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1 Definition and notations

A Hidden Markov Model (HMM) is a doubly stochastic process with an underlying Markov
chain that is not directly observable. More specifically, let X and Y be two spaces equipped
with a countably generated o-fields X and ); denote by ) and G respectively, a Markov
transition kernel on (X, X') and a transition kernel from (X, X) to (Y,)). Consider the

Markov transition kernel defined for any (z,y) € X XY and C € X ® Y by

T((2,9),C1 ™ Q@ Gl(x, ). C1 = [[ Qa,de') G’ dy) 10l y) (1)

We consider { Xk, Yi } x>0 the Markov chain with transition kernel 7" and initial distribution
v ® G(C) Y []u(de)G(x,dy)le(z,y), where v is a probability measure on (X, X). We
assume that the chain {Xj}r>0 is not observable (hence the name hidden). The model
is said to be partially dominated if there exists a measure p on (Y,)) such that for all
x € X, G(z,-) is absolutely continuous with respect to p: in such case, the joint transition

kernel T' can be written as

T((x,y),C) = [[ Qade)gla' ) Lol Youldy) . CeXey, ()

where g(z,-) = %}f") denotes the Radon-Nikodym derivative of G(x,-) with respect to
w. To follow the usage in the filtering literature, g(x,-) is referred to as the likelihood
of the observation. An example of such type of dependence is X1 = a(Xy, (k1) and
Y = b(Xg,ex), where {(x}r>0 and {ex}r>0 are i.i.d. sequences of random variables, and
{C}e>0, {ek}r>0 and X, are independent. The most elementary example is the so-called
linear Gaussian state space model (LGSSM) where a and b are linear and {(x, & }x>0 are
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i.i.d. standard Gaussian. We denote by ¢, ,[yo.n| the distribution of the hidden state X,

conditionally on the observations ¥g., def [

Yo, - - -, Yn), which is given by

def ¥ 9 v0)Qg(,y1)Q ... Qg(-, yn)1 4]
v[9(10)Qg(y1)Q - .. Qg(-, yn)]
_ Jxnnv(dao)g(wo, y1) TTiy Q(wioa, dwi)g (@i, yi) La(wn)
Jxner v(dzo)g(zo, y1) ITiy Q(wim1, dwi)g (i, vi)

¢V,n [yO:n] (A)

(3)

where Qf(z) = Q(z, f) o JQ(z,dx’) f(x), for any function f € B, (X) the set of non-
negative functions f : X — R, such that f is X'/B(R) measurable, with B(R) the Borel

o-algebra.

In practice the model is rarely known exactly and so suboptimal filters are constructed
by replacing the unknown transition kernel, likelihood function and initial distribution by

suitable approximations.

The choice of these quantities plays a key role both when studying the convergence of
sequential Monte Carlo methods or when analysing the asymptotic behaviour of the max-

imum likelihood estimator (see e.g. (8) or (5) and the references therein).

The simplest problem assumes that the transitions are known, so that the only error in
the filter is due to a wrong initial condition. A typical question is to ask whether ¢, ,[yo..]
and ¢,/ ,[Yo.n] are close (in some sense) for large values of n, and two different choices of

the initial distribution v and v/'.

The forgetting property of the initial condition of the optimal filter in nonlinear state
space models has attracted many research efforts and it would be a formidable task to
give credit to every contributors. The purpose of the short presentation of the existing
results below is mainly to allow comparison of assumptions and results presented in this
contributions with respect to those previously reported in the literature. The first result

in this direction has been obtained by (21), who established L,-type convergence of the



optimal filter initialised with the wrong initial condition to the filter initialised with the
true initial distribution (assuming that the transition kernels are known); however, their
proof does not provide a rate of convergence. A new approach based on the Hilbert
projective metric has later been introduced in (2) to obtain the exponential stability of
the optimal filter with respect to its initial condition. However their results were based
on stringent mixing conditions for the transition kernels; these conditions state that there
exist positive constants e_ and e, and a probability measure A on (X, X) such that for

f € B+(X)>
e A(f) Q(x, ) < e A(f), forany z eX. (4)

This condition in particular implies that the chain is uniformly geometrically ergodic.
Similar results were obtained independently by (9) using the Dobrushin ergodicity coeffi-
cient (see (11) for further refinements under this assumption). The mixing condition has
later been weakened by (6), under the assumption that the kernel @) is positive recurrent

and is dominated by some reference measure A:

sup ¢(z,2') < oo and /essinfq(x,x')w(:c)k(dx) >0,
(z,x")eXxX

where ¢(z,-) = %, essinf is the essential infimum with respect to A and wd\ is the
stationary distribution of the chain () . If the upper bound is reasonable, the lower bound
is restrictive in many applications and fails to be satisfied e.g. for the linear state space

Gaussian model.

In (18), the stability of the optimal filter is studied for a class of kernels referred to as
pseudo-mizing. The definition of pseudo-mixing kernel is adapted to the case where the
state space is X = R?, equipped with the Borel sigma-field X. A kernel @ on (X, X)
is pseudo-mizing if for any compact set C with a diameter d large enough, there exist

positive constants e_(d) > 0 and €, (d) > 0 and a measure A¢c (which may be chosen to



be finite without loss of generality) such that
e_(d)Ac(A) <Q(z,A) < ey (d)Ac(A), foranyxeC Ac X (5)

This condition implies that for any (2/,2") € C x C,

e_(d)
e+(d)

€+(d)
~(d)°

where ¢(x, -) def dQ(z,-)/d\c, and esssup and essinf denote the essential supremum and

< essinf,exq(2, x) /q(x”, x) < esssup,exq(2’, z)/q(2", ) <

@)

infimum with respect to Ac. This condition is obviously more general than (4), but still

it is not satisfied in the linear Gaussian case (see (18, Example 4.3)).

Several attempts have been made to establish the stability conditions under the so-called
small noise condition. The first result in this direction has been obtained by (2) (in contin-
uous time) who considered an ergodic diffusion process with constant diffusion coefficient
and linear observations: when the variance of the observation noise is sufficiently small,
(2) established that the filter is exponentially stable. Small noise conditions also appeared
(in a discrete time setting) in (4) and (22). These results do not allow to consider the

linear Gaussian state space model with arbitrary noise variance.

