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1 Introduction

The challenge problems set out in Oberkampf, Helton, Joslyn, Wojtkiewicz
and Ferson (this issue), hereafter referred to as OHJWF, raise a variety of
interesting questions. The background to this workshop is the continuing
growth in number, diversity and complexity of computer simulation codes
being built to model a huge variety of important real-world systems. Users
of such models are increasingly demanding to know about the uncertainties
in the model outputs. Nobody seriously believes that the models are perfect.
The model output will not predict exactly the real-world system behaviour,
but how close can we expect it to be?

There are several possible contributory causes of the error in a model’s
predictions, and in order to understand and quantify the uncertainties in
predictions it is important to recognise and analyse each of these components
of uncertainty. One taxonomy of uncertainties in computer code outputs is
given by Kennedy and O’Hagan (2001), and it is worth reviewing the main
components brie‡y here.

² Parameter uncertainty. There is typically uncertainty about the
values of some of the computer code inputs. We can think of those
inputs as unknown parameters of the model. Generally, they specify
features of a particular application context, but they may also be more
global parameters, assumed to have a common value over a range of
contexts or even in all contexts. They may even specify features of the
model structure, and so serve to switch between di¤erent versions of
the model.

² Model inadequacy. No model is perfect. Even if there is no para-
meter uncertainty, so that we know the true values of all the inputs
required to make a particular prediction of the process being modelled,
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the predicted value will not equal the true value of the process. The
discrepancy is model inadequacy.

² Residual variability. The model is supposed to predict the value of
some real process under conditions speci…ed by the inputs. In practice,
the process may not always take the same value if those conditions
are repeated. We call this variation of the process even when the
conditions are fully speci…ed, residual variability.

² Code uncertainty. For some uses of computer codes it is not prac-
tical to run the code at all the relevant input con…gurations. An
example is uncertainty analysis, where we wish to propagate uncer-
tainty in inputs through the model, so are in principle interested in
running it at all possible input con…gurations. One practical solution
is to use a Monte Carlo approach (e.g. Latin hypercube sampling), and
the sampling error in the Monte Carlo estimates is an instance of code
uncertainty. There is an analogous uncertainty in estimates produced
using the Bayesian method of Haylock and O’Hagan (1996).

OHJWF’s challenge problems address only output uncertainty due to
parameter uncertainty. This is a reasonable simpli…cation for the purpose
of focussing the debate in this workshop, but it is necessary to be aware of
the other sources of uncertainty. In particular, any analysis that does not
recognise model inadequacy is likely to grossly understate the probable mag-
nitude of prediction errors. Furthermore, methods that may super…cially
appear practicable for quantifying parameter uncertainty may not look so
good when we widen the discourse; how, for instance, would a proponent
of fuzzy logic, Dempster-Shafer theory, etc., express the uncertainty due to
model inadequacy?

Another restrictive simpli…cation in the challenge problems is the as-
sumption that all uncertain parameters are independent. The assumption
will rarely hold in practice, and the uncertainty distribution of outputs can
be very strongly in‡uenced by correlation in model inputs. E¤ective elicita-
tion and representation of dependence structures between parameters is an
important but largely unexplored research area.

This paper is organised as follows. In Section 2, we consider aleatory and
epistemic uncertainty, concluding that while the distinction between these
is useful in practical terms, the boundaries are blurred. Indeed, a purely
aleatory uncertainty is a rather rare beast, and may even be mythical. Sec-
tion 3 considers the appropriate way to describe uncertainty. It is very …rmly
our opinion that the uniquely suitable construct is probability. However, we
must recognise that in practice it is not feasible to quantify uncertainties
precisely in probabilistic terms, and it is necessary to acknowledge impreci-
sion in probability judgements. The real question, then, is how to measure
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probabilities in practice with the maximum of precision and reliability. This
is the elicitation problem.

Section 4 outlines some recent work on elicitation that explicitly allows
for the imprecision in experts’ judgements. The methodology is applied to
one of the challenge problems in Section 5, although we also argue that the
formulation of these problems is unrealistic and apparently based on a denial
of the possibility of elicitation. The challenges issued by OHJWF address
not only how to express a single expert’s uncertainty in unknown model
inputs, but also what to do when experts disagree, and how to derive and
express the induced uncertainty in an output. Section 6 discusses the issue of
reconciling information from multiple experts, while Section 7 considers how
to propagate parameter uncertainty through the model. Some concluding
remarks are given in Section 8.

