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Preface

A matrix product A* is called homogeneous since only one matrix occurs as
a factor. More generally, a matrix product Ay --- Ay or A; -+ A is called
a nonhomogeneous matrix product.

This book puts together much of the basic work on nonhomogeneous
matrix products. Such products arise in areas such as nonhomogeneous
Markov chains, Markov Set-Chains, demographics, probabilistic automata,
production and manpower systems, tomography, fractals, and designing
curves. Thus, researchers from various disciplines are involved with this
kind of work.

For theoretical researchers, it is hoped that the reading of this book
will generate ideas for further work in this area. For applied fields, this
book provides two chapters: Graphics and Systems, which show how ma-
trix products can be used in those areas. Hopefully, these chapters will
stimulate further use of this material.

An outline of the organization of the book follows.

The first chapter provides some background remarks. Chapter 2 covers
basic functionals used to study convergence of infinite products of matrices.
Chapter 3 introduces the notion of a limiting set, the set containing all limit

. points of Ay, AsAj, ... formed from a matrix set ¥. Various properties of

this set are also studied.
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Chapter 4 concerns two special semigroups that are used in studies of
finite products of matrices. One of these studies, ergodicity, is covered in
aapter 5. Ergodicity concerns sequences of products A;, A2A4;,. .., which
ypear more like rank 1 matrices as k — oc.
Chapters 6, 7, and 8 provide material on when infinite products of ma-
ices converge. Various kinds of convergence are also discussed.
Chapters 9 and 10 consider a matrix set 3 and discuss the convergence
¥,%2,... in the Hausdorff sense. Chapter 11 shows applications of
is work in the areas of graphing curves and fractals. Pictures of curves
d fractals are done with MATLAB*. Code is added at the end of this
apter.
Chapter 12 provides results on sequences A;z, Ao Az, . .. of matrix prod-
ts that vary slowly. Estimates of a product in terms of the current matrix
e discussed. Chapter 13, shows how the work in previous chapters can
» used to study systems. MATLAB is used to show pictures and to make
leulations. Code is again given at the end of the chapter.
Finally, in the Appendix, a few results used in the book are given. This
done for the convenience of the reader.
In conclusion, I would like to thank my wife, Faye Hartfiel, for typing this
ok and for her patience in the numerous rewritings, and thus retypings,
it. In addition, I would also like to thank E. H. Chionh and World
ientific Publishing Co. Pte. Ltd. for their patience and kindness while I
‘ote this book.

Darald J. Hartfiel

*MATLAB is a registered trademark of The MathWorks, Inc. For product infor-
ition, please contact:

The MathWorks, Inc.

3 Apple Hill Drive

Natick, MA 01760-2098

Tel: 508 647-7000

Fax: 508-647-7001

E-mail: info@mathworks.com
Web: www.mathworks.com
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Introduction

Let F denote either the set R of real numbers or the set C' of complex
numbers. Then F™ will denote the n-dimensional vector space of n-tuples
over the field F.

Vector norms ||| in this book use the standard notation, |||, denotes
the p-norm. Correspondingly induced matrix norms use the same notation.
Recall, for any n X n matrix A, ||A|| can be defined as

All = max [lzA|l or ||A] = max ||Az||.
4l = max lleAl or 4] = max |1 Aal

So, if the vector z is on the left

n n
Al = max Y lasal, Al = max Y fosi
k=1 k=1

while if z is on the right,

n n
1Al = BWNM laks|, Al = EwNM |aik] -
k=1 k=1

In measuring distances, we will use norms, except in the case where we
use the projective metric. The projective metric occurs in positive vector
and nonnegative matrix work.



2 1. Introduction

Let M, denote the set of n x n matrices with entries from F. By a
matriz norm ||-|| on M, we will mean any norm on M,, that also satisfies

lAB|| < |lAl | BI|

for all A, B € M,,. Of course, all induced matrix norms are matrix norms.
This book is about products, called nonhomogeneous products, formed

from M,. An infinite product of matrices taken from M, is an expressed
product

o ApprAg - Ay (1.1)

where each A; € M,,. More compactly, we write

o0
E Ay
k=1

This infinite product of matrices converges, with respect to some norm, if
the sequence of products

Ay, A2 Ay, A3AgA,,. ..

converges. Since norms on M, are equivalent, convergence does not depend
on the norm used.

If we want to make it clear that products are formed by multiplying on
the left, as in (1.1), we can call this a left infinite product of matrices. A
right infinite product is an expression

AjAg---

which can also be written compactly as [Tz, Ak. Unless stated otherwise,
we will work with left infinite products.

In applications, the matrices used to form products are usually taken
from a specified set. In working with these sets, we use that if X is a set
of m X k matrices and Y a set of k x n matrices, then

XY={AB:Ac X and BeY}.

And, as is customary, if X or Y is a singleton, we use the matrix, rather
than the set, to indicate the product. So, if X = {A} or Y = {B}, we
write

AY or XB,

respectively.

1. Introduction 3

Any subset T of M, is called a matriz set. Such a set is bounded if there
is a positive constant 3 such that for some matrix norm ||-||, ||4]| < 8 for
all Ac £. The set ¥ is product bounded if there is a positive constant
B where ||Ag--- Ai|] < B for all k and all Ay,...,Ax € X. Since matrix
norms on M, are all equivalent, if 3 is bounded or product bounded for
one matrix norm, the same is true for all matrix norms.

All basic background information used on matrices can be found in Horn
and Johnson (1996). The Perron-Frobenius theory, as used in this book,
is given in Gantmacher (1964). The basic result of the Perron-Frobenius
theory is provided in the Appendix.
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Functionals

Much of the work on infinite products of matrices uses one functional or
another. In this chapter we introduce these functionals and show some of
their basic properties.

2.1 Projective and Hausdorff Metrics

The projective and Hausdorff metrics are two rather dated metrics. How-
ever, they are not well known, and there are some newer results. So we
will give a brief introduction to them.

2.1.1 Projective Metric
Let z € R™ where z = (z1,...,2,)". If

1. z; > 0 for all 4, then z is nonnegative, while if
2. z; > 0 for all 7, then z is positive.
If x and y are in R”, we write

1. z >y if z; > y; for all 4, and
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2. z>yifz; > y; for all 4.

The same terminology will be used for matrices.

The positive orthant, denoted by(R™)", is the set of all positive vectors
in R™. The projective metric p introduced by David Hilbert (1895), defines
a scaled distance between any two vectors in (R?)*. As we will see, if =
and y are positive vectors in R”, then

p(z,y) = p(az, By)

for any positive constants & and 8. Thus, the projective metric does not
depend on the length of the vectors involved and so, as seen in Figure 2.1,
P (z,y) can be calculated by projecting the vectors to any desired position.

FIGURE 2.1. Various scalings of z and y.

The projective metric is defined below.
Definition 2.1 Let z and y be positive vectors in R®. Then

ax &
Bs. Yi

. T, "
min -+

i Y

p(z,y) =In

Other expressions for p (z,y) follow.

L. p(z,y) = In max 2%, the natural log of the largest cross product
i.j

TiYs
v
T1 Y1
ratio in [z y] = LR
ITn  Yn

2.1 Projective and Hausdorff Metrics 7

T3

2. p(z,y) = AEwkw.“waFv

In working with p (z,y), for notational simplicity, we define

u(5)=me
Yy T Y

and

Some basic properties of the projective metric follow.

