LINEAR ALGEBRA
AND ITS
APPLICATIONS

Linear Algebra and its Applications 277 (1998) -9

Convergence of inhomogenous products of
matrices and coefficients of ergodicity

D.J. Hartfiel #, Uriel G. Rothblum ®*!

! Mathematics Department, Texas A&M University, College Station, Texas 77843, USA
> Faculty of Industrial Engineering and Management, Technion — Israel Institute of Technology.
Haifa 32000, Israel

Received 27 February 1996; accepted 9 October 1997

Submitted by H. Schneider

Abstract

Given a square matrix 4 and a norm || ||, the coefficient of ergodicity of 4 with res-
pect to || || is defined as max {||xTAll: x € R", |lx|| =1, x"F = 0} with F as a matrix
satisfying AF = 0. We demonstrate that for a bounded set of such matrices with all co-
efficients of ergodicity of the matrices in the set below 1, all sequences constructed
through inhomogenous products of matrices from the set converge geometrically.
© 1998 Elsevier Science Inc. All rights reserved.

1. Introduction

Let X be a set of n x n matrices. We say that X has left converging products,
or briefly, the LCP property, if for every sequence 4,, 4>, ... of matrices from X
we have that the sequence {4,4,_,...4,4,},_,, Is converging. Motivated by
the theory of Markov chains which concerns the case where the matrices are
stochastic, the convergence of products of nonnegative matrices is sometimes
referred to as ergodicity; here, “‘inhomogenous” refers to products of matrices
that do not necessarily coincide while “homogenous’™ refers to products of the
same matrix, i.e., powers of a single matrix.
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The goal of this paper is to obtain sufficient conditions for the LCP property
through characteristics of the individual matrices in the underlying set of matri-
ces. Earlier conditions for the convergence of inhomogenous products of non-
negative matrices were obtained in [1,2,4-7] and [9]. The earlier results focused
on the eigenvalues and matrix norms of (finite) inhomogenous products of the
multiplicand matrices and the derived (sufficient) conditions were not easy to
verify.

2. Preliminaries

The spectrum of a square matrix A (that is, the set of its eigenvalues of A)
will be denoted a(4). The spectral radius of A, denoted p(4) is given by max
{|4]: 4 € 6(4)}. The index of an eigenvalue 4 of 4, denoted v4(4), is the smallest
integer k such that the null spaces of (4 — 21)*x and (4 — A1) coincide.

It is well known that powers of a matrix 4 € R"*" converge if and only if 4
satisfies the following two conditions:

p(4) < 1, ()
if € 0(4) and |i| =1, theni=1 and v,(i) = L. (2)

Verification of the equivalence is trite if the matrix is in Jordan form, and fol-
lows for arbitrary matrices from the observation that the convergence of the
powers as well as conditions (1) and (2) are invariant under equivalence-trans-
formations. Conditions (1) and (2) together imply that:

the sequence A‘is bounded; (3a)

further, (3a) implies (1) and a weak version of Eq. (2) which asserts that each
/€ a(A4) with |4] = 1, satisfies v4(4) = 1 (but 4 # 1 is possible). Again, these
implications follow easily by considering the Jordan form and observing that
the properties are invariant under equivalence-transformations.

Given a norm || || on R", we use the same notation for the corresponding
norm on R'*" defined for a € R"" as ||a"||, and for the derived matrix norm
defined for 4 € R™" by ||4] = max{||4x|: x € R", ||x|]| = 1}. As all norms on
R" are equivalent, condition (3) can be written as

for some, or equivalently every, normon R”, sup ||4*|| < +o0c. (3b)
ke{l2.}

Let X be a set of n x » matrices. If  has the LCP property then each matrix

in X must satisfy conditions (1), (2) and (3a). The following condition general-

izes the validity of Eq. (3b) (which was restricted to individual matrices of Z):
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for some, or equivalently every, norm || [jon R", sup |4;...4,]|
PRl
< +00. (4a)

We also consider the condition:

all the matrices in Z have 1 as an eigenvalue and have a common set of

independent nonnegative right eigenvectors corresponding to 1,say
AR is (4b)

It is shown in [2] how such common eigenvectors are available when the map-
ping of sequences of matrices into limits of corresponding (left) matrix-prod-
ucts is continuous. Given the vectors f!,... f", we let F = (f',...,f7), that
is, F is the matrix with columns f!,..., /" in consecutive order; in particular,
we have that 4F = F. We observe that if the matrices of £ are nonnegative,
Eq. (4a) 1s satisfied trivially when the matrices of X have a common strictly
positive eigenvector corresponding to 1, for example, this is the case when
Eq. (4b) is satisfied with Z7_, f7’s strictly positive.