2 Aleatory and epistemic uncertainties

OHJWF distinguish between aleatory and epistemic uncertainties, and this
is useful for practical purposes. Aleatory uncertainties are described as aris-
ing from inherent variabilities or randomness in systems, whereas epistemic
uncertainties are due to imperfect knowledge. The distinction is useful be-
cause epistemic uncertainties are in principle reducible by obtaining more
or better information. Therefore if we know what portion of the uncertainty
in the model outputs is due to epistemic sources of uncertainty, then we
know that in principle this uncertainty is removable (or at least reducible),
whereas that part due to aleatory uncertainties is irreducible. Sensitivity
analysis (see Saltelli, Scott and Chan, 2001; Oakley and O’Hagan, 2002b)
is a tool for exploring how di¤erent uncertainties in‡uence the model out-
put, and so can identify the scope for reducing uncertainty due to epistemic
sources. It is also worth mentioning value of information analysis, where the
consequences of epistemic uncertainties are costed through a utility function,
allowing the value of reducing uncertainties to be compared with the cost
of gaining that information. This has been used in economic models for the
cost-e¤ectiveness of medicines, in order to assess whether more experimen-
tal data should be acquired before reaching a decision on a new drug or
treatment; see Claxton, Neumann, Araki and Weinstein (2001).

It is instructive to examine each of the four sources of uncertainty listed
in Section 1, and to see which can be classi…ed as aleatory or epistemic.

Parameter uncertainty is generally epistemic; we simply do not know
what are the correct values for the input parameters. However, sometimes
there is an aleatory component where we wish to use the model to predict
the real-world process when some of the conditions speci…ed in the inputs
are uncontrolled and unspeci…ed. For example, an atmospheric dispersion
model predicts the dispersal of pollutants from a chemical accident, based
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on parameters such as wind speed and direction. For a risk assessment of the
chemical installation, we may wish to identify the risk of pollution reaching
some sensitive location in the event of a future accident. We will not know
the wind speed and direction, and the risk assessment requires these to be
random.

Uncertainty about model inadequacy is unequivocally epistemic.
Now consider residual variability. This might appear to be inherently

aleatory, but there are really two sources of uncertainty combined in one
here. The process itself may be inherently unpredictable and stochastic, in
which case we can regard the variability as aleatory. But it may also be that
this variation would be eliminated (or at least reduced) if only we were able
to recognise and to specify within the model some more conditions. In the
atmospheric dispersion example, even if we know the wind speed and direc-
tion, the model will fail to predict exactly the quantity of pollutant deposited
at a given location, simply because of the vagaries and unpredictability of
the transport of the pollutants. However, we could conceivably improve the
model by adding more detail, such as taking account of the detailed topog-
raphy of the land and the type of vegetation cover at each point (which
a¤ects the deposition velocity). A more complex model could remove some
of the apparently aleatory residual variability. The removed component was
really epistemic, because it related to our lack of knowledge of topography,
vegetation cover, and how these a¤ect air ‡ow and deposition.

This raises the question of whether there is any true randomness. This
is the age-old argument of determinism; if I knew the exact position and
velocity of every particle, could I not predict exactly the future? Heisen-
berg’s uncertainty principle says I can’t know both the position and velocity
of every particle, but that is clearly an epistemic uncertainty! Is anything
aleatory? If randomness is just a consequence of lack of knowledge (magni-
…ed by chaotic systems), then all uncertainty is epistemic. The true aleatory
uncertainty becomes as much a mythical beast as Roger Cooke’s hypotheti-
cal squizzel (Cooke, this issue)! In fact, quantum physics suggests that there
is true randomness in some phenomena, but does this extend to the scales
on which our models operate?

Finally, consider code uncertainty, for instance as it a¤ects the results of
an uncertainty analysis. Monte Carlo is obviously aleatory, isn’t it? But the
uncertainty is reducible by taking a larger Monte Carlo sample, so surely it
is epistemic? The resolution of this paradox lies in another very old debate,
that between the Bayesian and frequentist schools of statistical inference.

The uncertainty here concerns the objective of the uncertainty analysis,
which is some feature of the probability distribution of the output, that
is induced by input parameter uncertainty. For instance, it might be the
variance of that distribution, a measure of overall output uncertainty. The
output distribution itself might be aleatory (if the input parameter uncer-
tainties are all aleatory) or epistemic, but the variance of the distribution
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is just a number. That model output variance is not a random thing, and
our uncertainty concerning it will de…nitely be epistemic. The Monte Carlo
estimate appears to be driven by aleatory uncertainty because of the way
the Monte Carlo method chooses random input con…gurations. It is a sta-
tistical method, and in particular it is a frequentist statistical method. All
uncertainties in the frequentist approach have to be aleatory, and are de-
rived from the randomness in the data, in this case the random choice of
inputs. The Monte Carlo estimation variance cannot therefore describe un-
certainty about the model output variance. It is the wrong kind of uncer-
tainty measure. This is one of the many ways in which frequentist theory is
unsatisfactory. Frequentist inferences are cleverly phrased so as to appear to
make statements about the necessarily epistemic uncertainty that we have
concerning parameters of statistical models, yet they are aleatory proba-
bility statements and really concern not the unknown parameters but the
(known!) data. Con…dence intervals are a con…dence trick, and signi…cance
tests signify only how surprising the data might be.

