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1. Introduction
Let 6 be the maximum likelihood estimator for a vector parameter 6 in a statistical

model with probability density function f(z;6). We consider alternative estimators of form

~

A~ 1 ~
0* =0 + 5h(9)+op(n*1)7 (1.1)

where n is the sample size and h is an arbitrary smooth function; cf. Ghosh and Sinha
(1981). A special choice of h is defined as the gradient of a function of #. Such estimators
arise, for example, in Bayesian estimation where h is the gradient of the log prior density.
The Bayesian predictive distribution is discussed in a differential geometric framework
similar to the present framework, cf. Komaki (1996). The differential geometric method for
statistical inference is covered in the information geometry, see Amari and Nagaoka (2000)
for the general discussion. Another approach for improving the maximum likelihood can
be mentioned the local likelihood method, cf. Eguchi and Copas (1998) for the comparison
of the maximum likelihood estimative distribution.

We note that any estimator of the form (1.1) has the same information as the maximum
likelihood estimator in the limit because the two estimators @ and 6* are in a one-to-one
correspondence for a sufficiently large n. Hence the criterion of information loss makes no
difference in this class of estimators. We take another criterion for our comparison among
estimators of the form (1.1). Let 6 be an estimator of f. As a loss function for 6, we take

the Kullback-Leibler divergence
DG 6) = [ (258 {1og f(258) ~ log F(:0)}n(dz),

and define our risk function as R(6, 8) = Eg{D(0, )}, which we call the Kullback-Leibler
risk function, see Clark and Barron (1990) for related discussion. By definition, R(0, 0) is
parametrization-invariant. In general, mean square error depends on the chosen parametri-
zation. Thus the evaluation of an estimator based on the mean square error is not invariant
to parametrization. In order to make our discussion invariant to parametrization, we now
adopt Kullback-Leibler risk.

We will evaluate explicitly, in terms of a differential geometry viewpoint, a function

0r(0) such that

A~

5n(0) = n%[R(6, 0) — R(6*, 0) — E¢{D(8, 6*)}] + o(1) (1.2)
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This leads immediately to a condition on h such that §,(6) = 0, and thus an estimator
with smaller risk under the K-L loss function than the MLE. The James-Stein estimator
falls within this theory. We can think of this in terms of a right-angled triangle formed
by connecting the three points 0, 0* and 6 when dn(0) = 0, and so we call (1.2) the mean
Pythagorean identity. See Yanagimoto (1994) for detailed discussion, also Hartigan (1998),
Yanagimoto and Ohnishi (2005).

The paper is organized as follows. Section 2 gives the general asymptotic formula for
the Kullback-Leibler risk for the class of estimators of the form (1.1). In § 3 we obtain
the superiority of the Bayes estimator with conjugate prior in terms of a special choice
for hyper-parameter, which includes a result on the multinomial parameter with conjugate
Dirichlet priors. In § 4 the Kullback-Leibler risk is generalized to a class of risk functions
with parametrization-invariance. A similar structure to that of Section 2 is shown by

generalizing the definition of the relevant divergence operator.

2. Second-order structure of Kullback-Leibler risk

Let f(x;0) be a probability density function with an unknown d-dimensional param-
eter 6 in a parameter space O, and write the family P = {f(x;0) : § € ©}. Our approach
to comparing performance of estimation is based not on a specific parameter but on in-
variant discussion with parametrization. For this we take a differential-geometric method;
see Amari (1985) and Critchley, Marriot and Salmon (1994). We note that the first-order
structure of the Kullback-Leibler risk in the class of estimators of the form (1.1) is simple:

for any estimator 6* in this class

R(6*, 0) = % oL, (2.1)

The common first-order term in R(é*, 0) is the lower bound in the class of consistent esti-
mators. This result motivates the investigation of the second-order structure of R(é*, 0).

Let ¢ be a one-to-one transformation of # into another parameter 7. We assumed
for the estimator §* such that the estimated density function f(x; 6*) is invariant under
parameter transformations. Thus the estimator 6* is transformed into 7* = (b(é*) as the
corresponding estimator of 7, and the maximum likelihood estimator satisfies the same

transformation rule, given as 7 = ¢(6).

