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Two different methods of obtaining the partition function for a spin 1 open ended Ising
chain with interactions between nearest and second nearest neighbour spins are presented.
These are non-matrix methods, in that they do not require the diagonalization of a transfer
matrix, and they provide a useful representation for studying the analytical structure of the
partition function. The pair correlation fungtions are also derived, using the second of these
methods. These correlation functions are utilized in a study of the ground state and the finite
temperature spin configurations. An interesting application of these results to the problem
of out-of-phase domain structure in binary alloys is discussed.

§ 1. Introduction

The Ising chain is of interest in statistical mechanics because it can be
solved exactly and because it can be incorporated into some interesting problems
of statistical physics. This paper presents exact solutions for the partition func-
tion and pair correlation functions of a spin % Ising chain with both nearest and
second nearest neighbour interactions. The motivation for this work was two-
fold in nature. '

Firstly, within a statistical mechanical context, it was our desire to obtain
methods of solving for the partition function and pair correlation functions of
an open ended®™ spin i1 chain of any length which did not rely upon the standard
matrix technique. The nearest neighbour Ising chain has so simple a solution
that in order to learn how to achieve this goal it is necessary to study a chain
with more than nearest neighbour interactions. Section 2 presents an inductive,
non-matrix method of solving for the partition function. There we present a
series representation which generates the appropriate polynomial solution for a
chain of arbitrary length. With this series representation we are able to see
the analytical structure of the partition function. Such transparency is not di-
rectly displayed by the matrix method which has been used in the past”” to
calculate the partition function.

Section 3 describes a second method. We present a difference equation for
the partition function and readily solve it to obtain a result in agreement with
that of §2. In §4 we calculate the pair correlation functions of Ising chain;
these results are new and are obtained using the difference equation method in-

% An open ended Ising chain is one in which periodic boundary conditions are not imposed:
the chain begins with site 1 and ends with site N.
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troduced in §3. An interesting isomorphism between the nearest neighbour spin
1 Ising chain in an external magnetic field and this second neighbour chain can
be derived and is discussed in Appendix A. Appendix B describes the exten-
sion of the techniques of §3 to the third nearest neighbour Ising chain.

Secondly, we were interested in using our model to study some aspects of
the problem of the formation of long period superlattices® in binary alloys. It
is well known that an isomorphism exists between the Ising model and the binary
alloy.® If the problem of a three dimensional binary alloy could be reduced to
an effectively one dimensional model, then our results could be used to give
some guide to the type of behaviour to be expected. Such a model has been
proposed by Cowley and will be discussed in §7. We have therefore used our
formulae for the pair correlation functions to study, in § 5, the ground state spin
configurations, and in §6 the temperature dependence of the spin correlations.
Section 7 contains a discussion of these results in the light of these motivating
forces.

§2. Partition function—series method

Consider a one dimensional chain of N spins, where each spin s;=+1. We
will assume that the only interactions present in the system are those between
nearest neighbour and second nearest neighbour spins, the former having the
form —Jis;5;51 and the latter the form —Jys;5:.5. The Hamiltonian of the system
is then

N -1 N—2
HN: —Ji 21 Si5i+1_J2 leié‘wz . (1)

Ji and J; are the interaction strengths—with our sign convention a positive in-
teraction strength corresponds to a ferromagnetic interaction between spins. The
partition function, Oy, is the sum over all 2% possible spin configurations of the

function exp(—Hy/kT):

N--1 N-—-2
QN=§ exp (K1 };ISiSiH"T"Kz 7:21 5i5i+2)> Ki=Ji/kT .
Using the identity
exp(Kss’) =cosh K- (1+ ss’-tanh K)

we can rewrite the partition function as

N1 N—2 ’
Ox=cosh” K -cosh” K, - D {IT (1 + asesipr) - TL (A + Bsisiga) }s
t=1

i =l

where a=tanh K; and f=tanh K.
We introduce a new set of variables Z;, defined in terms of the s; variables
by the equations
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f():Sl; ti:S-,;S,;_l_l, i=1, Z,N—l.

