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A
 m

atrix product A
k is called hom

ogeneous since only one m
atrix occurs as

a factor. M
ore generally, a m

atrix product A
k... A

i or A
i... A

k is called
a nonhom

ogeneous m
atrix product.

T
his book puts together m

uch of the basic w
ork on nonhom

ogeneous
m

atrix products. Such products arise in areas such as nonhom
ogeneous

M
a
r
k
o
v
 
c
h
a
i
n
s
,
 
M
a
r
k
o
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S
e
t
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C
h
a
i
n
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d
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r
a
p
h
i
c
s
,
 
p
r
o
b
a
b
i
l
s
t
i
c
 
a
u
t
o
m
a
t
a
,

production and m
anpow

er system
s, tom

ography, fractals, and designing
cures. T

hus, researchers from
 various disciplies are involved w

ith this
kind of w

ork.
For theoretical researchers, it is hoped that the readig of this book

w
il generate ideas for futher w

ork in this area. F
or applied fields, this

book provides tw
o chapters: G

raphics and S
ystem

s, w
hich show

 how
 m

a-
trix products can be used in those areas. H

opefuly, these chapters w
ill

stim
ulate futher use of this m

aterial.
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t
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o
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f
o
l
l
o
w
s
.

T
he fist chapter provides som

e background rem
arks. C

hapter 2 covers
b
a
s
i
c
 
f
u
c
t
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o
n
a
l
s
 
u
s
e
d
 
t
o
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u
d
y
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n
c
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o
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t
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o
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c
e
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Preface

C
hapter 4 concerns tw

o special sem
igroups that are used in studies of

fite products of m
atrices. O

ne of these studies, ergodicity, is covered in
iapter 5. E

rgodicity concerns sequences of products A
i, A

2A
i, . . . , w

hich
ipear m

ore lie ran 1 m
atrices as k -- 00.

C
hapters 6, 7, and 8 provide m

aterial on w
hen infte products of m

a-
lces converge. V

arious kinds of convergence are alo discussed.
C
h
a
p
t
e
r
s
 
9
 
a
n
d
 
1
0
 
c
o
n
s
i
d
e
r
 
a
 
m
a
t
r
i
x
 
s
e
t
 
E
 
a
n
d
 
d
i
s
c
u
s
s
 
t
h
e
 
c
o
n
v
e
r
g
e
n
c
e

E
, E

2, . .. in the H
ausdorff sense. C

hapter 11 show
s applications of

is w
ork in the areas of graphing curves and fractals. Pictures of curves

id fractals are done w
ith M

A
T

L
A

B
*. C

ode is added at the end of this
apter.
C
h
a
p
t
e
r
 
1
2
 
p
r
o
v
i
d
e
s
 
r
e
s
u
l
t
s
 
o
n
 
s
e
q
u
e
n
c
e
s
 
A
i
x
,
 
A
2
A
i
x
,
.
.
.
 
o
f
 

m
a
t
r
i
x
 
p
r
o
d
-

:ts that vay slow
ly. E

stim
ates of a product in term

s of the current m
atrix

e discussed. C
hapter 13, show

s how
 the w

ork in previous chapters can
! used to study system

s. M
A

T
L

A
B

 is used to show
 pictures and to m

ake
lculations. C

ode is again given at the end of the chapter.
Finally, in the A

ppendi, a few
 results used in the book are given. T

his
done for the conveiuence of the reader.
In conclusion, I w
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y w
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artfiel, for typing this

,ok and for her patience in the num
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iIntroduction

Let P
 denote either the set R

 of real num
bers or the set C

 of com
plex

num
bers. T

hen pn w
ill denote the n-diensional vector space of n-tuples

over the field P.
V

ector norm
s 11.11 in this book use the standard notation, 1I'llp denotes

the p-norm
. C

orrespondigly induced m
atrix norm

s use the sam
e notation.

R
e
c
a
l
,
 
f
o
r
 
a
n
y
 
n
 
x
 
n
 
m
a
t
r
i
x
 
A
,
 
I
I
A
I
I
 
c
a
n
 
b
e
 
d
e
f
i
e
d
 
a
s

I
I
A
I
I
 
=
 
m
a
x
 
I
l
x
A
I
I
 
o
r
 
I
I
 

A
ll =

 m
ax IIA

xll.
I
I
x
l
l
=
1
 
I
I
x
l
l
=
1

So, if the vector x is on the left
n
 
n

¡IA
lli =

 m
?X

 '" laikl, IIA
lIoo =

 m
?X

 L
 lakil

i L. i
k
=
1
 
k
=
1

w
hie if x is on the right,

II

n
 
n

IIA
lli =

 m
?X

 '" lakil, IIA
lIoo =

 m
?X

 L
 laikl'

i L. i
k
=
1
 
k
=
1

In m
easuring distances, w

e w
il use norm

s, except in the case w
here w

e
use the projective m

etric. T
he projective m

etric occurs in positive vector
a
n
d
 
n
o
n
n
e
g
a
t
i
v
e
 
m
a
t
r
i
x
 
w
o
r
k
.
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1
.
 
I
n
t
r
o
d
u
c
t
i
o
n

1
.
 
I
n
t
r
o
d
u
c
t
i
o
n

3

L
et M

n denote the set of n x n m
atrices w

ith entries from
 F. B

y a
m

atri norm
 11.11 on M

n, w
e w

il m
ean any norm

 on M
n that also satisfies

. . . A
k+

iA
k . . . A

i
(1.1)

A
ny subset ~ of M

n is caled a m
atri set. Such a set is bounded if there

is a positive constant ß
 such that for som

e m
atrix norm

 11.11 , IIA
II :S

 ß
 for

al A
 E

~. T
he set ~ is product bounded if there is a positive constant

ß w
here IIA

k'" A
ill :S ß for al k and al A

i,... , A
k E

~. Since m
atrix

norm
s on M

n are all equivaent, if ~ is bounded or product bounded for
one m

atrix norm
, the sam

e is true for al m
atrix norm

s.
A

ll basic background inform
ation used on m

atrices can be found in H
orn

and Johnson (1996). T
he Perron-Frobeiuus theory, as used in tils book,

is given in G
antm

acher (1964). T
he basic result of the Perron-Frobeiuus

theory is provided in the A
ppendi.

IIA
B

II :S
 IIA

IIIIB
II

for all A
, B

E
 M

n. O
f course, al induced m

atrix norm
s are m

atrix norm
s.

T
i
l
s
 
b
o
o
k
 
i
s
 
a
b
o
u
t
 
p
r
o
d
u
c
t
s
,
 
c
a
l
e
d
 
n
o
n
h
o
m
o
g
e
n
e
o
u
s
 
p
r
o
d
u
c
t
s
,
 
f
o
r
m
e
d

from
 M

n. A
n infte product of m

atrices taken from
 M

n is an expressed
product

w
here each A

i E
 M

n. M
ore com

pactly, w
e w

rite

00

I
I
 
A
k
.

k=
i

T
i
l
s
 
i
n
f
t
e
 
p
r
o
d
u
c
t
 
o
f
 
m
a
t
r
i
c
e
s
 
c
o
n
v
e
r
g
e
s
,
 
w
i
t
h
 
r
e
s
p
e
c
t
 
t
o
 
s
o
m
e
 
n
o
r
m
,
 
i
f

the sequence of products

A
b A

2A
i, A

3A
2A

i, . . .

converges. Since norm
s on M

n are equivalent, convergence does not depend
on the norm

 used.
If w

e w
ant to m

ake it clear that products are form
ed by m

ultiplying on
the left, as in (1.1), w

e can call this a left infinite product of m
atrices. A

right infinite product is an expression

A
iA

2...

w
i
l
c
h
 
c
a
n
 
a
l
o
 
b
e
 
w
r
i
t
t
e
n
 
c
o
m
p
a
c
t
l
y
 
a
s
 
r
r
~
i
 
A
k
.
 
U
n
l
e
s
s
 
s
t
a
t
e
d
 
o
t
h
e
r
w
i
s
e
,

w
e w

il w
ork w

ith left infite products.
In applications, the m

atrices used to form
 products are usually taken

from
 a specifed set. In w

orking w
ith these sets, w

e use that if X
 is a set

of m
 x k m

atrices and Y
 a set of k x n m

atrices, then

X
 Y

 =
£ A

B
 : A

 E
 X

 and B
 E

 Y
J .

A
nd, as is custom

ary, if X
 or Y

 is a singleton, w
e use the m

atrix, rather
than the set, to indicate the product. S

o, if X
 =

 r A
 r or Y

 =
 r B

ì, w
e

w
ri~e

A
Y

 or X
B

,

respectively.



~

2Functionals

M
uch of the w

ork on inte products of m
atrices uses one fuctional or

another. In this chapter w
e introduce these functional and show

 som
e of

t
h
e
i
r
 
b
a
s
i
c
 
p
r
o
p
e
r
t
i
e
s
.

2
.
1
 
P
r
o
j
e
c
t
i
v
e
 
a
n
d
 
H
a
u
s
d
o
r
f
f
 
M
e
t
r
i
c
s

T
he projective and H

ausdorff m
etrics are tw

o rather dated m
etrics. H

ow
-

ever, they are not w
ell know

n, and there are som
e new

er results. So w
e

w
il give a brief introduction to them

.

2.1.1 JJrojective lk etric

LetxE
R

n w
herex=

(xi,... ,xn)t. If

II

1. X
i ~ 0 for all i, then X

 is nonnegative, w
hie if

2
.
 
X
i
 
?
 
0
 
f
o
r
 
a
l
l
 
i
,
 
t
h
e
n
 
X
 
i
s
 
p
o
s
i
t
i
v
e
.

If x and y are in R
n, w

e w
rite

1. x ~
 y if X

i ~
 Y

i for al i, and



6
2
.
 
F
u
n
c
t
i
o
n
a
l
s

2. x:; y if X
i :; Y

i for al i.

T
he sam

e teriinology w
il be used for m

atrices.
T

he positive orthant, denoted by( R
n) +

, is the set of al positive vectors
in R

n. T
he projective m

etric p introduced by D
avid H

ilbert (1895), defies
a scaled distance betw

een any tw
o vectors in (R

n)+
. A

s w
e w

il see, if X
and yare positive vectors in R

n, then

p (x, y) =
 p (ax, ßy)

for any positive constants a and ß
. T

hus, the projective m
etric does not

depend on the length of the vectors involved and so, as seen in Figue 2.1,
p (x, y) can be calculated by projecting the vectors to any desired position.

FIG
U

R
E

 2,1. V
arious scalings of x and y.

T
he projective m

etric is defied below
.

D
efinition 2.1 L

et x and y be positive vectors in R
n. T

hen

m
ax i!

p(x,y) =
In ~
.
 
x
.
.

m
i
n
 
-
i

j
 
Y
j

O
ther expressions for p (x, y) follow

.

1
.
 
p
 
(
x
,
 
y
)
 
=
 
I
n
 
I
l
a
x
 
~
i
Y
y
j
,
 
t
h
e
 
n
a
t
u
r
a
l
 

log of the largest cross product
I
I
 
i
.
i
¡
 
J
'
 
J

X
i
 
Y
i

ratio in ¡x yJ =
 .~~ Y

2

X
n
 
Y
n

i

2,1 P
rojective and H

ausdorff M
etrics

7

2. p (x y) =
 In (m

ax:! m
ax 1/) .

,
 
i
 
Y
i
 
i
 
X
i

In w
orking w

ith p (x, y), for notational sim
plicity, w

e defie

(
x
)
 
~

M
 - =

~
-

y i ~
and

(
x
)
 
x
.

m
 y =

 ~
in y; .

S
om

e basic properties of the projective m
etric follow

.

T
heorem

 2.1 For all positive vectors x, y, and z in R
n, w

e have the
follow

ing:

1
.
 
p
(
x
,
y
)
 
~
 
O
.

2. p (x, y) =
 0 iff x =

 ay for som
e positive constant a.

3. p(x,y) =
p(y,x).

4. p(x,y) :Sp(x,z)+
p(z,y).

5. p (ax, ßy) =
 p (x, y) for any positive constants a and ß.

P
roof. W

e prove the parts w
hich don't follow

 directly from
 the definition

ofp.Part (2). W
e prove that if p (x, y) =

 0, then x =
 ay for som

e constant
a. F

or this, if p (x, y) =
 0,

M
(t)

m
(t)

=
 
1

so

M
(;)=

m
(;).

Since

,(x) X
k (x)

M
 
y
 
~
 
Y
k
 
~
 
m
 
Y
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f
o
r
 
a
l
 
k
,

X
k =

 M
 (~

)
Y
k
 
Y

f
o
r
 
a
l
 
k
.
 
T
h
u
s
,
 
s
e
t
t
i
n
g
 
a
 
=
 
M
 
(
t
 
)
,
 
w
e
 
h
a
v
e
 
t
h
a
t

x=
ay.

Part (4). W
e show

 that if x, y, and z are positive vectors in R
n, then

p (x, y) :: p (x, z) +
 p (z, y). T

o do this, observe that

x:: M
 (~) z:: M

 (~) M
 (;) y.

T
hus,

~: :: M
 (~) M

 (;)

f
o
r
 
a
l
 
j
 
a
n
d
 
s
o

M
(
~
)
 
:
:
M
(
~
)
M
(
;
)
.

Sinuarly,

m
(
~
)
 
2
m
(
~
)
m
(
;
)
.

Putting together,

II

p(x,y)=
ln M

(t)
m

(t)

-:In M
(~)M

(t)
-
 
m
(
~
)
m
(
t
)

=
In M

(!) +
In M

(t)
m

(z) m
(t)

=
p(x,z)+

p(z,y).

2.1 P
rojective and H

ausdorff M
etrics

9

T
h
i
s
 
i
n
e
q
u
a
l
i
t
y
 
p
r
o
v
i
d
e
s
 
(
4
)
.
 
.

F
rom

 property (2) of the theorem
, it is clear that p is not a m

etric. A
s

a consequence, it is usually called a pseudo-m
etric. A

ctually, if for each
positive vector x, w

e defieray 
(
x
)
 
=
 
t
a
x
:
 
a
 
2
 
O
r

then p determ
ines a m

etric on. these rays.
For a geom

etrical view
 of p, let x and y be positive vectors in R

n. L
et

a be the sm
alest positive constant such that

ax 2 y.

T
hen a =

 M
 (Ð

. N
ow

 let ß be the sm
alest positive constant such that

ax :: ß
y.

T
hus, ß =

 M
 ( 0:; ). (See Figure 2.2.) C

alculation yieldsßy

F
IG

U
R

E
 2.2, G

eom
etrical view

 of p(x, y).

ß =
 aM

 (~) =
 M

 (~) M
 (~)

so

p
(
x
,
y
)
 
=
 
l
n
ß
.
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T
hus, as a few

 sketches in R
2 can show

, if x and yare close to horizontal or
vertical, p (x, y) can be large even w

hen x and Y
 are close in the E

uclidean
distance.

A
nother geom

etrical view
 can be seen by considering the curve C

 =

t
 
(
 
:
~
 
J
 
:
 
X
i
X
2
 
=
 
1
1
 
i
n
 
t
h
e
 
p
o
s
i
t
i
v
e
 
o
r
t
h
a
n
t
 
o
f
 
R
2
.
 
H
e
r
e
,
 
p
(
x
,
y
)
 
i
s
 
t
w
o

t
i
m
e
s
 
t
h
e
 
a
r
e
a
 
s
h
a
d
e
d
 
i
n
 
F
i
g
u
e
 
2
.
3
.
 
O
b
s
e
r
v
e
 
t
h
a
t
 
a
s
 
x
 
a
n
d
 
y
a
r
e
 
r
o
t
a
t
e
d

P
art (1). U

sing the defiitions of rand M
, w

e show
 that m

i~
 e€ -1 and

that x =
 r (y +

 M
y). For the fist part, suppose that p (x, y) ~ €. T

hen

I
n
 
X
d
Y
i
 
/
'

m
a
x
-
.
.
 
€

i
,
j
 
X
j
/
Y
j
 
-

so w
e have

X
d
Y
i
 
/
'
 
€

m
ax-..e.

i,j X
j/Y

j-
T

hus, for any i,

X
i/Y

i 0: e€
r
r
n
x
j
/
Y
j
 
-

j
y

and so by subtracting 1,X
ï
f
Y
i
 
-
 
r
r
n
x
j
/
Y
j

J

m
inx '/Y

'
,
 
J
 
J

J

~
 
e
€
 
-
 
1

or

m
i ~ e€ - 1.

N
ow

 note for the second part that

X
ï
f
Y
i
 
-
 
r
r
n
x
j
/
Y
j

J
l+

m
i=

l+
 . /

I
I
n
 
X
j
 
Y
j

J

X
dY

i

=
 
r
r
n
x
j
/
Y
/

J
F

IG
U

R
E

 2.3. A
nother geom

etrical view
 of p(x, y).

S
i
n
c
e
 
r
 
=
 
r
r
n
 
!
2
,
 
w
e
 
h
a
v
e

j
 
Y
j

tow
ard the x-axs or y-axs, the projective distance increases.

I
n
 
t
h
e
 
l
a
s
t
 
t
w
o
 
t
h
e
o
r
e
m
s
 
i
n
 
t
h
i
s
 
s
e
c
t
i
o
n
,
 
w
e
 
p
r
o
v
i
d
e
 
n
u
m
e
r
i
c
a
l
 
r
e
s
u
l
t
s

show
ing som

ethig of w
hat w

e described geom
etrically above.

1 X
i

---,
1 +

 m
i - r Y

i

so

T
heorem

 2.2 L
et x and Y

 be positive vectors in R
n.

r (1 +
 m

i) Y
i =

 X
i

1. Ifp (x, y) ~ €, r =
 m

ln :2y:' and m
i =

 xi/~i-r, then w
e have that m

i ~
J
 
3

e€ -1 and x=
r (y +

 M
y) w

here the m
atri M

 =
 diag (m

i,... , m
n).

or r (y +
 M

y) =
 x.

P
a
r
t
 
(
2
)
.
 
N
o
t
e
 
b
y
 
u
s
i
n
g
 
t
h
e
 
h
y
p
o
t
h
e
s
i
s
,
 
t
h
a
t

p(x,y) =
p(ry+

rM
y,y) =

p(y+
M

y,y)

e. Suppose x =
 r (y +

 M
y), M

 =
 diag (m

i,... , m
n) 2: 0 and r ? O

. If
m

i ~ e€ -1 for all i, thenp(x,y) ~€.

Y
i+

m
iY

i

=
m

axIn~
i
,
j
 
Y
j
+
m
;
Y
j

Y
j

l+
m

'
=
1
I
~
I
n
~
 
~
m
?
X
I
n
(
I
+
m
i
)
 
~
l
n
e
€
 
=
 
€

i,J 1 +
 m

j i
Proof. W

e prove both parts.
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t
h
e
 
d
e
s
i
r
e
d
 
r
e
s
u
l
t
.
 
.

Proof. W
e argue both parts.

Part (1). For any given i, if X
i ;: Y

i, then, since t; ~ M
 (t) and

O
b
s
e
r
v
e
 
i
n
 
t
h
e
 
t
h
e
o
r
e
m
,
 
t
a
k
i
n
g
 
r
 
a
n
d
 
M
 
a
s
 
i
n
 
(
1
)
,
 
w
e
 
h
a
v
e
 
t
h
a
t
 
X
 
=

r (y +
 M

y). T
hen, r is the largest positive constant such that

m
(t) ~ 1,

1-
x
 
-
 
Y
 
;
:
 
O
.

r
 
-

X
i - Y

i ~
 M

 (~
) Y

i - m
 (~

) Y
i.

A
n
d
 
i
f
 
Y
i
 
;
:
 
X
i
,
 
t
h
e
n
 
s
i
n
c
e
 
M
 
(
t
)
 
;
:
 
1
 
a
n
d
 
t
;
 
;
:
 
m
 
(
t
)
,

A
nd

i
m

i =
 ;X

i -Y
i

Y
i

Y
i - X

i ~
 M

 (~
) Y

i - m
 (~

 ) Y
i.

for al i. T
hus, view

ing Figue 2.4, w
e estim

ate that m
2 ~ 1, so, by (2),

p
(
x
,
y
)
 
~
 
l
n
2
.
 
T
u
n
i
g
 
Y
 
t
o
w
a
r
d
 
X
 
y
i
e
l
d
s
 
a
 
s
m
a
l
e
r
 
p
r
o
j
e
c
t
i
v
e
 
d
i
s
t
a
n
c
e
.

T
hus,

¡X
i - Y

il ~
 M

 (~
) Y

i - m
 (~

) Y
i.

1-x-y
r

It follow
s that

IIx-ylli ~
 M

 (~
) -m

 (~
)

=
 (M

 (t) _ 1) m
 (::)

m
 
(
t
)
 
Y

~
 
e
P
(
x
,
y
)
 
-
 
1
.

FIG
U

R
E

 2.4, A
 view

 of m
i and m

2,
P

art (2). N
ote that

M
 (::) =

 m
tl f 1 +

 X
i - Y

i 1. ~ 1 +
 Iix - ylli .

Y
 
i
 
1
.
 
Y
i
 
f
 
m
 
(
Ð

(2.1)
In the follow

ing theorem
 w

e assum
e that the positive vectors X

 and Y
have been scaled so that Ilxlli =

 lIylli =
 1. A

ny nonnegative vector z
in R

n such that IIzlli =
 1 is caled a stochastic vector. W

e also use that
e
 
=
 
(
1
,
1
,
.
.
.
 
,
1
)
\
 
t
h
e
 
v
e
c
t
o
r
 
o
f
 
1
'
s
 
i
n
 
R
n
.

T
heorem

 2.3 Let X
 and Y

 be positive stochastic vectors in Jl. W
e have

the follow
ing:

A
nd, if m

 (;) ;: 211x - ylli, sim
iarly w

e can get

m
 (::) ;: 1 _ IIx - ylli ;: O

.
Y
 
-
 
m
 
(
Ð

(2.2)

II1
.
 
¡
I
x
 
-
 
Y
l
l
i
 
~
 
e
P
(
x
,
y
)
 
~
 
1
.

2. p (x, y) ~
 i ii:(;i~

, provided that m
 (Ð

 ;: 211x - ylli.