We note that the estimator 7* has the following representation: 7* = 7 + %E(%) +

-3 -



0p(n~1), where

h(7) = B(0)(9) + 0p(1)

with B(6) being the Jacobi matrix of ¢ when evaluated at § = ¢~1(7). Thus the invariance
argument naturally leads to the fact that for any reparametrization § — 7 there is a
corresponding mapping of the function h into the h given, in other words, it works as a
vector field on P. We define the gradient of a function as a typical example of a vector
field, which is a natural extension of this on a Euclidean space. The gradient of a function

f on P is expressed as
d

(srad £(0))' = 3" 49(0) 7 0,

j=1
where g% (6) is the inverse of the Fisher information g¢;;(f). Here we regard P as a Rie-
mannian space with respect to the information metric g with components g;;(6); cf. Rao
(1945). Similarly, the divergence of a vector field h is defined as
. Oh*(0) : : _
div (h) = T > " hi0) g (0) Tiji(9), (2.2)

7 1,7,k

where {T';; ()} is the coefficients of the Levi-Civita connection with the metric g. It is
noted that div (h) is a scalar, or parametrization-invariant function on P while h or grad
f is subject to the covariant manner for parameter transformation. Thus, for example,
the squared norm of h measured by the information metric g, i.e. || h [?= 3, ; gih'h,
becomes invariant. The Laplace-Beltrami operator is then given by A = div (grad). A
function f defined on P is said to be harmonic if Af = 0 on P and superharmonic if
Af <0.

We state the following main result on the second-order structure of the Kullback-

Leibler risk:

THEOREM 1. Let 6 be the mazimum likelihood estimator of 0, and h a vector fields

on P. Define an estimator 6 by 6* = 0 + %h(é) Then
0n(0) = —{div(h)+ || 1 |},

where 0p,(0) is defined in (1.2).



The proof of Theorem 1 is given in Appendix 1. From Theorem 1 and E@D(é, é*) =

75 || B || + o(n™?2) it follows that the risk difference is expressed as
. . , 1
W (0) = n*{R(0, 6) — R(6", 0)} = —{div(h) + 5 [ b [} + o(1).

Thus we can say that 8* is better than 8 if and only if div(h) < —3 || A ||?. Further, if
6n(0) = 0, or y,(0) = 5 || h ||, then v4(0) — van(8) = 3(a — 1) || A ||2. This concludes
that the estimator with such an h has the greatest improvement of Kullback-Leibler risk

in the class of estimators {0 + %ah(é) ta € R}
COROLLARY. Let u be a function defined on P. Define an estimator 6* by
- ~ 1 ~
0" = 60 + —grad u(6). (2.3)
n
Then the estimators 0% and 0 satisfy
dgrad u(0) = —exp(—u)A exp(u)

for any 6 of ©.

The proof follows from a direct application of Theorem 1 to the case of h = grad wu.
Since Aexp(u) = exp(u){Au+ || grad u ||?}, we get dgraa « = —exp(—u)A exp(u), which
completes the proof of the Corollary.

From Corollary it follows that if exp(u) is superharmonic, then the estimator 6* is
better than 6. Specifically, if exp(u) is harmonic, then the mean Pythagorean identity
holds for the triangle connecting é, 6* and 6 since the right-angled triangle so formed
R(é, 0) is viewed as the squared length of the hypotenuse. Since a similar argument to
the proof of Corollary yields

L),

2 1
Y (0) = —Fexp(—§u)AeXP(§u

a necessary and sufficient condition for this superiority is that Aexp(%u) is superharmonic.
Finally, we note that a vector field A is not always expressed as the gradient of a function;
this needs to be checked by the condition: dh; /007 = Oh; /00" for (6") = 6 and h; = Xh?g;;

in the Poicare lemma. See e.g. 2.3 in Abraham and Marsden (1978) for general discussion.

