arXiv:cg/0603059v1 [cs.IT] 14 Mar 2006

Analyticity of Entropy Rate in Families of Hidden
Markov Chains (II) *

Guangyue Han, Brian Marcus

Department of Mathematics
University of British Columbia
Vancouver, B.C., V6T 172

e-mail: ghan, marcus@math.ubc.ca

January 4, 2008

Abstract

We give relaxed sufficient conditions (compared to [2]) for analyticity of the entropy
rate of a hidden Markov chain. Several examples of the relaxed conditions are given. A
general principle to calculate the domain of analyticity is stated. An example is given to
estimate the radius of convergence for the entropy rate. Finally, we prove a “stabilizing”
property of “Black Hole” case, which suggests that one can explicitly compute the
derivatives and obtain an explicit Taylor series in certain cases, generalizing the results
in [I3, [12].

1 Introduction

As in 2], let Y = {Y°0 } be a stationary Markov chain with a finite state alphabet
{1,2,---,B}. A function Z = {Z>_} of the Markov chain Y with the form Z = ®(Y)
is called a hidden Markov chain; here ® is a finite valued function defined on {1,2,---, B},
taking values in {1,2,---, A}. Let A denote the probability transition matrix for Y; it is well
known that the entropy rate H(Y') of Y can be analytically expressed using the stationary
vector of Y and A. Let W be the simplex, comprising the vectors

{w: (w1>w27"' >'UJB) GRB:'UJZ' EO,Z’UJZ = ]_}’

and let W, be all w € W with w; = 0 for ®(i) # a. For a € A, let A, denote the B x B
matrix such that A,(7,7) = A(i,j) for ¢ with ®(i) = a, and A,(7,j) = 0 otherwise. For
a € A, define the function r, on W by

ro(w) = wA,1.

*This paper is a continuation of [2], thus we follow the notation in [2]. An earlier version of this paper
was submitted to ISIT 2006.
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If Y is irreducible, the entropy rate H(Z) of Z is the integral of the function — _ _ , 7o (w) log re(w)
with respect to a measure, called the Blackwell measure, on W. This measure is defined as
the limiting distribution p(yo = -[2°_.).
Let s be the stationary vector of the Markov chain; for each symbol a of Z and each
w € W such that r,(w) > 0, let

falw) = wA, /T (w).

Then the support of the Blackwell measure is contained in the limit set of {(f,, © fa, , 0 0
fao)(8)} (see 2], [I); in the examples of this paper, the support actually coincides with the
limit.

Recently there has been a great deal of work on the entropy rate of a hidden Markov
chain [7, B, 8, [[3, 4, [T2]. See also closely related work [6, [0, [I1].

In Section Bl we relax the conditions given in [2] for analyticity of the entropy rate of a
hidden Markov chain. The conditions in Theorem 1.1 (and Remark 3.1) and Theorem 4.7
in [2] fit these conditions; these results are subsumed in Theorem 1] of this paper. Several
examples are given.

In Section Bl, we first state a general principle to determine a domain of analyticity for
the entropy rate. As an example, we determine a lower bound on the radius of convergence
of the entropy rate for the special case when a binary Markov chain is corrupted by binary
symmetric noise.

In Section @l a “stabilizing” property of the derivatives of the entropy rate for the “Black
Hole” case is discussed. According to this property, one can explicitly calculate the deriva-
tives of the entropy rate for this case.

2 Relaxed Conditions

In this section, we consider analyticity of the entropy rate of Z when A has a simple maximum
eigenvalue 1; this implies that A has a unique stationary vector, and so the Markov chain
is uniquely defined. For w in W}, let f!(w) denote the first order derivative of the mapping
fo from W, to W, at w (restricted to the subspace spanned by directions parallel to the
simplex W;) and let || - || denote the Euclidean norm of a linear mapping. We say that
{fa : a € A} is eventually contracting at w € W, if there exists n such that for any
ag,ay, - 0 € A, ||(fa, © fa, 1 00 fa,)'(w)]| is strictly less than 1. Let L denote the limit

set of {(fan © fan 1 00 fa)(3)}-
Theorem 2.1. If at A = A,

1. 1 is a simple eigenvalue for A,

2. For every a and all w in L, ro(w) > 0,

3. For every b, {f. : a € A} is eventually contracting at all w in the convexr hull of the
intersection of L and W,

then H(Z) is analytic at A = A.