There is a one-to-one correspondence between the sets {s;} and {#;} because each
s; is uniquely expressible as a product of #;:

S1=1Zy; S;=1Lol1Ly1, i>1.
The partition function becomes
Qx=2" cosh 'K, - cosh"?K,- Qy, (2)

where the function Qy is defined in terms of the #; as

Or=2" SH{IT (1 -+ ) T+ Btk ©)

{t4}

We must now expand the products in (3) and sum over each of the #;. It is
obvious that, since each #; can take the values +1 and —1, the only terms of
the expanded form of the product which contribute to (3) are those which are
either independent of #; or contain #; twice (because #’=1) for each value of
i. The final expression for Qy will be a polynomial in & and § whose first term
is unity; our problem is to determine the coefficients of the remaining terms.

If N is small the problem of finding the polynomials is trivial: the first
few are

Q=1," Q=1+, Qi=1+2a8+a8"

We continue this sequence until a definite pattern emerges. We are then able
to write down the general form of Qy:

QNZ(N—ZI)/ZN_ZWL}—1<N_£—1 >< i—1

m

> a2m‘8i,

m—1

m=0 i=m

where [x] denotes the greatest integer <. Using the identity (%>:<L£Z>

and relabelling, we obtain

W—1)2 N-gm-1/ N—i—m—1 i+m—1\
— Tt em™ ®
‘QN mZ=0 g Z (N—i—Zm—l)( >8

=0

Z

Now since

the term
Neom-1/ N—7i—m—1 i+m—1 ;
3 (N | G
=0 N~2—27?’L—1 ‘Z

N-im-1 ipn the power series expansion of

(1—-Bz)"(1—z)™L

is just the coefficients of 2
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This coefficient may also be expressed in the form of a contour integral

1 dz
Jm Ny = — >
&, 8) 271 J 0 (1 —B)™ (1 — )™+

where the contour C encloses only the pole at the origin. Thus

[(V—1)/2

/2]
Or="31 a™g"Ju(N, B),
oy
and if we reverse the order of summation and integration we find that

Qp=-_1_§ 92 1-Bz— (5" (1=2)) (&’B2"/ (1 —Pz) (1 —=z) >
2mi J o 2V (1—-F2) A—2) —a’Bz’

The third term of the numerator makes no contribution to the value of Qx; we
can then evaluate Qy by expanding the remainder of the integrand in terms of
partial fractions. Let

a=B+1,  b={(B—-1)+4a’8}"",

the final result is then

0= (-G @

As N—oo, {(a—b)/(a+0b)}"—0, so that in the thermodynamic limit

o o) o2

The partition function of the infinite chain is therefore
In OQ=lim(N"'1n Qp)
N-owo
=K, +1In{cosh K, + (cosh’K; — 2¢7**2 sinh 2K,)"*} . (5)

By applying the binomial theorem to (4) we obtain a more useful form of Oy

o ()L LI)E =-DEEDE T o

This result will be used when we later require an expression for Qy where «
is replaced by its reciprocal, in which case & is imaginary.

§3. Partition function—difference equation method

In order to obtain a recurrence relation for )y we separate out the first
term of each of the products in (3):

Or=27" {1+ at) (1+ Btltz)tf;[:(l +at) -iﬁ;(l Bt}
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=273 {Jf[l(l + ait;) l;v[j:(l +Btitii) }

Ty i=2

+a27 "3 {# Iﬁl(l +aty) - if:]_;(l + Btitii)}

Ty =2

ag2 ST +a) TLA+ B}

ti} =2 d=
) N1 N-2
+p27" g{tltz I +az)-T1A+ Btitiin)} (7
We introduce a function Xy, defined as
N-1 N2
Xy=2"" {;}{h El A+ ats) E A+ Btitiza)}-

