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Improved estimation of the exponential stability of the predictive filter
in Hidden Markov Models

Laszlé Gerencsér, Gabor Molnar-Saska and Gyorgy Michaletzky

Abstract— We consider finite state continuous read-out Hid-
den Markov Models. The exponential stability of the predictive
filter was investigated in [16] when the transition probability
matrix () of the underlying Markov chain is primitive. We
carry out further investigation of this exponential stability. Two
important applications are derived: the strong approximation
result has been extended for HMMs with primitive transition
probability matrices and the validity of the recursive estimation
of HMMs with primitive transition probability matrices has
been shown.

I. INTRODUCTION

Hidden Markov Models have become a basic tool for mod-
elling stochastic systems with a wide range of applicability.
For a general introduction see [6]. The estimation of the
dynamics of a Hidden Markov Model is a basic problem in
applications.

Let (X,,Y,) be a Hidden Markov process, ie. (X,,)
is a homogenous Markov process with state space X and
the observation sequence (Y,,) is conditionally independent
and identically distributed given the o-field generated by the
process (X,,).

Example 1.1: Assume that the observations are of the
form

Y, = h(X,) + €n,

for any integer n > 0, where {e,,n > 0} is a Gaussian
white noise sequence independent of the Markov process
{X,,n >0}, and h: X — R is measurable.

Throughout the paper let the state space of the Hidden
Markov Model be finite now, i.e. |[X| = N.

Let Q* be the transition probability matrix of the unob-
served Markov process (X,,), i.e.

er = P(Xn+1 = .7|Xn = Z)a

where * indicates that we take the true value of the corre-
sponding unknown quantity. Throughout the paper we deal
with parametric problems, i.e. the unknown quantities depend
on a parameter. The true value of the parameter (or the
unknown quantities) is the one which is used to generate
the process.
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If Y is finite, say || = M, then conditional independence
can be written as

P<Yn:yn;-~-YO:yO|Xn:In;”-XO:xO):

i=0
In this case we will use the following notation:

P(Yy = y|Xp = z) = b™(y).

Continuous read-outs will be defined by taking the following
conditional densities:

P(Yn S dy|Xn = 33) = b*x(y)/\(dy)7 (D

where ) is a fixed nonnegative, o-finite measure. Let us
introduce the following notations:

B*(y) = diag(b™ ().
where ¢ = 1,..., N and
b*(y) = (b*, ..., 0",

For notational convenience we write Q > 0 if all the
elements of the transition probability matrix are strictly
positive.

A key quantity in estimation theory is the predictive filter
defined by

pff}l = P(Xns1=j[Yn,...

Writing p}, 1 = (piLq,....piY1)T, we know from [3] that
the filter process satisfies the Baum-equation

Phi1 = m(Q T B*(Yy)ph), 2)

both in discrete and continuous read-out cases, where 7 is
the normalizing operator: for z € RN, 2 >0, © # 0 set
7(z)t = 2t/ Z;\;l x9. Here py’ = P(Xo = j).

In practice, the transition probability matrix Q* and the
initial probability distribution pfj of the unobserved Markov
chain (X,) as well as the conditional probabilities b*?(y)
of the observation sequence (Y;,) are possibly unknown. For
this reason we consider the Baum-equation in a more general
sense:

7YO)~

Pn+1 = W(QTB(Yn)pn), (3)

with initial condition py = ¢, where Q € RM*VN is a
stochastic matrix, B(y) = diag(b’(y)) is a collection of
conditional probabilities, and ¢ € RY is a probability vector,
ie.q¢'>0fori=1,...Nand ¥V ¢ =1
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We will take an arbitrary probability vector ¢ as initial
condition, and the solution of the Baum equation will be
denoted by p,(q).

A key element in the statistical analysis of HMM-s is the
exponential stability of the predictive filter, i.e. the distance
between iterates p,,(q) and p,(q’) goes to zero exponentially
fast, where ¢, q’ are arbitrary initializations. This has been
established in [16] (Theorem 2.1) as follows: Let

max b*(y)
6(y) = minb* () 4)
and N
e =min ¢(z,z"), %)

where min™ denotes the minimum over the positive ele-
ments.