3. Coefficients of ergodicity

Henceforth, we let X be a set of n x »n matrices satisfying Eq. (4b). In partic-
ular, linearly independent vectors f',..., /" are assumed given, and we let F be
the matrix with columns f',..., /" in consecutive order, so F = (f!,... f").
Condition (4b) asserts that AF = F for each 4 € X.

Let || || be a norm of R". For a matrix 4 € Z, the | ||-coefficient of ergodicity
of A, denoted 1; (4), is defined by

7y () = max|lx" 4|, (5)
ki
and the || ||-coefficient of ergodicity of Z, denoted 1 |(Z), is defined by
7 () = supry (4). (6)
AeZX

We next interpret the coefficient of ergodicity of a matrix 4 € R"" as a ma-
trix norm when A is viewed as an operator on a subspace. Specifically, let || ||
be a norm on R" and let N = null FT = {x € R": xTF = 0}. Now, if AF = F,
then for every x € N, (x"4)F = x"(4F) = x'F = 0, demonstrating that N is in-
variant under 4. Now consider the restriction of the norm || || (which is defined
on R") to N; of course, we obtain a norm on N. We then have that
1) 1(4) = max{||x"4|: x € N, |x|| = 1} is the matrix norm of 4, when viewed
as an operator on N, and the underlying norm is the restriction of || || to N.
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The above characterization of coefficients of ergodicity as norms of opera-
tors on subspaces motivates us to derive explicit representations for coeflicients
or ergodicity in terms of matrix norms. For that purpose, we introduce some
further notation.

First, select fixed vectors g',...,g" " so that f', ..., fog'...,g" forma
basis of R'. With G=(g',....¢"")eR”""7,  the matrix
P=(f',....f", g'....,¢"") = (F.G) is nonsingular and we partition its in-

verse P! in the following way:
—1 H : FXn (n—r)xn
P = J with H € R and J € R . (7)

Now, let 4 € R satisfy AF = F. As the columns of P form a basis of R",
there exist column vector v'.... . v"" with Ag/ = Pv/ for j=1,....n—r. As

AF = F, we conclude the existence of a matrix 4’ € R"” with 4P = P4’ and
A’ having the decomposition

li { BA : rx(n—r) (n—rVx(n-r)
A = 0 N with B, € R L NseR (8)
A

and 7 as the r x  identity; of course, we have 4’ = P~'4P.

Lemma 1. Let A € R™" satisfy AF = F, let A" = P~'AP have the decomposition
(8) and let || || be a norm on R". For z € R*™", let ||z||, = |zVJ||. Then || |, is a
norm on R"™" and ©| ||(A) = |[N4||,-

Proof. The fact that || ||, is a norm on R"™" is immediate from the fact that the
rows of P! are linearly independent, implying that so are the rows of its
submatrix J.

To see that 7 (4) < ||V,
TP =xT(F,G) = (0.xTG),

;. let x € R” satisfy x"F =0 and |jx]| = |. Then

5761, = 16l = 056 ()1 = 16Ty = ety = 1

and, as x'F =0,

el = e = e e o o) (7))

= |x"(FH + FB,J + GNJ)|| = |lx" GNJJ|| < I G| INall; <INl

So, 7y 1(4) = max{xdll: x € ', TF =0, [l = 1} < [Nl

For the reverse inequality ||N,||, <t ;(4), let z € R"" satisfy ||z||, = 1. Let
x=JTz=1(0,2")(]) = (0,2")P~". Then |x|| = [xT|| = |z"J]| = ||z]|, = 1. Also,
as P '(F,G)=P'P=1eR™, we have that (7)=())F=P'F=
(;) € R"" assuring that JF = 0 € R"™7*" and therefore x'F = z'JF = 0. It fol-

lows that |[xTA4|| <1y (4) and therefore
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vl = 1w =100 (o ) (D)

0.2 = 100,277 a1 = 0.7 ()4

= |24l = XAl <7y y(4).