N
ow

 using (2.1) and (2.2), w
e have

M
(t)

m
 
(
t
)

1+
 iiX

?I~
'

0
:
 
m
 
~

-
 
1
 
-
 
i
i
X
?
I
~
'
 
.

m
 11e
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A
nd, using calculus

H
e
n
c
e
,
 
w
e
 
c
a
n
 
d
e
f
i
e

.
k

p
(
x
,
y
)
 
:
S
 
i
n
 
(
1
 
+
 
i
i
x
 
-
 
Y
l
l
i
)
 
-
i
n
 
(
1
-
 
I
I
x
 
-
 
Y
l
l
i
)

m
(
Ð
 
m
(
~
)

.
c
 
~
 
I
I
x
 
-
 
y
l
l
i

-
 
3
 
m
 
(
~
)
 
,

I

w
hich is w

hat w
e need. _

T
h
i
s
 
t
h
e
o
r
e
m
 
s
h
o
w
s
 
t
h
a
t
 
i
f
 

w
e scale positive vectors x and Y

 to ii:ili and
g, and m

jn ii~
ili is not too sm

al, then x is close to Y
 in the projected

sense iff ii:ili is close to ii:ili in the I-norm
. See Figure 2.5.

x
F

IG
U

R
E

 2.6. A
 view

 of land k,

y
d (l, K

) =
 iind (l, k).
kE

K

N
ote that if d (l, K

) :S E
, then

lE
K

+
E

FIG
U

R
E

 2.5. Projected vectors in R
2.

w
here K

+
E

 =
 tx: d(x,k) :S E

 for som
e k E

 K
l as show

n in Figure 2.7.
W

e can also show
 that if L

 is a com
pact subset of X

, then sup d (l, K
) =

IE
L

d (i, K
) for som

e i E
 L

. U
sing these observations, w

e defie

8 (L
, K

) =
 m

axd (l, K
)

IE
L

=
 m

ax iin d (l, k)
IE

L
 kE

K

=
d(i,k) .

2
.
1
.
2
 
H
a
u
s
d
o
r
f
f
 
M
e
t
r
i
c

T
he H

ausdorff m
etric gives the distance betw

een tw
o com

pact sets. It can
be defied in a rather general setting. T

o see this, let (X
, d) be a com

plete
m

etric space w
here X

 is a- subset of Fn or M
n and d a m

etric on X
.

If K
 is a com

pact subset of X
 and lE

X
, w

e can take a sequence
ki, k2,... in K

 such that d (l, ki) , d (l, k2) , ... converges to inf d (l, k).
kE

K
A

iM
, take a subsequence kii , ki2 , . .. that converges to, say k E

 K
 as de-

picted in Figue 2.6. T
hen,

If 8 (L, K
) =

 E
, then observe, as in F

igue 2.8, that L ç K
 +

 E
 .

T
he H

ausdorff m
etric h defies the distance betw

een tw
o com

pact sets,
say L

and K
, of X

 as

h
(
L
,
K
)
 
=
 
m
a
x
t
8
(
L
,
K
)
 
,
8
(
K
,
L
n
.

inf d (l, k) =
 d (l, k) .

kE
K

So if h(L
,K

) :SE
, then

L
 
ç
 
K
 
+
 
E
 
a
n
d
 
K
 
ç
 
L
 
+
 
E
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 2,7. A
 sketch for d(l,K

),

2,1 P
rojective and H

ausdorff M
etrics

K

FIG
U

R
E

 2,8. A
 sketch show

ing lj (L
, K

) -c E
.

and vice versa.
In the follow

ing w
e use that H

 (X
) is the set of all com

pact subsets of
X

.
w

here d (r, i) =
 m

ind (r, t) =
 d (r, T

). Finally,
tE

T8 (R
, S

) =
 m

axd (r, S
)

rE
R

~ m
axd (r, i) +

 m
axd(t, S)

r
E
R
 
t
E
T

=
 m

axd (r, T
) +

 m
axd (t, S)

r
E
R
 
t
E
T

=
 8 (R

, T
) +

 8 (T
, S).

T
heorem

 2.4 U
sing that (X

, d) is a com
plete m

etric space, w
e have that

(
H
 
(
X
)
,
 
h
)
 
i
s
 
a
 
c
o
m
p
l
e
t
e
 
m
e
t
r
i
c
 
s
p
a
c
e
.

Proof. T
o show

 that h is a m
etric is som

ew
hat straightforw

ard. T
hus, w

e
w

il only show
 the triangular inequalty. For this, let R

, S, and T
 be in

H
(X

). T
hen for any r E

 R
 and tE

 T
, (

II

d (r, S) =
 m

ind (r, s)
sE

S

~
 
m
i
n
(
d
(
r
,
t
)
 
+
d
(
t
,
s
)
)

sE
S

=
 d(r,t) +

m
ind(t,s)

sE
S

=
 d (r, t) +

 d (t, S) .

Since this holds for any t E
 T

,

d(r,S) ~ d(r,i) +
d(i,S)

P
u
t
t
i
n
g
 
t
o
g
e
t
h
e
r
,
 
w
e
 
h
a
v
e

17

h (R
, S) =

 m
axr8 (R

, S),8 (S, R
)l

~ m
axr8 (R

,T
) +

 8 (T
, S),8 (S,T

) +
 8 (T

,R
)l

~
 
m
a
x
r
8
(
R
,
T
)
 
,
8
 

(
T
,
R
)
l
 
+
m
a
x
r
8
(
T
,
S
)
 
,
8
 

(S,T
)l

=
 h (R

, T
) +

 h (T
, S) .

T
he proof that (H

 (X
), h) is a com

plete m
etric space is som

ew
hat intri-

cate as w
ell as long. E

ggleston (1969) is a source for this argum
ent. -
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oeffcients
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Y
i +

 . . . +
 Y

n =
 a (xi +

 . . . +
 xn) .

2
.
2
.
1
 
B
i
r
k
h
o
f
f
 
C
o
n
t
r
a
c
t
i
o
n
 
C
o
e
f
f
c
i
e
n
t

T
he contraction coeffcient for the projective m

etric, introduced by G
.

B
irkhoff (1967), is defied on the special nonnegative m

atrices described
below

.

D
efinition 2.2 A

n m
 x n nonnegative m

atri A
 is row

 allow
able if it has

a positive entry in each of its row
s.

N
ote that if A

 is row
 alow

able and x and Y
 are positive vectors, then A

x
and A

y are positive vectors. T
hus w

e can com
pare p(A

x, A
y) and p (x, y).

T
o do this, w

e use the quotient bound result that if ri, . .. , r n and Si, . .. , Sn
are positive constants, then

m
i
n
 
r
i
 
:
:
 
r
i
 
+
 
.
.
.
 
+
 
r
n
 
:
:
 
m
?
X
 
r
i
.
 
(
2
.
3
)

i Si Si +
 . . . +

 Sn i Si
T

his result is easily show
n by induction or by using calcruus.

L
em

m
a 2.1 L

et A
 be an m

 x n row
 allow

able m
atri and x and y positive

vectors. T
hen

T
o conclude this section, w

e link the projective m
etric p and the H

aus-
dorff m

etric. T
o do this, let S+

 denote the set of all positive stochastic
vectors in R

n. A
s show

n below
, p restricted to S

+
 is a m

etric.

T
heorem

 2.5 (S+
,p) is a com

plete m
etric space.

Proof. T
o show

 that p is a m
etric, w

e need only to show
 that if x and y are

in S
+

 and p (x, y) =
 0, then x =

 y. T
his follow

s since if p (x, y) =
 0, then

y =
 ax for som

e scalar a. A
nd since x, y E

 S
+

, their com
ponents satisfy

S
o
 
a
 
=
 
1
.
 
T
h
u
s
,
 
x
 
=
 
y
.

Finaly, to show
 that (S+

,p) is com
plete, observe that if (X

k) is a C
auchy

sequence from
 S

+
, then the com

ponents ofthe X
k'S

 are bounded aw
ay from

O
. T

hen, apply T
heorem

 2.3. _

A
s a consequence, w

e have the follow
ing.

C
o
r
o
l
l
a
r
y
 
2
.
1
 
U
s
i
n
g
 
t
h
a
t
 
(
S
+
,
p
)
 
i
s
 
t
h
e
 
c
o
m
p
l
e
t
e
 
m
e
t
r
i
c
 
s
p
a
c
e
,
 
w
e
 
h
a
v
e

t
h
a
t
 
(
H
 
(
S
+
)
 
,
 
h
)
 
i
s
 
a
 
c
o
m
p
l
e
t
e
 
m
e
t
r
i
c
 
s
p
a
c
e
.

p 
(A

x, 
A

y) :: p(x,y).

Proof. L
et x =

 A
x and y =

 A
y. T

hen
X

i aiiX
i +

... +
 ainxn

Y
i aiiY

i +
 . .. +

 ainY
n

2
.
2
 
C
o
n
t
r
a
c
t
i
o
n
 
C
o
e
f
f
c
i
e
n
t
s

T
hus using (2.3),

L
et L

 be a m
atrix set and

.
 
X
k
 
X
i
 
x
k

m
i
n
 
-
 
.
.
 
-
 
.
.
 
m
a
x
 
-

k
 
Y
k
 
-
 
Y
i
 
-
 
k
 
Y
k

A
=

:E
U

:E
2U

... .
f
o
r
 
a
l
 
i
.
 
S
o

r:A
-lR

m
ax :h
i
 
Y
i

-- ..
m
i
n
 
E
i
 
-

i
 
Y
j

m
ax.!
k
 
Y
k

m
i
n
 
.
!

k
 
Y
k

A
 nonnegative function r

and thus,
is called a contraction coeffcient for :E

 if
p
(
X
,
y
)
 
:
:
p
(
x
,
y
)

r(A
B

):: r(A
)r(B

)
or

II
f
o
r
 
a
l
 
A
,
 
B
 
E
 
A
.

C
ontraction coeffcients are used to show

 that a sequence of vecto:is or a
s
e
q
u
e
n
c
e
 
o
f
 
m
a
t
r
i
c
e
s
 
c
o
n
v
e
r
g
e
s
 
i
n
 
s
o
m
e
 
s
e
n
s
e
.
 
i
l
 
t
h
i
s
 
s
e
c
t
i
o
n
,
 
w
e
 
l
o
o
k
 
a
t

tw
o kids of contraction coeffcients. A

nd w
e do this in subsections.

p 
(A

x, 
A

y) :: p(x,y),

w
hich yields the lem

m
a. _

F
or slightly different m

atrices, w
e can show

 a strict inequalty resrut.
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L
em

m
a 2.2 L

et A
 be a nonnegative m

atri w
ith a positive colum

n. If x
and yare positive vectors, and p (x, y) :: 0, then

t
h
e
 
d
e
s
i
r
e
d
 
r
e
s
u
l
t
.
 
.

p (A
x, A

y) .: p (x, y) .

L
em

m
a 2.1 show

s that ray (A
x) and ray (A

y) are no farther apart than
ray (x) and ray (y) as depicted in Figue 2.9. A

nd, if A
 has a positive

colum
, ray (A

x) and ray (A
y) are actualy closer than ray (x) and ray (y).

Proof. Set x =
 A

x and fj =
 A

y. D
efie ri =

 ~ and ri =
 t for al i.

F
u
t
h
e
r
,
 
d
e
f
i
e
 
M
 
=
 
m
?
X
r
i
,
 
m
 
=
 
n
i
n
r
i
,
 
M
 
=
 
m
?
X
r
i
,
 
a
n
d
 
m
 
=
 
n
i
n
r
i
.

i
 
i
 
i
 
i

N
ow

n ()
L
 
a
i
j
X
j
 
n

J
'
-
l
 
'
Ç
 
a
.
.
y
'
 
x
'

n - 6 iJ J J
r
i
 
=
 
L
 
a
i
j
Y
j
 
=
 
j
=
l
 
L
 
a
i
j
Y
j
 
y
j
'

j
=
l
 
j
=
l

~y
A

x

~A
Y

Set"",-~
""iJ - n?=

 aij Y
j

3=
1

~ O
. T

hen
FIG

U
R

E
 2,9. A

 ray view
 of p(A

x,A
y) :: p(x,y).

n
ri =

 ¿aijrj,
j=

l

D
efie the projective coeffcient, caled the B

irkhoff contraction coeff-
cient, of an n x n row

 allow
able m

atrix A
 as

(2.4)
(
A
)
 
_
 
p
 
(
A
x
,
 
A
y
)

T
B

 - sup ( )
p
 
x
,
y

w
here the sup is taken over al positive vectors in R

n. T
hus,

a convex sum
.

Suppose

n
 
n

M
 =

 ¿apjrj and m
 =

 ¿aqjrj .
j
=
l
 
j
=
l

p (A
x, A

y) :S T
B

 (A
) p (x, y)

for al positive x, y. A
nd, it follow

s by L
em

m
a 2.1 that

U
sing that these are convex sum

s, M
 :S M

 and m
 ~ m

. W
ithout loss

of generality, assum
e the fist colum

 of A
 is positive. If M

 =
 M

 and
m

 =
 m

, then since ail:: 0 for all i, by (2.4), r1 =
 M

 =
 m

, w
hich m

eans
p(x,y) =

 0, denying the hypothesis. T
hus, suppose one of M

 .: M
 or

m
 :: m

 holds. T
hen

T
B

 (A
) :S 1.

M
-m

.:M
-m

N
ote that T

B
 indicates how

 m
uch ray (x) and ray (y) are draw

n together
w

hen m
ultiplying by A

. A
 picture of this, using the area view

 of p (x, y),
is show

n in Figure 2.10.
A

ctualy, there is a form
ula for com

puting T
 B

 (A
) in term

s of the entries
o
f
 
A
.
 
T
o
 
p
r
o
v
i
d
e
 
t
h
i
s
 
f
o
r
m
u
l
a
,
 
w
e
 
n
e
e
d
 
a
 
f
e
w
 
p
r
e
l
i
m
i
n
a
r
y
 
r
e
m
a
r
k
s
.

L
et A

 be an n x n positive m
atrix w

ith n :: 1. For any 2 x 2 subm
atrix

of A
, say

a
n
d
 
s
o

II

M
 
M

---1.:--1.
m
 
m

(apq aps J
arq ar s

It follow
s that

t
h
e
 
c
o
n
s
t
a
n
t
s

p(A
x,A

y) .:p(x,y),
a
p
q
a
r
s
 
a
p
s
a
r
q

-,-
a
p
s
a
r
q
 
a
p
q
a
r
s
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for al row
 allow

able m
atrices A

 and positive vectors x and y.

U
s
i
n
g
 
o
u
r
 
p
r
e
v
i
o
u
s
 
e
x
a
m
p
l
e
,
 
w
h
e
r
e
 
A
 
=
 
(
~
 
~
 
J
,
 
w
e
 
h
a
v
e

y

1 - ¡¡ ~.1O
(A

) =
 !2

T
B

 1+
 V

"3

x
so for any positive vectors x and y, ray (A

x) and ray (A
y) are closer than

ray (x) and ray (y).
T

his theorem
 alo assures that if A

 is a positive n x n m
atrix and D

i, D
2,

n x n diagonal m
atrices w

ith positive m
ai diagonals, then T

B
 (D

iA
D

2) =
T

B
 (A

). T
hus, scaling the row

s and colum
 of A

 does not change the
contraction coeffcient.

It is interesting to see w
hat T

B
 (A

) =
 0 m

eans about A
.

T
heorem

 2.7 Let A
 be a positive n x n m

atri. If T
 B

 (A
) =

 0, then A
 is

rank 1.

Proof. Suppose T
B

 (A
) =

 O
. W

e w
il show

 that the i-th row
 of A

 is a
scalar m

ultiple of the I-st row
 of A

.
D
e
f
i
e
 
a
 
=
~
.
 
T
h
e
n
,
 
s
i
n
c
e
 
T
B
 
(
A
)
 
=
 
0
,
 
ø
 
(
A
)
 
=
 
1
 
w
h
i
c
h
 
a
s
s
u
r
e
s
 
t
h
a
t

al cross ratios ol A
 are 1. T

hus,

F
I
G
U
R
E
 
2
.
1
0
.
 
A
n
 

area view
 of T

B
 (A

) =
 ~.

a
r
e
 
c
r
o
s
s
 
r
a
t
i
o
s
.
 
D
e
f
i
n
e

ø
 
(
A
)
 
=
 
m
i
n
 
a
p
q
a
r
s

arqaps

w
here the m

inium
 is over all cross ratios of A

. For exam
ple, if A

 =

(
~
 
~
 
J
,
 
t
h
e
n
 
ø
 
(
A
)
 
=
 
m
i
n
 
U
'
 
n
 
=
 
¡
.

If A
 is row

 allow
able and contains a 0 entry, defie ø (A

) =
 O

. T
hus for

a
n
y
 
r
o
w
 
a
l
o
w
a
b
l
e
 
m
a
t
r
i
x
 
A
,

a
n
a
i
j
 
=
 
1

ail alj

f
o
r
 
a
l
 
j
.
 
T
h
u
s
,
 
a
a
~
~
j
 
=
 
1
 
o
r
 
a
i
j
 
=
 
a
a
l
j
'
 
S
i
n
c
e
 
t
h
i
s
 
h
o
l
d
s
 
f
o
r
 
a
l
 
j
,
 
t
h
e
 
i
-
t
h

row
 of A

 is a scalar m
ultiple of the fist row

 of A
. Since i w

as arbitrary, A
is ran 1. .

Ø
(A

)::i.
P

robably the m
ost usefu property of T

B
 follow

s.

T
heorem

 2.8 L
et A

 and B
 be n x n row

 allow
able m

atrices. T
hen

T
he form

ula for T
B

 (A
) can now

 be given. Its proof, rather intricate, can
b
e
 
f
o
u
n
d
 
i
n
 
S
e
n
e
t
a
 
(
1
9
8
1
)
.

T
heorem

 2.6 Let A
 be an n x n T

O
W

 allow
able m

atri. T
hen

T
B

 (A
B

) :: T
B

 (A
) T

B
 (B

) .

1 - JØ
(A

)
T
B
(
A
)
 
=
 
I
+
J
Ø
(
A
)
'

Proof. L
et x and y be positive vectors in R

n. T
hen B

x and B
y are alo

positive vectors in R
n. T

hus

IIN
ote that this theorem

 im
plies that T

 (A
) .: 1 w

hen A
 is positive and

T
 (A

) =
 1 if A

 is row
 alow

able and has at least one 0 entry. A
nd t4at

p(A
B

x,A
B

y) :: T
B

 (A
) T

B
 (B

)p(x,y).

A
nd, since this inequalty holds for all positive vectors x and y in R

n,

p 
(A

x, 
A

y) :: T
B

 (A
)p(x,y)

T
B

 (A
B

) :: T
B

 (A
) T

B
 (B

)
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W
e use this property as w

e use induced m
atrix norm

s.

C
orollary 2.2 If A

 is an n x n row
 allow

able m
atri and y a positive eigen-

vector for A
, then for any positive vector x, p (A

kx, y) :: T
B

 (A
)k P

 (x, y).

P
r
o
o
f
.
 
N
o
t
e
 
t
h
a
t

p(A
kx,y) =

p(A
kx,A

ky)
:: T

B
 (A

)k P
 (x, y)

for al positive integers k. _

T
ils corollary assures that for a positive m

atrix A
,

l
i
 
P
 
(
A
k
x
,
y
)
 
=
 
0
,

k-+
oo

so ray (A
kx) gets closer to ray (y) as k increases.

W
e w

i conclude tils section by extending our w
ork to com

pact subsets.
T
o
 
d
o
 
t
i
l
s
,
 
r
e
c
a
l
 
t
h
a
t
 
(
S
+
,
p
)
 
i
s
 
a
 
c
o
m
p
l
e
t
e
 
m
e
t
r
i
c
 
s
p
a
c
e
.
 
D
e
f
i
e
 
t
h
e

H
ausdorff 

m
etric on the com

pact subsets (closed subsets in the I-norm
) of

S
+

 by using the m
etric p. T

hat is,

8 (U
, V

) =
 m

ax (m
inp (u, v))

u
E
U
 
v
E
V

and

h(U
, V

) =
 m

ax~ß(U
, V

) ,8(V
,U

n

w
here U

 and V
 are any tw

o com
pact subsets of S+

.
L

et ~ be any com
pact subset of n x n row

 alow
able m

atrices. For each
A
 
E
 
~
,
 
d
e
f
i
e
 
t
h
e
 
p
r
o
j
e
c
t
i
v
e
 
m
a
p

W
 A

 : S
+

 -- S
+

by W
A

 (x) =
 ii1:ili' as show

n in F
igue 2.11. D

efie the projective set for
~
~
 
'

II
~

p =
 t W

A
: A

 E
 ~

r.

T
hen for any com

pact subset of U
 of S+

,

~
pU

 =
 tW

A
 (x): W

A
 E

 ~
p and x E

 U
r.

Il
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A
x

F
IG

U
R

E
 2.11. A

 view
 of W

A
,

T
hus, ~pU

 is the projection of ~U
 onto S+

. Since ~ and U
 are com

pact,
so is ~U

. A
nd thus, ~pU

 is com
pact.

N
ow

 using the m
etric p on S

+
, defie

T
 
(
~
)
 
=
 
s
u
p
 
h
 
(
~
p
U
,
 
~
p
 
V
)

u
,
v
 
h
 
(
U
,
 
V
)

=
 sup h (~U

, ~V
)

U
,V

 h (U
, V

)

w
here the sup is over all com

pact subsets U
 and V

 of S+
.

U
sing the notation described above, w

e have the follow
ing.

T
heorem

 2.9 T
(~

):: m
axT

B
 (A

).
A

E
L

Proof. L
et U

 and V
 be com

pact subsets of S+
. T

hen

8 (~pU
, ~p V

) =
 m

ax p (A
u, ~V

)
A

uE
L

U

=
 P ( Â

û, ~V
)

for som
e Â

Û
E

 ~U
. So8

 
(
~
p
U
,
 
~
p
V
)
 
:
:
 
p
 
(
Â
û
,
 
Â
'
Û
)
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w
here 'Û

 satisfiesp(û,'Û
) =

p(û, V
). T

hus,

8 (
E
p
U
,
E
p
V
)
 
~
 
T
B
 
(
Â
)
p
(
û
,
'
Û
)

=
 
T
 
B
 
(
Â
)
 
p
 
(
û
,
 
V
)

~
 T

 B
 (Â

) 8 (U
, V

) .

Sim
iarly,

8 
(E

pV
, 

E
p
U
)
 
~
 
T
B
 
(
Â
)
 
8
 

(V
, U

)

for som
e Ã

 E
 E

. T
hus,

h (E
pU

, E
p V

) ~ m
axT

B
 (A

) h (U
, V

)
A

E
I:

a
n
d
 
s
o

T
(E

) ~~~T
B

(A
),

w
h
i
c
h
 
i
s
 
w
h
a
t
 
w
e
 
n
e
e
d
 
t
o
 
s
h
o
w
.
 
.

E
quality, in the theorem

, need not hold. T
o see this, let

E
 =

 r A
 : A

 is a colum
 stochastic 2 x 2

m
atrix w

ith l 0: a" 0: £
3 - ii - 3

f
o
r
 
a
l
l
 
i
,
j
J
.

I
f
x
 
E
 
S
+
 
a
n
d
 

A
 E

 E
, then l ~

 (A
x)i ~

 ~
 for ali, andsoÂ

 =
 lA

xA
xJ E

 E
.

T
hus, for y E

 S+
, A

x =
 Â

y, w
hich can be used to show

 T
 (E

) =
 Ü

. Y
et

A
 
=
 
(
l
 
l
 
J
 
E
 
E
 
a
n
d
 
T
 
B
 
(
A
)
 
;
;
 
Ü
.

