Approximating Bayesian Belief Networks by Arc Removal

Robert A. van Engelen*
Dept. of Computer Science, Leiden University,
P.O. Box 9512, 2300 RA Leiden, The Netherlands

e-mail: robert@Qcs.leidenuniv.nl

Abstract

Bayesian belief networks or causal probabilistic networks may reach a certain size and
complexity where the computations involved in exact probabilistic inference on the net-
work tend to become rather time consuming. Methods for approximating a network by a
simpler one allow the computational complexity of probabilistic inference on the network
to be reduced at least to some extend. We propose a general framework for approximating
Bayesian belief networks based on model simplification by arc removal. The approxima-
tion method aims at reducing the computational complexity of probabilistic inference on a
network at the cost of introducing a bounded error in the prior and posterior probabilities
inferred. We present a practical approximation scheme and give some preliminary results.

1 Introduction

Today, more and more applications based on the Bayesian belief network' formalism are
emerging for reasoning and decision making in problem domains with inherent uncertainty.
Current applications range from medical diagnosis and prognosis [1], computer vision [10], to
information retrieval [2]. As applications grow larger, the belief networks involved increase
in size. And as the topology of the network becomes more dense, the run-time complexity of
probabilistic inference increases dramatically, reaching a state where real-time decision making
eventually becomes prohibitive; exact inference in general with Bayesian belief networks has
been proven to be NP-hard [3].

For many applications, computing exact probabilities from a belief network is liable to be
unrealistic due to inaccuracies in the probabilistic assessments for the network. Therefore, in
general, approximate methods suffice. Furthermore, the employment of approximate methods
alleviates probabilistic inference on a network at least to some extend. Approximate meth-
ods provide probability estimates either by employing simulation methods for approximate
inference, first introduced by Henrion [7], or through methods based on model simplification,
examples are annihilating small probabilities [8] and removal of weak dependencies [13].

With the former approach, stochastic simulation methods [4] provide for approximate
inference based on generating multisets of configurations of all the variables from a belief
network. From this multiset, (conditional) probabilities of interest are estimated from the
occurrence frequencies. These probability estimates tend to approximate the true probabilities
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if the generated multiset is sufficiently large. Unfortunately, the computational complexity of
approximate methods is still known to be NP-hard [5] if a certain accuracy of the probability
estimates is demanded for. Hence, just like exact methods, simulation methods have an
exponential worst-case computational complexity.

As has been demonstrated by Kjaerulff [13], forcing additional conditional independence
assumptions portrayed by a belief network provides a promising direction towards belief net-
work approximation in view of model simplification. However, Kjaerulff’s method is specifi-
cally tailored to the Bayesian belief universe approach to probabilistic inference [9] and model
simplification is not applied to a network directly but to the belief universes obtained from
a belief network. The method identifies weak dependencies in a belief universe of a network
and removes these by removing specific links from the network thereby enforcing additional
conditional independencies portrayed by the network. As a result, a speedup in probabilistic
inference is obtained at a cost of a bounded error in inference.

In this paper we propose a general framework for belief network approximation by arc
removal. The proposed approximation method adopts a similar approach as Kjaerulff’s
method [13] with respect to the means for quantifying the strength of arcs in a network
in terms of the Kullback-Leibler information divergence statistic. In general, the Kullback-
Leibler information divergence statistic [14] provides a means for measuring the divergence
between a probability distribution and an approximation of the distribution, see e.g. [22].
However, there are important differences to be noted between the approaches. Firstly, the
type of independence statements enforced in our approach renders the direct dependence rela-
tionship portrayed by an arc superfluous, in contrast to Kjaerulff’s method where other links
may be rendered superfluous as well. As a consequence, we apply more localized the changes
to the network which allows a large set of arcs to be removed simultaneously. Secondly, as
has been mentioned above, Kjaerulff’s method operates only with the Bayesian belief universe
approach to probabilistic inference using the clique-tree propagation algorithm of Lauritzen
and Spiegelhalter [16]. In contrast, the framework we propose operates on a network directly
and therefore applies to any type of method for probabilistic inference. Finally, given an
upper bound on the posterior error in probabilistic inference allowed, a (possibly large) set of
arcs is removed simultaneously from a belief network requiring only one pre-evaluation of the
network in contrast to Kjaerulff’s method in which conditional independence assumptions are
added to the network one at a time.

The rest of this paper is organized as follows. Section 2 provides some preliminaries from
the Bayesian belief network formalism and introduces some notions from information theory.
In Section 3, we present a method for removing arcs from a belief network and analyze the
consequences of the removals on the represented joint probability distribution. In Section 4,
some practical approximation schemes are discussed, aimed at reducing the computational
complexity of inference on a belief network. To conclude, in Section 5 the advantages and
disadvantages of the presented method are compared to other existing methods for approxi-
mating belief networks.

2 Preliminaries

In this section we briefly review the basic concepts of the Bayesian belief network formalism
and some notions from information theory. In the sequel, we assume that the reader is well
acquainted with probability theory and with the basic notions from graph theory.



2.1 Bayesian Belief Networks

Bayesian belief networks allow for the explicit representation of dependencies as well as in-
dependencies using a graphical representation of a joint probability distribution. In general,
undirected and directed graphs are powerful means for representing independency models,
see e.g. [21, 22]. Associated with belief networks are algorithms for probabilistic inference
on a network by propagating evidence, providing a means for reasoning with the uncertain
knowledge represented by the network.

A belief network consists of a qualitative and a quantitative representation of a joint
probability distribution. The qualitative part takes the form of an acyclic digraph G in which
each vertex V; € V(G) represents a discrete statistical variable for stating the truth of a
proposition within a problem domain. In the sequel, the notions of vertex and variable are used
interchangeably. Each arc in the digraph, which we denote as V; — V; € A(G) between vertex
Vi, called the tail of the arc, and vertex Vj, called the head of the arc, represents a direct causal
influence between the vertices discerned. Then, vertex V; is called an immediate predecessor
of vertex V; and vertex V; is called an immediate descendant of vertex V;. Furthermore,
associated with the digraph of a belief network is a numerical assessment of the strengths of
the causal influences, constituting the quantitative part of the network.

In the sequel, for ease of exposition, we assume binary statistical variables taking values
in the domain {TRUE, FALSE}. However, the generalization to variables taking values in any
finite domain is straightforward. Each variable V; represents a proposition where V; = TRUE
is denoted as v; and V; = FALSE is denoted as —w;. For a set of variables V', the conjunction
Cv = Ay,ev Vi of all variables V; € V is called the configuration scheme of V; a configuration
cy of V is a conjunction of value assignments to the variables in V. In the sequel, we use
the concept of configuration scheme to denote that a specific property holds for all possible
configurations of a set of variables.

Definition 2.1 A Bayesian belief network is a tuple B = (G,T') where
e G=(V(Q),A(Q)) is an acyclic digraph with V(G) ={V1,...,V,}, n > 1, and

o I'={yy; | Vi € V(G)} is a set of real-valued functions yv;: {Cv;} X {Cryvi)} — [0,1],
called (conditional) probability assessment functions, such that for each configuration
Cra(vi) Of the set mq(V;) of immediate predecessors of vertex V; we have that v, (—v; |

Cra(vi) = 1= (vi | crpvpy), i =1,...,m.

A probabilistic meaning is assigned to the topology of the digraph of a belief network by
means of the d-separation criterion [18]. The criterion allows for the detection of dependency
relationships between the vertices of the network’s digraph by traversing undirected paths,
called chains, comprised by the directed links in the digraph. Chains can be blocked by a set
of vertices as is stated more formally in the following definition.

Definition 2.2 Let G = (V(G), A(G)) be an acyclic digraph. Let & be a chain in G. Then
¢ is blocked by a set of vertices W C V(G) if & contains three consecutive vertices X1, Xo,
X3 € W for which one of the following three conditions is fulfilled:

o X+ Xy and X9 — X3 are on the chain & and Xo € W;

e X1 — X9 and X9 — X3 are on the chain & and Xo € W;



e X| = Xy and Xy < X3 are on the chain £ and o(X2) NW = (0 where 0f:(X2) denotes
the set of vertices composed of Xo and all its descendants.

Note that a chain £ is blocked by 0 if and only if £ contains X; — X5 and Xo + X3. In this
case, vertex Xy is called a head-to-head vertex with respect to & [6].

Definition 2.3 Let G = (V(G), A(G)) be an acyclic digraph and let X, Y, Z C V(G) be
disjoint subsets of vertices from G. The set Y is said to d-separate the sets X and Z in G,
denoted (X | Y | Z)%, if for each V; € X and Vj € Z every chain from V; to V; in G is blocked
by Y.

The d-separation criterion provides for the detection of probabilistic independence relations
from the digraph of a belief network, as is stated more formally in the following definition.