Theorem 2.1 For all positive vectors z, y, and 2z in R", we have the
following:

1. p(z,y) 2 0.

2. p(z,y) =0 iff z = ay for some positive constant .

3. p(z,y) =p(y,2).

4. p(z,y) <p(z,2) +p(2,9)

5. p(az, By) = p(z,y) for any positive constants o and 3.

Proof. We prove the parts which don’t follow directly from the definition
of p.

Part (2). We prove that if p (z,y) = 0, then z = ay for some constant
«. For this, if p(z,y) =0,

N
@8 |we|n

N

I

o

3
SN’

850

Since
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for all k,

for all k. Thus, setting o = M vav we have that

T =qy.

Part (4). We show that if z, y, and z are positive vectors in R", then
p(z,y) <p(z,2) +p(2,y). To do this, observe that

< (D (D)n(2)s

Thus,

%<m(D)u 3

Yj z y )
for all j and so

z T z ‘
Mi-])< - z

()= (3)

Similarly,

Putting together,

Earsn_ui@v _
m(z)
ms:@:@
m($)m(3)
. M M(3)

2.1 Projective and Hausdorff Metrics 9
This inequality provides (4). =

From property (2) of the theorem, it is clear that p is not a metric. As
a consequence, it is usually called a pseudo-metric. Actually, if for each
positive vector x, we define

ray (z) = {oz : o > 0}

then p determines a metric on these rays.
For a geometrical view of p, let  and y be positive vectors in R*. Let
a be the smallest positive constant such that

azc > y.
Then o = M (£). Now let 8 be the smallest positive constant such that

az < By.

Thus, § = M @mv (See Figure 2.2.) Calculation yields

FIGURE 2.2. Geometrical view of p(z,y).

SO

p(z,y) =InB.
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Thus, as a few sketches in R? can show, if z and y are close to horizontal or

vertical, p (z,y) can be large even when z and y are close in the Euclidean
distance.

Another geometrical view can be seen by considering the curve C =

Aﬁ MH _ “auamu HW FﬁWm@Om#r\mngmbﬁoﬁmm.mm_.m‘ﬁ?“@:maéo
2

times the area shaded in Figure 2.3. Observe that as = and y are rotated

FIGURE 2.3. Another geometrical view of p(z,y).

toward the z-axis or y-axis, the projective distance increases.
In the last two theorems in this section, we provide numerical results
showing something of what we described geometrically above.

Theorem 2.2 Let = and y be positive vectors in R™.

H.Q@Aa,@vmﬁﬁ“ag .mw“ 5:?5.“ mmw,.h, then we have that m; <
J

e —1 and z=r (y + My) where the matriz M = diag (m;, ... yMp).

€. Suppose z =r (y + My), M = diag (m1,... ,m,) >0 andr > 0. If
m; < e€ —1 for all i, then p(z,y) <e.

Proof. We prove both parts.

2.1 Projective and Hausdorff Metrics 11

that z = 7 (y + My). For the first part, suppose that p(z,y) <e. Then

Part (1). Using the definitions of 7 and M, we show that m; < e€ —1 and

In max as\@s €
..w H.u \@h ~—
so we have
max 2/ s <e
Wi Tify; ~
Thus, for any 7,
.\Ns\@s < et
Bwuau.\S -

and so by subtracting 1,

z;/ys — minz; /y;
J <e¢ —1

minz;/y;
3

or

S&A®m|u.

Now note for the second part that

1 =1+ mi/vi ~min T[4 _ Ty
s = min z; /y; min;/y;’
J

Since r = EE mw. we have

so
r(l4+m)y; =x;

orr(y+ My) ==z
Part (2). Note by using the hypothesis, that

p(z,y) =p(ry +rMy, S =p(y + My,y)

1+ my;
1+m; b

<maxIn(l+m;) <lne® =¢
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the desired result. m

Observe in the theorem, taking r and M as in (1), we have that z =
7(y + My). Then, r is the largest positive constant such that

1
—_ — > .
Qa.\ﬂ Y 0

And

1
rTi — Y

Yi

m; =

for all i. Thus, viewing Figure 2.4, we estimate that my = 1, so, by (2),
p(z,y) ®In2. Turning y toward z yields a smaller projective distance.

FIGURE 2.4. A view of m; and ma.

In the following theorem we assume that the positive vectors z and y

have been scaled so that ||z||, = |ly[, = 1. Any nonnegative vector z
in R™ such that ||z||; = 1 is called a stochastic vector. We also use that
e=(1,1,...,1)%, the vector of 1’s in R™.

Theorem 2.3 Let z and y be positive stochastic vectors in R™. We have
the following:

1 flz —yll, < el — 1.

|z

2. p(x,y) < w._u%m_% provided that m (¥) > 2 |lz — g,

2.1 Projective and Hausdorff Metrics 13

Proof. We argue both parts.

Part (1). For any given i, if z; > y;, then, since ww < EAMV and
m(5) <
< (5 )u-m (3)s
i — Yi — ; —m| — (0
Ti —Yi > v Y. Y
And if y; > z;, then since M va >1 and ww >m Amv,
T T
yi—xi <M R S L
Thus,
z z
i Yi M M| - i — M — | Y
i il A@v . A@v
It follows that
z z
— <M{=-)—-m|-
o=l <2 (%) =m (%)
M) . (2)
m(3)
< ePlE) 1,
Part (2). Note that
PRp— . .\Nw —_—
Emmvuu&i:iwm:g. (2.1)
y) ys m (%)
And, if m (£) > 2|z —y||,, similarly we can get
SﬂmvaEVO. (2.2)
y m (%)

Now using (2.1) and (2.2), we have

==l
M(z) 1+l

m(3) "1 TEr
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And, using calculus

llz —yll; Iz — vl
p(z,y) <ln|[l+—~——21|-In{1-"—F=1
m (¥) m (¥)
8llz -yl
3 m(¥)’
which is what we need. m

This theorem shows that if we scale positive vectors x and y to =|M_ﬂ and
_mw._\_l“ and min ﬂl_s._u is not too small, then z is close to y in the projected
1 k2

.a. . - .
sense iff el 18 close to IF.__ W o the 1-norm. See Figure 2.5.

X
el

FIGURE 2.5. Projected vectors in R?.

2.1.2 Hausdorff Metric

The Hausdorff metric gives the distance between two compact sets. It can

be defined in a rather general setting. To see this, let (X, d) be a complete

metric space where X is a'subset of F™ or M,, and d a metricon X.
If K is a compact subset of X and | € X, we can take a sequence ‘

k1,ka,... in K such that d(l,k;),d(l,kz),... converges to MM.MA&Q%V.

And, take a subsequence k; , ki,,... that converges to, say k € K as de-
picted in Figure 2.6. Then,

wmﬁm%,sn&?@. ,. |

2.1 Projective and Hausdorff Metrics 15

Hence, we can define

FIGURE 2.6. A view of  and k.
d(l,K) HWMW&Q,E.
Note that if d (I, K) <e¢, then
le K+e

where K+¢ = {z:d(z,k) < € for some k € K} as shown in Figure 2.7.

We can also show that if L is a compact subset of X, then supd(l,K) =
leL

d Q , K v for some [ € L. Using these observations, we define
= LK
§(L, K) = maxd(l, K)

= maxmind (I, k)
leL keK

ugo,,m.v.