W
e
 
d
e
f
i
e

T
B

 (E
) =

 m
axT

B
 (A

).
A

E
I:

A
nd, w

e have a corollary paralel to C
orollary 2.2.

d
o
r
o
l
l
a
r
y
 
2
.
3
 
I
f
 
V
 
i
s
 
a
 
c
o
m
p
a
c
t
 
s
u
b
s
e
t
 
o
f
 
S
+
,
 
w
h
e
r
e
 
E
p
 
V
 
=
 
V
,
 
t
h
e
n
 
f
o
r

any com
pact subset U

 of s+
 ,

h (E
;U

, V
) ~

 T
B

 (E
)k h (U

, V
) .

~l
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T
his corollary show

s that if w
e project the sequence

E
U

, E
2U

, E
3U

,. . .

into S+
 to obtain

E
p
U
,
 
E
;
U
,
 
E
;
U
,
.
.
.

then if T
 B

 (E
) 0: i, this sequence converges to V

 in the H
ausdorff m

etric.

2
.
2
.
2
 
S
u
b
s
p
a
c
e
 
C
o
n
t
r
a
c
t
i
o
n
 
C
o
e
f
f
c
i
e
n
t

W
e now

 develop a contraction coeffcient fora subspace of pn. W
hen this

setting arises in applications, row
 vectors rather than colum

 vectors are
u
s
u
a
l
y
 
u
s
e
d
.
 
T
h
u
s
,
 
i
n
 
t
h
i
s
 
s
u
b
s
e
c
t
i
o
n
 
p
n
 
w
i
 
d
e
n
o
t
e
 
r
o
w
 
v
e
c
t
o
r
s
.

T
o develop this contraction coeffcient, w

e let A
 be an n x n m

atrix and
E

 an n x k fu colum
n rank m

atrix. FU
rther, w

e suppose that there is a
k x k m

atrix M
 such that

A
E

 =
 E

M
.

N
ow

 extend the colum
 of E

 to a basis and use trus basis to form

P
 
=
 
l
E
 
G
J
 
.

Partition

p
-
1
 
=
 
(
 
~
 
J

w
h
e
r
e
 
H
 
i
s
 
k
 
x
 
n
.
 
T
h
e
n
 
w
e
 
h
a
v
e

A
P=

A
lE

G
J

=
(E

G
J(~ ~J

(2.5)

w
here

(
 
~
 
J
 
=
 
p
-
1
 
A
G
.

N
ow

 set

W
=

rxE
pn:xE

=
ül.
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T
hen W

 is a subspace and if x E
 W

, xA
 E

 W
 as w

ell. T
hus, for any vector

norm
 11.11, w

e can defie

T
W

 (A
) =

 m
ax IIxA

l1
"E

W
11,,11=

1

m
ax IlxA

II
""e: IIxll .

N
o
t
i
c
e
 
t
h
a
t
 
f
r
o
m
 
t
h
e
 
d
e
f
i
t
i
o
n
,

IlxA
II ~

 T
W

 (A
) IlxlI

for all x E
 W

. T
hus, if T

W
 (A

) =
 l, then A

 contracts the subspace W
 by

a
t
 
l
e
a
s
t
 
l
.
 
S
o
,
 
a
 
c
i
r
c
l
e
 
o
f
 
r
a
d
i
u
s
 
r
 
e
n
d
s
 
u
p
 
i
n
 
a
 
c
i
r
c
l
e
 
o
f
 
r
a
d
i
u
s
 
l
r
,
 
o
r
 
l
e
s
s
,

as show
n in Figure 2.12.

FIG
U

R
E

 2,12. A
 view

 of T
W

 (A
) =

 ~.

If B
 is an n X

 n m
atrix such that B

E
 =

 E
M

 for som
e k x k m

atrix M
,

then for any x E
 W

,

IlxA
B

II ~ T
W

 (B
) IlxA

11 ~ T
W

 (A
) T

W
 (B

) IlxlI.

T
hus,

T
W

 (A
B

) ~
 T

W
 (A

) T
W

 (B
) .

W
e now

 link T
W

 (A
) to N

 given in (2.5). T
o do this, defie on pn-k

IIzllJ =
 IIzJII.

II

It is easily seen that 11.IV
is a norm

.
W

e now
 show

 that T
W

 (A
) is actualy IIN

IIJ.

T
heorem

 2.10 U
sing the partition in (2.5), T

W
 (A

) =
 IIN

IIJ.

~~
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Proof. W
e fist show

 that T
W

 (A
) ~ IIN

IIJ. For this, let x be a vector
such that xE

 =
 a. T

hen

IIxA
II =

 iix ¡E
 G

l (~
 ~

 J ( ~
 J II

=
 II ¡a xG

J (~
 ~

 J ( ~
 J II

=
 II ¡a xG

N
J ( ~

 J II
=
 
I
l
x
G
N
J
I
I

=
 
I
I
x
G
N
I
I
J

~
 IlxG

IIJ IIN
IIJ .

(2.6)

N
ow

IlxG
llJ =

 IlxG
Jl1 =

 ii¡a xG
l ( ~

 J II

=
 Ilx¡E

G
l ( ~ J II

=
 Ilxll.

T
hus, plugging into (2.6) yields

IIxA
II ~

 IIN
IIJ IIxll.

A
nd, since this holds for all x E

 W
,

T
W

 (A
) ~ IIN

IIJ.

W
e now

 show
 that IIN

IIJ ~
 T

W
 (A

). T
o do this, let z E

 pn-k be such
that IIzllJ =

 1 and IIN
IIJ =

 IIzN
IIJ'

N
ow

,

IIN
IIJ =

 IlzN
IIJ

=
 IlzN

Jl1

=
 II(a, z) (~

 ~
 J ( ~

 J II
=

 IlzJA
II

~
 IlzJII T

W
 (A

)

~
 IlzIIJ T

W
 (A

)
=

 T
W

 (A
) ,
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w
m

ch gives the theorem
. _

A
 converse of tm

s theorem
 follow

s.

T
heorem

 2.11 Let A
 be an n x n m

atrix and P
 an n x n m

atri such that

p-i A
P

 =
 (M

 C
 J

O
N

'
w

here M
 is k x k. L

et 11.11 be any norm
 on Fn-k. T

hen there is a norm
1
1
'
1
1
0
 
o
n
 
F
n
 
a
n
d
 
t
h
u
s
 
o
n
 
W
,
 
s
u
c
h
 
t
h
a
t
 
T
W
 
(
A
)
 
=
 
I
I
N
I
I
.

Proof. W
e assum

e P and p-i are partitioned as in (2.5) and use the
notation given there. W

e first fid a norm
 on

W
=

fx:xE
=

O
l.

For tm
s, if x E

 W
, defie

IlxlIo =
 IlxG

II.

T
o see that 11'110 is a norm

, let IlxlIo =
 O

. T
hen IlxG

II =
 0, so xG

 =
 O

.
Since x E

 W
, xP =

 0 and so x =
 O

. T
he rem

aining properties assuring
that 11'110 is a norm

 are easily established.
N

ow
, extend 11'110 to a norm

, say 11,110, on F
n. W

e show
 the contraction

coeffcient T
W

, determ
ied from

 tm
s norm

, is such that T
W

 (A
) =

 IIN
II.

U
sing the norm

 and part of the proof of the previous theorem
, recall that

if z E
 F

n-k,

IIzllJ =
 IIzJllo =

 IIzJG
II =

 IIzIIl =
 IIzlI.

T
hus, IIN

IIJ =
 IIN

II and henceT
W

 (A
) =

 IIN
II ,

as requied. _

Form
ulas for com

puting T
W

 (A
) depend on the vector norm

 used as w
ell

as on E
. W

e restrict our w
ork now

 to R
n so that w

e can use convex
polytopes. If the vector norm

, say II-II, has a unt ball w
m

ch is a convex
polytope, that is

II

K
 =

 fx E
 R

n: xE
 =

 0 and IlxlI :: Il

is a convex polytope, then a form
ula, in term

s of the vertices of tm
s cònvex

polytope, can be found. U
sing tm

s notation, w
e have the follow

ing.

l

)
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T
h
e
o
r
e
m
 
2
.
1
2
 
L
e
t
 
A
 
b
e
 
a
n
 
n
 
x
 
n
 
m
a
t
r
i
 
a
n
d
 
1
1
.
1
1
 
a
 
v
e
c
t
o
r
 
n
o
r
m
 
o
n
 
R
n

that produces a unit ball w
hich is a convex polytope K

 in W
. If f V

i, . .. , V
s L

are the vertices of K
, thenT

W
 (A

) =
 m

?X
 fllviA

lll.
i

P
roof. Let x E

 K
 w

here IIxll =
 1. W

rite

x
 
=
 
C
¥
i
V
i
 
+
.
.
.
 
+
 
C
¥
s
V
s

a convex com
bination of V

i,... , V
S' T

hen it follow
s that

I
l
x
A
1
1
 
=
 
l
i
t
 
C
¥
i
V
i
A

s

:
:
 
L
 
C
¥
i
 
I
l
v
i
A
l
1

i=
i

:: m
?X

 fllviA
lll.

i

T
hus,

T
W

 (A
) :: m

?X
 fllviA

lll.
i

T
hat equalty holds can be seen by noting that no vertex can be interior

t
o
 
t
h
e
 
u
n
t
 
b
a
l
l
.
 
T
h
u
s
,
 
I
I
 

V
i II =

 1 for al i, so m
ax IIxA

l1 is acm
eved at a

"E
W

11"11=
1

vertex. _

W
e w

il give several exam
ples of com

puting T
W

 (A
), for various W

, in
C

hapter 11. F
or now

, w
e look at a classical result.

A
n n x n nonnegative m

atrix A
 is stochastic if each of its row

s is stochas-
t
i
c
.
 
N
o
t
e
 
t
h
a
t
 
i
n
 
t
h
i
s
 
c
a
s
e

A
e=

e,

w
here e =

 (1,1,. .. , i)t, so w
e can set E

 =
 e. T

hen using the I-norm
,

K
 =

 fx E
 R

n : xe =
 0 and Ilxlli :: Il.

T
he vertices of this set are those vectors having precisely tw

o nonzero
entries, nam

ely ~ and -~. T
hus,

T
W

 (A
) =

 m
ax II~a' - ~a'il

i
#
j
 
2
 
i
 
2
 
J
 
i
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w
here ak denotes the k-th row

 of A
. W

ritten in the classical w
ay,

1
T

i (A
) =

 '2 lrff Ilai - ailli '

i
s
 
c
a
l
l
e
d
 
t
h
e
 
c
o
e
f
f
c
i
e
n
t
 
o
f
 
e
r
g
o
d
i
c
i
t
y
 
f
o
r
 
s
t
o
c
h
a
s
t
i
c
 
m
a
t
r
i
c
e
s
.

T
o conclude this subsection, w

e show
 how

 to describe subspace coeff-
cients on the com

pact subsets. T
o do this w

e suppose that 2: is a com
pact

m
atrix set and that if A

 E
 2:, then A

 has partitioned form
 as given in (2.5).

L
et S ç pn such that if x, Y

E
S, then x - yE

W
 (a subset of a tranlate

of W
). W

e defie

T
 (2:) =

 m
ax h (R

2:, T
2:)

R
lS

 h (R
, T

)

w
here the m

axm
um

 is over all com
pact subsets R

and T
 in S.

A
 bound on T

 (2:) follow
s.

T
heorem

 2.13 T
 (2:) S

 ~
~

T
W

 (A
).

P
roof. T

he proof is as in T
heorem

 2.9. _

W
e
 
n
o
w
 
d
e
f
i
e

T
W

 (2:) =
 m

axT
w

 (A
).

A
E

2:

2
.
2
.
3
 
B
l
o
c
k
i
n
g

In applications of products of m
atrices, w

e need the requied contraction
coeffcient to be less than 1. H

ow
ever, w

e often fid a larger coeffcient.
H

ow
 this is usually resolved is to use products of m

atrices of a specified
length, caled blocks. For any m

atrix set 2:, an r-block is defied as any
product 7r in 2:r.

W
e now

 prove a rather general, and usefi, theorem
.

T
heorem

 2.14 Let T
 be a contraction coeffcient (either T

B
 or T

W
) for a

m
a
t
r
i
 
s
e
t
 
2
:
.
 
S
u
p
p
o
s
e
 
T
 
(
7
r
)
 
S
 
T
 
r
 
f
o
r
 
s
o
m
e
 
c
o
n
s
t
a
n
t
 
T
 
r
 
-
(
 
1
 
a
n
d
 
a
l
l
 
r
-
b
l
o
c
k
s

7r of 2:, and that T
 (2:) S

 ß
 for som

e constant ß
.

M
ien all products are taken from

 2:, w
e have the follow

ing. If T
 =

 T
 B

,
then T

 (A
i) , T

 (A
2A

i) , T
 (A

3A
2A

i) , . .. converges to O
. If T

 =
 T

W
, then

T
 (A

i), T
 (A

iA
2) , T

 (A
iA

2A
3) , . .. converges to O

. A
nd, both have rate of

i
convergence T

;: .

l
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Proof. W
e prove the result for T

B
. L

et A
i, A

2A
i, A

3A
2A

i,... be a
sequence of products taken from

 2:. Partition, as possible, each product
A
k
.
.
.
 
A
i
 
i
n
 
t
h
e
 
s
e
q
u
e
n
c
e
 
i
n
t
o
 
r
-
b
l
o
c
k
s
,

7r s . . . 7riA
t . . . A

i

w
here k =

 sr +
 t, t -( r, and 7ri, . .. , 7r s are r-blocks. T

hen

T
 (7r s . . . 7riA

t . . . A
i)

S T
 (7rs)'" T

 (7ri) T
 (A

t)'" T
 (A

i)

S
 T

~
ß

t.

T
hus T

 (A
k . . . A

i) -t 0 as k -t 00.
C

onceriung the geom
etric rate, note that for T

 r :; 0,
k t
r-r

T
~
 
=
 
T
rk _.!

S dT
r r

1
£
 
-
i

ST
;:T

r

=
 T

-i ( f:)k
r
 
T
r

T
hus,

T
 (A

k'" A
i) S T

;i (T
n k ,

w
hich show

s that the rate is geom
etric. _

2.3 M
easures of Irreducibility and F

ull
Indecom

posability

M
easures give an indication of how

 the nonzero entries in a m
atrix are dis-

t
r
i
b
u
t
e
d
 
w
i
t
h
i
n
 
t
h
a
t
 
m
a
t
r
i
x
.
 
I
n
 
t
h
i
s
 
s
e
c
t
i
o
n
,
 
w
e
 
l
o
o
k
 
a
t
 
t
w
o
 
s
u
c
h
 
m
e
a
s
u
r
e
s
.

For the fist m
easure, let A

 be an n x n nonnegative m
atrix. W

e say that
A

 is reducible if there is a O
-subm

atrix, say in row
s num

bered ri, . . . , r s and
colum

s num
bered C

i, . . . , C
n-s, w

here ri, . .. , r s, C
i, . .. , C

n-s are distinct.

(T
hus, a 1 x 1 m

atrix A
 is reducible iff au =

 0.) For exam
ple

¡
1
 
2
 
1
J

A
=

 0 4 0
3
 
0
 
2
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FIG
U

R
E

 2,13, T
he graph of A

,

is reducible since in row
 2 and colum

 1 and 3, there is a O
-subm

atrix.
If p is a perm

utation m
atrix that m

oves row
s ri,... , rs into row

s 1,... , s,
then

(A
u 0 J

P
 
A
p
t
 
=
 
A
2
i
 
A
2
2

w
here A

u is s x s. In the exam
ple above,

¡
o
 
1
 
O
J

p=
 1 0 0
o
 
0
 
1

A
n n x n nonnegative m

atrix A
 is irrducible, if it is not reducible.

A
s show

n in V
arga (1962), a directed graph can be associated w

ith A
 by

using vertices V
i, . .. , V

n and defug an arc from
 V

i to V
j if aij ;: O

. T
hus

for our exam
ple, w

e have Figure 2.13. A
nd, A

 is irreducible if and only if
there is a path (diected), of positive length, from

 any V
i to any V

j. N
ote

that in our exam
ple, there is no path from

 V
2 to V

3, so A
 is reducible.

A
 m

easure, called a m
easure of irreducibility, is defied on an n x n

nonnegative m
atrix A

, n ;: 1, as

u (A
) =

 nu (m
axai ,)

R
 iE

R
 J

;E
n'

w
~re R

 is a nonem
pty proper subset of -(, . .. , n J and R

' its com
plient.

T
i
l
s
 
m
e
a
s
u
r
e
 
t
e
l
l
 
h
o
w
 
f
a
r
 
A
 
i
s
 
f
r
o
m
 
b
e
i
n
g
 
r
e
d
u
c
i
b
l
e
.
 
.

For the second m
easure, w

e say that an n x n nonnegative m
aÚ

ix A
is partly decom

posable if there is a O
-subm

atrix, say in row
s num

bered

l
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ri, . .. , r s and colum
s num

bered C
i, . .. , C

n-s' (T
hus a 1 x 1 m

atrix A
 is

p
a
r
t
l
y
 
d
e
c
o
m
p
o
s
a
b
l
e
 
i
f
 
a
u
 
=
 
0
.
)
 
F
o
r
 
e
x
a
m
p
l
e
,

¡
i
 
2
 
O
J

A
=

 4 0 3
2
 
0
 
1

is partly decom
posable since there is a O

-subm
atrix in row

s 2 and 3, and
colum

 2.
If w

e let P and Q
 be n x n perm

utation m
atrices such that P perm

utes
row

s ri,... , r s into row
s 1,... , sand Q

 perm
utes colum

s C
i,... , C

n-s
into colum

s s +
 1, . .. ,n, then

(A
u 0 J

P
A
Q
 
=
 
A
2
i
 
A
2
2

w
here A

u is s x s.
A

n n x n nonnegative m
atrix A

 is fully indecom
posable if it is not partly

decom
posable. T

hus, A
 is fully indecom

posable iff w
henever A

 contain a
p x q O

-subm
atrix, then p +

 q :: n - 1.
T

here is a link betw
een irreducible m

atrices and fuly indecom
posable

m
atrices. A

s show
n in B

rualdi and R
yser (1991), A

 is irreducible if A
 +

 I
is fuly indecom

posable.
A

 m
easure of full indecom

posability can be defied as

U
(
A
)
 
=
 
m
i
n
 
(
 
m
a
x
 
a
i
'
)

S T
 S,T

 J
,
 
i
e
S
.
j
E
T

w
here S =

 t ri, . .. , r s J and T
 =

 t C
i, . .. , C

n-s J are nonem
pty proper sub-

s
e
t
s
 
o
f
 
-
(
,
.
.
.
 
,
n
J
'

W
e now

 show
 a few

 basic results about fuy indecom
posable m

atrices.

T
heorem

 2.15 Let A
 and B

 be n x n nonnegative fully indecom
posable

m
atrices. S

uppose that the largest O
-subm

atrices in A
 and B

 are S
A

X
 t A

and SB
 x tB

, respectively. IfS
A
 
+
 
t
A
 
=
 
n
 
-
 
k
A

S
B
 
+
 
t
B
 
=
 
n
 
-
 
k
B
,

then the largest O
-subm

atri, say a p x q subm
atri, in A

B
 satisfies

p +
 q :: n - kA

 - kB
.
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Proof. Suppose P and Q
 are n x n perm

utations such that

P(A
B

)Q
 =

 (011 012 J
0
2
1
 
0
2
2

w
here 012 is p x q and the largest O

-subm
atrix in A

B
.

L
e
t
 
R
 
b
e
 
a
n
 
n
 
x
 
n
 
p
e
r
m
u
t
a
t
i
o
n
 
m
a
t
r
i
x
 
s
u
c
h
 
t
h
a
t

(
A
i
i
 
0
 
J

P
A
R
 
=
 
A
2
1
 
A
2
2

w
here A

ii is p x s and has no 0 colum
.

Partition

R
t
B
Q
 
=
 
(
B
i
i
 
B
1
2
 
J

B
1
2
 
B
2
2

w
h
e
r
e
 
B
i
i
 
i
s
 
s
 
x
 
(
n
 
-
 
q
)
.
 
T
h
u
s
,
 
w
e
 
h
a
v
e

(
A
i
i
 
0
 
J
 
(
B
i
i
 
B
1
2
 
J
 
(
0
1
1

A
2
1
 
A
2
2
 
B
2
1
 
B
2
2
 
0
2
1

~2 J.
N

ow
,

A
i
i
B
1
2
 
=
 
0

and since A
ii has no 0 colum

s

B
1
2
 
=
 
O
.

T
hus, s +

 q :S
 n - k B

. A
nd, using A

, p +
 (n - s) :S

 n - k A
, so

p
+
q
:
S
 
(
s
-
k
A
)
+
(
n
-
k
B
-
s
)

:S n - kA
 - kB

,

t
h
e
 
d
e
s
i
r
e
d
 
r
e
s
u
l
t
.
 
.

Several corollaries are im
m

ediate.

C
o
r
o
l
l
a
r
y
 
2
.
4
 
L
e
t
 
A
 
a
n
d
 
B
 
b
e
 
n
 
x
 
n
 
f
u
l
l
y
 
i
n
d
e
c
o
m
p
o
s
a
b
l
e
 
m
a
t
r
i
c
e
s
.
 
T
h
e
n

A
B

 II is fully indecom
posable.

P
r
o
o
f
.
 
I
f
 
A
B
 
c
o
n
t
a
i
s
 
a
 
p
 
x
 
q
 
O
-
s
u
b
m
a
t
r
i
x
,
 
t
h
e
n
 
b
y
 
t
h
e
 
t
h
e
o
r
e
m
,
 
p
 
+
 
q
 
:
S

n
 
-
1
-
 
1
 
=
 
n
 
-
 
2
.
 
T
h
u
s
,
 
A
B
 
i
s
 
f
u
l
l
y
 
i
n
d
e
c
o
m
p
o
s
a
b
l
e
,
 
a
s
 
w
a
s
 
t
o
 
b
e
 
s
h
o
w
n
.
 
.

~
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C
orollary 2.5 L

et A
1, . .. , A

n-1 be n x n fully indecom
posable m

atrices.
T

hen A
1 . . . A

n-1 is positive.

P
roof. N

ote that kA
iA

2 ;: kA
i +

 kA
2' A

nd

k
A
i
"
'
A
n
-
i
 
;
:
 
k
A
i
 
+
.
.
.
 
+
 
k
A
n
_
i

;:1+
...+

1
=

n-1.
T

hus, if A
1 . . . A

n-1 has a p x q O
-subm

atrix, then

p
 
+
 
q
 
:
S
 
n
 
-
 
k
A
i
.
.
.
A
n
-
i

:
S
 
n
 
-
 
(
n
 
-
 
1
)

=
 1.

T
i
l
s
 
i
n
e
q
u
a
l
t
y
 
c
a
n
n
o
t
 
h
o
l
d
,
 
h
e
n
c
e
 
A
1
 
.
.
.
 
A
n
-
1
 
c
a
n
 
c
o
n
t
a
i
n
 
n
o
 
O
-
s
u
b
m
a
t
r
i
x
.

T
he result follow

s. .