Definition 2.4 Let G = (V(G), A(G)) be an acyclic digraph. Let Pr be a joint probability
distribution on V(G). Digraph G is an I-map for Pr if (X | Z | Y% implies X LLp,Y | Z for
all disjoint subsets X, Y, Z C V(G), i.e. X is conditionally independent of Z given Y in Pr.

By the chain-rule representation of a joint probability distribution from probability theory,
the initial probability assessment functions of a belief network provide all the information
necessary for uniquely defining a joint probability distribution on the set of variables discerned
that respects the independence relations portrayed by the digraph [11, 18].

Theorem 2.5 Let B = (G,T") be a belief network as defined in Definition 2.1. Then,

Pr(Cvic) = [I wiVil Creoviy)
VieV(Q)

defines a joint probability distribution Pr on V(G) such that G is an I-map for Pr.

A belief network therefore uniquely represents a joint probability distribution. For computing
(conditional) probabilities from a network, several efficient algorithms have been developed
from which Pearl’s polytree algorithm with cutset conditioning [18, 19] and the method of
clique-tree propagation by Lauritzen and Spiegelhalter [16] (and combinations [20]) are the
most widely used algorithms for ezact probabilistic inference. Simulation methods provide
for approzimate probabilistic inference, see [4] for an overview.

2.2 Information Theory

The Kullback-Leibler information divergence [14] has several important applications in sta-
tistics. Ome of which is for measuring how well one joint probability distribution can be
approximated by another with a simpler dependence structure, see e.g. [22]. In the sequel,
we will make extensive use of the Kullback-Leibler information divergence. Before defin-
ing the Kullback-Leibler information divergence more formally, the concept of continuity is
introduced [14].

Definition 2.6 Let V be a set of statistical variables and let Pr and Pr’ be joint probability
distributions on V. Then Pr is absolutely continuous with respect to Pr' over a subset of
variables X C V, denoted as Pr < Pr’ || X, if Pr(cx) = 0 whenever Pr'(cx) = 0 for all
configurations cx of X.



We will write Pr < Pt/ for Pr < Pr’ || V for short. Note that the continuity relation is
a reflexive and transitive relation on probability distributions. Furthermore, the continuity
relation satisfies

e if Pr < Pr’ || X, then Pr < Pt || Y for all subsets of variables X, Y C V with Y C X;

o if Pr < Pr' || X, then Pr(- | cy) < Pr'(- | ¢y) || X for all subsets of variables X, Y CV
and each configuration cy of Y with Pr(ey) > 0.

That is, if a joint probability distribution Pr is absolutely continuous with respect to a distri-
bution Pr’ over some set of variables X, then Pr is also absolutely continuous with respect to
Pr’ over any subset of X. In addition, any posterior distribution Pr(- | cy) of Pr given some
configuration ¢y of Y is also absolutely continuous with respect to the posterior distribution
Pr'(- | cy) of Pr’ given ¢y over X.

Definition 2.7 Let V be a set of statistical variables and let X C V. Let Pr and Pr’ be joint
probability distributions on V. The Kullback-Leibler information divergence or cross entropy
of Pr with respect to Pt over X, denoted as I(Pr,Pr’; X), is defined as

PI‘(C)() . ,
P -1 Pr<Pr | X
I(Pr, Pr'; X):{CXX: r(ex) log s i Pr< Py |
o0 otherwise

where 0 - log(0/Pr'(cx)) = 0.

In the sequel, we will write I(Pr,Pr’) for I(Pr,Pr’; V) for short. Note that the information
divergence is not symmetric in Pr and Pr’ and is finite if and only if Pr is absolutely continuous
with respect to Pr’. Furthermore, the information divergence I satisfies

e I(Pr,Pr’; X) > 0 for all subsets of variables X C V, especially I(Pr,Pr’; X) = 0 if and
only if Pr(Cx) = Pr'(Cx);

e [(Pr,Pr’; X) < I(Pr,Pr'; V) for all subsets of variables X C V; and

o I(Pr,Pr'; XUY) = I(Pr,Pr'; X) + I(Pr,Pr';Y) for all subsets of variables X, Y C V if
X and Y are independent in both Pr and Pr’.

In principle, the base of the logarithm for the Kullback-Leibler information divergence is
immaterial, providing only a unit of measure; in the sequel, we use the natural logarithm.
With this assumption the following property holds.

Proposition 2.8 Let V be a set of statistical variables and let Pr and Pr’ be joint probability
distributions on V. Furthermore, let I be the Kullback-Leibler information divergence as
defined in Definition 2.7. Then,

Pr(Cy) — Pr'(Cx)| < %I(Pr,Pr’; V)

forall X CV.

Hence, the Kullback-Leibler information divergence provides for an upper bound on the
absolute divergence |Pr(cy) — Pr'(cx)| over all configurations cy of X, a property of the
Kullback-Leibler information divergence known as the information inequality [15].
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Figure 1: Reducing the complexity of cutset conditioning (CC) and clique-tree propagation (CTP)
by removing arc V,, — V.

3 Approximating a Belief Network by Removing Arcs

In this section we propose a method for removing arcs from a belief network and we investigate
the consequences of the removal on the computational resources and the error introduced. For
ease of exposition, a method for removing a single arc from a belief network is introduced first.
Then, based on this method and the observations made, a method for multiple simultaneous
arc removals is presented.

3.1 Reducing the Complexity of a Belief Network by Removing Arcs

The computational complexity of exact probabilistic inference on a belief network depends to
a large extend on the connectivity of the digraph of the network. Removing an arc from the
digraph of the network may substantially reduce the complexity of probabilistic inference on
the network. For Pearl’s polytree algorithm with the method of cutset conditioning [18, 19],
undirected cycles, called loops [18], can be broken resulting in smaller loop cutsets to be
used. The size of the cutset determines the computational complexity of inference on the
network to a large extend. For the method of clique-tree propagation [16], a belief network is
first transformed into a decomposable graph. Here, the computational complexity of inference
depends to a large extend on the size of the largest clique in the decomposable graph. Removal
of an appropriate arc or edge results in splitting cliques into several smaller cliques, see e.g.
the method of Kjaerulff [13], yielding a reduction in computational complexity of inference
on the decomposable graph.

In Figure 1 we have depicted the effect of removing an arc from the digraph of a belief
network for the method of cutset conditioning and for the method of clique-tree propagation.
For cutset conditioning, a vertex in the cutset (e.g. the vertex drawn in shading) is required
to break the loop. Since removal of arc V, — V; breaks the loop, a smaller cutset may be
necessary. For clique-tree propagation, the decomposable graph obtained from the example
belief network has three cliques, each with 4 vertices. Removal of arc V, — V, results in a
decomposable graph with four smaller cliques, one with 2 and three with 3 vertices.

For approximate methods, the computational complexity of for example forward simula-
tion [4] depends to some extend on the distance from a root vertex to a leaf vertex. Therefore,
the removal of arcs may also yield a reduction in the complexity of approximate inference.
However, it is more difficult to analyze and measure the amount of reduction in complexity



in general in comparison to exact methods and in the sequel we will discuss arc removal in
view of exact methods for probabilistic inference.

3.2 Removing an Arc from a Belief Network

Although several methods for removing an arc from a belief network can be devised, the
method for removal of an arc as defined in the following definition is the most natural choice.
This will be made clear when we analyze the effects of the removal.

Definition 3.1 Let B = (G,T") be a belief network and let Pr be the joint probability distri-
bution defined by B. Let V. — V, € A(G) be an arc in G. We define the tuple By, 4y, =

(Gv, pv, Ty, pv,) as

o Gy, sv, = (V(Gv,pv,), A(Gv, pv,)) is the acyclic digraph with V (G, sv,) = V(G) and
A(Gv, pv,) = A(G)\ {V; — Vi};

o T'v.sv. = {m, | Vi € V(G)} is the set of functions vy, = {Cy;} X {CWGV v (v;)} with
Y, = v €L forall Vi € V(G), Vi # Vs, and v, (Vs | Cx v.) = Pr(Vs |
Cravanvi}):

Gy v (

Note that network By, sv, = (Gv, 4v,, v, 4v,) resulting after removal of an arc V, — Vj
from the digraph G of a belief network B, again constitutes a belief network. In this network
the assessment functions for the head vertex of the arc are changed only. In the sequel, we
will refer to By, 41, as the approzimated belief network after removal of arc V. — V, and the
operation of computing By, 4y, will be referred to as approzimating the network.

Removal of an arc from a belief network may result in a change of the represented joint
probability distribution. However, the represented dependency structure of the distribution
portrayed by the graphical part of the network may be retained by introducing a wvirtual arc
between the two vertices for which a physical arc is removed. A virtual arc may serve for the
detection of dependencies and independencies in the original probability distribution using
the d-separation criterion. A virtual arc, however, is not used in probabilistic inference, still
allowing for a faster, approximate computation of prior and posterior probabilities from the
simplified network.

