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Abstract

We study the a.s. exponential stability of the optimal filter w.r.t. its initial conditions. A
bound is provided on the exponential rate (equivalently, on the memory length of the filter)
for a general setting both in discrete and in continuous time, in terms of Birkhoff’s contraction
coefficient. Criteria for exponential stability and explicit bounds on the rate are given in the
specific cases of a diffusion process on a compact manifold, and discrete time Markov chains on
both continuous and discrete-countable state spaces.

Résumé

Nous étudions la stabilité du filtre optimal par raport & ses conditions initiales. Le taux de
décroissance exponentielle est calculé dans un cadre général, pour temps discret et temps continu,
en terme du coefficient de contraction de Birkhoff. Des critéres de stabilité exponentielle et des
bornes explicites sur le taux sont calculées pour les cas particuliers d’une diffusion sur une variéte
compacte, ainsi que pour des chaines de Markov sur un espace discret ou continu.

AMS SUBJECT CLASSIFICATION: 93E11, 60J57.
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1 Introduction

To a Markov process z; on a state space S, we attach an observation o-field F; generated by an
observation corrupted by Gaussian white noise (precise definitions are postponed to Section 2).
The optimal filtering problem consists then of computing the conditional law of z; given F;. This
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work is concerned with the asymptotic dependence of the optimal filter on its initial conditions,
and the relation between this dependence and the corrupting noise intensity.

It is known since the work of Kunita [12] that under mild conditions, the conditional law,
viewed as a random process taking values in the space of probability measures, is stationary when
appropriately initialized. Stettner [18] shows that whenever the state process is a Feller Markov
process converging in law to its unique invariant measure, so is its conditional law. Actually, c.f.
[19], the joint law of the state and its filtering process is Markovian even if the filter is wrongly
initialized. It thus seems natural to investigate the rate of convergence and to study the sensitivity
of the optimal filter to its initialization with the wrong initial measure. This issue is also highly
relevant for numerical and practical computation of the optimal filter or its approximations, for
almost never does one have access to the true initial distribution.

Several approaches exist to analyze this sensitivity. In a recent article [14], Ocone and Pardoux
have studied L? type of convergence, and showed that actually, the nonlinear filter initialized at
the wrong initial condition converges (in an LP sense) to the nonlinear filter initialized at the
correct initial condition. In particular cases (most notably, the Kalman filter), this convergence is
exponential. In general, however, no rates of convergence are given by this approach.

Another approach, first suggested in [7], is to use Lyapunov exponent techniques. Building on
Bougerol [4], it is shown in [7] that under suitable algebraic conditions, the dependence on initial
conditions of the optimal filter of finite state Markov processes observed in white noise decays
exponentially. This approach was recently extended in [1], and the question is essentially resolved
in the case where the state process is Markovian with finite state space. In particular, the decay
rate is shown to be related to the Lyapunov exponents of the Zakai equation, and, with good
observation, to increase as the perturbing noise becomes weaker.

Below we provide bounds on the convergence rate of the filter to its ergodic behaviour in a
more general setting. The technique is based on considering the unnormalized filtering process
as a positive flow in the space of measures, acting on the initial measure, and then bounding the
amount of contraction generated by the flow, at a discrete skeleton of time instances. To this
purpose, we have found the Hilbert metric and the related Birkhoff contraction coefficient, most
appropriate. The idea to use this approach originated from a result of Peres [16, Prop. 5], where
a related question is treated, concerning the contraction of finite dimensional random operators.
Next, we treat specific filtering models, for which we prove exponential convergence rate, and, when
possible, provide explicit bounds on the rate.

The rest of the paper is organized as follows. In Section 2, we define the setting of the optimal
filtering problem we deal with, quote a general result of Birkhoff concerning positive operators, and
use it to formulate a bound on the decay rate referred to above. This bound is used to deduce
more specific results in the special cases, treated in the succeeding sections 3 and 4. In Section 3,
the discrete time filtering problem is treated. First, a general uniform bound on the decay rate is
obtained, depending only on the law of the state process itself. Then, in the case of a bounded
domain one-dimensional state process, observed via a 1 : 1 observation function, it is proved that
the decay rate converges to co as the perturbing noise intensity becomes smaller. In Section 4,
bounds are derived for the filtering of a diffusion on a compact manifold, observed in white noise.
Finally, in Section 5, a discrete time, countable state space process is treated, with an approach



that is independent of the general results of Section 2. We provide a bound on the decay rate in the
weak observation noise limit, which, in special cases, including the filtering of a nearest-neighbour
process, is shown to provide the exact asymptotic behaviour.

2 General setting and a basic estimate

Let T denote either IR or Z (cases which we refer to as continuous or discrete time, respectively),
and consider a homogeneous Markov process {z; };c7 on the probability space (g, By, {Bz (%) }ter, Pr)
defined as follows. Let the state space S be a Polish space and let S be the o-field of Borel subsets
of S. In continuous time we set {2, to be the set of all mappings from IR} to S which are RCLL
and equip it with Skorohod’s metric relative to the metric defined on S. Let B, be the Borel o-field
on {2, w.r.t. this metric. For t > 0 and w € €, let z4(w) denote the value of w at time t. For
t >0, let z[[o 4 be the restriction of x to [0,t]. Let By(t) = o{zj} be the smallest sub o-field of
B, for which all z|jy 4 are measurable. We assume that the semigroup Gy, > 0 associated with the
transition probabilities P;(z,-) is a Feller semigroup i.e., if f is any continuous function on S then
so is Gif, and lim;_,o Gt f(x) = f(x) uniformly on S. The infinitesimal generator of Gy is denoted
by L. In discrete time we set Q; = [[;2 Si, Bz(t) = VLO S; and By = V2o Si where (S5;,S;) are
all identical( c)opies of (S,8), and denote the transition kernel by G(-,-). A Markovian family of
o

measures Py ', « € S is defined on (€, B;) in continuous time by

Pz, € By,...,x;, € Ep) = / G, (o, dxy) -+ G4, (Tp—1,dzp)
E1X--XEp,

where 0 <ty <---<t,and Eq,...,E, € S. In discrete time nga) is induced by G(-,-) on (2, By)

in a similar manner. With any probability measure ¢ on (S, S) there will be associated a Markovian

measure P? defined as

P! = /S P g(da).