If 6 (L, K) =€, then observe, as in Figure 2.8, that L C K+e¢.
The Hoausdorff metric h defines the distance between two compact sets,
say L and K, of X as

h(L, K) = max {6 (L, K) ,6 (K, L)} .
So if h (L, K) <e, then
LCK+eand KCL+e
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FIGURE 2.7. A sketch for d (I, K).
FIGURE 2.8. A sketch showing 6 (L, K) < e.
and vice versa.

In the following we use that H (X) is the set of all compact subsets of i where d (r,) = mw%& (r,t) =d(r,T). Finally,
X.
d(r,S
Theorem 2.4 Using that (X, d) is a complete metric space, we have that 6(R,8) = R . 5)
(H(X),h) is a complete metric space. ‘< maxd(r,t) +maxd(t,S)
rER te’Tl
Proof. To show that h is a metric is somewhat straightforward. Thus, we = memmn& (rnT)+ HWmm%& (t,5)
will only show the triangular inequality. For this, let R, S, and T vm in §(R.T)+ §(T.S
H(X). Then foranyr € Rand te T, =8(R,T) +8(T,5).
d(r,S) = mind (r .m.v “ Putting together, we have
! s€eS ’
< min (d(r,) +d ¢, ) | h(R,S) = max {6 (R, 5),6(S, R)}
y < max {8 (R,T) + 6(T, $),6(S,T) + (T, B))
=d(r,t) + mind (¢, s) v |
s | < max{6(R,T),6(T,R)} + max {6 (T,S),6(S,T)}
. =d(r,t) +d(t,85). =h(R,T)+h(T,S).

Since this holds for any ¢ € T, The proof that (H (X), k) is a complete metric space is somewhat intri-

R . cate as well as long. Eggleston (1969) is a source for this argument. m
d(r,8) <d(r,t) +d(£S)
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To conclude this section, we link the projective metric p and the Haus-
dorff metric. To do this, let S* denote the set of all positive stochastic
vectors in R™. As shown below, p restricted to St is a metric.

Theorem 2.5 (S*,p) is a complete metric space.
Proof. To show that p is a metric, we need only to show that if z and y are

in St and p(z,y) =0, then z = y. This follows since if p(z,y) =0, then
y = az for some scalar o.. And since z,y € S, their components satisfy

ntoctyn=alri 4+ +2,).
Soa=1. Thus, z =y.
Finally, to show that (S, p) is complete, observe that if (z;) is a Cauchy
sequence from S, then the components of the x}’s are bounded away from
0. Then, apply Theorem 2.3. m

As a consequence, we have the following.

Corollary 2.1 Using that (S*,p) is the complete metric space, we have
that (H (ST),h) is a complete metric space.

2.2 Contraction Coeflicients
Let 3 be a matrix set and
A=2ux?y.-...
A nonnegative function 7
T:A—> R
is called a contraction coefficient for T if
T(AB) < 7(A)7(B)

fot all A, B€ A. _

Contraction coefficients are used to show that a sequence of vectors or a
sequence of matrices converges in some sense. In this section, we look at
two kinds of contraction coefficients. And we do this in subsections.

2.2 Contraction Coefficients 19

2.2.1 Birkhoff Contraction Coefficient

The contraction coefficient for the projective metric, introduced by G.
Birkhoff (1967), is defined on the special nonnegative matrices described
below.

Definition 2.2 An m X n nonnegative matriz A is row allowable if it has
a positive entry in each of its rows.

Note that if A is row allowable and z and y are positive vectors, then Az
and Ay are positive vectors. Thus we can compare p(Az, Ay) and p (z,y).
To do this, we use the quotient bound result that if ry,... ,rp and s1,... ,8,
are positive constants, then

. T 3
min — < ———— < max —. 2.3
anb..mml.mu.l_n...l_l.m.:. i 8 A v
This result is easily shown by induction or by using calculus.

Lemma 2.1 Let A be an m x n row allowable matriz and z and y positive
vectors. Then

p(Az, Ay) <p(z,y).
Proof. Let £ = Az and §j = Ay. Then

% ainT1+ -+ ainZs

Yi any1 + -+ GinYn

Thus using (2.3),

for all <. So
and thus,

p(2,9) <p(z,y)
or

p(Az, Ay) < p(z,y),

which yields the lemma. =

For slightly different Bmﬁlomm. we can show a strict inequality result.
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Lemma 2.2 Let A be a nonnegative matriz with a positive column. If z
and y are positive vectors, end p(z,y) > 0, then

p(Az, Ay) <p(z,y).

Proof. Set £ = Az and § = Ay. Define r; = w, and 7; = mp for all 4.
Further, define M = max#;, ™ =min#;, M = maxr;, and m = minr;.
i [ z [

Now

=) oy, (2.4)

a convex sum.
Suppose

n n
M= MUQ@.\I‘.Q. and m = MQQ..IG. .
Using that these are convex sums, M < M and 70 > m. Without loss
of generality, assume the first column of A is positive. If M = M and
mm = m, then since a;; > 0 for all 4, by (24), 71 = M =m, égor means

p(z,y) = 0, denying the Hdﬁoﬂrmmum. Thus, suppose one of M < M or

m > m holds. Then

and so

L]

It follows that

p(Az, Ay) < p(z,y),
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the desired result. =

Lemma 2.1 shows that ray (Az) and ray (Ay) are no farther apart than
ray (z) and ray (y) as depicted in Figure 2.9. And, if A has a positive
column, ray (Az) and ray (Ay) are actually closer than ray () and ray (y).

X Ax
Ay

FIGURE 2.9. A ray view of p(Az, Ay) < p(z,y).
Define the projective coeflicient, called the Birkhoff contraction coeffi-

cient, of an n x n row allowable matrix A as

p(Az, Ay)

7p (A) = sup 2 @.0)

where the sup is taken over all positive vectors in R™. Thus,
p(Az, Ay) <75 (A)p(z,y)
for all positive z,y. And, it follows by Lemma 2.1 that
)<L

Note that 7g indicates how much ray (z) and ray (y) are drawn together
when multiplying by A. A picture of this, using the area view of p(z,y),
is shown in Figure 2.10.

Actually, there is a formula for computing 75 (A) in terms of the entries
of A. To provide this formula, we need a few preliminary remarks.

Let A be an n x n positive matrix with n > 1. For any 2 x 2 submatrix

of A, say
Gpg Gps
Qrq Qrs

Opglrs Qpslrq

the constants

b
QpsQrq QpgQrs
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Ay

”

FIGURE 2.10. An area view of g (4) =

are cross ratios. Define

$ (A) = min “P2
QrgQps

where the minimum is over all cross ratios of A. For example, if A =

ﬁw M_}rg&?& BEA?» Im.

If A is row allowable and contains a 0 entry, define ¢ (A) = 0. Thus for
any row allowable matrix A,

$(4) < 1.

The formula for 75 (A) can now be given. Its proof, rather intricate, can
be found in Seneta (1981).

Theorem 2.6 Let A be am n X n row allowable matriz. Then

5 (4) = 1—-+/¢(4)
B Iy /B )

.
Note that this theorem implies that 7 (A) < 1 when A is positive and
7(A) =1if A is row allowable and has at least one 0 entry. And that

p(Az, Ay) < 75 (A p(z,y)

P Em— ]
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for all row allowable matrices A and positive vectors z and y.
1 2
3 4

Hl)\MR.Ho
.y

so for any positive vectors z and y, ray (Az) and ray (Ay) are closer than
ray (z) and ray (y).