3.3 The Error Introduced by Removing an Arc

Removing an arc from a belief network yields a (slightly) simplified network that is faster
in inference but exhibits errors in the marginal and conditional probability distributions. In
this section we will analyze the errors introduced in the prior and posterior distributions
upon belief network approximation by removal of an arc. These effects can be summarized as
introducing both a change in the qualitative (ignoring any virtual arcs) as well as a change
in the quantitative representation of a joint probability distribution.

The Qualitative Error in Prior and Posterior Distributions

The change in the qualitative belief network representation of the probabilistic dependency
structure by removing an arc from a belief network is described by the following lemma.



Lemma 3.2 Let G be an acyclic digraph and let V, — Vs € A(G) be an arc in G. Let
Gv,pv, = (V(Gv,pv,), A(Gv, »v,)) be the digraph G with arc V, — Vi removed, that is,
V(Gv,pv,) = V(G) and A(Gv,pv,) = A(G) \ {V; = Vi}. Then, we have that ({V,} |
Ry Va) | Vil

Proof. To prove that ({V;} | may, v (Vs) | {Vs})dGVMWS
from vertex V, to vertex Vs in Gy, 4y, is blocked by the set 7, .. (Vs). For such a chain £
from V, to V; two cases can be distinguished:

holds, we show that every chain

e ¢ comprises an arc V; = V; for some V; € V(Gv, 4v,), Vi # V;. Since V; € TGy, ave (Vs),
chain ¢ is blocked by 7g,, . (V5);

e ¢ comprises an arc Vy — V; for some V; € V(GYy, 4v,). Since G and, therefore, Gy, v,
is acyclic, £ must contain a head-to-head vertex Vj, i.e. a vertex with two converging
arcs on §. Since oy (Vi) N7ay, 4, (Vi) = () chain ¢ is blocked by 7gy, .. (Vs)-

|

The property states that after removing arc V;, — V; from digraph G of a belief network, the
simplified graphical representation now yields that variable V, is conditionally independent
of variable V; given TGy, pv. (Vs) being the set of immediate predecessors of V; in the digraph
G with arc V, — V; removed.

The Quantitative Error in the Prior Distribution

The change in the qualitative dependency structure portrayed by the network has its quanti-
tative counterpart as the two are inherently linked together in the belief network formalism.
To analyze the error of the approximated prior probability distribution, similar to [13, 22]
we use the Kullback-Leibler information divergence for a quantitative comparison in terms of
the divergence between the joint probability distribution defined by a belief network and the
approximated joint probability distribution obtained after removing an arc from the network.

To facilitate the investigation, we will give an expression for the approximated joint prob-
ability distribution in terms of the original distribution. First, we will introduce some addi-
tional notions related to arcs in a digraph that are useful for describing the properties that
follow. These notions are build on the observation that the set of immediate predecessors
TGy, sv, (Vs) d-separates tail vertex V, from head vertex V in the digraph G with arc V;, — V;
removed.

Definition 3.3 Let G = (V(G), A(G)) be an acyclic digraph and let V,, — Vs € A(G) be an
arc in G. We define the arc block of V;, — Vi in G, denoted as Ba(V, — V5), as the set of
vertices B (Ve — Vi) = ma(Vs)U{Vs}. Furthermore, we define the arc environment of V;, — Vi
in G, denoted as ng(V, — Vi), as the set of vertices ng(V, — Vs) = V(G) \ Ba(V; — V5).

The joint probability distribution defined by the approximated belief network can be factor-
ized in terms of the joint probability distribution defined by the original network.

Lemma 3.4 Let B = (G,T') be a belief network and let Pr be the joint probability distribution
defined by B. Let V, — Vs, € A(G) be an arc in G and let By, v, = (Gv,4v,,['v, sv,) be the



approzimated belief network after removal of V, — Vs as defined in Definition 3.1. Then the
joint probability distribution Pry, 4y, defined by By, sy, satisfies
Pryosvi(Cvg) = Pr(Cuowiovi) | Cooviovy) - PrVe | Crgvanviy)
Pr(Ve | Croovionviy) - Pr(Crgvongviy)
where Ba(Vy — Vi) is the arc block and ng(V, — V5) is the arc environment of V, — Vs in G
as defined in Definition 3.3.

Proof. From Theorem 2.5, the joint probability distribution Pry, 4y, defined by network
By, sv, equals

Pry, sv,(Cvi)) = JI Vil Cx
VieV(Q)

(Vi)

vy Vs
where vy, € I'y, 4y, for all V; € V(G). Exploiting Definition 3.1 leads to

Pry, v, (Cvia) = ., (Vs | Cr v) I wVil Crgony)

(
WA evidnm)
Pr(Cy ()
= (Vi |Gy :
TVl G 00 5 0 T )
Now, since v, (Vs | Crora)) = Pr(Vs | Crgv) and v (Vs | Gy 1)) = Pr(Vs |

Cra(va(v;}), we find
Pr(Cy(q))
Pr(Vs | Crgvi))
= Pr(Vs | Crvangviy) - Pr(Cpgvisv) | Csavisv) - Pr(Crgvy)
= Pr(Cheviov) | Csevisvi)) - Pr(Ve | Crgvaniviy)
Pr(Vs | Crovantviy) - Pr(Cravin i)

Prv.sv. (Cvig) = Pr(Vs | Croangni}) -

|

Clearly, this property links the graphical implications of removing an arc from a belief net-
work with the numerical probabilistic consequences of the removal; variable V,. is rendered
conditionally independent of variable Vy given mgy, . (V) after removal of an arc V, — V5.

Now, one of the most important consequences to be investigated is the amount of ab-
solute divergence between the prior probability distribution and the approximated distribu-
tion. From the information inequality we have

1
|Pr(Cx) — Pry, 41, (Cx)| < \/EI(PF,PYVTAVS)

for all subsets X C V, where Pr and Pry, 4y, are joint probability distributions on the
set of variables V' defined by a belief network and the network with arc V. — V, removed
respectively. However, we recall that this bound is finite only if Pr is absolutely continuous
with respect to Pry, 4y,. We prove this property in the following lemma.

Lemma 3.5 Let B = (G,T) be a belief network. Let V, — Vi € A(G) be an arc in G and let
By, sv, = (Gv, v, v, sv,) be the approzimated belief network after removal of V; — Vi as
defined in Definition 3.1. Then the joint probability distribution Pr defined by B is absolutely
continuous with respect to the joint probability distribution Pry, v, defined by By, 4y, over
V(G), i.e. Pr< Pry, sv,.



Proof. To prove that Pr is absolutely continuous with respect to Pry, 4y, over V(G), we
prove that Pr(cy(g)) > 0 implies that Pry, sv,(cy(g)) > 0 for all configurations cy () of
V(G). First observe that from the chain rule of probability theory we have that

Pr(Cv(e) = Pr(Covimm) | Coavisv)) - PrVe AVs | Crgnviy) - Pr(Cravin i)
where [g(V, — Vi) is the arc block and ng(V, — Vi) is the arc environment of arc V, —
Vs in G as defined by Definition 3.3. Now consider a configuration cy (g of V(G) with
Pr(ey () > 0. For this configuration we have that Pr(c,.,v.-v,) | ¢s,v,—v;)) > 0, Pr(ey, A

cv, | C?rc(Vs)\{Vr}) > 0, and PI‘(CWG(VS)\{VT}) > 0, where CV(G) = Cna(ViosVe) N CBa (Vi Vy) =
Cna(VesVy) NV A v, A Crg(vi\{v;}- Furthermore, Pr(cy, Acy, | ¢rvi)\qv;3) > 0 implies that
Pr(cv, | ergvi\iv;}) > 0 and Pr(ev, | crg(vy)\(v;}) > 0. These observations lead to

Pry, svi(cv@) = Prlegmov) | eseviov)) - Priev. | Cagvinviy)
Pr(ev, | ergvangny) - Pr(erevingviy)
> 0

Hence, if Pr(cy (g)) > 0, then Pry, v, (cy(g)) > 0 and we conclude that Pr < Pry, 4y,. O

From this property of absolute continuity, the Kullback-Leibler information divergence pro-
vides a proper upper bound on the error introduced in the joint probability distribution by
removal of an arc from the network. However, the bound can be rather coarse as it can be
expected that removing an arc may not always affect the prior probabilities of some specific
marginal distributions defined by the network. This observation is formalized by the following
lemma which states that the divergence in the prior marginal distributions is always zero for
sets of vertices that are not descendants of the head vertex of an arc that is removed. In
fact, this property is a direct result from the chain-rule representation of the joint probability
distribution by a belief network.

