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PROCEEDINGS O F  THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 30, No. 3. November 1971 

CONCERNING DIAGONAL SIMILARITY OF 
IRREDUCIBLE MATRICES 

D. J. HARTFIEL 

ABSTRACT.If A =(aij)  is an n X n  irreducible matrix, then 
there are positive numbers dl, dz, ..- , d, so that x k diaikdL1 
=zkdkakidrl for each i E  (1, 2, - - - ,n ) .  Further, the numbers 
dl, dz, - . - ,d,  are unique up to scalar multiples. 

Introduction. Sinkhorn and Knopp in [4] as  well as Brualdi, 
Parter, and Schneider in [I]  have shown that if A is a fully indecom-
posable matrix then there are diagonal matrices Dl and Dz with posi-
tive main diagonals so that  D1AD2is doubly stochastic. Further, in 
each paper Dl and D2 are shown to be unique up to scalar multiples. 

In  this paper we prove what is considered the analogue of the above 
result in terms of irreducible matrices. That  is we show tha t  if A is a n  
n X n  irreducible matrix then there is a diagonal matrix Dl with posi-
tive main diagonal, so tha t  

diaikdcl = dkakidrl 
k k 

for each iE f 1, 2, . ,n ) .  Further we show tha t  D is unique up to 
scalar multiples. 

Definitions and notation. Let n 1 2  be an  integer. Let  
N =  { 1, 2, . - .,n 1. An n X n  nonnegative matrix A is said to be re-
ducible if there is a permutation matrix P so tha t  

where Al and A? are square. If A is not reducible we say that  A is ir-
reducible. By agreement each 1X 1  matrix is irreducible. Denote 

m(A) = min aii, M ( A )  = aij. 
+#M$N iEM;jGM SEN,jEN 

Fiedler [2] refers to m(A)as a measure of the irreducibility of A. I t  
should be clear that  A is irreducible if and only if m(A)>O. Let  

A; = n X n  nonnegative matrices A with aik = ski for eachC k k 
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and 

9 = { ( d l ,  dz,  . . . ,d,) so that dk > 0 

for each k E AT, and at  least one dk = 1 1 .  
For A irreducible we denote by S(A)  a positive number so tha t  
S(A).m(A)-M(A)>M(A).  Further we define 

f ~ ( d i ,d a ,L)= max I dsijdyl - C diaijdTl I 
9 + M s N  IEM; jEN IEN;jEM 

-- ma. / deed7'  - diaijd7' /
d # M S N  iEM;jBM iBM; jEM 

where each dk>0,kEN.  

Results. 

LEMMA1. If (d l ,  dn, . . . , d,) and maxkE,~d k 2  Sn(A) ,then 

f ~ ( d 1 ,dz ,  . . . ,dn)  > f ~ ( 1 ,1 ,  . . . , 1).  

PROOF. Reorder (d l ,  d2, . . - , d,) to (dl ' ,  d: ,  - - . , d,') where 
d: ',dl 2 . Zd,,'. Let s denote the smallest positive integer such 
that  d: /CZ , ' ,~  >S(A) .That  there is such an  s follows since if for each 
k €  { 1 ,  . - , n- 1 ), we have that  d l  /dLtl 5S(A) ,  then d l  /d,'=n~::(dk' /d;,,) 6 Sn-'(A). But d: 2 . . . -2 d,' , and some dd =1 
.implies dk $ 1 .  Hence d: S Sn-l(A)d:S Sn-'(A). Since S(A)> 
2 4 ( 4 ) / m ( ~ )2 2, Sn-l(A)<Sn(A).I t  would therefore follow that  
max; d k  =d:<Sn(A),a contradiction. Let M = {iR1d i ,  = d k  for each 
R E { I ,2, . . . , s ] ] .Then 

LEMMA2. If (d l ,  dz ,  . , d,) E9 and mink~Nd k  $S-"(A) then 

f ~ ( d l , d ~ ,' '  , a n )  > f ~ ( 1 ,1 , .  . . ,1).  

PROOF. If for each kE { 1 ,  . . , n -1 f we have that  d l  
S S ( A ) ,  i t  would follow as in the proof of Lemma 1 that  mink d k  

=d,' >S n ( A ) .Hence for this case there is also a smallest integer s 
such that  d l  /dl t l  >S(A).The rest of the proof is identical with that  
of Lemma 1. 
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LEMMA3. f ~ ( X d 1 ,Xdz, . . . ,Xd,) = f ~ ( d ~ ,d2, . . ,dn)for X > O .  

LEMMA4. fA(d l ,  dz, . . . , d,) achieves a minimum for some (d l ,  
dz, . . . ,dn)E 

PROOF.Since S ( A )  > 2 ,  ( 1 ,  1 ,  . . . , 1 )  belongs to the compact set 
X = { ( d l ,  . . . , d , ) € 3 I / S n ( A )  S r n i n k d k S m a x k d k  4 S n ( A ) ) .  B y  
Lemmas 1 and 2, I n f ~f~ = I n f ~f ~ ,and the result follows. 

LEMMA5. Let (d l ,dz, . . . ,d,) E D .  Suppose  

i sachievedon MO={ i l , i z ,  . . . , i ,].Then  

contains n o  sign changes and ( x k  d i a i k d ~ l- x k dkakidrl I ig MO] 
contains n o  sign changes. 