3. Bayes estimator for exponential models with conjugate priors
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We now discuss Bayes estimators with a prior density function p(6). The posterior
density function is proportional to L(0)p(6) with the likelihood function L(#); cf. Bernardo
and Smith (1994). By expanding the equation

o . .
=5 {log L(8" +log p(6)} = 0,

we obtain the result that the maximum posterior estimator of 6 is of the form (1.1) with
h(6) = grad log p(#). It follows from Corollary that the maximum posterior estimator
with a harmonic or superharmonic prior density asymptotically improves the maximum
likelihood estimator in terms of Kullback-Leibler risk.

We apply the general formula of the Kullback-Leibler risk given in Section 2 to an
example of the Bayes estimator with conjugate prior. Consider the following exponential
family model with the density, f(z; 8) = exp{xT 3 — 1(8)} with the natural parameter

of dimension d. Then the prior density function conjugate to (3 is given by

m(8;m, x) = exp[m{x” 8 — ¥(8)}],

where m and x denote hyper-parameters; see § 5.2 in Barnard and Smith (1994). For the
expectation parameter 1 with the transformation n = (0/98)¥ () the maximum likelihood
estimator 7 is just the canonical statistic T = (Xx;)/n. The Bayes estimator n* can be

expressed as the convex combination of y and 7 i.e.,

mx+nn
e = XTI (3.1)

n+m

which implies that 7* is of the form (1.1) with h(n) = m(x—n). We note that h is expressed
as the gradient of the logarithm of the prior density with respect to the coordinate system

1. Thus it exactly holds that

Ak

Nt =m0+

L
—— grad u(i),

where u(n) = logm(5;m,x) through the inverse transformation of n = (90/98)¢¥(3). A

direct application of the theorem 1 in § 2 leads to

! )V} 4+ o(n™?). (3.2)

5grad u(”) = _%{—d—F <m(X — 77)7 m(X — 77) — Et
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where t is a vector having the i-th component,

d
ti= > Tk g'*
k=1
where 7% is the inverse element of the Fisher information matrix [(02/93708%)y(3)] and

T;;x are components of the skewness tensor defined by

o3
Tijr = Ep{(zi — i) (x5 — 1) (xr — k) } = #ff@)ﬁk

We call ¢ the skewness vector in this sense.

For example, let x be the number of successes in n independent Bernoulli trials with
probability of success p. The Bayes estimator of p for a conjugate Beta prior with constants
a and b is given by p* = (x +a)/(n+ a + b); cf. § 5.2 in Bernardo and Smith (1994). We
get, from (3.1) and t = 1 — 2p,

{a—(a+b)pH{1—a—bp+a— 3}

6h(p):a—|—b+ p(l—p)

which becomes 1/n? ifa =b= % Such a choice for a and b yields the uniform dominance
of p* over p.

This result is extended to a multinomial distribution model with cell probabilities
(po, ..., pqg) in a d-dimensional simplex. When we take p = (p1, ..., pg)T as the ex-
pectation parameter, the Bayes estimator of p for the conjugate Dirichlet prior is p* =
(np + mx)(n +m). We note the remarkable relation between the expectation parameter
and the skewness vector as

t=0—(d+1)p

with § = (1, ..., 1)T. From this relation it follows that

m d+1 1
On(p) = E{CH (x — P, (7 —m)p +my — §5>},

which is reduced to 3d(d + 1) by fixing m = £(d + 1) and x = {(d + 1)6}~'. In this way
we can extend the above result for d = 1 to the multinomial distribution.
We next discuss two familiar classes of distributions. First, consider the family of

exponential distributions with the density function p(z, 3) = exp(—z[+log 3) on {z > 0}.
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Then the expectation parameter 7 is —1/0, the information g(3) = 1/3? and the skewness
t =T(B)g(B)~! = —2B871. The Bayes estimator 7* = (m + n)~1(nf + myx) of n with a
Gamma prior never dominates the maximum likelihood estimator 7 for any y since we

have

m(x —1 m(x —1
on(p) = mf M= 0 - )
which necessarily changes sign for m and x as n varies on (—o0,0). Secondly, consider a