Lemma 3.6 Let B = (G,I') be a belief network and let Pr be the joint probability distribution
defined by B. Let V, — V; € A(G) be an arc in G and let By, v, = (Gv, sv,,Tv, pv,) be the
approzimated belief network after removal of V, — Vs as defined in Definition 3.1. Then the
joint probability distribution Pry, 4v, defined by By, v, satisfies

Pry, »v,(Cy) = Pr(Cy)

for allY CV(G)\ 0&(Vs), where o(Vs) denotes the set comprised by Vs and all its descen-
dants.

Proof. First, we will prove that

Pr(Cx) = H Wi (Ve | Crgv)
VieeX

where X = V(G) \ 0(Vs). By applying Theorem 2.5 and by marginalizing Pr we obtain
Pr(ex) = Z Pr(cV(G))

CV(GNX

= > I wilen lenay)

cv(aN\x V;eV(Q)

= > I IT  wiley Terep) - T malevi | engan)

CveNx V;eV(G) LV;eV(GI\X VieX

10



for all configurations cy of X with the assumption that the configurations that occur within
the sum adhere to cy(q) = cx A ¢z (vi) = Aviev(a) ¢v;- Now since 7 (Vi) N O'Z;(Vz) = () for
all Vi € X and 320 o [vievienx w; (¢v; | exg(v;)) = 1, we find by rearranging terms

Pr(cx) = { > I ey |07rG(vj))] - T walewi | ergo)
[ ]

CV(GN\X V;EV(G)\X VieX
= H 7Vk(CVk | CWG(Vk))
VkEX

for all configurations cx of X. Hence, we have

Pr(Cx) = [I mi(Ve | Crooi)

VkEX

By a similar exposition for network By, 4y, we have

Pry, 5v,(Ox) = ] 7, (Vi | Cug, v, (V)

VkGX T s

where 'y{,k € I'v, sv,. Now observe that from Definition 3.1 7{/k =y €'forall Vp € X
and we obtain Pry, 4y, (Cx) = Pr(Cx) and since Y C X, by principle of marginalization we
conclude that Pry, 4y, (Cy) = Pr(Cy). O

This property provides the key observation for the applicability of multiple arc removals as
will be described in Section 3.4.

The Quantitative Error in Posterior Distributions

Belief networks are generally used for reasoning with uncertainty by processing evidence. That
is, the probability of some hypothesis is computed from the network given some evidence. In
the belief network framework, this amounts to computing the revised probabilities from the
posterior probability distribution given the evidence. We will investigate the implications on
posterior distributions after removal of an arc. We begin our investigation by exploring some
general properties of the Kullback-Leibler information divergence.

Lemma 3.7 Let V be a set of statistical variables and let X, Y CV be subsets of V. Let
Pr and Pr’' be joint probability distributions on V. Then the Kullback-Leibler information
divergence I satisfies
I(Pr,Pr; X UY) = I(Pr,Pr;Y) + Z Pr(cy) - I(Pr(- | ey), PY'(- | ey); X)
cy ,Pr(cy)>0
Proof. We distinguish two cases: the case that Pr < Pr’ || X UY and the case that
Pr&Pr || XUY.

e Assume that Pr < Pr’ || XUY. This assumption implies that the information divergence
I(Pr,Pr’; X UY) is finite. By Definition 2.7 we therefore have that

I(Pr,Pr'; X UY)

Pr(c
= Z Pr(cxuy) - log %
CXUY Flexwy
Pr c C - Pr C
= > Prey) |3 Pr(ex | ey) - log Pr'EcX I CY; 'PYI((CY))
cy,PI‘(CY)>0 cx X Y Y
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Here, we used the fact that if for some configuration ¢} of the set of variables Y
the probability distribution Pr(- | ¢}-) is undefined, that is, if Pr(c¢},) = 0, then for
any configuration ¢’y of X the probability Pr(c’y A c¢}) = 0 and, hence, Pr(cy A} ) -
log(Pr(cy A cy)/Pr'(dy Ady)) =0 by definition. Therefore, we let the first sum in the
last equality above range over all configurations cy of Y for which Pr(cy) > 0. Now by
rearranging terms we find

I(Pr,Pr; X UY)

P
= Z Pr(cy) - |log P:,((CY)) + ZPr(cX | cy) - log
cy,Pr(cy)>0 ¢y cx
= I(Pr,Pr;Y)+ > Pr(ey) I(Pr(- | cey),P(: | ey); X)
cy ,Pr(cy )>0

PI‘(CX | Cy)
PI“,(CX | Cy)

Note that I(Pr,Pr’;Y) and I(Pr(- | cy),Pr'(- | cy); X) are finite.

e Assume that Pr « Pr’ || X UY. This implies that I(Pr,Pr'; X) = oco. We will
show that I(Pr,Pr';Y) + 3., pi(ey)s0 Prey) - I(Pr(- | ev),Pr'(- | ey); X) = oco. First,
observe that from the assumption there exists a configuration ¢’y A ¢} of X UY such
that Pr(cdy Acy) > 0 and Pr'(dy Acy) = 0. Now, two cases are distinguished: the case
that Pr'(c¢},) = 0 and the case that Pr'(c},) > 0.

— Assume that Pr'(c},) = 0. Since Pr(dy A dy) > 0 implies that Pr(c},) > 0, this
yields that Pr « Pr’ || Y. By Definition 2.7 I(Pr,Pr';Y) = co and using the fact
that the divergence I is non-negative I(Pr(- | cy),Pr'(- | cy); X) # oo which leads
to I(Pr,Pr';Y) + Dey Pr(ey)>o0 Pr(ey) - I(Pr(- | cy),Pr'(- ]| ey ); X) = oo.

— Assume that Pr'(c},) > 0. From Pr(cy A ¢}) > 0 while Pr'(cy A c}) = 0 we get
Pr(c,) > 0, Pr(cy | ¢},) > 0, and Pr'(c'y | ¢},) = 0 for the configurations ¢y and
¢,,. Hence, Pr(- | ¢},) & Pr'(- | ¢4) || X and by Definition 2.7 this implies that
Pr(cy) - I(Pr(- | ¢y),Pr'(- | ¢y); X) = oco. Since I(Pr,Pr’;Y) is non-negative, we
conclude that I(Pr, Pr,;y)+ECy,Pr(Cy)>0 Pr(ey)-I(Pr(- | cy),Pr'(- | ey); X) = oo.

cy

a

This property of the Kullback-Leibler information divergence leads to the following lemma
stating an upper bound on the absolute divergence of the posterior probability distribution
defined by a belief network given some evidence and the (approximated) posterior probability
distribution defined by another (approximated) network.

Lemma 3.8 Let V be a set of statistical variables and let Pr and P’ be joint probability
distributions on V such that Pr < Pr'. Let I be the Kullback-Leibler information divergence.
Then,

no_ .
|Pr(CX ley) — PY(Cy | Cy)| < 1 ‘ I(Pr,Pr') — I(Pr,Pr';Y)
2 Pr(ey)

for all subsets of variables X, Y C V and all configurations cy of Y with Pr(cy) > 0.
Furthermore, this upper bound on the absolute divergence is finite.

12



Proof. Consider two subsets X, Y C V and a configuration ¢y of ¥ with Pr(cy) > 0. For
this configuration, Pr < Pr’ implies that Pr’(cy) > 0 and, hence, the posterior distributions
Pr(- | ¢y) and Pr'(- | cy) are well-defined. Furthermore, since Pr < Pr’ also implies that
Pr(- | cy) < Pr'(- | ey) it follows from Proposition 2.8 that we have the finite upper bound

1
PH(Cx [ ey) = PX(Cx | er)] <1/2 - 1Px(- [ey) P2 )
Furthermore, Lemma 3.7 yields that

I(Pr,PY') = I(Pr,Pr;VUY)

= PP+ Y Pe(d) TP | o), P | er)
- Pr(ch-)>0

When we consider the divergence I(Pr(- | cy),Pr'(- | ¢y)) in isolation, we have

I(Pr,Pr') — I(Pr,Pr';Y)
Pr(cy)

I(Pr(- | ey),Pr'(- [ ey)) <

since for any configuration ¢} of Y with Pr(c},) > 0 the divergence I(Pr(- | ¢}),Pr'(- | &)
is finite and non-negative. From these observations we finally find the finite upper bound

Pr(Cx | ey) — PY(Cx | ev)| < \/% I(Pr(- | ey ), PY(- | o))
\/1 I(Pr,PY) — I(Pr,Pr;Y)
- 2 Pr(cy)

a

Now, from this property of the information divergence, the absolute divergence between the
posterior distribution given evidence cy for a subset of variables Y of a belief network B and
the approximated network By, 4y, after removal of an arc V,, — V; is bounded by

[Pr(Cx | ey) — Prys sy (Cx | ev)] < 4/~ I(Pr, Pry, sv,) = I(Pr, Pry, 4y, Y)
o 2 Pr(ey)

where Pr is the joint probability distribution defined by B and Pry; 4y, is the joint proba-
bility distribution defined by By, 4v,. This bound is finite since Pr is absolutely continuous
with respect to Pry;, 4y,. Furthermore, from this bound we find that in the worst case, i.e.
I(Pr,Pry, 4v,;Y) = 0, the error in probabilistic inference on an approximated belief net-
work is inversely proportional to the square root of the probability of the evidence; the more
unlikely the evidence, the larger the error may be.