Further, let {v;}1er be a process on (2, By, {B.(t) }ter, P,) defined as follows. In continuous time,
Q, is the set of continuous mappings from IR, to IR%, B, is the Borel o-field w.r.t. the sup-norm,
and B, (t) = o{v|jp,q}, where |, is defined similarly to the above. Let P, be the d-dimensional
standard Wiener measure on (£2,,B,). In discrete time {14}z, is a standard normal random
walk in Z¢ starting at the origin. Now let & = Q, x Q,, B = By x B, and P? = PI x P,. We
fix a specific measure py on (S,S) that will be called the “exact” initial distribution of {z}er,
and denote P, = PPo, P = PPo. Expectation w.r.t. P4 (P, P(®) will be denoted by E? (E, E(®),
respectively). Let g : S — IR? be a measurable function, and let the observation process on IR¢ be
defined by

t
yt:/ g(zs)ds+1p te€Ry,
0

t
ye= gzt t€Z,
1

where by convention 2(1) = 0. We shall denote the observation filtration of sub o-fields by
Fr=o{ylpy} teT.



The filtering of z; based on F; is defined as the conditional distribution of z; conditioned on F;
i.e., for all measurable bounded f,

pi(f) = EUf(z4)|Fy] teT. (1)
We denote the “exact” filtering process by pi(f) = pt°(f).

In the continuous time case, under further assumptions of compactness of S and continuity of
g, it follows from Kunita [12, Theorem 1.1] that {p;},? > 0 satisfies the Kushner equation namely,

plf) =pol) + [ p(LDds + [ Gul79) ~ polpala), dus ~ pala)ds), f € D)

Zakai’s approach of the reference measure provides another expression for p;, in terms of a
bilinear SPDE [20]. Motivated by this approach, we define the reference measure Py on (2, B(t), B)
as follows: P\ (AN B) = P{*)(A)P'(B) for all A € B, and B € B', where B' is the smallest sub
o-field of B for which all 4,0 < ¢ < oo are measurable. P’ is a standard Wiener measure in the
continuous case, and a standard normal random walk in the discrete case. This defines the joint
law of z and y, and since v is determined by z and y, also the joint law of  and v. Define similarly
P and Py, and denote by E(()a), E{ and E, expectations under Péa), P and Py, respectively.

Define now on (2, B(t), B, PJ) the process

M=o ([, du) =5 [ lat@lPds) teR,, ©)

t

Ay = exp (Z( (i), Ayi) —

1

Z (i ||2> te Z \{0}, Ao=1, 3)

[\3|>—‘

where Ay; = y; — yi—1. Assume that E [} ||g(zs)|?ds < oo for any t € R,. Then A of (2) is a
martingale. It follows from Girsanov’s theorem [13, chapter 6.3], [10, chapter 3.5] in the continuous
case, and from Bayes’ rule in the discrete case, that for every ¢ € T\ {0}, the restriction P%! of P4
to B(t) is absolutely continuous w.r.t. the restriction P&* of PZ to B(t), and that

dpot
dpgt

t-

It follows that for any measurable bounded function f, P%-a.s.,

E(f (z) M| Fy) _

(4)
The unnormalized conditional measure pf(f), t € T, defined by

pi(f) = Eg(f(ze) A Fo), (5)

therefore has the property that pf(f) = pf(f)/p{(1). Since S is assumed to be a Polish space,
with Skorohod’s metric is itself a Polish space. The map z§+ z; is measurable, and thus there
exists a regular conditional probability distribution [15, pp. 146-7]

P (| Frym = B),



satisfying for B € B(t) and A € S
B 0w e AYF) = [ PO BIF, 0= R @ € df).

We thus obtain from (5) by conditioning first on {F;,z:}, the following representation for the
unnormalized conditional distribution

:/S/Sf(ﬁ)Gt(O"dﬁ)It(aaﬁ;yé)q(da), ©)

where we define
I(er, By yb) = By (Al Fiy 1 = ). (7)

We shall also use the following notation for any finite measures p, A and a measurable function f

n (5,8) :
M yb)(f) = /S /S Ti(a, B;yb) £ (B) (de) A(dB).

In order to be able to compare different filtering processes (namely, p}(f), for different values of
q), we use (4) and (5) to define p{(-) and p}(-), respectively, as stochastic processes on the common
probability space (2, B, P), as follows. We first regard, for each ¢, equation (4) as the definition
of a mapping y|jo4 — pf{. Then, the law of p{ on (Q, B, P) is induced from that of y; on the same
probability space by this mapping. The definition of p{ is similar.

Our goal is to study the behaviour under P of the asymptotic rate

v(¢,q') = hin sup - log drv (pl, p? ). (8)

We shall establish exponential stability of the filtering process by providing conditions for (g, ¢’) to
be negatively bounded, uniformly in ¢ and ¢’. Note that whenever either the Kushner or the Zakai
equations apply, this provides exponential stability of these equations w.r.t. their initial conditions
(see [8] for a study of the related topic of Lyapunov exponents for a general bilinear SPDE).

We now deviate to some classical definitions and results regarding Hilbert’s metric and con-
traction of positive operators, which we adapt to our setting. Thus we focus on positive operators
on finite measures. Let V be the vector space of finite signed measures on (.5, S). Define on it the
partial order relation < by A < p for A\, u € V iff A\(4A) < pu(A) for every A € S. Let C C V be the
resulting positive cone. Then A\ € C iff )\ is a finite non-zero measure on (5,S). Moreover, V is an
integrally closed, directed vector space (see [3, pp. 289, 290] for definitions). Two elements A, u € C
are called comparable if aX < p < B for suitable positive scalars a, 3. The Hilbert metric, also
called the projective distance, on C is defined as

SUPAcs u(a)>0 AMA)/u(A)
laneS u(A)>0 AA)/u(A)

and h(A, u) = oo otherwise. The function h defined above is a pseudo-metric on C (see e.g., [3,
chapter 16] or, in a discrete setup [17]) and hence is a metric on the space of all probability measures
on (S,8) that are comparable to any fixed measure Xy € C.

h(A, 1) = log

if A\, u € C are comparable 9)



Let now K be a linear positive operator on V i.e., which maps C into itself. Then K is a
contraction under the Hilbert metric and as has been shown by Birkhoff [2] and Hopf [9] (see also
[3, chapter 16], [17])

W — 10
0<h(Ap)<oo PN 1) 4 (10)

where H(K) is the h-diameter of the transform KC of C under K i.e.,

H(K)= )\sug)c h(K\, Kp).
b

The function 7 defined in (10) is called Birkhoff’s contraction coefficient. We shall denote by P
the subset of C of probability measures on (S, S).