+ 1},

Poisson family with the probability P{X = z} = («!)~'n” exp(—n) for an integer z > 0.
Then it has the information g(3) = e® with 3 = logn and the skewness t = T(8)g(3) ! =

1, and hence the Bayes estimator /* for the Gamma prior satisfies

51 (p) = m(x—n) 2m*(x—n)*
1 7

The argument similar to the exponential distribution leads to no dominance of Bayes

2m

estimator over the maximum likelihood estimator. We heuristically consider an estimator
having the form #** = ) + n~'a, which can be viewed as a limit of a Bayes estimator in

the following sense:
nf +m-L
— fim M
m—0 n+m

Then we get
~ A skk 1 1 2 1 —2
R(f),n) — R(9™,n) = n—Qn{—(a —5) o),
which attains a maximum at a = % for any 1. We note that if a = %, then the estimator

satisfies the mean Pythagorean identity.

4. General risk structure

In the previous sections we discussed the asymptotical improvement of the maximum
likelihood estimator with respect to the Kullback-Leibler risk. However, the improvement
can also hold for other risk functions which are parametrization-invariant. A typical ex-
ample is

Dalfiof) = 11~ [ £i(@)'F o) ¥ du(a)

with | o |< 1, which has been called the a-order divergence (Amari, 1982 a, b). It is noted

that lima| 1 Do (f1, f2) = D(f1, f2) and lima11 Do (f1, f2) = D(f2, f1). Thus the family of

a-order divergences includes the Kullback-Leibler divergence as a limit and also includes

the squared Hellinger distance by setting o = 0.
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In this section we consider a class of risk functions of the form R (0, 0) = nEp(d,6),
where the function p defined on P x P satisfies p(61,62) > 0 with equality if and only if
91 = 92, and

<69(?60j pl0, 90)>9 _, = 9i(0) (4.1)

for any 6 of ©. We note that any a-order divergence satisfies (4.1). This requirement
permits us to adopt R(”) as a measure of the first-order efficiency in the sense of (2.1).

The function p generates a pair of affine connections I'») and *I'(?) with coefficients

3
(p) 0
@)= (- —— 01,0:)),
i#(0) < ae;ae{aeép( ' 2))2;2
and ,
+(p) 9
Ii2.0) = ( — ————p(61,0

(Eguchi 1983, 1992). Note that, when the Kullback-Leibler divergence D (61, 62) is used as
p(01,02), ' and *T'(® are the mixture connection I'™ and the exponential connection
I'(®) respectively. We now define the following linear connection I' by

P e - Lpem
2 2

and the divergence with respect to T’

(@ o) = 30 P S B 0 057 0), (1.2

7 1,7,k

and hence we write A = div grad.
THEOREM 2. Under the same assumption in Theorem 1,
50 (6) =~ Adv(h) || [P} + o0 ™).
The proof will be given in Appendix 2.

By a similar argument to that of Theorem 2 we can extend Cororally of Theorem 1
to the following;:
R®(6,0) — R¥(6*,60) = Eo{p(0, 6%)}

for any 6 in © if and only if A exp(u) =0 on ©.
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Theorem 2 provides us with a common structure for the risk functions satisfying (4.1).

The corresponding connection in the case of the a-order divergence D, is given by

4 )
or the (1 + ) connection, which implies
< 1+« T
—exp(—u)Aexp(u) = —exp(—u)Aexp(u) + 0 (grad u)” t, (4.3)
where t is the skewness vector field with the i-th component t; = Z(I‘Zn,z —FE;%) g'* as the
special form is seen in Section 3. In particular, if &« = —1, or equivalently D, = D, then

T becomes the Levi-Civita connection, so that Theorem 1 is regarded as a special case of
Theorem 2. In view of (4.3) we get the condition, as in the following corollary, that the

asymptotical improvement is conserved in the class of a-divergence risk functions.

COROLLARY. Suppose that the estimator defined in (2.3) satisfies (2.4), and so im-
proves mazximum likelihood in terms of the Kullback-Leibler risk. Then the improvement
is still valid for the a-order divergence risk for any o, | o |< 1, if (grad u)Tt >0 on ©.