3.4 Multiple Arc Removals

In this section we generalize the method of single arc removal from belief networks to a method
of multiple simultaneous arc removals, thereby still guaranteeing a finite upper bound on the
error introduced in the prior and posterior distributions.

We recall from Definition 3.1 that removing an arc yields an appropriate change of the
assessment functions only for the head vertex of the arc to be removed. Therefore, this
operation can be applied in parallel for all arcs not sharing the same head vertex. To formalize
this requirement, we introduce the notion of a linear subset of arcs of a digraph.

13



Definition 3.9 Let G = (V(G), A(G)) be an acyclic digraph with the set of vertices V(G) =
{Vi,...,Va}, n > 1, of G indezxed in ascending topological order. The relation <g C A(G) X
A(G) on the set of arcs of G is defined as V, — Vs <G Vi — Vi if and only if s > s for all
pairs of arcs V. — Vs, Vo = Vg € A(G) in G. Furthermore, let A C A(G) be a subset of arcs
in G. Then we say that A is linear with respect to G if the order <¢g is a total order on A,
that is, either V., — Vs <g Vo — Vg or Vo = Vg <g V. = Vi for each pair of distinct arcs
Vi = Vi, Vi = Vg € A

Note that a linear subset of arcs from a digraph contains no pair of arcs that have a head
vertex in common. Now, we formally define the simultaneous removal of a linear set of arcs
from a belief network.

Definition 3.10 Let B = (G,T') be a belief network. Let A C A(G) be a linear subset of arcs
in G. We define the multiply approximated belief network, denoted as By = (Ga,T4), as
the network resulting after the simultaneous removal of all arcs A from B by Definition 3.1.
That is, we obtain network By = (G a,T 4) with

o Gao=(V(Ga),A(G)) the digraph with V(Ga) = V(G) and A(G4) = A(G) \ A;

o Ta={m, | Vi € V(G)} the set of functions vy, : {Cv;} x {Cr,  (vi)} with vy, =y, €T
for all V; € V(G) with V; = Vi & A for any V; € V(Q), and vv;(Vi | Cy
Pr(V; | OWG(Vi)\{Vj}) for all V; € V(G) with V; — V; € A.

vy AV (Vl)) -

To analyze the error introduced in the prior as well as in the posterior distribution after
removal of a linear set of arcs from a belief network, we once more exploit the information
inequality. For obtaining a proper upper bound, the essential requirement is that the joint
probability distribution defined by the original network is absolutely continuous with respect
to the distribution defined by the multiply approximated network. To prove this, we will
exploit the ordering relation on the arcs of a digraph as defined above. This ordering relation
induces a total order on the arcs of a linear subset of arcs in a digraph and we show that
a consecutive removal of arcs from a belief network in arc linear order yields a multiply
approximated network. Then, by transitivity of the continuity relation, this directly implies
that the joint probability distribution defined by the original network is absolutely continuous
with respect to the distribution defined by the multiply approximated network.

Lemma 3.11 Let B = (G,T') be a belief network and let Pr be the joint probability distrib-
ution defined by B. Let A = {V,, - Vs,,...,V,, = Vs } C A(G), n = |A| > 1, be a linear
subset of arcs in G ordered with respect to < as defined in Definition 3.9, i.e. for all pairs
of arcs Vop — Vi, Voo = Vs, € A with V,,, = Vi, <¢ V., = Vs, we have that i < j. Now,
let By = (G a,T4) be the multiply approzimated belief network after removal of all arcs A as
defined in Definition 3.10. Then,

By = ( a (BV”%’V“)VmﬁVW >

where each (approzimated) network on the right-hand side is approzimated by removal of an
arc V., = V., i =1,...,n, as defined in Definition 5.1.

Ven 7+ Ven

Proof. The proof is by induction on n = |A|, the cardinality of A.

Base case n = 1: by definition Byy, v, } = By, 4v;, -

14



For n > 1 assume that Ba\(v, sv.,.1 = (- (Bv, AVi, Wy AVsy, - )i AV, holds as the
hypothesis for induction. Now, consider arc V,, — V; € A. Then, by principle of in-
duction, to prove that By = (--- (Bv,, 4vi )iy AVe, ")V, 4Va, » We NOW have to prove that
Ba = (Ba\{v,, »Vs, })Van Ve, - Obviously, the digraphs obtained after removal of this arc are
identical, i.e we have G4 = (G a\{v;, v, })Vi, AVs, - This leaves us with a proof for the prob-
ability assessment functions. First, observe that the simultaneous removal of all arcs A from
network B yields network B4 with probability assessment functions 'y{/i el forallV; € V(G)
where we have that vi, (Vs, | Cra v..)) = Pr(Vs, | Crivi, )\qv;.,}). Now, observe that the
removal of arc V., v, from network B\ (v, _v, } yields probability assessment functions
W, € (Caviv,, =vi, Ve, Ve, for all Vi € V(G) for which we find that vy, = v, € T'a
for all V; # V;, € V(G) and 'Y(% (Vs, | Cﬂ'GA Vsn)) = PrA\{wn—)Vsn Vs, | C?TGA Vsn))
So it remains to prove that fy(/Sn = 7Vsn’ or equivalently, that Pr(Vs, | Cr v, 2w, }) =
Pra v, »vi, 1 (Vs, | Cra\ (Vo ))- Now, observe that from the ordering relation <¢ we find that
all arcs A\ {V;, — V;,} that are removed from B are ‘below’ arc V,,, — V;_ in the digraph G
of B, i.e. by assuming an ascending topological order of the vertices this implies that s; > s,
for all V;, — Vi, € A\{V;,, = V4, }. Hence, (rq(Vs,) U{Vs, })No&(Vs,) =D forall vV, — V5, €
A\ {V;, = V5, } and by the induction hypothesis, we can apply Lemma 3.6 for each arc in
A\{V;, — Vs, } to find that Pr(V,, A CTFG(VM)\{VM}) PI‘A\{VM_)VS”}( ANC (Ve )) Fur-

TG,
thermore, this yields that Pr(V, | Cr v, 2qvi, 1) = Pravgv,, —v, 3 (Vs, | CﬂGA v,,))- Hence,
'y{,Sn = fy(’/Sn and we conclude that Ba = (- (Bv,, sV, )V, AVa, = )V, AV - O

As a result of this property of multiple arc removals, the Kullback-Leibler information di-
vergence of the joint probability distribution defined by a belief network with respect to the
distribution defined by the multiply approximated network is finite. Furthermore, arc linear-
ity implies the following additive property of the Kullback-Leibler information divergence.

Lemma 3.12 Let B = (G,T") be a belief network and let Pr be the joint probability distribu-
tion defined by B. Let A C A(G) be a linear subset of arcs in G and let By = (G 4,1 4) be the
multiply approzimated belief network after remowval of all arcs A as defined in Definition 3.10.
Let Pry be the joint probability distribution defined by B4. Then the Kullback-Leibler infor-
mation divergence I satisfies

I(Pr,Pry) = Y I(Pr,Pry,4v,)
Vi—Vs€A
Proof. First, we prove that Pr < Pry. Assume that the arcs in the linear set A are ordered
according to the relation < as defined in Definition 3.9, i.e. for all pairs of arcs V,, — Vj,,
Vi, = Vs, € Awith V., — Vi, <g Vi, — Vs, we have that ¢ < j. From Lemma 3.5 we find that
Pr <« PI“VTUL)VSI, PrVrlﬁVsl <K (PrVr17L>Vsl)Vr27L>V32v ey ( .. (PrVT17L>Vsl) .. ')Vrn_17L>VSn—1 <
(- (Pry,, pvi,) )V, AVa, - Since < is transitive, we conclude that Pr < Pry by application
of Lemma 3.11. Now, with this observation we find

Pr(CV(G))

I(Pr,Pry) = ZPI'(CV(G)) WV(G))

V(@)

; (v, | Cra(vs
V(e vievie)y W (cv; | CWGA(W))

where 7y, € ' and vy, € ['y for all V; € V(G). Since A is linear, we have for each arc
Vi — Vs € A a new probability assessment function vy, € I'a, while vy, = yy; € T for each
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Vi € V(G) with V; = V; ¢ A for any vertex V; € V(G). This leads to

[Tv, svieaw(evi | ergvyy)
V)

I(Pr,Pry) = ZPr cv(a)) - log

!
v ITv, ~viea v, (ev, | Crgy pu

‘ HVieV(G),V]—»ViQA W (ev; | erg(vi))

[viev(a),v;-viga Wil(evi | ergvi))

W (ev, | Crg v,
= Z PI'(Cv(G)) . Z lOg 7 G(V)

)
cv (@) Voo VsEA A% (ev, | CTFGVrf»VS (Vs))

' HVieV(G),Vj—H/ieA ;i (ev; | Cra m))

HVieV(G),V]—»ViQA ;i (ev; | Cra(V;

)
Pr(cV ))

= Pr(c
> S e )

) - log P
Vs Ve€A ey () v, 4V, (ev

= Y I(Pr,Prypy)
Vr—=VseA

@)

a

Note that linearity of a set of arcs to be removed is a sufficient condition for the property
stated above, yet not a necessary one.