Frequentist inference only acknowledges the frequency interpretation of
probability, whereas Bayesian statistical methods are based on the personal
(or subjective) interpretation of probability. The latter readily accommo-
dates epistemic uncertainty. Bayesian prior and posterior distributions de-
scribe the epistemic uncertainties in the unknown parameters of the statis-
tical model, and Bayesian inferences are clearly epistemic statements.

The randomness in the Monte Carlo method is as close to being truly
aleatory as it is possible to get, yet the uncertainty in the outputs of the
uncertainty analysis, such as the output variance, must be epistemic. The
aleatory uncertainty in Monte Carlo is only a device. (And doesn’t it seem
odd to introduce extra uncertainty arti…cially in this way? Surely we wish
to minimise uncertainty? The Bayesian approach of Haylock and O’Hagan,
1996, does not require randomly chosen inputs, and reports its results in
honest epistemic form.)

3 Uncertainty, and how to measure it

OHJWF invite us to consider alternatives to probability as the way to de-
scribe and measure uncertainties. They assert that “representation, aggre-
gation, and propagation of aleatory uncertainty is well established using
traditional probability theory”. They therefore invite us to consider how
to do this for epistemic uncertainty and mixtures of epistemic and aleatory
uncertainty, but fail to o¤er any reason to suppose that probability theory is
not equally well established also for those uncertainties. Why should prob-
ability be adequate for one kind of uncertainty but not for another? I am
not aware of any work on the foundations of probability that discriminates
between the two.
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On the contrary, the classic work by Savage (1956) laying the foundations
for personal probability was very clearly intended to apply to all kinds of
uncertainty. His approach was re…ned by De Groot (1970), who began by
laying down a series of axioms about an individual’s actions in the face of
uncertainty. These axioms were intended to represent rules to which we
would ideally wish to adhere, and behaviour in accordance with them is
described as coherent. Violating one of these rules would be manifestly bad,
either in the sense that it would be clearly illogical or else would lay us
open to avoidable …nancial losses, or both. The logical consequence of these
axioms is that the only way to avoid this kind of irrationality is to have
a unique representation of uncertainty that follows the laws of probability.
That is: only probability is a legitimate representation of uncertainty.

To Bayesian statisticians like De Groot, there is a sub-text that statisti-
cal inference must behave like Bayesian inference, in combining information
from the data (possibly aleatory) with prior information (invariably epis-
temic) to produce posterior inferences (also epistemic). To describe epis-
temic uncertainties, or mixtures of the aleatory and epistemic, by anything
other than probability is not an option if we want to be coherent in our
actions.

Cooke (this issue) challenges the advocates of alternative representations
of uncertainty to de…ne them operationally. We challenge them also to say
which of the De Groot or Savage axioms they wish to throw away. In what
particular way do they wish to be illogical or to be someone else’s money-
pump?

Dennis Lindley has been challenging non-Bayesian statisticians in this
way for almost half a century, and we make no apology for repeating the
challenge here. However, we have always been persuaded more strongly
by the argument that ‘the proof of the pudding is in the eating’. That is,
we are passionate advocates of Bayesian methods not primarily because of
axiomatic arguments but because they obviously work better. They address
and answer the real questions, and provide a logical over-arching framework
for thinking that we …nd in…nitely better than the web of ad-hockery that is
frequentist inference. So we issue yet another challenge to the proponents of
alternative uncertainty representations, that applying their methods should
lead to manifestly sensible results, without the kind of counter-intuitive
implications that Cooke cites for possibility theory.

An important question now requires an answer: if probability is so un-
questionably the right representation of uncertainty, why are so many people
looking for alternatives? After all, frequentist statisticians can at least be
excused in the sense that they were not aware of Bayesian methods …rst and
then perversely went in search of something less satisfactory!

We suspect that there are at least two reasons. One is proper intellectual
curiosity — what if we change this or that; would we get something better?
The pressures of modern academia, in particular, place a premium on at-
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tracting the attention of one’s peers, and one way to do this is by proposing
something radically di¤erent. The second reason is that there are a number
of ways in which people have expressed dissatisfaction with probability. We
are back to the ‘proof of the pudding’ idea, here: no matter how persua-
sive the axioms might be, if their implications include some unacceptable
consequences then there is something wrong.

However, we believe that all perceived de…ciencies of probability are
based on fundamental misunderstandings, and most of them concern the
practical di¢culties of using probabilities. Nobody said it would be easy to
avoid being illogical, inconsistent or incoherent; none of us is perfect.