Proposition 1.1: 1f the stochastic matrix ) is primitive,
with index of primitivity r, then for any ¢,¢’, any integer
n > r and any sequence yi,...Y, € ) we have

1Pn(q) = Pu(d)Il < €7"6(yo) - - - 6 (yr—1)
ln/r]
IT (= G rr—ri) - - 6r—)) g — -

k=1
Proposition 1.1 implies the following Proposition, see also

Theorem 2.2 in [16].

Proposition 1.2: Assume that Q,Q* > 0 and
b*(y),b"*(y) > 0 for all z,y. Let q, ¢ be any two
initializations. Then for some 0 < p < 1 and a fix constant
C

1P (q) — P (&)l 7v < Cp"lg = ¢'|I7vs (6)

where | - ||y denotes the total variation norm.

That is, the filter forgets its initial condition with an
exponential rate. An essential feature of the result is that
llg = ¢’|lrv shows up in the upper bound, see [2]. We note
that Proposition 1.2 is a purely linear algebraic statement,
i.e. there is no need for probability.

If @ is only primitive, i.e. Q" > 0 with some positive
integer > 1, then (6) holds with a random C. The main
result of this paper is the following:

Theorem 1.1: Assume that (), @™ are primitive matrices,
with index of primitivity r, and b*(y),b**(y) > 0 for all
x,y. Furthermore, assume that

/ 16()|95 (9) Mdy) < 0. )

Let g, ¢’ be any two initializations. Then for an arbitrary
s > 1 there exists a 0 < p < 1 and a random variable C,
such that

pn (@) = pul@)llrv < Cp™llg = ¢ll7v, ®)

and the s-th moment of C' does exist.
This is an improvement of Theorem 2.2 of [16].

The rest of the paper is organized as follows. In section
II we introduce the main technical tools. In section III we
prove (8) for finite state continuous read-outs Hidden Markov

Models. For this we prove that if X,, is a Markov process
satisfying the Doeblin condition and g is a measurable
function with negative values, then for any s > 1 there exists
an « > 0 and a random variable C' such that

> (9(Xk) +a) <logC )
k=1
and the s-th moment of C does exist, see Theorem 3.1.

In section IV two applications of the result of Theorem
1.1 are given. In section IV-A we extend the results of [7]
to finite state continuous read-out Hidden Markov Models
with primitive transition probability matrix, see also [9].
In section IV-B we present the results of [10] for Hidden
Markov Models with primitive transition probability matrix.

II. REPRESENTATION OF MARKOV PROCESSES

Consider a Polish space X and a sequence of independent,
[0, 1]-uniform random variables (U,,) on a probability space
(Q,F, Q). Let f be a Borel measurable deterministic func-
tion f: X x[0,1] — X. Then the sequence (X,,) defined
by

Xn=f(Xn-1,Up—1), Xo=2

is a Markov chain, where x € X is an arbitrary initialization.

A converse result is given in the following proposition:

Proposition 2.1: Let (X,,) be a Markov process on a
Polish space X with transition probabilities P(x, G), x € X,
G € B(X). Then there exists a Borel measurable function
f: X x]0,1] — X such that, with U being uniform in
[0,1] over some probability space (2, F, Q), for all z € X
and G € B(X) we have

P(z,G) = Q{f(z,U) € G}.
For the proof see [11]. In the following we will denote the
random mapping f(-,U,—1) by T, i.e. for z € X

Thx = f(x, Un—1)~

The process defined by X, 1 = T),4+1X,, is Markov.

The representation can be given in a constructive way but
it should be noted that it is not unique. This representation
plays a key role in subsequent analysis.

Next we are going to introduce the notion of Doeblin-
condition, see [5]:

Definition 2.1: Given a Markov chain (X,,) with state
space X. If there exists an integer m > 1 such that

P (z,A) > ov(A)

is valid for all x € X and A C B(X) with 6 > 0 and
some probability measure v, then we say that the Doeblin-
condition is satisfied.

Here § can be interpreted as the weight of the i.i.d. factor of
the Markov chain. The following lemma, see [5], shows the
relation between the Doeblin-condition and the representa-
tion of the Markov chain.