From these observations, we have that the information inequality provides a finite upper
bound on the error introduced in the prior and posterior distributions of an approximated
belief network after simultaneous removal of a linear set of arcs. This bound is obtained by
summing the information divergences between the joint probability distribution defined by
the network and the approximated distribution after removal of each arc individually from
the set of arcs.

Example 1 Counsider the belief network B = (G,I') where G is the digraph depicted in
Figure 2.

Figure 2: Information divergence for each arc in the digraph of an example belief network.
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. PPy e {IPr(ex) - Pratex)])

cx,XCV (G

{Vzs = Wy} 0 0

{Ve — V7} 0.0453 0.0204
{Vs = V7} 0.0552 0.0190
{Vz =V} 0.0686 0.0240
{Voe = V7, V3 = V5} 0.0822 0.0240
Vs = Vi, Vs = Vs} 0.0880 0.0257
(Vi =V} 0.1751 0.0503
(Vo = Vi, Vi — V) 0.1808 0.0503
(Vs = Vi, Vi — V) 0.1836 0.0503
Vi = Vo,V = V5} 0.1880 0.0503
Vi = Wa} 0.1933 0.0840
(Vo = Vo,V — Ve, Vs — Vs} 0.1934 0.0503
(Vs = Vi,V — Vi, V3 — V5 } 0.1960 0.0503
{Ve = V7, Vi = o} 0.1985 0.0840

Table 1: Information inequality and absolute divergence of an approximated example belief network.

The set ' consists of the probability assessment functions vyy;,..., vy, with

Yv; (v1) =0.3 Y, (V6 | v2 A vg) =0.4 Vi (vs | v6) =0.1
Yy (1)2 | Ul) =04 ")/VG(Q)G | WA U4) = 0.6 Vs (Ug | _‘7)6) =1.0
Yy (1)2 | —|1)1) = 0.8 ")/VG(Q)G | 2 N\ —IU4) =0.1 Yo (Ug | v7 N\ Ug) =0.3
Yvs (v3) = 0.4 Y, (ve | ~v2 A —vg) = 0.9 YWe (Vg | =07 Avg) = 0.8
Wy(va v3) =08  ms(vr|vsAve) =06 y(ve | vz A-vg) =03
i (vg | —w3) = 0.4 Y, (v7 | ~vs Avg) = 0.4 Yo (Vg | =07 A —wg) = 0.8
Yi(vs |vg) =01 yy(vr |vs A—wg) = 0.6

Y, (vs | ~w3) = 0.2 Y, (v7 | ~vs A —vg) = 0.5

For each arc V; — V; in digraph G, the information divergence I(Pr,Pry, 4v,) between the
joint probability distribution Pr defined by B and the joint probability distribution Pry; 4y,
defined by the approximated network By, sy, after removal of V, — V; is computed and
depicted next to each arc in Figure 2.

Note that despite the presence of arc Vg — Vg in G, variables Vg and Vg are conditionally
independent given variable V7 from the fact that vy, (Vo | V7 A Vg) = vy, (Vo | V7). Therefore,
this graphically portrayed dependence can be rendered redundant and arc Vg — Vg can be
removed without introducing an error in the probability distribution since I(Pr, Pry; 4y;,) =0
as shown in Figure 2.

Table 1 gives the upper bound provided by the information inequality and the absolute
divergence of the approximated joint probability distributions after removal of various linear
subsets of arcs A from the network’s digraph. The table is compressed by leaving out all
linear sets containing arc Vg — Vy (except for the set {Vs — Vy}) because the second and
third column are both unchanged after leaving out this arc. Note that any subset of arcs
containing both arcs V5 — V7 and Vg — V7 is not linear.

From this example, it can be concluded that the upper bound provided by the information
inequality exceeds the absolute divergence by a factor of 2 to 3. Furthermore, note that some
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arcs have more weight in the value of the absolute divergence. For example, the absolute
divergence for all sets containing arc Vy — Vg is 0.0503. <&

4 Approximation Schemes

In this section we will present static and dynamic approximation schemes for belief networks.
These schemes are based on the observations made in the previous section.

4.1 A Static Approximation Scheme

Clearly, arcs that significantly reduce the computational complexity of inference on a belief
network upon removal are most desirable to remove. However, the error introduced upon
removal may not be too large. For each arc, the error introduced upon removal of the arc is
expressed in terms of the Kullback-Leibler information divergence.

Efficiently Computating the Information Divergence for each Arc

Unfortunately, straightforward computation of the Kullback-Leibler information divergence is
computationally far too expensive as it requires summing over all configurations of the entire
set of variables, an operation in the order of @(2IV(®))). However, the following property
of the Kullback-Leibler information divergence can be exploited to compute the information
divergence locally.

Lemma 4.1 Let V be a set of statistical variables and let X, Y, Z CV be mutually disjoint
subsets of V.. Let Pr and Pr' be joint probability distributions on V such that Pr'(Cy) =
Pr(Cy\(xuvuz) | Cxuvuz) - Pr(Cx | Cz) - Pr(Cy | Cz) - Pr(Cz). Then the Kullback-Leibler

information divergence I satisfies
I(Pr,Pr’) = I(Pr,Pr; X UY U Z)

Proof. By exploiting the factorization of Pr’ in terms of Pr we find that Pr <« Pr’. Using
Definition 2.7 we derive

I(Pr,Pr')

B Pr(ey)
- Sre) g et

Pr(cy\(xuyuz) | exuyuz) - Pr(exuyuz)
Pr(ey\(xovuz) | exuvuz) - Priex | ez) - Pr(ey | ez) - Pr(cz)

= Z Pr(cy) - log

cv
Pr(cxuyuz)
= PI‘ C ‘ 10
gv: ( V) g PI'(CX | CZ) . PI'(CY | Cz) . PI‘(CZ)
_ Z Z PI'(CV\(XUYUZ) | CXUYUZ) . PI'(CXUYUZ)

CXUYuz [Cv\(XUYUuZ)

Pr(cxuyuz)
Pr(ex | ez) - Pr(ey | ez) - Pr(cy)

- log
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Now, since Y Pr(cy\(xuyuz) | exuyuz) = 1, this yields that

CV\(XUYuZz)

I(Pr,Pr')
Pr(cxuyuz)

cx | ez) - Pr(ey | ez) - Pr(ey)

= Z Pr(CXUYUZ) . log PI‘(

CXUYuZz
Pr(cxuyuz)

= ) Pr(exuyuz) -log Pr'(exuyuz)

CXuyuz
= I(Pr,Pr; XUY UZ)
O
For efficiently computing the Kullback-Leibler information divergence I(Pr, Pry, 4y,) for each
arc V, — V; € A of a linear subset of arcs A of the digraph of a belief network, it suffices to

sum over all configurations of the arc block G (V, — V5) of arc V, — V; only, which amounts
to computing the quantity

I(Pr,Pry, »v,) = I(Pr,Pry, sv,; Bc(Vr — V)
= > len | ergvy) - Pricre o)
Cra(Vs)u{Vs}
Wi (ev, | engva) - Prlev, | ergviniviy)

-lo
® Pr(er, T engtvoni)) - Prv: | eraqva (i)

which is derived by application of the chain rule from probability theory. Hence, the computa-
tion of the information divergence I(Pr, Pry, »v,) only requires the probabilities Pr(Cr(v,)),
Pr(V, | Crpvingviy)s and Pr(Vs | Cri v\ v;}) to be computed from the original belief net-
work. In fact, the latter two sets of probabilities can simply be computed from the former set
of probabilities using marginalization:

Pr(Crivi))
Pr(vr A Crgvonvi}) + Pr(wr A Crgvorivi))

and these conditional probabilities are further used to compute

Pr(Vi | Crovinvi})

Pr(Vi | Croovingvy) = W (Vs | Crgvngviy Avr) - Pr(or | Crpovingviy)
+ W (Vs | Crgvongviy A —or) - Pr(=wr | Crg v vi})

Furthermore, once the probabilities Pr(Cr(v,)) are known, the divergence I(Pr, Pry; 4v,) for
all arcs V,, — V; that share the same head vertex V; can be computed simultaneously since
these computations only require the probabilities Pr(Cr(v,))-

Selecting a Set of Arcs for Removal

For selecting an optimal set of linear arcs for removal one should carefully weight the advan-
tage of the reduction in computational complexity in inference on a belief network and the
disadvantage of the error introduced in the represented joint probability distribution after
removal of the arcs.