The second and fourth terms of (7) are zero because they contain an unpaired
Z;; if the indices of the remaining two terms are reduced by one we obtain the
result

Ov=0w1+aBXy1. (8)
Similarly,

Xy=aQy-1+BXwy-1. €©)

In (8) and (9) we have a pair of simultaneous linear difference equations. To
solve for Qy we introduce the operator E having the property that Ef(N)
=f(N+1). Xy can be eliminated between the two equations, the resulting
second order difference equation is

{E*~ (B+1)E+A—a™)}Px=0. (10)
The solution to (10) can be written down immediately, it is
Ox=A2Y+BL.",
where

Lo=3{B+1+ [(B—1)+4a’8T"}

and A, B are constants which depend on the boundary conditions—in this case
the expressions for (, and (), which were obtained earlier. Finally

Q= [B— 1 +4afT [T — 27— BT =27 ) ;
it is a simple matter to show that this reduces to (4), the result obtained from
the series method.

§4. The spin correlation functions

The correlation between the si)ins s; and s;.r on a chain of length N is de-
fined as
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smw 2 15147 €XP (Kl 2 siSir1+ Ky 2 SiSi+2) 11)

in the notation of §2. Equivalently,

lgr-1

Ow smw—'z—NZ{ Z.‘n i H(l'!‘azi) H(l—l—ﬁt Liv1)}

{3} i=1

=2 ”Z{mawm H(1+Bz fip1) 1+ (A4 Btaty)

{ts} =1

I+r—1

X[ TT 2(+az)- lﬁl Ot Bt ] (-t Blirestins)

[T (taz) - TE (48T (12)

should the lower limit of any of the products in (12) exceed the upper limit
then that product is replaced by unity. (By definition .%;,,=0.) Since

t; A+at) =« <1+—1—ti>
a
we find that (12) can be expressed as

Ox Smw & QD1 <; >.QN+1—Z—T [1 + 3%1132%f$1 (;}Z)

+p (L) St (B )| a8)

where we have defined the four spin correlation function %/ ;,.. as the obvi-

ous generalization of (11). (Note that 7., =1 and S5 =S2s.) The cor-
relation functions and the (Jy are polynomials in « and {3, except where the
arguments of these functions are given explicitly as 1/a, in which case each «
in the polynomial is replaced by its reciprocal—as an example

Q%é) =1+%ﬁ.

Treating Qy itself in the same way we obtain

Ov=010r110x11-1-+[1+ .S %s, T
+BS  L an TT + BS enT s rere T s ] (14)
S Jsor is then found by dividing (13) by (14).

For the special case [=r=1,

- Oé-|-,8..%jf;;1
8185 1""“[9%112—;1

since (=1 and 7,,=a. We let N—>co and define the quantity x as

1557
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z=lim %7, ,

N0
then x satisfies the equation
_ atpz
1+afx
whose solution is
_ 1y 2 o11/2
e AL LDty a5

(the second solution is unphysical).
We now consider the general case and let N—oco—replacing %%, by =z,

: N
<SZSZ+ 7‘> = }Vlm %zszw
—w

_ aer (1/a) [ 1+ R (/@) - (x+ F,) + Bx L s oL/ ) }
Orix 1+ (2 + S + B Foit '

5182878y

(16)

The four-spin correlation function may be expanded in a form similar to (12)
and expressed in terms of the partition function and the correlation functions of
a shorter chain:

Or1 S50 = 0r 1+ 20B0r 1850+ B0 1L v iy gy -
Also
Qr+1 = Qr—1 + ZOIBQr—p%Zs:l + CKZBZQr—1 s:s—zlsr_zs,_,;

hence

OrisZiibarn= 2 Orest (€= 20 )0r a4 28 (a— 2)0, 15032,
(44 a (84

where 7=>3. We eliminate .%;;;' by using (9) (from the definitions, Xy=.%1s)

and obtain

2
Qr+1 s:;;:,-s“l: %QT—I& + 2<1 _%> Qr + (a_ %) Qr—l . (17)

Considering (16) we see that the spin index [/ appears only in the correla-
tion function .%;,,. It might be argued that by taking the limit /oo and re-
l

placing %5,
of which are an infinite distance from the ends of the chain. This is in fact

by x we would obtain the correlation function for two spins both

the case when both nearest and second nearest neighbour interactions are fer-
romagnetic (J; and J,>0), but if either (or both) are antiferromagnetic there
is a tendency, as we shall soon see, for sublattices to appear for certain ranges
of J; and J,, and the index / must be retained in order to indicate which par-
ticular sublattice is being considered,
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§5. Ground state configurations

The four possible zero temperature configurations are shown in Fig. 1.
States I and IV are strictly equivalent, differing only in the location of the do-
main boundaries relative to one end of the chain. Neglecting end effects, the
ground state energies are

EIOZEIV(J:sz »
E]Io: "‘2(].1’*2:]2 ’
Em0:2J1—2J2 .

If Jy>—1|Jif, states II and III are stable for J;>>0 and J,<<0 respectively. If

— 4| J4l, states I and IV are stable for J;>>0 and J;<C0 respectively; the choice
of state in this case depends only on the relative directions of the first two spins
of the chain which, from a further simple energy argument, can be shown to
depend only on the sign of J;. These results can be displayed on a phase dia-
gram, Fig. 2, the Ji-J, plane is divided into four regions, each corresponding
to a different ground state configuration.

The T'=0 behaviour may also be deduced from the limiting forms of the
correlation functions. Rather than considering the general expressions for the
correlation functions we will discuss three particular examples, and for simplicity
we shall assume that J;>>0 and J,<<0. The expression for {s;s,» appears in (15)
and from (16) we can obtain the expressions for the two other correlation func-
tions we propose to consider, namely

_ Bftax ~'
< 1 3> m (18)
Csassd = 1“f ZB’; 19)

For sufficiently small values of 7T, K, and K, are large, so
a=tanh K;~1—2e s | 2¢=4%1, K. >0,
B=tanh Ky~ —1426"—2¢%,  K,<0.
Substituting these expansions into (15) we obtain to lowest order
{sisy=1—2e¢7", Ji>—%J1,
- 1—4e'*, Jo<l %15

in both cases {s;5»=1 at zero temperature. If we now use these expansions in
the evaluation of the limits of (18) and (19) we see that to lowest order the
numerators and denominators are zero. On retaining the higher order terms we

find that at 7'=0,
<3153> :‘<3235> = 1 N J2> - ’%Jl »
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<5153>:<5253>: -1, J<—3%J:.

These results agree with those reached earlier, and also with those of Obokata
and Oguchi® which were obtained by taking the zero temperature limit of the
expression for the energy of the system.

Jz
I I
T oo T I I
Ji
I A
- - e - Je=difo N I Ja2==di /o
iy [
Fig. 1. The allowed ground state (T'=0°K) spin Fig. 2. The ground state phase diagram.
configurations.
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Fig. 3. The spin correlation function {51S14p)
for different values of the ratio p(=Jy/|J1|)
and the temperature T7(=kT/|J1]). J;>>0.

Fig. 4. The spin correlation function <ssss5.z>
for different values of the ratio p(=Jy/|Ji})
and the temperature 77 (=kT/|Ji]). J1>>0.
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Fig. 5. The spin correlation function {sis1.g> Fig. 6. The spin correlation function {sss5.z>
for different values of the ratio p(=Jy/|Ji|) for different values of the ratio p(=J%/|J1|)
and the temperature 77 (=kT/|J1]). J1<<0. and the temperature 77 (=kT/|J1]). J1<0.

§ 6. Numerical results

Using Egs. (6), (15), (16) and (17), we have numerically evaluated the
spin correlation function {s;s;.z> over a range of temperatures for both positive
and negative J; and various values of the ratio p=J,/|Ji]. In Figs. 3 to 6 we
display the results obtained for L=1 and L=5; the graphs show how the cor-
relation between spins varies with the distance, R, between them—for various
values of the temperature 7 =£kT/|J4|.