Proof. Let X denote the right infinite shift space {ag® : a; € A}. Let Ls denote the -
neighborhood of L. Choose § > 0 so small that at A, we have:

e For every a € A and all w in L, ro(w) > 0

e For every b, {f, : a € A} is eventually contracting at all w in the convex hull of the
intersection of Ls and W),

For simplicity we may assume that for each a, f, is contracting instead of eventually con-
tracting. For any c§° € X, there exists n such that {(f., o fo,, 00 f,)(5)} € Ls. Let Qi
denote the cylinder set {al° : ap = cp,a1 = ¢1,- -+ ,a, = ¢, }. Since {f, : @ € A} is contract-
ing, we conclude that for any af® € Qi and for m > n, {(fa,, © fan—1 0+ -0 fa,)(5)} € Ls. By
the compactness of X', we can find finitely many such cylinder sets to cover X'. Consequently
we can find n such that for m > n and any a5° € X', we have {(fa,, 0 fa,,_ 10 -0 fa,)(5)} € Ls.
So similar to the proof of Theorem 1.1 in [2], one can use the contraction (along any symbolic
sequence 2° ) to extend H,(Z) = H(Zy|Z=}) from real to complex and prove the uniform
convergence of H,(Z) to H(Z). O

Remark 2.2.
(1) If A has a strictly positive column (or more generally, there is a j such that for all i,
there exists n such that A}; > 0), then condition 1 holds by Perron-Frobenius theory.

(2) If for each symbol a, A, is row allowable (i.e., no row is all zero), then r,(w) > 0 for
all w € W and so condition 2 holds.

In Theorem 1.1, and more generally Remark 3.1, of [2], it is proven that H(Z) is analytic
assuming a positivity assumption: namely, that for each a, A, is not the zero matrix and
each of its columns is either strictly positive or all zero. Theorem Pl relaxes the positivity
assumption. Indeed given the positivity assumption, by Remark 22 condition 1 and 2 hold.
For condition 3, first observe that L is contained in Uy f,(W). Using the equivalence of the
Euclidean metric and the Hilbert metric, the proof in [2] shows that for every b, {f, : a € A}
is eventually contracting on f,(WW), which is a convex set containing the intersection of L
and W,

In Theorem 4.7 of [2], necessary and sufficient conditions are given for analyticity of
entropy rate of binary hidden Markov chains with unambiguous symbol 0. Theorem BT
generalizes the sufficiency part of this result. Indeed the conditions of Theorem 4.7 of [2]
imply the conditions of Theorem X1l Condition 1 follows from the fact that A is assumed
irreducible. For conditions 2 and 3, one first notes that the image of f; is a single point Wy,
and the fi-orbit of Wy and fi-orbit of § converge to the same point p;. It follows that L is
the union of Wy, the fi-orbit of Wy and p;. The conditions in Theorem 4.7 of [2] imply that
ro > 0 on L (i.e., condition 2 holds) and that for sufficiently large n, f]' is contracting on
the convex hull of the intersection of L and W (so, condition 3 holds).

Theorem [ZT] also applies to many cases not covered by the results of [2]. For instance,
suppose that some column of A is strictly positive and each A, is row allowable. By Re-
mark P22 Theorem EZTlapplies whenever we can guarantee condition 3. For this, it is sufficient
to check that for each a, b, f, is a contraction, with respect to the Euclidean metric, on the
convex hull of the intersection of L with each Wj,. This can be done by explicitly computing
derivatives.