Note that if for a specific A € C, the operator K has the kernel representation

Ku() = [, [ K(@.B)5 (Bulde)rdp) (1)
where K (a, 3) is non-negative, then

K(a, B)K(c, ')

K(o, f')K (o, B)
with the convention % =1 and % = oo. The supremum above is strict over a,a’ € S, and is
essential over 3,0’ € S w.r.t. \.

H(K) = logesssup (12)

Back to the filtering problem, let now ¢ € V be any signed measure, and fort € T'let Jo;: V =V
denote the (F;-measurable) mapping g — pf defined by equation (6). Hence, for g € P, pf = Jo,q.
Next, for s,t € T with s <t define J,; ; = Jy ;s 00, where 8, is the shift operator on 2. Thus J, ; is
a positive linear operator on V. Moreover, the smoothing property for the conditional expectation
implies that forg € P and 0 < s <t

pg = Js,tJ()’sq. (13)
(o)

We assume that there exists a unique invariant measure, p,, of the Markovian family Py
(associated with the state process), and let the stationary measure be denoted by P; = PP+ (and
E; = EP¢). We assume the following ergodicity assumptions of the state process.

Assumption Al P; is ergodic.
Assumption A2 The measures P, and P; are absolutely continuous on the tail o-field.

Our basic estimate will be the following

Theorem 1 Let the assumptions of section 2 hold for either T = Z+ or T =R*. Let § € T\ {0}.
Then the following hold.

(a) For any comparable q,q' € P, P-a.s.,

1
v(g,q") < 5B log 7(Jo,5)- (14)



(b) If for every a € S, Gs(,-) is absolutely continuous w.r.t. a specific measure A € C, then for
any comparable q,q' € P, P-a.s.,

H(G5) + H(I}(-543)

: (15)

1
v(g,q') < 5 Es log tanh

(c) If for every a € S, Gs(a,-) is comparable to a specific measure X € C, and Is(a, B;y3) can be
bounded above and below by positive bounds that do not depend on « and (3, then (14) and
(15) hold P-a.s. for any q,q' € P.

To prove Theorem 1, we need the

Lemma 1 Let A\, € P. Then

dry (O 1) = 2 sup [A(A) — p(A)] < 2 A (W) — 1) < 2 h(x, ). (16)
A€S log 3

Proof of Lemma 1 In case that A and p are not comparable (16) holds trivially. Otherwise set
A={Ae€S:\NA) > pu(A) >0} and A = {A €S :u(A) > A(4) > 0}. Note that A cannot be
empty. Moreover, since if A’ is empty it follows that A = y with which (16) again holds trivially,
we shall assume the contrary. Thus we have

1< ") Ae A, Be A

IN

which implies
0 < A(4) — () < p(A) (MW —1) A€ A

0< u(B) = A(B) < AB)("™" —1) Be A
dry (A 1) = sup A(A) = p(4) = MA) + (A7) < P — 1

and (16) follows. L

Proof of Theorem 1:
For either t € Z, or t € Ry let n = [4]. Use Lemma 1, the insensitivity of h to multiplication by
a positive scalar, the property (13), the definition (10) of 7 and the fact that 7(-) <1 to get

2
log 3

1 / 1 1 ’ 1 ’
7 log drv (pf,pf ) — 7 log 7 log h(pi,pl) = 7 log h(pf, p} )

1 /
< 7 log h(pls: Pns)

_ llog h(pns: Pns) . P05, 5 )h( q) (17)
1 h(pl(ln_l)(s,/)((ln_l)(;) h(Qa q')

|
—

IN
13

17 1
— 2 1087 (Jisiv1)s) + 7 log b, q).

i
o



Since log 7(J5,(i+1)s) depends only on (|5 i41)]s ¥l[is,i+1)5] — Vis), the result (14) follows from
Assumption Al and Birkhoff’s ergodic theorem, for P, = Ps. Since (14) is a tail event, Assumption
A2 implies part (a) of the theorem.

Next, under the absolute continuity assumption, let Gs(a,dB) = Gs(c, B)A(dB) and define
Jo5(e, B) = Gs(a, B)I5(ex, B;y3)- Then by (6) we get

Tosa)() = #45) = [ [ Tostes®F(Balda) (@)
SJS

Thus Jy s has the kernel representation (11), and (12) can be used. We have
JO,J(aa /B)JO,J(O/’BI)

JO,J(aa /BI)JO,J(ala /8)

< IOg esssup q&(aa /B)Gi(s(alaﬂl)
Gs(a, B)Gs(, B)
= H(Gs) +H(I;(-390))-

Now (15) is deduced from (14) using (10).

H(Jos) = logesssup

Is(a, By yd) Is (o, B3 93)
Is(a, B3 98) Is (e, B3 43)

+ log ess sup

As for part (c), note that

W(ﬁ) = /Sé(aaﬁ)fé(a,ﬁ; y5)a(de).

Therefore, since by assumption both G and I are bounded, the R.N. derivative above is bounded
above and below (by bounds that do not depend on 3), and p{ and p{ must be comparable. Thus

the argument expressed in (17) holds where h(g,¢') is replaced by h(p{, pgl). L

Remark: Note that ergodicity of the process g(x;) would suffice instead of that of z;. In that
case Ps is to be understood as the measure P? with the appropriate ¢ to make g(x;) a stationary
process.