We know that the proper way to describe Your uncertainty about the
number of birthday cards You will receive this year is through a probability
distribution. That probability distribution should be unquestionably Your
probability distribution for that uncertain quantity, representing Your beliefs
about its likely value with prefect accuracy. Each individual probability,
such as the probability that the number will exceed 20, should perfectly
describe Your uncertainty about that event. The di¢culty is how to measure
those probabilities. If the number of cards is N , should Your probability
that N > 20 be close to 0.1, or to 0.5? If it is close to 0.1, should it be
represented as 0.1, 0.11, 0.101, 0.10023075, or what? The theory says that
there is a precise value that uniquely represents Your knowledge, but how
can You measure it?

Before proceeding further with these questions, let us emphasise that
they apply to aleatory uncertainties just as much as to epistemic ones.
O’Hagan (1988, Preface) says,

“The practical question of assigning probability values in real
problems is largely ignored in the traditional way of teaching
probability. Either the problems are abstract, so that no [nu-
merical] probabilities are required, or they deal with arti…cial
contexts like dice and coin tossing in which probabilities are im-
plied by symmetry, or else the student is told explicitly to assume
certain values.”

If a biased coin does not have probability 0.5 of falling ‘Heads’ up, how
can we know what the probability actually is?

We do not have nice, accurate, mechanical devices for measuring prob-
ability, in contrast to measurement of physical things like length or weight.
However, the fact that we cannot measure probabilities to arbitrary accu-
racy is not an argument for giving up and declaring the exercise impossible.
And the fact that it is di¢cult to do in practice it is not in any sense an
argument against probability being the unique way to represent uncertainty
in principle.

The problem of measuring a person’s probability distribution for one or
more uncertain quantities is very familiar in Bayesian statistics as that of
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specifying the prior distribution. The process is usually known as elicitation,
and there is an appreciable body of literature about how to do it. So when
it comes to specifying Your probability distribution for the number N of
birthday cards You will receive, good elicitation will yield a probability
distribution that represents Your beliefs and uncertainty as accurately as
possible.

4 Elicitation

A useful introduction to the literature on elicitation is Kadane and Wolfson
(1998). There are a variety of purposes for which elicitation may be required,
and these lead to di¤erences in methodology, but we will concentrate here
on the situation where an analyst (the elicitor or the statistician) is facili-
tating an expert to formulate the expert’s knowledge and beliefs about some
unknown parameter (which may be a vector of parameters) in the form of a
probability distribution. We will brie‡y consider other contexts in Section
6.

The fundamental technique for eliciting a probability distribution is …rst
for the expert to specify a (usually small) number of speci…c features or
summaries of the distribution, representing the principal aspects of their
beliefs or knowledge of the parameter in question. Then a probability dis-
tribution is chosen to …t those elicited summaries. The …nal choice may be
made on the grounds of availability (e.g. using such families of probability
distributions as may be known to the analyst or provided in some relevant
software) or convenience (e.g. having conjugacy or analytical tractability).

The justi…cation for this apparently cavalier approach is that, once the
expert has speci…ed a number of key summaries, then all distributions which
…t those summaries (and have the kind of smoothness that one would expect
a person’s probability distribution to have generally) would be very similar.
For instance, once I have said that my beliefs about some integer-valued
parameter A are unimodal with modal value 36 and such that I would be
surprised to …nd it less than 20 or greater than 65 (meaning I am about
90% sure that A will lie in this range), then this is well …tted by a negative
binomial distribution with parameters 10 and 0.2. Any other distribution
satisfying even those few statements will either be very close to that negative
binomial distribution or will look odd in some way.

Therefore the consequences of using the chosen distribution rather than
any other distribution …tting the speci…cation are likely to be negligible, for
most purposes.

Whilst this argument is compelling in a pragmatic way, it leaves many
open questions, such as the following.

² How can we be sure that the consequences are negligible, without
explicitly evaluating them for all possible choices?
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² How do we know which choices are plausible, in the sense that they
do not ‘look odd in some way’?

² The argument must depend on the expert having speci…ed ‘enough’
information via the elicited summaries, so how do we know what is
enough?

² Are some kinds of summaries better for this purpose than others?

These questions arise because there is uncertainty about what the ex-
pert’s true probability distribution is and how far it might di¤er from the
chosen distribution. Now in principle that uncertainty should also be rep-
resented by probabilities. This route can lead into philosophical wrangling
or in…nite regress, when we consider the nature of such probabilities and
whether they can be elicited without introducing another level of uncer-
tainty.

Such deeper questions can be set aside (although perhaps not really re-
solved) by adopting the following perspective. The expert’s true probability
distribution is unknown to the analyst. So we can represent the uncertainty
about the expert’s distribution as being the analyst’s uncertainty. Oakley
and O’Hagan (2002a) present a formal Bayesian analysis from this perspec-
tive. The analyst’s prior beliefs about the expert’s probability density func-
tion are represented by a prior distribution. These beliefs are then updated
by Bayes’ theorem, treating the expert’s elicited summaries as data. Then
the expert’s probability density function can be estimated by the analyst’s
posterior mean, instead of making an arbitrary choice, and uncertainty in
that choice can also be represented through the analyst’s posterior distrib-
ution. More interpretation of this framework is given in Section 6.

