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Abstract

This Master Thesis examines the possibility to approximate Bayesian models
and estimate Bayesian model probabilities. Further it discusses how Bayes
performs compared to traditional methods. Various sampling methods to
generate samples from distributions has been examined: Rejection, Metropo-
lis, Gibbs and Hybrid Monte Carlo sampling. Different methods to estimate
the model probabilities has been examined: Importance sampling, thermo-
dynamic integration, bridge sampling and path sampling. Path sampling
was chosen since it can be proven to cover all the other methods. Bayes
and Maximum Likelihood was used in linear and feed forward regression net-
works. Maximum Likelihood methods suffers from over fitting, suggesting
the use of Occams-razor to reduce model complexity, the Bayesian approach
does not. Pure Maximum Likelihood model selection proves inconsistency
with test error, Bayes does not when having closed form solutions but pe-
nalized Maximum Likelihood performs also very well. The path sampling
approximation to the evidence can not be proven either to be consistent or
inconsistent with the test error, because it is too variate and it depends too
much on its starting temperature. This is due to sampling problems. An
ensemble approximation for the feed forward network posterior has been de-
rived, which seems promising, also in a model selection setup where it can
be combined with Importance sampling.

Keywords: Generalization error, Kullback-Leibler, Normalizing constants,
Bayes-factors, evidence, phase transitions, over fitting, Occams-razor, Mar-
kov chains, Rejection, Metropolis, Gibbs and Hybrid Monte Carlo sampling,
thermodynamic integration, bridge sampling and path sampling, regression,
artificial neural network, linear models, Bayes learning, Maximum Likeli-
hood, decision and hypotheses test, ensemble approximation, variational ap-
proximation
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Resumé

Denne kandidat athandling undersgger mulighederne for at estimere Bayes-
ianske modeller og model sandsynligheder. Endvidere diskuteres hvorledes
Bayes yder sammenlignet med traditionelle metoder. Forskellige samplings
metoder til at generere samples fra fordelinger er blevet undersggt: Rejection,
Metropolis, Gibbs og Hybrid Monte Carlo sampling. Forskellige metoder til
at estimere model sandsynligheden er blevet undersggt: Importance sam-
pling, termodynamisk integration, bridge sampling and path sampling. Path
sampling blev valgt da denne kan vises at deekke alle de andre. Bayes og Mak-
simum Likelihood blev brugt i lineaere og feed-forward regressions netveerk.
Maksimum Likelihood metoder lider af over fitning, foreslaende brugen af
Occams barberkniv, den Bayesianske fremgangsmade ggr ikke. Maksimum
Likelihood model valg udviser inkonsistens med test fejl, Bayes gor ikke nar
lpsningen findes palukket form. Path sampling approksimationen kan ikke
bevises at vaere konsistent eller inkonsistent med test fejlen, fordi variationen
er stor og da den afthaenger af start temperaturen. Dette er p.g.a. samplings
problemer. En ensemble approksimation for feed-forward netvaerket er blevet
udledt som ser lovende ud.

Nogleord: Generalisering fejl, Kullback-Leibler, Normaliserings konstant,
Bayes faktorer, Evidence, faseovergang, overfitting, Occams barberkniv, Mar-
kov Keader, Rejection, Metropolis, Gibbs og Hybrid Monte Carlo Sampling,
termodynamisk integration, Bridge sampling og Path Sampling, regression,
kunstige neurale netvaerk, lineare modeller, Bayes indlaering, Maksimum
Likelihood, Beslutning og hypotese test, ensemble approksimering, variations
approksimering.



VI



Preface
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Thesis overview

The thesis consist of seven chapters and three appendices. The first chapter
act as an introduction to the field of Bayesian analysis and a description of
the theses considered. The following two chapters describes shortly some
concepts in statistical modelling and Hypotheses testing without going into
sophisticated details. From the more basic chapters follows two chapters
of more practical interest. One of the chapters is devoted to the theory
of drawing samples from general distributions. The other is advocated the
theory of estimating model evidences by using the sampling methods. The
sixth chapter is the experimental chapter describing the use of linear and
Artificial Neural Networks in regression problems. The various methods de-
scribed in the two preceding chapters are used. The last chapter contains
the conclusion. The first appendix contains the derivations of the linear an-
alytic Bayesian model. The second appendix shows the normalization of the
gamma posteriors at various temperatures. The last appendix shows the
derivations of the Ensemble method for the Artificial Neural Network.
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1.

Introduction

Bayesian modelling can bee dated back to Laplace. The name Bayes comes
in due to the extensive use of Bayes theorem in these kind of modelling
scenarios. Bayesian models is models averaged over all possible parameters,
rather than a model with optimal parameters like Maximum Likelihood. The
nice about averaging is it capability of removing over fitting. Over fitting calls
for Occams-razor to reduce the number of parameters that should be fitted.
For that reason model selection is a major part of traditional modelling. For
the Bayesian modelling approach this should not be the motivation. I will
try to show that using Bayes in regression problems will not over fit data.
Further more will I examine how Bayes performs when selecting between
competing models. The selection result should be consistent with the error
on independent test data.

[ will try to answer two hypotheses with Bayesian and Maximum Likelihood
modelling and decision: In linear regression we often have a lot of input and
some outputs, we then want to decide how many inputs that are used to
model the output ? The other hypotheses is: in a single layer feed forward
ANN regression setup we often think that a specific number of hidden units
are optimal. We then want to ask how many hidden units are optimal?
the belief is that the Bayesian modelling procedure should in general cases
suggest infinite many hidden units, this belief is motivated by the assumption,
that in general cases real data does not come from a finite ANN, we can
approximate these data arbitrary close by using more and more hidden units
[3]. Whereas the Maximum Likelihood approach would select a finite model
due to over fitting of too large models.

I will examine the possibility to estimate and use Bayesian model selection
criteria. The Bayesian model selection approach is to calculate probabilities
of the models of interest only given the training data or calculating model
probability ratios called Bayes factors. Different methods to estimate the
model probabilities will be examined: rejection sampling, thermodynamic
integration, bridge sampling and path sampling. Both Bayesian modelling
and Bayesian model selection often end up with multi dimensional integrals
that can not lead to closed form expressions. For that reason methods like
the evidence approximation [10], sampling methods [15], [13] and ensemble



methods [11], [9] will bee used to approximate the posterior distribution.
The results from the Bayesian model selection criteria are compared to the
selection obtained using independent validation or test data on the individ-
ual Bayesian models; the last being a well accepted method known to yield
unbiased decisions. The results from the Bayesian analysis is compared to
their Maximum Likelihood counterpart. Since model selection leans on the
modelling it self, a lot of the thesis is spend on this topic.

I will use The Hybrid Monte Carlo method together with Gibbs sampling
[16], [15] to simulate data from the posterior of the ANN parameters. This
method uses gradient information to move around in the posterior. The
method is for that reason effective to suppress random walk behavior and
hence effective in correlated distributions.



2. Statistical Modelling

In this chapter the concept of statistical modelling will be sketched. Some
similarities for different inference methods will be outlined.

2.1 Concepts of Statistical Modelling
2.1.1 What is statistical modelling ?

Statistical models are used when the phenomena we try to model is of stochas-
tic rather than of deterministic nature. The stochastic nature implies that
statements have some uncertainty, i.e. it has some distribution. Statements
can be assigned to stochastic variables. So a part of the modelling procedure
is to decide how the stochastic variables are distributed. This can be carried
out in many ways, sometimes an exact distribution can be derived for the
problem other times only a family of distributions can be derived and some
times there are no way to choose the distribution nor even its family, in this
case one often chooses a model family by some criteria like a form that is
believed to fit and/or it’s ease of computation. If a stochastic variable inter-
acts with other stochastic variables, we can try to model the dependencies
between these stochastic variables. The dependencies and distributions can
be described by some parameters, which can be believed to have some exact
value or a distribution. If we believe the parameter is exact, it is not for sure
that we can determine it’s exact value, if we can, it is deterministic, if not it
is stochastic just like the quantity that is stochastic by nature.

When starting modelling we assume having a training set containing a num-
ber of stochastic variables D = {x(i)}i]\;1 all coming from the same phenom-
ena with distribution p (x, H), where H is some model description. The dif-
ferent possible models will have some distribution 7 (H). Eventually = (H) =
0 (H — Hy) hence p(x) = p(x|Hp). Hy can be a model family, where each
member is described by some parameters w with some kind of distribution
7 (w |Hp). By Bayes rule we will have

p() =pxlHo) = [ f(xlw Ho)m(w Ho)dw (2



If p(wHy) = §(w—wp) i.e. w has a specific value wy, then p(x) =
p(x[Ho) = [ (x |wo, Hy).

The whole modelling procedure is then the game of guessing a distribution
D,ﬁ),

based on the observed data D, we could denote this guess by ﬁ(x

where H is the model we guess that describes our data. We could assign a
loss L <j5 (X ‘D,ﬁ) P (x)) to this guess, and calculate the expected loss for
a specific training set

F(X‘D,ﬁ) :/ﬁ(ﬁ(x‘D,ﬁ> ,p(x))p(x) dx (2.2)
Since we could face different training sets we could expect a loss of?!

r (x ‘ﬁ) = //,C (ﬁ(x ‘D,ﬁ) ,p(x)) p(x)dxp (D) dD (2.3)

This is sometimes referred as the expected generalization error.

If we know how to average distributions from different training sets, we could
get a model (p(x |H))p i.e. averaged over all possible training sets. We could
follow the idea of [8] and calculate the bias of the expected loss

I'p (X‘ﬁ) :/£(<ﬁ<x‘ﬁ>>D,p(x)>p(x) dx (2.4)

we denote the loss by a B, since it tells us how biased our model in average
would be. The variance of the expected loss can then be defined as

Iy (x‘ﬁ) EF(X‘ﬁ) —T'p (x‘ﬁ) (2.5)
The optimal ﬁ(x ‘D,ﬁ) is in general one that minimizes 2.3.

In the previous we just saw how we could make inferences about p (X ‘D,ﬁ) ,
but in general we do not know p (x) nor p (D) . So what we have to do is using
a method to make inferences about p (X D,ﬁ) , that in general performs

better than other methods, we say such a method performs uniform better
than other methods. Unfortunately it is very unlikely that such a method
exists. Instead we can talk about performance for a specific loss function,
but even then it is seldom that a uniform better solution exists.

LIf the training data are independent p (D) = Hfil p(x;), but this is not necessarily
true.



2.1.2 Choice of loss function

The choice of loss function is nearly as difficult as selecting the method to
make inferences about p <x ‘D,ﬁ) , and indeed these two topics interacts.
The loss function should express some kind of prior information, like express-
ing that for some specific x intervals it would be very expensive if p (x ‘D,I/-\I)

predict in this interval to often or to seldom. A common used cost function
is the "log loss” which can be derived from the Kullback-Leibler distance

KL <ﬁ (x ‘D,ﬁ) ,p(x)) = /p(x) logg\gz; dx (2.6)

which splits into two terms, the "log loss” also called deviance

D (5 (x|DH) ) = —/p(x) log 7 (x) dx (2.7)

and the residual called the entropy or "self entropy” of p (x)
B (x) = [ poo)logp (x) dx (2.8)

The minimum of 2.3 with ICL as loss function is located at the same p (x ‘D,ﬁ)
as the minimum of the ”log loss”

D (x ‘ﬁ) = //—logﬁ(x ‘D,ﬁ) p(x)dxp (D) dD (2.9)

The loss is now relative to the self entropy. The ”log loss” is mathematical
convenient, since a lot of distributions are of exponential type. The "log
loss” is often used as a measure for the relative model generalization, if an
absolute measure is wanted then KL could be used as loss function.

2.2 What is Bayesian Modelling?

Bayesian methods provides a way to include a priori knowledge to a problem.
Even when no a priori knowledge can be provided, Bayesian methods provides
a kind of averaging. Averaging can be used to minimize 2.3 by introducing
bias. Despite all these features, Bayesian methods are still not, like any
other statistical modelling procedure, a single golden way of getting accurate
results. The results are and will be of stochastic nature, just as any other
procedure would yield.



Lets say, we have a set of data D coming from some distribution, and we

want to predict a new example x also coming from this distribution. In a

Bayesian framework, one always start out at the likelihood f (D]|w,H) of

the parameters w of the model H describing the data?. We want to make

inferences about x based on w. So if it is possible we want to calculate the

distribution k& (w| D, H). This can be carried out by the use of Bayes’ rule
f(Djw,H) 7 (w |[H)

k(w|D,H) = [7(Dlw, H) 7 (w H) do (2.10)

k (w| D, H) is called the posterior of w, 7 (w |H) is called the prior of w. As
seen, calculating k& (w|D,H) is only possible when we can provide some a
priori knowledge in the form 7 (w |H) about w before we ever saw any data.
The prior should express some kind of believes on different w, if we do not
have any preferences we should set m (w |H) to be non-informative, which is
one type of ”Vague Bayes”. In general this is not recommendable, since this
is an improper prior, which means

z (H) :/W(w'|H)dw' (2.11)

is divergent.

When £ (w|D,H) is derived, the so called predictive distribution can be
calculated

p (x| H) = /f(x|w’,H)k(w’|D,H) oo’ (2.12)

and used as a guess on the true distribution. What we can see is the Bayesian
method have made the inference problem into a probabilistic inference prob-
lem. This method makes the prediction independent of the model parame-
ters. In most modelling procedures this is wanted in others, where decisions
are made upon the parameters, this is not. The decision problem, and how
to solve it, is actual the major part of this thesis, and it will be faced again
in chapter 5.

2.2.1 Priors in Bayesian Modelling

In Bayesian modelling priors are of major importance. The priors are pro-
vided to implement some kind of a priori knowledge. The strictly Bayesian
method is to select the priors without knowledge to the actual data set. The

2The model does not necessarily have to be a single model, we could have different
model candidates or said in another way a distribution p (H) of models. If the latter is
the case one could average over these.



2.2.2 When

major challenge is then to compile this information into a proper distribu-
tion. Many distributions can be compatible with the provided information,
in this case the most convenient 3 one may be chosen. Often one can not
provide any a priori knowledge i.e. meaning that one does not have any
preferences towards any parameters. Two different approaches in selecting
priors are conjugate priors and Jeffreys non-informative priors [19]. The con-
jugate priors are often preferable because they can lead to analytic tractable
solutions, strictly this should not justify the use of them. The Jeffrey priors
can be derived from the sampling distribution. The difficulties in selecting
the right prior are often questioned by non-Bayesians.

is Bayesian modelling generalization optimal ?

For any modelling procedure we must require that it is optimal in some sense.
A derivation of when Bayes is optimal will here be given based on [7]. The
average expected loss was defined by 2.3. When using the KL-distances as
loss function we know that this is minimized if

p(x|[DH) =px) (2.13)

which of course is obvious.

Of course this is not very interesting, because we then would end up guessing
on the teacher distribution. This can be some parameterized distribution,
so we end up with a problem like the problem Maximum Likelihood tries to
solve. The interesting in Bayesian modelling is of course: can we provide a
teacher distribution that is ”vague” compared to the true distribution either
not by specifying the parameters but putting a prior on these that expresses
our ignorance or by reformulating the model so it is more vague.

2.3 Bayesian Modelling versus Maximum Likelihood modelling

In this section Bayesian Model selection is compared to Maximum Likelihood
selection. The comparison is performed by a stylistic example of the posterior
and an example where we try to infer the mean of a 1D normal distribution
with known variance. The derivation follows closely [7].

2.3.1 Stylistic comparison

A way to interpret the Maximum Likelihood in a Bayesian context [3], is
when assuming the posterior p (w| D) is heavily peaked around the maximum

3which can be in a sense that makes it possible to find the final solution



Likelihood parameters w,;;, then the predictive distribution becomes

paiD) = [pll)p@D)d (2.14)
~ /p(x|w)5(w—wML)dw (2.15)
= p(x|wur) (2.16)

This approximation is only exact if we have an infinite amount of data,
because then the posterior will converge towards the Dirac mass at the Max-
imum Likelihood parameters for that model.

When using non linear models like the ANN, it is not unusual that the
posterior consists of several modes [3]. A stylistic example of such a posterior
is shown on figure 2.1 . On the figure is shown two posteriors arising from
different data sets D; and Dy. When using Penalized Maximum Likelihood
we would select the parameters marked wy; Dy and wyy, [D;. What we
can see from the figure is, if we select the parameters that the first data
set, suggests, in a maximum likelihood sense, it would not be the best guess
on the second data set. By using the Maximum Likelihood guess we model
the posterior as the Dirac mass i.e. saying all other values of the parameter
is a posterior very unlikely. This is a very strong belief on the suggested
parameters. This belief arises even though most people know, that if they
collect data a second time, they probably would get a different result. What
the figure actually suggest is to make a continuum of models, and then weight
them according to the posterior probability. This is actual what Bayesian
inference does by the predictive distribution.