A very significant step has been achieved by (16), who considered the filtering problem
of Markov chain {Xj}xr>o with values in X = R? filtered from observations {V}}xso in
Y =R,

Xir1 = Xip +b(Xe) + 0(Xe)C )

Here {(Ck, ex) aso is a i.i.d. sequence of standard Gaussian random vectors in R b(-)
is a d-dimensional vector function, o(-) a d x d-matrix function, h(-) is a ¢-dimensional
vector-function and # > 0. The author established, under appropriate conditions on b, h
and o, that the optimal filter forgets the initial conditions; these conditions cover (with

some restrictions) the linear Gaussian state space model.



In this contribution, we will propose a new set of conditions to establish the forgetting
property of the filter, which are more general than those proposed in (16). In theorem
1, a pathwise-type convergence of the total variation distance of the filter started from
two different initial distributions is established, which is shown to hold almost surely
w.r.t. the probability distribution of the observation process {Y}}x. Then, in Theorem 3,
the convergence of the expectation of this total variation distance is shown, under more
stringent conditions. The results are shown to hold under rather weak conditions on the

observation process {Y}}, which do not necessarily entail that the observations are from

an HMM.

The paper is organised as followed. In section 2, we introduce the assumptions and state
the main results. In section 3, we give sufficient conditions for Theorems 1 and 3 to hold,
when {Yj}x is an HMM process, assuming that the transition kernel and the likelihood
function might be different from those used in the definition of the filter. In section 4, we
illustrate the use of our assumptions on several examples with unbounded state spaces.

The proofs are given in sections 5 and 6.

2 Assumptions and Main results

We say that a set C € X satisfies the local Doeblin property (for short, C is a LD-set), if
there exists a measure Ac and constants e > 0 and ¢/ > 0 such that, Ac(C) > 0 and for

any A € X,
ecA\c(ANC) <Q(z,ANC) <efAc(ANC), forallzeC. (7)

Locally Doeblin sets share some similarities with 1-small set in the theory of Markov
chains over general state spaces (see (20, chapter 5)). Recall that a set C is 1-small if

there exists a measure S\C and éc > 0, such that S\C(C) >0,and forallz € Cand A € X,



Q(x, ANC) > échc(A N C). In particular, a locally Doeblin set is 1-small with éc = €c
and Ac = \c. The main difference stems from the fact that we impose both a lower and
an upper bound, and we impose that the minorizing and the majorizing measure are the

same.

Compared to the pseudo-mixing condition (5), the local Doeblin property involves the
trace of the Markov kernel ) on C and thus happens to be much less restrictive. In
particular, on the contrary to the pseudo-mixing condition, it can be easily checked that
for the kernel associated to the linear Gaussian state space model, every bounded Borel

set C is locally Doeblin.
Let V be a positive function V : X — [1,00) and A € X be a set. Define:

Taly) sup g(z,y)QV (2)/V(2) . (8)
Te
Consider the following assumptions:

(H1) For any (z,y) € X x Y, g(z,y) > 0.
(H2) There exist a set K C Y and a function V' : X — [1, 00) such that for any n > 0, one

may choose a LD-set C € X satisfying
Tee(y) <nTx(y), forallyekK.

Assumption (H1) can be relaxed, but this assumption simplifies the statements of the
results and the proofs. The case where the likelihood may vanish will be considered in a
companion paper. Assumption (H2) involves both the likelihood function and the drift
function. It is satisfied for example if there exists a set K such that for all n > 0, one can

choose a LD-set C so that

sup g(z,y) <nsupg(z,y), forallye€K, 9)
zeCe zeX

in which case the previous assumption is satisfied with V' = 1. When X = R?, this situation



occurs for example when the compact sets are locally Doeblin and lim ;| o SUp,cx g(z,y) =
0. As a simple illustration, this last property is satisfied for Y, = h(Xj) + € with
lim|y o0 |R(2)] = 00 and {e}) are ii.d.random variables (independent of {Xj};) with
a density g which satisfies lim|; . g(x) = 0. More complex models satisfying (H2) are

considered in Section 4.

When (9) is not satisfied, assumption (H2) can still be fulfilled if for all y € Y, sup,cx g(z,y) <
00, supyx QV/V < oo for some function V' : X — [1,00), and for all n > 0, there exists
a LD-set C such that supc. QV/V < 1. As a simple illustration, this situation occurs for
example with Xy = ¢Xi + 0(; where |¢p| < 1, 0 > 0 and {(;}; a family of iid standard

Gaussian vectors. More details are provided in Section 4.

For any LD-set D and v a probability measure on (X, X’) define:

®,.0(%o, y1) o v[g(-,90)Qg(-, y1)1p] , (10)

Up(y) = Ao(g(-,y)Lb) - (11)

We denote by (£2,.4) a measurable space, and we let {Yj}r>0 be a stochastic process on
(Q, A) which takes values in (Y,)) but which is not necessarily the observation of an
HMM. For any probability measure v and any n € N, the filtering distribution ¢, ,[Yo.x]

(defined in (3)) is a measure-valued random variable on (€2, .A).

Theorem 1 Assume (H1-2) and let P, be a probability measure on (£, A). Assume in

addition that for some LD-set D and some constants M > 0 and v € (0,1),

n

liminfn™" ) 1x(Yi) > (1+7)/2, P, — a.s. (12)
i=0

limsupn™" ) log Tx(Y;) < M, P, —a.s. (13)
o i=0

ligriiolgfn_l > log ¥p(Y;) > —M , P, —a.s. (14)
i=2



where Yx and Wp are defined in (8) and (11), respectively. Then, for any initial distribu-
tions v and V' on (X, X) such that v(V) + v/ (V) < oo, vQlp > 0 and v'Qlp > 0, there

exists a positive constant ¢ such that,
lim sSup n_l log ||¢V,n[ybn] - gbl/’,n[ybzn]HT\/ < —c, ]P)* —a.s. (15)

Remark 2 We stress that it is not necessary to assume that {Yy}r>o is the observation
of an HMM { Xy, Yy }k>o. Conditions (13) and (14) can be verified for ezample under a
variety of weak dependence conditions, the only requirement being basically to be able to
prove a LLN (see for example (7)). This is of interest because in many applications, the
HMM model is not correctly specified, but it is still of interest to establish the forgetting

properties of the filtering distribution with respect to the initial distribution.

We will now state a statement allowing to control the expectation of the total variation

distance.