Of course, in principle we might now go on to consider the uncertainty
about how accurately the analyst can specify his or her beliefs about the
expert’s beliefs (and so on!), but this has no practical value. The objective
of serious elicitation is to ascertain the expert’s beliefs accurately, so that
the (analyst’s) uncertainty surrounding their speci…cation is minimal. To
then consider uncertainty about the analyst’s speci…cation would clearly be
unproductive.

The analyst’s prior distribution speci…es that the expert’s density func-
tion is expected to be quite smooth and similar to a normal distribution.
However, the formulation is nonparametric, and so allows the expert’s den-
sity function to take any form whatever, and the analyst’s posterior distri-
bution is thereby fully responsive to the expert’s elicited summaries.

To illustrate the method, we consider a real elicitation reported in O’Hagan
(1998). The expert in this example is actually a panel of experts (see Sec-
tion 6 for more discussion of the case of multiple experts), and the unknown
parameter in question was the shortest distance D (in miles) by road from
Newcastle-upon-Tyne to Birmingham (two cities in England). The elicited
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summaries are shown as the histogram in Figure 1; details of how they were
elicited are given in O’Hagan (1998). For instance the …rst block in the
histogram represents the expert’s speci…cation P (D < 177:5) = 0:175.

140 160 180 200 220 240 260 280
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0.005
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0.025

0.03

Figure 1. Driving distance example, exact elicitation

The blue curve is the analyst’s posterior mean. Notice that, despite
the prior belief that the expert’s density function should approximate to a
symmetric, unimodal normal density, and despite the histogram also being
unimodal, this posterior mean is bimodal and asymmetric. The bimodality
is a response to the sharp peak in the expert’s histogram and the substantial
probability that has been elicited for D 2 [205; 220] compared with the very
much smaller probability for D 2 [220; 250].

The red curves are pointwise 95% intervals around the estimate. These
show that there is rather little remaining uncertainty concerning the expert’s
density function, given the expert’s elicited probabilities as shown in the
histogram. The greatest area of residual uncertainty is over the second
mode. The analysis suggests that for many purposes the elicited summaries
are adequate to constrain the expert’s density function well, but further
speci…cation would be desirable if the issue of the second mode is important.

However, all of this analysis is predicated upon the elicited summaries
being perfectly accurate expressions of the expert’s beliefs. In practice, of
course this is an unrealistic assumption. The speci…ed probability 0.175 that
D < 177:5 is simply a judgement, and a judgement by someone unfamiliar
with representing their knowledge in this way. If we allow that the elicited
probabilities which were used to construct the histogram in Figure 1 might
be inaccurate, with a standard deviation of 0.02 in each case, then we obtain
an analysis shown in Figure 2.
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Figure 2. Driving distance example, elicitation subject to error

We now see that the evidence for bimodality has disappeared, and indeed
it is plausible that the expert’s distribution is very close to normality. The
analysis of this example has been done by Delil Gomez Portugal Aguilar,
and will be reported in a paper under preparation.

This is very much work in progress. We are working on formulations
allowing a stronger belief on the part of the analyst in the expert’s density
being skew, and on quantifying the consequences of the uncertainty.

5 The ‘challenge problems’

5.1 Parameters speci…ed only to lie in an interval

Unfortunately, the challenge problems do not appear to represent a genuine
attempt to elicit the beliefs of the experts in any form that could be useful
in specifying a probability distribution. In many cases, we are told that the
only information about a parameter is that it lies in some interval. How can
this be the only information? We cannot imagine how any statistician, with
any appreciation of the problem of eliciting probability distributions, could
realistically make such an assertion.

For instance, we are apparently supposed to accept that these intervals
are absolute, in the sense that the expert in question believes that there is
no possibility at all that the parameter might lie outside. (Otherwise, why
was the expert not asked to tell us what the chance was of the interval not
containing the true parameter value?) We never knew any experts who
were happy, on being challenged, to commit themselves to an interval with
such an absolute assurance, unless it simply expressed the physical limits
of the parameter - e.g. a length is bounded below by 0. Such an interval
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conveys no expert information at all, and it is hardly sensible to consult an
expert in order to elicit only the physical limits of the parameter.

Experts certainly have more information than this. No expert believes
that the parameter is equally likely to be right up against its physical limits
as it is to take some intermediate value, so why were they not asked to tell us
where the parameter was more likely to lie? There are numerous examples
of the successful elicitation of quite sophisticated information from experts.
If OHJWF only expect to get an interval of this kind from an expert, then
we think they are seriously under-using their access to experts!