2.3.2 Temperated learning includes Bayes and Maximum Likelihood

The idea is to define a set of learning procedures characterized by a single
parameter 3, that both includes Maximum Likelihood and Bayes learning. In
[7] this is performed by ”temperating” the likelihood, such that the posterior
for the model parameters becomes

P’ (Dw)

P(@IBD) = 5D W) de

(2.17)

where [ is the inverse temperature. At § = 1 we have Bayes learning with
uniform prior, at f — oo we have maximum likelihood (ML) since this

*assuming a one parameter model



P(D,W)

t f
P1 P2
Figure 2.1: Stylistic plot of two posteriors arising from different data set

corresponds to cooling the system to absolute zero temperature. We could
instead define a family of learning procedures for which the prior in the Bayes
learning not necessarily have to be uniform

P D) @)
[p° (D]w)p'/? (w') dw'

Again at § = 1 we have Bayes learning, at § — oo we have ML. Another
family of learning procedures could be

P D) W)
[ 1% (D w")pf (w') dw’

Which at § = 1 is Bayes learning and at § — oo is Maximum A Posterior
(MAP).

p(wl3,D) (2.18)

p(w|B,D) (2.19)

The predictive distribution is the distribution of interest

p(x|D,8) = / p(x|w')p (' |5, D) du’ (2.20)

We could now measure the generalizing ability of the predictive distribution
by using 2.6 as loss measure by setting p(x) = p (x |D, ()

D == (0] p(X) X
KL @E).p(09) = [ )1 shd (2.21)

In learning theory p (x) is sometimes referred to as the teacher distribution
and p(x) the student. The expected generalization error 2.3 is then

r= / KL (5(x),p (x)) p (x) dxp (D) dD (2.22)

which can be split into 2.4 and 2.5
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1D Normal distribution with known variance and Jeffrey prior

In this special problem we want to make inferences about a location param-
eter p. In this case the teacher distribution is

p0 = (52) T (- 355 (@ = wo)") (2:23)

The well known Jeffrey prior for a location parameter is

p(p) =k (2.24)

In this case the learning procedures 2.17,2.18 and 2.19 are the same. The

likelihood is then
N/2
N 2
) exp <—@ (T — ) ) (2.25)

with # = % Zf\;l x;. The posterior for a specific 5 is then

p(uID.5) = (fo(f)/ ow(~gu@-w) @

p@n) = (

2702

202

The predictive distribution is then found by integrating out u

p@iDA) = [pGln)p (D5 i

1
() oo ()
= 5 exp| -z (T—x
27r05 20’/3

with o3 = 0 (1 + (BN) ), so 03, = 02 = o? is always smaller than any
of the other learning procedures with finite [, which is by the fact that the
other procedures takes the uncertainty on p into account by averaging. The
K L-distance between the teacher and the predictive distribution, which is

also the generalization error, is then

[(D.6) = KLGEDA).p() = [p() log]%dx

0'/3 1 o ) 2 1
— Joo(ZBY4 = (( — _t



11

The expected generalization from facing different training set is then found
by averaging with respect to the sampling distribution T ~ A (j1y, 0% /N)

L9 = [TD5)pDI)dD (2.27)
_ log(aﬁ) + 202 (% + 1) —% (2.28)

The learning procedure that performs best is the one that minimizes 2.27.
So finding %1 = 0 yields
=1 (2.29)

i.e. Bayes learning. As seen this happens independently of 1, which means
no matter which exact teacher that creates the data then Bayes is general-
ization optimal, that is even if there exists a distribution of teachers. This
only happens in very few setups. So in the case of location parameters Bayes
learning performs uniformly better than any other temperated method in-
cluding maximum likelihood. The bias of 2.27 can now be calculated [8] by
first finding the average distribution over different data set

p() =2 exp ([ p(Dlno)logp («[D) D) (2.30)

By using the sampling distribution we get

(2.31)

(@ po) = \/EGXP <—— — Ho) )

The average KCL-error of this distribution for different draws of = from p (z |1)

is then p (& o)
Ho
/ 2 |ty) log 2 bt (2.32)

which equals
o o? 1
r 1 — 2.33
B(08) = 08— + 27 ~ 3 (2.33)

And the variance can now be calculated as I'y (8) =T (8) — I's (0)

0.2

I'v (B) = m (2.34)

The generalization error and its bias-variance contributions is shown on figure
2.2. As we know introducing bias i.e. regularization the model can reduce
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Figure 2.2: Tradeoff between bias and variance as function of temperature.
At zero temperature we have the Maximum Likelihood solution and at tem-
perature one we have the Bayes solution. The figure is made based on a single
example. When using more examples the difference between the learning al-
gorithms becomes smaller, but Bayes solution will always have the lowest
Generalization error

the average error. The figure shows the bias-variance trade-off as function
of temperature. What we see is Bayes produces the lowest generalization
error. The explanation, that Bayes performs better than ML in this setup,
is because Bayes introduces a certain amount of bias to reduce the variance.

2.3.3 Ways to solve the Bayesian Model Approach

The Bayesian modeling procedure is as described to put priors on unknown
parameters instead of finding some optimal parameters in the sense that they
maximizes the likelihood. What we see is the problem reduces to solving a
often high dimensional integral over the model parameters. These integrals
can, if not solved analytic, be solved by sampling see chapter 4 or another
numerical integration method. Often the sampling method is superior in high
dimensions. The nice thing about sampling is it can be proven to produce
asymptotically correct answers as the number of samples produced grows.
Other methods that can be used is f.x. the evidence approximation [10]
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where one finds a mode or several modes ° for some particular parameters
given the other parameters and approximate those by a Gaussians. When the
approximation is found then the other parameters are reestimated to maxi-
mize what is called the evidence. The evidence is the likelihood integrated
with respect to the posterior of the parameters we did make a Gaussian ap-
proximation for, this can lead to a closed form expression for the evidence.
When these parameters are reestimated the idea is to find the new modes
approximate them, reestimate the other parameters e.t.c. Lately [11] the ev-
idence approximation to Artificial Neural Networks is proven to be much the
same as what is called the ensemble approximation. The ensemble method is
relative new in the Bayesian community. It is also called variational approxi-
mation. Ensemble theory is in physics an established method. In appendix C
have I derived an ensemble approximation to the Artificial Neural Net which
have the potential compared to the evidence approximation to catch some
more variations. It builds on a method which approximate the true posterior
by one having a simpler form by minimizing the Gibbs free energy, which is
the same as the KL-distance between the true posterior and the approxima-
tion. The simpler form is Gaussian in the weights and the reestimation of the
other parameters is the mean of their respective posteriors. This lead to an
iterative scheme just like the evidence approximation, but no maximization
has been performed.

5This can be carried out by finding the minima, by some favorite method
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3.

Model Selection and Decision

In this chapter some of the differences between the classical and Bayesian
decision methods will be explained. The maximum likelihood approach will
be compared to its counterpart in Bayesian statistics the Bayes factor. In
all kinds of decision there is a cost or opportunity loss connected to a single
decision, this will only be addressed shortly. Of course we always want our
decision strategy to perform uniformly better than any other strategy. But
usually this is not possible, so then we have to choose between the possible
strategies by choosing the one that minimizes the maximal possible error or
minimizes the mean error e.t.c.

There are two main purposes for Model Selection and Decision: In maximum
likelihood modelling we want to reduce the number of parameters to prevent
over fitting i.e. fitting noise by some of the free parameters, so we have to
select the model complexity. The other purpose is when we have a set of
competing hypotheses and we from data want to select amongst these.

3.1 Model Selection to reduce over fitting

This problem is of major interest when using large flexible models as Arti-
ficial Neural Networks (ANN), Gaussian Mixture Models e.t.c. where our
model hypotheses are very vague. We know Maximum Likelihood has some
fine asymptotic properties. The Bayesian method where averaging with re-
spect to the posterior yields the predictive distribution, has the nearly same
properties, since the priors will be overwhelmed by data and tend towards a
delta function on the true parameters if there exists such true parameters.
As discussed in the previous chapter, even if the model is correct and we
only have to infer or select the parameters from a finite data set, we can not
justify using the Maximum Likelihood parameters since it has probability
zero to guess the real parameter. When the model is not the correct model,
but it have properties like the ANN which in the limit can approximate any
function arbitrary close [3] by using more and more hidden units, it should
be possible to approach the limit and reach the ”right” model. In general
inferring the parameters in such large models is an ill posed problem. The
Maximum Likelihood solution will begin to fit the noise and the Bayes so-
lution will fall back on its priors. If the priors are selected in a reasonable
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way it should be possible to add in as many units as we have computation
time to manage and still gain performance. But since we can not calculate
the predictive distribution arbitrarily close, due to finite precision, we must
expect that the performance flattens out for more complex models.

The solution to prevent over fitting in the Maximum Likelihood setting is to
penalize the model, which act much as adding a prior in the model. But even
if the penalty is the exact same as the prior in the Bayesian setting, Maximum
Likelihood will still have the problem of selecting the ”true” parameters
which have probability zero even if there exists such parameters. Another
way to penalize complex models is to use some information criterion like
Akaike Information Criterion (AIC) [3], Bayes Information Criterion (BIC)
and Generalized Prediction Error (GPE) [3]. But all these methods will still
play the role of a kind of prior since they regularize the model. But again,
even if the penalty was the ”true” one, Maximum Likelihood will suffer of
over fitting by guessing on a point.

3.2 Model Selection and Decision in hypotheses test

The other problem in model selection and decision is the hypotheses test.
To discuss this we need some definitions. When talking about hypotheses
test, we have two hypotheses the null hypothesis often denoted Hy and the
alternative often denoted H;. The hypotheses can either be simple, combined
or integrated. If the hypotheses is simple, it is characterized by a point. A
simple hypotheses could be: "Is there exact 3 input to this regression model
?”7. The alternative can then either be simple, combined or integrated. A
simple alternative would then be: ”Or is there exact 4 7”. The combined
alternative could be: ”Or is there exact 0, 1, 2 or 4 e.t.c. 7”7 i.e. many
alternatives. The integrated alternative would be: ”Or is there exact 0 and 1
and 2 and 3 and 4 and e.t.c.”, the integrated alternative could be understood
as sometimes we see three inputs other times five e.t.c. If the null hypothesis
is rejected, we are not interested in knowing which of the possible alternatives
are the right one. Or if we are it then becomes the null hypothesis.

What can the result from doing such a test be 7 there are four possible out-
comes: We can accept a null hypothesis that is true, reject a null hypothesis
that is true error type I, accept a null hypothesis that is false error type II,
and at last we can reject a null hypotheses that is false. We often talk about
the probability of the different events i.e. the probability of accepting the null
hypothesis if it is true e.t.c. We will nearly always have to accept that, if the
probability of accepting a null hypothesis that is true should be high, then
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the probability of accepting the null hypothesis if it is not true will also be
high. Since these four probabilities often depends on the specific hypothesis
f.x. it can be very difficult to calculate the probability of rejecting the null
hypothesis if the alternative is true !, since there are many alternatives if it
is combined. For that reason the power of the test is defined as: ”Probability
of rejecting the null hypotheses if a specific alternative is true”, this means
the power is a function of the different alternatives.

There are two traditional approaches in test theory. The first approach [19]
builds on the Neyman-Pearson lemma. It says that there exists a uniform
most powerful tests when, there exists a total ordering of the hypotheses in
the null hypothesis and the alternative and we fix the maximum probability
of type I error at a. What this means is, by all the possible null hypotheses
one 2 hypothesis will have the largest tendency to produce samples that will
be interpreted as arising from the alternatives, if we fix this to happen for a
fraction a of samples that is really drawn from this null hypothesis, then we
can construct a test that has lower power at all alternatives than any other
test procedure. This is also true even if there exists a test which is specialized
in rejecting the null hypothesis for a specific alternative being true. If this
specialized test should be better to reject when a alternative is true, it must
suffer from a higher rejection rate of the true null hypotheses.

Often there does not exist such a total ordering, then the second approach
likelihood-ratios is used to produce a test. These tests builds on selecting
the hypothesis amongst the null hypotheses and the alternative hypotheses
that yields the highest likelihood.

This approach is much the same Bayesians use. In this case it is the maximum
marginalized posterior that is used as selection criteria. The marginalization
is with respect to the parameters out of interest. So we end up with a
probability of each hypothesis. Of course all the same type of errors exists
in the Bayesian framework. It is obvious that the Bayesian approach is the
right method when either the null hypothesis or alternative is of what I call
the integrated type.

The right way to hypotheses test is to assign a cost or opportunity loss to
each of the different errors. Then we can apply a strategy: either making
the decision that reduces the maximal cost called the min-max strategy or
minimizing the average cost or another strategy. The problem is then to
use a method that can find the solution to this strategy. How Bayes and

lthe same as rejecting the null hypothesis if it is false
Zsince there exists a total ordering
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Maximum Likelihood performs will fall back on the problem of estimating
the model. Of course a reasonable decision can only be made if the model,
which the decision is based upon, is estimated correct.

For a comparison of Bayesian and Maximum Likelihood tests see [19]. One
major conclusion is the criticism of the standard frequentist tests, which often
are used with out specifying actual costs which leads to the rhetorical use of
5% levels with out further e.d.o.



4.

Sampling Theory

This chapter describes various methods used to generate samples {w(i)}j.v:sl
from p (w). These samples can be used to solve high dimensional integration
problems by a Monte Carlo estimate. As seen in chapter 6.3.5 this is one way
to estimate the predictive distribution arising in Bayesian models. Another
problem which can be solved by sampling is the model selection estimation

chapter 5.

4.1 Specifying the problem

The problem to solve/estimate is

= E,[f ()] = / f (@) p (@) duw (4.1)

i.e. the expectation of a function f (w) with respect to the distribution p (w).
The integral is possible of high dimension. Of course it is possible to calculate
the integral by normal numerical integration, but in general this is very hard
in high dimensions.

Another way to solve the problem is to generate samples {w(i) }ZN:S1 and then
calculate a Monte Carlo estimate

N,

f(wi) (4.2)

[

b— L
N

i

Some times we just want the samples {w(i)}j.vzsl.

For some general distributions like the Gaussian, t-distribution, Gamma and
exponential there exists some pseudo random number generators, that pro-
duces nearly independent samples [19]. They all build on the possibility to
produce independent numbers from the uniform distribution on the interval

[0; 1].

The problem to get samples from p (w) is challenging. This can sound pecu-
liar since we have the canonical form of p (w) and hence can evaluate it in
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4.2

an arbitrary point. The problem can be even worse if we only know p (w) up
to a multiplicative constant

pe) = 2o (43
where ¢ = [ ¢ (w') dw'.

In the next couple of sections some general methods to produce samples from
arbitrary distributions p (w) will be presented. Most of these builds on the
uniform generator.

Importance sampling

N
t i=1
from p, (w) but can be used to get an estimate ® of 4.1. The method builds on
the fact that it is possible to evaluate p (w) up to a multiplicative constant
i.e. evaluate ¢ (w). By having another distribution p, (w) from which we
are able to generate samples and also can evaluate up to a multiplicative
constant i.e. evaluate ¢y (w), it is possible to get the estimate. p; (w) is
called the sampling distribution.

The importance method can not be used to produce the samples {w(i)}

The simple idea is know to generate samples {w(i)}j.v:sl from py (w). If these
samples came from p (w) i.e. p(w) = ps (w), we could get the estimate by
4.2. But since the sampling density and the density of interest is not equal,
the sampling density will have a higher density in some regions and hence
a lower density in others than the density of interest. This fact give rise to
an over representation and under representation of samples in these regions.
But we know this over/under representation since we can evaluate the two
distribution up to a multiplicative constant, the over/under representation
can be calculated as the ratio

_ Q(wi)
qs (wz)

(4.4)

i
So know it is possible to weight each function evaluation by the above ratio

and normalize N

6 _ 21:81 wlf (wl) (4 5)

=&l :
Zi:1 Wy

it can be proved that if p; (w) have non vanishing density in regions where
ps (w) have density, 4.5 converges to the true mean. In chapter 5.1 an example
of importance sampling will be used to estimate the normalizing constant of
a Gaussian distribution.
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4.3 Rejection sampling

Rejection sampling produces independent samples {w(i)}ivzsl. Again we have
the distribution of interest p (w) that can be evaluated up to a multiplicative
constant ¢ (w). Rejection sampling builds on having a second distribution the
proposal density p, (w) that can be evaluated up to a multiplicative constant
¢ (w) and from which we can generate samples. The proposal distribution
should have the property that there exists a known constant k such that

kgp (w) > ¢ (w) (4.6)

then it is possible to generate samples from p (w). It is now possible to decide
whether a sample generated from the proposal density is representative or
not and hence accept or reject it. To decide whether a proposed sample w®
should be accepted, we generate a number u from the uniform distribution
on the interval [O; kq, (w(”))] . If w is larger than ¢ (w) the sample is rejected
otherwise it is accepted.

The method is useful if the proposal distribution is a good approximation to
the distribution of interest, if not a lot of samples will be rejected. In high
dimensions it is often very difficult to fulfill this requirement.

4.4 Markov Chain methods

N,

The Markov Chain methods are used to iteratively generate samples {w(i) }i:I'
The samples are not in general independent.

The method generates samples which in the Markov Chain context is called
states. The generation of samples is iterative and hence we can order the sam-
ples by it’s iteration index. We always start out at a sample/state w(® that
eventually is drawn from some initial distribution. The idea is know to go to
a new state w™) with density p, (w™ ! |w™) we call p; (W™ |w™) the
transition kernel. That the new state only depends on the previous, is what
characterize the setup as a Markov Chain. The transition probability can be
independent of the iteration number i.e. if w™ = w® and W™+ = kE+D
then if and only if for all n, k, w® and w®+1)

e (w(n+1) ‘w(”)) =p, (w(kﬂ) ‘w(’“)) (4.7)
the Markov Chain is said to be homogeneous.

The state at step n 4+ 1 can be interpreted as a sample from a distribution
p"*Y (w) which over many Markov Chains can be calculated as

P () = / P (@) o (@ ') de (48)
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when running a single Markov chain the distribution at iteration n + 1 be-
comes

P (w) = p™ (w™) i (w \w(”)) (4.9)

so a single Markov chain started from the initial distribution p(®) (w) will in
n + 1 iteration reach the distribution

P+ () = H p™ (w®) p¥ (w |w®)) (4.10)
k=0

As the number of iterations increases the Markov Chain will eventually con-
verge towards the distribution of interest what in Markov Chain terminology
is called the stationary distribution or invariant distribution i.e. all further
states from the stationary distribution will be samples from the distribution
of interest i.e. invariant. We say that if and only if for all &

p™M (w) = p™ P (w) (4.11)
from a step N the actual distribution at that step and at further steps is
invariant.

The Markov chain has an invariant distribution if we can show that the
transitions fulfill detailed balance for the stationary distribution. Detailed
balance means the probability to go from one state to another state is the
same as going from the second state to the first i.e.