3 The discrete time case

In this section we are concerned with the case where the state process is a discrete time Markov
chain. The filtering of a continuous time process observed in discrete time is a special case of this
setting, if we understand the transition kernel G(-,-) as that of the propagator of the continuous
process, at time equal one observation-period. We keep all the assumptions and definitions of
section 2 in the case T' = Z. We denote by G the unconditional discrete time propagator at time
lie., Gu(A) = [ G(z,A)p(dz) for any A € S. Note that in this case I; defined in (7) is given by

(e 598) = exp ((900), A1) — 5 I (P ) - (18)

The latter is independent of o and hence if g is bounded, H(I1(-;y$)) = 0. Moreover, if the
unconditional kernel satisfies the condition

cipo(r) S Glz,) <copo(r) z €S (19)



for positive constants ¢;,ce and a pg € C, then by definition (9), A(GA, Gu) is uniformly bounded
for A\, u € P. Hence by the right hand side of (10), 7(G) < 1. In the latter case, note also that for
every ¢,q' € P (not necessarily comparable) p? and p'{ are comparable. Therefore as a corollary of
Theorem 1 we get

Corollary 1 Assume that the state process {Tn}necz+ is ergodic, the transition kernel G(-,-) sat-
isfies (19) and that g is bounded. Then for any q,q' € P, P-a.s.,

v(g,¢") <log7(G) < 0.

Next we treat a specific example in which the state space is the unit interval and the observation
function is real-valued and 1 : 1. We assume that the observation process is given by

n
Yn = Zo_lg(x,-) + vp.

i=1

The positive scalar o is used to parameterize the observation- (or equivalently, the noise- ) intensity.
Below we use the notion 7, (-,-) for v(-,-) defined in (8), to denote the dependence on ¢. In what
follows we assume that the measures G(z,-) and p, have densities w.r.t. the Lebesgue measure
on S. Thus we let G(z,-) and p, denote these densities rather than the measures, and for a
measurable f on S, z € S we write Gf(y) = [ f(z)G(z,y)dy. The specific assumptions and result
are summarized below.

Theorem 2 Let S = [0,1] and assume that G(-,-) € C3(S?). Let q,q' € P and assume g € C*(S).
Assume moreover, that both G(-,-) and the derivative § are positively bounded from below (on S?
and S, respectively). Then
!
lim supw’lq) <-1 a.s. (20)
o0 log =
Remark: A previous result [1, Theorems 3,7] in finite state space provides a bound for v which is
of order 2(c~2) as 0 — 0. Moreover, direct computations show that both in the Gaussian and in
the Benes cases (on IR), the behaviour is in (0™ !). In view of these facts, it seems that the above
result is not the optimal possible (see also the remark after this proof).

Proof: Denote

8al@) = exp (5 9(8) 00 — 5 0 2%(6)) (21)

and let the linear operator 7T, be defined by
Tnf(B) = An(B)G (D). (22)

Then it follows from (6) and (18) that p,(8) = Tnpn—1(8). Since by assumption on G(-,-), z; must

be ergodic, Theorem 1 can be used. We take 6 = 2 in (14) and apply equality (10). Our goal is to

show that 21 7
lim sup = o e 08 7(Jo.2)

< —1. 23
70 2logl (23)



Let f be measurable and bounded, and write the explicit expression for 1577 f as
o1 f(w) = Ag(w)/ G('U,w)Al('u)/ G(u,v)f(u)dudv.
S S
Let 9(T>T1) = exp(—H (Jy,2))- Then, noting that the factor Ay cancels out, it follows that

=  ino Js A1(v)G(u,v)G (v, w)dv [¢ A1(v)G (v, v)G (v, w")dv
VT = A T A )G, 0)C (o, w)db g A (0)Cw, )G, w)do”

We show below that the integrands in (24) are controlled by the behaviour of A, which tends to
concentrate on one point as o — 0, causing the cross-ratio to converge to 1. Substituting o = g(v),
using the differentiability and monotonicity of g and the definition of A,, (21), the first integral in
the numerator of (24) reads

(24)

vY1 o2 . . o o ]
/g(s> @) P, T 3p2)Clu g ()G (0),w)dv = /9(5) o, 5, w)di |

where by assumptions on g we have g(S) = {g(s)|s € S} = [g(0),¢(1)]. Dividing h(u,?,w) by
V2no exp(y?/2), which does not depend on u,w, it follows that

)
W(T2Th) :u,u’,lurzl,fu'es Joes) h(u!, o, w)dd Joes) h(u, 9, w')do (25)
where
" h(u, B, w) 1 1 (o — oy1)? RN
h 3 Uy = = - po —— |G y G s .
o) = o explif2) ~ ila ) m"""( 27 ) s NG 0),w)

For € > 0 define now A = {y1|oy: € [9(0) + ¢,9(1) — €]}, and recall that oy; = g(zs) + ovi. Then
Py(y1 & A) < Ps (g(zs) € [9(0) + 2¢,9(1) — 2¢] N |ov1| > €) + Ps (g(zs) & [9(0) + 2¢,g(1) — 2€])
< 6(6762/20'2 + 6),

for some constant ¢ independent of € and o, provided that o is sufficiently small. Since 7 is always
<1 it follows that

Eglog7(Jo2) < Egllog 7(Jo2)|y1 € A]Ps(y1 € A)
< Byllog7(Jo2)ly1 € Al(1 — (e 727" +¢)). (26)
We thus assume y; € A from now on. For M > 0 let us divide the integration region in (25)

according to |0 — oy;| > oM and its complement. Note that

0< / h(u, 5, w)ds < < exp(—M?2/2) (27)
g(S)N{@:|o—oy1|>c M} 2

for some constant ¢; > 0, and that if we keep Mo < € then g(S) N {0 : |0 —oy1| < oM} = {0 :
|0 — oy1| < oM}. Thus it follows from (25) and (27) that

Y(TpTy) > (28)

f\ﬁfayﬂgaM h’(u’ﬁ’w)dﬁ f\ﬁfayﬂgaM h’(ula'f),wl)d’f)

inf =~ p ~ p .
u! ww'€S [i5_ o0 <ons MU, B, w)dD + G exp(=M?/2) [i5_q0 1 <on B(u, 0, w')db + T exp(—M?/2)

10



Expand now the function

1

o(u, 0, w) = —7—-G(u, g7 (0))G(g~ (0), w)
9(g~(9))
with respect to ¥ around oy; (note that y; € A) to get
. . 1 . 1 .
‘P(Ua v, ’LU) = (10(”’ oY1, w)+(102 (U, oY1, ’LU) (U—Uy1)+§<,022 (’LL, ayi, ’U)) (U_Uy1)2+gw222 (’LL, ga ’U)) (U_Uy1)3'

Here |£ — oy1| < |0 — oy1]; the derivatives with respect to the second variable indeed exist and are
continuous due to the differentiability assumptions on G(-,-) and g(-). The integrals in (28) may
thus be estimated by

