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Abstract

This note describes an algorithm for maximization of a conditional
likelihood function in the situation where the corresponding uncondi-
tional likelihood function can be more easily maximized. The algo-
rithm is dual to the EM algorithm in the sense that the parameters
rather than the data are augmented and that the conditional rather
than the marginal likelihood function is maximized.

In exponential families the algorithm takes a particular simple form
and the specific computations involved in the steps of the algorithm
are identical to computations in the EM algorithm. To reflect the
structure of the algorithm and the above-mentioned duality, we have
chosen to refer to the algorithm as the ME algorithm.

The algorithm applies to mixed graphical chain models (Lauritzen
and Wermuth 1989) and their generalizations (Edwards 1990), and
it was developed with these as motivation, but we believe it to have
potential applications beyond these.

The algorithm has been implemented in the most recent version of
the MIM software (Edwards 1995).

Key words: CG distributions, conditional inference, graphical mod-
els, logistic regression.

1 Introduction

Graphical chain models were introduced by Lauritzen and Wermuth (1989)
and extended by Edwards (1990). Their potential for applications has been
discussed by Wermuth and Lauritzen (1990), Cox and Wermuth (1996), and
others. Their practical use has been limited by the absence of an estimation
algorithm which can be easily implemented in general software for fitting
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and analysing graphical models. This note provides such an algorithm, thus
meeting the challenge given on p. 219 of Lauritzen (1996).

The building blocks in graphical chain models and their extensions are
based on so-called CG-regressions which describe the distribution of multi-
ple discrete and continuous response variables given multiple discrete and
continuous explanatory variables. They are derived by conditioning on the
explanatory variables, in a corresponding family of joint models, the CG-
distribution models, where a general algorithm for estimation has been de-
scribed by Frydenberg and Edwards (1989) and implemented in the MIM
software (Edwards 1995). In the special case where the explanatory variables
form a cut (Barndorff-Nielsen 1978, p. 50) in the CG-distribution models,
the CG-regression models can be fitted by piecing together suitable esti-
mates obtained in the CG-distribution models as described in Proposition
6.33 of Lauritzen (1996). In particular this holds when all variables are dis-
crete or all variables are continuous. The simplest case for which no general
algorithm was available has the graph given below.
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The structure of our algorithm is quite general and applies to maximizing
any likelihood function obtained by conditioning on some observed variables,
provided maximization can be performed in the unconditional model and the
relevant conditional expectation can be calculated.

It resembles the EM algorithm (Dempster et al. 1977) by alternating
between maximization of a function related to the true likelihood function
(an M-step), and computation of a conditional expectation (an E-step),
but it is different from this algorithm and its variants (Meng and van Dyk
1997) by being applied to the complete data case and by augmenting the
parameters rather than the data. The idea of parameter extension is also
exploited in Liu et al. (1998), but with a different purpose.

The algorithm is described in general terms in Section 2. It is most
directly applicable to the exponential family case and this specialization is
described in Section 3. Section 4.1 illustrates the algorithm by its application
to linear logistic regression, a simple instance of the CG-regression models,
which form the main motivation for the algorithm. Examples of the latter
are discussed in Section 4.2.

2 The general structure of the algorithm

We consider a vector Y = (Y7,...,Y},) of response variables and a vector
X = (Xy,...,X,) of corresponding explanatory variables. Both the re-



sponse and explanatory variables may themselves be multivariate.
We introduce the following notation for the unconditional, marginal and
conditional log-likelihood functions

W) = logf(z,y|0)
1:(0) = logf(x]0)
1*(0) = log f(ylz,0).

The marginal and conditional likelihood functions will typically be over-
parametrized and most often only depend on a part of the parameter 6.
Note that our object of interest [ satisfies the relation [* =1 —[,.

As with the EM algorithm, the computations of the algorithm are made
in two separate steps. In one step we form the function

q(8) = q(616") =1(6) — 0 (6), (1)

where 6’ is a fixed value of the parameter # and we have used a dot to denote
differentiation with respect to #. This function is an approximation to the
conditional log-likelihood function, obtained by linearizing the marginal log-
likelihood I, and then omitting terms constant with respect to 8. It involves
the gradient [ of the marginal log-likelihood function. Under regularity
conditions of usual type, the gradient can be calculated as the conditional
expectation of the score statistic in the unconditional model:

1(0) = Eo{i(6) |}, (2)
because we have that
1(0) = Bo{l.(0) | 2} = Bo{i(0) — " (0) | 2} = Ey{I(0) | 2} — O,

since the expected score statistic in the conditional model is equal to zero.
As (2) involves the calculation of a conditional expectation, we refer to this
as the E-step. Note that the computation in the E-step of the EM algorithm
involves the conditional expectation of [ rather than l.