Theorem 3 Assume (H2). Let D be a LD-set. Then, for any M; > 0, i = 0,1,2, and
v € (0,1), there exist 3 € (0,1) such that, for any given initial distributions v and V' on

(X, X) and all n,

E* (H(bu,n[yz]n] - ¢V’7H[YE]ZTL]||TV)
3

<B" 1+v(VWWV (V)] +ro(v,n) +ro(V,n) + Zm(n) (16)

i=1

where the sequences {ro(v,n)}n>0 and {r;(n)}n>0, ¢ = 1,2,3 are defined by



3 Applications to HMM

We will now discuss conditions upon which (13) and (14) hold (Propositions 4 to 6) and
upon which the right hand side in (16) vanishes (Proposition 7 to Corollary 11). To that
goal, we assume that {Y}}r>o is the observation of an HMM {Xj, Yy }r>0 with Markov
kernel T, = Q, ® G,, where @), is a transition kernel on (X, X') and G, is a Markov kernel

from (X, X) to (Y,)), and initial distribution v, on (X, X).

Recall that a kernel P on a general state space (Z, Z) is phi-irreducible and (strongly)
aperiodic if there exists a o-finite measure ¢ on (Z, Z), such that, for any A € Z satisfying
©(A) > 0 and any initial condition z, P"(xz; A) > 0, for all n sufficiently large. A set C € Z
is called petite for the Markov kernel P if for some probability measure m on N, with finite
mean sampling time (which can always be done without loss of generality (20, Proposition

5.5.6))

> m(n)P*(x, A) > ecAc(A), forallzeC A€ Z,

n=0
where Ac is a measure on (Z, Z) satisfying Ac(C) > 0 and e > 0. We denote by PY and
EP the probability distribution and the expectation on the canonical probability space

(ZN, Z®N) associated to the Markov chain with transition kernel P and initial distribution

V.

We first state sufficient conditions for 7} to be an aperiodic positive Harris chain (see
definitions and main properties in (20, Chapters 10 & 13) and (5, Chapter 14)) and for

the law of large numbers to hold for the Markov chain with kernel 7.

Proposition 4 Assume that Q, is an aperiodic, positive Harris Markov kernel with sta-

tionary distribution m,. Then, the kernel T, defined by
Ly, A [[ Qulw,da )Gl dy) 1@ y), AeX @y,

10



is an aperiodic positive Harris Markov kernel with stationary distribution m, ® G,. In
addition, for any initial distribution v, on (X, X), and any function ¢ € B (X xY)
satisfying m, @ G4(p) < 00,
nt Z (X, Y;) = 7 @ Gi(p) IP);F:®G* —a.s. (21)
i=0
Corollary 5 If 7, ® G, (log Tx), < oo (resp. m, ® G, (log ¥p)_ < o0), then, condition

(13) (resp. (14)) is satisfied with P, & PG,

In many problems of interest, it is not straightforward to establish that the chain is positive
Harris; in addition, the distribution 7, is not known explicitly making the conditions of
Corollary 5 difficult to check. It is often interesting to apply the following result which
is a direct consequence of the f-norm ergodic theorem and the law of large numbers for

positive Harris chain (see for example (20, Theorems 14.0.1, 17.0.1)).

Proposition 6 Let f, > 1 be a function on X. Assume that Q, is a phi-irreducible Markov
kernel and that there exist a petite set C,, a function V, : X — [1,00), and a constant b,
satisfying

QVi(z) < Vilz) — fiule) + ble, (2) - (22)
Then, the kernel Q, is positive Harris with invariant probability 7, and m(f,) < 4+o00. Let

p € B (X XY) be a function such that

sup f*_l(x)G* (LU, (,O(SC, )) < 00, (23>
zeX
Then, m, @ G.(p) < oco.

We now derive conditions to compute a bound for {ro(v, n)},>o.

Proposition 7 Assume (H1-2) and that the drift function V defined in (H2) satisfies

supy V1QV < cc.

11



(i) If for some p > 1,

sup sup V™'E, [log g (-, ;)]” < o0, (24)
i=0,1 X

then, there exists a constant C' such that, for any initial probability measure v on
(X, X) such that vQ1p > 0 and alln >0, ro(v,n) < Cn~Pv(V).
(i) If for some positive A,

sup sup V' 'E, (exp(Allog g(-, ¥;)]_)) < oo , (25)

i=0,1 X

then there exist positive constants C,6 > 0, such that for any initial probability

measure v on (X, X) such that vQlp > 0, and alln >0, ro(v,n) < Ce v (V).

To determine the rate of convergence of the sequences {r;(n)},>0 to zero, i = 1,2, 3, it is
required to use deviation inequalities for partial sums of the observations {Y} }x>0. There
are a variety of techniques to prove such results, depending on the type of assumptions
which are available. If polynomial rates are enough, then one can apply the standard

Markov inequality together with the Marcinkiewicz-Siegmund inequality; see for example

(7) or (12).
Proposition 8 Assume that

(i) Q, is aperiodic and positive Harris Markov kernel with stationary distribution m,.
(ii) There exist a petite set C, and functions U,, V,, W, : X — [1,00) and a constant b,

satisfying m (W,) < 0o and

Q*V; S V;_ U*‘l’b*l]-c* )

Q*W* S W* - ‘/* + b*ILC*

Let p > 1. There exists a constant C < oo such that for any function ¢ on (Y,))

satisfying supy UZ'GL (-, |oP) < oo and supy U VAP GL(- |¢|) < oo, and for any

12



initial probability distribution v, on (X, X), and any 6 > 0,
P:{:@G* Z {o(Y;) =1 @ Gu(p)} > on| < Ca_pn_(p/wnl/*(w*) )
i=1

Corollary 9 If there exists p > 1 such that
sup f*_lG*('v | lOg Tx‘p) <00, sup f*_l‘/;l_l/pG*('v | lOg TXD <00,
X X

and
sup f, ' G (-, |log Up|?) < oo, sup f, 'V TVPGL (-, |log Up|) < oo,
X X

then there exist finite constants C, M;, 1 = 1,2,3 such that

ri(n) < Cn~ @2y (W) .

If we wish to establish that the sequences {r;(n)},>o decreases to zero exponentially fast,
we might for example use the multiplicative ergodic theorem (17, Theorem 1.2) to bound
an exponential moment of the partial sum, and then use the Markov inequality. This will

require to check the multiplicative analog of the additive drift condition (22).