We return to the example of the multinomial distribution model as in § 3. From the

remarkable property that t = § — (d 4 1)p it follows that

T, 2 1 2
(grad w) " t=(d+1)* || p (d+1)6H .

Consequently, we conclude the dominance of the Bayes estimator for p over the maximum

likelihood estimator for every a-order divergence risk.

5. Discussion

We consider a situation where maximum likelihood estimators can be improved by
adding a vector field. By definition, maximum likelihood can be viewed as minimization of
the Kullback-Leibler divergence, from a given sample distribution function to the statistical
model. This implies not minimization of the risk suffered but another minimization based
on the data. Hence the maximum likelihood method seems to overfit to the sample distri-

bution or the data. In our main result the estimator § +n~'h(f) asymptotically improves
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the maximum likelihood estimator 8 by correction for overfiting made by a dynamical force
associated with the vector field h. We have used the concepts of gradient, divergence and
the Laplace-Beltrami operator as developed in electromagnetics or potential theory. In the
Bayesian argument the prior density function leads to such a dynamical interpretation in
terms of a potential function. For the multinomial distribution, for example, we obtain
that the observed frequency vector is improved by shrinkage towards the average of cell
probability vectors on the basis of the conjugate Dirichlet prior.

It is reasonable to expect that the mean Pythagorean identity holds in a finite sample
setting in restricted cases. For example the James-Stein estimator satisfies (2.4) for d > 3
for any size of sample. Further research will pursue the question of to what extent, and

under what conditions, the results developed here hold for small samples.
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Appendices
Appendix 1. Proof of Theorem in § 2

We use differential-geometric notation (Amari, 1985) for the probability density func-
tion f(x;0), supposing the parametric family P to satisfy mild regularity conditions. The

set of score functions

0 ,
ei—agilogf(xﬁ) (i=1,...,d)

is regarded as a basis of the tangent space of P at f(x;6). Thus the information metric g,
the mixture connection I'™ and the exponential connection I'(®) are defined component-
wise by

e aei m e
9ij(0) = B(eic;), T(5},(0) = B(Zgzer) and T{7)(0) =T}

ij,k ij,k

(9> + Tijk(e)v

respectively, with respect to 0 = (0%), where {T};1(0) = E(e;ejer)} are the components of

the skewness tensor, see Dawid (1975) and Lauritzen (1987). The Levi-Civita connection
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T with respect to g is expressed as the 0-connection
F— Lo 4 e
= §(F + ') (A.1)

with the a-connection I'(® = %(1 — o)l %(1 + a)T(®). Similarly, the tangent space
on n-replicated form p(y,;0) of f(x;0) is spanned by the basis

19 1 0 ‘
e =¢e(0) = 0 log p(yn;0) = ~ ﬁlogf(xa;e) (i=1,...,4d).
a=1
We next define
_ _ o B
fij=fi;(0) = 59761 ~ ng)kek + gij,

where the summation convention is used for the index k and I’(egf = I’g;)l g with the

elements g*! of the inverse of the matrix (g;;). Hereafter we use this convention of upper
and lower indices as well as the summation convention. We note that E (ﬁj) = 0 and

Cov(e;, fj5) = 0. The following lemma for the asymptotic behavior of the maximum

likelihood estimator will be necessary for the proof of Theorem.

LEMMA. The mazimum likelihood estimator 6 can be expressed as

) i i o Lomyiggo _3
0—0) =e+ f;& —§F§.k) eed + Op(n=2) (A.2).
Proof. The system of likelihood equations is €;(f) = 0 (i = 1, ..., d), which is

expanded as )
oe;—j 1 0% —k-j
6" T 3800070 ¢ =0

to the second-order with § = 6 — #. This equation is rewritten as

ei—I—

—j 0e; - 1 0%€; —k—j
& — 010 + (== 4 gi;)0’ + =E(=——-)0 0’ =0,
€ =9 + (Gg; +90)0 + 5 B Ggragr) 0
which is inverted to
i i, i 08 e L PR
Alternatively, we have
6261 e e m
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by differentiating both sides of E(€;€;) = —F(Je;/067) with respect to the k-th component
0*. The substitution of (A.4) into (A.3) leads to (A.2), which completes the proof.
The Kullback-Leibler divergence satisfies a fundamental identity:

D(0y, 03) — D(6162) — D(62, 03)
/ (F(2:00) — F(w:02)}{log f(x: 0) — log f(as 03)}ufda}  (A5)

The proof of Theorem 1 uses Lemma 1 and Equation (A.5).