We therefore believe that to claim that the only information available
about a parameter is that it lies in some interval is to deny the possibility
of eliciting expert information e¤ectively. Nevertheless, we will accept the
challenge and attempt to analyse such a case in the framework of Section 4.

We consider the simplest of the challenge problems, Problem 1 in the
algebraic problem set. This problem is adequate to illustrate the general
principles. There are two parameters, each asserted only as lying in a single
interval. Thus, a 2 [0:1; 1:0], b 2 [0:0; 1:0]. The only other information
we have is that they are independent. Figure 3 shows what I have called
the analyst’s posterior distribution for the expert’s density for each of these
parameters.
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Figure 3. Algebraic challenge problem 1, parameters a (left) and b (right)

The central black curve shows the analyst’s posterior mean, while the
outer black curves give pointwise 95% bounds. Of course, the two pictures
for parameters a and b are theoretically identical, di¤ering only in the scale
on the horizontal axis. The red curves show a few sample realisations from
the analyst’s posterior distribution. There is clearly a great deal of uncer-
tainty remaining in this case, and the single elicited statement is nowhere
near adequate to …x the expert’s density function.

The context of the challenge problem provides a purpose for the elicita-
tion, which is that the expert’s distributions for a and b are to be propagated
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through the simple algebraic model y = (a + b)a in order to specify the in-
duced distribution for y. We do not know the expert’s distribution, but we
can make random draws from the analyst’s distribution for each, as shown
by the red curves in Figure 3, and for each pair of distributions we can
evaluate the distribution of y. We can then determine whether the expert’s
knowledge has been elicited adequately for the purpose of quantifying any
desired feature of the distribution of y.

Suppose, for instance, that we are interested in the expectation ¹ =
E(y). Taking many realisations from our model, we obtain a large sample
from the analyst’s distribution for ¹. We …nd that this has mean 1.05 and
variance 0.004. That degree of uncertainty would in practice probably not
be considered su¢ciently small, and implies again that the elicitation has
not been adequate to identify the expert’s knowledge about a and b.

A more complete way to view that uncertainty is to examine the cumu-
lative distribution function F (y) of y. Figure 4 shows the analyst’s expected
value, with upper and lower 95% bounds, for F (y) plotted against y.
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Figure 4. Algebraic challenge problem 1, output distribution uncertainty.

There is a substantial di¤erence between our analysis of this example
and most of the others presented at this meeting. This is particularly clear
in Figure 4, where our analysis constrains the distribution of y much more
than, for instance, the ‘p-box’ representation of Ferson and Hajagos (this is-
sue). Implicitly, those other analyses take the information that, for instance,
a 2 [0:1; 1] as allowing a to take absolutely any probability distribution over
[0:1; 1] without any notion that some of these distributions are more plau-
sible representations of the expert’s knowledge than others. Our analysis
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di¤ers precisely because we have added extra information to the problem,
which enters through the analyst’s beliefs about the expert’s probability
distribution for a.

² The analyst believes …rmly that the expert’s distribution admits a
continuous density, so the expert’s distribution for a is not concen-
trated on a single point, nor is it discrete and nor does it give non-zero
probability to any single value in [0:1; 1].

² The analyst thinks the expert’s distribution is more likely to be broadly
unimodal than strongly multimodal.

² The analyst thinks it highly unlikely that the expert’s probability dis-
tribution is such that most of the probability is concentrated in a small
subset of [0:1; 1].

We believe that the extra information supplied by the analyst’s prior
distribution is entirely reasonable and defensible. The reason is simply that
if any of the above beliefs were wrong then the expert would not have said
that the only information they could give was that a 2 [0:1; 1]. If any
individual point could be singled out as having positive probability, the
expert would have said so. If the expert thought that there was a region of
relatively improbable values for a between two regions where it was much
more likely to lie, he or she would have said so. If almost all the probability
was concentrated in a small part of [0:1; 1], the expert would have said so.

There is information in what the expert did not say as well as in what
was said.

As a consequence, although Ferson and Hajagos’s ‘p-box’ correctly iden-
ti…es the absolute bounds on F (y), our Figure 4 shows that it greatly over-
states the uncertainty about the expert’s information, since our 95% bounds
fall well within the ‘p-box’.

5.2 More complex cases

The OHJWF challenge problems also contain a number of speci…cations that
we will call hierarchical. We are told that a parameter has a distribution
of some form, characterised by some values that are often called hyperpara-
meters. In the hierarchical examples, these hyperparameters are said to lie
in intervals. Apart from the fact that the latter part of the speci…cation is
a non-problem for the same reasons as given above, we would like to know
how such a speci…cation could arise.