1
/ h(u, &, w)dd = @(u, oy, w) + = 02p9a(u, oy1, w) + res (29)
li—oy1|<oM 2

where
1

res S/
fres| li—oy1|<cM V2To

for some co,c3 > 0, independent of ¢, and M, provided that M is sufficiently large. Setting
M = o~ 1/8 50 that 03 M* = 2%, and combining (28), (29) and (30), it follows that for y; € A

max |poge| (o M)3dd + coe M < c3(o*M* + e*Mz) (30)

¢(T2T1) 2 u,u’ iuI)lfv’ES A:f’,:j’) (31)
where
Aw,w’ . ((p(u’ Uylaw) + % P22 (’U,, 0Y1, Iw)o-2 — 0402-5)(()0(”,’ 0Y1, wl) + % ©Y22 (ula 0Y1, wl)o_Z - 6402.5)
(R T

(o(u', oy1,w) + § oo (W, 091, w)0? + c102%) (p(u, oY1, w') + 5 Paa(u, oY1, w')o? + c4029)’

Noting that ¢(u, 0, w)e(u',0,w')/ e, 9, w)p(u,d,w')] = 1, and moreover that ¢ and ¢gy are
bounded while ¢ is bounded away from zero (all bounds are uniform), it follows from (31) that for
Y1 € A,

P(TyT) > 1 —cs0” (32)

for some c5 > 0 provided that o is sufficiently small. Thus by (10) it holds that for y; € A,

_ L=V Y(ToT) < c50°

) S T T

and ) I .
og 7(Jo,2) < 14 0g ¢5

2log% 210g%'

By (26), (33) and Fatou’s lemma, one gets

Bl A
up [log 7(Jo2)|y1 € A

T — 1—C6_62/202+6
o0 2log = T -0 2log < ( ( )

)1 — (e 127" +¢))

€Al =—1+ce
R 2log 2 v ] ’

11



and taking e — 0 one obtains (23). The result now follows from Theorem 1. 0

Remark: One checks that the coefficient corresponding to o2 that results from expanding the
cross ratio in (31) with respect to o is not identically zero, and especially does assume negative
values for some u,u’, w,w’ € S so the term o2 in (32) cannot be replaced by a higher power of o,
and therefore it seems that the above bound is the asymptotically best bound one can get by the
technique used.

4  The case of a diffusion on a compact manifold

In this section we treat the filtering of a diffusion process x¢, on a compact Riemannian manifold M
of dimension m. All assumptions and definitions of section 2 are kept with 7' = IR;. Embedding
the manifold in IR¢, some large enough d, one may write the Ité equation

dzy = b(x)dt + 6 (xe)dWe, zo =z, (34)
with a one dimensional observation process:
dy; = o~ g(zy)dt + dvy, yo = 0. (35)

Here W and v are independent standard Brownian motions on IR¢ and IR, respectively, b =
{6} 1 cicq, & = {609} 1<i<a and g are Lipschitz-continuous on M. The function g is also twice
<i< i<d

continuously differential;lsé,sand we denote by g; and g;; its partial derivatives of first and second
order, respectively, in the directions of the coordinate vectors in IR?. Furthermore, we assume that
the coefficients b and & lead to a strictly elliptic generator on M, with heat kernel G¢(z,y). By
comparing to standard bounds on heat kernels of strictly elliptic operators on IR% (e.g., [6, chapter
3]), the ellipticity assumption implies that there exist positive constants cp,c; and cg, such that

coe” 't < Gy(z,y) < cot™™?  zy € M. (36)

As in section 3, o is used to parameterize the intensity of observation, and we use the notion
Y5 (+, ) instead of y(-,) to denote the dependence on o.

Theorem 3 Let the state and observation processes be as in (34) and (35), and assume that
the ellipticity condition holds. Then there ezist a non-random function c(o) > 0 and constants
cd >0, >0 s.t. for any q,q' € P, the following hold P-a.s.

(a) ¥o(a,q") < —c(o) , >0,

(b) limsup, ;0 Yo (g, 4") < —¢',

(c) limsup,_,, 'yg(q,q')ecﬂ/" <-1.

12



Remarks: 1) (c) above provides an upper bound on 7y, which converge to 0 as ¢ — 0. This
bound is certainly not believed to be tight (compare with Theorems 2 and 4 in the discrete time
setting). The significance of this bound is in those cases for which 7, indeed seems to converges to
0 as 0 — 0 (see [7] for such an example).

2) Under additional assumptions, with £* denoting the forward operator of z; on M, the Zakai
equation for the filtering of z; given F; is written

d’ult = /.',*utdt + Jflgutdyt, (37)

where ug equals the density of q. Though below we do not make use of the representation (37),
Theorem 3 yields exponential stability for its normalized solution.

Proof: Throughout the proof ¢ denotes a deterministic constant whose value may change from line
to line. The proof is based on (15). By ellipticity, z; is ergodic, and in view of (12), H(Gj) < oo.
Next, we fix § > 0, and let A be the Riemannian measure on M. Note that in view of (15) and
part (c) of Theorem 1, to prove (a), it suffices to bound H(I{(-;93)) by a finite, possibly random,
bound. We do so by bounding I5(c, 3;43) defined in (7) by bounds that do not depend on a and
B, and using the representation (12). To this end, note that (see (2), (7) and (35)),

a 9 T 1 0 Zs 2
Is (e, B; yg) = E(() ) lexp(/ Mdys _Z / Mds)
o g 2Jo o

T§ = ,3,.7:5] a,feM. (38)
We begin with the upper bound. Integrating by parts in (38), we have that

) )
Is(a, ;1) = ES) [exp(Aﬁ / (M,, dz,) + / N,ds)| z5 Zﬁ,f(s] ,
0 0

where
As = o g(z5)ys,

M, = {MD}1cica, MY = —07y,gi(x,),

Ny =—3 (0292(135) +o s Y gij ()50 (z4)50F) (ﬂﬁs)) .

0,5,k
Note that 6@, 5 ¢ g; and g;j are all bounded, hence

_ o 0
T5(o, B;98) < exp (|45] + Ns) ES <exp /0 (M, day)| 25 = B, 7:5) (39)

where v, = supp<;<s |yt|, and
Ns =c6(0™ 2 + 0 typ).