Lemma 2.1: Let (X,,) be a Markov chain. The Doeblin-
condition is valid with m = 1 if and only if there exists a
representation such that Q(7,, € I'z) > 9, where I, is the
set of constant mappings.
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Proposition 2.2: Assume that the Doeblin-condition holds
with m = 1 for a Markov chain (X,,). Then there exists an
invariant distribution 7, and

|P"(x, A) —7(A)| < (1—=0)" for VA€ B(X). (10)

Now let (X, Y,,) be a Hidden Markov process and assume
that the state space X and the observed space ) are Polish.
The following lemma is given in [8].

Lemma 2.2: Assume that the Doeblin-condition holds
with m = 1 for the Markov chain (X,,). Then the Doeblin-
condition holds for (X,,Y;,) as well.

The Doeblin-condition can be defined in more general
form.

Definition 2.2: If there exists m > 1 such that
Pm(x,A) > ov(A) is valid for Vx € X and A C B(X)
with some probability measure v then we say that the general
Doeblin-condition is valid in order m.

Proposition 2.3: (see [5]) Let (X,,) be a Markov chain.
The general Doeblin-condition is valid if and only if
there exists a sequence of i.i.d. mappings (7,) such that
Q(Tm T e FC) >4

Remark 2.1: Let (X,,) be a Markov chain. The Doeblin-
condition is valid with m > 1 if and only if there exists
a representation such that Q(7T), ... Tp—my1 € Te) > 6,
where I, is the set of constant mappings. Thus Proposition
2.2 and Lemma 2.2 also valid if the Doeblin-condition holds
for m > 1.

III. EXPONENTIAL STABILITY OF THE PREDICTIVE
FILTER

Consider a Markov chain (X,,) on an arbitrary abstract
measurable space X. Assume that the Doeblin condition is
satisfied for this Markov chain with m = 1. Furthermore,
assume that g : X — R~ is a strictly negative measurable
function. Then we have the following theorem.

Theorem 3.1: Let X} be a Markov process satisfying the
Doeblin condition with m = 1. Assume that g(Xj) < 0.
Then for any s > 1 there exist & > 0 and a random variable
C such that

> (9(Xx) +a) <logC (11)
k=1
and the s-th moment of C' does exist.

First we prove Theorem 3.1 in the special case when the
Markov process is an i.i.d. sequence.

Theorem 3.2: Let & be i.i.d random variables such that
&k < 0. Then for any s > 1 there exist & > 0 and a random
variable C' such that

> (& +a) <logC
k=1
and the s-th moment of C' does exist.

Note that, these kind of results are very important in risk
theory. Let Y, = & + a be a sequence of independent,
identically distributed random variables with negative ex-
pected values. Assume that Y}, denotes the net payment of an
insurance company for the k-th period (net payment is the
difference between the fees received from the clients and the

amount due to damages). To determine the reserve fund of
the insurance company it is crucial to estimate the expression
n

sup,, > Yy, see [17].

k=1
Proof: (Theorem 3.2) Let us define the function ¥ as
follows

U(u) = P(sup Z(fk +a) > u).
b ok=1

It is enough to prove that if o > 0 is small enough, then

U(u) < e . (12)

For this, consider the following proposition.
Proposition 3.1: Let g(r) = E(e"&+)) . If E(&,)+a <
0, then there can be at most one solution of the equation

g(R) =1 (13)

If a > 0, then there exists a solution of (13).

Proof: Let Zy, = & + «. g(r) is trivially a continuous
function of r. Furthermore ¢(0) = 1 and ¢'(0) = E(Z;) <
0. Since g(r) is a mixture of strictly convex functions
(namely e"®), it is also a strictly convex function. Thus there
can be at most one solution of (13).

Furthermore, if « > 0, then P(Z; < 0) < 1, thus there
exists a positive constant xg such that P(Z; < x() < 1.
Hence

E(erzl) > e (1 = P(Z; < x)).

