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CONCERNING DIAGONAL SIMILARITY OF
IRREDUCIBLE MATRICES

D. J. HARTFIEL

ABstrACT. If 4A=(ai;) is an #nXn irreducible matrix, then
there are positive numbers dy, dz, - - -, dn so that i diaudi
=Y draridi* for each s€{1,2, - - -, n}. Further, the numbers
dy, dz, - - -, dy are unique up to scalar multiples.

Introduction. Sinkhorn and Knopp in [4] as well as Brualdi,
Parter, and Schneider in [1] have shown that if 4 is a fully indecom-
posable matrix then there are diagonal matrices D; and D, with posi-
tive main diagonals so that D14 D: is doubly stochastic. Further, in
each paper D; and D, are shown to be unique up to scalar multiples.

In this paper we prove what is considered the analogue of the above
result in terms of irreducible matrices. That is we show thatif 4 is an
nXn irreducible matrix then there is a diagonal matrix D, with posi-
tive main diagonal, so that

> digadit = Z drapidit
k k
for each 1€ {1, 2,00, n} Further we show that D is unique up to
scalar multiples.

Definitions and notation. Let %#=2 be an integer. Let
N= {1, 2, -, n} An nXn nonnegative matrix 4 is said to be re-
ducible if there is a permutation matrix P so that

4, 0
PAPT = )
B A,
where 4; and 4. are square. If 4 is not reducible we say that 4 is ir-
reducible. By agreement each 1 X1 matrix is irreducible. Denote

m(4) = min 3 a5 M) = 2 a

¢ #=MeN ieM;jeM iEN;JEN

Fiedler [2] refers to m(A4) as a measure of the irreducibility of 4. It
should be clear that A4 is irreducible if and only if m(4)>0. Let

A= {n Xn nonnegative matrices 4 with 3 as= 2 az; for each iEN}
k k
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and
D = {(d, ds, + + +, da) 50 that dy > 0

for each k¥ € N, and at least one d = 1}.
For A irreducible we denote by S(4) a positive number so that
S(4)-m(4)—M(A)> M(A). Further we define

fA(dli dz, ] dﬂ) = max

2 dwydit— X diaidy 1|

¢ MeN | iem;jEN iEN;JEM
= max > dagdit— D, disgdit
o#MeN | ieM;jeM €M JEM
where each d,>0, REN.

Results.
LEMMA 1. If (d1, d, + + +, d2) ED and maxiey dp = S*(A4), then
fA(dl’ d2’ tt dn) >fA(1’ 1’ ) 1)~

Proor. Reorder (dy, ds, - - -, d,) to (@, df, -+, dJ) where
d{ ZdJ 2 - -+ 2d,. Let s denote the smallest positive integer such
that d/ /d}.,> S(A4). That there is such an s follows since if for each
kE{1, -+, n—1}, we have that d{/di,,<S(4), then d{/d.
=1zt @l /dyy) S S+1(A). But df = -+ - 2d., and some d{ =1
implies d, =1. Hence d{=S5"1(4)d,<5"1(4). Since S(4)>
ZM.(A)/M(A)gZ, S*1(4)<S"(4). It would therefore follow that
maki di=d} <S"(4), a contradiction. Let M= {iz|d;, =d% for each
Re{1,2,--+,5}}. Then

fal, 1, -+ o, 1) < M(4) < S(4)-m(4) — M(4)
S (@)@u)™ X es— X ay

IEM;jeM tEMJEM

s Z d;ayd7t — Z diaiidit S fA(dl’ dgy - v+, dw).

IEM;jeM TEM;JEM

LEMMA 2. If (dy, da, - - - , dn) €D and minsey dx < S—*(A4) then
fA(dly d2’ ] dn) >fA(11 1: R 1)'

ProoF. If for each k€ {1, - -+, n—1} we have that dy /di,
=S5(4), it would follow as in the proof of Lemma 1 that min; d;
=d,) > S5"(4). Hence for this case there is also a smallest integer s
such that d/ /d,,,>S(4). The rest of the proof is identical with that
of Lemma 1.
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LEMMA 3. f4(Ndy, Nda, « + -, Ndy) =fa(dr, ds, « - -, du) for N> 0.