Some additional definitions are needed. Let W : X — (0, 00) be a function. We say that
the function W' is unbounded if supy W = 4o00. We define by Gy the set of functions

whose growth at infinity is lower than W, i.e. F' belongs to Gy if and only if
sup (|[F| = W) < oo . (26)
X

Proposition 10 Let W, be an unbounded function W, : X — (0,00) and that the level
sets {W, < r} are petite. Assume that Q, is phi-irreducible and that there exist a function

Vi : X = [1,00), and constant b, < oo such that
log (V,'Q.Vi) < =Wy +b, . (27)

Then, Q, is positive Harris with a unique invariant probability distribution w,, satisfying

13



(Vi) < 00. Let ¢ be a non-negative function. If for some A\, > 0,
log [G* (-, e’\*p)} € Gw, , (28)

there ezists a constant M > 0 such that, for any initial distribution v, satisfying v, (Vi) <

o0,

n—oo

limsupn =" log PL*o . <Z o(Y;) > Mn) <0. (29)
=0
Corollary 11 Assume that for some A\, > 0,
log {G* (.7 e/\*[longH)} € Gw. log {G* (.7 e/\*[log\l’olf)} € Gw. .

Then, there exist constants M;, i = 1,2 such that limsup,_.. n ‘logr;(n) < 0, where

{ri(n)}n>0 are defined in (18) and (19).

4 Examples
In this section, we illustrate our results using different models of interest.
4.1 The dynamic tobit model

The tobit model is simply the time series extension of the standard univariate tobit model
and so the univariate hidden process is only observed when it is positive ((19) and (1)):

X1 = 0 X +0(
(30)

Yk = maX(Xk + 65k, 0) s
where {(Ck,€x) }r>0 is a sequence of i.i.d. standard Gaussian vectors, and |¢| < 1, 0 > 0
and 3 > 0. Here X =R, Y = R, and & and ) are the corresponding Borel o-algebra. The

model is partially dominated (see (2)) with respect to the dominating measure dy + A,

14



where A is the Lebesgue measure and d is the Dirac mass at zero. The transition

kernels ()4, and the likelihood gg are respectively given by:

Qonol, A) = (210%) " [exp[~(1/20%) @' — o] La()NP ('), (31)
9al,y) = Ly = 0}2m5%) 772 [~ exp [~(1/282)0%] A<b(av)

+1{y > 0}(273%) 2 exp [~(1/26%) (y — 2)?] . (32)

We denote QQ = Q4 and g = gg.

We assume that {Y} } >0 are the observations of a tobit model (30) with initial distribution
v, and 'parameters’ ¢,, o, [, (which may be different from ¢, o, ) satisfying |¢.| < 1,
o, >0 and B, > 0. We denote by Qx = Q4. 0., Gi(z,") = g, (z, )A\" and E, = EfI®G*,

where T, = Q, ® G,.

4.1.1  Assumptions H1 and H2

It is easily seen that any bounded Borel set C C {x,0 < |z| < C'} satisfies the local Doeblin
property (7), with Ac() = (2C)71ALP (1¢-). Assumption (H1) is trivially satisfied. To
check (H2), we set K =Y and V(z) = el for some ¢ > 0. The function V~'QV is locally
bounded and lim|; ., V"' (2)QV (x) = 0. Therefore, since supy,.y g(z,y) < 1V (273%) /2,
for any n > 0 one may choose a constant C' > 0 large enough so that Yce(y) < nTx(y),

where C % {0 < |z| < C} and T4 is defined in (8). Therefore, (H2) is satisfied.

4.1.2  Application of Theorem 1

We now check conditions (12) to (14) of Theorem 1. Conditions (12) and (13) are obvious
since K =Y and supy Tx < 0o. We now check (14) with D = {0 < |z| < D} and A\p(+) =
(2D)~IALP (1p-) where the constant D is an arbitrary positive constant. Q,(x,dy) is a

Gaussian density with mean ¢,x and standard deviation o,. Using standard arguments,

15



@, is aperiodic, positive Harris with invariant distribution 7, which is a centered gaussian

distribution with variance 02/(1 — ¢?), and any compact set is petite. By the Jensen

inequality, log Ap(g(-,%)1p) = log Ap(9(-,¥)) > Ap (log g(-,y)), which implies

log Wp(y) = log Ao(g(-,y)) > 1{y = 0} log {(27r62)‘1/2 /D N e—vz/wﬁmb(dv)}

+1{y > 0} {~(1/2)log(278%) — (12DB*) " (D +y)*+ (D —y)*)} , (33)

so that 7, ® G4([log ¥p]_) < oo. Corollary 5 implies (14). Combining the results above,
Theorem 1 therefore applies showing that (15) holds for any probability v and v/ such

that [ v(dwz)e + [v/(dr)e™l < oo for some ¢ > 0.

4.1.8  Application of Theorem 3

We now consider the convergence of the expectation of the total variation distance at a
polynomial rate. For all p > 1, there exists a constant C' such that, for any ¢ € {0,1},

E,[V;?] < C(1+ E,[X*]) which is finite since {X;} is Gaussian. Therefore,
sup(1 + [2]?) E, [log g(z, Y))]" < oo, (34)
X

which implies (24) since V' (z) = exp(c|z|). By Proposition 7, there exists a constant C
such that for any probability measure v such that v(V) < oo, ro(r,n) < Cn~Pu(V).
Since supy YTx < 0o, we may choose M; > 0 such that M; > supy log Tx; for this choice,
r1(n) = 0, where {r1(n)},>0 is defined in (18). Since K =Y, r3(n) = 0, where {rs(n)},>o
is defined in (20). We now consider {rq(n)},>0 and apply Proposition 8. To that goal, we
further assume that there exists p, > 1 such that v, (|2z]??*™!) < co. It is easily seen that
the drift condition (22) is satisfied with V,(z) = 1+ |2|*"* and f, ~ |z|*’*~!; furthermore,

upon noting that [log Up(y)]- ~ |y|?, we have

sup f G (-, [log Up(y)]”*) < oo, sup fVITPGL( [log Un(y)]-) < oo,
X X
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thus proving limsup,, .. n~®+/2"Ury(n) = 0. Therefore, by Theorem 3, the expectation
E, (H(by,n[Yb;n] — du Yo HTV) goes to zero at the rate nP+/2V! for any initial distributions
v,V such that [{v(dz) + v/(dz)} exp(c|z|) < 4o00.