What does it mean for someone to say that they know that the uncer-
tainty in this parameter should be described by a probability distribution of
a certain form but that they do not know its hyperparameters?
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This might be plausible if the probability distribution represents an
aleatory uncertainty. It could conceivably be known from data on related pa-
rameters that such a distribution is appropriate. Then the hyperparameters
might represent real physical quantities about which one might reasonably
ask for an expert’s knowledge. I do not know how to think about such a
model if the uncertainty is not intrinsic. However, if such speci…cations are
always aleatory, how can it be realistic to suggest triangular distributions?
We know of no serious real-life context where a random quantity has such
a distribution. The triangular distribution is only ever a simpli…ed subjec-
tive assessment for an epistemic uncertainty. (It is better than a uniform
distribution on an interval, but still su¤ers from having an unrealistically
bounded domain.)

In practice, a triangular distribution results from the expert specifying
a range and a mode, and then, following a failure to elicit anything more
meaningful, someone assumes a triangular distribution to …t those values.
In this spirit, we will apply the method of Section 4 to the speci…cation of
just the range and the mode.

Consider the parameter m in the ODE example. It is said to have a
triangular distribution with minimum 10, maximum 12 and mode 11. We
will use the information about range and mode but will not assume the
triangular distribution. Figure 5 shows that the uncertainty now is very
di¤erent from that shown in Figure 3 for the case of just interval information.

10 10.2 10.4 10.6 10.8 11 11.2 11.4 11.6 11.8 12
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Uncertainty about density of parameter m, given min, max and mode

pointwise bounds       
sample density function

Figure 5. ODE challenge problem, parameter m

The mode at 11 has reduced the uncertainty, particularly around m =
10:5 and m = 11:5. The greatest element of uncertainty now is about spread,
and realisations look like normal distributions just contained in the interval
or else normal distributions truncated to …t the interval.

In conclusion, we …nd it very di¢cult to take the “challenge problems”
seriously, because they are so unrealistic. Nevertheless, we have presented
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some attempts to interpret some of the simpler challenge problems in the
framework of Section 4.

6 Whose uncertainty?

A reasonable question to ask of the analyses that we have presented is,
“Whose uncertainty are we interested in?” Is it the analyst’s uncertainty?
In practical elicitation there will often be a separation between the expert
and the analyst, but it is not the analyst’s beliefs that matter. The analyst
is there to facilitate the elicitation of the expert’s beliefs.

We have presented the method from the analyst’s perspective only for
ease of exposition. The intention throughout is to represent the uncertainty
that remains concerning the expert’s distribution for the parameter of inter-
est, given the expert’s elicited summaries of that distribution. It is part of
the analyst’s facilitating role to report back to the expert the implications of
the expert’s elicitation, and ideally to report (to the expert, or to the client
who has commissioned the elicitation) at the end of the process the chosen
distribution. We see the method as allowing the analyst to report back also
the degree of uncertainty surrounding that distribution.

As explained in Section 5.1, the analyst introduces some extra infor-
mation through the prior distribution. This was important in the analysis
presented there of the case of an interval speci…cation, and we argued that
this was appropriate for such a problem. In more realistic elicitation, the
process will include feeding back implications of the expert’s elicited infor-
mation, and in the early stages of the elicitation this may be coloured by
the analyst’s prior. The expert should then have an opportunity to refute
any feature which has been introduced by the analyst. Furthermore, as the
expert provides more information, so the in‡uence of the prior distribution
diminishes, so that we do not believe this feature of our approach has any
practical drawbacks.

There are other, related questions about “whose uncertainty?”
It is common for expert information to be elicited to inform a decision-

maker, who might be ‘the client’ in the preceding paragraph. In this case,
the decision-maker is really interested in the expert’s knowledge, and no
matter what form that knowledge is expressed in it really functions as data
for the decision-maker. It should be used to update the decision-maker’s
beliefs about the parameter. This is the framework of elicitation considered
by French (1980) and Lindley (1982), but is in principle quite di¤erent from
what we have described as the elicitation problem. Whatever summaries
have been elicited as data from the expert are the decision-maker’s raw
data, and there is no point in then choosing a single distribution to …t those
summaries, or in quantifying the uncertainty in that choice. If elicitation in
the sense I have described here is needed for that context, it is elicitation
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of the decision-maker’s beliefs, both about the parameter and about the
expert’s expertise. Nevertheless, if the decision-maker has negligible prior
information about the parameter and trusts the expert’s expertise, then it is
possible that the analyst’s posterior distribution in our approach may indeed
represent the decision-maker’s posterior beliefs.

Finally, many of the challenge problems feature information from several
experts, for instance in the form of several intervals (which may not be
overlapping). It is common to consider the question of how to combine
the various underlying distributions of the experts into a single distribution
for the parameter. But whose distribution does that represent? The most
likely scenario for using several experts is that in which their knowledge will
inform a single decision-maker, and it is the decision-maker’s beliefs that
matter. In processing the information given by the various experts, the
decision-maker will no doubt synthesise their implied distributions in some
way. Our preference is to get the experts to exchange knowledge, with a
view to deriving a consensus elicitation from them, rather than di¤erent,
potentially con‡icting elicitations from each expert.