Given a linear subset of arcs A from the digraph of a belief network B, we define the
function expressing the ezact reduction in computational complexity of inference on network
B as

¢(B,A) = K(B) — K(B,)
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where K is a cost function expressing the computational complexity of inference on a net-
work. Furthermore, we define the exact divergence function d given arcs A on the probability
distribution Pr defined by network B as the absolute divergence
A(Pr.A) = max ([Pr(ex) = Pra(ex)]}

Note that function K depends on the algorithms used for probabilistic inference. For example,
if the clique-tree propagation algorithm of Lauritzen and Spiegelhalter is employed, K (B)
expresses the sum of the number of configurations of the sets of variables of the cliques of the
decomposable graph rendered upon moralization and subsequent triangulation of the digraph.
Then, K (B 4) expresses this complexity in terms of the approximated network B after removal
of arcs A. Here, we assume an optimal triangulation of the moral graphs of B and By, since
a bad triangulation of the moral graph of B4 may even yield a negative value for ¢(B, A).
If Pearl’s polytree algorithm with cutset conditioning is employed, K(B) equals the number
of configurations of the set of variables of the loop cutset of the digraph. Now, an optimal
selection method weights the advantage expressed by ¢(B, A) and disadvantage expressed by
d(Pr, A) for removal of a set of arcs A from network B.

Unfortunately, an optimal selection scheme will first of all depend heavily on the al-
gorithms used for probabilistic inference and, secondly, will depend on the purpose of the
network within a specific application. Furthermore, it is rather expensive from a computa-
tional point of view to evaluate the exact measures ¢ and d for all possible linear subsets of
arcs. In general, the employment of heuristic measures for the selection of a near optimal set
of arcs for removal will suffice. To avoid costly evaluations for all possible subsets of arcs,
the heuristic measures should be based on combining the local advantages (or disadvantages)
of removing each arc individually. Such heuristic functions ¢ and d for respectively ¢ and d,
expressing the impact on the computational complexity and error introduced by removing an
arc may be defined with various degrees of sophistication. In fact, the Kullback-Leibler infor-
mation divergence measures how well one joint probability distribution can be approximated
by another exhibiting a simpler dependence structure [22, 13]. Hence, instead of computing
the absolute divergence, the information inequality can be used:

. 1
d(Pr, A) = J 5 2. I(Pr,Pryvsv;fe(Ve = Vi)
Vi—Vs€A

where I(Pr,Pry, 4v,; Bq(V, — V;)) is the information divergence associated with each arc
Vi = Vs € A as described in the previous section. Note that d now combines the divergence
of removing each arc separately and independently.

For defining a heuristic function ¢ valuing the reduction in computational complexity of
inference with ezact methods for probabilistic inference upon removal of a set of arcs from a,
belief network, the following scheme can be employed. The complexity of methods for exacts
inference depends to a large extend on the connectivity of the digraph of a belief network.
With each arc V; — V; € A(G) in the digraph G, a set of loops (undirected cycles), denoted
as loopset(V; — Vj) is associated. A loopset of an arc consists of all loops in the digraph
containing the arc; a loopset of an arc provides local information on the role of the arc in the
connectivity of the digraph. This set can be found by a depth-first search for all chains from
Vi to Vj in the graph, backtracking for all possibilities and storing the set of vertices found
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along each chain in the form of bit-vector. Now, we define the heuristic function ¢ as

B,A)=| |J loopset(V, = V)| + - |A]
Vr—=VseA

i.e. ¢ expresses the number of distinct loops that are broken by removal of a set of arcs from
the digraph plus a fraction a € (0,1] of the the total number of arcs rendered superfluous.
The optimal value for @ depends on the algorithm used for exact probabilistic inference.

Now, a combined measure reflecting the trade-off between the advantage ¢ and disadvan-
tage d of arc removal may have the form

w(B,A) = ANé(B, A) — d(Pr, A)
as suggested by Kjaerulff [13] where X is chosen such that é(B, A) is comparable to d(Pr, A).
Function w expresses the desirability of removing a set of arcs from a belief network.

Now suppose that a maximum absolute error ¢ > 0 is allowed in probabilistic inference on a,
multiply approximated belief network and further suppose that the probability of the evidence
to be processed is never smaller than some constant p. Observe that from Lemma 3.8 a set
of arcs A can be safely removed from the network if y > %I (Pr,Pry)/e?. Hence, an optimal
set of arcs can be found for removal if we solve the following optimization problem: maximize
w(B, A) for A C A(G) subject to d(Pr, A) < ey/ir and A is linear. Note that the constraint

d(Pr, A) < e,/ ensures that the error in the prior and posterior probability distribution never
exceeds €. This optimization problem can be solved by employing a simulated annealing
technique [12], or by using an evolutionary algorithm [17], to find a linear set of arcs for
removal that is nearly optimal. A ‘real’ optimal solution is not appropriate to search for,
since only heuristic functions are involved in the search process.

Example 2 Consider once more the belief network from Example 1. Suppose that the proba-
bility of evidence to be processed by the approximated belief network does not exceed = 0.5
and further suppose that the maximum absolute error allowed for the (conditional) probabil-
ities to be inferred from the approximated network is ¢ = 0.1.

First, three loops in G can be identified: loop 1 constitutes vertices {V3, Vi, Vs, Vi, V7 }, loop
2 constitutes vertices {Vg, V7, Vs, Vo }, and loop 3 constitutes vertices { V3, Vi, Vs, Vs, V7, Vs, Vo }.
Thus, the loopset of arc Vs — V7 is {1,2} and the loopset of arc V3 — Vy is {2,3}. Now, fix
A=1inwand & =1 in & The following table is obtained for d(Pr, A) < ey/i = 0.0707:

A ¢(B,A) d(Pr,A) w(B,A)
{Vs — Vio} 3 0 3

Vs — Vz} 3 0.0453  2.9547
{Vs = Vo, Vs — Vi} 5 0.0453  4.9547
{Vs =V} 3 0.0552  2.9448
{Vs = Vo, Vs — Vr} 5 0.0552  4.9448
{Vz3 = V5} 3 0.0686  2.9314
{Vg = Vo, V3 — Vs } 5 0.0686  4.9314

The linear set A = {Vg — Vo, V5 — V7} is the most desirable set of arcs for removal (w(B, A) =
4.9547). Note that after removal, the graph G 4 is singly connected and, therefore, the network
is at least twice as fast for probabilistic inference compared to the original network using either
Pearl’s polytree algorithm with cutset conditioning or the method of clique-tree propagation.
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Figure 3: Posterior error in probabilities inferred from an approximated example belief network.

Actually, the probability of evidence that can be processed with the approximated net-
work such that the error in inferred probabilities is bounded by e requires that Pr(cy) >
$I(Pr,Prs)/e? = 0.205 for all evidence ¢y, ¥ C V(G). In Figure 3 we show the ob-
served maximum absolute error max,, xcv(g){Pr(cx | cy) —Pra(ex | cy)} and upper bound

\/%I(Pr,PrA)/Pr(CY) obtained for all evidence cy, Y C V(G), with Pr(cy) > 0.205. &

Efficiently Computing an Approximation of a Belief Network

Removal of a linear set of arcs from a belief network requires the computation of new set
of probability assessment functions that reflect the introduced qualitative conditional in-
dependence with a quantitative conditional independence. We recall from Definition 3.1
that we have that the new probability assessment functions vy}, (Vs | CFGV V) = = Pr(V; |

Cra(vo\{v;)) for variable Vi upon removal of an arc V; — Vi € A(G). Clearly, arc V; — V; is
selected for removal only if the Kullback-Leibler information divergence I(Pr, Pry; 4y, ) is suf-
ficiently small in order that the error introduced by approximating the network after removal
of V; — Vj is bounded. The probabilities Pr(Vs | Cr,v,)\(v;}) are in fact already computed
by the computation of the information divergence I(Pr,Pry, 4y,) for all arcs V; — V; in the
digraph of a belief network. When these probabilities are stored temporarily, it suffices to
assign these probabilities to the new probability assessment functions of the head vertex of
each arc that is selected for removal.