The exponential decay can be proved similarly under the assumption that for some ¢ > 0,

Jvi(dx) exp(c|z|) < +00; details are omitted.
4.2 Non-linear State-Space models

We consider the model (6) borrowed from (16). Assume that 3 > 0,
NLG(b, h) The functions b and h are locally bounded and

lim (Jz + b(x)| — |z]) = —00 . (35)

|z|—o00

NLG(o) The noise variance is non-degenerated,

0 < inf inf MNo(x)o (2)) < su su Mo(z)oT(2)\ < o . 36
zcR4 {AERd,P\\:l} ( ) ( ) _me]lgi{)\eRd,\I))\|:1} ( ) ( ) ( )

The model is partially dominated with respect to the Lebesgue measure. The transition

kernel @, and the likelihood g, s are respectively given by

Quolz, A) = 2m) "o (2)| ! /exp (—(1/2)a" =2 = b(a)[2(s)) Lala )N (da') . (37)

gns(,y) = (200%) P exp(—ly — h(z)?/25%) , (38)

2

where |ul7,

y = ul[o(z)o" (2)] " u. As above, we set Q = Qy, and g = g s.

Assume that {Yj}r>o are the observations of a non-linear Gaussian state space (6) with
initial distribution v, and ’'parameters’ b,, h,, o, and 3,. We assume that (3, > 0 and that

the functions b,, h, and o, satisfy NLG(b, hy)-NLG(0,), respectively, and

lim sup |z| ! log |h,(z)| < 0o . (39)

|z|—o0
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We denote by Q. = Qy, o, G+ = gn, s, A" and E, = Ef,p:@G* where T}, = Q, ® G,.

4.2.1 Assumptions H1 and H2

Under NLG(b, h)-NLG (o), every bounded Borel set in R? is locally Doeblin in the sense
given by (7). (H1) is trivial. Set V' (z) = exp(c|z|), where ¢ is a positive constant. The
likelihood g¢ is bounded by (273%)~%? and under NLG (o), there exists a constant M <
oo such that V1(z)QV(x) < Mexp[c(|z + b(z)| — |z|)]. Therefore, under NLG(b, h)-
NLG(o), for any n > 0, we may choose a constant C' large enough such that Tce(y) <
nTx(y) for any y € Y where C = {z € R? |z| < C}. Hence, assumption (H2) is satisfied
with K=Y.

4.2.2  Application of Theorem 1

Condition (12) is trivial since K =Y. Condition (13) is obvious too since Yx is everywhere
bounded. For (14), let us apply Corollary 5 and Proposition 6. @), is aperiodic, phi-
irreducible and compact sets are petite. Set D = {x € RY, |z| < D}, where D > 0 and

define Ap(+) = AL (Ip-) /AL (D). Noting that [y — h(z)[* < 2(|jy[> + [h(x)[?),
[log g(z,y)]_ < B[yl + 572 [h(x)|* + (¢/2) [log(275)] . (40)

Since the function  is locally bounded, supp |h|? < 0o and (40) implies that
llog Wo(y)] - < Ao(log g(,y)] ) < Ayl + 37 sup |f* + (¢/2) [log(2m3®)| . (41)

We set V,(z) = e>/*| we may find a compact (and thus petite) set C, and constants \, €
(0,1) and s, such that Q,V, < A\, Vi +s,1c,, so that (22) is satisfied with f, = (1 — A,) V..

Hence @, is positive Harris-recurrent and 7, (V,) < +oo. Furthermore, Eq. (41) implies
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that there exists a constant C' < oo such that
G (oo ) < € (14 @) <€ (14 Vilohsup Vi) . a2
X

The RHS is finite, provided ¢, > 2limsupy,_, |#[~" log |, (z)| which we assume hereafter.
Therefore, by Corollary 5 and Proposition 6, 1 applies: (15) holds for any initial probability

measure such that [ e?ly(dz) + [ el®l/(dx) < +oo for some ¢ > 0.

4.2.3 Application of Theorem 3

We are willing to establish geometric rate of convergence and for that purpose we will use
Proposition 7 and Proposition 10. We set W (z) = ¢{|z| — |z + b(x)|} V 1 and W, (z) =

o{lz] — |z + bi(2)|} V 1 and assume that

|h|> € Gw and |h.|?* € Gw, . (43)

W, is unbounded and the level sets are petite for Q. Furthermore, V,(z) = eIzl where
¢, > 0 satisfies the multiplicative drift condition (27). Let A < (%2 A (8;2)/4. Since
A\372 < 37%/4, Eq. (40) implies that there exists a constant C' < oo such that for any
integer 1,
E, [ek[logg(ﬂc%)}f} < CE, [e2>\5*2\h*(xz‘)|2} B2 h(@)*

Since A < 3?/2, Lemma 18 shows that sup, E, {ezwﬁ‘h*(xi)q < oo provided v, (V,) < +o0
which is henceforth assumed. Therefore, Proposition 7 applies, showing that there ex-
ists 6 > 0 such that for any probability measure v such that v(V) < oo, ro(v,n) <
Ce™""y(V). As in Section 4.1, because YTx is bounded, we may choose M; large enough
so that r1(n) = 0 (see (18)); similarly, since K = Y, r3(n) = 0. Eq. (41) implies
that, for any A, small enough, log G, (-,e’\*[log‘l’DL) € Gyw,. Proposition 10 shows that
limsup,, ., n"'logry(n) < 0. Hence Theorem 3 applies: for any initial distribution v, v/

such that [{v(dz)+v/(dz)} exp(cle]) < +00, E. (|fnl¥on] — 6 alYoul Iy ) g0es to zero
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at a geometric rate.
4.8 Stochastic Volatility Model

As a final example, we consider the stochastic volatility (SV) model. In the canonical
model in SV for discrete-time data (14; 15), the observations {Y} }r>o are the compounded
returns and { Xy }x>o0 is the log-volatility, which is assumed to follow a stationary auto-

regression of order 1, i.e.