LEMMA 4. f4(dy, ds, - - -, du) achieves a minimum for some (d,,
d29 ¢t 9dn)€®°

Proor. Since S(4)>2, (1,1, - - -, 1) belongs to the compact set
={(d, -, d)ED|S™(4) S mini di S max, di S S"(4)}. By
Lemmas 1 and 2, Infg fa=1Infx f4, and the result follows.

LEMMA S. Let (dy, ds, « * + , dn) ED. Suppose

2 diegdit— X dioydy?

fA(dlr d2’ ] d”) = max |
1EM;jeM 1€M; jEM

o= Mg N

s achieved on My= {il, gy * ¢+ ¢ ,i,}. Then

{ > diadi — 3 diaridit| i € Mo}
* *

contains no sign changes and { D i diaad;' — D i drarid; Vi M o}
contains no sign changes.

PROOF._Let M{ = {1€Mol Ek d.-a.-;,d,,‘l - Z" d;,a;,.d,'l>0} and M(;'
={i€E M| 2k diaads ' — Dk draridi ' <0}. If both M{ and M} are
nonvoid, then we would have

Y digadit — D duad?!

IEMpkEN IEM g kEN

< max[ E diaadi! — 2 draridi?,

SEMg;kEN IEMgEN

> dadit— Y daadi 1],

€M kEN SEMYHEN
a contradiction. The proof of the other half of the lemma is similar.
THEOREM 1. If A is irreducible, then there is a
D = diagonal (d, ds, « + -, d,)
with (dy, dz, + + -, du) ED 50 that DAD'EA,.

Proor. We first prove the theorem for a positive matrix 4. Suppose
fa(dyy do, - - -, ds) achieves a minimum at (d?, d9, - - -, d2)ED.
Suppose
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faldy dy, - d) = | T diag(d)” — 3 dias(d)]

iEM i JEN IEN;FEM,

We shall prove that f4(d}, - - -, d3) =0.

Then 2 iewmsen diai(d) ' — 2ienjen dlay(d)~ =0 for any M
where ¢ MEN. The result follows by taking M= {k}, for each
k€ {1, - - -, n}. Hence suppose that f4(d}, - - -, d%>0. Without
loss of generality suppose dfa.;(d))~! =bijand D sen ba— 2 ren bei>0
for each %EMO Let M1= {7/| ZkGN bik= ZkEN b)“'} and M2=N
—(M\J M,).

In view of Lemma 5, it must be that X i bu— O & by:s <O for all
1& M,. In particular, M, is nonempty.

Consider (dy, ds, - - -, d,) defined as follows:

b= 4o ke M,
=1 =
=1+4¢ iftE M, where0 <e<1.

Now suppose M{ C M,;. Then consider

gle) = > dibidit — 2 dbygdit
{EMUM;y; JEN iEN;JEM UM,
= > 49yt 2 (A+9Ty— 3 (1+eby
1EM(; jEM 1EM g JEM o 1EM 1 7EM
- 2 A4eny+ 2 QA+eby+ D by
IEM 9 jEM {EMy;JEM, IEMy; JEM,
+ 2 Q49— 2 (147
IEM1;JEM 1EM o; JEM{
—_ Z bij —_ Z (1 + G)bij.
IEMy; jEM] iIEM g JEM,

Hence g’(0) <0. Therefore there is a number ¢ so that, if 0 <e<e,

(1] 0 0
max( Z dibikdk_l —_ Z dkbkidi_1> < fA(dl, dg, Tty dﬂ)
Ml' iEMoUM'l;kEN iEMOUM’l;kEN

and

S dibadit — D dibridit >0 for i € M.

