontechnigueandpreconditionedepend®n the exactspecificsof the problemat hand But a
combinationof powerfulgeneralpurposetoolsfrom graphalgorithmsdoesseema promising
directionto look into.

Thankyou all for your helpsofar. | hopewe canfurtherimproveanddevelopuponwhathas
beendonesofar.