From the numerical results the general properties of the system may be de-
duced. When J, is positive the behaviour is qualitatively the same as the near-
est neighbour Ising chain: the ground state is ferromagnetic if J;>>0 and anti-
ferromagnetic if J;<<0. For 77>0 the correlations are all positive for J;>>0 and
oscillate in sign for J;<<0, Should J, be negative, the behaviour will depend
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on whether or not p exceeds —3%. If p>—1 the ground state configuration is
identical to that for J,>>0; as the temperature increases from zero some of the
correlation functions change sign one or more times and, of course, eventually
approach zero. On the other hand, if p<—4%, the spins group in parallel pairs
at 7'=0, with successive pairs antiparallel; depending on. the sign of J; this
configuration may correspond to either I or IV. This domain structure disap-
pears for 7>0 and the signs of some of the correlation functions change—the
behaviour at higher temperatures is similar to that of the previous case. Even
though both positive and negative correlations exist for 7>>0 there is no resem-
blance between them and the domain structure of the ground state; in fact when
the temperature is greater than zero all spin sites are equivalent, apart from end
effects—a result which follows from the absence of long-range order when 7°>0.

As this calculation considers spins close to one end of an infinite chain we
have been able to investigate the effects of the open boundary conditions. A
comparison of the results for L=1 and L=5 will indicate the increased impor-
tance of end effects at lower temperatures (except, of course, T=0) and also
that where the ground state is a simple ferro- or antiferromagnetic configuration
the end effects are less pronounced than for the case in which spin pairing oc-
curs; in each case however, the end effects decrease steadily as L increases.

The reason why, in general, L is not allowed to become infinite should by
now be apparent. We have seen that for certain values of J; and J;, domain
structure exists at 7'=0. The correlation functions therefore oscillate between
+1 and —1 as L changes. Hence no unique limit of {szs;.z> exists (for gen-
eral R) as L—oo and the value of L (or at least its value modulo 2) must be
retained.

Bitterlich and Jelitto® have made a numerical study of the two-dimensional
model with second nearest neighbour interactions. They found that the system
exhibited only a single phase transition, but there was a choice of three possible
ordered ground states, depending on the ratio of the interaction strengths. Of
the three ground states one was ferromagnetic and the other two were anti-
ferromagnetic; their phase diagram was identical in form to the one given here.
The ground state configurations of the three dimensional model are discussed by
Clapp and Moss.”

§ 7. Discussion

We have presented two different methods of solution for the partition
function in §§2 and 3. These methods are non-matrix methods, in that they do
not require the diagonalization of any matrix, but our. final result agrees with
that of the matrix methods, as it must. However, the series representation of
the partition function in §2 and the recurrence relation given in §3 provide a
direction in which to search for a new analytical representation of the problem,
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In particular, it appears possible to use these results to establish the rela-
tionship between the solution of this and other Ising chains to the class of or-
thogonal and bi-orthogonal polynomials. With an analytical representation of these
solutions in terms of known functions it should then be possible to obtain dif-
ferential equations that the partition functions satisfy. While this is an ambitious
undertaking, we are encouraged by preliminary results presently at hand to con-
tinue this line of study as well as to attempt to extend it to higher dimensional
Ising models. The ultimate desire is that if the appropriate differential equa-
tions could be obtained, the analytical properties of the Ising model would then
be more amenable to study. Work in this direction is presently underway.

The pair correlation functions derived in §4 have been used in a study of
the spin configurations as a function of temperature for all the values (both sign
and magnitude) of the nearest and second nearest neighbour interaction strengths
in §§5 and 6. It was pointed out in the introduction that these results could
be used in studying an effectively one  dimensional binary alloy problem. It is
our intention to discuss this problem now.