Example 2.3. Consider a hidden Markov chain Z defined by :

a1 G122 13 Q14
A _ | Q21 Q22 Q23 0G24
az1 a3z Aaz3 (a34
a41 Q42 (A43 Q44

with ®(1) = ®(2) = 0 and ®(3) = ®(4) = 1. We assume that some column of A is strictly
positive and both Ao and A; are row allowable.
Parameterize Wy by (y, 1 —,0,0) and parameterize W; by (0,0,y,1—y) (with y € [0, 1]).
We can explicitly compute the derivatives of fy and f; with respect to y:
Q11022 — 12021
a1y + 12 — Qg1 — Ag2)Y + A1 + ag)?

f(3|(y,1—y70,0) = ((

a31a42 — A32041
)
((as1 + ase — g1 — ag2)y + ag1 + as2)?

fé ‘ (0,0731,1—9) =

13024 — (14023
13 + Q14 — Qg3 — G24)Y + Qo3 + ao4)?
33044 — 34043
((ags + ass — asg — asa)y + sz + a4q)?’
Note that the row allowability condition guarantees that the denominators in these expres-
sions never vanish.

Choose a;; such that each of these derivatives is less than 1; then we conclude that the
entropy rate is analytic at A. One way to do this is to make each of the 2 x 2 upper/lower
left /right matrices singular.

Or choose the a;; such that

f{ | (y,l—y,0,0) = ((

f{ ‘ (0,0,y,l—y) =

aq * 61 0
A 0 (0] 0 52
A= )\1 * M 0
0 )\2 0 T2

where 0 < a1 < a9, 0 < 81 < B2, 0 < A1 < A9, 0 < 1y < 19 and * denote a real positive
numbers. Let (s9, s4) be the Perron eigenvalue of the stochastic matrix:

ay [
Ay M2 |
Then § = (0, s9, 0, s4) is the stationary vector of A corresponding to the simple eigenvalue 1.

Let wy = (0,1,0,0) and w; = (0,0,0,1). One checks that forn >0, f,, 0 f., 00 f(5) =
w,, . Therefore L consists of {wy,w;}. Using the expressions above, we see that

f6|w0 = al/OQ < 17f0/‘w1 = )‘1/)‘2 < 17
filwo = B1/B82 < 1, filw, = m/n2 < 1.

So, fo and fi are contraction mappings at {wo, w1}, and so condition 3 holds. Thus, the
entropy rate H(Z) is analytic at A.



3 Domain of Analyticity

Suppose A is analytically parameterized by a vector variable £, and all the conditions in
Theorem [Z]] are satisfied at &€= &.

We state a general principle to determine a domain of analyticity for the entropy rate as
a function of £ This involves examination of the proof of Theorem 1.1 of [2] and results in
the following.

First we enlarge the convex hull (of the intersection of L and W}) to a convex complex
neighborhood N, so that for every a, the derivative of f, on NV, is a p-contraction, where
0 < p < 1. Then we choose a small enough compact complex neighborhood €2z, of &, such
that for all € € Qg and for all n, f,, o fo,_, 0+ 0 fu,(8) € N,, and for the complexified
conditional probability corresponding to any 27, Y. |p(z.|2{7")| < 1/p on Qg. From the
proof of Theorem 1.1 of [2], the entropy rate is complex analytic on Qz,.

In the following, we study the special case when a binary Markov chain is corrupted by
binary symmetric noise, and give a lower bound on the radius of convergence for the entropy
rate.

Consider a binary symmetric channel, characterized by

Zn :Yn@Ena

where {Y},} is the input Markov chain with transition matrix

pP= VOO ot } : (3.1)

mT0 711

@ denotes binary addition, F, denotes the ii.d. binary noise with pg(0) = 1 — ¢ and
pe(l) = ¢, and Z,, denotes the corrupted output hidden Markov chain. Strictly speaking,
{Z,} is a hidden Markov chain obtained from the underlying Markov chain {(Y,,, E,)}. It
follows from Remark 3.1 of [2] that the entropy rate is an analytic function of € at € = 0
when 7;; > 0; we shall determine a complex neighborhood of 0 such that the entropy rate,
as a function of ¢, is analytic on this neighborhood.