kEN KEN

Similarly, for M{'C M,, consider
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h(e) = — Z dibijdj-l =+ Z dib,'jdj_‘
iEM UM jEN iEN;FEM UMY
= 2 (U+9%;+ 2 1+
1EMg;1EM o 1EM;/EM 9
- 2 A+9ts— 2 (1+eby
IEM 9 iEM, IEM 5 JEM,
+ X U+97u+ X by
IEM; JEMY’ I€EMy;EMY’
+ 2 A+9bi— 2 (1+eby
{EMq; jEMy’ IEM1";JEM,
D D T DR ¢ B S e P9
iEMy;5EM, IEMy';7EM

Hence %#'(0) <0. Therefore there is a number € so that, if 0 <e<e,,

max( > dibgidit — > d,-bﬂcd;:‘> < faldiyda, -y d)

My’ iEMUMY kEN iEM UM ;kKEN

and

> dibridit — D dibadit >0 fori € M.

kEN kEN

Therefore for ¢ =min(e, ) and 0 <e<e we have in view of Lemma 5,
any set M for which

faldy, - da) = | D0 daudit — 2 diidi?t

iEM; jEN iEN;JEM

must necessarily be of one of the two forms M\J M{ or M,\J M)’ for
some M{ C M, or M{' C M,. Therefore

faldadt, dads, - - -, dadn) < fa(d, diy - - -, do).
But (1, d7 ' (d)'dedd, - - -, d7M(dY)"1d,.dd) €D, and since, by Lemma 3,

0,—1 0,—1

F, dy (dY) dads, - -, dy (d2) dudn) = f(drdy, dads, + -+ - , dudn),

fa would not be minimal at (dj, - - -, d2). This contradiction shows
thatfa(d}, - - -, da) =0 as was to be proven.

Now suppose 4 is irreducible. Let 4,, be a positive matrix for each
positive integer m, and lim,., An=A. Then for each m there is a
diagonal matrix D,,E D so that D,,4,D,,' €A,. In the proof of Lemma
4, S—"(A4,) £min; d £max; d{” £5"(4,). Prudent choices for each
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S(A4,,) indicate that the d{™ are bounded from above and away from
zero as m— ., Hence {Dm} has a limit point D and D is nonsingular.
Let {D,} be a subsequence of {D,} so that limu . Dy =D. Then
liMp o Dw AmD;t = DAD~1 and the result follows.

COROLLARY 1. If for some permutation matrix P, PTAP is a direct
sum of irreducible matrices then there is a D =diagonal (dy, ds, + - -, dn)
with (dy, ds, - + -, dyn) ED such that DAD ' CA,.

We might remark here that the result essentially characterizes
irreducibility, in the sense that if 4 is a nonnegative n X7 matrix then
there exists a D=diag(ds, - * -, du), (d1, - - -, &) ED and DAD!
€A, if and only if there exists a permutation matrix P such that
PTAP is a direct sum of irreducible matrices. The converse part of
this statement follows readily from the normal form of a reducible
matrix [3, p. 74].

THEOREM 2. If A is irreducible, ACA,, BEA, and D is a diagonal
matrix with positive main diagonal so that DAD~' =B, then A =B and
D =\I for someN>0.

Proor. Without loss of generality we may assume

D = diagonal (dy, ds, * * +, da) whered; 2 d, = + -+ 2 d,.

If d, =d, then we are through. If di5d.,, then let s denote the smallest
integer so that d;>d,41. Let M= {1, 2, -, s}. If :EM, kEM,
di>d, and so diaads;'=aqw, the last inequality is strict for some
1EM, k& M due to the irreducibility of 4. Thus
> dwadi'> Y, an= D, aa.
IEMKEM IEMEEM €M kEM
Similarly Ez’GEM;kEM ad}c>ZiGM;keM dwaidyt and, therefore,
ZiEM;keMdid;kdt_l >Zi$M;kGM diaad;’, ie.
Z diandict > Z diaadit

1IEM;KEN 1ENKEM

which gives us a contradiction. Therefore d; =d, and D =\I for some
A>0.

COROLLARY 2. If A is irreducible and D a diagonal matrix with
DAD'EA,, then D is unique up to a scalar multiple.
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