4.2 A Dynamic Approximation Scheme

In this section we will consider belief networks with singly connected digraphs as a special case
for approximation. A singly connected digraph exhibits no loops, that is, at most one chain
exists between any two vertices in the digraph. For these networks, arcs can be removed
dynamically while evidence is being processed in contrast to a static removal of arcs as a
preprocessing phase before inference as described in the previous section. Therefore, the
computational complexity of processing evidence can be reduced depending on the evidence
itself and no estimate for a lower bound for the probability of the evidence has to be provided
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in advance. A detailed description and analysis of the method is beyond the scope of this
paper. However, a practical outline of the scheme will be presented which is based on Pearl’s
polytree algorithm.

First, we will show that all variables in the network retain their prior probabilities upon
removal of an arc.

Lemma 4.2 Let B = (G,T") be a belief network with a singly connected digraph G. Let Pr
be the joint probability distribution defined by B. Furthermore, let V, — Vs € A(G) be an arc
in G and let By, sv, = (Gv, sv,, v, 5v,) be the approzimated belief network after removal of
V, — Vs as defined in Definition 3.1. Let Pry, 4y, be the joint probability distribution defined
by By, sv,. Then, Pry, 4y, (Vi) = Pr(V;) for all variables V; € V(G).

Proof. Assume that the vertices of the singly connected digraph are indexed in ascending
topological order, i.e. for each pair of vertices V;,V; € V(G) with a directed path from V; to
Vj in G we have that ¢ < j. The proof is by induction on the index ¢ of variable V;.

Base case 7 < s: from Lemma 3.6 we have that Pry, 4y, (Vi) = Pr(V;).

For 7 > s, we apply the chain rule and the principle of marginalization to obtain

Pry, sy, (Vi) = Z Pry, v, (Vi | Cr Gy, v ) - Prvi v, (C”Gwﬁvs )

C ;
"Gy v, ()

/
= Z Yv; (Vi | C?TGVT*,VS (Vi)) - Pry, v, (CWGVT%,VS(Vi))
Gy, pv, V0
where vy, € T'y, 4y,. Since G is singly connected, all variables V; € mg(V;) are mutually
independent by the d-separation criterion. Hence, we have that Pry, v, (c, Grypv, V) =
HV}EWGVT/-»VS(Vi) Pry, sv,(cy;). By the assumption that the vertices in G are ordered in as-

cending topological order, for each V; € mg(V;) we have that j < i. Now, by the induction
hypothesis assume that for each V; € V(G) with j < i we have Pry, 4y, (V;) = Pr(V;). Then,
by applying the principle of induction, we find

Pry, sy, (Vi) = > Pr(Vileng,
Vi) V;

Vi) 1T Pry. s, (cy;)

C .
TrGVTﬁVS EWGVT/"VS (V;)

= > Pr(Vi Cry, oy, (VD) 1T Pr(cy;)

cﬂ—GVVAVS (v3) VjEﬂGVTﬁVS (Vi)

= Pr(V})
O

Now, consider an arc V,, — V; in a singly connected digraph. In a singly connected digraph no
other chain exists from V, to V; except for the chain constituting the arc V. — V;. Therefore,
Vit | Gy, 4, (V) U Y| {%})%VMVS holds on the singly connected digraph G'; 4y, for any
subset of variables Y C V(G). From this observation, we have that the independence rela-
tionship between the variables V. and V; given mq,, . (Vs) remain unchanged after evidence
is given for any subset of variables. Informally speaking, this means that after evidence is
processed in a belief network, we can compute the Kullback-Leibler information divergence
between the posterior probability distribution defined by a belief network and the posterior
distribution of the approximated network after removal of an arc locally. Then, by a similar

23



exposition for the properties of the Kullback-Leibler information divergence applied on gen-
eral belief networks for multiple arc removals as presented in the previous sections, it can be
shown that

I(Pr(- | ey), Pra(- lev)) = D I(Pr(-|ey),Priupv (- | ev); Ba(Ve = Vi)
Vi—Vs€eA

for belief network consisting of a singly connected digraph, where Pr is the joint probability
distribution defined by the network and Pr4 is the joint probability distribution defined by
the multiple approximated network after removal of all arcs A. We note that the computation
of the divergence I(Pr(- | cy),Prv, sv,(- | ¢y ); Ba(Ve = V5)) for arc V. — V; is as expensive
on the computational resources as the computation of the causal and diagnostic messages
for vertex V; in Pearl’s polytree algorithm assuming that logarithms require one time unit.
Furthermore, in fact, by using Pearl’s polytree algorithm, arcs do not have to be physically
removed, the blocking of causal and diagnostic messages for updating the probability distri-
bution will suffice. With this observation, we envisage an approximate wave-front version
of the polytree algorithm where the sending of messages is blocked between two connected
vertices in the graph if the probabilistic dependency relationship between the vertices is very
weak. That is, we block all messages for which the information divergence per blocked arc is
small such that the total sum of the information divergences over all blocked arcs does not
exceed some predetermined constant for the maximum absolute error allowed in probabilistic
inference.

5 Discussion and Related Work

We have presented a scheme for approximating Bayesian belief networks based on model
simplification through arc removal. In this section we will compare the proposed method
with other methods for belief network approximation.

Existing belief network approximation methods are annihilating small probabilities from
belief universes [8], and removal of weak dependencies from belief universes [13]. Both methods
have proven to be very successful in reducing the complexity of inference on a belief network
on real-life applications using the Bayesian belief universe approach [9].

The method of annihilating small probabilities by Jensen and Andersen reduces the com-
putational effort of probabilistic inference when the method of clique-tree propagation is used
for probabilistic inference. The basic idea of the method is to eliminate configurations with
small probabilities from belief universes, accepting a small error in the probabilities inferred
from the network. To this end, the k smallest probability configurations are selected for
each belief universe where k is chosen such that the sum of the probabilities of the selected
configurations in the universe is less than some predetermined constant . The constant €
determines the maximum error of the approximated prior probabilities. The belief universes
are then compressed to take advantage of the zeros introduced. Jensen and Andersen further
point out that if the range of probabilities of evidence is known in advance, the method can
be applied to approximate a belief network such that the error of the approximated posterior
probabilities computed from the network are bounded by some predetermined constant.

Similar to the method of annihilating small probabilities, the method of removal of weak
dependencies by Kjaerulff reduces the computational effort of probabilistic inference when
the method of clique-tree propagation is used. Kjaerulff’s approximation method and the
method of annihilation are complementary techniques [13]. The basic idea of the method is
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to remove edges from the chordal graph constructed from the digraph of a belief network that
model weak dependencies. The weaker the dependencies, the smaller the error introduced in
the represented joint probability distribution approximated upon removal of an edge. The
method operates on the junction tree of a belief network only. Given a constant ¢, a set of
edges can be removed sequentially such that the error introduced in the prior distribution is
smaller than €. Removal of an edge results in the decomposition of the clique containing the
edge into two or more smaller cliques which results in a simplification of the junction tree
thereby reducing the computational complexity of inference on the network.

In comparing the methods for approximating belief networks, we first of all find that
the method of annihilating small probabilities from belief universes introduces an error that
is inversely proportional to the probability of the evidence [8] while the methods based on
removing arcs introduces an error that is inversely proportional to the square root of the
probability of the evidence. Furthermore, since the original joint probability distribution is
absolutely continuous with respect to the approximated probability distribution, the process-
ing of evidence in an approximated belief network by our method is safe in the sense that no
undefined conditional probabilities will arise for evidence with a nonzero probability in the
original distribution; the evidence that can be processed in an approximated belief network is
a superset of the evidence that can be processed in the original network. Once more, this is in
contrast to the method of annihilating small probabilities from belief universes. On the other
hand, however, the advantage of annihilating small probabilities is that the method operates
on the quantitative part of a belief network only whereas arc removal methods change the
qualitative representation as well. This can be remedied by introducing virtual arcs to replace
removed arcs. Virtual arcs are not used in probabilistic inference.

The method presented in this paper has some similarities to Kjaerulff’s method of removal
of weak dependencies from belief universes [13]. Both methods aim at reducing inference on a
belief network by removing arcs or edges. However, the independency statements we enforce
are of the form V, 1LV | ng(Vs) \ {V;-} in contrast to V1LV | C \ {V,,Vs} by Kjaerulff’s
method where C C V(G) denotes the clique containing the edge removed by Kjaerulff’s
method. Furthermore, Kjaerulff’s method of removal is based on the clique-tree propagation
algorithm only and restricts the removal to one edge from a clique at a time in order that the
error introduced is bounded by some predetermined constant. In contrast, our method allows a
larger set of arcs (edges) to be removed in parallel, still guaranteeing that the introduced error
to be bounded by some predetermined constant regardless of the algorithms for probabilistic
inference used.

To summarize the conclusions, the scheme we propose for approximating belief networks
operates directly on the digraph of a belief network, has a relatively low computational com-
plexity, provides a bound on the posterior error in the presence of evidence, and is independent
of the algorithms used for probabilistic inference.
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