Denote ¢
F, = exp/0 (M, dzs).

13



We bound the conditional expectation E(()a) (Fs|zs = B,Fs) in (39). First, by Fatou’s lemma and
continuity of F; with respect to t,

E® (Fy|zs = B, Fs) < Jim ES (Fy, |25 = B, Fs), (40)

where d,, is a sequence increasing to §. By the Markov property and the boundedness from below
of Gs(-,),

B (Fs, |25 = B, F5) = E [F5,Gs-s, (xs,,8)|F5] /Gs(a, B) (41)
= bn(aa ﬂa yg)/GJ(aa 18)

where we have defined b,, as the conditional expectation in (41). Note that since Fj5, , is measurable
w.r.t. o{zd, 43}, it follows by the same argument that

bnfl(aaﬁa yg) = E(()a) [FdnflGd—Jn (I(Snaﬁ”]_—&] .

In view of (39) and (40), in order to show the existence of a uniform upper bound on J(«, ), it
suffices to bound b,, uniformly in o, 3 and n. Now,

‘bn(aaﬂayg) - bn—l(a’IB’ yg)'

= |Eéa) [(Fs, — Fs,_1)Gs-s, (xan,ﬁ)lf(s]‘ < Q1@ (42)
where we have used Holder’s inequality and denoted
1/(m—|—1

Q= ( / G mes @ ok)

To bound @y we first use the inequality |e* — 1] < |z|(e® + e *) and the Cauchy-Schwartz
inequality. Denoting m' = 2m + 1 one has
|

e [ R A Al
n—1 0 0
7

a) 1/m! ! ! on ! bn
-Eq 2™ [expm (Ms,dzs) + exp —m / (M, dxs)]| Fs
0 0

a)l/(m+1) On—1 n m
Q1 = B [l(exp | 0o ex [ (o) 1)

n—1

i

1/m’ on ,
< 5" [| | dsm
(Sn—l

Next, using Minkowski’s inequality, and the Burkholder-Davis-Gundy inequality [10, p. 166] for the

martingales [ Y s(i)dWs(j ), one obtains
fd}

1/m’ on
E(a) / l‘/é (MSad-'Es)
n—1

ml

14



1/m! On m 1/m' On m/
< " l |7 tbw)ds)| | 5|+ B l [ ts@yaw| |7
n—1 n—1
< Cailym(én_énfl)l/z-
While
E(() yL/m’ [ m’ [ (M dzs) fa] _ E(() y1/m’ [ m [0 (Mq b(ws)ds)+m’ [ (Ms,5(xs)dWs) j—"(;]

IN

d
oot T B [e%| 73
j=1

where

On .
A; _/ Zo Ysgi(xs)o ”)( S)dWS(J).

By time change for the stochastic integral, one has that, conditioned on F;, A; 4 By, where By,
conditioned on Fy, is a standard BM and

On N 2
0 i

and hence
E(()a) [ecA ] <E I:ecsupOStsn* By 75} < 9¢°T".
One therefore concludes that
Q1 < 0 Ly (0 — Snr) /267 Ut S (43)
On the other hand, using (36) one obtains
Qs < (5 — 6,) ™/2AmH1) §mm?/2(m+1) (44)

Now, if we chose ¢, = §(1 — 27") and combine (42), (43) and (44), it follows that
|bn(a,ﬂ, yg) o bn—1(a,ﬂ,y3)| < co,flym(s(lfm)/Qan/Q(m+1)ecg—lym5+ca—2yg®5_
Since by = G(a, B) it follows that
b, < C(S—m/Q + co_—lym(s(l—m)ﬂeca_lym5+ca_2y%ﬂbd’

which is bounded uniformly in n,«, 3. Thus from (39) and (41) and using (36), we obtain the
upper bound

Is(ev, B; yg) < cec/éeca*lym—l—cétf*2 ((57m/2 + o_flym(s(lfm)/Qecaflymé—}—cafzyfnd) _ (45)

The lower bound follows easily from the upper bound, since by Cauchy-Schwartz EeX > 1/Ee=X
Hence

— — — — -1
Is(ex, B; yg) > ce—C/0o—co Lym—cda™2 (5—m/2 +O_—1ym5(1—m)/26w lymdteo zy?né) ] (46)

15



Actually, the above suffices for parts (a) and (b) in view of (12) and (15), since the bounds (45)
and (46) are both positive and finite for fixed o as well as in the limit o — oc.

As for part (c), we shall need the concrete dependence on o and ¢ of the bound on ~, derived
from (15) using (45) and (46). Since y, < cdo~! + maxs<svs for ¢ large enough, it follows that
P (y,, < cdo~! 4 4+/5) > 1/2. Denote al = cdo~! 4 41/5. Thus, combining (15), (45), (46) and
the inequality tanh(% logz) <1—271, 2> 0 we get

Y0(9,q') <
1 _ . - m _ -2
%log 1 — egm/2g—c/dg—co 1a8 —coo—2 (5—m/2 +0_—1ag€ca 1g8 §(1-m)/25 1 co 2((1‘5,)25) :| .
Substituting § = o, we conclude that there exist positive constants ¢ and og s.t. for every o < oy,
Yolg,q') < —e™*/°.

(

5 The countable state space case

In [1] bounds are derived for 7 in the finite state space case both in discrete and in continuous
time. The technique there is based on the connection between vy and the gap between the two
top Lyapunov exponents of the Zakai equation, and Oseledec’s multiplicative ergodic theorem is
intensively used. Theorem 1 above may be directly applied to provide an extension of Theorem 2
in [1] to the case of countable state space discrete time. However, as we show below, in the low
observation noise limit, a sharper result is possible by a direct computation that relies neither on
the estimates of sections 2 and 3, nor on Oseledec’s theorem (and provides an extension of Theorem
3 of [1]).

We let S = Z and T' = Z™, and denote the transition matrix by G = (G(%,7)). Information
on its state is given through the observation process

n

Yn=0 ") g(zi)+vi, n>1 (47)
1

The unnormalized conditional law is then given (as in (21), (22)) by the vectors
ph =DnG"pj, 1, pi =4 (48)

where G* is the transpose of G and D,, is a diagonal matrix with A, (i) = D,,(,1) = exp(c 1g(i) Ay, —
072¢%(4)/2). The following result shows that in the limit o — 0, the behaviour of v, is at least in
Q(o72).