This theorem also assures that if A is a positive n X n matrix and D, Do,
n X n diagonal matrices with positive main diagonals, then 75 (D;AD3) =
7 (A). Thus, scaling the rows and columns of A does not change the
contraction coefficient.

It is interesting to see what 7p (A) = 0 means about A.

Using our previous example, where A = ﬁ ﬁ , we have

B A\C

Theorem 2.7 Let A be a positive n X n matriz. If Tg(A) =0, then A is
rank1.

Proof. Suppose 75(A) = 0. We will show that the i-th row of A is a
scalar multiple of the 1-st row of A.

Define o = 2i-. Then, since 75 (4) = 0, ¢ (A) = 1 which assures that
all cross ratios OW A are 1. Thus,

Q11045
a;1015

=1

for all j. Thus, 2L =1 or ai; = aayj. Since this holds for all j, the i-th

) @ay
row of A is a scalar QEES@E of the first row of A. Since 7 was arbitrary, A
isrankl. =

Probably the most useful property of 75 follows.
Theorem 2.8 Let A and B be n X n row allowable matrices. Then
ﬂmahmv <Tg T»vﬁmAmv.

Proof. Let x and y be positive vectors in R™. Then Bz and By are also
positive vectors in R™. Thus

And, since this inequality holds for all positive vectors « and y in R,

B A\—.mv <TB A\»v B A.Wv
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as desired. m

‘We use this property as we use induced matrix norms.

Corollary 2.2 If A is an nxn row allowable matriz and y a positive eigen-
vector for A, then for any positive vector x, p prﬁ y) <7g Abvw p(z,y).

Proof. Note that
p (AFz,y) = p (AFz, AFy)
M TB A\Cw%AHv @v

for all positive integers k. m

This corollary assures that for a positive matrix A,

lim p Ak&o.ﬁ@v =0,

k—o0

so ray (AFz) gets closer to ray (y) as k increases.

‘We will conclude this section by extending our work to compact subsets.
To do this, recall that (S*,p) is a complete metric space. Define the
Hausdorff metric on the compact subsets (closed subsets in the 1-norm) of
S+ by using the metric p. That is,

§(U,V) = max Am.m_wis sv

and
R(U,V)=max{6 (U,V),6 (V,U)}

where U and V are any two compact subsets of S+,
Let ¥ be any compact subset of n x n row allowable matrices. For each
A € 3, define the projective map

Cwy: St ST

by wa (z) = d_m.»ﬂn_r, as shown in Figure 2.11. Define the projective set for
2 by )

. Y, ={wa: A€},
Then for any compact subset of U of S+,

EU={wa(z): wa€XpandzeU}.
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Ax

wy(x)

FIGURE 2.11. A view of wa.

Thus, £,U is the projection of £U onto S*. Since ¥ and U are compact,
so is £U. And thus, ¥,U is compact.
Now using the metric p on St, define

, h(Z,U, Z,V)
Mu — Y ~p
(%) vy h(U,V)
_ o PEUEY)
A YGAR)

where the sup is over all compact subsets U and V of S*.
Using the notation described above, we have the following.

. < .
Theorem 2.9 7(X) < maxTp (A)

Proof. Let U and V be compact subsets of $T. Then
§(ZpU, 5, V) = e p (Au,XV)
=p (4a,%v)
for some Ade TU. So

§(5,U,5,V) <p A\:y \5
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where © satisfies p (¢,9) = p (@, V). Thus,

b

§(S,U,,V) < 75 A viw,g

Similarly,
6 (S,V,,U) < 7 (4) 6(V, 1)
for some A€ X. Thus,

h(Z,U,5,V) AHMMW.N.NA\»V&AQ V)

and so

T(X) < WX 7 (4),

which is what we need to show. m

Equality, in the theorem, need not hold. To see this, let

Y= {A:Ais a column stochastic 2 x 2
matrix with 3 < a;; < 2
for all 4, 5}.

Ifz € St and A € 3, then § Abavslwmou.m:s andso A =

mu? m_mmga@@vp

3
We define

21

‘(X)) = mﬂmmmﬂ.m (4).

And, we have a corollary parallel to Corollary 2.2.

Qou.o:mw% 2.3 IfV is a compact subset of ST, where £,V =V, then for

any compact subset U of ST,

h(ZEU, V) <15 (D) R(U,V).

[Az Az] € %.
Thus, for y € §1, 4z = \S} which can be used to show 7(Z) = 0. Yet

N
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This corollary shows that if we project the sequence
U, 22U, 2.
into ST to obtain
%,U, B2U, B30,

then if 75 (X) < 1, this sequence converges to V' in the Hausdorff metric.

2.2.2 Subspace Contraction Coefficient

We now develop a contraction coefficient for a subspace of F”*. When this
setting arises in applications, row vectors rather than column vectors are
usually used. Thus, in this subsection F™ will denote row vectors.

To develop this contraction coefficient, we let A be an n x n matrix and
E an n x k full column rank matrix. Further, we suppose that there is a
k x k matrix M such that

AE =FEM.

Now extend the columns of E to a basis and use this basis to form

=[E G].
Partition
1| H
=[]
where H is k x n. Then we have
AP = A[E G]
M C
HHMQ_ﬁo .Zqﬁ (2.5)
where
c -1
ﬁ ¢ _ AG.
Now set

W ={ze€F":zE=0}.
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Then W is a subspace and if z € W, zA € W as well. Thus, for any vector
norm ||-||, we can define

Tw(4) = mmwm llzAl
ozl
= |||
Notice that from the definition,
lzAll < 7w (A) |l

for all z € W. Thus, if Ty (A) = W. then A contracts the subspace W by
at least w So, a circle of radius r ends up in a circle of radius wﬁ or less,
as shown in Figure 2.12.

FIGURE 2.12. A view of 7w (4) = 3.

If B is an n x n matrix such that BE = EM for some k x k matrix M ,
then for any z € W,

l=AB| < i (B) laAll < rw (4) 7y (B) lal
Thus,
Tw (AB) < Tw (A) Tw (B).
We now link 7y (A) to N given in (2.5). To do this, define on Fm—* |
llzll; = ll=J1.
.

It is easily seen that ||-|| ; is a norm.
We now show that 7y (4) is actually ||N|;.

Theorem 2.10 Using the partition in (2.5), Tw (4) = ||N|| 7
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Proof. We first show that 7w (4) < ||N||;. For this, let = be a vector
such that F = 0. Then

acfea [ 5[]
a3 £112]
|peon 2]
~ [aGNJ|
= ||lzGN|;
< G, V1] (26)
Now
locil, = e = [osc1 | 7 ||
foa %)
~ el
Thus, plugging into (2.6) yields
oAl <IN, .
And, since this holds for all z€ W,
Tw (A) < ||Vl

We now show that | N||; < 7w (4). To do this, let z€ F"* be such
tha |zl = 1 and V], = [N
Now,
NN = 2Nl
= [lzNJ||

“Jes [ LT

= ||lzJ Al

< lzdll 7w (4)
<lzllymw (4)
=Tw (4),
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which gives the theorem. m

A converse of this theorem follows.

Theorem 2.11 Let A be an n X n matriz and P an n Xn matriz such that

M C

—1 _

P AP = ﬁ 0 N U_ ’

where M is k x k. Let ||-|| be any norm on F"—*. Then there is a norm

It-lig on F™ and thus on W, such that 7w (A) = || N|.