T
he m

easure of ful indecom
posability can also be seen as giving som

e
inform

ation about the distribution of the sizes of the entries in a product
of m

atrices.

T
heorem

 2.16 Let A
 and B

 be n x n fully indecom
posable m

atrices. T
hen

U
 (A

B
) ;: U

 (A
) U

 (B
) .

P
roof. C

onstruct Â
 =

 ¡âijj w
here

A
 f 0 if aij -: U

 (A
)

a
i
j
 
=
 
1
.
 
a
i
j
 
o
t
h
e
r
w
i
s
e
.

C
onstruct Ê

J in the sam
e w

ay. T
hen both Â

 and Ê
J are fuy indecom

pos-
a
b
l
e
.
 
T
h
u
s
 
Â
Ê
J
 
i
s
 
f
u
y
 
i
n
d
e
c
o
m
p
o
s
a
b
l
e
,
 
a
n
d
 
s
o
 
w
e
 
h
a
v
e
 
t
h
a
t
 
U
 
(
 
Â
Ê
J
)
 
?
 
O
.

If (Â
Ê

J) ij ? 0, then (Â
Ê

J) ij ;: U
 (A

) U
 (B

). H
ence,

U
 (A

B
) ;: U

 (A
) U

 (B
) ,

t
h
e
 
i
n
d
i
c
a
t
e
d
 
r
e
s
u
l
t
.
 
.

A
n im

m
ediate corollary follow

s.

C
o
r
o
l
l
a
r
y
 
2
.
6
 
I
f
 
A
1
,
 
.
 
.
.
 
,
 
A
n
-
1
 
a
r
e
 
n
 
x
 
n
 
f
u
l
l
y
 
i
n
d
e
c
o
m
p
o
s
a
b
l
e
 
m
a
t
r
i
c
e
s
,

then

(A
1 . . . A

n-1)ij ;: U
 (A

i) . . . U
 (A

n~1)

for all i and j.
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2
.
4
 
S
p
e
c
t
r
a
l
 
R
a
d
i
u
s

R
ecal that for an n x n m

atrix A
, the spectral radius P

 (A
) of A

 is

P (A
) =

 m
ax flX

I : À
 is an eigenvalue of A

 r.
À

It is easily seen that
1

p(A
) =

 (p (A
k)) k

a
n
d
 
t
h
a
t
 
f
o
r
 
a
n
y
 
m
a
t
r
i
x
 
n
o
r
m
 
1
1
.
1
1

1

p(A
) =

 lim
 IIA

kllk .
k-+

oo

(2.7)

(2.8)

In tlus section, w
e use both (2.7) and (2.8) to generalze the notion of

spectral radius to a bounded m
atrix set L;.

T
o generalze (2.7), let

p.(E
) ~ sup f p (g A

;) ,A
i E

 E
 fm

 al i J .

T
he generalized spectral radius of L; is

1

P (L
;) =

 lim
 sup (Pk (L

;)) k .
k-+

oo

T
o generalze (2.8), let 11.11 a m

atrix norm
 and define

P
.
 
(
E
,
 
1
I
.
1
1
l
 
~
 
s
u
p
 
f
l
l
g
 
A
i
l
l
 
,
A
;
 
E
 
E
 
f
o
r
 
a
l
 
i
 
J
'

T
he joint spectral radius is

,ô (L
;, 11.11) =

 lim
 sup f Pk (L

;, 1i.lirH
.

k
-
+
o
o
 
1
.
 
f

N
ote that if 1I'lla is another m

atrix norm
, then since norm

s are equivalent,
there are positive constants a and ß

 such that

a IIA
lIa ~

 IIA
II ~

 ß
 IIA

lIa

for tl n x n m
atrices A

. T
hus,

II k lit II kiit
a
t
 
D
A
i
 
~
 
D
A
i

i-l a i-l
II kiit

~
 
ß
t
 
D
 
A
i

i=
1 iia

,
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a
n
d
 
s
o

P
 
(
L
;
,
 
¡
j
'
l
I
a
)
 
=
 
P
 
(
L
;
,
 
1
1
.
1
1
)
 
.

H
ence, the value P

 (L;, 11.11) does not depend on the m
atrix norm

 used, and
w

e can w
rite P

 (L;) for P
 (L;, 11.11). In addition, if the set L; used in P

 (L;) is
clear from

 context, w
e sim

ply w
rite p for p (L;).

W
e can also show

 that if P is an n x n nonsinguar m
atrix and w

e defie

P
L;P

-1 =
 t P

 A
P

-1 : A
 E

 L;ì

then

P
 (P

L;P
-1) =

 P
 (L;) .

F
uther, for any m

atrix norm
 11.11, IIA

llp =
 IIP

A
p-111 is a m

atrix norm
.

T
hus p (PL

;P-1) =
 P (L

;). So both p and p are invariant under sim
ilarity

tranform
ations.

O
ur fist reslÙ

t links the generaled spectral radius and the joint spectral
radius.

L
em

m
a 2.3 For any m

atri norm
, on a bounded m

atri set L
;,

1
 
1

Pk (L
;)i' ~ P (L

;) ~ P (L
;) ~ Pk (L

;) k .

P
roof. T

o prove the fist inequalty, note that for any positive integer m
,

P
k (L;)m

 ~
 P

m
k (L;) .

T
hus, takig the m

k-th roots,1
 
1

Pk (L
;) k ~ Pm

k (L
;) m

k .

N
ow

 com
puting lim

 sup, as m
 -- 00, of the right side, w

e have the fist
inequalty.

T
he second inequality follow

s by observing that

P
 (k ... k ) -0 Ilk ... k II
1
,
k
 
1
,
1
 
_
 
i
k
 
1
,
1

for any m
atrices A

ii, . .. , A
ik'

For the tlurd inequality, let L
 be a positive integer and w

rite

l =
 kq +

 r
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2
.
 
F
u
n
c
t
i
o
n
a
l
s

w
h
e
r
e
 
0
 
:
:
 
r
 
-
(
 
k
.
 
N
o
t
e
 
t
h
a
t
 
f
o
r
 
a
n
y
 
p
r
o
d
u
c
t
 
o
f
 
L
 
m
a
t
r
i
c
e
s
 
f
r
o
m
 
E
,

IIA
I . . . A

iii:: IIA
kq+

r . . . A
kq+

1A
kq . . . A

iII
:: ß

r IIA
kq . . . A

(k-l)q+
l . . . A

q . . . A
iii

:: ßrpk (E
q)

w
here ß is a bound on the m

atrices in E
. T

hus,

P
i
 
(
E
)
 
t
 
:
:
 
ß
Í
 
P
k
 
(
E
)
 
T

=
 
ß
Í
 
P
k
 
(
E
)
 
~
~
 
P
k
 
(
E
)
t

1

=
 
(
ß
r
p
d
E
)
-
f
f
 
P
k
(
E
)
t
.

N
ow

, com
puting lim

 sup as L
 -- 00, w

e have

1

P
 
(
E
)
 
:
:
 
P
k
 
(
E
)
 
'
k

as required. _

U
sing this lem

m
a, w

e have sim
pler expressions for P (E

) and P (E
).

T
heorem

 2.17 If E
 is a bounded m

atri set, then w
e have that p (E

) =
1
 
1

l
i
 
P
k
 
(
E
)
 
'
k
 
a
n
d
 
P
 
(
E
)
 
=
 
l
i
 
P
k
 
(
E
)
 
'
k
 
.

k
-
+
o
o
 
k
-
+
o
o

Proof. W
e prove the second inequality. B

y the lem
m

a, w
e have

1

P
 (E

) :: pdE
) 'k

f
o
r
 
a
l
 
k
.
 
T
h
u
s
,
 
f
o
r
 
a
n
y
 
k
,

1
 
1

P
 
(
E
)
 
:
:
 
t
n
f
 
P
i
 
(
E
)
 
J
 
:
:
 
s
u
p
 
P
i
 
(
E
)
 
J

:
l
?
:
k
 
i
?
:
k

from
 w

hich it follow
s that

1
 
1

P
 
(
E
)
:
:
 
l
i
m
 
i
n
f
p
k
 
(
E
)
 
'
k
 
:
:
 
H
m
 
s
u
p
 
P
k
 
(
E
)
 
'
k
 
=
 
P
 
(
E
)
 
.

k
-
+
o
o
 
k
-
+
o
o

So,II
1

, lim
 P

k (E
)'k =

 p(E
),

k-+
oo

t
h
e
 
d
e
s
i
r
e
d
 
r
e
s
u
l
t
.
 
_

L
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B
erger and W

ang (1995), in a rather long argum
ent, show

ed that for
bounded sets E

, P (E
) =

 P (E
). H

ow
ever, w

e w
il not develop this relation-

ship since w
e use the traditional P, over P, in our w

ork.
W

e now
 give a few

 results on the size of p. A
 rather obvious such bound

follow
s.

T
heorem

 2.18 If E
 is a bounded set of n x n m

atrices, then P (E
) -(

sup IIA
II.

A
E

LFor the rem
aining result, w

e observe that if E
 is a product bounded

m
atrix set, then a vector norm

 ¡1.llv can be defied from
 any vector norm

11.11 by

IIxllv =
 sup rIIA

il . . . A
ii xii: A

ii", A
ii E

 E
ì

I?:O

(w
hen L =

 0, IIA
il . . . A

ii xii =
 Ilxll). U

sing this vector norm
, w

e can see
that if A

 E
 E

, then

IIA
xllv :: Ilxllv

f
o
r
 
a
l
 
x
.
 
T
h
u
s
 
w
e
 
h
a
v
e
 
t
h
e
 
f
o
l
l
o
w
i
n
g
.

L
em

m
a 2.4 If E

 is a product bounded m
atri set, then there is a vector

norm
 11,lIv such that for the induced m

atri norm
,

I
I
A
l
l
v
 
:
:
 
1
.

T
his lem

m
a provides a last result involving an expression for P (E

).

T
heorem

 2.19 If E
 is a bounded m

atri set,

P
 (E

) =
 inf sup IIA

II.
11,11 A

E
L

Proof. L
et € :; 0 and defie

Ê
=

f~A
:A

E
E

l.
lP

+
E

 f
T

hen Ê
 is product bounded since, if B

 E
 Ê

k,

1
 
A

I
I
B
I
I
:
:
 
A
 
)
k
P
k
'

(P+
E

i
 
.

N
ote that (p+

 € )k P
k -- 0 as k -- 00.
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2
.
 
F
u
n
c
t
i
o
n
a
l
s

T
hus, by Lem

m
a 2.4, there is a norm

 1I'llb such that

I
I
G
l
l
b
 
:
S
 
1

for al G
E

t.
.
 
1
 
A

N
ow

, 1f A
 E

 ~
, p+

€ A
 E

 ~
, soIIA

llb :S
 ,ô +

 €.

T
hus,

inf sup IIA
II :S

 ,ô +
 E

,
11,11 A

E
L

and since E
 w

as arbitrary,

inf sup IIA
II :S

 ,ô.
11.11 A

E
L

Finally by T
heorem

 2.18,

inf sup IIA
II ;: ,ô.

11,11 A
E

L

T
he result follow

s from
 the last tw

o inequalities. _

2
.
5
 
R
e
s
e
a
r
c
h
 
N
o
t
e
s

Som
e m

aterial on the projective m
etric can be found in B

ushell (1973), G
ol-

ubinsky, K
eller and R

othchild (1975) and in the book by Seneta (1981). G
e-

o
m
e
t
r
i
c
 
d
i
s
c
u
s
s
i
o
n
s
 
c
a
n
 
b
e
 
f
o
u
n
d
 
i
n
 
B
u
s
h
e
l
l
 
(
1
9
7
3
)
 
a
n
d
 
G
o
l
u
b
i
n
s
k
y
,
 
K
e
l
l
e
r

and R
othchild. A

rtzroui (1996) gave the inequalities that appeared in
T

heorem
 2.2.

A
 source for basic w

ork on the H
ausdorff m

etric is a book by E
ggleston

(1969).
B

irkhoff (1967) developed the expression for T
B

. A
 proof can also be

found in S
eneta (1981). A

rzroui and Li (1995) provided a 'sim
ple' proof

for this result. B
ushell (1973) show

ed that ((R
n)+

 n U
,p), w

here U
 is

thellunit sphere, w
as a com

plete m
etric space. A

ltham
 (1970) discussed

m
e
a
s
u
r
e
m
e
n
t
s
 
i
n
 
g
e
n
e
r
a
l
.
,

M
uch of the w

ork on T
W

 in subsection 2 is based on H
artfiel and R

oth-
blum

 (1998). H
ow

ever, special such topics have been studied by num
erous I

\L
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authors. S
eneta (1981) as w

ell as R
othblum

 and T
an (1985) show

ed that
for a positive stochastic m

atrix A
, T

B
 (A

) ;: T
1 (A

) w
here T

1 (A
) is the

subspace contractive coeffcient w
ith E

 =
 (1, 1, . ., ,1)t. M

ore recently,
R
h
o
d
i
u
s
 
(
2
0
0
0
)
 
c
o
n
s
i
d
e
r
e
d
 
c
o
n
t
r
a
c
t
i
o
n
 
c
o
e
f
f
c
i
e
n
t
s
 
f
o
r
 
i
n
t
e
 
s
t
o
c
h
a
s
t
i
c

m
atrices. It should be noted that these authors call contraction coeff-

c
i
e
n
t
s
,
 
c
o
e
f
f
c
i
e
n
t
s
 
o
f
 
e
r
g
o
d
i
c
i
t
y
.

G
eneral w

ork on m
easures for irreducibilty and ful indecom

posabilty
w

ere given by H
artfiel (1975). C

hristian (1979) also contributed to that
area. H

artfiel (1973) used m
easures to com

pute bounds on eigenvaues and
eigenvectors.

R
ota and S

trang (1960) introduced the joint spectral radius ,ô, w
hile

D
aubechies and Lagaries (1992) gave the generalzed spectral radius p.

Lem
m

a 2.3 w
as also done by those authors. B

erger and W
ang (1992)

proved that p (~) =
 ,ô (~), as long as ~ is bounded. T

his theorem
 w

as also
proved by E

lsner (1995) by different technques. B
eyn and E

lsner (1997)
proved L

em
m

a 2.4 and T
heorem

 2.19. Som
e of this w

ork is im
plicit in the

paper by R
ota and Strang.



II

3Sem
igroups of M

atrices

L
et ~ be a product bounded m

atrix set. A
 m

atri sequence of the se-
quence (~k) is a sequence 71i, 712, . .. of products taken from

 ~, ~2, . . . ,
r
e
s
p
e
c
t
i
v
e
l
y
.
 
A
 
m
a
t
r
i
 
s
u
b
s
e
q
u
e
n
c
e
 
i
s
 
a
 
s
u
b
s
e
q
u
e
n
c
e
 
o
f
 
a
 
m
a
t
r
i
 
s
e
q
u
e
n
c
e
.

T
he lim

iting set, ~oo, of the sequence (~k) is defied as

~
o
o
 
=
 
i
A
:
 
A
 
i
s
 
t
h
e
 

l
i
i
t
 
o
f
 
a
 
m
a
t
r
i
x
 
s
u
b
s
e
q
u
e
n
c
e
 
o
f
 
(
~
k
)
l
.

T
w

o exam
ples m

ay help w
ith understandig these notions.

E
xam

ple 3.1 L
et ~ =

 t (~ ~ J J' T
hen k~~ (~ ~ J k does not exst.

H
o
w
e
v
e
r
,
 
~
o
o
 
=
 
t
 
(
~
 
~
 
J
 
'
 
(
~
 
~
 
J
 
J
'

E
x
a
m
p
l
e
 
3
.
2
 
L
e
t
 
~
 
=
 
t
 
(
i
 
i
 
J
 
'
 
(
!
 
!
 
J
 
J
'
 
T
h
e
n
 
w
e
 
c
a
n
 
s
h
o
w
 
t
h
a
t

~oo =
 t (i i J ' (~ ~ J J .

A
s w

e w
ill see in C

hapter 11, lim
iting sets can be m

uch m
ore com

plicated.

ìiL
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M
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3
.
1
 
L
i
m
i
t
i
n
g
 
S
e
t
s

T
his section describes various properties of lim

iting sets.

3
.
1
.
1
 
A
l
g
e
b
r
a
i
c
 
P
r
o
p
e
r
t
i
e
s

Som
e algebraic properties of a lim

iting set E
oo are given below

.

T
heorem

 3.1 If E
 is product bounded, then E

oo is a com
pact sem

igroup.

Proof. T
o show

 that E
O

O
 is a sem

igroup, let A
, B

 E
 E

oo. T
hen there are

m
atrix subsequences of (E

k), say

71ii, 71 i2' . . .

7rj¡,7rj2'" .

that converge to A
 and B

, respectively. T
he sequence

71ii 7rji' 71i27rj2" . .

is a m
atrix subsequence of (E

k) w
hich converges to A

B
. T

hus, A
B

 E
 E

oo
and since A

 and B
 w

ere arbitrary, E
oo is a sem

igroup.
T

he proof that E
oo is topologically closed is a standard proof, and since

E
 
i
s
 
p
r
o
d
u
c
t
 
b
o
u
n
d
e
d
,
 
E
O
O
 
i
s
 
b
o
u
n
d
e
d
.
 
T
h
u
s
,
 
E
o
o
 
i
s
 
a
 
c
o
m
p
a
c
t
 
s
e
t
.
 
_

A
 
p
r
o
d
u
c
t
 
r
e
s
l
Ù
t
 
a
b
o
u
t
 
E
O
O
 
f
o
l
l
o
w
s
.

T
heorem

 3.2 If E
 is product bounded, then E

ooE
oo =

 E
oo.

Proof. Since E
oo is a sem

igroup, E
ooE

oo ç E
oo. T

o show
 equalty holds,

let A
 E

 E
oo and 71i, 712, . .. a m

atrix subsequence of (E
k) that converges to

A
. If 71k has lk factors, k;: 1, factor

71k =
 B

kC
k

w
here B

k contains the fist ¡lk!2J factors of 71k and C
k the rem

aiiung factors.
S
i
n
c
e
 
E
 
i
s
 
p
r
o
d
u
c
t
 
b
o
u
n
d
e
d
,
 
t
h
e
 
s
e
q
u
e
n
c
e
 
B
i
,
 
B
2
,
.
.
.
 
h
a
s
 
a
 
c
o
n
v
e
r
-

gent m
atrix subsequence B

ii, B
i2, . .. w

hich converges to, say, B
. S

ince
C

ii, C
i2, . .. is bounded, it has a convergent subsequence, say, C

ii, C
h, . . .

w
hich converges to, say, C

. T
hus 71j¡ ,7Ih,'" converges to B

C
. Since B

a
n
J
 
C
 
a
r
e
 
i
n
 
E
o
o
 
a
n
d
 
A
.
 
=
 
B
C
,
 
i
t
 
f
o
l
l
o
w
s
 
t
h
a
t
 
E
o
o
 
ç
 
E
o
o
E
o
o
,
 
a
n
d
 
s
o

E
o
o
E
o
o
 
=
 
E
o
o
.
 
_

A
ctually, m

ultiplying E
oo by E

 doesn't change that set.
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T
heorem

 3.3 IfE
 is product bounded and com

pact, it follow
s that E

E
oo =

E
O
O
 
=
 
E
O
O
E
.

Proof. W
e only show

 that E
oo ç E

E
O

O
. T

o do this, let B
 E

 E
O

O
. Since

B
 E

 E
oo, there is a m

atrix subsequence 71 ii , 71 i2 , . .. that converges to B
.

Factor, for k ;: 1,

71ik =
 A

ikC
ik

w
here A

i2' A
i3, . .. are in E

. N
ow

, since E
 is com

pact, this sequence has a
s
u
b
s
e
q
u
e
n
c
e
,
 
s
a
y

A
h, A

h , . . .

w
hich converges to, say, A

. A
nd, likew

ise C
h, C

 h , . .. has a subsequence,
say

C
k
2
,
 
G
k
3
,
.
.
.

w
hich converges to, say, C

. T
hus A

k2C
k2, A

k3C
k3,'" converges to A

G
.

N
o
t
i
n
g
 
t
h
a
t
 
A
 
E
 
E
,
 
C
 
E
 
E
o
o
 
a
n
d
 
t
h
a
t

A
C

=
B

,

w
e have that E

oo ç E
E

oo and the reslÙ
t follow

s. -

W
hen E

 =
 tA

l, m
ultiplying E

O
O

 by any m
atrix in E

oo doesn't change
that set.

T
heorem

 3.4 If E
 =

 tA
l is product bounded, then for any B

 E
 E

oo,
B
E
O
O
 
=
 
E
O
O
 
=
 
E
O
O
 
B
.

P
r
o
o
f
.
 
W
e
 
p
r
o
v
e
 
t
h
a
t
 
B
E
o
o
 
=
 
E
o
o
.

Since E
oo is a sem

igroup, B
E

oo ç E
O

O
. T

hus, w
e need only show

 that
equalty holds. For this, let C

 E
 E

O
O

. T
hen w

e have by T
heorem

 3.3

A
k
E
o
o
 
=
 
E
o
o

f
o
r
 
a
l
 
k
.
 
T
h
u
s
,
 
t
h
e
r
e
 
i
s
 
a
 
s
e
q
u
e
n
c
e
 
C
i
,
 
C
2
,
 
.
 
.
 
.
 
,
 
i
n
 
E
O
O
 
s
u
c
h
 
t
h
a
t

A
kC

k =
 C

f
o
r
 
a
l
 
k
.

N
ow

 suppose the sequence

A
 ki , A

 k2 , . . .

¡iL



48
3
.
 
S
e
m
i
g
r
o
u
p
s
 
o
f
 
M
a
t
r
i
c
e
s

3.1 L
im

iting Sets
49

c
o
n
v
e
r
g
e
s
 
t
o
 
B
.
 
S
i
n
c
e
 
~
o
o
 
i
s
 
b
o
u
n
d
e
d
,
 
t
h
e
r
e
 
i
s
 
a
 

subsequence ofC
ki ,C

k2"'"
say

For tils, let D
 E

 ~oo. T
hen by using T

heorem
 3.4, w

e can w
rite

D
=

B
T

C
ill C

h,...

that converges to, say, ê. T
hus

for som
e T

 E
 ~oo. N

ow

B
ê=

c.
C

D
 =

 C
B

T
=

B
T

=
D

.
A

nd, as a consequence ~oo ç B
~oo. _

U
sing tils theorem

, w
e can show

 that, for ~ =
 tA

L
 ~oo is actually a

group.

T
heorem

 3.5 If ~ =
 t A

 ì and ~ is product bounded, then ~oo is a com
-

m
u
t
a
t
i
v
e
 
g
r
o
u
p
.

A
nd, by com

m
utivity, D

C
 =

 D
. T

hus, C
 is the identity in ~oo.

For inverses, let H
 E

 ~oo. T
hen, by T

heorem
 3.4, there is a E

 E
 ~oo,

s
u
c
h
 
t
h
a
t

H
E

=
C

,
Proof. W

e know
 that ~oo is a sem

igroup. T
hus, w

e need oiùy prove the
additional properties that show

 ~oo is a com
m

utative group.
T

o show
 that ~

oo is com
m

utative, let B
and C

 be in ~
oo. S

uppose the
sequence

so E
 =

 H
-l.