Theorem 4 Assume that the state process {x, }nez, satisfies the following conditions. (a) {zn}nez,

is ergodic. (b) Eg*(zy) < 00. (c) Bglog G(zo,z1) > —oo. (d) |G|y = sup; >; G(4,5) < oo. Let g
and ¢’ be any two probability distributions on S. Then P-a.s.,

) 1 . )
limsupo?y,(g,¢') < 3 Bs inf (g(z0) - 9(4))? (49)

oc—0 j#xo
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In particular, if there exists a state iy such that Py(xo = i) > 0 and inf;4;, |g(i0) — g(j)| # 0 then
the limsup in (49) is a.s. negative.

In order to prove the theorem, we introduce some notations. For a,b € £, let the exterior
product be defined by a A b = ab* — ba* (compare with the usual definition [5, p. 61]). Note that
W = a A b is an antisymmetric matrix. We define for it the pth norm by

1/p
Wi, = (Z IW(Z',J')I”> , pE[Lo0),  [Wle =sup|[W(i,j)- (50)

i, %]

Let A%4, denote the space {a A bla,b € £,} and note that [la A bll, < oo if a Ab € A?{,. For
p € [1,00] and a linear operator A on A%{, we denote by ||A||, its operator norm w.r.t. the pth
norm defined by (50). We do not distinguish between the measure g € P and the vector ¢ € ¢4
for which ||¢|[1 = 1. Moreover, we define the set of positive probability measures on (S,S) by
P° ={qePlg(i) >0,i € Z}.

We first prove the following

Lemma 2 Let p,n € £1 be non-negative and non-zero, and denote p = p/||pll1,q =n/||nll1. Then

llo Anlly

I Anllo |
oIl

<|lp—gql:i <
lllelinll

(51)

Proof: On one hand, it is easy to see that for any @ > 1 and a,b € £y, if ||allz = ||b]|]2 = 1 then
lla —b|l2 < ||la — abl|2. Thus, assuming w.l.o.g. that ||p|l2 < ||g||2, and denoting the angle between
p and g by pgq we get

P lall2 ¢
lp—gqlls > lp—dqll2 = Il -
ol lell2 llall2 1,
P q 1
> pllz ||7= — =l = llpll2 2[sin(5 pq)|
ol llallzll, 2
o lle Anll2
> ||p||2 ‘Slnpq| = ||p||2 m
\Hp/\nllloo_
el lInll

The last equality is well known (see e.g., [5, p- 61]). On the other hand,

2

55 p(E)n() — p()m(3)|
IR
i 25 lp()n(5) — p(G)n()|
R
llo A nll
leliliml

lp — gl
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O

Proof of Theorem 4 : Given q and ¢’ we denote p, = p? and 7, = p%’. In order to use the
lemma, we first provide lower bounds on ||p,|/1 and ||7,|l1, and an upper bound on ||pp A 75 1-
First,

pn(@) = D polio)Glio,ir) ++ Glin1,1)A1(z1) - An(zn),

iO:-“ain—l
lonlls = pn(zn) > po(z0)G(z0, 1)+ G(Tp—1,Zn) A1(z1) - - Ap ().
Using the ergodic theorem, we get that P-a.s.
1

liminf — log||pn|l1 > Eslog G(xo, 1) + Esg?(x0)/202. (52)

n—oo n,
Secondly, using (48), we obtain the following recursion

Pr N = pafly, = TPy, = DnG™ (pn—1 A1) G D,

Write the above elementwise as

(pn A nn)ij = An(z) (Z G(ka Z.)(pn—l A nn—l)k,lG(laj)> An(]), (53)

k,l

and get the relation

lon A nall < Sup An(§)An(5) 1Gl1lon—1 A1l
i£]

where G is the operator on A%/; defined by u A v — G*(u A v)G. By (53),

IGIh <supd G(k,1)G(,5) = |G-
bI o kyl

We thus obtain, using again the ergodic theorem, that P-a.s.
. 1 . .
limsup — log ||pn, A |1 < Eslogsup Aq(3)A1(5) + 21og ||G|1- (54)
n—oo TN i#£j

Next, since By(Ayi)? = (1 + Bog?(20)/0?)/2,

E,log siu? Ay (i) A1 (5)

_ _% B inf [(Ays — 9(0)/0)? + Ay = 9()/0)?] + (1 + Bug?(20) /o)

<3 B, {gg [(Ay1 = g(@)/0) + (Ay1 — g(5)/0)?] | lon| < } P(lon] <) + (1 + Esg*(v0)/o%)
<~ 5oz { inf (9(a0) + o — 97| lova| < ¢f Pllova| < ) + (1 + Bug? (20)/)

< 5B Lint lg@) — 9] — v 0)2 (1= eP7") 4 (1 + Bug?(20)/0%), (55)
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for any constant € > 0 and sufficiently small o. Now the right hand side of (51) together with (52),
(54) and the above imply the theorem. ]

We next show that in a specific class of problems, (49) is also a lower bound in a sense to be
explained below. We concentrate on the class U of processes for which the transition matrix G
has all its 2 x 2 minors non-negative. An important subclass of U is that of the nearest neighbour
processes i.e., those that possess a transition matrix G = exp(sA) where s > 0 and A is an intensity
matrix for which |i — j| > 1 implies A(4,j) = 0. Indeed, the latter condition on G implies that it
is totally positive as an operator on ¢, which by definition implies that the process it generates
belongs to U. For the above results and further discussion see [11, pp. 38-45]. Let us denote for
1,5,k l € Z

Gyl = G(k,i)G(1,5) — G(1,1)G (K, 5).-

For i < j,k < I the latter are the 2 x 2 minors of G. We further assume that the infimum in (49)
is always achieved namely, there exists a function 7 : Z — Z such that

;.I;églg(i) —9()| = lg(?) — g(x())| and = (i) #4, i€ Z. (56)

For a probability measure m on P, we shall require the following.

Assumption A3: For every proper linear subspace @ of ¢1, m(Q NP) = 0.

Example 1 Let a;,1 € Z be i.i.d. real-valued non-negative bounded random wvariables, with a
common law that is absolutely continuous w.r.t. the Lebesgue measure, and let c;,1 € Z be positive
constants s.t. > ;¢; < oo. Let z; = cija;/ Zj cjaj,1 € Z and define m to be the measure on P
induced by the random vector {z;}icz. Then m satisfies Assumption A3.