Proof. We assume P and P! are partitioned as in (2.5) and use the
notation given there. We first find a norm on

W ={z:2E =0}.
For this, if z € W, define
lzlle = =Gl

To see that ||-||; is a norm, let ||z||; = 0. Then ||zG|| =0, so 2G = 0.
Since £ € W, zP = 0 and so z = 0. The remaining properties assuring
that ||-||; is a norm are easily established.

Now, extend ||-||; to a norm, say ||-||;, on F™. We show the contraction
coefficient 7w, determined from this norm, is such that 7w (4) = ||N||.
Using the norm and part of the proof of the previous theorem, recall that
if z€ FnFk,

lzll; = llz7llg = 2G| = =11l = ||=]I-
Thus, [|N||; = ||N|| and hence
Tw (4) =[N,
as required. m
Formulas for computing .,J\w (A) depend on the vector norm used as well

as on E. We restrict our work now to R™ so that we can use convex

polytopes. If the vector norm, say ||-||, has a unit ball which is a convex
polytope, that is
.
K={zeR':zE=0and |z| <1}

is a convex polytope, then a formula, in terms of the vertices of this convex
polytope, can be found. Using this notation, we have the following.

—
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Theorem 2.12 Let A be an n X n matriz and ||-|| @ vector norm on R"

that produces a unit ball which is a conver polytope K in W. If{vi,... ,vs}
are the vertices of K, then

rw (4) = max {[Al}.
Proof. Let z € K where ||z|| = 1. Write
T=0ov1+ -+ Qs

a convex combination of v1,... ,vs. Then it follows that
3
|zAl = ME@TA
=1

< MS llviAll
< mex {{us ]}
Thus,
rw (4) < max {ueA]}.

That equality holds can be seen by noting that no vertex can be interior

to the unit ball. Thus, ||v;|| = 1 for all ¢, so max |zA]}| is achieved at a
sl =1
vertex. ®

We will give several examples of computing 7w (A), for various W, in
Chapter 11. For now, we look at a classical result.

An n x n nonnegative matrix A is stochastic if each of its rows is stochas-
tic. Note that in this case

Ae =g,
where e = (1,1,... Lvﬂ so we can set &' = e. Then using the 1-norm,
K={zeR":ze=0and |z|, <1}.

The vertices of this set are those vectors having precisely two nonzero
1

entries, namely w and —5. Thus,

1 1
—a; — =0;

Tw (A) = max 5 5

i#j

1
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where a; denotes the k-th row of A. Written in the classical way,

1
T1(4) = ) HWMWA lla; — Q.q.__u ’

is called the coefficient of ergodicity for stochastic matrices.

To conclude this subsection, we show how to describe subspace coeffi-
cients on the compact subsets. To do this we suppose that ¥ is a compact
matrix set and that if A € X, then A has partitioned form as given in (2.5). ﬁ
Let § C F™ such that if z,y € S, then  —y € W (a subset of a translate ‘
of W). We define

_ h(R%,TY)
") =S EmD

where the maximum is over all compact subsets R and T in S.
A bound on 7 (%) follows.

. < .
Theorem 2.13 7(X) < WaX Ty (A)

Proof. The proof is as in Theorem 2.9. =
‘We now define

Tw (X) = Lax Tyy (4).

2.2.3 Blocking ,”

In applications of products of matrices, we need the required contraction
coefficient to be less than 1. However, we often find a larger coefficient.
How this is usually resolved is to use products of matrices of a specified
length, called blocks. For any matrix set X, an r-block is defined as any
product 7 in X7,

We now prove a rather general, and useful, theorem.

Theorem 2.14 Let T be a contraction coefficient (either Tg or Tw ) for a
matriz set 3. Suppose T (w) < T, for some constant T, < 1 and all r-blocks
m of &, and that 7 (X) < B for some constant (3.

When all products are taken from X, we have the following. If T = 13g,
then 7 (A1), 7 (A241),7(A3A241),... converges to 0. If T = Ty, then
T (4;), q.Trxmwv T (A14243),... converges to 0. And, both have rate of

convergence T .
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Proof. We prove the result for 75. Let Ay, AgA;, A3zAgA;,... be a
sequence of products taken from ¥. Partition, as possible, each product
Ag ... A; in the sequence into r-blocks,

Mg TiAge - Ay
where k= sr +t,t <r,and m,...,ns are r-blocks. Then

ﬂ?_.u...ﬂ.H\_&...kA.Hv
ST (ms) -7 (we) T (As) -7 (A1)
< 7B
Thus 7(Ag--- A1) = 0as k — oo.
Concerning the geometric rate, note that for 7. > 0,

|
R10d

s

Il
ﬁ
sk

e

[TAN
\]

IA

;‘-:la- g

= =

LT
— 3

I
|
Rl
-
N
\1
kil
N—
Eod

Thus,
T(Ag-- Ay <77 Aﬁwvw,

which shows that the rate is geometric. ®

2.3 Measures of Irreducibility and Full
Indecomposability

Measures give an indication of how the nonzero entries in a matrix are dis-
tributed within that matrix. In this section, we look at two such measures.

For the first measure, let A be an n x n nonnegative matrix. We say that
A is reducible if there is a O-submatrix, say in rows numbered 74, ... ,75 and
columns numbered ¢y, ... ,c¢p—s, where r1,... ,7s,C1,. .. , Cn—s are distinct.
(Thus, a 1 x 1 matrix A is reducible iff a;; = 0.) For example

1 21
A=10 4 0
3 0 2
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FIGURE 2.13. The graph of A.

is reducible since in row 2 and columns 1 and 3, there is a 0-submatrix.

If P is a permutation matrix that moves rows r1, ... ,7s into rows 1,...,s
then

b

An 0
PAPt = | 1!
ﬁ Ap1 Az

where Aj; is s X s. In the example above,

0
P=|1
0

OO -
[l el en]

An n X n nonnegative matrix A is irreducible, if it is not reducible.

As shown in Varga (1962), a directed graph can be associated with A by
using vertices vy, ... ,v, and defining an arc from v; to vj if a;; > 0. Thus
for our example, we have Figure 2.13. And, A is irreducible if and only if
there is a path (directed), of positive length, from any v; to any v;. Note
that in our example, there is no path from vy to v3, S0 A is reducible.

A measure, called a measure of srreducibility, is defined on an n x n
nonnegative matrix A, n > 1, as

u(A) = min | max a;;
jer!
wlhere R is a nonempty proper subset of {1,... ,n} and R’ its compliment.
This measure tells how far A4 is from being reducible.
For the second measure, we say that an n x n nonnegative matrix A
is partly decomposable if there is a 0-submatrix, say in rows numbered
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T1,... ,7s and columns numbered ¢;,... ,¢,—s. (Thus a 1 x 1 matrix A is
partly decomposable iff a;; = 0.) For example,

A=

LU
ocow
- O

is partly decomposable since there is a 0-submatrix in rows 2 and 3, and
column 2.

If we let P and Q be n X n permutation matrices such that P permutes
TOWS T1,...,7s into rows 1,...,s and @ permutes columns cj,...,ch_s
into columns s + 1,... ,n, then

[ An O
PAQ= ﬁ Ao Ag _

where A;; is s X s.

An n x n nonnegative matrix A is fully indecomposable if it is not partly
decomposable. Thus, A is fully indecomposable iff whenever A contains a
p X q O-submatrix, then p+q¢ <n—1.

There is a link between irreducible matrices and fully indecomposable
matrices. As shown in Brualdi and Ryser (1991), A is irreducible iff A+ I
is fully indecomposable.