Let a,, = p(y, = 0]2}") and b, = p(y, = 1|z}). For z,,1 = 1 we have

E(Wooan -+ 7T10bn)
5(71'00&” + Wlobn) + (1 — 8) (7T01(Ln + 7T11bn>’

Ap41 =

(1 —¢e)(moran + m11by)
8(7’(‘00&” + Wlobn) + (1 — 5)(7r01an + Wllbn) '
Since a, + b, = 1, a,,41 is a function of a,; let g; denote this function.
For z,,1 = 0 we have

bn—i—l -

a _ (1 — E)(ﬂ'oo&n + Wlobn)
et (1 — 8)(7T00(Ln —+ Wlobn) -+ 5(7T016Ln + 7T11bn>’

e(mo1an + m110y,)
1 — &) (moon + m10bn) + €(mo1ay + T11bys)

bn—i—l = (



Again, a,, is a function of a,; let gy denote this function.
And for the conditional probability, we have

TO(ana bn) = p(zn = O|Z?_1>
= ((1 — 8)71'00 + €7T01)6Ln + ((1 — 8)7’(’10 + 87T11)bn,
r1(an, by) = p(z, = 1|zf_1)

= (871'00 + (1 — 6)7T01)6Ln + (871'10 + (1 — 6)7T11)bn.

Note that go, g1, 70, 71 are all implicitly parameterized by . The stationary vector (g, 1)

of Y, which doesn’t depend on ¢, is equal to (mo/(7m19 + mo1), 701/ (710 + T01))-
We shall choose p with 0 < p <1, 7 > 0 and R > 0 such that for all € with |e| < r

1. go and ¢, are p-contraction mappings on R-neighborhoods of 0 and 1 in the complex

plane,

2. the set of all {ga, © ga, , © 0 ga,(m0)}) are within the R-neighborhoods of 0 and 1,

3. and |ro(w)| + |ri(w)]| < 1/p.

By the general principle above, the entropy rate should be analytic on |g] < 7.
More concretely, condition 1, 2 and 3 translate to (here p < 1, and recall that b, = 1—a,,):

L. |g6(an)| < p, |gi(an)| < pon (Je] < r and |a,| < R) and (|e| < r and |b,| < R).
2. max {[go(0)l, l90(1)], [91(0)], [g2(1)[} < R(1 = p) on [g] <.
3. |ro(an, by)| + |r1(an, by)| < 1/p on (le| < r and |a,| < R) and (|e| < r and |b,| < R).

A straightforward computation shows that the following conditions guarantee condition
1,2, 3:

(| — moom11 + T10m11 + T10mo1 — Tiom1a |7 + | (Moo + Ti0701)|)
11 — |m10 — mua|r — (|mo0 — T10 — o1 + |7 + |71 — T11| R)

—_ )

(] — moom1 + T10m11 + Tr0To1 — Tom11|r + |(Moom™11 + T10701)])
o1 — |moo — mo1|r — (|00 — T10 — o1 + T |7 + |T01 — 11| R)

— Y

(| — m11 700 + To1 o0 + To1 10 — To1Too|T + |T117T00 — To1710])
Too — |01 — moo|r — (|00 — T10 + T11 — 7o |7 + |m10 — o) R

IN

P,

(| — m11 700 + To1 o0 + To1 10 — To1To0|T + |T11700 — To1710])
o — |m11 — mTo|r — (|00 — T10 + 711 — Toa|r + |70 — To0|) R

IN

P,

< R(1-p), < R(1-p),
7T01—|7T00—7T()1‘7” 7T11—|7T10—7T11|7‘

i < R(l-p), — < R(1—p),
7T10—|7T11—7T10|7“ 7T00—|7T01—7T00|7’

(|mo0 — mo1 — ™10 + m11|7 + |To1 — m11|) R + |70 — T1a |7 + 711,
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"—(‘71'01 — 700 +7T10 — 7T11|7’ + ‘71'00 — 7T10|)R—|— ‘71'11 — 7T10‘7”—|—7T10 < 1/p,

(|m0 — ™11 — oo + Tou |7 + 711 — Tor|) R + |m00 — mor |7 + mor
+(|m11 — m10 + oo — Tor |7 + |10 — Too|) R + |To1 — Too|T + Too < 1/ p.

In other words, for given p with 0 < p < 1, choose r and R to satisfy all the constraints
above. Then the entropy rate is an analytic function of € on |g| < r.