So,

Nall, = max{{zTNall sz € R Iz, } <ty o (4). O

We next derive a sufficient condition for Eq. (4a) through uniform bounds
on the individual matrices in Z.

Lemma 2. If X is bounded and v \(X) <1 for some norm | || on R, then
condition (4a) is satisfied.

Remark. While boundedness of £ and condition (4a) are invariant under the
choice of a particular norm (by the equivalence of norms over a finite-
dimensional vector space), the inequality 7 ;(X) < I depends on the selected
norm and may hold for one norm but not for another; see examples in [8] for
individual matrices.

Proof. As T is assumed bounded, so are {4’ = P '4P: 4 € T} and {B4: 4 € T}:
in particular, the coordinates of the matrices in {B;: 4 € £} are uniformly
bounded, say by positive number K. Also, let © = 7 ().

Letd4,,..., A, be a sequence of matrices in Z. For j =1,.. .. k,then 4;F = F

and we let 4 = P~'4,P have decomposition (8) given by

, I BA, . Fx(n—r) (n=r)x(n—r)
4=, N, with B, € R and Ny, € R :

Now.as A, ... A\F =F., (4;,...4)) = P~'(4, ...A,)IP. has the decomposition
(8) and

1 Bﬁ];\....‘l] ’ 1
=(Ay... A1) =P A4,... AP
(0 No s (As 1) 5 |

= (P '4P)(P "4, P)...(P'4P) =4, ... 4
I B I B
(o we)Gow) g
0 Ny 0 Ny
with B =B, _, .then
B =By + BNy + BayNyy Ny + -+ By Ny Ny (10)

Forj=1,... .k, we get from a standard inequality of matrix-norms, Lemma
I and the assertion 7 = 7 §(Z) < 1 that
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J j
Ny Nol < TNl = T 140 < <5 (11)
and by the equivalence of all norms on R"~"*""" we have that for some pos-
itive number L, the individual elements of NA/ ... Ny, are bounded by L/, with
L as a positive number which is independent of j. It follows that for
j=1. .k, u=1...;randv=1,...,n—r,

n—r

(BaNay o N <D 1Ba) Wl (Na - Na) | < (n = r)KLT, (12)

s=1
and

(n — r)KL

- T

M-

k
‘Bul’| < Z| BA N4/ 1Ny lll| <
j=1 =1
We conclude from Eq. (9), (11) and (13) that the elements (4;4;_, ...4,) are
elementwise uniformly bounded by (rn—#)KL/(1 — 1), 1mmed1ately imply-
ing that the elements of A4, ... 4, = P(4;4;_,...A)) P~' are uniformly
bounded. [

(n—rKLY™' < (13)

4. The main result

We are now ready for our main result which provides a sufficient condition
for the LCP property in terms of coefficients of ergodicity.

Theorem 1. If 2 is bounded and v |(Z) < 1 for some norm || || on R", then T has
the LCP property. Further, the convergence of any sequence
{didi_y ... 241}y, of products of matrices from X to its limit is geometric

with T (X) as a bound on the geometric coefficient of convergence.

Proof. By Lemma 2 we have that (4) holds and we let
K= sup |[4;...4i]. (14)

We note that the proof of Lemma 2 demonstrates that the right-hand side of
Eq. (14) is bounded with || || as the 1., norm on R"*"; but by the equivalence
of all norms over R"*" assures that we have boundedness with respect to the
matrix norm induced by || || as well. Of course, the constant K depends on
the selected norm.

Let T = 7y (). For every vector x satisfying x"F = 0 and matrix 4 in I, we
have |[xT4|| < ||x||z. In particular, for every finite product of matrices from X,
say U, we have that UF =F and therefore for each vector
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aeR', a"(U-1I)F =0 and ||a"(U - 14| < }|a"(U = I)||z. Also, the defini-
tion of K in Eq. (14) assures that [la'U| < ||a|}K for each vector « in R".
Now, suppose a sequence 4, 4,, ... of matrices from X is given. For positive
integers p and ¢ with p>g let AY9 =4,4, ... A,.24,.1; in particular,
AP0 — 4lre) 4040 gnd 4P _ 4640 — [Awn — ]]A(qm — [A(p«n —14,... 4. 1t
follows that for a € R”

@™ A — at 40| = ||la"[4'" — 114, ... 4|

< lla" 4 = 1]lle < [lafl (K + 1), (15)

implying that the sequence {a'4;4;_i...4:4,},_,, is a Cauchy sequence,
hence converging. The convergence of {4,4,_;...4-4,},.,, now follows by
letting a stand for each of the » unit vectors in R”.