P (W) (@ |w') = 9™ (w) pi” (& |w) (4.12)
If this hold from a certain iteration N we can show invariance from this
iteration since

P @) = [P @) () de (4.13)
= [ @) (o o) e (4.14)
= @) [ (@ w) o (4.15)
= o (w) (4.16)

A Markov chain that is homogeneous and fulfills detailed balance is said to
be reversible if we could reverse all the previous steps and then end up in
the start state.
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As we see from above it is not enough to require invariance because how can
we be sure that we reach the invariant distribution from an initial arbitrary
distribution p®) (w) in N iterations, even if we allow N — oo we can not be
sure this happens. If the Markov chain reaches the invariant distribution as
N — oo we say the Markov chain is ergodic. An ergodic Markov chain has
only one invariant distribution which is called the equilibrium distribution.
To proof ergodicity is not simple. But in general if the density p*) (w®)) >0
for all k£ and all w® the chain is ergodic. Another property that will assure

ergodicity is if pgk) (w ‘w(’“)) > ( for some k we say the chain is irreducible.

A more restrictive condition to assure ergodicity is if pgk) (w ‘w(’“)) > 0 for
any k we say the Markov chain is reqular. As we see regularity implies the
Markov chain to be irreducible.

sampling

The Gibbs sampling method is used to iteratively produce samples/states
from the joint probability

p(w) =ﬁp(wi

The samples are independent if we can produce independent samples from
the conditional probabilities. Each state consists of N, transitions. This is
done by at iteration n + 1 to draw

Ny
S p<w1 {wgf‘)} ) (4.18)
=2

i) (4.17)

(4.19)
(n+1) (D)7t () Ve
w; ~ p(wi {wj }jl,{wj }jz‘+1> (4.20)
(4.21)
Ny—1
(.US\T,H_I) ~ p(wNw {(,U;TH_I)} ) (422)
w j=1

We see to produce a new state for the Markov chain we make N, Gibbs
updates.

To show invariance we can show that the i* Gibbs update leaves the de-
sired distribution invariant. This is of course true for w,(cnﬂ) for k # 1
since these are not changed at all in the * Gibbs update. And since
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wl(nJrl) ~p <Wz'

GG SRR ECA - from th
{wj }jl , {wj }ji+1> is producing a sample from the
desired conditional distribution, the Markov chain has an invariant distri-
bution. This can of course also be shown by showing that detailed balance
holds. If the probability of getting a specific w; by a Gibbs update in some
iteration is non zero for all possible draws for different ¢ the Markov chain is
irreducible and hence ergodic. If the conditional distribution is non zero for
all w; and at all iterations the Markov chain is regular and hence ergodic.

Example: correlated 2D-Gaussian

The Gibbs method is used to sample from a 2D-Gaussian with zero mean
and covariance

s (1.23)

Figure 4.1: a: Gibbs sampling from a 2D Gaussian with variance 1 in both
directions and correlation p = 0.8. The contours are plotted with equal
logarithmic density difference. Every state is taken as a sample. The 10 first
samples are connected by the trajectory. b: correlation between sample. As
seen there is still some correlation between each sample. The three plots are
correlation from each direction and their cross correlation.

To make the Gibbs updates we have to calculate the conditional distributions.
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& eXP—§(T11$1+2x1x2T12) (4.25)

2
X exp S <x1 — (—x22>> (4.26)
2 T11

Le. r;1 ~ N (—xg - Tﬁl) and hence x5 ~ N (—xlm,g’;).

711’

I iterated these two equations 100 times and took each of these states as
samples. This required approximately 944 flops. On figure 4.1 the result
is shown. As seen there is still some correlation, without discussing how to
estimate the correlation length, between the samples. The empirical mean is

—0.1831
{ —0.0900 ] (4.27)
and the empirical covariance
0.8308 0.6333
{ 0.6333 0.8303 ] (4.28)

The Gibbs method is in particular good when it is easy to draw from the
conditional distribution, like generating samples from a Gaussian or another
pseudo random generator.

4.4.2 Metropolis sampling

Metropolis sampling is a Markov chain methods which looks a lot like rejec-
tion sampling. The method is used to produce samples {w(i)}j.vzsl, the prob-
lem is that the samples generated is in general correlated. The Metropolis
method also use a sampling distribution which in this case is used to propose a
new state based on the previous. Furthermore we have a rejection/acceptance

mechanism.

The idea is to propose a new state by the distribution p, (w’ ‘w(”)), we
can maybe evaluate this up to a multiplicative constant i.e. g, (w’ ‘w(")).
We then accept the sample generated from this distribution by a1 =

min | 1, q(w )qp (w ‘w ) where ¢ (w') is the non normalized distribution of
a(wt)ap(w'w))
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interest. To decide whether the proposed sample is accepted, a random uni-
formly distributed number is generated on the interval [0; 1]. If the number
is lower than a(®*Y) the sample is accepted. If not accepted the new sample
instead becomes the previous.

Invariability and ergodicity depends much on the proposal distribution. If the
proposal distribution is symmetric it can easily be shown that the Markov
chain fulfills detailed balance. Furthermore if the proposing distribution
independent of the iteration number can propose all possible states, the chain
is regular and hence ergodic. If this is only true for some iterations the chain
is only irreducible but still ergodic.

One problem with Metropolis sampling is it very easy exhibit random walk.
Random walk arises when the proposal distribution is very narrow compared
to the distribution of interest, this give rise to the proposed state not being
so far away from the previous. If one tries to make the proposal distribution
less narrow it leads to rejection of too many states. So there exists a optimal
tradeoff between these two.

There exists some rule of thumb: if the random walk brings a new sample
a distance € a way from the previous state, and the maximal characteristic
distance in the distribution of interest is L we can expect to take at least
R = (L/e)? iterations to get an independent sample.

Example: 2D-Gaussian with Gaussian proposal

I tried to use the Metropolis algorithm on a 2D-Gaussian with covariance
1 0.8
{ L0 } (4.20)
and zero mean. The proposal distribution had isotrop covariance

] (130)

i.e. with variance equal to the smallest eigenvalue of the true covariance.
The mean of the proposal is set to the last accepted state. This yields an
acceptance of 68%. The largest eigenvalue of the covariance is 1.8 this yields
R =1.8/0.2 = 9, by the rule of thumb since the characteristic distance is
the largest standard deviation. On figure 4.2.a every 10" state out of 1000
is plotted, which by the rule of thumb are independent samples. The first 10
of these are connected i.e. every 10" state out of the first 100 are connected.
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Figure 4.2: a: Metropolis sampling from a 2D Gaussian with variance 1 in
both directions and correlation p = 0.8. The contours are plotted with equal
logarithmic density difference. The proposal distribution was also Gaussian
with isotrop covariance variance 0.2 w.i.z. the smallest eigenvalue of the
true covariance yielding an acceptance of 68%. The largest eigenvalue is 1.8
hence the approximate distance between independent samples 9 = 1.8/0.2.
The initial sample is marked by a x. Every 10" state is taken as a sample.
The 10 first samples are connected by the trajectory i.e. every 10" state of
100. b: correlation between every 10 sample. As seen there is still some
correlation between each sample. The three plots are correlation from each
direction and there cross correlation.

On figure 4.2.b we see that there still exists some correlation and i.e. some
dependence between every 10*. From the 100 samples, every 10* out of
1000 states, the empirical covariance was calculated

0.9258 0.6781
{ 0.6781 0.8670 ] (4.31)
and the empirical mean
—0.1473
{ —0.1058 ] (4.32)

As seen the estimates are only approximately equal to the true covariance.
The evaluation of 100 samples i.e. 1000 states required approximately 36356-
flops whereas 100 simple draws from a pseudo random generator only required
885-flops with the rotation and these are nearly independent.
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4.4.3 Hybrid Monte Carlo sampling

The Hybrid Monte Carlo method [15], [13] is build upon the ”Stochastic Dy-
namic Method”, but it includes a Metropolis acceptance update preventing
the stochastic dynamic method to bias the samples. The bias is a conse-
quence of inexact simulation. The major advantage of Hybrid Monte Carlo
is the use of gradient information, leading the Markov chain towards areas
with higher density. The hope is to suppress the random walk behaviour.
The method is inspired from simulation of physical systems. Distributions
in statistics can often be taken into this framework, in particular continuous
distributions can be simulated provided that there derivatives exists. The
tradition in physics is to represent the canonical distribution by its energy
function

1
p(w)=—exp—F (w) (4.33)
ZE
where F (w) is the energy function. All distributions that are non zero can
be taken into this form.

The state variables w can be seen as positions of some imaginary particles.
The gradient of the energy with respect to this position can then be seen as
the force acting on the particles. So we can make a simulation of how these
imaginary particles position evolve over time.

To have the particles move they have to be assigned some kinetic energy. For
that reason we introduce a parallel energy system

p(p) = iK exp—K (p) (4.34)

where p represent the momenta of each particle. The total energy can then
be written

H (w,p) = E(w) + K (p) (4.35)

The distribution of phase space i.e. of (w, p) can be written

plw.p) = —exp—H (w.p) (4.36)
- &exp—E(w)] {iexp—ff(p)] (437)

= p(w)p(p) (4.38)
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so the momenta are independent of the position. So when the simulation of
the dynamics is finished we should calculate the marginal distribution of w
because we are interested in p (w). As seen the system of interest is decoupled
from the invented system, so we can just throw away the p part of each state
calculated.

The distribution of the invented momenta are usually calculated as exponen-
tial of the kinetic energy

p(p) = ieXD—lzp—l (4.39)
= ; E > LA (4.40)

i.e. Gaussian where the variances is the masses m; of the imaginary particles.
In many cases we do not have any prior knowledge of the scales of the different
directions so often the masses are chosen to unity.

When simulating the dynamic we are trying to solve the differential equations

dwi oH

= =p; 4.41
dp; OH oF
— S 4.42
dt 0wz- 0wz- ( )
The total energy is unchanged when time progress since
dH 0H dwZ OH dp;
— = — 4.4
dt Z Ow; dt 8p,~ dt (4.43)
HOH HOH
S OHOH _OHOH _ (4.44)
Ow; Op; Op; Ow;

Due to the energy conservation, generating samples from the canonical dis-
tribution by following the dynamics will not be ergodic. For this reason a
stochastic update is introduced. The stochastic update should be capable of
changing the total energy to any particular energy so the method becomes
ergodic. This can be carried out by following the dynamics for some time
and then drawing some new momenta from the conditional distribution of
the momenta given the positions. This can be seen as a Gibbs update and
hence this leaves the distribution invariant. Since it is possible during the
dynamics update to "move” all the potential energy into kinetic energy and
then make a stochastic update that results in zero kinetic energy we can
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achieve zero total energy. In the other end we can under the distribution of
the momenta draw these so the kinetic energy approaches infinity and hence
the total energy. Furthermore we could imaging that following the dynamics
at a specific total energy would not be ergodic in the sense, that the initial
position before the simulation is confined in a region surrounded by ”en-
ergy barriers” that for this specific energy is impossible to pass, and hence
makes it impossible to visit all states with this energy. The stochastic update
makes all energy levels possible and all barriers possible to pass, hence the
simulation is ergodic.

To make the method usable it should also leave the distribution invariant
which is satisfied if detailed balance holds. This can be accomplished by first
deciding whether to simulate forward in time or backward in time. Since the
dynamics are time reversal this means

w; = F(wi,pi) (4.45)
pi = G(wi,p) (4.46)

if we run forward in time, then if we run backward in time from the end
state, the result should become

wi = F(wjpi) (4.47)
pi = G(w;p) (4.48)

where F and G are the transformation performed by the dynamics.

Detailed balance can then be verified by seeing that if we start in one state
with total energy H (w,p) = H, and simulate the dynamics until we reach a
new state which will also have energy H (w', p’) = Hy due to energy conserva-
tion, then the probability of ending in that state is %6\/’% exp —Hy, the half

coming from the direction of simulation and the volume is the phase space
volume ! after the transformation. If we instead started in the state (w’, p’)
then the probability of ending in the state (w, p) would be %5Vé exp —H,.
If the phase space volumes §V and 0V’ are equal after the transformations,
for either back or forward solution, then detailed balance holds. This can be
examined by the divergence of the transformation from the current state to

'A change in phase space volume can be seen as if we have a lot of states spread around
in phase space we can calculate the volume they fill, we can then apply our transformation,
in this case the dynamics, and afterwards calculate the new volume. If this is different
then the phase space volume has changed
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the new state. The divergence is

dw; dp; 0’H 0*H
= 4.4
Z ow; ( ) < ) Z Ow;0p; 8pi3wi 0 (4.49)

which show that there is no volume change, and hence detailed balance holds.

To solve the dynamic equations we have to discretize them. The discretiza-
tion should also fulfill ergodicity and leave the distribution invariant. The
ergodicity is assured by the same argument as the continuous solution, but to
assure invariance the discretization scheme should still satisfy detailed bal-
ance. This can be accomplished by constructing a discretization scheme that
preserves phase space volume, is time reversal and does conserve energy. The
first property is nearly satisfied for all kind of discretization schemes since the
total energy consists of two parts that are mutual independent and hence all
the led in the divergence is them self zero. The property of time reversibility
can be solved by using leapfrog discretization. One leapfrog step calculates
p (t+ 6t) and w (t + 0t) by

51 5t OF ()
2y — - 4.
) = vl -5 75 (4.50)
Wit +6t) = w(t)+6tp(t+%) (4.51)
5t 5t OF (w)
p(t+dt) = pt+—=)—— (4.52)

2 2 Ow w=w(t+dt)

It is easily seen that if we solve these equations by using 6t with negative
sign they will be exact reversible of using a positive sign. The first property
of preserving phase space volume is seen to hold for each of the three steps
individually. This is easily seen because all transformations that occurs to a
variable is independent of the variable it self. Because of dicretization errors
we can not be sure that the total energy is preserved and detailed balance
does not hold

S0V exp—H (w,p) exp — [H (', 1) — H (w,D)] #
1<5V exp—H (w',p’)exp — [H (w,p) — H (w', p')] (4.53)

exp—H (w',p') ;é exp —H (w, p) (4.54)

By taking the result of the simulation as a proposal and rejecting and ac-
cepting as in the metropolis algorithm, detailed balance is satisfied
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%5‘/ exp —H (w,p)min (1,exp — [H (W', p’) — H (w,p)]) =

1
§5V €xXp —-H (w,7 PI) min (17 exXp — [H (wa p) - H (w,7 pl)])
U
min (exp —H (w,p),exp —H (W', p')) =
min (exp —H (', p') , exp —H (w, p))

All the different steps in the Hybrid Monte Carlo method can now be written
down as an algorithm. For a nice pseudo algorithm see [13].
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4.4.4 Example: 2D-Gaussian by Hybrid Monte Carlo

[ tried to use the Hybrid Monte Carlo algorithm on the 2D-Gaussian used
as example for the Gibbs and Metropolis algorithm. By the use of gradi-
ent information random walk should be suppressed. The step length used
to simulate the dynamics should be selected between the smallest standard
deviation o,,;, and two times the smallest standard deviation. The smallest
standard deviation is typically smaller than the aligned axis standard devi-
ation. This choice is motivated by the fact that we have suppressed random
walk and hence we can expect to move away from the previous state by a
length of the step size. The larger steps the larger rejection rate so as in the
metropolis algorithm there exists a tradeoff. The largest standard deviation
compared to the smallest tells us how long we should simulate.

08

0.6

0.4r

Correlation coefficient

Figure 4.3: a: result of drawing 100 samples from a 2D-Gaussian with vari-
ances 1 and a correlation coefficient of p = .8 by Hybrid Monte Carlo. The
step size used was 0t = 0.6 ~ 1.50,;» and the number of leapfrog steps in
each of the 100 draws was Z=e= = 3 this yielded an acceptance of 82 i.e. 82
nearly independent samples b Correlation coefficients of the samples drawn
for each direction, and their cross correlation coefficient. The generation re-
quired 26526-flops.

0.2
. What we see is the problem scales only proportional to the ratio, whereas

in the Metropolis algorithm it scales with the quadratic ratio. On figure

In the case of a correlation coefficient of p = 0.8 the ratio is Fmaz — | 18 —3



34

Figure 4.4: a: 10 draws from the 2D-Gaussian with correlation coefficient
p = 0.8 and 3 leapfrog steps between each draw. This resulted in 9 nearly
independent draws. The dots shows the samples. This result should be
compared to b: here 30 draws was drawn with one leapfrog step between
each i.e. the Langevin Monte Carlo. The computer effort is the same as in a.
23-samples was accepted but the independence scales as for the Metropolis
algorithm since the space explored by a random walk, so we have 9 samples
between the independent samples. So out of the 30 samples we only have 3-4
independent samples. This is seen by the under representation of the upper
half of the distribution.

4.3 100 samples was drawn with an acceptance of 82% this required 300
leapfrog steps. The correlation between each sample is fairly low. This can
be explained by figure 4.4.a where we see how far away each three leapfrog
steps come in the distribution. One of the three leapfrog steps in figure 4.4.a
was rejected so the traces to the next sample consists of 6 leapfrog steps,
which of course is not true, the trace should be taken back to the previous
accepted state. Figure 4.4.a should be compared to figure 4.4.b where each
proposal consists of a single leapfrog step, what is called Langevin Monte
Carlo. As seen the distribution is explored by a random walk, for that
reason the problem scales by the quadratic ratio of the largest to the smallest
standard deviation. In this case it would require approximately 900 leapfrog
steps to obtain 100 samples.

The 100 samples required by the Hybrid Monte Carlo with 3 leapfrog steps
between each resulted in an empirical covariance of
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Figure 4.5: a: 2 draws from a 2D-Gaussian with correlation coefficient p =
0.99 and 20 leapfrog steps between each draw. The stepsize used was 0.15
i.e. 1.5 times larger than the smallest standard deviation. This resulted in
2 independent draws since the distance that should be traveled only was 15
steps i.e. the ratio between the largest and smallest standard deviation .
The dots shows the samples. The zig-zag curves shows the 20-leapfrog steps
between each sample. This result should be compared to b: here 40 draws was
drawn with one leapfrog step between each i.e. the Langevin Monte Carlo.
The computer effort is the same as in a. 31-samples was accepted but the
independence scales as for the Metropolis i.e. with the squared ratio between
the largest and smallest standard deviation, which in this case is 199!!! this is
due to exploration by a random walk, so we have only 1 independent sample.
This is seen by the under representation of the upper half of the distribution.