4 Stabilizing Property of Derivatives in Black Hole
Case

Consider the case that for every a € A, A, is a rank one matrix, and every column of A, is
either strictly positive or all zeros. For this case, the image of f, is a single point and each f,
is defined on the whole simplex W. Thus we call this case the Black Hole case. Analyticity
of the entropy rate at a Black Hole follows from Remark 3.1 of [2]. In this section we show
that, in principle, the coefficients of a Taylor series expansion, centered at a Black Hole, can
be explicitly computed. This result was motivated by and generalizes earlier work by Zuk,
et. al. [I3, [12] and Ordentlich-Weissman [9] on cases of hidden Markov chains obtained by
passing a Markov chain through special kinds of channels.

Note that a binary Markov chain corrupted by binary symmetric noise is a Black Hole
case when € = 0 and 7;; > 0; we calculated a lower bound on the radius of convergence for
this case in Section Bl

Suppose that A is analytically parameterized by a vector variable & = (g1,€9, - ,&).
Recall that H,(Z) is defined as

H,(Z) = H(Zy|ZZ}).

The following theorem says that at a Black Hole, one can calculate the derivatives of H(Z)
by taking the derivatives of H,(Z) for large enough n.

Theorem 4.1. If at € = &, for every a € A, A, is a rank one matrixz, and every column of
A, is either a positive or a zero column, then

am +a2+---+amH(Z) aa1 +az+-+am Ha1+a2+ o (Z)
021902 ... gam - 21922 ... gom
Em £=¢ Em e=¢

In fact, we give a stronger result, Theorem L@, later in this section.

Proof. For simplicity we assume that A is only parameterized by one real variable ¢.
We shall first prove that for all sequences 2° __ the n-th derivative of p(zo|2-% ) stabilizes:

p™ (20271 ) = p™(20]27L ) ate=¢é. (4.2)

Since p(z0]2=L) = p(y_1]2-%)A.,1, it suffices to prove that for the n-th derivative of
T = (yl|z—oo)> we have

(n)

2" =" (yilzls) = P (yilz,) at e = & (4.3)



Consider the iteration:
= i 1A,
‘ xi—lAzi 1 )

In other words, x; can be viewed as a function of x;_; and A,. Let g denote this function.

Since at ¢ = &, A,, is a rank one matrix, we conclude that ¢ is a constant as a function of
z;_1 in this case. Thus at ¢ = ¢

. xi—lAz- p(yz—l)Az
— . ? = v = v = . - ). 44
Z; p(yl|z—oo) xi—lAzil p(yl_l)Ale p(yl|zl) ( )

For the first order derivative, taking the derivative of g with respect to €, we have at
e=¢€

, dg
l’.

T OA,

Recall that at e = £, g is a constant as a function of z;_;, so we have

dg

e (Ti—1, Az) 254

(l’i_l, Azz) A;Z +

e=¢€

dg

O0x;_y

d(a constant vector) 0

(931'—1, Azi) =

e=¢€

O0x;_y
It then follows from (E4]) that at e = ¢
v =1 (Wil2l o) = P'(wil2iy)-

Taking higher order derivatives, we have

n a n
PO (xim1, AL,) :):(_)1 + other terms,

where “other terms” involve only lower order (than n) derivatives of z;_;. By induction, we
conclude that
2" = p" (il ) = " (il )
at € = £. We then have ([3) as desired.
By the proof of Theorem 1.1 of [2] (see Remark 3.1 of [2]), the complexified H,(Z)
uniformly converges to the complexified H(Z), and so we can switch the limit operation and
the derivative operation. Thus, at all €,

H'(Z) = (lim » (p(22)logp(z|zZ;))

k—oo
2k

= lim Y (p'(2%)logp(z0274) + p(22,) ———~
52 Pl D)
—k

Since

S = S ol =0



we have for all
H'(Z) = lim » (p'(2%)) logp(zo]22;))- (4.5)

k—o0
At € = £, we obtain:

H'(Z) = lim (p/(zo—k) log p(z0]2-1))

k—o0

0
kK

— Z D logp(z|z-1)) = H(Z).