A measure of full indecomposability can be defined as

QT»vHEp.:BmNQ&
: S,T \ ST
i€S.jeT

where S = {ry,...,rs} and T = {¢y,... , ¢} are nonempty proper sub-
sets of {1,... ,n}.
We now show a few basic results about fully indecomposable matrices.

Theorem 2.15 Let A and B be n X n nonnegative fully indecomposable
matrices. Suppose that the largest 0-submatrices in A and B are s4 X t4
and sg X tg, respectively. If

satta=n—ky
sgp+tg=n-—kg,

then the largest 0-submatriz, say a p X q submatriz, in AB satisfies

p+q<n—ka—kp.
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Proof. Suppose P and @ are n X n permutations such that

C C
P(AB)Q = ﬁ n Co _

where Cj2 is p X ¢ and the largest 0-submatrix in AB.
Let R be an n X n permutation matrix such that

A 0
PAR=| ‘1
ﬁ Axi A H_

where Aj; is p X s and has no 0 columns.
Partition

B B
rR'BO = | Bu B2
@ ﬁ Bi2 Ba %

where By is s X (n — g). Thus, we have
ﬁ An O By Bia| _[Cun O
A1 A By1 By | | Cn Cao |°
Now,
A B2 =0

and since A3y has no 0 columns

Bia =0.
Thus, s+¢ <n—kp. And, using 4, p+ (n—8) <n—ky,so

P+q<(s—ka)+(n—kp—s)
<n—ky—kg,

the desired result. m
Several corollaries are MBH.dm&mﬁo.

Corollary 2.4 Let A and B be nxn fully indecomposable S&E.Qmm. Then
\»mo% fully indecomposable.

Proof. If AB contains a %. X ¢ O-submatrix, then by the theorem, p + ¢ <
n—1-1=mn—2. Thus, AB is fully indecomposable, as was to be shown. m
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Corollary 2.5 Let Ay,...,An—1 be n x n fully indecomposable matrices.
Then A --- A,_1 is positive.
Proof. Note that k4, 4, > ka4, +ka,. And
Nn.»w...\palw 2 w\f +eeet Nn.b:lp

>1+--+1

=n-—1
Thus, if A; - -+ An—1 has a p x ¢ 0-submatrix, then

pt+qg<n—ka..a,,
<n-—(n-1)
=1.

This inequality cannot hold, hence A; - - - A,,_; can contain no 0-submatrix.
The result follows. m

The measure of full indecomposability can also be seen as giving some
information about the distribution of the sizes of the entries in a product
of matrices.

Theorem 2.16 Let A and B be nxn fully indecomposable matrices. Then
U(AB)>U(A)U(B).
Proof. Construct A = [4;;] where
s O&.QGAQA\C
Gij = a;; otherwise.
Construct B in the same way. Then both A and B are fully indecompos-
able. Thus AB is fully indecomposable, and so we have that U ANWV > 0.
If A\w.@v > 0, then AMWV > U (A)U (B). Hence,
i E¥]
U(AB)>U(A)U(B),
the indicated result. m .

An immediate corollary follows.

Corollary 2.6 If Ai,... ,An-1 are n X n fully indecomposable matrices,
then

A»&.H - \wz\lwv@. > U A\_.Hv v Q«A\r«luv
foralli and j. | ‘
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2.4 Spectral Radius

Recall that for an n X n matrix A, the spectral radius p (A) of A is
p(A) = meﬁ_v,_ : A is an eigenvalue of A}.

It is easily seen that

p(4) = (p(4%))" @7)
and that for any matrix norm ||-||
p(4) = lim [A4¥|*. (28)

In this section, we use both (2.7) and (2.8) to generalize the notion of
spectral radius to a bounded matrix set X.
To generalize (2.7), let

k
pr (Z) =sup{ p :\r :A; € X for all ¢
i=1
The generalized spectral radius of ¥ is

p(¥) = Jim sup (py, (2)* .
To generalize (2.8), let ||-|| a matrix norm and define
k
Pr (Z, |I-l)) = sup § T Aclf : A € = for all 4

i=1

|

|

The joint spectral radius is 7*
ﬂ

P M) = lim sup {py (% I1)F }

k—o0

Note that if ||-||, is another matrix norm, then since norms are equivalent,
there are positive constants « and 5 such that

allAll, < (14 < B1lA],

for ell n x n matrices A. Thus,

-
ol
w=

k ® k k

=1 |lg i=1 i=1

IA
)
e
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and so

P lla) =2 (B 1) -

Hence, the value p (%, ||-||) does not depend on the matrix norm used, and
we can write p(Z) for p(Z, ||-||). In addition, if the set X used in p(X) is
clear from context, we simply write p for p (I).

We can also show that if P is an n X n nonsingular matrix and we define

PSP '={PAP':Acx}
then
p (PSP 1) =p(T).

Further, for any matrix norm ||-||, ||A]lp = __Nux:ulﬂ__ is a matrix norm.
Thus p (PEP~!) = p(Z). So both p and p are invariant under similarity
transformations.

Our first result links the generalized spectral radius and the joint spectral
radius.

Lemma 2.3 For any matriz norm, on a bounded matriz set 3,
1 . R 1
pe(Z)* <p(Z) < p(E) < (B)F.
Proof. To prove the first inequality, note that for any positive integer m,
ok (Z)™ < pi () -
Thus, taking the mk-th roots,
1 L
P (B)* < Py (Z)™F
Now computing lim sup, as m — oo, of the right side, we have the first
inequality.
The second inequality follows by observing that
EA\w; o .\_..:v < __\w.:n ot .;&:S__

for any matrices A;,,..., A,
For the third inequality, let I be a positive integer and write

Il=kqg+r
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where 0 < r < k. Note that for any product of I matrices from T,

Ar- - Axl| < || Akgir -+ Apgr14kg - A1l
mmﬂ__k»wa...b?lcnt.:mn:.}__
<Bh (29)

where  is a bound on the matrices in ¥. Thus,
n®* <6t ()
=B pu (D) F py (5)F
1
=(F2®7F) p()?.
Now, computing lim sup as I — oo, we have
PE) < h (D)}

as required. m

Using this lemma, we have simpler expressions for p () and j (X).
Theorem 2.17 If ¥ is a bounded matriz set, then we have that p(T) =
Jim oy ()} and p(2) = lim p, ()1,

Proof. We prove the second inequality. By the lemma, we have

for all k. Thus, for any k,

1 1
) < i D. 3 D. 7
p(Z) < wwﬁ p;(2)7 < Sup2; 03
from which it follows that

p(X) < lim infpy, (2)* < lim sup p, (%)

k—oo k—oo

E
I
-
—_
™
N’

So,

lim 7, (2)* = 5(%),

"k—o00

the desired result. m
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Berger and Wang (1995), in a rather long argument, showed that for
bounded sets ¥, p(X) = p(X). However, we will not develop this relation-
ship since we use the traditional p, over p, in our work.

We now give a few results on the size of p. A rather obvious such bound
follows.

Theorem 2.18 If ¥ is a bounded set of n x n matrices, then p(Z) <
sup [|Al.
AeX

For the remaining result, we observe that if ¥ is a product bounded
matrix set, then a vector norm ||-||, can be defined from any vector norm

II-Il by

__H__e = WWWA__\&: AN .\w?.&.__ : \r: .. .\r.w (S MUM

(when ! =0, |4, ... Ai,z|| = ||z||). Using this vector norm, we can see
that if A€ X, then

[|Az]l,, < |lll,
for all x. Thus we have the following.