The superlattice reflections in x-ray and electron diffraction patterns from
certain ordered binary alloys below their critical temperatures show splittings,
as do the diffuse maxima from certain disordered binary alloys above their criti-
cal temperatures. The splittings in the long-range ordered state of the alloy
below the critical temperature are attributed to the presence of a long period
superlattice composed of a periodic alternation of out-of-phase domains. The
splittings in the disordered state above the critical temperature are attributed to
the presence of finite but relatively large regions of the alloy where superlattice
(out-of-phase) structure exists.” These are small ordered regions in the disor-
dered structure which are a manifestation of the short-range order in the alloy
above its critical temperature. This is particularly true as the critical tempera-
ture is approached from above in which case the amount of short-range order
in the system increases. The separation of the split maxima is determined by
the period of the domain structure.

Cowley® has proposed an interesting model of the binary alloy in order to
interpret this phenomenon. He assumes that the alloy is composed of ordered
planes of atoms, as in the ordered structure. This is certainly correct for the
ordered state of the alloy, and the presence of a considerable amount of short-
range order in the alloy near and above the critical temperature would indicate
that it is a good approximation there as well. At an anti-phase domain boun-
dary in the alloy there is a shift of the ordered planes by an amount equal to
one half the face diagonal of a unit cell. An unshifted ordered plane will be
called an A-centered ordered plane, and a shifted plane will be called a B-
centered ordered plane. Thus Cowley visualizes the alloy as a one dimensional
array of A- and B-centered ordered planes. There will be an interaction between
the planes arising from the interactions between the atoms of the alloy.
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If we denote an A-centered ordered plane by the spin up direction and a
B-centered plane by the spin down direction, and assume there exists only ne-
arest and second nearest neighbour planar interactions, then we have an isomor-
phism between the Cowley model and our Ising chain.

At this point it is important to stress that in the Cowley model the order-
ing of out-of-phase domains is a separate problem, involving weak, long-range
energy terms (oscillatory potentials due to electron energies) from that of the
in-plane ordering. The Cowley model requires first of all the solving of the
ordering problem arising from short-range interactions. This gives a state of
order in the usual sense. For CusAu and other similar alloys this implies (both
from approximate theory and experiment) out-of-phase boundaries parallel to 100
type planes—hence relative stability of planes of atoms perpendicular to cube
axes. Now having established this over all state of order with antiphase boun-
daries, Cowley introduces long-range, weak oscillatory potentials to get ordering
of anti-phase boundaries.® This is the one dimensional problem which we are
interested in here.

Although there will be no phase transition in this model because the second
neighbour Ising chain has no phase transition, we expect the ground state of -the
Ising chain to correspond to that of the alloy. We would also expect that the
temperature dependence of the spin configuration above T'=0°K (the effective
T, for the Ising chain) would provide some indication of the type of ordered
plane (domain) structure to be expected in the alloy above its critical temperature.

Thus, by studying the temperature dependence of the pair correlation func-
tions of the Ising chain for different values of the interaction strengths, we can
learn something about the ordered plane configurations. A configuration of all
spins up (or equivalently, all spins down) corresponds to a configuration of all
A-centred planes (all B-centred planes) and hence no out-of-phase domain struc-
ture. A periodic configuration of up and down spins corresponds to a periodic
configuration of A- and B-centred ordered planes, and therefore represents a
periodic out-of-phase domain structure for the binary alloy.

The spin configurations of the Ising chain were given in §§5 and 6; the
results are displayed in Figs. 1 through 6. Depending on the magnitude and
sign of the two interaction strengths, it is possible to find the following types
of domain structure: (i) no out-of-phase domain structure at 7'=0°K but the
presence of such structure at temperatures above zero; this corresponds to values
of the interaction strengths in a portion of section II of the phase diagram; (ii)
out-of-phase domain structure at both 7'=0°K and 77>0°K-—the different types
of domain structure correspond to the sectors I, III and IV of the phase diagram.
Accordingly, the presence or absence of splittings in the diffraction patterns
would be determined by the values of the interaction strengths corresponding

#) Moss!® has recently used the Friedel oscillatory potential to interpret the splitting of the
diffuse spots from Cu-Au alloys above 7.
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to the appropriate sector of the phase diagram.