Note also that the functions ¢ and the conditional likelihood function [*
have the same gradient at 6’

q(0') = 1(0") — I,(0') = I"(0").

The M-step of the algorithm involves maximization of the function ¢
defined above in (1)
0* = arg max q(016).

The iteration is initiated by choosing 6y to maximize the unconditional
likelihood function. The iteration therefore takes the form

Oy = arg maaxl(é‘); Op 1 = arg mgaxq(é‘ |6p).
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A GME variation of the algorithm just increases ¢ instead of maximizing it.

In the special case where z induces a cut (Barndorff-Nielsen 1978, p. 50)
no iteration is needed at all. Because then we have 6 = (¢, n) with ¢ and 7
variation independent and

1(0) =1"(¢) + lx(n),
implying that 6y = (1o, n0) satisfies

1y = arg mgx I*, no=arg max le,

and thus I,(6y) = 0, leading to ¢ = [.

An important property of the EM algorithm is that the function to be
maximized increases at each iteration. Unfortunately the situation here is
not quite so simple. If we let

be the observed marginal information about 8, we can expand an additional
term of the marginal log-likelihood and get

17(0) = 1(0) —1:(0") — (0 —0")Tix(0") + (0 — 0') 5 (0")(0 — 0") /2
= q(0) =10+ 0" "I, (0)+ (0 —0)Tj,(0") (0 — ) /2,

for some 6" between ' and 6. Thus, if observed marginal information j,(0")
is non-negative we get

[(0%) = 17(8") = q(8") — a(8) + (6" — 6) " jo(8") (6" — 6) /2> 0

such that in this case, the conditional likelihood will increase in each M-step
of the algorithm. However it may happen — although rarely so — that the
observed information has large negative eigenvalues and thus the conditional
likelihood may in principle decrease. The M-step must then be modified by
a line search. If the directional derivative of [* towards #* is positive there
will be a 0” somewhere between 6’ and 0* satisfying

2(0") > 15(9).

Since q and [* have the same gradient, this holds if ¢(6') " (§* —6') > 0. Else
a full line search must be performed in the gradient direction.

We will generally assume that the M-step is executed with a line search
modification, so that each iteration has

1% (Bns1) > 17(6,,).



3 Exponential families

The prime application for the ME algorithm is the case of a steep exponential
family (Barndorff-Nielsen 1978, p. 117). More precisely we assume that

1(9) = au(w,y) + B o(x) —P(a. f)

and
1°(6) = o ulz,y) ¥ ()
where
¥le,B) = log [ expla”ue.y) + 8 v(a)bu(dy| 2)u(da).
and

¥*(e) =1og [ exp{aulw,y)}u(dy| )

The parameters (o, (3) are assumed to vary in the convex and open set

D = int{(c, ) | (e, B) < o0}

and the steepness assumption implies that the gradient of ¢ tends to oo
when (a, 3) approaches the boundary of D.

Let U = u(X,Y) and V = v(X). It is convenient to introduce the mixed
parametrization § = (a,n), where

n=Ey{V} = Zb(a, f).

0
op
The mixed parameters are variation independent (Barndorff-Nielsen 1978,
p. 122), so x induces a cut if and only if the distribution of X only depends
on @ through 7.

If the observed (u,v) is in the interior of the convex support of (U, V'),
the unconditional likelihood function has a unique maximum determined by

n=v, Ep{U}=u,

whereas the conditional likelihood function has its unique maximum at the

point where
Eyp{U |z} = u. (3)

The E-step of the algorithm takes a particularly simple form. We find for
any 0 = (a,n) with n = v that

B {i0)s} = B VT~ )T L o)
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Also
Ey {%l(@) |x} =Ey{U |z} — a%z/)(a,ﬁ) = Eg{U |z} — Eo{U}

and thus _
0'1,0)=a"d+n"0=0a's,

where

5 = By {U |2} — By {U}.

Hence the E-step involves computation of the conditional and unconditional
expectations of U and forming the function

q(0) =1(0) — ' 0.
The direct iteration therefore takes the following simple form
Op = O(u,v);  Uppr = Up + 1 — Ep {U|z}; Ony1 = O(uns1,0).