T
he parts above show

 that ~oo is a group. _

A
ii,A

i2,...
3
.
1
.
2
 
C
o
n
v
e
r
g
e
n
c
e
 
P
r
o
p
e
r
t
i
e
s

I
n
 
t
i
l
s
 
s
u
b
s
e
c
t
i
o
n
,
 
w
e
 
l
o
o
k
 
a
t
 
t
h
e
 
c
o
n
v
e
r
g
e
n
c
e
 
p
r
o
p
e
r
t
i
e
s
 
o
f

and

A
ii , A

h , . . .
~,~2,...

B
C
 
=
 
l
i
 
A
i
k
 
l
i
m
 
A
i
k

k
-
+
o
o
 
k
-
+
o
o

=
 
l
i
m
 
A
i
k
+
i
k

k-+
oo

=
 lim

 A
ik lim

 A
ik

k
-
+
o
o
 
k
-
+
o
o

w
here ~ is a product bounded m

atrix set. R
ecal that in tils case, by

T
heorem

 3.1, ~oo is a com
pact set.

C
oncerIU

g the long run behavior of products, w
e have the follow

ig.

converge to B
 and C

, respectively. T
hen

T
heorem

 3.6 Suppose ~ is product bounded and E
 :; O

. T
hen, there is a

constant N
 such that if k :; N

and 7lk E
 ~

k, then

=
C

B
.

d (7lk, ~O
O

) 0( E
.

C
B

=
B

Proof. T
he proof is by contradiction. T

hus, suppose for som
e E

 :; 0, there
is a m

atrix subsequence from
 the sequence (~k), no term

 of w
ilch is in

~
o
o
 
+
 
E
.
 
S
i
n
c
e
 
~
 
i
s
 
p
r
o
d
u
c
t
 
b
o
u
n
d
e
d
,
 
t
h
e
s
e
 
p
r
o
d
u
c
t
s
 
h
a
v
e
 
a
 
s
u
b
s
e
q
u
e
n
c
e

t
h
a
t
 
c
o
n
v
e
r
g
e
s
 
t
o
,
 
s
a
y
,
 
A
,
 
A
 
E
 
~
o
o
.
 
T
i
l
s
 
i
m
p
l
i
e
s
 
t
h
a
t
 
d
 
(
A
,
 
~
O
O
)
 
2
:
 
E
,
 
a

c
o
n
t
r
a
d
c
t
i
o
n
.
 
_

T
hus, ~

oo is com
m

utative.
T

o show
 ~oo has an identity, let B

 E
 ~oo. T

hen by using T
heorem

 3.4,
w
e
 
i
i
h
a
v
e
 
t
h
a
t

for som
e C

 in ~oo. W
e show

 that C
 is the identity in ~oo.

N
o
t
e
 
t
h
a
t
 
t
i
l
s
 
t
h
e
o
r
e
m
 
p
r
o
v
i
d
e
s
 
t
h
e
 
f
o
l
l
o
w
i
n
g
 
c
o
r
o
l
l
a
r
y
.
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C
o
r
o
l
l
a
r
y
 
3
.
1
 
U
s
i
n
g
 
t
h
e
 
h
y
p
o
t
h
e
s
i
s
 
o
f
 
t
h
e
 
t
h
e
o
r
e
m
,
 
f
o
r
 
s
o
m
e
 
c
o
n
s
t
a
n
t
 
N
,

E
k ç E

oo +
 I:

T
heorem

 3.8 If E
 is a product bounded set and W

 a com
pact set, then

W
o
o
 
=
 
E
o
o
W
.

Proof. L
et W

o E
 W

oo' T
hen W

o is the lim
it of a vector subsequence, say,

7IiW
i,7I2W

2,... of (E
kW

). Since W
 is com

pact and E
 product bounded,

w
e can fid a subsequence 7Iii W

i1l7li2 W
i2'''' of our sequence such that

W
ii , W

i2 , . .. converges to, say, W
 and 71 ii , 71 i2 , . .. converges to, say, 71 E

 E
O

O
.

. T
hus

f
o
r
 
a
l
l
 
k
 
)
:
 
N
.

I
n
 
t
h
e
 
n
e
x
t
 
r
e
s
u
l
t
 
w
e
 
s
h
o
w
 
t
h
a
t
 
i
f
 
t
h
e
 
s
e
q
u
e
n
c
e
 
(
E
k
)
 
c
o
n
v
e
r
g
e
s
 
i
n
 
t
h
e

H
ausdorff S

ense, then it converges to E
oo.

T
heorem

 3.7 L
et E

 be a product bounded com
pact set. If t is a com

pact
s
u
b
s
e
t
 
o
f
 
M
n
 
a
n
d
 
h
 
(
E
k
,
 
t
)
 
-
-
 
0
,
 
t
h
e
n
 
t
 
=
 
E
o
o
.

Proof. B
y the previous corollary, w

e can see that t ç E
oo.

N
o
w
,
 
s
u
p
p
o
s
e
 
t
 
=
l
 
E
o
o
;
 
t
h
e
n
 
t
h
e
r
e
 
i
s
 
a
n
 
A
 
E
 
E
O
O
 
s
u
c
h
 
t
h
a
t
 
A
 
t
f
 
t
.
 
T
h
u
s
,

W
o
 
=
 
7
I
W

d
(
A
,
t
)
 
=
1
:
,

and w
e can conclude that W

oo ç E
ooW

.
N

ow
 let 7IO

W
o E

 E
ooW

, w
here W

o E
 W

and 710 E
 E

oo. T
hen there is a

m
atrix subsequence 71 ii , 71 i2' . .. that converges to 710. A

nd w
e have that

7Iii W
o, 7Ii2 W

o,... is a vector subsequence of (E
kW

), w
ruch converges to

7IO
W

o. T
hus, 7IO

W
o E

 W
oo, and so E

ooW
 ç W

oo' .

w
here I: is a positive constant.
Let 7Iki, 7Ik2, . .. be a m

atrix subsequence of (E
k) that converges to A

.
T

hen there is a positive constant N
 such that for i ): N

,

d
(
7
I
i
,
t
)
)
:
 
~
.

T
heorem

 3.9 If E
 is a product bounded com

pact set, W
 a com

pact set,
a
n
d
 
h
 
(
E
k
,
 
E
o
o
)
 
-
-
 
0
 
a
s
 
k
 
-
-
 
0
0
,
 
t
h
e
n
 
h
 
(
E
k
W
;
 
W
o
o
)
 
-
-
 
0
 
a
s
 
k
 
-
-
 
0
0
.

Proof. B
y T

heorem
 3.8, w

e have that W
oo =

 E
ooW

, and so w
e w

il show
that h (E

kW
, E

ooW
) -- 0 as k -- 00.

Since W
 is com

pact, it is bounded by, say, ß. W
e now

 show
 that, for all

k,
T

hus,

Ó
 
(
E
k
i
,
 
t
)
 
)
:
 
~

h (E
kW

, E
O

O
W

) 5, ß
h (E

k, E
O

O
) (3.1)

for all i ): N
. T

rus contradicts that h (E
ki, t) -- 0 as i -- 00. T

hus
t
 
=
 
E
o
o
.
 
.

from
 w

ruch the theorem
 follow

s.
T

o do trus, let 7IkW
O

 E
 E

kW
 w

here W
o E

 W
 and 7Ik E

 E
k. L

et 71 E
 E

O
O

be such that d(7Ik,71) 5, h (E
k,E

O
O

). T
hen

d
(
7
I
k
W
O
,
7
I
W
O
)
 
5
,
 
ß
d
(
7
I
k
,
7
I
)

5, ß
h (E

k,E
O

O
).

In m
any applications of products of m

atrices, the m
atrices are actualy

m
u
l
t
i
p
l
i
e
d
 
b
y
 
s
u
b
s
e
t
s
 
o
f
 
p
n
.
 
T
h
u
s
,
 
i
f

A
nd since 7IkW

O
 w

as arbitrary,

w
çpn,

Ó
 (E

kW
, E

O
O

W
) 5, ßh (E

k, E
O

O
) .

w
e
 
h
a
v
e
 
t
h
e
 
s
e
q
u
e
n
c
e

Sim
ilarly,

II
W

;E
W

;E
2W

,... .
Ó

 (E
O

O
W

, E
kW

) 5, ßh (E
k, E

O
O

)

from
 w

ruch (3.1) follow
s. .

I
n
 
t
r
u
s
 
s
e
q
u
e
n
c
e
,
 
w
e
 
u
s
e
 
t
h
e
 
w
o
r
d
s
 
v
e
c
t
o
r
 
s
e
q
u
e
n
c
e
,
 
v
e
c
t
o
r
 
s
u
b
s
e
q
u
e
n
c
e
,

and lim
iting set W

oo w
ith the obvious m

eanngs.
A

 w
ay to calculate W

oo, in term
s of E

oo, follow
s.

A
 result, w

ruch occurs in applications rather often, follow
s.
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C
o
r
o
l
l
a
r
y
 
3
.
2
 
S
u
p
p
o
s
e
 
E
 
i
s
 
a
 
p
r
o
d
u
c
t
 
b
o
u
n
d
e
d
 
c
o
m
p
a
c
t
 
s
e
t
 
a
n
d
 
W
 
a
 
c
o
m
-

p
a
c
t
 
s
e
t
.
 
I
f
E
W
 
ç
 
W
,
 
t
h
e
n
 
h
 
(
E
k
W
;
 
W
o
o
)
 
-
+
 
0
 
a
s
 
k
 
-
+
 
O
.

Proof. It is clear that E
k+

1W
 ç E

kW
, so W

oo ç E
kW

 for al k. T
hus, w

e
need only show

 that if E
 )- 0, there is a constant N

 such that for all k )- N

L
em

m
a 3.1 Suppose tA

r is product bounded and W
 a com

pact set. G
iven

an E
 )- 0 and any B

 E
 E

oo, there is a constant N
 such that

d
(
A
N
w
,
B
w
)
.
.
 
E

E
kW

 ç W
oo +

 E
.

for all w
 E

 W
.

T
he theorem

 follow
s.

T
ils follow

s as in the proof of T
heorem

 3.6. .

W
e conclude tils subsection by show

ig a few
 results for the case w

hen
E

 is fute.
I
f
 
E
 
=
 
t
A
i
,
.
.
.
 
,
A
m
r
 
i
s
 
p
r
o
d
u
c
t
 
b
o
u
n
d
e
d
 
a
n
d
 
W
 
c
o
m
p
a
c
t
,
 
t
h
e
n
 
s
i
n
c
e

E
E

oo =
 E

oo,

T
heorem

 3.10 U
sing the hypothesis of the lem

m
a, suppose that L (x) =

A
x is nonexpansive. G

iven E
 )- 0 and B

 E
 E

oo, there is a constant N
 such

that for k 2: 1,

h(A
N

+
kW

,A
kB

W
).. E

.

W
oo =

 E
W

oo =
 A

iW
oo u... U

A
m

W
oo.

F
o
r
 
m
 
=
 
3
,
 
t
i
l
s
 
i
s
 
s
o
m
e
w
h
a
t
 
d
e
p
i
c
t
e
d
 

in Figure 3.1. T
hus, although each A

i

Proof. B
y the lem

m
a, there is a constant N

 such that

d
(
A
N
w
,
B
w
)
.
.
 
E

f
o
r
 
a
l
 
w
 
E
 
W
.
 
S
i
n
c
e
 
L
 
i
s
 
n
o
n
e
x
p
a
n
s
i
v
e
,

d
(
A
N
+
k
w
,
A
k
B
w
)
.
.
 
E

for al w
 E

 W
and k 2: 1. From

 tils inequalty, the theorem
 follow

s. .

Since E
ooW

 =
 W

oo, B
W

 ç W
oo' T

hus this theorem
 says that A

N
+

kW
stays w

ithin E
 of A

kB
W

 ç W
oo for al k.

W
e now

 show
 that on W

oo, L
 (x) =

 A
x is an isom

etry, so there can be
no m

ore collapsing of W
oo'

T
heorem

 3.11 L
et E

 =
 tA

r be product bounded and W
 a com

pact set. If
L
 
(
x
)
 
=
 
A
x
 
i
s
 
n
o
n
e
x
p
a
n
s
i
v
e
,
 
t
h
e
n
 
L
 
(
x
)
 
=
 
A
x
 
i
s
 
a
n
 
i
s
o
m
e
t
r
y
 
o
n
 
W
o
o
'

P
roof. W

e first give a preliuunary result. F
or it, recall that W

oo =
 E

ooW
and that E

O
O

 is a group. Let B
 E

 E
O

O
 and A

ii, A
i2, . .. a m

atrix subse-
q
u
e
n
c
e
 
o
f
 
(
E
k
)
 
t
h
a
t
 
c
o
n
v
e
r
g
e
s
 
t
o
 
B
.

L
et x, fj E

 E
oo W

. T
hen, since L

 (x) =
 A

x is nonexpansive, w
e have

F
IG

U
R

E
 3.1. A

 view
 of ~

W
oo'

o ~
 d (A

ikX
, A

ikfj) - d (A
A

ikX
, A

A
ikfj)

~
 
d
 
(
A
i
k
X
,
 
A
i
k
f
j
)
 
-
 
d
 
(
A
i
k
+
i
x
,
 
A
i
k
+
1
f
j
)
 
.

m
al contract W

oo into W
oo, the unon of those contractions reconstructs

W
oo.
W

hen E
 =

 tA
h w

e can give som
etilng of an E

-view
 of how

 A
kW

 tends
to W

oo' W
e need a lem

m
a.

T
aking the lim

it at k -+
 00, w

e get

o ~
 d (B

x, B
y) - d (A

B
x, A

B
fj) =

 0
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d (B
x, B

y) =
 d (A

B
x, A

B
fj.

(3.2)

T
heorem

 3.13 Suppose that ~ is a bounded m
atri set. Suppose further

that each m
atri M

 E
 ~ has partition form

L
 A

 B
i2 B

i3 . . . B
ik i

o
 
C
i
 
B
2
3
 
.
.
.
 
B
2
k

M
 =

 0 0 C
2 . . . B

3k
o 0 0 . . . C

k

orN
ow

 let x,y E
 W

oo' Since W
oo=

~ooW
=

~oo~O
O

 =
~ooW

oo, x ~ B
ix

and y =
 B

2Y
 w

here x,Y
 E

 W
oo and B

i,B
2 E

 ~
oo. U

sing (3.2), and that
~

oo is a group,

d(x,y) =
 d(B

ix,B
2y)

=
 d (B

ix, B
iB

ii B
2y)

=
 
d
 
(
A
B
i
x
,
 
A
B
i
 
(
B
i
i
 
B
2
y
)
)

=
 d(A

x,A
y),

w
here all m

atrices on the block m
ain diagonal are square. If there are

vector norm
 11,lIa' 1I.lle! ,... , 11.llek such that

IIA
lla -: i and I¡C

illei -: Q
 .: i

f
o
r
 
a
l
l
 
M
 
E
 
~
,
 
t
h
e
r
e
 
i
s
 
a
 
v
e
c
t
o
r
 
n
o
r
m
 
1
1
.
1
1
 
s
u
c
h
 
t
h
a
t
 
I
I
M
I
I
 
-
:
 
i
 
f
o
r
a
l
l
 
M
 
E
 
~
.

Proof. W
e prove the result for k =

 1. For this, w
e drop subscripts, using

M
 
=
 
(
~
 
~
 
J
.
 
T
h
e
 
g
e
n
e
r
a
l
 
p
r
o
o
f
 
t
h
e
n
 
f
o
l
l
o
w
s
 
b
y
 
i
n
d
u
c
t
i
o
n
.

F
or all x E

 pn, partition x =
 ( ~

~
 J com

patible w
ith M

. N
ow

, for any

c
o
n
s
t
a
n
t
 
K
 
?
 
0
,
 
w
e
 
c
a
n
 
d
e
f
i
e
 
a
 
v
e
c
t
o
r
 
n
o
r
m
 
1
1
.
1
1
 
b
y

t
h
e
 
d
e
s
i
r
e
d
 
r
e
s
u
l
t
.
 
.

3
.
2
 
B
o
u
n
d
e
d
 
S
e
m
i
g
r
o
u
p
s

In this section, w
e give a few

 results about product bounded m
atrix sets

~.T
heorem

 3.12 Let ~
 be product bounded m

atri set. T
hen there is a

n
o
r
m
,
 
s
a
y
 
1
1
.
1
1
,
 
s
u
c
h
 
t
h
a
t
 
I
I
 

A
ll -: i for all A

 E
 ~.

Proof. L
et A

 =
 ~ U

 ~2 U
 . . '. D

efie a vector norm
 on pn by

¡ixil =
 Ilxi lIa +

 K
 Ilx21le'

T
hen w

e have, for any M
 E

 ~,

II xII =
 sup (lIxIl2' II7rx112 : 7r E

 A
l.

I
I
M
x
l
1
 
=
 
I
I
A
x
i
 
+
 
B
X
2
1
1
a
 
+
 
K
 
I
1
C
x
2
1
1
e

-
:
I
I
A
x
i
l
l
a
 
+
 
I
I
B
x
2
1
1
a
 
+
 
K
 
I
I
C
x
2
1
1
e

-
:
 
I
I
x
i
 
l
I
a
 
+
 
l
i
B
 

II IIx211e +
 K

 IIC
x2 lie

T
hen if A

 E
 ~,

w
here

IIA
xl1 =

 sup (IIA
xIl2, II7rA

xI12 : 7r E
 A

l,
IIB

x211a.
I
I
B
I
I
 
=
:
~
 
I
l
x
2
1
1
e

and since A
, 7r A

 E
 A

,

-: sup (lIxIl2, I17rX
Il2 : 7r E

 A
l

=
 IlxlI.

T
hus,

II
I
I
A
I
I
 
-
:
 
i
,

I
I
M
x
l
l
 
-
:
 
I
I
x
i
l
l
a
 
+
 
(
I
I
B
I
I
 
+
 
K
 
I
I
C
I
U
 
I
I
x
2
1
1
e

(IIB
II )

=
 
I
l
x
i
l
l
a
 
+
 
K
 
+
 
I
I
C
l
l
e
 
K
 
I
l
x
2
1
l
e
'

S
i
n
c
e
 
t
h
i
s
 
i
n
e
q
u
a
l
i
t
y
 
h
o
l
d
s
 
f
o
r
 
a
l
 
x
,

w
hich is w

hat w
e need. .

Since ~ is bounded, IIB
II, over al choices of M

, is bounded by, say, ß. SO
w
e
 
c
a
n
 
c
h
o
o
s
e
 
K
 
s
u
c
h
 
t
h
a
t

A
 special such result follow

s.
ßK

+
Q

':1.



56
3
,
 
S
e
m
i
 

groups of M
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T
hen,

I
I
M
x
l
I
 
~
 
I
l
x
i
l
l
a
 
+
 
K
 
I
I
x
2
1
1
c

=
 Ilxll.

T
his show

s that IIM
II ~ 1, and since M

 w
as arbitrary

IIM
II ~

1

for al M
 E

~
. _

In the sam
e w

ay w
e can prove the follow

ing.

C
o
r
o
l
l
a
r
y
 
3
.
3
 
I
f
 
I
I
A
l
l
a
 
~
 
1
 
i
s
 
c
h
a
n
g
e
d
 
t
o
 
I
I
 

A
l
i
a
 
~
 
a
,
 
t
h
e
n
 
f
o
r
 
a
n
y
 
ó
,

a -c Ó
 -c 1, there is a norm

 11.11 such that IIM
II ~ ó for all M

 E
 ~.

O
ur last result show

s that convergence and product bounded are con-
nected. T

o do this, w
e need the U

iuform
 B

oundedness L
em

m
a.

L
em

m
a 3.2 Suppose X

 is a subspace of pn and

sup 111IxII -c 00

w
h
e
r
e
 
t
h
e
 
s
u
p
 
i
s
 
o
v
e
r
 
a
l
l
 

1
1
 
i
n
 
A
 
=
 
~
 
U
 
~
2
 
U
 
.
 
.
.
 
a
n
d
 
t
h
e
 
i
n
e
q
u
a
l
i
t
y
 
h
o
l
d
s
 
f
o
r

any x E
 X

, w
here IIxll =

 1. T
hen ~ is product bounded on X

.

P
roof. W

e prove the result for the 2-norm
. W

e let r X
i, . .. , X

r r be an
o
r
t
h
o
n
o
r
m
a
l
 
b
a
s
i
s
 
f
o
r
 
X
.
 
T
h
e
n
,
 
i
f
 

X
 E

 X
 and IIxII2 =

 1,

x
 
=
 
a
i
X
i
 
+
.
.
.
 
+
 
a
r
X
r

w
here laii2 +

... +
 lari2 =

 1.
N

ow
 letß be such that

s
u
p
 
1
1
1
I
X
i
l
1
2
 
:
:
 
ß

f
o
r
 
i
 
=
 
1
,
.
.
.
 
,
 
r
a
n
d
 
a
l
 

11 E
 A

. It follow
s that if 11 E

 A
 and IIxII2 =

 1, then

II

1
I
1
1
X
I
I
2
 
~
.
l
a
i
I
I
1
1
I
x
i
I
l
2
 
+
 
.
 
.
.
 
+
 
l
a
r
l
1
l
1
l
x
r
l
l
2

::nß.

T
h
u
s
,
 
s
i
n
c
e
 
x
 
w
a
s
 
a
r
b
i
t
r
a
r
y
 
1
1
1
1
1
1
 
~
 
n
ß
.
 
S
i
n
c
e
 
1
1
 
w
a
s
 
a
r
b
i
t
r
a
r
y
,
 
~
 
i
s
 
p
r
o
d
u
c
t

b
o
u
n
d
e
d
.
 
_
 
.
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T
heorem

 3.14 If all infinite products from
 a m

atrix set ~ converge, then
~
 
i
s
 
p
r
o
d
u
c
t
 
b
o
u
n
d
e
d
.

P
r
o
o
f
.
 
S
u
p
p
o
s
e
 
a
l
 
i
n
f
t
e
 
p
r
o
d
u
c
t
s
 
f
r
o
m
 
~
 
c
o
n
v
e
r
g
e
.
 
F
u
t
h
e
r
 
l
e
t
 
A
 
=

~
 
U
 
~
2
 
U
 
.
 
.
.
 
a
n
d
 
d
e
f
i
e

X
 =

 rx E
 pn : A

x is boundedr.

T
hen X

 is a subspace and 11 : X
 ~ X

 for all 11 E
 A

. B
y the U

iuform
B

oundedness Lem
m

a, there is a constant ß
 such that

sup 111Ixii
xE

X
 Ilxll =

 ß -c 00,

f
o
r
 
a
l
 

11 E
 A

.
If X

 =
 pn, then ~ is product bounded. T

hus, w
e suppose X

 i=
 pn. W

e
n
o
w
 
s
h
o
w
 
t
h
a
t
 
g
i
v
e
n
 
a
n
 
x
 
f
t
 
X
 
a
n
d
 
c
:
;
 
1
,
 
t
h
e
r
e
 
a
r
e
 
m
a
t
r
i
c
e
s
 
A
i
,
.
.
.
 