For higher order derivatives, again using the fact that we can interchange the order of limit
and derivative operations and using (EZH), we have for all ¢

(n _ n—1I)
H = lim ZZ p)(logp(z]274))
20 e =

(the use of (EH) accounts for the fact that there is no [ = 0 term in this expression). Note
that the term (log p(zo\z )Y involves only the lower order (less than or equal to n — 1)
derivatives of p(zo|2~}), which are already “stabilizing” in the sense of [#2); so, we have

_ 1 (l n—1)
1}55022 1) (log p(20]2Z n))
20 Tk =1

—ZZ “1p0 (20 ) (log plzo|2=1) ™D = HM(2).
an

We thus prove the theorem. O

Remark 4.2. It follows from (4] that a hidden Markov chain at a Black Hole is, in fact,
a Markov chain. Note that in the argument above the proof of the stabilizing property of
the first derivative (as opposed to higher derivatives) requires only that the hidden Markov
chain is Markov and that we can interchange the order of limit and derivative operations
(instead of the stronger Black Hole property). Therefore if a hidden Markov chain Z defined
by A and @ is in fact a Markov chain, and the complexified H,(Z) uniformly converges to
H(Z) on some neighborhood of A (e.g., if the conditions of Theorem BTl or the conditions
of Remark 3.1 of [2] hold), then at A, we have

H'(Z) = H|(2).

In the cases studied in [I3], 12, 9], the authors obtained, using a finer analysis, a shorter
“stabilizing length.” This shorter length can be derived for the Black Hole case as well, as
shown in Theorem 8 below.



By induction, one can prove that the formal derivative of ylogy takes the following form:

y(al)y(GQ) “ e y(a77l+1)
ym

(ylogy) ™) = > Elay aa ams1] +y™M(logy+1)

a1>a2>->amy1:01+a2+Famy1=N

-1
=2 0 > Bawonn

=1 a22a3>">am+1

y(a2)y(a:’)) .. ,y(am+1)
ym

+ y(N)(logy +1).

Let ¢;[y] denote the “coefficient” of y®, which is a function of y and its formal derivatives
(up to the i-th order derivative). Thus we have

(ylogy)™ Z alyly"” = High n[y] + Low n[y],

where High n[y] = Z((NH)/z] ¢ilyly"” and Low y[y] = Z[N D2l ailyly™.

In following, let P(aq,as,- - ,a,) denote the number of distinct sequences obtained by
permuting the coordinates of the sequence (aq,as, - - ,a,,). Namely if
Ay = G2 = = Qmy > Q41 = = Qmydmy = 2 Gy pmotdmy 141 = 0 = Qg tmattm; = Qs
(4.6)
then '
m)!
P(@l,&g,"‘,am): .
m1!m2! B m]'

Lemma 4.3.

(' /y)™ = > Claaaz,am) (Y “yl®) -y @m)) fym,
a12a2>->am>1:a1+az++am=n+1
where Clay ag, am] = (—1)™ ™ L P(a1, a, - - ,am)%.

Proof. One checks that Cpy) = 1 and Clg, 4,,... 4, Satisfies the following recursion relationship:
FOTCLlZ@Z"'ZCLmZQ,

Clarascam] = D D@1, as, -+, amib,bay -+ 00)Cloy by b (4.7)
where the summation is over all by > by > --- > b,, > 1, and all b; is equal to a; except for
one of them, say by = a — 1, and D(aq,as, -+ ,am;b1, by, -+, by,) is defined to the number
of b occurring in the sequence of by, by, -+ ,b,,. Fora; > ay > --- > a,, =1,

C[al,az,---,am} - Z D(ala A2y 5 Qmy; bl> an e >bm)0[b1,b2,m,bm} - (m - ]-)C[al,az, A — 1} (4 8)
again here the summation is over all by > by > --- > b,, > 1, and all b; is equal to a;
except for one of them, say by = ar, — 1, and D(ay, a2, -+ ,am;b1,be, -+ ,by,) is defined to
the number of by occurring in the sequence of by, bo, - -+, by,.

One checks that
(a1+a2+-~-+am)!
alas! - - a,y,!

1
(_1)m+1ap(al>a2a"' >am) 5

satisfies the initial value and recursion (7)) and (Z8). Since the initial value and recursion
uniquely determine the sequence, the theorem then follows. O
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Lemma 4.4. For i = [(N + 1)/2],---,N, ¢ is proportional to (logy + 1)¥=9. More
specifically, we have

¢yl = Cin(logy + 1)(N ",

where C; n 15 an integer.