1.1899 1.0191
{ 1.0191 1.2300 ] (4.55)
and the empirical mean
0.0249
{ 0.0566 ] (4.56)

The difference is even larger in the case seen on figure 4.5, where the distri-
bution know have a correlation coefficient of p = 0.99. Here two independent
samples figure 4.5.a was obtained by using in total 40 leapfrog steps. The
ratio between the largest and smallest standard deviation is approximately
15 so the samples should be independent. On figure 4.5.b the same number
of leapfrog steps was used by the Langevin Monte Carlo method, as seen
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the distribution is clearly examined by a random walk. The squared ratio is
199 so obtaining 2 samples by this method would require approximately 400
leapfrog steps or ten times as many as we used by Hybrid Monte Carlo.



5.

Calculating the Model Evidence: Theory

As we saw in the previous chapter, Bayesian decisions are based on the evi-
dence! p (H |D). The model H is a description of the model i.e. parameter
relations, canonical form of the noise expression, parameters that are unique
for the decision e.t.c. All the parameters that are not a part of the hypothe-
sis is integrated "out”. What we mean by parameters that are not a part of
the hypothesis is, we normally translates the hypothesis into whether some
parameters belongs to a certain subspace or not, the remaining part of the
parameters are integrated "out”. The decision problems that will be ad-
dressed here are decisions that are based on which model rather than which
parameters. In these kind of setups we choose the model that yields the
highest evidence. So the problem is to solve
p (M;) p (D |M;)

p (M D) = 6.1)

where
p(DI|M;) = /p (D |w',M;) p (w') dw' (5.2)

In some simple models 5.2 can be solved analytic. In others it must be
solved by numerical integration. The problem of solving 5.2 is closely related
to calculating the ”Free energy” of a system. Various numerical methods to
solve 5.2 builds on sampling methods. These methods builds on the fact that
5.2 is the normalizing constant 2 in

p( D, M) = —p (D fo, M) p () 5.3

For that reason these methods are said to ”simulate Normalizing Constants”.
In the following three different approaches to calculate the evidence will be
outlined: Importance Sampling, Bridge Sampling and Path Sampling.

5.1 Evidence by Importance Sampling

The Importance Sampling method 4.2, used to calculate expectations of a
quantity of interest, is straightforward to use when simulating normalizing

!This is my definition, D. Mackay has defined it as p (D |H )
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5.1.1

constants. As described in 4.2 we use a sampling distribution? p(w |D, M)
that can be sampled from and is entirely known and hence normalized, which
act as an approximation to the true posterior. The unnormalized posterior
is ¢ (w|D, M) =p(D|w,M)p(w), the normalizing constant is the aim. In
4.2 we introduced the weights W (w) = %, if we calculate the mean of
this quantity with respect to p(w |D, M) this would yield the normalizing
constant z

z = /ﬁ(w|D,M)W(w)dw (5.4)

_ q(w|D, M)
- w D, M) LX) g, 5.5
J e e )
_ /q(w D, M) du (5.6)

A Monte Carlo estimate is then
1 &

Z = N 2 W (w;) (5.7)

where w; is drawn from p (w |D, M).

This method is straightforward but the variance of the estimate is often
high, specifically in high dimensions. This is because the approximating
distribution does not match the true distribution.

Approximating the normalizing constant to a 1D Gaussian

This short example shows how hard it is to approximate the normalizing
constant to

1
q(x) =exp —§x2 (5.8)
by Importance Sampling. On figure 5.1 the result from using both a Gaussian

with variance 2 and 10000 as sampling distributions is shown. The true result

z:/q(x)dx:m (5.9)

As seen the estimate becomes more accurate as we get more samples. The
accuracy is very low compared to the amount of samples, and if we go to
higher dimensions this would increase dramatically.

2In these sampling setups I denote the approximations to distribution by adding a tilde,
and I name the Normalized densities by p and unnormalized by ¢
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Figure 5.1: Importance sampling estimates of the normalizing constant
z = V/2m to a Gaussian distribution. The sampling distributions are also
Gaussian with mean zero but with variance 2 and 10000 respectively

5.2 Evidence by Bridge Sampling methods

In the context of Bridge Sampling methods for calculating the evidence we
have ”acceptance ratio methods” [2] see also [15] , ”Harmonic rule” [17] and
”Reciprocal Importance Sampling” [6] and [20]. The common framework for
all these methods are described in [14] and partly in [1]. The name Bridge
sampling was suggested in [14].

The common framework for Bridge Sampling builds on estimating evidence

of models ratios as
p(D|Mn)  zm (5.10)
p(D[My) 2
Bridge Sampling builds on sampling technics where we are able to draw
samples from ¢ (w|D,M;) = z;p(w|D,M;) i.e. a distribution that is not
normalized. It is very easy to show that

Am _ Eup,, (¢ (w|D,M,,) o (w)
Zn Ew|D,Mm [q (w |D7Mn) Q (w)

} (5.11)
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This is bye the fact that

Zm Zm Ewp o, (4 (w[D,M,) a(w)]
T " Bupony, (@ D) a )] 12
_ Zm f q (w |D7Mn) Q (w)p (w |D7Mm) dw (5‘13)
zn [ q(w|D,M,)a(w)p(w|D,My) dw
[ p@[DIMy) o (w)q (@ DM, d -
Ja(w|D,M,) o (w)p(w[D,My,) dw
_ Eyp o, [¢(w|D,M,,) o (w)] (5.15)

Eup o, [q(w[D,M,) a(w)]
A Monte Carlo estimate of 5.11 is then

~ Nn
Z_m _ NLn Zz’:l q (wn,i |D7Mm) «Q (wn,z) (5 16)
B e 4 (wmi D, M,) a (win,)

The function « (w) act as a function to control the Monte Carlo variance.
All the methods mentioned above are all specialized versions of 5.11 with
a special choice of a(w) to minimize the Monte Carlo variance. As with
importance sampling it is very important that the two distributions that
are used to calculate the ratio are alike, i.e. ¢ (w|D,M,,) and ¢ (w|D,M,)
are alike. This is not very likely when having two models or systems M,
and M; where we want the ratio j—; calculated. This problem can be solved
by introducing intermediate systems My where 6 € [0;1] i.e. systems that
are characterized by a continuous parameter including the two systems of
interest. It is then possible to chain [15] a finite number of these intermediate
systems by multiplying all the normalizing constants in the following way

“1 21 R1-A0 R1-2A6 22060 ZA0

= : (5.17)
20 Z1-Af #1-2A0 Z1-3A0 N/
1/A6
Z.
= a0 (5.18)
i1 ~li-1)Ae

The hope is then that these intermediate system are more alike. This chaining
approach is what is called ”Bridge Sampling” [14] because the intermediate
systems so to say builds a bridge between the end systems.

5.3 Path Sampling

”Path Sampling” [1] is what the authors (Gelman et al. 1997) call ”a natural
methodological evolution” of the above described methods. The method is
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used to calculate the ratio log i.e. the logarithm to the ratio defined in the
previous section. The method is a generalization of ”Bridge Sampling” and
hence "Importance Sampling”, further more it includes ” Thermodynamic
Integration” [15] and ” Ogata Integration” which are the same.

The method builds on the following

logé = / — log 2 (0) df (5.19)

:/0 (9);9/ (w |D,My) dwdd (5.20)

where z (0) = [ ¢ (w|D,My) dw is used. Assuming the legacy in interchang-
ing the differentiation and integration

1
21 1 d
log — = D, My ) dwdf
o /0 (9)/d9 (] o) dw

bl d
= — D, M, | D, My) dwdf
| = [ 0D losa (D) s

1 d
_ /OEw|D,M0 [delogq(w|D M{,)} d (5.21)

A Monte Carlo estimate is then

log 2 = / S U (wn9) | df (5.22)
0

20

where U (w,0) = £ logq (w [D,My) and w; ~ p (w [D,My).

The integration over # can also be performed by a Monte Carlo integration
where the different 6 are drawn from p (6), which should be thought of as a
kind of distribution that tells where most samples should be spent i.e. where
there exists largest variance in the sampling path. We could then consider
the common space (0, w) as from where we draw samples. We could then
draw a sample from p () and then from p (w |D,My) to get the pair (6, w).
The Monte Carlo estimate would then become

log == Z “’“ (5.23)

The advantage of this method over ”Bridge Sampling” is we have one sum-
mand on a log scale that have to converge, instead of two summands on the
normal probability scale, which in general should be more stable.
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5.3.1 Connection to Thermodynamic Integration

The connection to ” Thermodynamic Integration” is obvious, since the free
energy or Gibbs energy between two systems in state a; and «p with the
same temperature T is

(€5}

F(T, o) — F (T, a0) :/ (5.24)

[&10]

H
Fure {M} o

Ja

where H (w,«) is the Hamiltonian or energy function of the system. ”Ther-
modynamic Integration” also works between system with different energy or
a combination of state and energy.

5.3.2 Connection to Bridge Sampling

The connection to ”Bridge Sampling” shows that ”Path Sampling” really is
”a natural methodology evolution” of the former. The proof here is a little
different from the one in [1].

In the section about ”Bridge Sampling” we derived 5.17. If we take the
logarithm to this we have

1/A8
log 2L = 3 log —12¢ (5.25)
20 i1 2(i—1)A0

if we make the limit where A9 — 0 then

. log ziap —log zi-nas|  dlogz
A, { Af T (5.26)
and then we have
1/A6 L
i dl
lim y  log —A%  — / %820 1 (5.27)
AO—0 i1 Z(i—1)A0 0 db

which is the same as what we started out with in equation 5.19 q.e.d.

5.4 Choosing the intermediate systems

The intermediate systems acts as a kind of path between the two systems of
interest. The need for these intermediate systems is to decrease the Monte
Carlo variance of 5.23. A good path is characterized by a huge match between
two distributions with succeeding #. Or said in other words the gradient
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U (w,0) or the change of the intermediate systems should be as small as
possible. In [1] a lot of effort has been used to carry out the optimal path
if the sampling density p () is uniform. But since the result depends on the
unknown normalizing constants z; and 2, the result is very hard to use in
theory. So to do something we use the temparated intermediate systems [15],
also denoted the geometric path

¢ (w|D,My) = q(w|D,My)" ¢ (w D)’ (5.28)

which in general is suboptimal [1]. The choice of this path is easy to imple-
ment if one uses the prior of the parameters as the reference system M, i.e.
¢ (w|D,My) =p(w|M), and since ¢ (w |D,M;) = p (D |w,M ) p(w |M) the
geometric path 5.28 reduces to

q¢(w|D,My) =p(w|M)p(D |w,M)’ (5.29)

This looks like an obvious choice since we have designed the prior p (w |M)
to have some of the properties that the system of interest also have. So by
gradually adding more and more of the likelihood p (D |w,M ) to the prior
by 6, we can then hope that the change is small. Another benefit is we often
know 2z, which equals 1 if the prior is normalized, so we can get the absolute
evidence, instead of a relative one.

5.5 Choice of sampling density

The choice of sampling density p () also acts as a way to control the ac-
curacy of the solution. Of course the choice of the sampling distribution
interact with the results from above. If we use the optimal path based on a
uniform sampling density, we can only add in Monte Carlo variance by using
another sampling density. But the other way around, if we use a suboptimal
path, what the geometric path in general is, we can use a sampling density
different from the uniform one to absorb some of the variance added in by
the suboptimal path. The optimal sampling density [1] for a given (possible
suboptimal) path is

V Eoas, [U (w,6)7]

p(0) =
fol \/EwD,MQ/ [U (w,9’)2] do’

(5.30)

We see 5.30 corresponds to p (f) squared being the second moment at a fixed
value of 6. This choice is obvious, since we then in the Monte Carlo estimate
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5.23 weights each point by the corresponding standard deviation at that 6
location. But to get the optimal sampling distribution we have to evaluate
two possible impossible integrals. Instead it is possible to build an iterative
scheme. But even if we could get the optimal sampling density for a given
suboptimal path, we would not in general achieve the same minimal Monte
Carlo variance as if we had an optimal path. This is because the structure of
the optimal path can be of such complexity, that it is impossible to choose
an arbitrary path and then correct it by a sampling density. But the other
way around, it is possible to choose an arbitrary sampling density and then
correct the optimal path based on the uniform distribution.

But how can we a priori choose a good sampling density when knowing
the path 7 A heuristic way to chose the sampling density is to think of
U (w,0) which with the geometric path is the energy of the likelihood. The
distribution of this energy is broader the lower theta i.e. more variant since
theta plays the role of inverse temperature. This can also be verified by
thinking of # as a parameter that adds in examples to the posterior, the
more examples the more narrow a posterior. So since the sampling density
play the role of second moment of U (w,f) we can from the above conclude
that p(0) ~ Ipep,)f . But this is an improper distribution. So instead I
suggest using p (0) ~ Ipcjp)0 " where k € ]—o0; 1] so
gk

p(0) = 1_ kfae[o;u (5.31)

So we will use this sampling density when using the geometric path.



6.

Regression models

The topic of regression is of major interest when one wants to model densities
like p(y |x), i.e. only modelling the output of a process given the input. The
major advantages in Bayesian regression compared to Maximum likelihood is
the fact that we do not get any over fit of the model parameters if we select
a reasonable prior. In the following two model types will be described: the
linear and artificial neural net regression models. Both models will be used
in a prediction setup. The methods used is Maximum-Likelihood, Penalized
Maximum-Likelihood and the Bayes solutions approximated by a parame-
terized simpler model which can lead to closed form expressions, sampling
and an ensemble approximation. Furthermore we want to select between the
different linear models and in the artificial neural net setup between the nets
with different complexity. This is accomplished by the Maximum Likelihood
or a penalized version or in in the Bayesian context by the evidence / model
likelihood.

6.1 The regression model

Both in frequentist and Bayes regression, a model of how the inputs relates to
the outputs must be proposed. If the model f (x; w) has parameters given in
a vector w, the outputs y® from a single input vector x(* can be described
by

y@ =f (x(i); w) + el (6.1)
where € are the noise contributions to each output. These noise contri-
butions are modeled by some multivariate distribution f (e(i) |w), chosen a
priori, given some other parameters zo. Given this noise model and the re-

lational model f, it is easy to derive the likelihood for the model parameters
w’= [w”, w"] given a single input output pair {x®;y®}

P 9 ,8) = 1 (£ (9 w) 3 ) ©62)

From this, the likelihood over a whole data set D ={X;Y} where
X = [xM,x@ . xM]and Y = [y, y@, ... y™], can be derived

N

FOYXw, ) =[] (fx5w) -y |w) (6.3)

i=1
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6.1.1

The traditional Maximum-Likelihood approach can be applied by maximizing
6.3 with respect to all the model parameters w. The Bayesian aim is the
predictive distribution p (y(¥ 1 [x(V+1) D f),

P (y(N+1) ‘X(NJrl),D,f) — /f (y(N+1) ‘X(NH),w',f) k(w'|D,f)dw' (6.4)

i.e. the distribution of the possible outputs y(¥ 1), when the model is faced

with a new input x(+) based on the training data D and the model f. The
posterior k (w |D,f) can only be accomplished through some kind of prior
knowledge 7 (w |f) about the model parameters w. If this can be accom-
plished, then the posterior can be derived from Bayes’ rule

fY X, w,f)m(w]f)

FwPA) = 75N X w ) 7 (w0 [F) do (6.:5)

The denominator d (Y |X,f) = [ f (Y |X,w',f) 7 (&' |f) dw' in 6.5 is what I
call the model likelihood, i.e. the marginalized likelihood with respect to all
parameters except the model f. The probability of the model given data is
e 40 [X.E) 7 (1)

T
f|D) = )
e(fD) [d(Y X £)x (f)df

What we in particular want, is to select between different models by com-
paring their probability given some data. But if we a priori do not have any
preferences towards any of the models, i.e. 7 (f) is uniform, we could instead
compare d (Y |X, f) the likelihood of the models, and select the one attaining
the highest model likelihood

(6.6)

The noise model

The noise model should, like a prior, express some a priori knowledge about
the noise. If one does not know any thing a priori about the noise, the
noise model should express this. The noise model is often chosen to be
Gaussian without further edo. This choice is not always obvious a priori, the
hypotheses underlying this distribution can be formulated as by Hagen :

e cach ¢;; consist of an infinite amount of independent infinitesimal errors,
all existing on the same scale

e the probability that £;; is above or beneath some mean value are equal.

e all values, defined on the real-axis, are probable.
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The hypothesis follow direct from the central limit theorem.

These hypothesis can not always be met, but even though the noise model is
rhetorical chosen to be Gaussian, maybe because of its mathematical conve-
nience. But the noise is actual only Gaussian if we select a specific variance,
corresponding to the scale, that we expect all the infinitesimal errors to be
on. A more, from my point of view, plausible assumption, is assuming that
the infinitesimal errors come on different scales with some kind of distribu-
tion. This assumption would lead to some kind of compound noise model. If
one assumes the noise to be Gaussian and the inverse noise variance (some-
times called precision) to be distributed according to a gamma distribution,
this would yield a compound noise distribution that belongs to the family
of t-distributions. This corresponds much to the assumption Bayesians do
when using a prior on the noise variance.

6.2 The Linear Model

The linear model is probably one of the most used regression models. The
reason for this is obvious when one consider it’s analytical tractable solutions.
But in a Bayesian context, one quickly reach problems that do not lead to
closed form expressions. But for models with a prior that are conjugate to
the noise model, some solutions can still lead to closed form expressions.

Ty

w
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. . . y @)
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Figure 6.1: The dependencies between inputs and the output, as assumed in
the linear model, the output is contaminated with noise ()

If we assume the model to be linear, with a single output see figure 6.1, then

we will have
f(x;w)=x"w (6.7)
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6.2.1

By using a Gaussian noise model, the likelihood becomes

N
2

_
Y X, w. f :‘—
f( | 7w7) 27T

exp (—g (X"w — Y)T (XTw — Y)) (6.8)

where 7 is the noise precision, and w’ = [WT, ’/"].