,
 
A
k
 
E
 
~

s
u
c
h
 
t
h
a
t

IIA
k . . . A

ixli 2: c
(3.3)

and

A
k . . . A

ix ft X
.

Since x ft X
, there are m

atrices A
i, . .. , A

k E
 ~, such that

IIA
k . . . A

ixll :; m
ax (1, ß

 II~
II) c.

(3.4)

If A
k... A

ix ft X
, w

e are through. O
therw

ise, there is at, t -c k, such
that A

t'" A
ix ft X

, w
hile A

tH
 (A

t... A
ix) E

X
. T

hus, w
e have

IIA
k . . . A

t+
2 (A

tH
 . . . A

ix) II ~ ß IIA
tH

 . . . A
ixli

:: ß 1I~IIIIA
t . . . A

ixlI.

T
hus, by (3.4),

c ~
 IIA

t . . . A
ixll

w
hich gives (3.3).
N

ow
, applying result (3.3), suppose x ft X

. T
hen there are 1Ii, 112,... in

A
 
s
u
c
h
 
t
h
a
t

1I11ixll 2: 1 and 1IiX
 ft X

1I11211ixll 2: 2 and 1I211iX
 ft X
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S
e
m
i
 

groups of M
atrices

'hus,

1l =
.. .1lk.. .1li

; not convergent. T
his contradicts the hypothesis, and so it follow

s that
C
 
=
 
p
n
.
 
A
n
d
,
 
E
 
i
s
 
p
r
o
d
u
c
t
 
b
o
u
n
d
e
d
.
 
.

Putting T
heorem

 3.12 and T
heorem

 3.14 together, w
e obtai the follow

-
ig norm

-convergence result.

Jorollary 3.4 If all infinite products from
 a m

atri set E
 converge, then

h
e
r
e
 
i
s
 
a
 
v
e
c
t
o
r
 
n
o
r
m
 
1
1
.
1
1
 
s
u
c
h
 
t
h
a
t
 
I
I
 

A
ll :: 1 for all A

 E
 E

.

t
3
 
R
e
s
e
a
r
c
h
 
N
o
t
e
s

lection 1 w
as developed from

 H
artfiel (1981, 1991, 2000). L

inuting sets,
inder different nam

es, such as attactors, have been studied elsew
here.

T
heorem

 3.12 appears in E
lsner (1993). A

lso see B
eyn and E

lsner (1997).
lheorem

 3.14 w
as proved by G

. Schechtm
an and published in B

erger and
N

ang (1992).

II

L

4P
a
t
t
e
r
n
e
d
 
M
a
t
r
i
c
e
s

I
n
 
t
h
i
s
 
c
h
a
p
t
e
r
 
w
e
 
l
o
o
k
 
a
t
 
m
a
t
r
i
x
 
s
e
t
s
 
E
 
o
f
 
n
o
n
n
e
g
a
t
i
v
e
 
m
a
t
r
i
c
e
s
 
i
n
 
M
n
.

W
e find conditions on E

 that assure that contraction coeffcients T
B

 and
T

W
 are less than 1 on r-blocks, for som

e r, of E
.

4
.
 
i
 
S
c
r
a
m
b
l
i
n
g
 
M
a
t
r
i
c
e
s

T
he contraction coeffcient T

B
 is less than 1 on any positive m

atrix in M
n.

T
he fist result provides a set E

 in w
hich (n - I)-blocks are all positive.

I
n
 
C
o
r
o
l
l
a
r
y
 
2
.
5
,
 
w
e
 
s
a
w
 
t
h
e
 
f
o
l
l
o
w
i
n
g
.

T
h
e
o
r
e
m
 
4
.
1
 
I
f
 
e
a
c
h
 
m
a
t
r
i
 
i
n
 
E
 
i
s
 
f
u
l
l
y
 
i
n
d
e
c
o
m
p
o
s
a
b
l
e
,
 
t
h
e
n
 
e
v
e
r
y

(
n
 
-
 
1
)
 
-
b
l
o
c
k
 
f
r
o
m
 
E
 
i
s
 
p
o
s
i
t
i
v
e
.

For another such result, w
e describe a m

atrix w
hich is som

ew
hat like a

fuy indecom
posable m

atrix. A
n n x n nonnegative m

atrix A
 is prim

itive
if A

k :; 0 for som
e positive integer k.

I
n
t
e
a
d
 
o
f
 
c
o
m
p
u
t
i
n
g
 
p
o
w
e
r
s
,
 
a
 
m
a
t
r
i
x
 
c
a
n
 
s
o
m
e
t
i
m
e
s
 
b
e
 
c
h
e
c
k
e
d
 
f
o
r

prim
itivity by inspecting its graph. A

s show
n in V

arga (1962), if the graph
of A

 is connected (T
here is a path of positive length from

 any vertex i to
any vertex j.) and



4
.
 
P
a
t
t
e
r
n
e
d
 
M
a
t
r
i
c
e
s

k
i
 
=
 
g
o
o
 
o
f
 
t
h
e
 
l
e
n
g
t
h
s
 
o
f
 
a
l

paths from
 vertex i to

itself,

ien A
 is prim

itive if and O
iùy if ki =

 1. (A
ctualy, ki can be replaced by

rryki.
For exam

ple, the L
eslie m

atrix¡i 2 1 i
A
 
=
 
.
3
 
0
 
0

o .4 0
as the graph show

n in Figure 4.1 and is thus prim
itive.

F
IG

U
R

E
 4.1. T

he graph of A
.

A
 rather w

ell know
n result on m

atrix sets and prim
tive m

atrices follow
s.

ro give it, w
e need the follow

ing notion. F
or a given m

atrix A
, defie

t * =
 (aij J, caled the signum

 m
atrix, by

*
 
f
I
i
f
a
i
j
?
O

a
i
j
 
=
 
1
.
 
0
 
o
t
h
e
r
w
i
s
e

rheorem
 4.2 Let:E

 be a m
atri set. S

uppose that for all k =
 1,2,. .. ,

~
a
c
h
 
k
-
b
l
o
c
k
 
t
a
k
e
n
 
f
r
o
m
 
:
E
 
i
s
 
p
r
i
m
i
t
i
v
e
.
 
T
h
e
n
 
t
h
e
r
e
 
i
s
 
a
 
p
o
s
i
t
i
v
e
 
i
n
t
e
g
e
r
 
r

iuch tM
t each r-block from

 :E
 ?- positive.

?
r
o
o
f
.
 
L
e
t

p =
 num

ber of (0,1) -prim
tive n x n m

atrices

l

4,1 S
cram

bling M
atrices

61

and

q =
 the sm

allest exponent k such that A
 k ? 0 for all

(0,1) -prim
itive m

atrices A
.

L
e
t
 
r
 
=
 
p
 
+
 
1
 
a
n
d
 
A
i
i
"
"
 
,
 
A
i
r
 
m
a
t
r
i
c
e
s
 
i
n
:
E
.
 
T
h
e
n
,
 
b
y
 
h
y
p
o
t
h
e
s
i
s

A
ii, A

i2 A
ii' . .. , A

ir' . . A
ii is a sequence of prim

tive m
atrices. S

ince there
are r such m

atrices, the sequence A
ii' (A

i2A
iJ* ,. . . , (A

ir" . A
ii)* has a

duplication, say

(A
- ... A

- )* =
 (A

- ... A
- )*

i8 ii it ii
w
h
e
r
e
 
s
 
?
 
t
.
 
T
h
u
s

(A
- ... A

- ) * (A
- ... A

- )* =
 (A

- ... A
- )*

i
8
 
i
t
+
1
 
i
t
 
i
i
 
i
t
 
i
1

w
here the m

atrix arithm
etic is B

oolean.
Set

B
 =

 (A
i. ... A

i,+
i)* and A

 =
 (A

i, ... A
iJ* .

So w
e have

B
A

=
A

.

F
rom

 this it follow
s that since B

a ? 0,

B
a
 
A
 
=
 
A
 
?
 
0
;

thus, A
i, . . . A

ii ? 0, and so A
ir' . . A

ii ? 0, the result w
e w

anted. _

A
 
f
i
a
l
 
r
e
s
u
l
t
 
o
f
 
t
h
i
s
 
t
y
p
e
 
u
s
e
s
 
t
h
e
 
f
o
l
l
o
w
i
n
g
 
n
o
t
i
o
n
.
 
I
f
 
B
 
i
s
 
a
n
 
n
 
x
 
n

(0, I)-m
atrix and A

* :: B
, then w

e say that A
 has pattern B

.

T
heorem

 4.3 L
et B

 be a prim
itive n x n (0, I)-m

atri. If each m
atri in

:E
 has pattern B

, then for som
e r, every r-block from

 :E
 is positive.

Proof. Since B
 is prim

itive, B
T

 ? 0 for som
e positive integer. T

hus, since
(A

ir'" A
iJ* :: (B

T
)*, the result follow

s. _

In the rem
aiiung w

ork in this chapter, w
e w

il not be interested in r-
b
l
o
c
k
s
 
t
h
a
t
 
a
r
e
 
p
o
s
i
t
i
v
e
 
b
u
t
 
i
n
 
r
-
b
l
o
c
k
s
 
t
h
a
t
 
h
a
v
e
 
a
t
 
l
e
a
s
t
 
o
n
e
 
p
o
s
i
t
i
v
e

colum
. R

ecall that if A
 has a positive colum

, then

p (A
x, A

y) .c p (x, y)
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for any positive vectors x and y. T
hus, there is som

e contraction. W
e can

obtain vaious results of this type by looking at the graph of a m
atrix.

Let A
 be an n x n nonnegative m

atrix. T
hen the ij-th entry of A

S
 is

L
 aiki akik2 . . . ak._ii

w
here the sum

 is over all ki,. .. , ks-i. T
his entry is positive iff in the

graph of A
, there is a path, say V

i, V
ki, V

k2,. . . , V
k._i, V

j from
 V

i to V
j.

In term
s of graphs, w

e have the follow
ing.

T
heorem

 4.4 Let A
 be an n x n nonnegative m

atri in the partitioned
form

A
=

(~ ~J
(4.1)

w
h
e
r
e
 
P
 
i
s
 
a
n
 
m
 
x
 
m
 
p
r
i
m
i
t
i
v
e
 
m
a
t
r
i
.

If, in the graph of A
, there is a path from

 each vertex from
 C

 to som
e

vertex from
 P, then there is a positive integer s such that A

S has its first
m

 colum
ns positive.

Proof. Since P is priuutive, there is a positive integer k such that pk+
t :; 0

for all t 2: O
. T

hus, there is a path from
 any vertex of P to any vertex of

P
 having length k +

 t.
L
e
t
 
t
i
 
d
e
n
o
t
e
 
t
h
e
 
l
e
n
g
t
h
 
o
f
 
a
 
p
a
t
h
 
f
r
o
m
 
V
i
,
 
a
 
v
e
r
t
e
x
 
f
r
o
m
 
C
,
 
t
o
 
a
 
v
e
r
t
e
x

o
f
 
P
.
 
L
e
t
 
t
 
=
 
m
a
x
t
i
.
 
T
h
e
n
,
 
u
s
i
n
g
 
t
h
e
 
r
e
m
a
r
k
s
 
i
n
 
t
h
e
 
p
r
e
v
i
o
u
s
 
p
a
r
a
g
r
a
p
h
,

if V
i is a vertex of C

, then there is a path of length k +
 t to any vertex in

P. T
hus, A

S, w
here s =

 k +
 t, has its fist m

 colum
 positive. _

A
n im

m
ediate consequence follow

s.

C
orollary 4.1 L

et A
 be an n x n nonnegative m

atri as given in (4.1). If
e
a
c
h
 
m
a
t
r
i
 
i
n
 
L
 
h
a
s
 
p
a
t
t
e
r
n
 
A
,
 
t
h
e
n
 
f
o
r
 
s
o
m
e
 
r
,
 
e
v
e
r
y
 
r
-
b
l
o
c
k
 
f
r
o
m
 
L
 
h
a
s

a positive colum
n.

W
e extend the theorem

, a bit, as follow
s. L

et A
 be an n x n nonnegative

m
atrix. A

s show
n in G

antm
acher (1964), there is an n X

 n perm
utation

m
atrix P such that

r

¡ A
i 0 ::: ~

 J '.(4.2)
A

2i A
2 L

I
I
 
P
A
p
t
 
=
 
.
.
.

A
... A

s ""
A
s
i
 
s
2

4, i Scram
bling M

atrices
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w
here each A

k is either an nk x nk irreducible m
atrix or it is a 1 x 1 0-

m
a
t
r
i
x
.
 
H
e
r
e
,
 
t
h
e
 
p
a
r
t
i
t
i
o
n
e
d
 
f
o
r
m
 
i
n
 
(
4
.
2
)
 
i
s
 
c
a
l
e
d
 
t
h
e
 
c
a
n
o
n
i
c
a
l
 
f
o
r
m
 
o
f

A
. IT

 for som
e k, A

ki,. .. ,A
kk-i are all O

-m
atrices, then A

k is caled an
isolated block in the canonical form

.
If A

k has a positive colum
n for som

e k, then A
i m

ust be priuutive since
if A

i is not priuutive, as show
n in G

antm
acher (1964), its index of im

-
prim

itivity is at least 2. T
his assures that A

~, and hence A
k, never has a

positive colum
n for any k.

C
o
r
o
l
l
a
r
y
 
4
.
2
 
L
e
t
 
A
 
b
e
 
a
n
 
n
 
x
 
n
 
n
o
n
n
e
g
a
t
i
v
e
 
m
a
t
r
i
x
.
 
S
u
p
p
o
s
e
 
t
h
e
 
c
a
n
o
n
-

ical form
 (4.2) of A

 satisfies the follow
ing:

1. A
i is a prim

itive m
 x m

 m
atri.

2. T
he canonical form

 for A
 has no isolated blocks.

T
hen there is a positive integer s such that A

S
 has its first m

 colum
ns

positive.

Proof. O
bserve in the canonical form

 that since there are no isolated
b
l
o
c
k
s
,
 
e
a
c
h
 
v
e
r
t
e
x
 
o
f
 
a
 
b
l
o
c
k
 
h
a
s
 
a
 
p
a
t
h
 
t
o
 
a
 
v
e
r
t
e
x
 
o
f
 
a
 
b
l
o
c
k
 
h
a
v
i
n
g

a low
er subscript. T

his im
plies that each vertex has a path to any vertex

i
n
 
A
i
.
 
T
h
e
 
r
e
s
u
l
t
 
n
o
w
 
f
o
l
l
o
w
s
 
f
r
o
m
 
t
h
e
 
t
h
e
o
r
e
m
.
 
_

A
 different kind of condition that can be placed on the m

atrices in L to
assure r-blocks have a positive colum

, is that of scram
bling. A

n n x n
nonnegative m

atrix A
 is scram

bling if A
A

t :; O
. T

his m
eans, of course,

that for any row
 indices i and j, there is a colum

 index k such that aik :; 0
and ajk :; O

.
A

 consequence of the previous corollary follow
s.

C
o
r
o
l
l
a
r
y
 
4
.
3
 
I
f
 
a
n
 
n
 
x
 
n
 
n
o
n
n
e
g
a
t
i
v
e
 
m
a
t
r
i
 
i
s
 
s
c
r
a
m
b
l
i
n
g
,
 
t
h
e
n
 
A
S
 
h
a
s

a positive colum
n for som

e positive integer s.

Proof. Suppose the canonical form
 for A

 is as in (4.2). Since A
 is scram

-
bling, so is its canonical form

, so this form
 can have no isolated blocks.

A
nd, A

i m
ust be priuutive since, if this w

ere not true, A
i w

ould have in-
dex of im

prim
itivity at least 2. A

nd this w
ould im

ply that A
i, and thus

A
, is not scram

bling. _

It is easily show
n that the product of tw

o n x n scram
blig m

atrices is
itself a scram

bling m
atrix. T

hus, w
e have the follow

ing.

T
heorem

 4.5 T
he set of n x n scram

bling m
atrices is a sem

igroup.
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P
a
t
t
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r
n
e
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M
a
t
r
i
c
e
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I
f
 
L
 
c
o
n
t
a
i
 
o
n
l
y
 
s
c
r
a
m
b
l
i
n
g
 
m
a
t
r
i
c
e
s
,
 
L
 
U
 
L
2
 
U
 
.
 
.
.
 
c
o
n
t
a
i
n
s
 
o
n
l
y
 
s
c
r
a
m
-

blig m
atrices. W

e use this to show
 that for som

e r, every r-block from
s
u
c
h
 
a
 
L
 
h
a
s
 
a
 
p
o
s
i
t
i
v
e
 

colum
.

T
heorem

 4.6 S
uppose every m

atri in L is scram
bling. T

hen there is an
r
 
s
u
c
h
 
t
h
a
t
 
e
v
e
r
y
 
r
-
b
l
o
c
k
 
f
r
o
m
 
L
 
h
a
s
 
a
 
p
o
s
i
t
i
v
e
 
c
o
l
u
m
n
.

P
roof. C

onsider any product of r =
 2n2 +

 1 m
atrices from

 L, say A
r . . . A

i.
L

et a (A
) =

 A
*, the signum

 m
atrix of the m

atrix A
. N

ote that there are at
m

ost 2n2 distinct n x n signum
 m

atrices. T
hus,

a (A
s' .. A

i) =
 a (A

t" . A
i)

for som
e sand t w

ith, say, r 2: s )- t. It follow
s that

a (A
s' . . A

tH
) a (A

t. . . A
i) =

 a (A
t. . . A

i)

w
hen B

oolean arithm
etic is applied. T

hus, using B
oolean arithm

etic, for
any k )- 0,

a (A
s' . . A

t+
i)k a (A

t' . . A
i) =

 a (A
t. .. A

i) .

W
e know

 by C
orollary 4.3 that for som

e k, a (A
s'" A

tH
)k has a colum

n
of 1's. A

nd, by the defution of L
, a (A

t' . . A
i) has no row

 of O
's. T

hus,
a (A

t... A
i) has a positive colum

, and consequently so does A
t... A

i.
From

 this it follow
s that since r )- t, any r-block from

 L
 has a positive

c
o
l
u
m
.
 
_

4
.
2
 
S
a
r
y
m
s
a
k
o
v
 
M
a
t
r
i
c
e
s

T
o describe a S

arym
akov m

atrix, w
e need a few

 prelim
inary rerrarks.

L
et A

 be an n X
 n nonnegative m

atrix. For al S ç U
,... , n J, defie

t
h
e
 
c
o
n
s
e
q
u
e
n
t
 
f
u
n
c
t
i
o
n
 
F
,
 
b
e
l
o
n
g
i
n
g
 
t
o
 
A
,
 
a
s

F (S) =
 U

 : aij )- 0 for som
e i E

 81.

T
hus, F (S) gives the set of all consequent indices of the indices in S. For

exam
ple, if

(101J
A

=
 1 1 0
o
 
1
 
1

~L

4.2 Sarym
sakov M

atrices
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then F(t21) =
 U

,21 and F(t1,21) =
 t1,2,31.

L
et B

 be an n x n nonnegative m
atrix and Fi, F2 the consequent functions

belonging to A
, B

, respectively. L
et Fi2 be consequent niction belonging

toA
B

.

L
em

m
a 4.1 F2 (Fi (S)) =

 Fi2 (S) for all subsets S.

Proof. L
et j E

 F2 (Fi (S)). T
hen there is a k E

 Fi (S) such that bkj )- 0
and an i E

 S such that aik )- O
. Since the ij-th entry of A

B
 is

nL
 airbrj

r=
i

(4.3)

that entry is positive. T
hus, j E

 F
i2 (S

). S
ince j w

as arbitrary, it follow
s

t
h
a
t
 
F
2
 
(
F
i
 
(
S
)
)
 
ç
 
F
i
2
 
(
S
)
.

N
ow

, let j E
 Fi2 (S). T

hen by (4.3), there is an i E
 S and a k such that

aik )- 0 and bkj )- O
. T

hus, k E
 F

i (S
) and j E

 F
2 (tk1) ç F

2 (F
i (S

)).
A

nd, as j w
as arbitrary, w

e have that Fi2 (S) ç F2 (Fi (S)).
P

ut together, this yields the result. _

T
he corollary can be extended to the follow

ing.

T
heorem

 4.7 Let A
 i, . .. , A

k be n x n nonnegative m
atrices and F

i, . .. , F
k

consequent functions belonging to them
, respectively. L

et Fi...k be the con-
sequent function belonging to A

i ... A
k. T

hen

Fk (. . . (Fi (S)) =
 Fi,..k (S)

f
o
r
 
a
l
l
 
s
u
b
s
e
t
s
 
S
 
ç
 
U
,
.
.
.
 
,
n
1
.

W
e now

 defie the Sarym
sakov m

atrix. L
et A

 by an n x n nonnegative
m

atrix and F its consequent function. Suppose that for any tw
o disjoint

nonem
pty subsets S, S' either

1. F
 (S

) n F
 (S

') i- ø
 or

2. F
 (S

) n F
 (S

') =
 ø

 and IF
 (S

) U
 F

 (S
')I )- IS

 U
 S

'I.

T
h
e
n
 
A
 
i
s
 
a
 
S
a
r
y
m
s
a
k
o
v
 
m
a
t
r
i
.

A
 diagram

 depicting a choice for S and S' for both (1) and (2) is given
in Figue 4.2.

N
o
t
e
 
t
h
a
t
 
i
f
 
A
 
i
s
 
a
 
S
a
r
y
m
a
k
o
v
 
m
a
t
r
i
x
,
 
t
h
e
n
 
A
 
c
a
n
 
h
a
v
e
 
n
o
 
r
o
w
 
o
f
 
O
'
s

since, if A
 had a row

 of O
's, say the i-th row

, then 8 =
 ti1 and S' =

t
1
,
.
.
.
 
,
n
1
-
 
S
 
w
o
u
l
d
 
d
e
n
y
 
(
2
)
.

T
h
e
 
s
e
t
 
K
 
o
f
 
a
l
l
 
n
 
x
 
n
 
S
a
r
y
m
s
a
k
o
v
 
m
a
t
r
i
c
e
s
 
i
s
 
c
a
l
e
d
 
t
h
e
 
S
a
r
y
m
s
a
k
o
v

class of n x n m
atrices. A

 m
ajor property of Sarym

sakov m
atrices follow

s.
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4
.
 
P
a
t
t
e
r
n
e
d
 
M
a
t
r
i
c
e
s

F(S)
F(S')

~
F

(S
) F

(S
')

-
S
 
r

x
i

x
I

0
~I

0

S'I
0

I
I

or
x

x
S'I

0
I

x
I

0

4
.
2
 
S
a
r
y
m
s
a
k
o
v
 
M
a
t
r
i
c
e
s
 
6
7

L
em

m
a 4.2 L

et A
 be an n x n nonnegative m

atri and F the consequent
f
u
n
c
t
i
o
n
 
b
e
l
o
n
g
i
n
g
 
t
o
 
A
.
 