Proof of Theorem 1. From (A.5) it follows that

= — ((9 0* ) — D(0%, 0)
/ {f (2:0) — (6%} {log f (a3 0%) — log f(x: 6) ().

We expand = at f(z;6) by neglecting o,(n~?):

== [0 (e (50 + e S (0 = 0}

< {0~ 0) o og (e 0) + L (0" — 0)(0" — 0)' 5o o f(a:6) ()

(0 — 096" — 0) (0" — e)k(zr@ +T0M) 40, (n2).

17,k

1 9 m
== _[{_hz o0k 5o k} {63 +flél QF( Vete e+ - hj}gm
— hie'e ’f(2r§§jz + TN + 0p(n72),

which is expressed as the final form
— 1 i (= T =7 0 1=
= = —g{h (ei + fije]> — wh 6 62

1 R B _
~ W (T, 4+ ST — b g} + o0, (n7).
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By taking the expectation under the supposed density p(y,;#) we obtain

= 1,90 iT j ipJ -
Ey(Z) = —ﬁ{aeih — W'l 19" — h'hIgi;} + o(n™?)

because of (A.1). By the definition of the divergence operator at (2.2) in Section 2,
1
Ey(E) = ——5{div h+ (b, h)} + o(n™?),
which completes the proof.

Appendix 2. Proof of Theorem 2 in § 5
In the notation of Section 5, a Taylor expansion leads to
- A 1 —i—j =i 1 . —i—j—k  —i—jk
p(0%,0) — p(0,0) = 9 Zgij(‘929; - 919J1) + 6 Z( re 4+ 21’(0))”7k(«929é02 - 019J191)
i 0,4,k
8 ,0 19 0()
89@ 0079607 90% OO 100=0

(0.6°057, — 0,0.9,0,) (A.6)

to the fourth order of 0; with 6; = 6 — 0 and 0y = 0* — 0. This expansion is derived from
(3.1) and the equation

83

__7_ 6) + TV (0) +* T (6),
oo’ (6)+ T, (6) (6)

(91702)] 91 9 = F(p) ki,j jk,i

13,k

[

which is given by differentiating both the sides of

[

2 82

S (01,0)] s = [——
oaroar P10y = = arsar

(617 92)] 91 z
It follows from Lemma 1 that the first term in the right-side of (A.6) is expressed as

1 mimj i
Z Qgij(‘gﬁé - 919{)

,J
zizj: gw{(e +3 —I—h—+ ggk_k _3—1—5 —|———|— Zg;i_k
PITIGEES gg )@ +5))
~ o2 ZQU hzhj ZZ; e
ij
21n (F(m) +2ore )) i k€ il pk + o,(n *2).
ig.k
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Thus the second term is

S (TW 4 200)); (0,050, — 6,018y) = > 3("T®) 4+ 20(?),; yeiei nf

.9,k .9,k

and the last term vanishes to op(n_z). Consequently, we get

p(6%,0) — p(6,0) = QHQZ%W

(2¥)
e .
Zaea ety Zagﬂejh

1
+o5- Z(—QF(G) rm 4 or® 4 10 Ee bk + o, (n=2).
4,5,k

By taking the expectation of both the sides of this equation we get
R (6*,0) — R(P)(é 0)

1 1
— _—1(m) 1 * (p) IRV
2{5?% =gt T O 211+ o(n ™)

— AV e P o).
Thus we obtain
R, 0) — Eop(d,0°) — RV (6%, 0) = —%{(ﬁf(h + (b, B} + o(n™2)
because
Eopl6,67) = 55 | 12 +o(n ™).

The proof of Theorem 2 is now complete.
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