Maximum likelihood for the linear model

The linear model solved by Maximum Likelihood and penalized Maximum
Likelihood is a well described topic in statistics [4]. The problem is to
maximize 6.8 with respect to w and 7. This is equivalent to minimize
—log f (Y |X, w, f) with respect to w and 7. For that reason the derivative
with respect to w is calculated and put equal to zero

dlog £ (Y [X,w,f)
ow

which yields the Maximum Likelihood weights

=7 (Ww'XX"-Y"X") =0 (6.9)

1

wi, =Y X (XXT) (6.10)

The Maximum Likelihood guess of 7 can be calculated as
dlog f (Y |X,w,f)
or
1

—57 (N -7 (Y — XTWML)T (Y - XTWML)) =0 (6.11)

which gives
N

(Y — XTWML)T (Y — XTWML)

This is only unbiased in the asymptotic where N goes towards infinity. The
central guess is accomplished by using the knowledge that an amount of V;
parameters, one weight for each input, already was fitted so

N — N;
(Y — XTWML)T (Y — XTWML)

TML =

(6.12)

(6.13)

TML =

which is an unbiased guess.

Even though we have the central properties of Maximum Likelihood it will
over fit. But to deal with this one has to reduce the effective number of
parameters fitted. This can be accomplished in two ways which both regu-
lates the inverse covariance XX”. The first is to add an amount « to the
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diagonal of XX7, the second is to set some of the directions that spans the

covariance (XXT)_1 equal to zero. In both cases we then would have an
effective number of parameters that are fitted this is in the first case equal
to

N
k3 Ai
f)/eff:zi)\z—i—a (614)
=1

where ); is the i eigenvalue of XX”. We see that if & = 0 then Yerr = Ni-
In the second method the effective number of parameters becomes

N;

i
Vet = D T (6.15)
T ey

where A" is the eigenvalues of the covariance (XXT)f1 which for some of
the values is set to zero. So the effective number of parameters becomes

NiNe
Yeff = Z )\_i:Ni_Nz (6.16)

=1

where NN, is the number of eigenvalues set to zero. The new guess on the
noise precision is now

N —Yess
(Y — XTWML)T (Y — XTWML)

(6.17)

TML =

The major problem when penalizing the model is to select how much one
should penalize. The way the penalty works is by adding in bias to reduce
variance so the overall generalization error falls since this is the sum of these.
As we saw this was exactly what Bayes did in the 1D-Gaussian example in
section 2.3.2. So Bayes selected the right amount of bias. In the next section
when taking linear regression in to a Bayesian context we see o added to the
inverse covariance corresponds to putting a Gaussian prior with precision «
on the weights.

6.2.2 Analytic Bayesian derivation

In the Analytic derivation, we use a Gaussian prior on the weights w with
a precision 7, = p7 and a mean vector equal to the null vector. The noise
precision is given a gamma prior with parameters a and 5. The prior on the
weights corresponds to assuming that small weights are more likely a priori,
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so trying to drag non important weights towards zero. The noise precision
prior parameters can be chosen, such that the prior is vague. This yields

Ny

T(wlp,7) = ‘% *exp (—p—;wTW>
1 _ T

7 (r|a,B) = 7F(a)ﬁa7—a 1exp—g

where N, is the number of weights. The total prior then becomes

N.
501 . (p T 1)
———5 T eXp—T | W W+ — 6.18

I(a)p 2 B (019

which is in the family of normal-gamma distributions. The posterior is then
composed by the prior and the likelihood

pT
mwlpa,B) = |2

k(WD pa, B) = (6.19)
(a/2) % |12

Cla+d-%) @0

7oL exp —% ((W —wo) 7 (w — wy) + a)

where

> = XX+ I

wy, = XX'Y
2
a = E — ngzil“’o —|— YTY

Now the predictive distribution can be written
p (Y XN D opa, B F) =

/ £ () [x VD o £ k(' D, poov f)de’  (6.20)

which leads to, see Appendix A.1

) . %m — 77 — kYTXTEXY + kY'Y -
" ~ 1 Yy .

y a+ N7, oL N (6.21)
! XX 4+ (N4 (N+D)T tpl=x"1 4 x(N+D)  (N+D)T

7 = rx"'EXY
ol = 1 ) ()

i.e. students t-distributed with 2a. + N degrees of freedom, mean 7 and the
covariance is the last parameter.
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Selecting the model

The denominator of
m(wlp, o, B) f(Y|X, w,f)
[m(wp,a,B) f(Y|X,w',f)dw'

k(w|D,p,a,p) = (6.22)

is the evidence of the model. The evidence is the likelihood times the prior
marginalized with respect to the parameters in the prior

FOY X, p,a, B, ) = /ﬁ(w’|p,a,6)f(Y|X,w’,f)dw’ (6.23)

This can easily be derived to

_ 2a4N

D (22N | 1-x"Ex| ( YT (Ix"2x)Y) °
iy L+ =
[(a)(2r87")2 28

f(Y|X7p7a7/87f) -

(6.24)
i.e. Y is Student’s ¢-distributed

Y ~t(287",01—x"%x) (6.25)

6.2.3 Monte Carlo Estimate

The Monte Carlo estimate puts the same priors on the various parameters
except that 7, no longer is proportional to 7 but it has now it’s own prior
distribution which also is selected to be of Gamma form with parameters v,
and S, hence
1 aw—1 Tw

m (T |ow, B) = T AL s (6.26)
This is a more vague approach than the analytic solution but it does not lead
to closed form expressions. But instead it can be solved by Gibbs sampling.
To do so we have to find the conditional distributions of the parameters.
As a note I do not write in the hyper parameters i.e. the parameters that
describes the Gamma distributions, since these are assumed extern given.

First we have the weights conditional distribution

_ pwlrw) F(Y[X, w7, f)
p(WIY, X, 7,7y, f) = Tp v re) J (Y X, wi,r T) dw (6.27)

The next conditional distribution is for the noise precision

7 (r) f (Y |X, w,,f)
[ () f(Y X, w,7,f)dr

p (T |Y7 Xa W, Tw, f) - (628)
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and at last the the precision on the weights

T (Tw)p (WTw) [ (Y | X, w,7,f)
() p(wlr,) f(Y|X, w,r,f)dr,

w

p (10 Y, X, w,r, )= (6.29)

which reduces to

T (Tw) P (W |Tw)

™ (m,) p (wT,) dT,

(6.30)

p(Tw|w) = f

since the likelihood is independent of 7,,. The normalization of the condi-
tional distributions can be seen in appendix B by setting # = 1.

This leads to the following Gibbs updates

o with |Y X, r("),nﬁf),f ~ N (wy, Z,1)

o THVY, X, Wit f ~ G (a,b)
AR ‘W(H‘l) ~ G (Ay, by)
where

=, = (TUXX" +701)
wy =79YTX"'s,

a=a+N/2
1 . .
b= S (Y - X w D) (7 — XTw (i)
Ay = Qy — N;/2
bl = ol 4 LD )
w w 2

By iterating the Gibbs updates one produces samples from p (w, 7, 7Y, X, f).
When an amount Ny of independent samples are collected these are used to
produce a prediction for a new input z. If the cost is quadratic, the empirical
mean of the Ny samples is used for prediction

Ns
~_ 1 T4 )
y= EJEZIX w! (6.31)
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Selecting the model

When one wants to select amongst different models it is necessary to cal-

culate the evidence of the models. The evidence for the linear model, with

independence between the noise variance and variance on the weights, can

not be calculated analytic, so a sampling scenario have to be carried out.

The method used is path sampling with a temperature path. This yields

these three conditional distributions for the three parameters of interest
7)) f (Y X, w,r, £)’

WY X, 7 0.8) = —L LIRS

[p (W |rw) f(Y X, w7, £) dw'

Y |X, w,r,f)
p(TY, X, w,m,,0,f) = (1) F(Y X wor, )0 (6.33)
[ () F(Y X, w,r, )" dr’
™ (Tw) p (W [Tw)

PO = T p () .
The solution when normalizing these can be seen in appendix B. Besides
drawing the parameters one should draw inverse temperatures from p (#).

The Gibbs updates now is in two loops
1. 09 ~ p(6)
2. for j =1to N,

o with |y X 70) TEU), f ~ N (wo, 2.1

o TUTD Y X, with 90 f ~ g (a,b)

° 'rq(gﬂ) ‘W(j“'l) ~ G (ay, by)
3. endfor

The inner loop is iterated IV, times, where [V, is selected so the state after
these iterations are independent ! of the state before these iteration. When an

appropriate amount N, of samples (H(i), w® 7)) TS?) where 7 indicates the
independent states, are collected, the evidence of the model can be estimated
according to 5.23.

6.2.4 A toy problem: Selecting the number of inputs

The linear regression model will now be used on a toy problem. The data
sets are generated by drawing 20 input vectors each consisting of 10 inputs.

!we can of course only guess on independence since this is very hard to measure
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So X is 10220. Each of the inputs are independent N (0,1). The three first
inputs are added together to form the outputs Y for each of the 20 examples.
To the output is added Gaussian white noise with standard deviation 0.01.
To assure good statistics 100 experiment are performed.

We now ask how many inputs are needed ? We then select the model that
are proposed to perform best by the various selecting criterias. Then we
measure the performance of the selected models by an independent test set
generated so it contains 200 examples. From this we then ask is the selection
criteria consistent with the test error.
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Maximum Likelihood on toy problem

The maximum likelihood estimate of the weights is already derived 6.10.

The results are shown on figure 6.2. In table 6.1 different selection methods
are used.

If we select according to the non regularized Maximum Likelihood out left in
all the plots, the number of output selected would be N; = 10. But we see
on figure 6.2.c that this model over fits the data since the test variance table
6.1 is 0.0219 which should be 0.0100. The penalized methods both select the
"true” model. We see on figure 6.2 that the decision area is not homogeneous,
this is due to the finite number of times the experiment is replicated.

L | inputs | log like. | p. log like. | 07, | 0% | log pre

ML 0 10 23.7301 12.7301 0.0098 | 0.0219 | 0.2764
Reg. ML | 1.92 10 24.4891 13.4891 0.0092 | 0.0191 | 0.3873
Pen. ML 0 3 19.8886 15.8886 | 0.0098 | 0.0118 | 0.7917
P.,r. ML | 1.92 3 20.7219 16.7219 | 0.0090 | 0.0118 | 0.7808
Truth 3 17.6720 14.6720 | 0.0100 | 0.0100 | 0.8836

Table 6.1: Four different selection methods based on the Maximum Likeli-
hood principle. All values consists of 100 experiments with 20 training cases
and 200 test cases. The ML indicates pure Maximum Likelihood. The Reg.
ML indicates that the inverse covariance is reguralized, the maximum log
reguralized value is chosen which yields a specific amount of reguralization.
Pen. ML means Maximum penalized Likelihood, the penalty is simply the
number of weights estimated. P., r. ML means both penalized likelihood
and reguralized inverse covariance. Truth is the result when using the true
distribution, log likelihood is then the density of 20 "mean” examples i.e. 20
times the log predictive, pen. log. is the same number minus the true number
of inputs i.e. 3. The two variances is the true variance and log predictive is
1

_% IOg (27TO-%T"MB) )
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Figure 6.2: a: likelihood and b: penalized likelihood for selection. c: The
training error normalized by the number of examples minus the number of
weights. d: The test error normalized by the number of test examples. In all
four plots the leftmost value of p equals zero i.e. no regularization
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Figure 6.3: The log predictive distribution averaged over 200 test cases and
100 experiments each based on 20 training cases. The true value should be
0.8836. As seen for the true model with 3 inputs we are just below this value
with the nearest being 0.7917 see table 6.1, but for increasing number of
inputs there exists too many parameters and the model over fits the data.

on the toy problem

The analytic Bayes solved in 6.2.2 leads to the evidence results seen on figure
6.4. The prior on the noise precision and hence on the precision on the
weight prior is chosen very vague. On figure 6.4.a the prior is very vague
approaching the non informative Jeffrey prior, on 6.4.b the prior is more
constrained which is seen to yield nearly the same result. The constrained
prior is actually expressing a kind of a priori ”feeling” namely we do not
expect that large or low noise levels. The result is quiet surprising, in both
setups the model with N; = 3 is selected independent of pi.e. the true model
is selected independent of p. I tried to use some other prior parameters, and
the result is nearly independent of these only for very narrow priors the test
failed.

The test error figure 6.5 is the negative logarithm of the predictive distri-
bution averaged with respect to all the test examples. This is actually the
log-loss part of the ICL-distance measure.

We see that there is a perfect match between the choice of model we would
select based on the evidence and the logarithm of the predictions i.e. minus
test error. This is because there is no over fitting in the Bayesian framework,
hence the training data error should provide the same information as an
independent test set. What we also see is when using
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Figure 6.4: On a: the evidence is plotted against p by use of the prior
b: shows the result produced by using the prior on d.
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Figure 6.5: a: log predictive distribution when using the vague prior. b: the
same but for the more narrow prior. Both figures are made by calculating
the predictive distribution based on 20 training data cases averaged over 200
test cases. This experiment is performed 100 times and the log predictive
distribution is averaged over these 100 runs. The averaged log-predictive
distribution should yield the logarithm of the true distribution averaged with
respect to the test-cases i.e. a value of —3log(2mo?,,,) — 5 =~ 0.8836 since
Otrue = 0.1.

Monte Carlo Bayes on the toy problem

In the analytic Bayes setup we imposed the constrained 7, = pr, this is of
course an unnecessary constrain. What it actually means is, if the noise level
raise then the scale of the weights follows proportional to this. But this is
a little awkward since the total signal level remains the same and since the
signal level consists of the input level times the weights and the noise level
we would expect them to be inversely proportional. So no constrains are
implied on the problem in this setting, but the price is that we can no longer
derive closed form expressions, and we have to specify one more prior.

Since this is a sampling setup we should examine how well we are ”getting
around” in the distribution of interest. We know if the Markov states are
very correlated then the chain should be run for some time before taking a
state as a sample. But in general it is very difficult to say anything about
how well the samples represent the distribution.

In a setup like this, where we want to calculate the evidence by adjusting
the temperature, it is even worse to state anything about the Markov chain
because the system is not stationary. In principle we should make an ex-
haustive sampling epoch at each temperature of interest. But this would be



60

10

U I
[N =
o o

Log Evidence i.e. log(p(D|M))

I
w
o

_50 | | | | | | |
1 2 3 4 5 6 7 8 9

Model size

Figure 6.6: On the figure is seen the log evidence i.e. log density of data
given the model. The 9 models corresponds to models with 1-9 of the first
inputs. The true model is also linear using the 3 first inputs. The figure
is constructed from a single data set with 20 examples. The gamma priors
on 7 and 7, was given the parameters o = 1/2, § = 1/200 and «,, = 1/4,
B, = 1/1600 respectively.

very time consuming. Instead we make an exhaustive examination at Bayes
temperature i.e. # = 1, we then hope that at higher temperatures it would
take shorter or the same time to move around in the distribution. This is mo-
tivated by the fact that an increasing temperature flattens out the likelihood,
and hence can only make it more simple.

On figure 6.6 is the Monte Carlo estimate of the log evidence for nine models
shown. Each model corresponds to a model with 1-9 of the first inputs, the
true model using the 3 first inputs. A MCMC simulation for each of the
nine models were performed. The parameters of the gamma priors for 7
and 7, was « = 1/2, f = 1/200 and «a,, = 1/4, 3, = 1/1600 respectively
i.e vague priors. The sampling at different temperatures was performed in
decreasing temperature order. So before the simulation started 1000 inverse
temperatures was drawn from p(#) given by equation 5.31 with k& = 0.9
which gave the lowest Monte Carlo variance compared to £ = 0.99, k = 0.5
and £ = 0. After the inverse temperatures was drawn they were sorted in
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Figure 6.7: a: 1000 values of U(w;)/p(f;) at their respective inverse temper-
ature. See the text for simulation details. b: histograms of the 1000 samples,
the mean is the log evidence of that model, the mean is marked by a x

increasing order. The start state at the first temperature which is near inf,
was initialized by 7 = 1 and 7,, = 1. From this state 3 Gibbs iterations were
made taking the third as the sample {fy,wp} at that initial temperature.
Then the second highest temperature is used and again 3 Gibbs iterations is
performed from the previous sample, this goes on with the next temperature
until the 1000 samples are obtained.

After this U(w;)/p(6;) is calculated for each of the 1000 samples and for
each of the 9 models. On figure 6.7.a the 1000 samples for each of the 9
models is shown as function of inverse temperature. Remembering that the
inverse temperature act as the fraction of examples in the likelihood, we
see from the third model to the ninth model in the sample interval 800 to
940 corresponding to around 3 to 9 examples, a transition which in physics
would have been characterized as a phase transition occurs. The transition
is located at still higher 6 for larger models i.e. when seeing more and more
examples. This is obvious since a linear model with 9 parameters can not
be fitted until we have seen as many independent examples. Until this critic
temperature where the transition can occurs, their is no evidence for the
model which can bee seen on figure 6.8.a where we see that the noise level
corresponds to modeling all the signal as noise and at figure 6.8.b we see
that this is consistent with the width of the weight distribution, which is
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Figure 6.8: On the nine left most figures the noise standard deviation is
shown for each of the models. On the nine right most figures the standard
deviation of the weights are shown for each of the nine models. All the figures
is as function of the inverse temperature.

very small corresponding to small weights i.e. closing down the inputs. So
at the critic temperature we have a phase transition between a model which
is only noise and a model modeling the true signal and noise. Of course
the models larger than three inputs does not totally close down the extra
inputs which is the reason that these come out with a slightly lower log
evidence. If the model could ”see” from the examples that it should close
down these extra inputs the evidence of this model would be more the same
as the evidence for the true model, but I think it always will be lower since
a priori this weight choice is not very likely. For the two models with less
than 3 inputs we see no matter the number of examples there will newer be
a phase transition, since the true model can never be modeled.