Con‡ict is particularly important. If Expert A says that a parameter
de…nitely lies in [0:1], while Expert B is certain that it lies in [2; 3], then
one (or both) of them is wrong. We should surely confront each with the
views of the other to try to resolve the con‡ict. Or at least we need always
to recognise the fallibility of expert knowledge.

7 Propagating parameter uncertainty

We have concentrated in this paper on the elicitation of an expert’s probabil-
ity distribution for an uncertain parameter. OHJWF also pose the challenge
of how to propagate parameter uncertainties through the model to derive
the uncertainty on the model output. This may be a serious conceptual
challenge for some of the so-called representations of uncertainty that are
advocated as alternatives to probability, but for probability the formal so-
lution is absolutely natural and unquestioned. If we think of the model as
a function f that turns an input vector x into an output y = f(x) then it is
a standard problem in probability theory: given the distribution of x, what
is the distribution of f (x)? For instance, if the model has a single input x,
whose distribution is the standard normal distribution N(0; 1), and if f is
the square function, so that y = x2, then it is a routine exercise in proba-
bility theory to show that y has a chi-square distribution with one degree of
freedom.

There are no conceptual di¢culties with propagation of probabilities,
but there are practical complications. This mirrors our discussion in Section
3 — there is no doubt conceptually that probability is the unique correct
way to represent uncertainty, but there are practical di¢culties in doing so
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accurately which we need address.
So it is with the propagation of probabilities through a model, when the

inputs x are typically high-dimensional and when the model f is enormously
more complicated than the simple square function! One good general pur-
pose tool is the Monte Carlo method. We draw random input con…gurations
x1;x2; : : : ;xN from the distribution of x, run each con…guration through the
model to obtain y1 = f(x1), y2 = f(x2); : : : ; yN = f(xN), then these are a
sample from the distribution of y. If N is su¢ciently large, typically several
thousands, we will be able to estimate any desired feature of this distribu-
tion with negligible estimation error. (The estimation error is an instance
of code uncertainty, as de…ned in Section 1.)

Monte Carlo is a perfectly adequate method, no matter how large the
dimension of x, and no matter how complex the function f (i.e. the model),
provided that we can compute the sample y1, y2; : : : ; yN for a su¢ciently
large N in reasonable time with reasonable computing resources. We used
Monte Carlo, for instance, in our propagation of uncertainty in Section 5.1.

Unfortunately, many computer codes are so complex that a single run
may take minutes, hours or even days on very powerful computers. In this
context, the thousands of runs needed for the Monte Carlo approach may
become prohibitive. Even if the model runs in seconds, the computational
demands of the Monte Carlo approach may make e¤ective sensitivity analy-
sis infeasible.

It is therefore worth mentioning the more powerful Bayesian approach
developed in Haylock and O’Hagan (1996), Kennedy and O’Hagan (2001)
and Oakley and O’Hagan (2002b). These methods make far more e¢cient
use of each model run, and so are able to deliver all kinds of uncertainty
analysis, sensitivity analysis, etc., from a single set of typically a few hun-
dreds of model runs.

8 Conclusions

This workshop has been explicitly concerned with epistemic probability. The
distinction between aleatory and epistemic uncertainty is useful in pragmatic
terms, because it helps to identify which components of uncertainty are po-
tentially reducible by gaining more information. It also helps to illuminate
the di¤erence between frequentist statistical theory, which applies only to
aleatory uncertainty, and the Bayesian approach, where epistemic uncer-
tainty is embraced and represented by personal probabilities. However, un-
certainties which appear to be aleatory often have an epistemic component,
and a purely aleatory uncertainty is a rather rare beast.

It is very …rmly our opinion that the uniquely suitable representation
of uncertainty, whether aleatory or epistemic, is probability. This is based
both on axiomatic arguments and practical experience. However, we must
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recognise that in practice it is not feasible to quantify uncertainties precisely
in probabilistic terms, and it is necessary to acknowledge imprecision in
probability judgements. It seems to us that some of the proponents of
alternatives to probability frequently miss this distinction. To propose an
alternative theory that does not follow axioms of sensible action in the face of
uncertainty, simply because probabilities are di¢cult to measure in practice,
is seriously misguided. We would rather have an approximate answer to the
right problem than an exact answer to an entirely di¤erent one.

Instead of toying with alternative theories, we should be giving serious
consideration to how to measure probabilities in practice with the maximum
of precision and reliability. This is the elicitation problem.

We have outlined some recent work on elicitation that explicitly allows
for the imprecision in experts’ judgements. The methodology is applied to
one of the challenge problems, although we also argue that the formulation
of these problems is unrealistic and apparently based on a denial of the
possibility of elicitation. This is work in progress, but seems to be a very
promising approach with wide applicability.
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