Finally, let 4 = lim;_...4"?. The validity of Eq. (15) for each vector a € R"
and integers p and q with p>¢ implies that for each {20,
la[4" — A]| < |la||(K + 1)7'; thus, the convergence rate of 4“Y to A4 as
i — 4oc is geometric with 7 as a bound on geometric coefficient of convergence
(the conclusion follows for the matrix norm induced by || || and holds for any
norm on R by the equivalence of all norms on a finite dimensional vector
space). [

Necessary conditions and sufficient conditions for a set of nonnegative ma-
trices X to have the LCP property are given in [2] in terms of eigenvalues and
matrix-norms of products of matrices of £. Theorem 1 states a sufficient con-
dition for the LCP property in terms of coefficients of ergodicity of the individ-
ual matrices of X.

The next result puts the result of Theorem 1 in perspective of the results of
[2]. Its proof is omitted as it follows from the arguments of [8] (where the case
of F with a single column is considered).

Theorem 2. Let || || be a norm on R" and let F be a nonnegative matrix with
n rows. If A is a square nonnegative matrix with spectral radius 1 satisfying
AF =F, then v ||(4) is an upper bound on max{|A|: . # 1 is an eigenvalue of A}.

5. Examples

The following two examples appear in [2]. For their analysis, we let the un-
derlying norm will be the /; norm which we denote || ||,. Also, we will use sub-
scripts to denote rows of matrices, e.g., for a square matrix 4. 4, will stand for
the ith row of A4.
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Example 1. Let

1 00 I 10
1 1
U==-}11 1 01}, V== 1 0
3 3 0
0 0 3 2 1 3

and £ = {U,V}. It is easy to verify that X satisfies Eq. (4b) with

0
F=10
1

Now, a vector x € R* satisfies x/ = 0 if and only if x; = 0, and for such a vector
and a 3 x 3 matrix A, ||(x;,x2,0)4]}, = ||x14, + x24,], implying that max{x"4:
x€R, |[x],=1 and x"F=0}=max{|4,||4.][}. So, 1, (U) =3,
7, (V) =3and t; | (£) = % It now follows from Theorem 1 that X has the
LCP property.

Example 2. Let
1 0 0 0

- 0 1 0 0
2/3 0 1/3 0
0 2/3 0 1/3
2/3 0 1/3 0
b 0 2/3 0 1/3
12 1/6V3  1/2  —-1/6V3
—1/6v/3 172 1/6V3  1)2
172 1/6¥3 172 —1/6V3
-1/6v3  1/2 1/6V3 12
RV 0 23 0
0 1/3 0 2/3
1/3 0 2/3 0
- 0 1/3 0 2/3

0 0 1 0
0 0 0 1
and £ = {U,V,W,T}. It is easy to verify that T satisfies Eq. (4b) with
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I
0
1

—_ O =

0

The two vectors ' = (1.0, —1.0)" and > = (0,1,0. —1)" form a basis for null
FT = {x € R* x"F =0}, and a vector x in this set with the representation
x = ou' + fu’? has norm 1 or less if and only if |x| + |8 < 1/2. It follows that
C={xecR:xTF=0, [x||, <1} is convex with u'/2, —u'/2, u*/2, —u?/2 as
its extreme vectors. Let 4 € {U, V. W, T}. As the map x — |x"4||, is convex.
we have that max{||xT4[|,: x € C} is attained at either of C’s extreme points
(see [3]). and as the map is symmetric we conclude that the maximum is at-
tained at either u'/2 or u?/2; thus, 1| (4)= max{|/(u') Al
[(*) 4]} = max{||4; — 4s]|,/2. |42 - 44]],/2}. Explicit computation shows
that T HI<U) =Ty Hl(T) :%< 1 and 7| “](V> =71 \1(W) :%—!— l/6\/§ < 1:
hence, Theorem | implies that £ has the LCP property.
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