If we introduce the mean value parameter

0
=Ey{U} = —
T 0{ } aal/)(aa /8)7
the iteration can be expressed as briefly as
T =u; Tnt1=Tn+u—Ey {U]|z} (4)

In general the iteration needs to be modified with line search, both be-
cause the conditional likelihood function may decrease, but also because
Up+1 may be outside the convex support of U, in which case é(un_H, v) does
not exist. The modification can here be performed by instead letting

Tnt1 = Tn + A(u—Eg {U]|zx})

in (4), where X between 0 and 1 is found such that (*(6,,41) > [*(6,). That
such a A exists, follows from the calculation below, showing that the direc-
tional derivative with respect to 7 of the conditional log-likelihood function
in the direction of u, 1 is positive: We have that

Dy = (X)) (- 2v@)

where



is the inverse of the covariance matrix of U. As this is positive definite, we
get for the directional derivative

T T
(525) =) = () (w=Eo{U]a})
— (= B0, (U2} 0(60)if (u— By, (U |}) > 0.

The essential computational task in the E-step is the computation of the
conditional expectation Ey {U |z}. This is identical to the computation
in the E-step of the EM algorithm in the exponential family case. Thus
methods used to speed up this computation (Lauritzen 1995; Geng et al.
1996, 2000; Didelez and Pigeot 1998) can also be exploited for the ME
algorithm without further modification.

Any fixed point of the iteration must satisfy (3), so the conditional max-
imum likelihood estimate is the unique fixed point. As the conditional like-
lihood increases at every step, the algorithm must converge to the desired
conditional maximum likelihood estimate.

4 Examples

4.1 Logistic regression
To illustrate the algorithm we consider the simple logistic regression model
Plop(I =1|X =) = exp(a+ fz)/{1 + exp(a + fz)}, (5)

where I is binary (0,1) and X a real-valued variable. We wish to find the
maximum likelihood estimates of & and 3. To do this we imbed the model in
a joint model for I and X in which I is binomial with probability {p;}i—o.1
and for given I =4, X ~ N (u;,0%). Given X, the distribution of I is of the
form (5) with parameters

a = In(pi1/po) — (m1 — po)/20°
B = (m—mo)/o?
Given a sample of the form (i,z"),v = 1...N, the minimal canonical

statistics under the joint model can be written (u,v), where u = (ng, to, 1)
and v = (ss) with ng = #{v : i =0}, t; = ¥,z for j = 0,1, and

ss =Y ,_1_n(x?)% The algorithm requires computation of E¢{U |z}: this
is given by the expressions

Ey(Nolz) = > PBI=0|X=2a")
v=1...N

E)(Ty|z) = > P =0|X=2a")z"
v=1...N

Eg(T1|z) = Y P(I=1]X=a")a"
v=1...\N
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The maximum likelihood estimates 6(u,v) are given by py = ng/N, fig =
to/ng, [Ll = tl/(N — ’n()), and 5’2 = (SS - ngﬂ% — (N — no)ﬂ%)/N

For a numerical example, we use the data described in Jensen et al.
(1991) consisting of 4 replicates of (0,—1), 11 of (1,—-1), 23 of (0,1), 7
of (1,1), 12 of (0,2) and 3 of (1,2), that is, 60 observations in all. Here
(u,v) = (39,43,2,105). The progress of the algorithm is shown in Table 1.
The maximum absolute difference between u and Eg {U |z} is shown as d,,.
The algorithm stops when d,, < 1075,

Unp, —217(6,) dp,
39.000000 43.000000 2.000000 66.173161 2.037482
38.624593 40.962518 4.037482 65.893845 0.562286
38.750190  41.524803 3.475197 65.875077 (0.144482
38.721279 41.380322 3.619678 65.873788 0.038134
38.729209 41.418456 3.581544 65.873699 0.009989
38.727158 41.408467 3.591533 65.873693 0.002623
38.727698 41.411089 3.588911 65.873692 0.000688
38.727557 41.410401 3.589599 65.873692 0.000181
38.727594 41.410582 3.589418 65.873692 0.000047
38.727584 41.410535 3.589465 65.873692 0.000012
38.727587 41.410547 3.589453 65.873692 0.000003

© 00 N O U k=W NN = OB
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Table 1: Progress of the ME algorithm in the logistic regression example.

4.2 CG-regression models

In this section we illustrate the use of the algorithm with the class of CG-
regression models. They include, as simplest case, the simple logistic regres-
sion model of the previous example and, as mentioned in the introduction,
they are derived by conditioning on the explanatory variables, in a corre-
sponding family of joint models, the CG-distribution models.