Xit1 = ¢ X +0C
(44)

Yy, = Bexp(Xy/2)er
where {(Cx,€x) }r>o0 is a i.i.d. sequence of standard Gaussian vectors, |¢| < 1, 0 > 0 and
B8 >0. Here X =Y =R and X and ) are the Borel sigma-fields. The model is partially
dominated with respect to the Lebesgue measure. The transition kernel ()4, and the

likelihood gg are respectively given by

Quolw, A) = (2ro®) ™ [ exp(=1/(20%) (' = g LN (dr'), (45)
go(x,y) = (273%) 2 exp (—y? exp(—2)/2” — x/2) . (46)
We denote QQ = @4, and g = g.
We assume that {Y}}x>0 are the observations of the stochastic volatility model (44) with

initial distribution v, and parameters |¢,| < 1, o, > 0, and 3, > 0. We denote as above

Q* = be*,o*u G* = gﬁ*)‘Lebv T, = Q* ® G* and E* = EZE®G*'

4.8.1 Assumptions H1 and H2

As in example 4.1, every bounded Borel set is locally Doeblin in the sense of (7). As-
sumption (H1) is satisfied but the likelihood is not uniformly bounded over X x Y; nev-

ertheless it is easily seen that sup,cx g(z,y) < (2me) ' /2|y|~!. We set K = R and put
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V(z) = el where c is positive; as in Example 4.1, QV(-)/V(-) is locally bounded and

lim|y 0o @V (2)/V (x) = 0, showing that assumption (H2) is fulfilled.

4.8.2  Application of Theorem 1

The Markov kernel @), is positive recurrent, geometrically ergodic and its stationary dis-
tribution 7, is Gaussian with mean 0 and variance o2/(1 — ¢?). Note that there ex-

ists a constant C' < oo such that for all y € Y, [log Tx(y)], < C|log|y||, which im-

+
plies that Gy(z,[log Tx]+) < C + |z|/2 for some constant C' < oo. This implies that
T ® G4 ([log Tx]+) < 0o and Corollary 5 implies (13). Set D = {z, || < D} where D > 0

and let A\p(-) = AP(1p-)/AXP(D). By the Jensen inequality,

log Up(y) > Ap(logg(-,y)) = —(1/2)log(2m5?) — y* sh(D)/[26°D] ,

showing that there exists a constant C' < oo such that [log Up(y)]_ < C(1+y?). Therefore,
G.(z,[log¥p]_) < C(1 + B%"). The conditions of Corollary 5 are satisfied, showing
that (14) holds. As a result, (15) holds for any initial distributions v and ¢/ such that

Jv(dz) exp(c|z]) + [ V' (dz) exp(c|z]) < oo.

The problem of computing the convergence rates can be addressed as in the other exam-

ples.

5 Proof of Theorems 1 and 3

Before proving the main results, some additional definitions are needed. A function f
defined on X & X x X is said to be symmetric if for all (z,2') € X, f(z,2') = f(«',z). An
unnormalised transition kernel P on (X, X), where X = X ® X is said to be symmetric

if for all (z,2') in X and any positive symmetric function f, P[(x,2'), f] = P[(«’, ), f].
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For P a Markov kernel on (X, X), we denote by P the transition kernel on (X, X') defined,

for any (z,2') € X and A, A’ € X, by

Pl(z,2'), Ax A'] = P(zx, A)P(«', A) . (47)

For any A € X, and v and v/ two probability distributions on (X, X’) the difference

Gun[Yon)(A) — durnyon) (A) may be expressed as

Gun Vo) (A) = G nlyom] (A) (48)
_ BP0 9(Xi, 9 1a(Xn)] EZ ([T 9(Xs, yi) La(X,)]
B [T (X )] E? [Hz 0 9(X:,yi)]

V®V [H?:O g(XZ7 Xz’ yl)]]'A(X )] 1/ ®1/ [H? 0 g(X“ Xz? yl)ILA(X )]
E¥ (170 9(Xi y)) B 1T 9(Xi, 94)] ’

where g(z,2',y) = g(z,y)g(z’,y). The idea of writing the difference using a pair of inde-
pendent processes has been apparently introduced in (3); this approach is central in the
work of (16). We consider separately the numerator and the denominator of Eq. (48). For
the numerator, the path of the independent processes is decomposed along the successive

visits to C x C as done in (16).

Proposition 12 Let C be a LD-set and v and V' be two probability distributions on (X, X).
For any integer n and functions g; € B, (X), i =0,...,n, such that EQ [T, g:(X;)] < o0
and BS [T, 9:(X;)] < oo, define

An(v, V' {gitizo) (49)
= 21611; E?@V’ [H gi(XiaXz{)lA(Xn)] E?@V [H gi(XmXi,)lA(Xn)] )
i=0 1=0

where gi(z,z') = g;(x)g;(z’). Then,

Al {g}y) < B2, [ng XZ,XW“] | (50)

=0
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where Q is defined as in (47) and

n—1
Ncon o > Texe(Xiy X)) Lexe(Xivr, Xiq) (51)
=0
def _ 2
pc € 1—(ec/el) (52)

PROOF. Put z = (z,2'), 5:(Z) = gi(2)g:(2'), C¥ Cx C, and A¢ & Ac ® Ac. We stress
that the kernels that will be defined along this proof may be unnormalized. Since C is a

locally Doeblin set, we have for any measurable positive function f on (X, X),
(€c)*Ac(Lef) < Q@ Lef) < (e€)*Ac(lef), forallz e C. (53)

Define the unnormalised kernel Q, and Q; by

Eq. (53) implies that, for all z € C, 0 < Q(Z, 1¢f) < pcQ(Z, 1cf). It then follows using

straightforward algebra that,

We write A, (v, V', {g:}1"y) = supser |An(A)| where

An(A) v @ v (5Q71 - G 1QnLaxx)

-V ev (%le - 'Qn—1Q§n1Axx) . (57)
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Note that A, (A) may be decomposed as A, (A) =, cro.13n A(A, tomn—1) Where
def 1 (= A = _ = _
An(Aa tO:n—l) =rvRU (QOQtogl T 'gn—thnflgn]]-AXX)
-V ev (goQtogl - '§n—1Qtn,1§nﬂAxx) :
Note that, for any tg.,—1 € {0,1}" and any sets A, B € X,
Vev (gOQtogl - '§n—1Qtn,1§n1AxB)
= v @V (50Q1G1 Go-1Qt, 1Gnlpxa) - (58)

First assume that there exists an index ¢ > 0 such that ¢; = 0 then,

v (?oQtogl x '§n—1Qtn,1§n1Axx)
=veV (§0Qto§1 o 'Qtiﬂgilé) x (ec)*Ae (]]‘Egi+1Qti+1 = ‘gn—IQtnflgnlAXX)

=/ Qv (Qo@togl x 'Qti,lgz‘ﬂé) x (e¢)*A¢ (ﬂégi—HQtiH . -Qn—lc_?tnflgnlex)
by (58). Thus, A, (A, to.,—1) is equal to 0 except if for all 4, t; = 1, and (58) finally implies
A(A)=vev L@o@lgl < Gn1Q1n (Laxx — ﬂxXA)] :
Using (56), we have

An(l/7 V/> {gl ?:0) S v I/ (%ngl e gn—l@lgn)
n—1

S
1=0

Y

where the last equality is straightforward to establish by induction on n. The proof is

completed.