Since e"°(1 — P(Z; < xg)) — oo if r — oo there exists
one solution of (13). [ |

Let us continue the proof of Theorem 3.2. Choose o > 0
such that for the solution of (13) we have R > g¢. By
Proposition 3.1 we have that the solution of (13) exists
for any a > 0. Furthermore, F(e*(€#*®)) is a continuous
and monotone decreasing function of « (s > 1 fix), and
E(e*¢k) < 1 since & is a negative random variable. Thus
there exists a positive a such that E(e*(€*T)) < 1. Let us
denote it by a*. For this * consider the solution of (13).

Let the solution be R*. We have that
R* > s. (14)

Consider the following statement of Sparre Andersen [1]
Proposition 3.2:

U(u) < e
Using the relation (14) and Proposition 3.2 we get (12)
and the proof of Theorem 3.2. |

Let us turn to the proof of Theorem 3.1.

Proof: Let T,, be the representation of the Markov
process (X,,) defined in Proposition 2.1. By Lemma 2.1 we
have that P(T,, € T'.) > 0. Let us define the following
sequence of stopping times

T():O
and for k > 1

T =min{n > 7,1 : T, € T'.}.
n
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Tk_*_lfl
> g(Xj) is a sequence of i.i.d.

J=Tk

Observe that &, =

random variables.
Using that for all £ > 0 g(X}) < 0, we have that

n Tt t
sup Y g(Xy) <sup Y g(Xp) =supd & (15
" k=1 Ly — b=

Using Theorem 3.2 we have that for 2s there exist an
a1 > 0 and a random variable C'; such that

t

> & <logCy — ant, (16)
k=1

and the 2s-th moment of C; does exists. Note that «; can

be chosen such that a; < 1.

Here "
t=> xr.(Th).
k=1

Since xr,(T}%) are independent, identically distributed ran-
dom variables, from Theorem 3.2 we have that there exist
an «p > 0 and a random variable Cy such that

n

tzZch(Tk) > agn — log Csy, a7
k=1
and the 2s-th moment of Cy does exists.
From (16) and (17) we get that
t
ka <logCi — ai(agn —log Cs) (18)

k=1
By (15) we have that

sung(Xk) <logC1 4 a1log Cy — (ayaz)n.
" k=1
Choose o« = ajap and C = C1C35*. Using the Holder
inequality we have

E|Clc«2al|s < (E|Cl|25)1/2(E|C«2|25a1)1/2.

Since the 2s-th moment of C; and Cs exist and a7 < 1,
the s-th moment of C' does exist. Thus we have finished the
proof of Theorem 3.1. |

Remark 3.1: If X}, is a Markov process satisfying the
Doeblin condition with m > 1, then Theorem 3.1 is also
valid.

Let us turn to the main result of this paper, i.e. to the proof
of Theorem 1.1. First, we consider an important technical
result.

Lemma 3.1: Let X,, be a Markov process with a primitive
transition probability matrix () with index of primitivity 7.
Then the process U,, € X" defined by

Un = (X(n—l)r-i-lv o an)

satisfies the Doeblin condition with m = 2.
Proof: (Theorem 1.1) From Proposition 1.1 we have that

1Pn (@) = pul@)Il < € "0(yo) - - - O (yr—1)

[n/r]
IT =€ 6EWrr—ri1) - 5(rr—1) "l = Il
k=1
First, we are looking for an upper bound for the product
term
ln/r] ~
IT =€ 6@rr—ria) .- Srr—1) ™) < Cp",  (19)
k=1
such that 0 < p < 1 and the s-th moment of the random
variable C' does exist. Taking the logarithm of both sides we
have
ln/r]
> log(l = € (6(ykr—ri1) - - S(ykr—1)) 1) <
k=1

log C+ nlog p.

Observe that log(1 — € (§(Ypr—rs1) -+ O(Ypr—1)) 1) is a
sequence of bounded random variables. Indeed, d(y) > 1
and € > 0, thus we have that

1—¢" <1 —€(6(Yrrrt1) - 0(yrr_1)) b < 1.
By Lemma 3.1 and Lemma 2.2 we have that the process

U = (Xpr—rt1, Yier—rt1), - (Xgr, Yir)) T

satisfies the Doeblin condition. Thus using Theorem 3.1 with
9(Ux) =log(1 — € (0(Ykr—rt1) - - - 0(yrr—1))~ " we get that
there exist & > 0 and a random variable C' such that

/7]

> log(1 = € (3 (Ykr—rs1) - - 6(yrr—1)) 1) <

k=1

log C + |n/r|a

and the s-th moment of C' does exist. Let p = exp (—a/r)
and we get (19). |

IV. APPLICATIONS

In this section we give two important applications of the
result of Theorem 1.1. In section IV-A we extend the results
of [7] to finite state continuous read-out Hidden Markov
Models with primitive transition probability matrix, see also
[9]. In section IV-B we present the results of [10] for Hidden
Markov Models with primitive transition probability matrix.