T
h
e
 
t
w
o
 
s
t
a
t
e
m
e
n
t
s
,
 
w
h
i
c
h
 
a
r
e
 
g
i
v
e
n
 
b
e
l
o
w
,
 
a
r
e

equivalent.

1. A
 is a 8arym

sakov m
atri.

2
.
 
l
f
C
 
i
s
 
a
 
n
o
n
e
m
p
t
y
 
s
u
b
s
e
t
 
o
f
 

r
o
w
 
i
n
d
i
c
e
s
 
o
f
 
A
 
s
a
t
i
s
f
y
i
n
g
 
I
F
 
(
C
)
I
 
~
 
I
C
I
,

then

F
 (B

) n F
 (C

 - B
) =

l ø

L
-

f
o
r
 
a
n
y
 
p
r
o
p
e
r
 
n
o
n
e
m
p
t
y
 
s
u
b
s
e
t
 
B
 
o
f
 
C
.
 
,

Proof. A
ssum

ng (1), let B
and C

 be as described in (2). Set 8 =
 B

and
S' =

 C
 - B

. Since Sand S' are disjoint nonem
pty subsets, by defiition,

F
 (S

) n F
 (S

') =
l ø

 or F
 (S

) n F
 (S

') =
 ø

 and IF
 (S

) U
 F

 (S
')I ? IS

 U
 S

'I.
In the latter case, w

e w
ould have IF

(C
)I ? IC

I, w
m

ch contradicts the
hypothesis. T

hus the fist condition holds and, using that B
 =

 S, C
 - B

 =
S', w

e have F (B
) n F (C

 - B
) =

l ø. T
his yields (2).

N
ow

 assum
e (2) and let S and S' be nonem

pty disjoint subsets of indices.
Set C

 =
 S U

 8'. W
e need to consider tw

o cases.
C

ase 1. Suppose IF (C
)I ~ IC

I. T
hen, setting S =

 B
, w

e have F (S) n
F

 (8') =
l ø

, thus satisfying the fist part of the defition of a S
arym

akov
m

atrix.
C

ase 2. Suppose IF (C
)I ? ¡C

i. T
hen w

e have IF (S) U
 F (S')I ? IS U

 s'i,
so the second part of the defition of a S

arym
sokov m

atrix is satisfied.
T

hus, A
 is a Sarym

sakov m
atrix, and so (2) im

plies (1), and the lem
m

a
is proved. _

FIG
U

R
E

 4,2. A
 diagram

 for Sarym
sakov m

atrices.

T
heorem

 4.8 L
et A

i, . .. , A
n-i be n x n 8arym

sakov m
atrices. T

hen
A

i . . . A
n-i is scram

bling.

P
r
o
o
f
.
 
L
e
t
 
F
i
,
.
.
.
 
,
 
F
n
-
i
 
b
e
 
t
h
e
 
c
o
n
s
e
q
u
e
n
t
 
f
u
c
t
i
o
n
s
 
f
o
r
 
t
h
e
 
m
a
t
r
i
c
e
s

A
i
,
.
.
.
,
 
A
n
-
i
,
 
r
e
s
p
e
c
t
i
v
e
l
y
.
 
L
e
t
 
F
i
.
.
.
k
 
b
e
 
t
h
e
 
c
o
n
s
e
q
u
e
n
t
 
f
u
c
t
i
o
n
s
 
f
o
r
 
t
h
e

products A
i . . . A

k, respectively, for al k.
N

ow
 let i and j be distinct row

 indices. In the follow
ing, w

e use that if

Fi..,k ( I il ) n Fi...k ( Ü
l) =

l ø

for som
e k 0: n, thenF

i...n-i (I il) n F
i...n-i (Ü

l) =
l ø

.
(4.4)

U
s
i
n
g
 
t
h
e
 
d
e
f
i
t
i
o
n
,
 
e
i
t
h
e
r
 
F
i
 
(
I
i
l
)
 
n
 
F
i
 
(
Ü
l
)
 
=
l
 
ø
,
 
i
n
 
w
m
c
h
 
c
a
s
e
 
(
4
.
4
)

holds or

A
 different description of S

arym
akov m

atrices follow
S

.

W
e
 
c
o
n
c
l
u
d
e
 
b
y
 
s
h
o
w
i
n
g
 
t
h
a
t
 
t
h
e
 
s
e
t
 
o
f
 
a
l
 
n
 
x
 
n
 
S
a
r
y
m
s
a
k
o
v
 
m
a
t
r
i
c
e
s

is a sem
igroup.

T
heorem

 4.9 Let A
i and A

2 be in K
. T

hen A
iA

2 is in K
.

Proof. W
e show

 that A
iA

2 satisfies (2) of the previous lem
m

a. W
e use that

Fi, F2, and Fi2 are consequent functions for A
i, A

2, and A
iA

2, respectively.
Let C

 be a nonem
pty subset of row

 indices, satisfying tm
s inequality

lFi2 (C
)I ~ IC

I, and B
 a proper nonem

pty subset of C
. W

e now
 argue tw

o
cases.

C
ase 1. Suppose IF¡ (C

)I ~ IC
I. T

hen since A
i E

 K
, it follow

s that
Fi (B

) n Fi (C
 - B

) =
l ø. T

hus,

ø
 
=
l
 
F
2
 
(
F
i
 
(
B
)
)
 
n
 
F
2
 
(
F
i
 
(
C
 
-
 
B
)
)

=
 Fi2 (B

) n Fi2 (C
 - B

) .

lFi (Iil) U
 Fi (Ü

l)1 ? 2.

In the latter case, either F
i2 ( Ii 1 ) n F

i2 ( Ü
 1) =

l ø
, so (4.4) holds or

lF
i2 (I il) U

 F
i2 (Ü

l)1 ? 3.

A
nd continuig, w

e see that either (4.4) holds or

lF
i...n-i (I il) U

 F
i...n-i (Ü

l)1 ? n.

T
hJlatter condition canot hold, so (4.4) holds. A

nd since thi is true for
al i and j, A

i... A
n-i is scram

blig. _
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4
.
 
P
a
t
t
e
r
n
e
d
 
M
a
t
r
i
c
e
s

C
a
s
e
 
2
.
 
S
u
p
p
o
s
e
 
l
F
i
 
(
C
)
I
 
;
:
 
I
C
I
.
 
T
h
e
n
,
 
u
s
i
n
g
 
o
u
r
 
a
s
s
u
m
p
t
i
o
n
 
o
n
 
C
,

lF
i2 (C

)i S
 IC

I .. lF
i (c)i. T

hus,

1
F
2
 
(
F
i
(
C
)
)
 

i .. IF
i(C

)I.
N

ow
, using that A

2 E
 K

 and the previous lem
m

a, if D
 is any proper

nonem
pty subset of Fi (C

), then

F
2 (D

) n F
2 (F

i (C
) - D

) =
I ø

.
(4.5)

N
ow

, w
e look at tw

o subcases.
Subcase a: Suppose Fi (B

) n Fi (C
 - B

) =
 ø. T

hen Fi (B
) is a proper

s
u
b
s
e
t
 
o
f
 
F
i
 
(
C
)
 
a
n
d
 
F
i
 
(
C
 
-
 
B
)
 
=
 
F
i
 
(
C
)
 
-
 
F
i
 
(
B
)
.
 
T
h
u
s
,
 
a
p
p
l
y
i
n
g
 
(
4
.
5
)
,

w
i
t
h
 
D
 
=
 
F
i
 
(
B
)
,
 
w
e
 
h
a
v
e

ø
 
=
I
 
F
2
 
(
F
i
 
(
B
)
)
 
n
 
F
2
 
(
F
i
 
(
C
)
 
-
 
F
i
 
(
B
)
)

=
 F2 (Fi (B

)) n F2 (Fi (C
 - B

))
=
 
F
i
2
 
(
B
)
 
n
 
F
i
2
 
(
C
 
-
 
B
)
,

satisfying the conclusion of (2) in the lem
m

a.
S
u
b
c
a
s
e
 
b
:
S
u
p
p
o
s
e
 
F
i
 
(
B
)
n
F
i
 
(
C
 
-
 
B
)
 
=
I
 
ø
.
 
T
h
e
n
 
w
e
 
h
a
v
e
 
F
2
 
(
F
i
 
(
B
)
)
n

F
2
 
(
F
i
 
(
C
 
-
 
B
)
)
 
=
I
 
ø
 
o
r
 
F
i
2
 
(
B
)
 
n
 
F
i
2
 
(
C
 
-
 
B
)
 
=
I
 
ø
,
 
a
g
a
i
n
 
t
h
e
 
c
o
n
c
l
u
s
i
o
n
 
o
f

(2) in the lem
m

a.
T
h
u
s
,
 
A
i
A
2
 
E
 
K
.
 
.

T
he obvious corollary follow

s.

C
o
r
o
l
l
a
r
y
 
4
.
4
 
T
h
e
 
s
e
t
 
K
 
i
s
 
a
 
s
e
m
i
g
r
o
u
p
.

T
o conclude tils section, w

e show
 that every scram

bling m
atrix is a

Sarym
sakov m

atrix.

T
heorem

 4.10 E
very scram

bling m
atrix is a S

arym
sakov m

atri.

P
roof. Let A

 be an n x n scram
bling m

atrix. U
sing (2) of Lem

m
a 4.2, let

C
 and B

 be as the sets described there. If i and j are row
 indices in B

and C
 - B

, respectively, then since A
 is scram

blig F (til) n F (U
l) =

I ø.
T

hus F
 (B

) n F
 (C

 - B
) =

I ø
 and the reslÙ

t follow
s. .

4
.
3
 
R
e
s
e
a
r
c
h
 
N
o
t
e
s

II

A
s show

n in B
rualdi and R

yser (1991), if A
 is prim

itive, then A
(n-i)2-i ;:

O
. T

ils, of course, provides a test for printivity. O
ther such reslÙ

fs are
also given there.

iI,I

4.3 R
esearch N

otes
69

T
he proof of T

heorem
 4.2 is due to W

olfow
itz (1963). T

he bulk of
Section 2 w

as form
ed from

 Sarym
sakov (1961) and H

artfiel and Seneta
(1990). R

hodius (1989) described a class of 'alm
ost scram

bling' m
atrices

and show
ed tils class to be a subset of K

. M
ore w

ork in tils area can be
f
o
u
n
d
 
i
n
 
S
e
n
e
t
a
 
(
1
9
8
1
)
.

P
ulan (1967) described the colum

ns that can occur in infte products
of B

oolean m
atrices. A

lso see the references there.



5E
rgodicity

T
h
i
s
 
c
h
a
p
t
e
r
 
b
e
g
i
n
s
 
a
 
s
e
q
u
e
n
c
e
 
o
f
 
c
h
a
p
t
e
r
s
 
c
o
n
c
e
r
n
e
d
 
w
i
t
h
 
v
a
r
i
o
u
s
 
t
y
p
e
s
 
o
f

c
o
n
v
e
r
g
e
n
c
e
 
o
f
 
i
n
f
t
e
 
p
r
o
d
u
c
t
s
 
o
f
 
m
a
t
r
i
c
e
s
.
 
I
n
 
t
h
i
s
 
c
h
a
p
t
e
r
 
w
e
 
c
o
n
s
i
d
e
r

row
 alow

able m
atrices. If A

i, A
2,... is a sequence of n x n row

 alow
able

m
atrices, w

e let

P
k =

 A
k . . . A

i

for all k. W
e look for conditions that assure the colum

ns of Pk approach
being proportionaL

. In general 'ergodic' refers to this kind of behavior.

5
.
 
i
 
B
i
r
k
h
o
f
f
 
C
o
e
f
f
c
i
e
n
t
 
R
e
s
u
l
t
s

II

In this section, w
e use the B

irkhoff contraction coeffcient to obtain several
results assuring ergodicity in an infite product of row

 alow
able m

atrices.
T

he prelim
inary results show

 w
hat T

B
 (P

k) --0 as k -- 00 m
eans about

t
h
e
 
e
n
t
r
i
e
s
 
o
f
 
P
k
 
a
s
 
k
 
-
-
 
0
0
.
 
T
h
e
 
f
i
s
t
 
o
f
 
t
h
e
s
e
 
r
e
s
u
l
t
s
 
u
s
e
s
 
t
h
e
 
n
o
t
i
o
n
 
t
h
a
t

(
1
)
 
(
2
)

t
h
e
 
s
e
q
u
e
n
c
e
 
(
P
k
)
 
t
e
n
d
s
 
t
o
 
c
o
l
u
m
n
 
p
r
o
p
o
r
t
i
o
n
a
l
i
t
y
 
i
f
f
o
r
 
a
l
 
r
,
 
s
,
 
~
,
 
~
,
 
.
 
.
 
.

P
i
s
 
P
i
s

c
o
n
v
e
r
g
e
s
 
t
o
 
s
o
m
e
 
c
o
n
s
t
a
n
t
 
a
r
s
,
 
r
e
g
a
r
d
l
e
s
s
 
o
f
 
i
.
 
(
S
o
,
 
t
h
e
 
r
-
t
h
 
a
n
d
 
t
h
e
 
s
-
t
h

colum
s are nearly proportional, and becom

e even m
ore so as k -- 00.)

A
n exam

ple follow
s.
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5
.
 
E
r
g
o
d
i
c
i
t
y

E
xam

ple 5.1 Let

A
k
 
=
 
¡
 
k
 
(
i
 
t
 
J

k
(
ì
 
ì
J

i
f
 
k
 
i
s
 
o
d
d
,

i
f
 
k
 
i
s
 
e
v
e
n
.

T
hen

¡
 
k
!
 
(
l
 
l
 
J
 
i
f
 
k
 
i
s
 
o
d
d
,

Pk =

k! (ì ì J if k is even.

N
ote that Pk tends to colum

n proportionality, but Pk doesn't converge. H
ere

0
:
1
2
 
=
 
1
.

I
f
 
w
e
 
l
e
t
 
P
k
 
=
 
(
p
i
k
)
 
p
l
k
J
)
 

, w
here pik) and plk) are colum

n vectors, a picture
of how

 colum
 proportional m

ight appear is given in Figue 5.1.

L
-PllkJ

(k)
P2

plk+
l)

Ý
 p;""

p.(k+
2)

~
 
p
~
k
+
2
)

F
IG

U
R

E
 5,1. A

 view
 of colum

n proportionality.

L
em

m
a 5.1 If A

i, A
2, . .. is a sequence of n x n positive m

atrices and
P
k
 
=
 
A
k
.
.
.
 
A
i
 
f
o
r
 
a
l
l
 
k
,
 
t
h
e
n
 
l
i
m
 
T
B
 
(
P
k
)
 
-
 
0
 
a
s
 
k
 
-
 
0
0
 
i
f
f
 
P
k
 
t
e
n
d
s
 
t
o

k-+
oo

colum
n proportionality.

Proof. Suppose that Pk tends to colum
 proportionality. T

hen

(
k
)
 
(
k
)

l
i
 
,
h
(
 
D
 
)
 
l
'
 
.
 
P
i
r
 
P
j
s

m
 'l r k =

 1m
 ,Ilin -(k) -(k)

k-+
oo k-+

oo ',J,r,s p, p,
Jr 's

=
 1.

'thus,

1
-
 
"
'
i
f
(
P
k
)
 
=
 
O
.

l
i
m
 
T
B
 
(
P
k
)
 
=
 
k
~
~
 
1
 
+
 
J
i
f
(
P
k
)

k-+
oo

,-i

5.1 B
irkhoff C

oeffcient R
esults
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C
o
n
v
e
r
s
e
l
y
,
 
s
u
p
p
o
s
e
 
t
h
a
t
 
l
i
m
 
T
B
 
(
P
k
)
 
=
 
O
.
 
D
e
f
i
n
e

k-+
oo(
k
)
 
(
k
)

(k) _ . P
ir M

(k) _ P
ir

m
rs - rrn (k)' rs - m

F
 (k)'

P
i
s
 
P
i
s

T
he idea of the proof is m

ade clearer by letting x and y denote the r-th
and s-th colum

s of Pk-l, respectively. T
hen

(k)
.
 
P
i
r

(k) =
 IIn W

m
rs 'P

is~
 (k)x'

L
.
 
a
i
j
 
J

j=
1

=
 ~

n -- (k)
,
 
'
"
 
a
.
.
 
Y
j

L. 'J
j=

1n (k) '2
L
 
a
i
j
 
Y
j
 
Y
j

.
 
j
=
1

=
 m

in n (k)
i
 
L
 
a
i
j
 
Y
j

:
=
1
(
 
a
~
~
)
Y
J
'
 
)
 
X
j

i
J
 
_
.

=
 
~
n
 
L
 
n
 
(
k
)
,
 
Y
j

,
 
'
=
1
 
L
 
a
i
j
 
Y
J

J
 
j
=
1

n ( (k) )
S
i
n
c
e
 
'
"
 
a
i
j
 
Y
j
 
'
2
 
i
s
 
a
 
c
o
n
v
e
x
 
s
u
m
 
o
f
:
E
 
.
.
.
 
.
:
 
w
e
 
h
a
v
e

l
-
 
n
 
(
k
)
 
Y
j
 
Y
i
 
'
 
,
 
Y
n
 
'

J=
1 L aij Y

j
;=

1

m
(
k
)
 
?
 
m
i
n
 
X
j
 
=
 
m
(
k
-
l
)
.

r
s
 
-
 
j
 
Y
j
 
r
s

Sirrlarly,

M
(k) -: M

(k-l)
T
B
 
-
 
T
S
 
,

and it follow
s that lim

 m
~~) =

 m
rs, as w

ell as lim
 M

;~) =
 M

rs, exist.
k
-
+
o
o
 
k
-
+
o
o
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5
,
 
E
r
g
o
d
i
c
i
t
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Finally, since lim
 T

B
 (Pk) =

 0, lim
 ø (Pk) =

 1, so
k
-
+
o
o
 
k
-
+
o
o

(
k
)
 
(
k
)

1
 
-
 
l
i
 
.
 
P
i
r
 
P
j
s

- m
 m

i (k) (k)
k-+

oo i"j,r,s p, P'
os 3r
(k)

l
i
 
.
 
m
r
s

=
 m

 nun-
k-+

oo r,s M
(k)
rs

_
 
m
p
q

-
 
M
p
q

for som
e P

 and q. A
nd thus m

pq =
 M

pq. S
ince 1 2:!!M

 2: M
m

pq for all r
r
s
 
p
q

and s, it follow
s that m

rs =
 M

rs' T
hus,

l
i
 
P
(
k
)

m
 
.
.

k-+
oo (k) =

 m
rs

Pis

for al i and Pi, P2, . .. tend to colum
 proportionality. _

Form
ally the sequence PI, P2,... is ergodic if there exists a sequence of

p
o
s
i
t
i
v
e
 
r
a
n
k
 
o
n
e
 
m
a
t
r
i
c
e
s
 
8
1
,
8
2
,
.
.
.
 
s
u
c
h
 
t
h
a
t

(k)

l
i
 
P
i
j

m
 
-
-
1

k
-
+
o
o
 
s
(
~
)
 
-

O
J

(5.1)

for all i and j. T
o give som

e m
eaning to this, w

e can thi of the m
atrices

Pk and 8k as n2 x 1 vectors. T
hen

(
k
)
 
(
k
)

P
i
j
 
S
r
t

p(Pk,8k) =
 ln~ax W

W
o,J,r,t Sij Prt

w
here P is the projective m

etric.
N

ow
 by (5.1),

-lim
 P (Pk, 8k) =

 0
k-+

oo

a
n
d
 
s
o

II

. (1 1)
k~

~
P

 IIP
kllF

 P
k, 118kliF

 8k =
 0

w
here II'IIF

 is the F
T

obenius norm
 (the 2-norm

 on the n2 x 1 vectors).

L
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L
et

8 =
 f R

 : R
 is an n x n ran 1

nonnegative m
atrix w

here

IIR
IIF =

 1¡.

R
ecalng that

d C
IP

:IIF
 P

k,8) =
 ~

~
p(P

k,R
),

w
e
 
s
e
e
 
t
h
a
t

d (IIP:IIF Pk, 8) ~ 0 as k -H
X

J.

T
hus, iip~

iiF
P

k tends to 8. S
o, in a projective sense, the P

k's tend to the
rank one m

atrices.
T
h
e
 
r
e
s
u
l
t
 
l
i
n
k
i
n
g
 
e
r
g
o
d
i
c
 
a
n
d
 
T
 
B
 
f
o
l
l
o
w
s
.

T
heorem

 5.1 T
he sequence P

I, P
2,... is ergodic iff lim

 T
B

 (P
k) =

 O
.

k-+
oo

Proof. If PI, P2, . .. is ergodic, there are ran 1 positive n x n m
atrices

81,82,... satisfying (5.1). T
hus, using that 8k is ran one,

(k) p~k)
.
 
P
i
r
 
3
S

ø (Pk) =
 ,IIll W

W
o,J,r,s Pis Pjr

(
k
)
 
(
k
)
 
(
k
)
 
s
~
k
)

.
 
P
i
r
 
P
j
s
 
S
i
s
 
.
.

=
 ,IIll W

W
W

 ~
k)'

0,3,r,s Pis Pjr Sir S3S

so

lim
 ø (Pk) =

 1.
k-+

oo

H
ence,

1
-
 
'
¡
Ø
(
P
k
)
 
=
 
O
.

lim
 T

B
 (P

k) =
 k~

~
 1 +

 '¡Ø
(P

k)
k-+

oo
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C
onversely, suppose lim

 T
B

 (Pk) =
 O

. For e =
 (1,1,... , 1)t, defie

k-+
oo

S
k
 
=
 
P
k
e
e
t
 
P
k

et P
ke

=
 
¡
r
t
i
 
p
~
;
)
 
.
 
8
t
i
 
p
~
;
)
J

n n (k)
L
 
L
 
p
r
8

r
=
l
 
8
=
1

a
n
 
n
 
x
 
n
 
r
a
n
 
o
n
e
 
p
o
s
i
t
i
v
e
 
m
a
t
r
i
x
.
 
T
h
e
n

(k) n n (k)
P
i
j
 
L
 
L
 
P
r
8

r=
18=

1
n
 
n

L
 
p
~
;
)
 
L
 
p
~
;
)

r
=
l
 
8
=
1

n n (k) (k)
L

 L
 Pij Pr8

_
 
r
=
1
8
=
1

- n n (k) (k)'
L
 
L
P
i
r
 
P
8
j

r=
18=

1

(k)
Pij _
w

-
S
 
o
o

iJ

U
sing the quotient bound result (2.3), w

e have that

(
k
)
 
1

P
ij ,_.

Ø
(
P
k
)
:
:
 
W
 
-
 
Ø
(
P
k
)

SooiJ

A
n
d
 
s
i
n
c
e
 
l
i
m
 
ø
 
(
P
k
)
 
=
 
1
,
 
w
e
 
h
a
v
e

k-+
oo

(k)
.
 