It is also interesting to contrast the domain structure which occurs at the
ends of the chain with that which occurs within the chain. The difference can
be clearly seen in Figs. 3 through 6. The spins (ordered planes) at the ends
of the chain are more strongly ordered than those away from the ends. This
is a manifestation of the end effects which occur in an open ended chain.

In short, we see that it is the competition between ferromagnetic and anti-
ferromagnetic coupling which gives rise to the different types of domain struc-
ture. These results, however, should only be taken as instructive, as it is well
known that forces of longer range play an important role in binary alloys. Nev-
ertheless, Cowley’s picture of the binary alloy makes for an interesting physical
application of the analytical results presented in this paper.
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Appendix A

It is a simple matter to demonstrate that the solution to the nearest neighbour
Ising problem in a magnetic field can be obtained from our results. The Hamil-
tonian of a chain of N—1 sites in a field B is

, N-2 N—-1
HN-—l = —dJ Zl S$iSit1— /loB '21 Si .
1= =
The partition function is then
, N-—-2 N-—-1
Oyoi= {Z,; exp (BJ Zl SiSir1t BﬂoBlg i)

If we replace 8J by our K; and Su,B by our K, we see that
Q;V-—IZJZLQN >

Ox being the partition function of a chain of N sites with second nearest neigh-
bour interactions. The spin correlation functions for the two systems are clearly
identical in form if the same change of variable is made.



1184 N. E. Frankel and D. C. Rapaport

Appendix B

We can extend the difference equation method to the third neighbour pro-
blem. If —J;s;5;45 is the interaction between spins s; and s;,3 we modify the
Hamiltonian in (1) by the addition of a term ‘

N-3
—dJ, 21 SiSi+3 -
Te==

The polynomial part of the partition function is then

N-—-1
QN:: 2——” {}:} { (1 + thSng) (1 + ,85153) (1 -+ ')’51.5'4) . ]1(1 -+ CKSiSi.l_l)

N—-2 N-3
X IL A+ Bsisira) - IL A+ 7si5i40) )

where y=tanh(8J;) (no advantage is gained by expressing (Jy in terms of the
t; variables). We introduce the functions

XN:QN sjr:sz > YN: QN s]:rs,, > ZN:QZV%]:;'S >

is the spin correlation function—

where X

8487
- e N-~-1 N -2 N—-3
s = 27 %'{Sisj';[__ll(l + asisisa) E(l + BsiSi42) H(l +7Si5i43) } 5
and obtain a set of linear difference equations—
(1 —E)Qy+afXy+ayYy+ByZy=0,
aQy+ (B*E)XN+TYN+C¥BTZN=0,
BOy+aXy+ (afy—E) Yy+71Zy=0,
aBQx+ Xy+BrYw+ (ay —E) Zy=0.
These reduce to a single fourth order difference equation
{E* =@+ (ar+DE+A—a) 1—7H E’?
+r@— A= A-a) A-HE+7*A—0a’) (1-)}0r=0.
We shall not proceed any further with the third nearest neighbour problem as
it requires solving a quartic equation. In any case, the second nearest neighbour
chain displays all the features in which we are interested; nothing essentially
new is provided by the solution to the more difficult problem.

In conclusion we should point out that Fisher and Temperley® have discussed
the second and third nearest neighbour problems. Their results are expressed
in the form of algebraic equations but, whereas our equations are of second and
fourth order for the second and third neighbour problems respectively, their equ-
ations are of fourth and eighth order. A similar observation has been made”

in connection with the transfer matrix approach to this problem, namely that the
introduction of the #; variables reduces the matrices to half their original size.
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