Remark 13 If the whole state space X is a locally Doeblin, then one may take C = X in
the previous expression. Since Nx , = n, (48) and the previous proposition therefore imply

the uniform ergodicity of the filtering distribution, for any initial distribution v and V',
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n def —
and any sequence Yo, ||Gvn(Yon] — Gvnllom] v < Px where px = 1 — (ex/ex)?; see (2)

and (10).

We consider now the denominator of (48). A lower bound for the denominator has been
computed in (4, Lemma 2.2). This is obtained by using a change of measure ideas. We

use here a more straightforward argument.

Proposition 14 For any LD-set C € X, n > 1 and any functions g; € B (X), i =

0,...,n,

> () (9@ 1c) [ Melgilc) -

=2

lH 9i(X

PROOF. The proof follows immediately from

EQ [ng Z]z S[goaxo)ﬁ (XD1e(X)] |

=1

and the minorization condition (7).

By combining Propositions 12 and 14, we can obtain an explicit bound for the total

variation distance ||y, [Yo:n] — @vr (Yol 1y -

Lemma 15 Let § € (0,1). Then, for any LD-sets C C X and D C X, any initial proba-

bility measures v and V', any function V : X — [1, 00),

||¢V,n[y0:n] — Qv n[yO'n]HTV < pcn

n v(VV(V),

( )2(n 1)®V’D(y0, yl) ®V’,D(y0a yl) H?:Z \Isz(yl)

where a, < |n(1 = B)/2], |Z| is the cardinal of the set T and the functions ¢, p and ¥p

are defined in (10) and (11), respectively.
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PROOF. Eq. (50) implies that for any 5 € (0,1),

An(l/7 7;9 {gl}?:O) S E?@I/’ H Q(Xza yz)pjcvcn]]'{NC,n Z ﬁn}]
1=0
H (mez) Cn]]-{NCn <ﬁn}

1=0

Q
+E; g,

The first term in the RHS is bounded by pgnE,?@V, {H;‘ZO 9(X;, yl)} We now consider the
second term. For any set A € X', denote by M., the number of visits of {Xk}kzo to the
set A before n. By Lemma 17, the condition Nc, < #n implies that Me,, < n(1+ 3)/2

and Me.,, > a,. Note that for any = € Xandy €Y,

where we have set V(z) & V(2)V (), A(y) & supsece §(Z,y)V"1(Z)QV (), and B(y) &

sup;ex 9(7,y)V1(Z)QV (Z). Consider the process

Vo=V, ma v e e | P 21 (o0

where by convention we have set 0/0 = 0 (to deal with cases where either A(y) = 0 or

B(y) = 0). The process {V,, }n>0 is a F-super-martingale, where F = {F,} is the natural

filtration of the process { X} }x0, Fn F, o(Xo,...,X,). Denote by 7,, the a,-th return

time to the set C°. On the event {Me.,, > a,}, 7o, < n, using that A(y) < B(y)

n

[TIA@ e Bl ™ <

Tn

TTIA ) e FI B (y;)] e ﬁ B(y;) < C(yon)

=0 1=Tq, +1

E?@u’ [H g(quyz)]l{NC,n < BTL}‘| S E?@,, lH quyz IL{]\4Cc > an}‘|

1=0

Q - (X, ys) o
S C(yOZn)EI/®I/ tl;](:) [A(yz)]]lcc()zl)[B(yl)]]lc()_(z)V(Xn—i—l)]

= C(yO:n)EIC?@V’ [Vn—i-l] :
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The super-martingale inequality therefore implies
E?@V’ Hg(leyl>1{NC,n < 6”} < C(yO:n)V(V>V/(V> )
i=0
and the proof follows from (48) and Proposition 14, using that A(y) < Tx(y)Yce(y) and

B(y) = T%(y), where T 4(y) is defined in (8).

Corollary 16 Assume (H2). Let D be a LD-set, and vy and B be constants satisfying
v € (0,1) and B € (0,7). Then, for any n € (0,1) there exists a LD-set C such that,
for any sequence yo., € Y™ satisfying S Ik (y;) > (1 + v)n/2, any initial probability

measures v and V', and any n > 1,

H¢V7n[y0:n] - (bl/',”[yo:n]HTV < an
nC=Om 2T T3 (yi)
(€0)2™ =D, b(yo, ¥1) Pur p(Yo, 1) TTies VA (y:)

_|_

v(V)IV'(V),

where pc , ®,p and Yp are defined in (52), (10) and (11), respectively.

PROOF. [Proof of Theorem 1] The conditions (13) and (14) imply that

limsup exp(—2Mn) H T5(Y;) <1 and limsup exp(—2Mn) H Up%(Y;) <1.

— . — .
n—~o0 i=0 n—oo i=0

Condition (H1) and vQ1p > 0 implies that ®,,p(yo, y1) > 0 for any (yo,v1) € Y2 We then

choose 17 small enough so that

lim nO=A™2 exp(4Mn)(eg) 2"V =0 .

n—0o0

The proof follows from Corollary 16.

PROOF. [Proof of Theorem 3] Note that for any « € (0,1) and any integer n,
E*[||¢V,n[%:n] - ¢V’,n[yb:n]||T\/] S a” + ]P)*[HQSI/,n[Ybn] - ¢V’,n[ybzn]||TV Z an] .
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Consider now the second term in the RHS of the previous equation. Denote 2,, the event

Q, {1og<1>yD<Yo,Y1>> My ,log B (Y, Vi) > —Mon |

Zlong(Yi) < Mln,Zlog Up(Y;) > —Msn, Z 1k (Y;) > n(1 +7)/2}

=0 =2 i=1
CleaﬂYa ]P ( ) < Zz 1 Tz( ) + TO(V, n) + 7’0(1/7 n) where {Ti(n)}nzo and {To(V, n)}TLZO are
defined in Egs. (17)-(20). On the event €2,
®, (Yo, Y1) @' (Yo, Y1) [ ¥5°(Yi H Ty(YV;) < 2 Tio M
=2

One may choose n > 0 small enough and ¢ € (0,1) so that, for any n,

n('y—ﬁ)n/262n2320 Mi(es)—2(n—1) < Qn )

The proof then follows from Corollary 16.