The Monte Carlo variance is of course of major importance. The Monte Carlo
estimate is as mentioned the mean of the 1000 U(w;)/p(f;). On figure 6.7.b
we can see how much spread there is around each estimated log evidence,
the estimate is marked by a x. As described the distribution p(f) acts as a
second moment stabilizer, by selecting £k = 0.9 we got a good stabilization.
This choice gives rise to a lot of sampling at low #, why this is ”optimal”
can be explained by the fact that at this temperature the posterior is very
width and hence we have a lot of variation, so we need a lot of samples to
get a good estimate of the mean. We can see from figure 6.7.a that it is
very important for the estimate when the phase transition occurs, since the
value changes drastically at this temperature. This of course depends on
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Figure 6.9: a: Marginal distribution of 0,5, = 7. b: Marginal distribution
of Oyeights = Tw- ¢: The joint between 0,055 = 7 and o yeights = Tw, the traces
show how fast the Markov Chain gets around in the distribution, each trace
consists of 9 states. d: Correlation and cross correlation between o,,;5e = 7
and oyeights = Tw- The two graphs with negative correlation in zero are the
cross correlations which is negative due to the inverse proportional connection
between 0,pi5e = T and Oyeights = Tw. The correlation of 0,45 = 7 is very
near a delta function. The correlation of o yeignes
long, we can see that two time constants is playing a role

= T, 1S seen to be very



64

how well our sampling method comes around in the distribution,- especially
at temperatures around the phase transition where both models are likely it
is critic. To illustrate how the distribution looks around the phase transition
10000 succeeding states from a Markov Chain, at inverse temperature 6 =
0.1580 corresponding to 3.16 examples, was generated. The model used had
4 inputs. The result is shown on figure 6.9. We see 6.9.a,b,c that the joint
distribution of opise = 7 and Tyeights = Ty is bimodal. We see 6.9.c,d that
the noise level is sampled quit fast, the trajectories comes around over the
whole scale very fast 6.9.c. But because o yeights = T is coupled to 0ppise = T
through the weights and if these are moving around by random walk, it will
take some time before we can get a new independent oeighis = 74 sample,
this is due to the fact that oyeignis = 7w 1s the scale of all the weights, hence
a form of consensus amongst the weights is required to move oyeights = Tw-

The MCMC-method presented here is a little time consuming and hence the
model was not run a 100 times as when using Maximum Likelihood and the
analytic solution. I think the result in general cases is worth waiting for,
because we do not have to run for many different data set. Unfortunately
did T not measure the test and training error of this setup.

6.2.5 Comparison of the three methods

In the previous three sections three different approaches have been used to
select how many inputs that are relevant to the linear model. The models
with more than 3 inputs can implement the correct model. The Maximum
Likelihood solution performed purely. It gave a bias towards the larger mod-
els, this is of course due to over fitting. The same over fitting resulted in
a too optimistic training error, and too pessimistic test error. The penal-
ized Maximum Likelihood method performed very well. The penalty coming
from the AIC-criteria or more precise the PE-criteria. This penalty effec-
tively down weights the over fitting. The test and training error spread is
acceptable. This performing so well is not that surprising, the penalty actu-
ally introduces bias in the same way as Bayes does in the analytic example
of predicting from a 1D-Gaussian with known variance and unknown mean.

The analytic Bayes method performed extreme well even though we implied
the constrain that the weight hyperparameter should be proportional to the
noise hyperparameter. The test errors was consistent with the model choice.
Even for the largest model the test error was very near the true error, which
was not the case in any of the maximum likelihood setups.

The MCMC-estimate also selected the true model. The over fitting problem
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was not discussed but, by the results in the next Chapter, I think no over
fitting has occurred since this is not the case for the Feedforward Neural Net-
work regression. But the results with the linear model shows a lot of different
problems that makes it hard to estimate the evidence, like the high variance
at high temperatures and the phase transition at a critical temperature.

6.3 Artificial Neural Network regression

The Artificial Neural Network has the opportunity to approximate any smooth
function arbitrary close by increasing the number of hidden units [3]. This
by itself can not assure that we can find that network, but only the existence
of such. When we try to infer the function from data the problem becomes
probabilistic since the data have a certain accuracy. In such cases the error
function determines what we focus on in the distribution of data. By using
the quadratic error function we know the output to be modeled is the con-
ditional mean i.e. the mean of the output given the inputs. This is much
the same as assuming the noise to be Gaussian and using the KL-distance as
error function between the resulting predictive distribution and the true dis-
tribution. In this thesis will I use a single layer feed forward neural network
with tanh activations, linear outputs and assuming additive Gaussian noise.

6.3.1 The Network Architecture

The formal description is as follows, the outputs are a linear combination of
the hidden units and biases

f (X(i); Wo; W;) = Wih (X(i); W) (6.35)

where h is the hidden units i.e.

hi (x5 w;) = tanhw?x(i) j €[0; Ny, — 1] (6.36)
hy, (x(i);wj) =1 (6.37)
: (i) (0 (i g
w; being the j column of W and x(¥ = [xo N AN O 1] :

From this the likelihood can easily be written down assuming Gaussian noise
with the same (inverse squared) level 7 on the different outputs

P (y(l), oy ‘X(l), o xM W, W, T) = (6.38)
NoN

NoN N
()7 ep D b~ F O W W), (659
=1
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where N, is the number of outputs and N being the number of examples.

By using the negative logarithm of the likelihood as error function is

N,N T (3) (i)
E(Wo,Wr,7) =———logo—+5> [[y"—f(x" Wo; Wi)|, (6.40)
1=1

the derivatives of this can easily be calculated omitting the 7

OE (Wo, W, T) (i) 0k (x7; Wo; W)
- 6.41
oW ;2 aw’gﬂ (6:41)
N - .
— Z(Sg)hj/ (X(l);Wj)
OF (Wo, W, 7) Y 0fe (x0; Wo W)
= - 6.42
oWy ;2 aw” (0:42)
w0y (x0; Wo; W)
= ZZ& W awﬂ’
k=1 i=1 I
No N ] ' )
= AW (1 (<O Wi W) )
k=1 i=1

where 5,& fr ( :Wo; WI) — y,(c) is the backpropagation error from the
output.

The gradient is going to be used in all different solutions.

6.3.2 The Maximum Likelihood solution

The Maximum Likelihood solution is to find minima of the error function or
more specific the regularized error function called the cost function given by

C(Wo, W, 7)=E(Wo, W, 7)+w/ Rw (6.43)

w being all the weights arranged in a single vector and R being the regular-
izer. In this setup we will only consider diagonal R. The reguralizer trying
to prevent from over fitting.

In the simulations performed, existing software [18] was used. The software
uses conjugate gradients [3] to find the minima. The software used direct
weights from the input to output, this was removed to obtain comparable
results.
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To select amongst the models will the direct training error, test error on an
independent test set and the FPE-criterion to estimate the test error from
the training data. Unfortunately we should use the modified selection criteria
GPE [3] using the effective number of parameters estimated from the Hessian
matrix. The estimates actually only being valid if the network have capacity
to implement the true function, but this will in general not be the case due
to the fact that infinitely many hidden units should be used to implement
an arbitrary continuous function. To compensate from this we should use
the GPE-criterion (Generalized Prediction Error) [3]. Unfortunately is the
Hessian not available from the software 2 so I use the FPE-criterion

N + N,
Eiest = ——— Eirain 44
test N — Nw t (6 )

6.3.3 The Bayesian solution

The Bayesian solution is to put priors on w and 7 and then aim for the pre-
dictive distribution. I will use the same priors as suggested in the literature
[16], [3]. These are the conjugate priors as used for the linear model.

NO)

(k)| 2 (k)
WO 0) = T e (—%WWW) (6.45)
1 o W
7 (9o, 89 = 7" e T (6.40)
r (ozq(f)> CHeA Po
1 _ T
(T, f) = T () 7 ﬁaTa 1exp—B (6.47)

The weights are split into four groups k € [1;4], w*) being the weight in that
group and NP being the number of weights in the group. The four groups
are split into: bias to hidden, input to hidden, bias to output and hidden to
output. These four groups have their own priors. From this we can formally
write the posterior of the parameters, the inverse temperature is included for
later use

P (T ‘y(l), oy ox(W ,X(N),W,O) = (6.48)

2T did not have the time to take the weights into Matlab where I have software to
calculate the Hessian
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p0 (y(l),“‘,y(N)‘X(l),“‘,X(N),W,T)p(T)
fpg (yO, ..., yWM xW . xN) w ) p (77) dT!

and for the weights

p(w ‘y(l), Ly kW (N 0) = (6.49)
Py vy 0, M r) [T p (w [
[ D,y O, x,w ) [T p (w7 ) dw
and lastly the precision of the weight groups
(k) (k)) ( (k))
(8) |y (b) p (w® |r) o
p (T [w*)) (6.50)

Lo (w0 r9) p (79 ar

The first and the last posterior can be normalized analytic, since the priors
are conjugate priors. The derivation follows closely what we did for the lin-
ear model so the results can be found in appendix B. The difficult part is
the posterior of the weights and the integral marginalizing the parameters to
yield the predictive distribution. Two approaches will be discussed, the first,
the ensemble estimate, is approximating the posterior of the weights with a
Gaussian distribution given the means of the other parameters. When doing
this it is possible to calculate the predictive distribution over the approxima-
tion leading to a closed form expression of the predictive distribution. The
ensemble method is close related to the evidence approximation by Mackay
[10], except that the reestimation formulas has fewer variational parts. The
second approach is a sampling scenario. The noise precision and the preci-
sion of the weights can be sampled by Gibbs updates given the weights and
the weights can be sampled by using the Hybrid Monte Carlo method.

6.3.4 Ensemble estimation

Ensemble learning is a recent developed method in Bayesian learning to ap-
proximate the posterior distribution [11], [12], [9]. The method, also called
variational approximation, approximates the posterior with a parametric
model that assumes independence between some parameters and which can
lead to closed form expressions for the predictive distribution. This is carried
out by minimizing some measure between the true posterior and the approx-
imation, the measure is often the Kullback-Leibler distance. The difference
from this method compared to the evidence framework by MacKay [10], [3]
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is the approximation around the mean rather than approximating around a
peak? of the posterior.

In appendix C is the approximation to the posterior for the ANN derived. I
will shortly summerize the results. The posterior p (w, 7, |D,#) is approx-
imated by

q(w,7,a|D,0)=q(w|D,0)q(r|D,0)q(ax|D,0) (6.51)

The purpose is now to minimize the KL-distance between the true and ap-
proximating posterior

KL (p(w,7,a|D,0),q(w,7,a|D,0)) =

p(w,7,a|D,0)
— D |
fatwralp oo T

dw, T, o (6.52)

The solutions can be solved by iteration, in the m!" iteration the results are

Eq(l,mrl 1 T -1

¢™ (w|D,#) = 5| eXP (w—w™)" =M™ (w—w™)  (6.53)

where 0L, (w)
»m _ 7 Ew W) 6.54
v owowT w=w(m—1) ( )

and oE
W) = g1 _ s OBw (W) (6.55)

ow w=w(m—1)
where E,, is the exponential of the non linear ¢ (w |D, ) i.e.
1 N K Ny o2
_ = 2 _

Ey =3 (HT;(yi—f(xi,w)) +kz:1;ak (wi ) ) (6.56)

the bars over variables indicates the mean of those variables with respect to
their approximating posterior. The posterior for 7 becomes

q™ (71D,0) o< 7% L exp —T/b(Tm)

3or several peaks.
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i.e. a gamma distribution I' (aT, b )) where

+N9
a;, = Gy, +—
P, 2
~1
0 & 0252 (w
pim)  — |p-t 4 2 52 E: E(ﬁ})
T p,7+2 il( 6w38w], . 73

so the mean becomes
7 = q,b™ (6.57)

T

The posterior approximation for the 7,, = a in each group indicated by (k),
not to confuse with the iteration (m), simply becomes K independent gamma
distributions

1 o m
"™ (o, |D,6) = o —agt ! exp —Ozk/b]g ) (6.58)
K being the number of weight groups, so
K
¢ (a|D,0) = [ ¢" (ox |D,0)
k=1
where
N,
A = Qpk + 7
-1 1 2 -
0 = b 23 (s g )]
i=1

where p indicates the prior, so
™ = q,b™ (6.59)

[terating these equations until convergence will yield an approximation to the
posterior, an iteration scheme can be seen in appendix C. What we see is the
solution is much the same as the normal gradient decent with full hessian and
weight decay used in Maximum Likelihood settings. The ensemble method
provides the extra re-estimation formulas for the weight decays and noise
levels.
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Predictive distribution when using the Ensemble estimate

The approximation can be used in two ways directly by integrating the like-
lihood of a new example with respect to the posterior approximation or the
second way by producing samples from the posterior approximation in an
importance like fashion.

The first approach will require an approximation of the likelihood of the new
example by expanding the network output around the mean weight vector.
The integral over the weights is then Gaussian which yields a new Gaussian
independent of the weights but dependent on the noise precision. The noise
precision can then be marginalized by multiplying the approximation to the
posterior of the noise precision on the Gaussian and then integrating with
respect to 7.

The sampling approach can be used to produce samples from the posterior,
these samples can eventually be used to produce the mean output of the
network with respect to the predictive distribution given this new example

D) ‘X(NH) = (6.60)
/y(N+1)p (y(N+1) ‘X(N+1 )dy (N+1)
/ (N+1) / N 1N w7 ) p (w,r, o |D) dw,, ady VY =
//y N+1 p (y N+1 ‘X N+1) , W 7') dy(N+1) (WaTa « |D) dW,T, «

by using that the network output is the mean in the Gaussian likelihood of
the new example we have

D
FNHD |x(V+D) /f(X(NJrl);W) %q(w,r,aﬂ))dwma (6.61)

where the multiplication with respect to the approximation is made to obtain
the following Monte Carlo estimate

—(N+1) <(N+1) f N+1 p (Wi, 7,05 |D) 6.62
Y Z Q(Wz',Tz',Oéi D) ( )

but since the true posterior p (w;,7;, «; |D) not can be normalized we should
use the following estimate

N “(wi,mi,06]D

; s f (N+1) R p ( 177—na1| )

GV [ (N+1) 2 (XN W) dwiri,oi D) (6.63)
Z. s P (Wzﬂ—ual"D)

i=1 g(w;,r,0;|D)
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where the * indicates non normalized posterior like

p*(w,r,a|D)=p ({y(i)} {x(i)}il ,W,T> p(wla)p(a)p(r) (6.64)

Of course this approximation suffers from the usual problem when using
Importance sampling, if the posterior approximation is far from the real
posterior the method performs purely.

N
=1

Ensemble estimate and model selection by Importance sampling

The Importance sampling method used in the previous section to estimate
the mean outputs can also be used to estimate the evidence of the model

p(DIM) = /p<w,r,a,D|M>dw,T,a
b/“p(VV;T,a,1?|A4)

q(w,7,a|D)

q(w,r,a|D)dw,,« (6.65)

where the Monte Carlo estimate becomes

N,
1 - p(wiaTiaai7D|M)
DIM)~— E
p(DIM) Ny i1 q(wi,Ti,; |D)

(6.66)

the Ny samples drawn from the posterior approximation. Again this method
suffers from the problems detected when using Importance sampling.

6.3.5 Monte Carlo estimation

The Monte Carlo estimate builds on the fact that we are able to draw samples
from the true posterior at any (inverse) temperature. Doing this we are able
to estimate the predictions and the evidence of the model. The samples can
be obtained in a combination of Gibbs-sampling and Hybrid Monte Carlo.
The noise precision and the precision on the weights can be obtained by Gibbs
sampling given the weights and data, since these are Gamma-distributions.
The weights can be obtained by Hybrid Monte Carlo given the two precisions
and data.

The posterior of the noise precision and precision on the weights are derived
in an equivalent way as in the linear model, see appendix B, the results being

(bﬂ»—l)“g)
p(r® [wty = (kyas’ 1

k Tw
r(a)

exp —Fp® T (6.67)

w
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ay) = o) = NP/2
o7 = gt L omT L m
w w 2

where the index (k) indicates the k'™ weight group. The posterior for the
noise precision

o a—I—GNO%—l 1
0oy :
s g 2wl (6.69)

The posterior for the weight can formally be written

pwip,0) x p ({03, {xObL owor ) o (w] (P )

x exp— (0E (w,7) + Epmr (w)) (6.70)

The Hybrid Monte Carlo algorithm makes use of the gradient of the energy

function 2EMTHPerior(W) 4o first part of this was derived in section 6.3 4.

ow
The last derivative is simply 78Eapri‘z;§w) = W](k)T( ) where j indicates the ;™"
W
J

weight in the k™ group.

By sampling at unit temperature # = 1 we can obtain samples from the
posterior. We can then estimate the mean output given a new input

y(NH) ‘X(NH) — /y(NH)p (y(N+1) ‘X(NJrl )dy (N+1)
= / (N+1) / (N+1) | (N+1) W,’/‘)p(W,T,Oz|D)dW,7‘,C¥dy(N+1)
= // N+ (y N+ ‘XN“) w,T) dy™N+Yp (w,r, a|D) dw,T,
= / (x"*w) p (w D) dw (6.71)

The last integral can be estimated by an Monte carlo estimate

y(N‘FI) N+1 Zf N+1 (672)

“here was 7 omitted so the derivative is the derivative from that section multiplied by
70
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where the weights are drawn from the posterior of the weights.

When estimating the log evidence logp (D |M) we need to sample at a lot
of different inverse temperatures # in the interval from 0 to 1. The #’s are
chosen from the distribution p(f) in advance and sorted in ascending order.
The parameters are then sampled at each (inverse) temperature to make the
following Monte Carlo estimate of the evidence 5.23

logp D) =+ 3 % (6.73)

1=

where

U(w,) = %logq(wn’,cﬂM,D,ﬁ)

0
= @logp(w,T,a,D |M, )
NN, T
= °log— — FE .74
Moo T Bw.7) (6.74)
where ¢ (w,7,«|M,D,0) is the non normalized posterior for which the nor-

malizing constant is exactly p (D |M).

The draws from the different parameters at the different temperatures are
obtained in the same way as when sampling at unit temperature i.e. using
Gibbs samples and Hybrid Monte Carlo but now at the different tempera-
tures.

6.3.6 Robot arm prediction and selection of neural network complexity

The robot arm data was used by MacKay to show the performance of the
evidence framework. Later Radford [16] used the data in a MCMC scenario
similar to this, lately [5] the data was used also in a MCMC scenario to
estimate p (D |M ) in this paper a chaining approach was used.