As in the previous example, the minimal canonical statistics for a gen-
eral CG-distribution model consist of a set of marginal cell counts, variate
totals and variate sums of squares and products. A subset of these (those
that are still stochastic after conditioning) comprise the minimal canonical
statistics for the corresponding conditional model. The ME algorithm pro-
ceeds as before by iteratively incrementing the latter set with the difference
between the observed statistics and their conditional expectations under the
current parameter estimate, and then re-estimating using the incremented
quantities.

We illustrate this using artificial data consisting of 28 observations of two



binary variables (denoted I and J), and two real-valued variables (denoted
Y and Z), shown in Table 2.

(y",2")
33(47/[438
14(27(35[45
39
14(15[(37[36[46

= O O~
= O = Oy
w
e

Table 2: The data used in the CG-regression examples.

Table 3 summarizes the progress of the algorithm when applied to sev-
eral CG-regression models. The second column shows the formula of the
augmented model, using the syntax described in Edwards (1995). The con-
vergence criterion is based on the likelihood equations, i.e. that

Y n
S R S, P

VI /5777 (/587758 + (35772

where n, t7, and ss7" are the marginal cell counts, totals and sums of squares
in the minimal canonical statistics, and dn, 67 and dss?" are the differences
between these and their conditional expectations.

Line-search is here implemented as a crude step-halving procedure: that
is, if the step

Unt1 = up +u—Eg {Ulz}; Opp1 = é(un-i-la v),
does not lead to I*(0,41) > I%(0,) then steps of the form
Unt1 = tn + Au — Eg {U|[z}); Opi1 = é(un+1, v),

for A = %, i ... are successively examined until one is found for which the
conditional loglikelihood does increase.

Note that the first and fourth models induce the same CG-regression
model. Convergence is slower in the latter case, and line-search is required.
This illustrates a general point that is taken up in the discussion below. The
fifth model is heterogeneous, and so the CG-regressions involve quadratic
terms. Convergence is slow for this model also, and line-search is again
required. Here the large dimension of the conditional model relative to the
size of the dataset may be noted. The sixth model has mixed responses
and explanatory variables. The seventh model illustrates that the algorithm
converges after one iteration when the explanatory variables form a cut.



No. Formula of Explanatory No. of Line-search

augmented model variables cycles  necessary
1 Lj/1JY,1JZ]Y Z {Y,Z} 9 no
2 LJJJY,1JZ]YZ {Y,Z} 7 no
3 LJ/1JY,JZ]|YZ {Y,Z} 4 no
4 1j/1JY,IJZ]Y,Z {Y,Z} 27 yes
5 IJJIJY,IJZ]1JYZ {Y,Z} 85 yes
6 Lj/1JYy,JZ|YZ {I,Y} 17 no
7 LJ/1JY,IJZ]Y,Z {I,J} 1 no

Table 3: Progress of the ME-algorithm with different CG-regression models.

5 Discussion

Although the algorithm described was developed with the chain graph mod-
els in mind, the structure of the algorithm promises potential application
in quite general contexts. For any given family of models used for studying
the effects of explanatory variables on responses, one just needs to augment
the parameter space by equipping the explanatory variables with a suit-
able marginal distribution, so that the joint distribution becomes simple.
Admittedly this can be a more difficult task than the corresponding data
augmentation needed for the EM algorithm which has by now established
its wide applicability.

We emphasize that when the augmented joint family can be chosen in
different ways, the analysis in Section 2 indicates that one should choose
this family to be as rich as possible, to prevent strongly negative observed
information in the marginal distribution about the parameters of the con-
ditional distribution. This point is well illustrated by the first and fourth
CG-distribution models above, inducing the same CG-regression model, the
first being richer and leading to faster convergence. Similarly it is not an
advantage to assume o2 to be known in the logistic regression example, al-
though this will generate the same logistic regression model. If the marginal
distribution is sufficiently rich, the explanatory variables will form a cut,
such as in the last model in Section 4.2, and the algorithm will converge
after a single cycle.

Note that as the entire action of the algorithm happens in the mean value
space, as captured in (4), the iteration will also converge to a valid estimate
when (u, v) is on the boundary of the convex support, provided the exponen-
tial family is extended with weak limits as described in Barndorff-Nielsen
(1978), p. 157. This is important for models involving sparse contingency
tables.

10



Finally we mention that a hybrid of the ME and EM algorithm appears
when there are data missing on the response variables. The iteration (4)
should then be replaced by

Tp+l = Tp + Eﬁn{U | €, yobs} - EGn{U | :E},

from an arbitrarily chosen initial value of 7. We refrain from discussing
convergence properties of this hybrid algorithm.
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