Lemma 2.4 If ¥ is a product bounded matriz set, then there is a vector
norm ||-||,, such that for the induced matriz norm,

l|All, < 1.
This lemma provides a last result involving an expression for p ().

Theorem 2.19 If Y is a bounded matriz set,

p (%) = inf sup [|A}.
Il ez

Proof. Let € > 0 and define

muA,H \r»mmf
pte

Then ¥ is product bounded since, if B € 3%,
B

- k-
b+

Note that ow+~mva pr — 0 as k — oo.

1Bl <
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Thus, by Lemma 2.4, there is a norm ||-||, such that

IClls <1
for all C € 3.
Now, if A € %, mﬂmbmw.mo
All, <p+ e.
Thus,

inf sup [[All <p+ ¢,
Il Aex

and since ¢ was arbitrary,

inf sup [14] < .
Il aex

Finally by Theorem 2.18,
inf sup [|A]| = p.
- aes

The result follows from the last two inequalities. m

2.5 Research Notes

Some material on the projective metric can be found in Bushell (1973), Gol-
ubinsky, Keller and Rothchild (1975) and in the book by Seneta (1981). Ge-

ometric discussions can be found in Bushell (1973) and Golubinsky, Keller

and Rothchild. Artzrouni (1996) gave the inequalities that appeared in
Theorem 2.2.

A A source for basic work on the Hausdorff metric is a book by Eggleston
1969).

wmuw.wom (1967) developed the expression for 75. A proof can also be
found in Seneta (1981). Arzrouni and Li (1995) provided a ‘simple’ proof
for this result. Bushell (1973) showed that Aﬁwzv+ nu, ﬁv‘ where U is

the*unit sphere, was a complete metric space. Altham (1970) discussed

measurements in general. .
Much of the work on 7y in subsection 2 is based on Hartfiel and Roth-

blum (1998). However, special such topics have been studied by numerous
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authors. Seneta (1981) as well as Rothblum and Tan (1985) showed that
for a positive stochastic matrix A, 78 (4) > T1(4) SWES 71 (A) is the
subspace contractive coefficient with E = (1,1,... ,1)°.  More recently,
Rhodius (2000) considered contraction coefficients for infinite stochastic
matrices. It should be noted that these authors call contraction coeffi-
cients, coefficients of ergodicity.

General work on measures for irreducibility and full indecomposability
were given by Hartfiel (1975). Christian (1979) also contributed to that
area. Hartfiel (1973) used measures to compute bounds on eigenvalues and
eigenvectors.

Rota and Strang (1960) introduced the joint spectral radius p, while
Daubechies and Lagaries (1992) gave the generalized spectral radius p.
Lemma 2.3 was also done by those authors. Berger and Wang (1992)
proved that p () = 5 (%), as long as X is bounded. This theorem was also
proved by Elsner (1995) by different techniques. Beyn and Elsner (1997)
proved Lemma 2.4 and Theorem 2.19. Some of this work is implicit in the
paper by Rota and Strang.
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Semigroups of Matrices

Let & be a product bounded matrix set. A matriz sequence of the se-

quence (3F) is a sequence 7q,ms,... of products taken from %,%2%,...,

respectively. A matriz subsequence is a subsequence of a matriz sequence.
The limiting set, £°°, of the sequence (X*) is defined as

¥ = {A: A is the limit of a matrix subsequence of (=F3}.

Two examples may help with understanding these notions.

Example 3.1 LetX = Aﬁ w g
0
1

1
0
0
11
Example 3.2 Let ¥ = ﬁﬁ

o {[} ]
{4

As we will see in Chapter 11, limiting sets can be much more complicated.

0 11*
W. Then lim ﬁ g does not exist.
1
0

L
I

However, £¥*° = Aﬁ w

[ Lo
SRV

g W Then we can show that

o= =
Ni= O

(NI ST
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3.1 Limiting Sets

This section describes various properties of limiting sets.

3.1.1 Algebraic Properties
Some algebraic properties of a limiting set £°° are given below.
Theorem 3.1 If ¥ is product bounded, then ¥* is a compact semigroup.

Proof. To show that X is a semigroup, let A, B € ¥°°. Then there are
matrix subsequences of (3*), say .

TGy Mgy en
Tjys s‘.g.n gree
that converge to A and B, respectively. The sequence
ﬁ&ﬂ.\?vﬁmmmﬂu,. ‘.

is a matrix subsequence of Ava which converges to AB. Thus, AB € £
and since A and B were arbitrary, $* is a semigroup.

The proof that 3°° is topologically closed is a standard proof, and since
% is product bounded, £ is bounded. Thus, X* is a compact set. m

A product result about £ follows.
Theorem 3.2 If ¥ is product bounded, then T°X® = 3°°,

Proof. Since £ is a semigroup, Z°X® C ©°°. To show equality holds,

~o¢>mM8mbms.r§t..mgmaxmcvmmazmsom& AM»V gmnooE\mHmmmﬁo
A. If my, has I, factors, k > 1, factor :

T = mwa

where By contains the first [I;,/2] factors of 7 and Cj, the remaining factors.

Since ¥ is product bounded, the sequence B1,Bs,... has a conver-
gent matrix subsequence B; , B;,,... which converges to, say, B. Since
Ciy»Cig, ... is bounded, it has a convergent subsequence, say, C;,,Cj,, ..
which converges to, say, C. Thus i, Wjy,... converges to BC. Since B

and C are in X% and A = BC, it follows that ©®° C XY and so
YXFTX =Y®, n

Actually, multiplying ¥°° by ¥ doesn’t change that set.
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Theorem 3.3 IfY is product bounded and compact, it follows that 3:3°° =
X = X%,

Proof. We only show that £°° C £¥°°. To do this, let B € £*°. Since
B € £, there is a matrix subsequence ;,, T;,, ... that converges to B.
Factor, for k > 1,

Tip = \»; Qs.a
where A;,, A, ... are in £. Now, since ¥ is compact, this sequence has a
subsequence, say

Ay, Ajss -
which converges to, say, A. And, likewise Cj,,Cj,, ... has a subsequence,
say

Cryy Crgs - -

which converges to, say, C. Thus Ag,Ck,, Ak;Chks,... converges to AC.
Noting that A € ¥, C € £*° and that

AC = B,

we have that > C ¥¥* and the result follows. &

When ¥ = {A}, multiplying £°° by any matrix in 3° doesn’t change
that set.

Theorem 3.4 If ¥ = {A} is product bounded, then for any B € ¥,
BY® = Y} = }*°B,

Proof. We prove that BX*>® = X,
Since ¥ is a semigroup, BX*® C £*°. Thus, we need only show that
equality holds. For this, let C' € X°°. Then we have by Theorem 3.3

\wwMuoo — y1o©
for all k. Thus, there is a sequence C1,Cy, ..., in X° such that
AkcL=C

for all k.
Now suppose the sequence

C ok ak
AR ARz
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converges to B. Since X is bounded, there is a subsequence of Cy, ,Ck,, -
say

Q.Q.:Qu.f...

-

that converges to, say, C. Thus
BC =cC.
And, as a consequence X®° C BY°, m

Using this theorem, we can show that, for & = {4}, £ is actually a
group.

Theorem 3.5 If ¥ = {A} and ¥ is product bounded, then X is a com-
mutative group.