The robot arm data are totally artificial. The data are generated by two
function i.e. two outputs both taking the inputs x; and z5. 1 and x5 rep-
resents some ”joint angles” for which the robot arm positions in rectangular
coordinates y; and 5 as follows

y1 = 2cosxy + 1.3cos () + 22) + &1 (6.75)
Yo = 2sinz; + 1.3sin (z1 + x2) + £2 (6.76)

where £; and 5 is independent Gaussian noise with standard deviation 0.05.
The angles are uniformly distributed z; in the intervals {—1.932; —0.453} A
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{0.453;1.932} and x5 uniformly in {0.534;3.142}. The interesting about
this mapping is in theory it requires infinitely many neurons to implement
when using a single layer feedforward network with tanh-activations. Even
though, all kinds of Maximum Likelihood procedures will suggest using a
finite number of hidden units when having finite data. This is of course due
to over fitting. The evidence approach also suggests using a finite number of
hidden units, also because some parameters have been fitted. The interesting
question is does a sampling setup suggest using more hidden units and more
interesting in this thesis is it consistent with our approximation of p (D |M ).
In [5] the results show favor of the hypothesis that the network complexity
can grow with out over fitting.
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Figure 6.10: Robot arm output plotted against each other. The data are
generated by drawing 2000 point from the input distribution. These are
evaluated by the functions described in the text and added with independent
Gaussian noise with standard deviation 0.05

On figure 6.3.6 can the robot arm output be seen in the rectangular coordi-
nate system.

On figure 6.11 is the output plotted against the input this yields four com-
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Figure 6.11: Robot arm data plotted against the inputs. The data are gener-
ated by drawing 2000 point from the input distribution. These are evaluated
by the functions described in the text and added with independent Gaussian
noise with standard deviation 0.05

binations when plotting in 2D.

In the following will two solutions to the robot arm prediction problem be
described. Both solutions uses feedforward ANN’s with a single hidden layer
and tanh-activation. In both cases will the performance bee measured for
network with 1 to 19 hidden units. The two approaches are a Maximum
Likelihood based solution and the second a sampling based method. Unfor-
tunately did I not have the time to use my Ensemble method.
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Figure 6.12: Lowest curve: the FPE-curve with zero weight decay. Upper
curve the FPE-curve with a weight decay of 0.1111. Middle curve: the FPE-
criteria with reduced number of parameters in the estimate precisely half the
number of the number of parameters in the actual model

Maximum Likelihood Solution

The Maximum Likelihood solution is found by conjugate gradients. The
optimization was run for 10 different seeds on a single data set containing
200 training examples. A single weight decay parameter was used to cover
all the weights, this was set by hand to 10 different values linearly spread
in the interval 0 to 1. The optimal weight decay and model was chosen by
the FPE-criteria thus knowing this is only valid for no weight decay. The 10
different seeds seems to give rise to nearly the same solution, so these were
averaged together and the decision was made upon this average.

When it comes to choosing between the weight decays using non weight decay
has the lowest training performance. The FPE-criteria shows uniform over
all the network sizes the same. Knowing that the FPE-criteria is not the
right criteria to use, I tried to reduce the number of parameter in the FPE-
criteria to half the number of parameters in the actual network to simulate
an effective number of parameters. The result is shown on figure 6.12 the
lowest, curve shows the FPE with zero weight decay, the upper curve is the
FPE with a weight decay of 0.1111 these curves uses in the FPE-criteria the
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actual number of parameters in the model, the middle curve is the FPE-
criteria with reduced number of parameters in the estimate precisely half the
number of the number of parameters in the actual model. We see that the
FPE-curve for zero weight decay is uniformly the lowest justifying to choose
zero weight decay. Just to mention, the choice is consistent with the test
error, but if it was not it could not have altered the choice.

L L L L L L L L L L
8 10 12 14 16 18 20 6 8 10 12 14 16 18
Number of hidden units Number of hidden units

Figure 6.13: a: Training error for zero weight decay, the line shows the
average training error and x shows the 10 different seeds. b: the same as
a but zoomed. As seen the training error is declining for larger and larger
models as expected.

When choosing amongst the models with different number of hidden units
the zero weight decay is used and the FPE-curve is used as selection criteria,
which is valid since the weight decay is zero. Figure 6.13 shows the training
error when using zero weight decay. As expected the curve is a monotone
declining function which can be due to a too small model or due to over
fitting, if we chose the model based on the training error it self, the model
with 19 hidden units would be chosen.

Figure shows the test error estimate by FPE. We see that the criteria has the
lowest value when using 11 hidden units. As mentioned in the figure caption
the choice is not definite due to the variance on the estimate, when taking
this into account 8 or 12 hidden units could also be chosen.

We saw that the test error by the FPE-criteria suggested using 11 hidden
units. On figure 6.15 is the true test error shown, made on 200 test examples.
We see that there exists an ”Occam valley” suggesting the use of 13 to 16
hidden units. This shows a two things:

e The ML over fits large models (In this setup no very significant)
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Figure 6.14: Test error estimate by FPE for zero weight decay, the line shows
the average training error and x shows the 10 different seeds. As seen the test
error estimate would suggest using 11 hidden units, but due to the variance
it could as well be 8 or 12 hidden units.

e The FPE-criteria is pessimistic compared to the test error

The first is not very significant. The second problem can be explained by the
fact that FPE is actually only valid if the model has capacity to implement
the true function, so will FPE help to prevent over fit. If this is not the case
we not only have a misfit in the parameters but also in the model it self.
When having a wrong model we should allow using larger models than FPE
suggests in the hope that a larger model is closer to the true model. So in
this case where the true model can not be implemented by a finite network,
which in general is the case, the GPE-criteria should be used, which can be
less pessimistic towards larger models.

The mean test error ® at 11 hidden units, the optimal model by FPE, was
0.00254 i.e. only slightly more than the true test error 0.00250. The model
having the lowest training error, 19 hidden units, had a test error of 0.00256.
The model having the lowest test error 13 or 16 hidden units yielded 0.00252.

>The test error on the figures are the squared error on both channels added together,
divided by the number of inputs so the theoretic minimum is two times the true variance
i.e. 2:0.00250. The test error in the following text is the test error from the figures divided
by two so they are comparable with the true variance 0.00250
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Figure 6.15: a: Test error for zero weight decay, the line shows the average
training error and x shows the 10 different seeds. b: the same as a but
zoomed. As seen the test error suggest using 13 hidden units, but due to the
variance it could as well be 10 or 16 hidden units.

We see that the Maximum Likelihood method performs well on the robot
arm data, but the phenomena expected is seen. When it comes to model
selection the FPE-criteria selected a model that performed better than the
largest model. But the choice is not consistent with the test error, which
suggest a larger model. But the FPE-criteria is used wrongly as mentioned
above, since we can not implement the true model with a finite number of
hidden units. Instead the GPE-criteria should be used.

Monte Carlo solution to the Bayesian approach

In this section will the Bayesian framework be used on the robot arm data.
The solution is provided by Monte Carlo estimates. When using Monte
Carlo methods the estimate will not only suffer from the variance in the
actual data, but also from variations in the posterior samples. Further more
must one assure that the sampling method used, are capable of producing
samples from the entire distribution in finite time. This can not be proven
theoretically but we can hope that this can be fulfilled, and we can try
to adjust the sampling mechanism to get as fast as possible around in the
distribution. In this section will the evidence of the model be estimated, this
will be compared to the test error.

In the setup have I used Gamma-priors

p(r) = ol ~exp —wrlp e (7) (6.77)



81

/

o Ll : hw Mﬁ‘m

2 L L L L L L L L L 2 L L L L
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250
Sample number Sample number

‘M"umw”ﬂmm f\

300 350 400 450 500

L

—=_ 3

Figure 6.16: The figures shows 7~/2 and 75"/ in the burn in phase for the
largest model with 19 hidden units as they develop by time. Only every
fourth sample of the 2000 are shown. a: shows the noise level which is
found fairly fast. b: The three weight prior parameters, the most variate
corresponds to the bias to output, the upper curve is the hidden to output
weight group and the last the input and bias to hidden weights

on 7 and on three weight groups 7'1(5), k = 1...3 the groups being bias to
hidden weights and input to hidden weights, hidden to output weights and
the last group bias to output. The parameters on the gamma noise prior was
chosen vague s;5, = 0.1 and wyg, = 0.1/100 i.e. with a mean precision of
100 corresponding to oppier = 0.1. I will show that this is a very insensitive
choice by not only using the standard robot arm data with a noise standard
deviation of 0.05 but also by using a noise standard deviation of 0.5. The prior
on the weights from bias to output is s{%, = 0.25 and wp?, = .25/64 and
for the input to hidden and hidden biases sj, = 0.25 and wj, = .25/64
and lastly the hidden to output priors s}, = 0.25 and w}, = .25/Nj i.e.
the scale parameter scales with the number of hidden units assuring that
when the number of hidden units goes to infinity the model will go towards
a Gaussian process [16].

Some preliminary sampling setups was made to decide how the temperature
distribution should be characterized by the constant k. It seemed that uni-
form chosen (inverse) temperatures yielded the best result in terms of Monte
Carlo variance. 100 temperatures was drawn and sorted. The evidence is
estimated for each of the 19 different models with 1 to 19 hidden units. This

was performed both by starting at Bayes temperature # = 1 and at infinite
temperature # = 0. When starting at Bayes temperature a "burn in phase”
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is required to reach the stationary distribution. The burn in was performed
by 2000 Gibbs updates containing Hybrid Monte Carlo trajectories each con-
sisting of 8000 leapfrog steps so in total 16 million leapfrog steps. Out of the
2000 states 100 states of the last 400 states was used for prediction. The
leapfrog step size was chosen to yield an acceptance of around 80%.
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Figure 6.17: a: Test errors for the robot arm data with additive Gaussian
noise with standard deviation 0.050. The dotted line correspond to the setup
started at # = 1 and the other to the start at # = 0. b: The same as a. but
with a noise standard deviation of 0.5, the data point falling "outside” the
others are explained in the text.

On figure 6.16 is the evolution over time of the prior parameters shown.
After 400 states marked on the figure as the 100" state does it seem like the
stationary distribution is reached, but the parameter for the bias to output
group seem to fluctuate drastically up to the 800" state. It is hard to justify
if this fluctuation is a part of the stationary distribution or a convergence
phenomena. The last hundred samples are used to represent the distribution
i.e. every fourth of the last 400 states. This distance seems a little too short,
but since they are used to estimate the mean network output it is still a
central estimate, whereas the variance will be optimistic. For all the models
less than 19 hidden units, the same burn in period was used. This ensures
that we have reached the stationary distribution for all the models. In the
setup where we start from # = 0 we start by traversing over the temperatures
until reaching Bayes temperature where 400 Gibbs updates is taken with 8000
leapfrog steps in each, every 4 of these updates are taken to represent the
distribution.

On figure 6.17 is the test error shown for the two methods starting at inverse
temperature # = 0 and # = 1 for the two noise levels 0.05 and 0.50. We see
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Figure 6.18: Predictions from the network with 19 hidden units. The crosses
shows the targets and the dots marks the predictions. The data having 0.05
noise level. The simulation is started from # = 1 with the heavy burn in.

that the test error is still declining for larger models suggesting the use of the
largest possible model. The result is not totally clear due to the variance,
but no minimum occurs. The result is the same whether we are simulating
from § =0 or # = 1. The method of starting from # = 0 and simulate up to
0 = 1 can be faster than the heavy burn in phase at # = 1. This method used
to reach the stationary distribution is called simulated annealing [15] and is
a side offer when trying to estimate the evidence. The data point falling
outside the others are explained later. This outlier data has to do with the
temperature sweep. On figure 6.18 are the predictions shown together with
the targets from the test set.

The temperature sweep is made by sampling succeeding temperatures. At
each temperature is only 16 Gibbs updates made with corresponding Hybrid
Monte Carlo updates for the weights. This is justified by the fact that we
are at the stationary distribution when starting the temperature sweep from
either # = 0 or § = 1 and then we are only altering the temperature a bit,
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Figure 6.19: Step size in Hybrid Monte Carlo for different temperatures.

hoping that we are near the stationary distribution at this new tempera-
ture. Each Hybrid Monte Carlo update consists of 1000 leapfrog steps. The
step length in the Hybrid Monte Carlo was made a function of the (inverse)
temperature

e = 0.07 — 6°°1(0.07 — 0.00015); (6.78)

see figure 6.19. This choice gave an acceptance of 80% to 95% at the different
temperatures.

[ will now turn back to the problem of estimating the evidence. The log
evidence estimate is shown on figure 6.20. The figure shows four graphs, one
for each of the starting temperatures and one for each of the noise levels.
We see that the graphs in the same figure are different, which should not
be the case, since the estimate should be independent of the starting point.
What we see, is the estimate is biased towards the starting value. This can
be verified by looking at the U (wj, 8;)-function the average of this function
is the evidence estimate.

On figure 6.21 is the U (wj, 6;)-function shown for the case of 18 hidden
units and a noise level of 0.05. We see that the U (wj, 0;)-function ”latches”
into the most probable model at the starting temperature. The reason for
this latching is of course due to the sampling method. By remembering
the case in the linear model with the bimodal joint distribution of the two
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Figure 6.20: a: Log evidence estimate of the different models when the noise
level is 0.05 . The dotted line corresponds to start at # = 1 and the other to
start at # = 0. b: The same as a. but with a noise level of 0.5

hyper parameters 7 and 7,, we saw that it could be very difficult to ”move”
Tw, this only occurring when a majority of the weights occasionally move
towards the other level. The same is going on in this setup, hence when
starting from either of the sides we latches into the model most likely at this
temperature i.e. we latches into one of the modes in the posterior. This is
crucial for the estimate of the log evidence, which is then too large or too
small depending on which model that are latched onto. This can of course
be solved by sampling for a longer duration between each sample, this may
not bee the best method. Another method is to sample from a random
place at each temperature requiring a burn in phase at each temperature,
this will also be very time consuming. Yet another approach is to make
a sampling procedure that is capable of suggesting samples from the other
model than the current, and produce a sample in the normal way, and then
make a procedure to choose amongst these two samples. The samples can be
produced by starting from both temperatures. This is of course an ad hoc
procedure which is difficult to generalize.

The outlier points in the test error and the evidence will now be addressed.
It is clear that the test error, for the model with 7 hidden units estimated
from € = 0 on the data set with noise standard deviation 0.50, is wrong. This
happens because the true model is newer found, which is due to very bad
initial start under the prior at # = 0. This is actually also the reason why
the model with 12 hidden units shows a low evidence on figure 6.20.a. That
the test error is not that bad for this model is because the ”true” model is
found before the predictions occurs. The phenomena can be seen on figure
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Figure 6.21: The U (wj, ;)-function for the model with 18 hidden units and
a noise level of 0.05. The dotted line is the result from starting in § = 1 the
other in # = 0.

6.22. As explained in the figure caption is three levels seen in the U (wj, 6;)-
function. The upper level corresponds to a model where the true noise level
is found, the middle level to a model where all the signal is modeled as noise
and the lower level to a model with higher noise level than the total signal
level. This can be verified by looking at figure 6.22.b. The 100 samples
from 101 to 200 are the noise levels drawn in the temperature sweep, where
the three levels also are found. The two levels corresponding to the ”true”
model and the model believing all the signal to bee noise are found in all
the setups. The third level having an enormous noise standard deviation
only arises because of the very vague prior. On figure 6.22.b is the first 100
samples of the noise level sampled from the prior i.e. # = 0 when we starts to
see data, the 101 sample, the state is in a very unlikely position when given
some data. But since the noise level is so high is it also probable to pick very
large network outputs and hence weights, since the likelihood is insensitive
to this. This makes a kind of latching procedure into this very unlikely state.
At higher 6 the likelihood is seeing more examples and this odd noise level
becomes less probable. Fortunately the model at the next level is found, and
at last is the true model found giving the reason why the test error is not
obscured. Because the true noise level is found is the evidence estimate not
that extreme as for the model with 7 hidden units. When examining this
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Figure 6.22: a: The hysteresis effect for the model with 12 hidden units on the
data with noise standard deviation 0.05. The full drawn curve is the method
started at # = 0. On this curve is three levels seen, for an explanation see
the text. b: estimated noise level for the same model as on figure a. The
first hundred samples is from the prior, the next hundred from the (inverse)
temperature sweep from # = 0 to # = 1 and the last hundred samples is from
the prediction phase i.e. hundred samples at Bayes temperature 6 = 1.

model one encounters the same problem but worse, since the true noise level
is newer found.

6.3.7 Comparison of the Maximum Likelihood approach and the Monte Carlo
estimation

Summarizing shortly the two methods performance. Since an finite ANN
seldom is the "true” process describing data an infinite network should be
used. In a Maximum Likelihood setup will large ANN’s tend to bee over
fitted. The FPE test error estimate is though too pessimistic when trying
to select the best sized ANN, due to the fact that the model is newer the
"true” one. Instead GPE have to be used. The test error of the ANN in
the Maximum Likelihood suggested the use of a finite ANN but though not
significant.

In the Bayesian setup does the test error fall for still larger models. This
by it self justifies the use of as large as possible a model. The evidence
estimation is very difficult, for this reason is it not consistent with the test
error. Estimating the evidence for different sized ANN’s is awkward, since
we know that the largest possible model is the best one when the data is not
coming from a finite ANN. Comparing different models in a Bayesian context
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only makes sense when there exists some kind of hypothesis to be tested, the
model selection to reduce complexity is nonsense in a Bayesian setup since
no over fitting occurs.

Comparing the test performance of the ML ANN and the Bayes ANN does
in the case of the robot arm data not suggest one or the other. I think this is
due to the relative large training data set making the Maximum Likelihood
estimate good. Furthermore is the robot arm functions described well by
12 or so hidden units, so the benefit from using more hidden units is small
compared to the estimation variance in larger networks.



7.