Proof. We first prove that for N = 2k + 1, the coefficient of y**1 is proportional to z*~1,
where z = (logy + 1)’ = ¢/ /y. According to Leibnitz formula, we have

2k
(ylogy) ) = (y/(logy + 1) =Y~ Clhiy™V(logy + 1)+
=0
2k—1
_ y(2k+1)(logy + 1) + Z Céky(l—i-l)z(%—l—l).

=0

It suffices to prove that the coefficient of 3+ of

is ChF2*= " Applying Lemma BEZ3 and collecting terms, we have the coefficient of y*+1)
equal to

Cod ' Clory™ Jy + C52 Clgry (y* Dy M) /3
+C§J30[k+1,2} (y(k_z)y@))/yz + Cglj_gc[k+1,1,1}(y(k_2)y(1)y(l))/y3

+C3 i (0" /9?4 Co Cer 2 (0@ y™) [P+ O3 Clr g (2 Wy Wy D) 1y

+ o+ O Cgr ey (YY" P 4 -+ O3 Oy (DY -y ™) Jy

Consider the term (y(®)y(@2). . ~y(“m))/y (here a; +as + -+ -+ a,, = k) and compute its
coefficient in the expression above. Assuming that a; > ay > -+ > a,, satisfying ([E0), we
have the coefficient

2k+1—ay 2k+1— —amq+1
C C[’*H‘l ag,-am] T C C[/H-l,ah'“ 3@y »Gmy +2,7 50m] +-

02k+1—am1+m2+...+mj71+1 C
2k [k+17a17"' Amy+mot-tmy_1H0mytmotetmy 142, 7a77l]

_ (_1)m+1 1 (2k)! (2k+1—ay)! m!

2k +1—a1)l(a; — D) (E+ Dlag!---ap! (mq — 1)Ima!---my!
N (2k)! (2k+1—ap,1)! m! T

(2k 4+ 1 — amyt1)(@mys1 — DV ar! - ap, [k + D)lam, 40! - - - am! mg!(mg — 1)1+ -my!
+ (2]{7)' (Qk +1- am1+~~+mj71+1)! m!

(Qk +1-— am1+...+mj71+1)!(am1+...+mj71+1 — 1)' al! cee a,m1+...+mj71!(k + 1)!am1+...+mj1+2! cee am! ml!mQ! cee (m] — ]_)'
_ (_1)m+1i (2k)! m! mM1ay + Mol 41+« -+ MGy ooy +1
m(k+1)‘m1‘m]' a1!&2!"'am!
(- )mﬂi (2k)! (a1 +ag+ -+ ap)! m!
m (k+ 1)k —1)! alas! - apy! mylmg! - - - my!
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_ k+1
- C2k C[al,az,"' Jam]*

It then follows that the coefficient of y**1) is equal to C4F*z(*:=1),

One can do similar computations to prove that for N = 2k, 2k + 1, this lemma holds
for other derivatives. An alternative approach is to use induction. Using the fact that the
coefficient of y**+1) is proportional to z*~1 (established above), one can prove by induction
that for the 2k-th order derivative of ylogy, the coefficient of y is proportional to (logy -+
1)1 for | with k+1 < < 2k; and for 2k + 1-th order derivative of ylogy, the coefficient

of y is proportional to (logy 4 1)@*+1=0 for [ with k +2 <1 < 2k + 1. O
Lemma 4.5.
[(N-1)/2] [(N-1)/2]
Low y[ax] = Z D 4 Z
i=0
where r;[a] is a function of a and its derivatives (up to order [(N —1)/2]), and s;[x] is a

function of x and its derivatives (up to order [(N —1)/2]). Also,

= Low y|z].
Proof. By Leibnitz formula, we have
N
((az) log(az))™ =y Ciy(az)? (log(az)) "~
i=0

—ZC’NZC] (=9 (log a 4 log )™=,

Thus there exist a function of a and its derivatives t;[a], and a function of x and its derivatives
w;[x] such that