6 Proof of Propositions 7, 8, and 10

PROOF. [Proof of Proposition 7| By the Jensen inequality with the function u —

[log(u)]”., we obtain that for any p > 1,

log ®,,5(Yp, Y1) — log (vQ1p)]”

1
< 2P~ (bQlp)” / (dzo)Q(zo, da1)1p(z1) > _[log g(z;, Y7)P , (61)
=0

which implies by the Fubini theorem,

E. {[log @,,0(Yp, V1) — log(vQ1p)]" }

< 2”_1(VQ]1D)_1/ I/(d:EO)Q(xo,dzl)Z:E*[logg(xi,Y,-)]’i
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Since supy V'E,[log (-, Y;)]”. < oo, and supy V1QV < oo,

f vtz @tan. ds) 3B oo Y

< (V) {sup sup V'E,[log g(-, Y;)]’i} (1+supV'QV). (62)
i=0,1 X X

Similarly, for A > 0, using the Jensen inequality with u — exp[(A/2)[logu]-] and the

Fubini Theorem, we have

E. [exp ((A/2)[log ,,p(Yo, V1) — log (vQIp)]-)] < (vQIp)~"

x / / (di0)Q (0, dz1)EY? [exp(Allog g (0, o)) )| EY2 [exp(A[log g(z1, Y1) )] |

and the proof follows since supy V~2QV/2 < oo.

PROOF. [Proof of Proposition 8] Let ¢ be a non negative function on Y. Assume that
supy U, 'G, (-, ¢P) < oo. Proposition 6 shows that m, [G,(-,¥?)] < oo. Without loss of

generality, we assume that 7, [G4(-, ¢)] = 0. For any p > 1,

EV* ®G«

p n

Z G*(Xiu (P)

=0

S {p(V) = Gul(Xi )}

EV*®G*

p) . (63)

Since conditionally to X., the random variables Y;., are independent, we may apply the
Marcinkiewicz-Zygmund inequality (13, Inequality 2.6.18 p. 82), showing that there exists

a constant ¢(p) depending only on p such that

n D n p/2
Bl S0 - GuXe)| < Bl (gwso(n) G (X g )
f1<p<2
B[S0 — (X)) < cl) 3B, o(4) — G (X))

S 2pc ZEV ®G* Xla |90| )]
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If p > 2, the Minkowski inequality yields

n p

E;F:c@c* Z{SD(Yz) — G (Xi,0)}

1=0

p/2
< C <Z Ew@G* ) G*(Xia ‘P)|p]2/p>

< 2e(p)n?’* IZEV@G* (X, )]

The f-norm ergodic theorem (20, Theorem 14.0.1) implies that there exists a constant

C' < 00, such that for any initial probability measure v,,

ZES;@G*[ S(Xi [elP)] < (n+ D (Gu (4 97) + Crn(V)

=0
Combining these discussions imply that there exists a finite constant C' such that
n p

El o, | 19(Yi) = Gu(Xi, @)} < O v (V).

We now consider the second term in (63). Following the same lines as in the proof of (12
Proposition 12) and applying the Burkholder’s inequality for martingales (13, Theorem

2.10), there exists a constant Cy < oo such that

p

< Cy 0Py (W)

n

Z G*<Xi7 @)

1=0

EV* ®RG«

The result follows.

PROOF. [Proof of Proposition 10] The first statement follows from standard results
on phi-irreducible Markov chains satisfying the Foster-Lyapunov drift condition (20). By

Lemma 18, for any x € X and F' € Gy,

EZ" [exp (Z F(Xk)> <V, (z)emtD(betsupx(F=Wa) (64)

k=0

Since under the probability IP’E,F**@G* the random variables Yj.,, are conditionally independent
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given Xj.,, and the conditional distribution of Y; given Xj., is G.(Xj, ),

)

= Eg* [ﬁ G, (Xk,e)‘*“”)] < Eg* lexp (Zn: ‘log G, (Xk, e’\*@)‘ﬂ .

k=0 k=0

k=0 k=0

By the Jensen inequality, F e log G (-,eMD) is non negative and belongs to Gy, ; we

may thus apply (64) which yields

E?@G [ﬁ eA*w(Yk)] <y, (V;) e(n-i—l)(b*-l-supx(F—W*)) )
k=0

The proof then follows by applying the Markov inequality.

A Technical Results

We have collected in this section the proof of some of the technical results.

Lemma 17 For any integer n > 1, and sequence x ot {x;i}iso € {0,1}N, denote by

M, (x) ¥ S 1{w; = 1} and N,(x) o S 1{w; = 1,241 = 1}. Then,

1N,
Mn(x)gn; + Q(X).

PROOF. Denote by 7 the shift operator on sequences defined, for any sequence x et
{x:}is1, by [7x]k = z41. Let x = {z;}i>0 be a sequence such that z; = 0 for j > n. By

construction, N, (x) = M, (x AND 7x). The proof then follows from the obvious identity:

n > M,(x OR7x) = M, (x) + M, (7x) — M,,(x AND 7x)

> 2M,(x) — 1 — Np(x) ,

where AND and OR is the componentwise incluse ”AND” and ”OR”.
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Lemma 18 Assume that there ezist a function V : X — [1,00), a function W : X —

(0,00) and a constant b < oo such that
log(V'QV) < —W +b. (A1)

Let n be an integer and Fy, k =0,...,n — 1, be functions belonging to Gy, where Gy, is

defined in (26). Hence, for any x € X,

< V(x>ebn+zz;; supy (| Fr|-W) ) (A2)

59 o (z A

k=0

PROOF. The proof is adapted from (17, Theorem 2.1). Set for any integer n,
def n—1
M Ve (3 0700 - ) (A3)
k=0
The multiplicative drift condition (A.1) implies that {M,} is a supermartingale. Hence,

for any n € N and x € X,

EY lV(Xn) exp <—bn + nz_jl W(Xk)> <V(x).

k=0

The proof follows.
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