P
i
j
 
=
 
1
.

lim
 W

k-+
oo Sij

T
hus, the sequence PI, P2, . .. is ergodic. _

W
e now

 give som
e conditions on m

atrices A
i, A

2,... that assure the
sequence Pi, P2, . .. is ergodic. B

asicaly, these conditions assure that
(Ø

 \A
k)) doesn't converge to 0 too fast.

T
h
e
o
r
e
m
 
5
.
2
 
L
e
t
 
A
i
,
A
2
,
.
.
.
 
b
e
 
a
 
s
e
q
u
e
n
c
e
 
o
f
n
 
x
 
n
 
r
o
w
 
a
l
l
o
w
a
b
l
e
 
m
a
t
r
i
-

00
c
e
s
.
 
I
f
 
L
 
ý
'
'
P
 
(
A
k
)
 
=
 
0
0
,
 
t
h
e
n
 
P
i
,
 
P
2
,
.
.
.
 
i
s
 
e
r
g
o
d
i
c
.

k=
l

1.
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00
P
r
o
o
f
.
 
S
i
n
c
e
 
L
 
ý
'
'
P
(
A
k
)
 
=
 
0
0
,
 
i
t
 
f
o
l
l
o
w
s
 
b
y
 
T
h
e
o
r
e
m
 
5
1
 
(
S
e
e
 
H
y
s
l
o
p

k=
l

(
1
9
5
9
)
 
o
r
 
t
h
e
 
A
p
p
e
n
d
i
.
)
 
t
h
a
t
 
k
D
i
 
(
1
 
+
 
ý
'
'
P
 
(
A
k
)
)
 
=
 
0
0
.
 
T
h
u
s
,
 
s
i
n
c
e

T
B

 (P
k) :: T

B
 (A

k) . . . T
B

 (A
i)

_ (1 - yG
) ( 1 - yG

)
-
 
(
1
+
ý
'
'
P
(
A
k
)
)
'
"
 
(
1
+
ý
'
'
P
(
A
i
)
)

,
 
1

(1 +
 ý''P

 (A
k)) ... (1 +

 ý''P
 (A

i)) ,

l
i
 
T
B
 
(
P
k
)
 
=
 
o
.
 
-

k-+
oo

A
 corollary, m

ore easily applied than the theorem
, follow

s.

C
orollary 5.1 L

et m
k and M

k be the sm
allest and largest entries in A

k,

r
e
s
p
e
c
t
i
v
e
l
y
.
 
I
f
 
l
:
 
(
!
£
)
 
=
 
0
0
,
 
t
h
e
n
 
P
i
,
 
P
2
,
.
.
.
 
i
s
 
e
r
g
o
d
i
c
.

k
=
l
 
k

P
r
o
o
f
.
 
S
i
n
c
e

m
k

M
k :: ý''P

(A
k),

the corollary follow
s. _

A
 
f
i
a
l
 
s
u
c
h
 
r
e
s
u
l
t
 
f
o
l
l
o
w
s
.

T
h
e
o
r
e
m
 
5
.
3
 
L
e
t
 
A
i
,
 
A
2
,
.
.
.
 
b
e
 
a
 
s
e
q
u
e
n
c
e
 
o
f
 
r
o
w
 
a
l
l
o
w
a
b
l
e
 
m
a
t
r
i
c
e
s
.

S
u
p
p
o
s
e
 
t
h
a
t
 
f
o
r
 
s
o
m
e
 
p
o
s
i
t
i
v
e
 
i
n
t
e
g
e
r
 
r
 
a
n
d
 
f
o
r
 
s
o
m
e
 
'
l
 
:
;
 
0
,
 
w
e
 
h
a
v
e

that ø (A
(k+

1)r . . . A
kr+

i) ~ 'l2 for all k. T
hen

T
B

 (A
k... A

i) :: (1 - 'l) l~J
1
 
+
 
'
l
 
.

P
r
o
o
f
.
 
W
r
i
t
e

k
 
=
 
r
q
 
+
 
s
 
w
h
e
r
e
 
0
 
:
:
 
s
 
,
 
r
.

B
lock A

k'" A
i into lengths r form

ing

A
k... A

rq+
iB

qB
q-l'" B

i.
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T
hen

T
B
 
(
A
k
.
.
.
 
A
i
)
 
:
:
 
T
B
 
(
A
k
.
.
.
 
A
r
q
+
i
)
 
T
B
 
(
B
q
)
.
.
.
 
T
B
 
(
B
i
)

-:(I-I)q
-
 
1
+
,

=
(I-I)¡~J
1+

, '

w
here A

 is ni x ni. 1fT
 is a positive constant, T

 -: 1, and T
B

 (A
) -: T

 for
a
l
l
 
m
a
t
r
i
c
e
s
 
M
 
i
n
~
,
 
t
h
e
n
 
~
 
i
s
 
a
n
 
e
r
g
o
d
i
c
 
s
e
t
.
 
A
n
d
 
t
h
e
 
r
a
t
e
 
o
f
 
c
o
n
v
e
r
g
e
n
c
e

is geom
etric.

P
r
o
o
f
.
 
L
e
t
 
M
i
,
 
M
2
,
.
.
.
 
b
e
 
m
a
t
r
i
c
e
s
 
i
n
 
~
 
w
h
e
r
e

( A
k 0 J

M
k
 
=
 
B
k
 
0
 
'

w
hich yields the result. _

and A
k is ni x ni for al k. T

hen

A
 
l
o
w
e
r
 
b
o
u
n
d
 
f
o
r
 
"
 
u
s
i
n
g
 
m
 
=
 
i
n
f
 
a
i
j
 
a
n
d
 
M
 
=
 
S
U
p
a
i
j
,
 
w
h
e
r
e
 
t
h
e

aij::O
 i,j

inf and sup are over all m
atrices A

i, A
2,..., can be found by noting that

inf (B
)ij ~ m

r, sup (B
)ij :: nr-i M

r for all r-blocks B
 =

 A
rk'" A

r(k-i)+
1'

T
hus

(
 
A
k
 
.
 
.
.
 
A
i

M
k . . . M

i =
 B

kA
k-i . . . A

i
~

 J .

N
ow

, let x and Y
 be positive vectors w

here

2

Ø
(
B
)
 
~
 
(
n
r
:
~
r
)

x =
 ( ~

~
 J ' Y

 =
 ( ~

~
 J

and so 1 can be taken as
partitioned com

patibly to M
. T

hen

m
r

1=
 nr-iM

r'
FU

therm
ore, types of m

atrices w
hich produce positive r-blocks, for som

e
r, w

ere given in C
hapter 4.

( A
k 0 J ( A

k-i . . . A
i

M
k'" M

ix =
 B

k 0 B
k-iA

k-2" .A
i

=
 
(
 
~
:
 
J
 
A
k
-
i
.
.
 
.
A
i
X
A

~ J x

and

5
.
2
 
D
i
r
e
c
t
 
R
e
s
u
l
t
s

M
k . .. M

iy =
 ( ~

: J A
k-i . .. A

iY
A

.

In this section, w
e look at m

atrix sets ~ such that if A
i, A

2, . . . is a sequence
taken from

 ~
 and x, Y

 positive vectors, then

p
 
(
P
k
X
,
 
P
k
Y
)
 
-
t
 
0
 
a
s
 
k
 
-
t
 
0
0
.

N
ote that this im

plies that ii~
:~

ii and ii~
:~

ii' as vectors, get closer. S
o w

e
w

il call such sets ergodic sets. A
s w

e w
il see, the results in this section

apply to very special m
atrices. H

ow
ever, as w

e w
il point out later, these

m
atrices arise in applications.
A

 prelinary such result follow
s.

T
heorem

 5.4 Let ~
 be a set of n X

 n row
-allow

able m
atrices M

 of the
form

T
hus,

P (M
k'" M

ix, M
k'" M

iy)

=
 p (( ~

: J A
k-i . . . A

iX
A

, ( ~
: J A

k-i . .. A
iY

A
)

and by Lem
m

a 2.1, w
e continue to get

M
=

(~ ~J

:: P
 (A

k-i . . . A
iX

A
, A

k-i .. . A
iY

A
)

:: T
B

 (A
k-i).. 'T

B
 (A

i)p(X
A

,Y
A

)

:
:
 
T
k
-
i
p
 
(
X
A
,
 
Y
A
)
 
.

T
hus, as k -t 00, P (M

k'" M
ix, M

k... M
iy) -t O

. -
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A
 special set 'Ê

 of row
 allow

able m
atrices M

 =
 (~ ~ J ' w

here A
 is

ni x ni, occurring in practice has m
ni +

i,ni )- 0 and C
 low

er trianguar
w

ith 0 m
ain diagonal. For exam

ple, L
eslie m

atrices have this property. A
corollary now

 follow
s.

C
orollary 5.2 Suppose for som

e integer r, 'Ê
r satisfies the hypothesis of

the theorem
. T

hen 'Ê
 is an ergodic set and the convergence rate of products

is geom
etric.

T
he next result uses that E

 is a set of n x n row
 alow

able m
atrices w

ith
form

P
r
o
o
f
.
 
L
e
t

P
(1,k) =

 M
k" .M

i, P
(t,k) =

 M
k' ..M

t

w
here each M

i E
 E

 and 1 ~ t .c k. Partition these m
atrices as in (5.2),

( P
ii (k) 0 J

P (1, k) =
 P2i (k) P22 (k) ,

( Pii(t,k) 0 J.
P
 
(
t
,
 
k
)
 
=
 
P
2
i
 
(
t
,
 
k
)
 
P
2
2
 
(
t
,
 
k
)

N
o
t
e
 
t
h
a
t

M
=

 (~ ~ J
(5.2)

Pii (k) =
 A

k'" A
i

k

P
2i (k) =

 L C
k . . . C

j+
iB

jA
j-i . .. A

i
j=

i
w

here A
 is ni x ni, B

 is row
 alow

able, and C
is n2 x n2. L

et E
A

 be the set
o
f
 
a
l
 
m
a
t
r
i
c
e
s
 
A
 
w
h
i
c
h
 
o
c
c
u
r
 
a
s
 
a
n
 
u
p
p
e
r
 
l
e
f
t
 
n
i
 
x
 
n
i
 
s
u
b
m
a
t
r
i
x
 
o
f
 
s
o
m
e

M
E

 E
. C

oncerning the subm
atrices A

, B
, C

 of any M
 E

 E
, w

e assum
e

ah, bh, C
h, ai, bi, C

l, are positive constants such that

C
h

n
2
K
i
 
.
c
 
1
 
a
n
d
 
-
 
~
 
K
i
,

at

w
here C

k . . . C
j+

i =
 I if j =

 k and A
j-i . . . A

i =
 I if j =

 1,

P22 (k) =
 C

k'" C
i.

T
h
u
s
,
 
f
o
r
 
k
 
~
 
r
,
 
P
i
i
 
(
k
)
 
)
-
 
0
 
a
n
d
 
s
i
n
c
e
 
B
k
 
i
s
 
r
o
w
 
a
l
l
o
w
a
b
l
e
,
 
f
o
r
 
k
 
)
-
 
r
,

P
2i (k) )- O

. F
uther, by rearrangem

ent, for any t, 1 ~
 t .c k,

P2i (1, k) =
 P22 (t +

 1, k) P2i (1, t) +
 P2i (t +

 1, k) Pii (1, t) .

N
 . h P

 (t 1 k) (P
ii (t +

 1, k) J ... ( x A
 J

ow
, using t at *i +

, =
 P2i (t +

 1, k) , partitionig x =
 X

c '

Y
 =

 ( ~~ J as is M
, and applying the triangle inequality, w

e get

p(P(1,k)x,P(1,k)y) ~
p (P

 (1, k) x, P
 *i (t +

 1, k) P
ii (1, t) X

A
)

+
 p (P

*i (t +
 1, k) P

ii (1, t) X
A

, P
 *i (t +

 1, k) P
ii (1, t) Y

A
)

+
 p (P

d (t +
 1, k) P

ii (1, t) Y
A

, P
 (1, k) y) .

m
a
x
a
i
j
 
~
 
a
h
,
 
m
a
x
b
i
j
 
~
 
b
h
,
 
m
a
x
c
i
j
 
~
 
C
h
,

m
in aij ~

 at, m
in bij ~

 bt, m
in C

ij ~
 ct.

a
i
j
)
o
O
 
b
i
j
)
o
O
 
C
i
j
)
o
O

T
he m

ajor theorem
 of this section follow

s.

T
heorem

 5.5 L
et E

 be described as above and suppose that T
B

 (E
Á

) ~
T

 .c 1 for som
e positive integer r. Further, suppose that there exists a

constant K
i w

here

and that a constant K
2 satisfies

C
h
 
b
h
 
a
h
 
a
h

-.cK
2 -.cK

2-.cK
2-.cK

2.
bi - , ai - , bt - , ai -

L
et x and Y

 be positive vectors. Suppose

x
:
 
y
'

i
i
B
:
 
-
-
 
~
 
K
2
 
a
n
d
 
i
i
B
:
 
-
.
 
~
 
K
2
.

i
,
)
 
Y
j
 
i
,
)
 
X
j

T
hen there is a positive constant T

, T
 .c 1, such that

II

p(PkX
,Pky) ~ K

T
k

W
e now

 fid bounds on each of these term
s. T

o keep our notation com
pact

w
hen necessary, w

e use P =
 P (t +

 1, k) and P =
 P (1, t).

1. p (P (1, k) x, P *i (t +
 1, k) Pii (1, t) X

A
). T

o bound this term
, w

e need
t
o
 
c
o
n
s
i
d
e
r
 
t
h
e
 
e
x
p
r
e
s
s
i
o
n
s

w
h
e
r
e
 
K
 
i
s
 
a
 
c
o
n
s
t
a
n
t
.
 
T
h
u
s
 
E
 
i
s
 
a
n
 
e
r
g
o
d
i
c
 
s
e
t
.
 
(
T
h
i
s
 
K
 
d
e
p
e
n
d
s
 
o
n
 
x

and y.)
¡P (1, k) x Ji

r
i
 
=
 
l
P
*
i
 
(
t
 
+
 
1
,
 
k
)
 
P
i
i
 
(
1
,
 
t
)
 
X
A
J
i
'
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B
y defition, it is clear that ri 2: 1 for all i w

ith equalty assured
w
h
e
n
 
i
 
~
 
n
i
.
 
S
o
,

T
hus,ri -1

m
axri =

 m
axri.

IT
nri

t

.
.
 
K
k
-
t
n
k
-
t
 
"
n
t
-
j
-
i
n
j
 
K
t
-
j
 
K
H
i
 
+
 
n
k
 
K
k
-
i
 
K
2

-
i
 
2
L
.
2
 
i
i
 
2
 
2
i
 
2

j=
i

Since

P (1, k) =
 (~ll A

O
 J (~ll _0 J

P
2
i
 
P
2
2
 
P
2
i
 
P
2
2

(
 
F
i
i
?
i
i
 
0
 
J

=
 
F
2
i
?
1
i
 
+
 
F
2
2
?
2
i
 
F
2
2
?
2
2
 
'

(
F
2
i
?
l
l
X
A
 
+
 
F
2
2
?
2
i
X
A
 
+
 
F
2
2
?
2
2
X
C
 
J
 
i

ri =
(F2i?llX

A
 L

(
F
2
2
?
2
i
X
A
 
+
 
F
2
2
?
2
2
X
C
J
,

=
 
1
 
+
 
i

(F2i?llX
A

 L

t

(
 
K
 
)
k
-
t
 
K
 
,
,
(
 
K
 
)
t
-
j
 
j
K
j
 
K
2
 
(
 
K
 
)
k
-
i

~
 
n
2
 
i
 
2
 
L
.
 
n
2
 
i
 
n
i
 
2
 
+
 
n
2
 
2
 
n
2
 
i

j=
it '

( )k-t ( )t" (niK
2)) 2 k-i

=
 n2K

i K
2 n2K

i L
. n K

 +
 n2K

2 (n2K
i) .

j=
i 2 i

F
or sim

plicity, set ß
 =

 ~
~

~
~

. S
ince niK

2 2: 1, n2K
i .. 1,

k (ß
t-1) 2 k-i

ri -1 ~ (n2K
i) K

'iß ß -1 +
 n2K

2 (n2K
i) ,

ri - 1 ~ (n2K
i)k K

2ß ß~ 1 +
 n2K

~ (n2K
i)k-i .

W
e w

i defie several num
bers the im

portance of w
hich w

il be seen
later. Set Q

 =
 niK

2 (n2K
i)! and let f be sufciently large that

Q
 
.
.
 
1
 
a
n
d
 
t
 
=
 
(
f
~
i
 
J
.
 
(
W
e
 
a
s
s
u
m
e
 
k
 
:
;
 
f
 
+
 
1
.
)
 
T
h
e
n
 
u
s
i
n
g
 
t
h
a
t

P
2i (t +

 1, k) P
ll (1, t) X

A
 2: B

kA
k-i . .. A

iX
A

, w
e get

F
o
r
 
t
h
e
 
f
i
s
t
 
t
e
r
m
 
o
f
 
t
h
i
s
 
e
x
p
r
e
s
s
i
o
n
,

¡ C
k . . . C

t+
! C

ti C
t. . . C

j+
!B

jA
j_i . . . A

i) X
A

 J '

ri .. 1 +
 i

-
 
l
B
k
A
k
-
i
 
.
 
.
 
.
 
A
i
X
A
J
i

+
 lC

k . . . C
ixcJi

lB
kA

k-i . . . A
iX

A
Ji .

(n2K
i)k ß

t =
 (n2K

i)k (niK
2) lf~

lJ
n2K

i

~ (n2K
i)k (niK

2) T
-

n2K
i

=
 ((n2K

i)f+
i (niK

2)J f~
l

n2K
i

=
 ((n2K

i)f (niK
2)J T

-
k

~
 
Q
f
+
1

W
e
 
n
o
w
 
b
o
u
n
d
 
t
h
i
s
 
e
x
p
r
e
s
s
i
o
n
 
b
y
 
o
n
e
 
i
n
v
o
l
v
i
g
 
K
i
 
a
n
d
 
K
2
.
 
L
e
t

X
l =

 IT
nxi and X

h =
 m

axxi. T
hen

=
 
(
Q
:
r
)
k
.

II

C
k-t ~

 nt-j-in)i' c~
-jbha~

-ixh k k
h
 
l
-
 
2
 
n
2
c
h
x
h

)
-
i
 
+
 
k
-
i

ri ~
 1 +

 biat-ixi biai X
i

C
ontinuing,

ß
 ( l)k 2 k-i

ri - 1 ~
 K

2 ß
 _ 1 Q

T
0 +

 n2K
2 (n2K

i)
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and thus,
and so the theorem

 can be applied to blocks from
~

. F
or blocks w

e w
01ùd

use the previous theorem
 together w

ith the follow
ing one.

p (P
 (1, k) X

, P
*i (t +

 1, k) P
ii (1, t) X

A
)

:S m
axln ri

ß
 ( i) k 2 k-i

:S K
2 ß _ 1 Q

T
+

 +
 n2K

2 (n2K
i) .

L
et T

i =
 m

ax t Q
 ¡li , n2K

i ~, so T
 -: 1. T

hen by setting K
3 =

 :~~ +

5. d t"
K
i
 
a
n
 
c
o
n
 
i
n
w
n
g

T
heorem

 5.6 Let ~
 be a row

 proper m
atri set and x, Y

 positive vectors.
Suppose K

, T
, w

ith T
 -: 1, are constants such that

p (B
q... B

ix, B
q... B

iy) :S K
'J

for all r-blocks B
i,... , B

q from
~

. T
hen

p (P (1, k) X
, P*i (t +

 1, k) Pii (1, t) X
A

) :S K
3T

t.

Sim
ilarly w

e can show

p
(
M
k
.
.
.
M
i
x
,
 
M
k
.
.
.
M
i
Y
)
 
:
S
K
T
i
~
J

for any m
atrices M

b . .. , M
k in~.

p (P*i (t +
 1, k) Pii (1, t) Y

A
, P (1, k) y) :S K

4T
r

for som
e constant K

4.

Proof. W
rite M

k . . . M
i =

 M
k . . . M

rq+
iB

q . . . B
i w

here the subscripts sat-
isfy k =

 rq +
 t, 0 :S

 t -: r. T
hen

2
.
 
p
 
(
P
*
i
 
(
t
 
+
 
1
,
 
k
)
 
P
i
i
 
(
1
,
 
t
)
 
X
A
,
 
P
*
i
 
(
t
 
+
 
1
,
 
k
)
 
P
i
i
 
(
1
,
 
t
)
 
Y
A
)

:S
 p (P

ii (1, t) X
A

, P
ii (1, t) Y

A
)

:S
 T

~
Jp (X

A
, Y

A
)

t
:S T

rp(X
A

,Y
A

)

(
 
i
)
 
¡
~
i

:
S
 
T
r
 
p
 
(
X
A
,
 
Y
A
)

:
S
 
(
p
(
f
~
i
)
)
k
 
P
(
X
A
,
Y
A
)

=
 
K
5
T
2
k

i
w
h
e
r
e
 
T
2
 
=
 
T
r
r
 
a
n
d
 
K
5
 
=
 
P
 
(
X
A
,
 
Y
A
)
.

Putting (1) and (2) together,

p (P
 (l,k) x, P

 (1, k) y) :S
 K

3T
r +

 K
4T

t' +
 K

5T
~

:S K
T

k
w

here T
 =

 m
ax rT

i, T
2J and K

 =
 K

3 +
 K

4 +
 K

5, the desired result. _

P (M
k . . . M

ix, M
k'" M

iy) :S p (B
q . . . B

ix, B
q... B

iy)
:S K

T
q

=
K

T
¡~J,

t
h
e
 
d
e
s
i
r
e
d
 
r
e
s
u
l
t
.
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t
e
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T
he results in Section 1 w

ere based on H
ajnal (1976), w

hile those in Section
2 w

ere form
ed from

 C
ohen (1979).

In a related paper, C
ohn and N

erm
an (1990) show

ed results, such as
those in this chapter, by linkng nonnegative m

atrix products and nonho-
m

ogeneous M
arkov chains. C

ohen (1979) discussed how
 ergodic theorem

s
apply to dem

ographics. A
nd G

eraita and P
ullan (1984) provided nu-

m
erous exam

ples of dem
ographic problem

s in the study of biology.

T
h
e
 
c
o
n
d
i
t
i
o
n
 
S
!
 
-
:
 
K
i
,
 
K
i
 
-
:
 
-
l
,
 
w
h
i
c
h
 
w
e
 
n
e
e
d
 
t
o
 
a
s
s
u
r
e
 
T
 
-
:
 
1
,
 
m
a
y

a
h
 
-
 
n
2

seem
 a bit restrictive; how

ever, in applications w
e w

ould expect that for

(
 
A
k
"
 
.
A
i
 
0
 
J

l
a
r
g
e
 
k
 
a
n
d
 
P
k
 
=
 
P
2
i
 
(
k
)
 
O
k
.
"
 
O
i
 
'

A
k . . . A

i :: O
k . . . O

i