Proof: Define p to be the measure on £, induced by {a;};cz. Let Q be a proper subspace of ¢;.
Then there exists a non-zero w € £y, s.t. if ¢ € @ then > w;q; = 0. Let k be such that wy # 0.
Then m({z € P| Y, wiz; = 0}) = p({a € loo|lwrar = — Yitk wjc;a;}) which vanishes, since ay is
p-independent of a;,7 # k, and its law is absolutely continuous w.r.t. the Lebesgue measure. L]

We have the following result.

Theorem 5 Let {z,}ncz, belong to U and let it satisfy (a)-(d) of theorem 4. Assume moreover
that there exists a w : Z — Z satisfying (56), such that Ej log|sz’2g3\ > —oo. Let q and ¢
be random, distributed according to two given probability measures m and m’', respectively, on P

satisfying Assumption A3. Then m X m' X P-a.s.,
1 / 1
lim inf o2 lim inf ~logdrv (pf, pf) > —5 Es(g(wo) — g(m(z0)))2 (57)

o—0 n—

In particular, m x m' x P-a.s., (49) holds with equality.
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Proof: We shall use the left hand side of (51) and develop bounds analogous to (52) and (54) but
in opposite direction. The first bound follows easily from (48) namely,

hmsup loglpnlli < log|Gll1 + Eslogsup A (i)
2
1
< log |Gl + 5 (14 Bsg*(w0)/0?). (58)
The lower bound on ||p, A 7s[|ec is more complicated. Assume first that ¢ and ¢’ are such that all

the entries above the diagonal of the matrix ¢ A ¢' are positive. By (53), positivity of the 2 x 2
minors and the positivity assumption on the initial condition, it follows that for ¢ < j and k <

(pn A "7n)z] > A ( )A (j)Gi'c,,;(pnfl A nnfl)k,l- (59)

Note however, that for ¢ > j we have (pp, Any)i; = —(pn A7)}, and moreover, le —Gl k=
—Gf,’il . It thus follows from (59) that for any i, j, k,! we have

(on A1) > B (D) An () GE [ (Pret A tha—1)il- (60)

Substituting i = z,,j = 7(zy),k = zp—1 and | = 7(x,_1), passing to the limit, we get that P-a.s.,

hmlnf log|||,0n/\77n|||Oo > EslogAi(z1)A(n(z ))+Elog|G$°’ ;| (61)
1 1 1 z
= B[ ¢ (@0) + glao)g(r(zo)) — 5 g (m(20))] + B log [GTr 7).

Observe that in the derivation of the bounds (54), (55) and (61), only bounds on the operators D,,
and G are involved, not on g or ¢’. Hence the null sets of P on which these bounds fail to hold
are independent of ¢ and ¢’. We thus summarize (54), (55) and (61) as follows. There exists a set
Qo € B of full P-measure, such that for all ¢ and ¢’ with g A ¢’ positive above the diagonal, and
w € O,

hm_)l(l)lf o hmlnf log lon A nllo = limsupo? hmsup log lon A 1l oo
o a—0
= Elg*(z0) + 29(%)9(”(900)) — g*(m(z0))]/2
= C. (62)

Hence, for ¢,q' as assumed, (57) holds by the Lh.s. of (51), (58) and (62).

We extend the above result to general ¢ and ¢’ in a few steps.

Lemma 3 For any q € P° there exists a qo € P° s.t. all entries above the diagonal of g A\ qo are
positive.

Lemma 4 There exists a set Q1 € B of full P-measure s.t. the following holds. If ¢ € P° and
Q' (w, q) is the subset of P of all ¢' for which (62) does not hold, then for every w € Q1, Q'(w,q) is
the intersection of a proper linear subspace of £1 and P.
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In view of Lemma 4 and Assumption A3, for every w € ©; and g € P?, (57) fails to hold only
when ¢’ belongs to a null set of m' (possibly depending on ¢ and w). Since from Assumption A3,

m(P\P°) =m(U,{g€P:q(n)=0}) <>,m({g €P:q(n)=0}) =0, the proof is complete. []

Proof of Lemma 3: Define the sequence a(n),n € Z as follows. Let a(0) = 1; for n > 1 and
k< —1let

a(n) = e/ a(n — 1)g(n)/q(n — 1), a(k) = e ¥ a(k + 1)q(k)/q(k + 1). (63)

Then for any n € Z, a(n) < cq(n)/q(0) so that a(n) is summable. Let now go(n) = a(n)/ >; a(i).
Then for j =i+ 1 we have from (63) that ¢(7)go(7) > q(j)qo(%). By induction, the latter holds for
any 7 < j, and the Lemma follows. ]

Proof of Lemma 4: Denote the matrix p, A 7, for which pg = g and 7y = ¢’ by Wy, (q,¢'). Since
(54) and (55) hold, there exists a full P-measure set ), € B, such that for all w € Qf and q,q¢’ € P,

lim sup o hmsup log [Wr(q,¢) o < C,
n—oQ

c—0

where C'is as in (62). Fix ¢ € P°. If Q'(w,q) is empty, the lemma holds trivially. Otherwise, let
p1,p2 € Q'(w,q). Then (62) does not hold for Wy,(q,p;), i = 1,2 (i.e., when p, = p% and 7, = pbi).
Hence, for all w € ),

lim sup o’ hmsup log |[Wn(g,pi)llo < C, i=1,2.
n—oo

a—0

Let A € IR be such that ¢ = ¢'(A) = Ap1 + (1 — A\)p2 € P. Then W,,(q,q') = A\Wy(q,p1) + (1 —
A)W,.(gq,p2), and it follows that for w € Qf,

lim sup o hmsup log [Wn(q,¢)leo < C.
n—00

c—0

Thus for every ¢ € P° and w € Qf, Q'(w,q) is the intersection of a linear subspace of ¢; and P.
Let now gp be as in Lemma 3. Thus by (62), whenever w € £, one has that ¢ ¢ Q'(w,q). This
implies that whenever w € O = Q¢ N €, the subspace must be proper. ]

Example 2 If G is the transition matriz of a finite state Markov chain such that all its entries
and 2 X 2 minors are positive, then all assumptions of Theorems 4, 5 hold.
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