Conclusion

The Bayesian model concept has been examined already, in the second chap-
ter did we see an example of why Bayes performs that well, it introduces
a nice and efficient way to introduce bias via the priors. When Maximum
Likelihood is used, a lot of effort is used to regularize the model, which cor-
responds to introduction of bias. The two are nearly the same priors or
regularization. I think a major difference is that Bayesians afterwards aver-
age over all the possible parameter values weighted according to the posterior
probability whereas Maximum Likelihood tries to find a single optimal point
estimate of the parameters. This can lead to overfitting but so can Bayes if a
too wrong prior is used. The overfitting of the Maximum Likelihood can be
removed by having the right regularizer, arguing for that both methods can
be optimal. Regularization in a Bayesian setup is more probabilistic than in
Maximum Likelihood. The averaging in Bayesian learning is a major part
of the regularization, which can be difficult or even impossible to formulate
into a parameterized regularizer in the Maximum Likelihood setup.

When talking decision theory both Bayes and Maximum Likelihood are meth-
ods to solve the problem of interest. All kinds of decision problems should
start out with specifying the model, the precise competing hypotheses and
the costs and losses of the possible decisions and their outcomes. After these
preliminary things a strategy should be made like minimizing the worst loss
possible or minimizing the average cost. Of course either of these two meth-
ods only put a single constraint on the decision making. Now Bayesian or
Maximum Likelihood methods can be taken into account. Yielding a model-
ing procedure of the different hypotheses. The one model having the lowest
min/max, average or what ever cost is the hypothesis chosen. This leads
back to the modelling procedure it self and hence the same problems: priors
and regularization.

All the discussion which method being the best is hard even in theory. So
being more pragmatic one must use the methods on the problem of interest.

For that reason are the methods used to solve regression problems. Two
models have been examined on two problems the linear model and the Ar-
tificial Neural Network (ANN). These models often suffer from over fitting
due to the large amount of parameters. This has been a motivation in it self
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to select amongst models. The conclusion is, based on the independent test
errors, that this is not a motivation in Bayesian modelling since this does not
suffer from over fitting, this was the case both for the linear model and the
ANN model. Bayesian model selection it self can be used in hypotheses test.

Two different hypotheses was setup. Selection of the number of input to
a linear model and selection of the number of hidden units in an ANN.
For the linear model analytic Bayesian model selection proves superior to
Maximum Likelihood. When comparing the results based on the selection
criterion and test error the Bayesian method also proves consistency, where
as Maximum Likelihood needs penaliziation to yield consistency, but having
the right asymptotic penalty Maximum Likelihood also selects the true one.
Using the sampling approximation in Bayes decision express the same result
as for the analytic case, but the result is not clear.

In the ANN setup both Maximum Likelihood and Bayes performs rather good
when comparing the test errors to the theoretic minimum. The Bayesian
test error suggests using as large as possible a model, whereas the Maximum
Likelihood test error suggests using a model with a finite number of hidden
units. So if a hypothesis was made like: how many hidden units should be
used to describe the input output relation of interest, based on the test error,
the Bayesian method would yield the true answer in the case of the robot
arm data since in theory infinitely many should be used. The Maximum
Likelihood method would give a wrong answer all due to over fitting, but the
wrong answer is not the same as we not have found a sufficiently accurate
model. This shows the benefit of using Bayes in decision setups. But the
hope was that the same decision could be made without setting data aside
to validate/test the model. This can be carried out either by using the
training error or by using the Likelihood of the training data in the Maximum
Likelihood setup or in the Bayesian setup the evidence of the model. By using
the training error Maximum Likelihood will in general select a too large model
due to over fitting but Bayes would yield a training error consistent with
the test error and hence a more accurate decision is made. The Maximum
Likelihood selection criteria again suffers from over fitting but is easy to
calculate. The evidence of the model yields good decisions if it can be derived,
when it have to be estimated as was the case in the ANN setup the result is
unclear.

The method used, path sampling, has the potential to yield the right Bayes
answer. But sampling in the ANN setup makes the estimation very time con-
suming. The idea of ordering the temperatures to reduce the computation
time, was maybe not the best to do, though at least as good as not doing
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it. The method can be improved, not only by sampling for a longer dura-
tion, but by constructing a sampling method that are even better to move
around in the distribution of interest. But even though path sampling did
not yield consistent answers, a lot of interesting phenomena was discovered.
The evidence approximation is calculated as the ratio between two models,
the temperature sweep so to say selects amongst the models and at a certain
temperature a rapid phase transition occurs. This phase transition is actually
what makes the estimation hard, since in the temperature interval where the
phase transition can occur, different modes exists in the joint distribution of
the hyper parameters. The major challenge is then to construct a sampling
method that easily can propose samples from the competing modes. There
is a hope that this is possible since we can identify two modes by starting at
the other end of the temperatures. But how this should be used is not clear.

Yet another approach to estimate the evidence has been proposed. By ensem-
ble learning an approximation to the posterior can be found. An ensemble
method for the ANN has been derived. By using this ensemble estimate as
the sampling distribution the normalizing constant of the posterior, which is
the same as the evidence, can be estimated by importance sampling.
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Appendix A. Analytic derivation for the linear model

A.1 Predictive distribution: Linear model

The following derivations, are directly related to the results in 6.2
If we assume the model to be linear, with a single outputs, then we will have
f(x;w) =x"w (A.1)

By using a Gaussian noise model, the likelihood becomes

w|z

T

FY X, w,f) = ‘% S (X'w-Y)" (XTW—Y)> (A.2)

e
where 7 is the noise precision, and w’ = [WT, 7']. We use a Gaussian prior
on the weights w with a precision 7,, = p7 and a mean vector equal to the
null vector. The noise precision is given a gamma prior with parameters «

and . This yields

T(wlp,7) = % N exp (—p—;wTw>
1 7 T
7T(7_|Oé,5) = W’fa lexp—g

where N,, is the number of weights. The total prior then becomes

N.

K2 1 -1 (P T 1)
———— 7" exp—T | -W W+ — A3
[{a) M V) B

which is in the family of normal-gamma distributions. The posterior is then

composed by the prior and the likelihood
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Now the predictive distribution can be written
» (y(N+1) ‘X(NJrl),D,p’ o, B,f) =
/f (y(N“) ‘X(N“), W', f) k(W' D, p, e, B) dw' (A.5)
SO
P (y(N+1) ‘X(N—H), D, p,a, 3, f) x (A.6)

// pot At exp —F (y(N+1), w, 7') dwdr

E (y(N“),w, ’/") = g ((w — WU)T >t (W —wy) + a)

LT (WTX(N+1) _ y(N+1))T (WTX(N+1) _

(N+1)
5 )

Y

We can rewrite the integrals

P /TO‘JF%_Iexp—%b/exp—g (W—W)Tif1 (w—w) dwdr

T = XX x WXV st (VD (VT (A7)
W o= B (XY 4 xVHy)
9 _
b= 3~ Y W+ Yy 4y VDT (VD)

The integral over w is a Gaussian integral yielding

N+Ny+1 T ‘E‘I/Q (QW)NTw
p (y(N+1) ‘X(N—l_l)apapa OZ,B,f) 0.8 /TCH— 2 ! eXp_—deT
T 2
= ‘E‘I/Q (27T)N2w /TO“F%_I exp —gde (A.8)
This is simply a gamma integral, so
N+1
— Ny N+1\ /2\“" =2
p (y(N+1) ‘X(NJFI): D7 P, &, Ba f) X ‘2‘1/2 (271_)1\[2 I (a + T+> <E>
(A.9)
We can see that
p (y(”“) ‘x(”“),D,p,a,ﬁ,f) % (A.10)

20+ N+1
T__ - 2
(% _ (XY 4 x(n—l—l)y(n—l—l)) > (XY 4 x(n—l—l)y(n—i—l)) + YTY+y(n+1)y(n+1)>



95

this can be rewritten into

P (y(n+1) ‘X(TL‘FI), D, p, Q, /8, f) o (All)
2 P _ 1 2\ T
<— — = —Y'XTEXY + YTY +— (ytY) —7) )
8k K
where
7 = wxm"EXY
1 )T )
K
The predictive distribution can be rewritten into
p (¥ [x", D, pa, B, f) o (A.12)
_2a+2N+1

2a+ N (yn D) — ?)2
f(2-2 - YTXIEXY +YTY) 204N
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B

Which can be normalized since y(®*1) ~ ¢ <2a + N,y, -2 ST
hence
p (D ‘X(”“),D,p,a,ﬂ,f) = (A.13)
2a+N+1
T 2a+N+1 /F 2a+N (n41) _ 7 2 - 2
( 2 ) ( 2 ) . (y - 7) . 2
\/7T (HZ -2 - HyTxTixy_'_HyTy) K (E - YITXTEXY +Y Y) -y

The evidence of the model can also be calculated since
m(wlp,a,B) f(Y|X, w,f)
k D = A.14
WiP.p.0 ) = (YKo B 1Y

where the denominator is the evidence of the model

FOY X, p,a, B, ) = /7T((.0'|p, 0 B) F(Y[X, o f)de'  (A15)
It can easily be derived
1 _2aN
I (222Y) T () [I—xT2x|? YT (Ix"Ex)Y :
f(Y|X7p7a757f): ( : )/ ( )‘N ‘ ]'+ ( —1 )
(2r87) 2 28
(A.16)
i.e. Y is t distributed
Ix"®
Y ~t <2a,0, 204%) (A.17)
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Appendix B. Conditional distributions of the linear
model

The conditional distributions in the linear model with independence between
7 and 7, and inverse temperature f can be written

W) F Y |X £)?
p (WY, X, 7,7,0,f) = p(wlrw) J (Y X, w.r, )0 (B.1)
fp(w’ ITw) f (Y X, w',7,f)" dw'

7 (r) f (Y |X, w,r,f)°
[n () f(Y X, w7, £) dr’
T (Tw) P (W|Tw)

PeN) = T i) dr 59

p (7_ |Y7 X7 W, Tw, 97 f) =

The result from doing this is now to be derived. First we find

p(W Y, X, 7,70, £) < p(W]Tw) f (Y |X,w,r,f)’

X exp —%UWTW - [%T (Y - XTW)T (Y — X"w) (B.4)

which can be rewritten into
1
#w Y, X, 7,70, ) o exp —in (0rXX" + 7, )w+07Y ' X"w  (B.5)

which can be normalized since the distribution is Gaussian
WYX, 7 ) = e exp o (w — o) 32 (w — wo)
w Y, X, 7,7y, = ———exp—— (W—w w (w—w
w |27T2&1| 9 0 0

2, = 0 XX" +7,I)wy
= orY'X'%, (B.6)

hence Gaussian.

The noise precision can be found by

p (1Y, X, w,my,0,f) < (1) f (Y |X, w,T, f)g

~—

e 7_a71+9N/2 exp —T (51 +

| D

(Y - X"w)" (Y - XTW)) (B.7)



98

where N is the number of examples. As seen this is a Gamma distribution
so the normalized version is

Y, X, w,0,f) = “Lexp—7h ! B.
p (1Y, X, w,0,f) F(a)T exp —7b (B.8)
a = a+0N/2
vl = gl g (Y = X"w)" (Y = X"w)

For the precision on the weights it is easy to derive

p(Tw W) o m(Tw)p(W|Tw)

1
x Tf‘u"”HNi/? exp — T <5w1 + §WTW> (B.9)
where NNV, is both the number of weights and number of inputs. As seen this
is again a Gamma distribution
(0,1

p(Twlw) = T (ag) To’
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Appendix C. Ensemble estimate of the ANN

C.1 Approximating the ANN

The ANN-model are described by the parameters w, 7 and « i.e. the net-
work weights, the noise precision and the weight prior precision, the gamma
distribution hyper parameters are fixed at specific values. The true posterior
at a specific temperature

N
=1

p(w, 7 a|D,0) o< p(@)p(r) pwla)p’ ({y:} L] x} . row)  (C)

where a = {ay. }1, and K is the number of groups the weights are split into.
The approximation to C.1 in this framework can then be written

q(w,7,a|D,0)=q(w|D,0)q(r|D,0)q(ax|D,0)

where D = {yi,xiv}fil. The KL-distance between p(w,7,a|D,6) and
q(w,7,a|D,f) are

KL (p(w,7,a|D,0),q(w,7,a|D,0)) =
—/ (w,7,a|D,0)lo p(W’T’a|D’9)dw a
q 77_7 ) gq(W,T,a|D,9) 77_7

As seen this splits into

KL (p,q) = — / Gw-9a(k + 0logp, + log pw + (C.2)
log p; +10gpa — l0g gw —log ¢; — log go)dw, 7, ¢

N
=1

wherep=p(w,7,a|D,0),q=q(w,7,a|D,0),p, =p ({yi} {(xi}Y, ,T,W),

Pw =P (Wla), pr = p(7), pa =p (@), gw = ¢(W[D,0), ¢ = q(7[D,0),
da = ¢ (a|D,0) and k is the negative logarithm of the normalizing constant
to C.1.
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Derivation of gy,

If we carry out the integral over o

KL(p,q) =— / Gwr (k1 + 0logp, + / o log pwda

+logp, — log qw — log g, )dw, 7 (C.3)

and over T

KL (p,q) = —/qw <k2 + 9/% log p,dr + /Qa log pwdo — long> dw
which equals

ko + 0 [ ¢, logp,d o l0g pud
Kﬁ(zw)z—/qw (logeXp(QJr [ a-logpydr + ] dalogp a)>dw

Aw

this is minimized by

(w OX €XP (9/qT log pydr + /qa logpwda>

The integrals can be solved

N
N T T
/qT logp,dr = / (5 log% — 52 f(xi,w ))2> dr

=1

Z f(xi,w ))2

=1

wl\ll

where 7 = [ ¢.7dr i.e. the mean with respect to the approximation ¢,. The
other integral yields

" (N o AL 2
/Qa logpwda = /QQZ (716 logﬁ - 7]6 (wgk)> ) da

where the prior py, is independent Gaussians on each weight. The weights
are split into K groups, Nj is the number of weights in the £ group and
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wgk) is the i weight in that group'. @) = [ gacdea. So now we can write

N K N

Qw X exp —% (9?2 (i — f (x5, W) + ZZ&k (wgk)y) (C.4)

=1 k=1 i=1

the exponent is non linear in the weights. For that reason ¢, is approximated
by a Gaussian, the solution has to be iterated, so in the m/* iteration the
approximation becomes

g™ o exp —% (W—W(m))T »im (W—W(m)) (C.5)

w
The exponent £ = —log gy, in C.4 is approximated by a second order Taylor
expansion around w(™
OFE (w)

E(w)~ B (wm D)+ St

(w-wm D)L w0y " 2B L) (st )

owowT ‘wzw(m— 1)

w=w(m=1)

The next things to do is to derive W*) and 2;(1;9) to do this we only need

those parts that are multiplied by w and find those parts that correspond to
those in the exponent of C.5

leEEUm)_lw — WTET(Hm)_lw(m) =

1 7 02E(w) o2E(w) ™Y _ 1 9E (w)
2 T awowT | _—(m-1) w—w'! <BW3WT wk-1 _ 3—w> oy (C.6)
so by recognition
-1 0*FE(w)
e C.7
Y owowT | o1 (C.7)
and -
OW | lm 1)

This ends the approximation of ¢y,.

Derivation of ¢,

The next step is to derive g,. As a beginning 7 and w is integrated out of

C.3
KL (p,q) = —/qa <k3+/qw log pwdw + log pa —logqa> do
k w 10g Dy + 10g pg
_ _/qalogexp( 3 1 J awlogpw +10gpa) ,
lo

'In the widely used setup with a group for each layers weight and a group for each
layers biases, K = 4 if the setup consist of a single layer.
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ie.
Jo X P €XP / Gw log pwdw
the integral is easily solved

N

/f (N ar o *)) 2
Aw IngWdW = /QW § (_ log - o (wzk ) ) dw
— 2 2m 2

i=1
K Ny,
Nk Qg a k __(k)?
- (- )
k=1 i=1

where (k) indicates the group, and ¢ the number in that group. The result
is then

K (N o o Ny, )
A DGR )
k=1

i=1
Koo 1o k k)?
X Da H%Q exp—§ZZak (ZZ(-Z-) +w§ ) )
k=1 k=1 i=1
this is simply K independent gamma distributions ¢,, = Wagk ~Lexp —ay /b
SO
K
QQ - H Qak
k=1
where
Ni
ap = ap,k + 7

b, =

1 n]
-1 (k) | —(k)
by + B § , <Eii +w; )]

=1

where p indicates the prior, so

ap = akbk (Cg)

Derivation of ¢,

As in the two preceding derivations, we start by integrating out the variables
other than 7 from

KL (p,q) = —/qT <k4 + H/qw log p,dw + logp, — loqu> dr  (C.10)
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SO
qr X prexpl / Gw log pydw
the integral

N

G/QWlngydW_ log__e/QW;_Z Xza ))de
is solved by Taylor expansion

0 (w) = (v~ f(xi,w))’
d67 (w)

~ 57 (W™ + 5o o (w—w™) +
1 T 9%67 (W) _
2 (w—wr i (m)
2 (W ) owow™ | __im (W v )

SO
NO 1 10 9°67 (w)

1 -~ " log ———~ 2 (w(m)) _ —
H/qw o8Py =y log Ty 2 (51 () =3 2 w0,

which yields the distribution at iteration m

ar—1

g™ o 7o L exp —7 /bl

i.e. a gamma distribution I’ (aT, o )) where

No
2

0 — %67 (w)
rt3 2 Z (62 Z aw]aw,

so the mean becomes

pim =

7 = g, blm) (C.11)

Algorithm for ensemble learning

The previous sections shows how to calculate 7 and «a if we really know the
mean w and E:Ul. But we do not know them, so we hope that it is possible
to iterate towards a solution. The algorithm simply becomes
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e set m=0

o first draw or select a starting point for W™

1. increase k

2. calculate 255”)_1 according to C.7

3. calculate W™ according to C.8

4. calculate a,ﬁm) by using the recent calculated =™ and W™ and
equation C.9

5. now calculate 7™ by C.11
e repeat from a until convergence

When convergence is reached a Gaussian approximation to the weights are
derived.
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