N N
((az) log(az)™ = 3" tlale® + 3" wilela®,
i=0 i=0
with wo[z] = (zlogz)™).
By Lemma 4], we have
N
Highylas] = 3 gilar)(aa)® = Z Conlloga + logz + 1) D(az)®
i=[(N+1)/2] —[(N+1)/2]

Thus we conclude that there exist a function of a and its derivatives u;[a], and a function of
x and its derivatives v;[z] such that

N N
High y[ax] = Z u;fa)z® + Z vilx]a®,
=[(N+1)/2] i=[(N+1)/2]

with vg[x] = High y[z]. Since
Low ylaz] = ((az)log(az))™) — High y|az],
existence of r;[a] and s;[x] then follows, and they depend on the derivatives only up to

[(N —1)/2], and so[z] = Low y[z]. O
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Theorem 4.6. If at € = &, for every a € A, A, is a rank one matrixz, and every column of
A, is either a positive or a zero column, then

8a1+a2+"'+amH(Z) 8051+012+~..+OémH (a1+062+ +am+1)/2‘| (Z)

21922 ... §om o .. OQam

Em e=¢ Em

e=¢
Proof. For simplicity we assume that A is only parameterized by only one variable ¢, and
we drop € when the implication is clear in the context. Recall that

H,(2) == p(z",)logp(z|27)) = Zp 22,) logp(2,,) Zp " logp(z, ).
20,

With slight abuse of notation (by replacing the formal derivative with the derivative with
respect to e, we can define High x[p(2°,,)] = High x[p°(2°,,)]. Similarly for Low x[p(2°,)],
etc.),

(p(z2,)logp(z2,,)"™) = High v[p(z2,,)] + Low n[p(z2,,)]
(p(223) log p(=2,))™) = High w[p(22))] + Low y[p(22})]
Note that by Lemma 4], we have

High n[p(22,,)] = Z Ci v (log plzo|22,) +log p(=) + 1) p(22,) @,
[(N+1)/2]
and
High y[p(z7})] = Z Cin(logp(z2y) + 1) p(22,)@.
=[(N+1)/2]
Thus
Zngh ZnghN ~1y
= Z Z Cin(log plzo]223) +logp(22,,) —log p(=2,)) N ~p(22,,)
=[(N+1)/2]
- Z 5" Conllogn(zols7)0p(:2,)0
=[(N+1)/2]
= Z Z Cin (10g P20l 2241y )P pavny )
=[(N+1)/2]
So the higher derivative part stabilizes at [(N + 1)/2], namely for any n > [(N + 1)/2],
o, High lp(:2,) — 3. igh =) i vl to S High (2~
Zi}(mnm High n[p(2= [(N—i—l y/21)]- And by Lemma EH, we have
(v-1)/2] -/ |
Low x[p [p(z0]2=)Ip(220) " + silp(270))p(20l2 )",
=0 =0
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with so[p(22,))] = Low y[p(2Z.)]. Thus,

ZLOWN ZLOWN

[(N-1)/2]
—1)(i)_

= Z(]‘Z n ]p(’z—n
20 =0

—-n

[(N-1)/2]

-1 7
_Z Z [p(20]2= (N+1)/21)]p(z—((NJrl)/ﬂ)()'

Consequently the lower derivative part stabilizes at [(N 4 1)/2] as well, namely for any n >
[(N+1)/2], 229n Low N[p(zo_n)]—zz:i Low n[p(2Z,)] is equal to > o Low y[p(2° rvny2))—

—[(N+1)/2]

Zz:%(N+l)/21 LOWN[p(Z:%(N_H)/ﬂ)]. The theorem then follows.

O

Remark 4.7. For an irreducible stationary Markov chain Y with probability transition
matrix A, let Y ~! denote its reverse Markov chain. It is well known that probability transi-
tion matrix of Y1 is diag (7, ', my !, -+, w5!)Aldiag (my, T, - -+, mg), where A! denotes the
transpose of A and (7, 7o, -+ ,7p) is the stationary vector of Y. Therefore if Al is a Black
Hole case, the derivatives of H(Z') (here, Z~! is the reverse hidden Markov chain defined
by Z7' = ®(Y 1)) also stabilize. It then follows from H(Z) = H(Z~!') that the derivatives
of H(Z) also stabilize.
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