A. Strong approximation

Let G C R" be an open set, D C G be a compact set,
and D* C intD be another compact set, where int D denotes
the interior of D. Assume that for the true value of the
parameter we have 6* € D*. Furthermore, assume that for
an estimation of the parameter of the Hidden Markov Model
we have 0 € D. We will refer to D* and D as compact
domains.

Consider the following estimation problem: let ) and b
be parameterized by 8 € D and let

Q" =Q(07), " =0b(0").

5180



In this paragraph we always consider finite state-space and
continuous read-out space. Although the results of this sec-
tion are valid for a general read-out space, we will always
assume that ) is a measurable subset of R and )\ is the
Lebesgue-measure. Assume that the densities b*(y,0) are
with respect to the Lebesgue measure .

In the finite case (when both X and ) are finite) 6 is often
the parameter of the model parameterizing the transition
matrix @ and the conditional read-out probabilities b*(y).
Usually the entries of ) are included in 6.

Consider a Hidden Markov Model (X,,,Y;,), where the
state space X is finite and the observation space ) is a
measurable subset of R, Let Q(f),Q* be primitive tran-
sition probability matrices with index of primitivity r and
bi(y,0),b* (y) > 0 for all i,y. Let the initialization of the
process (X,,Y,) be random, where the Radon-Nikodym
derivative of the initial distribution 7y w.r.t the stationary
distribution 7 is bounded, i.e.

dmo <K. (20)
dm
Assume that for all 4,5 € X, 6 € D and g > 1
[ llogb .o WAy <. b

To estimate the unknown parameter we use the maximum-
likelihood (ML) method. Let the log-likelihood function be

N
Ly =Y logp(Ya|Yn-1,...,

n=1

Y0.0).

We shall refer to this as the cost function associated with the
ML estimation of the parameter. The right hand side depends
on 0* through the sequence (Y;,). To stress the dependence
of Ly on 0 and 6" we shall write Ly = Ly(6,0%). The ML
estimation 6 of 6* is defined as the solution of the equation

0]
20 Ln(0,607) =
More exactly 9 n 18 a random vector such that é\N € D for
all w and if the equation (22) has a unique solution in D,
then 6 is equal to this solution. By the measurable selection
theorem such a random variable does exist.
Let us introduce the asymptotic cost function

W(0,6%) = lim Eg. logp(Yy|Yn_1,...,Yy,0).

Lon(6,67) =0 (22)

(23)

In [8] we have proved that this limit exists for all # € D.
Assume that the function W (6, 6*) is smooth in the interior
of D, i.e. the third derivative exists. Furthermore, assume

that the following technical conditions are satisfied.
Condition 4.1:

max [|9*b7 (y) /90" | |*
/ (minb* (y))”

is satisfied where £k = 0,1,2,3 and [ =0, 1,2
Under Condition 4.1 we have

b* (y)A(dy) < oo

Wo(0,0°) = lim By logp(YalYas,., 0, 0), (24

and for the Fisher-information matrix we have

I = Wye(6",0%) =

nhiTolo Eg- ((¢W)T(¢n>) s

where ¢,, = (% log p(yn|yn—1,-..,0%)), see [7] for details.
Remark 4.1: Note that Wy (0*,0*) = 0.
Consider the following identifiability condition:
Condition 4.2: The equation

Wy(6,0%) =0

has exactly one solution in D, namely 6*.

The following characterization theorem for the error term
of the off-line ML estimation is an extended version of [7] for
Hidden Markov Models with primitive transition probability
matrix, see also [9].