P ~ o o ~ . . L e tMo' = { i ~Mol x k diaikdil - x k dkakid;' >0 1 and MA' 
= { i ~ ~ o lx k d,a;kdil- x k dkakid;'<O 1. If both Mo' and M z  are 
nonvoid, then we would have 

a contradiction. The proof of the other half of the lemma is similar. 

THEOREM1. I f  A i s  irreducible, then there i s  n 

D = diagonal (d l ,  dz, . . . ,d,) 

wi th  (d l ,  dz, . , d,) E D  so that DAD- '€A, .  

PROOF.We first prove the theorem for a positive matrix A.  Suppose 
fA(dlr d2, , d,) achieves a minimum a t  (&, 4, . . , &)€a. 
Suppose 
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We sllall prove that  f ~ ( d y ,. . . ,d:) =0. 
Then C i E M ;j ~ Nd;aij(d;)-' - C i E N ; j E M  dYaij(d:)-' =0 for any M 

~1;herer$# M q  N. The  result foll0~7s by taking M = { k 1, for each 
kE (1 ,  . . . , n ) .  Hence suppose tha t  f ~ ( d y ,. . . , d:) >0. Without 
loss of generality suppose d:aii(d:)-' =bij and C ~ E Nbik - C k E N  bki> 0  
for each i E  Mo. Let MI = {il C k E N  bik = C k E y  bki ) and M2 =N 
- (MoUMl) .  

In view of Lemma 5 ,  i t  must be that  bik- Ck bki<O for all 
i E  M2. In particular, M2is nonempty. 

Consider (dl ,d 2 ,  . . . ,d,) defined as follo~vs: 

Now suppose M{ EMI.Then consider 

Hence gf (0)<O.  Therefore there is a number el so that ,  if O < e < e l ,  

and 

C dibikd~'- C dkbkidil > 0 for i E MO. 
k E N  LEN 

Similarly, for Mi'& M I ,consider 
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Hence hl(0) <0. Therefore there is a number €2 so that,  if 0 <E <€2, 

and 

Therefore for c3 =min(el, cZ) and 0 <E <€3 we have in view of Lemma 5 ,  
any set ?i? for which 

must necessarily be of one of the two forms MoUM{ or M2U Mi' for 
some M{ EM1 or M:'L MI. Therefore 

But (1, d;'(dy)-ldzd;, . . . , d;l(dy)-ld,d;) E3,and since, by Lemma 3, 

-1 0 -1 0 -1 0 -1 0 0 0 
f(1, dl (dl) dzds, . . . , dl (dl) dndn)= f(dld1, ddn, . . . , d,dz), 

fA would not be minimal a t  (dy, . . . , d:). This contradiction shows 
tha t f~(dy ,. . . , d;) =0 as was to be proven. 

Now suppose A is irreducible. Let A, be a positive matrix for each 
positive integer m, and lim,,, A,=A. Then for each m there is a 
diagonal matrix Dm€ 3so that  D,A,D,~EA,. In the proof of Lemma 
4, S-"(A,) 5 mink d r '  5 maxk dp) 5 Sn(Am). Prudent choices for each 
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S(A,) indicate that the dkm' are bounded from above and away from 
zero as m-t GO. Hence ( D, ) has a limit point D and D is nonsingular. 
Let ( D,,$ ) be a subsequence of ( D ,  ) so that  lim,~,, D,f -D. Then 
lim,~,, D,.A,~D,~ =DAD-' and the result follows. 

COROLLARY1. If for some permutation matrix P ,  P T A P  i s  a direct 
sum of irreducible matrices then there i s  a D =diagonal (dl ,  dz ,  . . . , d,) 
with (dl, dz, . . . ,d,) Ea> such that DAD-'€An.  

We might remark here that  the result essentially characterizes 
irreducibility, in the sense that  if A is a nonnegative n X n  matrix then 
there exists a D =diag(d1, . . . , d,), (dl ,  . . . , d,) €a> and DAD-' 
€A,, if and only if there exists a permutation matrix P such that  
P T A P  is a direct sum of irreducible matrices. The  converse part of 
this statement follows readily from the normal form of a reducible 
matrix [3, p. 741. 

THEOREM2. If A i s  irreducible, A €A,, B € A n  and D i s  a diagonal 
matrix with positive main diagonal so that DAD-' =B,  then A =B and 
D =XI  for some X >0. 

PROOF. Without loss of generality we may assume 

D = diagonal (dl, d ~ ,  . . . , d,) where dl 2 dz 2 . . . 2 d,. 

If dl =dn then we are through. If d l f d , ,  then let s denote the smallest 
integer so that  d,>d,+l. Let M =  (1 ,  2 ,  . . . , s ) .  If i E M ,  k @ M ,  
di>dk and so diaikd;'?aik, the last inequality is strict for some 
i E  M, k @ M due to the irreducibility of A .  Thus 

Similarly CieM;kEM aik>xieM;kEM diaikd;' and, therefore, 
CtELU;keiMdia,kd;'>xieM;kE11idiaikdil, i.e. 

which gives us a contradiction. Therefore dl =dn and D =XI for some 
X >  0. 

COROLLARY2. If A i s  irreducible and D a diagonal matrix with 
DAD-' € A n ,  then D i s  unique u p  to a scalar multiple. 
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