Theorem 4.1: Consider a Hidden Markov Model
(X,,Y,), where the state space X is finite and the
observation space ) is a measurable subset of R?. Let
Q,Q* be primitive transition probability matrices and
bi(y),b* (y) > 0 for all i,y. Assume that Condition 4.1 is
satisfied. Let éN be the ML estimate of 6*. Furthermore
assume that the identifiability Condition 4.2 is satisfied.
Then

Oy — 0" =

N9
Zai ng Y D/n 17"'71/0?0*)—’—0]%(]\771)7
o (25)

Z\H

where I* is the Fisher-information matrix.

A key point in Theorem 4.1 is that the error term is
On(N~1). This ensures that all basic limit theorems, that
are known for the dominant term, which is a martingale, are
also valid for Oy — 6*.

Let us consider now the case when the read-out space is
finite.

Theorem 4.2: Consider the Hidden Markov Model
(X,,Y,), where X and ) are finite. Let Q(6),Q* be
primitive matrices and b‘(y,0),b*'(y) > 0 for all i,y.
Assume that () and b are smooth in 6, i.e. the third
derivatives exist. Let & ~ be the ML estimate of 8*. Assume
that the identifiability condition 4.2 is satisfied. Then

Oy — 0 =

1 0
_(I*) 1 89 logp(Y |Yn 17"'7Y07

nl

0*)+Onm (N1,

(26)
where I* is the Fisher-information matrix.
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B. Recursive estimation

A recursive estimation method for Hidden Markov Models
has been proposed in [14] and [15]. As suggested the
proposed recursive algorithm could be analyzed via the
theory of stochastic approximations, see [4]. Krishnamurthy
and Yin, see [12], investigated the convergence and rate of
convergence of the recursive estimation of HMMs using the
weak convergence approach of Kushner and Yin [13].

The purpose of [10] is to verify the basic probabilistic
conditions for HMMs, given in Part II, Chapter 1 of [4].
Theorem 1.1 allows us to extend the results of [10] for a
wider class of Hidden Markov Models.

In the on-line estimation procedure we define a stochas-
tic algorithm with Markovian dynamics, see Benveniste,
Metivier and Priouret [4], as follows.

Let us denote the on-line estimation of the parameter
at step n by 6,,. Consider the parameter-dependent Baum-
equation

Q" (0)B(yn,0)pn(0)
Pnt1(0) = b(yn, G)Tpn(e)

To simplify the notations we drop the dependence on the
parameter 6. Differentiating p,,+1 with respect to 6 we have

= (I)l(ynvpn; 0) (27)

B(yn)pneT> B(yn)Wh,
Wit = T<I— +F, (28)
n=Q b” (yn)Pn ) BT (yn)Pn
where
T T
F= QQTB(yn)pn +QT <I B B([]{Jn)pne > ﬂT(yn)pn 7
bT (y,)Pn bT (yn)Pn ) BT (Yn)Pn
W, = 85’9", Blyn) = 7838(3") and e = (1,...,1)7.

In a compact form

W7L+1 == ‘1)2(%; Pn; Wna 0)

Thus for a fix 0, u,, = (X,, Yo, Pn, Wa,0) is a Markov
chain. Let

By, 0)p + Wh(y,6)

H07u :H93x7y7paW = ’ (29)
(6:u) = H( ) b(y,0)"p
and consider the following adaptive algorithm.
_ _ 1. - —
9n+1 = 971 + gH(en?w’n7yn7§n7W’n)a (30)
ﬁn-‘,—l = (I)l(ynaﬁnygn); (31)
Wit = ®2(yn, Pr, Wa, ). (32)

For the convergence of this algorithm the approach of
Benveniste, Metivier and Priouret, see [4], was used in [10].
Here we restate the main theorem of [10] for Hidden Markov
Models with primitive transition probability matrix.

Theorem 4.3: Consider a Hidden Markov Model with
finite state space and finite read-out space. Assume that Q*
is a primitive transition probability matrix, b**(y) > 0 and
for all & we have that Q(6) is primitive and b*(y, ) > 0 for
all x,y. Assume Condition 4.2. Then the algorithm defined
by (30), (31), (32) converges to the true value 6* with
probability arbitrary close to 1.
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