Proof. We know that X is a semigroup. Thus, we need only prove the
additional properties that show X is a commutative group.
To show that ¥ is commutative, let B and C be in £*°. Suppose the

sequence

Al At
and

Al ATz
converge to B and C, respectively. Then

BC = lim A%* lim Af*

k—co k—o0

= lim A%tix
k—oo

= lim A% lim A%
k—oo k—oo

=CB.

Thus, ¥*° is commutative.

To show X has an identity, let B € ¥°°. Then by using ,.H_pmonE 3.4,
we have that

CB=B

for some C' in X*°. We show that C is the identity in X°°.
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For this, let D € X°°. Then by using Theorem 3.4, we can write
D=BT
for some T € 3*°. Now

CD=CBT
=BT
=D.

And, by commutivity, DC = D. Thus, C is the identity in 3°°.
For inverses, let H € X*°. Then, by Theorem 3.4, there is a £ € 3°°,
such that

so E=H1.
The parts above show that ¥°° is a group. =

3.1.2 Convergence Properties

In this subsection, we look at the convergence properties of
2,22 ...

where ¥ is a product bounded matrix set. Recall that in this case, by
Theorem 3.1, £°° is a compact set.
Concerning the long run behavior of products, we have the following.

Theorem 3.6 Suppose X is product bounded and € > 0. Then, there is a
constant N such that if k > N and w1, € XF, then

d (7, 2%°) < €.

Proof. The proof is by contradiction. Thus, suppose for some € > 0, there
is a matrix subsequence from the sequence AMJ“ no term of which is in
3% + €. Since ¥ is product bounded, these products have a subsequence
that converges to, say, A, A € £°. This implies that d(4,2®) > ¢, a
contradiction. ® .

Note that this theorem provides the following corollary.
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Corollary 3.1 Using the hypothesis of the theorem, for some constant N,
TFCE® e
for allk >N.

In the next result we show that if the sequence (Z*) converges in the
Hausdorff sense, then it converges to °°.

Theorem 3.7 Let X be a product bounded compact set. If Yisa compact

~

subset of M, and h Amx. Mv — 0, then 5 = ¥,

Proof. By the previous corollary, we can see that 3 C B, .
Now, suppose 3. # 3°°; then there is an A € £°° such that A ¢ 3. Thus,

d A\r Mv =,

where € is a positive constant.

Let 7 ,mk,,... be a matrix subsequence of AMJ that converges to A.
Then there is a positive constant N such that for ¢ > N,

4(m8) > <
Thus,

B AMF.,MV > m

~

for all i > N. This contradicts that h Ams,mv — 0 asi — co. Thus
T=3% n

In many applications of products of matrices, the matrices are actually
multiplied by subsets of F™. Thus, if

W C F*,
we have the sequence
. W, EW,2%W,... .
In this sequence, we use .gm words vector sequence, vector subsequence,

and limiting set W, with the obvious meanings.
A way to calculate W, in terms of £°°, follows.
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Theorem 3.8 If ¥ is a product bounded set and W a compact set, then
Woo = Z°W.

Proof. Let wg € W. Then wg is the limit of a vector subsequence, say,
T1wy, ToWs, ... of (S¥W). Since W is compact and ¥ product bounded,

we can find a subsequence m;, w;, ,T;,wi,,... of our sequence such that
w;, , Wy,, . . . converges to, say, w and m;,, 73, ... converges to, say, m € X°°,
" Thus

wo = TW

and we can conclude that W, C L°W.

Now let mowg € Z°W, where wg € W and 79 € ¥°°. Then there is a
matrix subsequence 7;,,T;,,... that converges to mg. And we have that
T4, W, Ti,Wo, ... iS a vector subsequence of (S¥W), which converges to
mowg- Thus, mowg € Weo, and so Z°W C W,. m

Theorem 3.9 If ¥ is a product bounded compact set, W a compact set,
and h (5*¥,5°) — 0 as k — oo, then h (ZFW, W) — 0 as k — .

Proof. By Theorem 3.8, we have that W, = X*°W, and so we will show
that h (S*W, 5°°W) — 0 as k — oco.

Since W is compact, it is bounded by, say, 8. We now show that, for all
k,

h (SFW,2°W) < Bh (T, £%) (3.1)

from which the theorem follows.
To do this, let Trwg € ZFW where wy € W and 7 € ¥, Let m € £
be such that d (7, 7) < h (£¥,5°°). Then

d (mpwo, mwo) < Bd (T, )
< Bh (ZF,5%).
And since 7wy was arbitrary,
§ (ZFW, 2°W) < Bh (B, 5%).
Similarly,
§ (B°W, kW) < Bh (2%, £%°)
from which (3.1) follows. m

A result, which occurs in mvvcomﬂobm rather often, follows.
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Corollary 3.2 Suppose X is a product bounded compact set and W a com-
pact set. If SW C W, then h AMgN S\oov —0ask—0.

Proof. It is clear that S**1W C T*W, so W, C S¥W for all k. Thus, we
need only show that if € > 0, there is a constant N such that for all k > N

TEW C Wy +e.

This follows as in the proof of Theorem 3.6. m

We conclude this subsection by showing a few results for the case when
Y. is finite.
If ¥ = {A1,...,An} is product bounded and W compact, then since
33 = 3o,
Woo =3Weo = AiWoo U+ - U A Wo

For m = 3, this is somewhat depicted in Figure 3.1. Thus, although each A;

FIGURE 3.1. A view of ZW,.

may®contract Weoo into W, the union of those contractions reconstructs
Woo.

When ¥ = {A}, we can give something of an e-view of how A*W tends
to Wo. We need a lemma.
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Lemma 3.1 Suppose {A} is product bounded and W a compact set. Given
an € > 0 and any B € I, there is a constant N such thai

d A\»ZS,wSV <e

for allw e W.

The theorem follows.

Theorem 3.10 Using the hypothesis of the lemma, suppose that L (z) =
Az is nonexpansive. Given € > 0 and B € °°, there is a constant N such
that for k > 1,

h (ANTEW, A*BW) < e.
Proof. By the lemma, there is a constant N such that
d(ANw,Bw) < ¢
for all w € W. Since L is nonexpansive,
d (ANthw, AFBw) < €
for all w € W and k > 1. From this inequality, the theorem follows. =

Since T°W = Weo, BW C Wio. Thus this theorem says that AN tEW
stays within € of A*BW C W, for all k.

We now show that on Wy, L(z) = Az is an isometry, so there can be
no more collapsing of W.

Theorem 3.11 Let ¥ = {A} be product bounded and W a compact set. If
L(z) = Az is nonezxpansive, then L (z) = Az is an isometry on Wx.

Proof. We first give a preliminary result. For it, recall that W, = X°W
and that X° is a group. Let B € ¥ and A%, A%,... a matrix subse-
quence of (X*) that converges to B.

Let Z,§ € X°W. Then, since L () = Az is nonexpansive, we have

0 < d(A™z, A*f) — d (AA*Z, AA™G)
< d(A%*E, A*g) — d (A% 3, A+g).

Taking the limit at & — oo, we get

0 < d(Bz, By) — d(AB%, ABg) =0
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or
d(Bz, Bj) = d (ABZ, ABY). (3.2)

Now let 2,y € Wy,. Since W, =3XCW =XPEW =1W,, £ = B1T
and y = Boj where #,7 € Wy, and Bj, Bz € ¥*°. Using (3.2), and that
3% is a group,

d(z,y) = d(B1Z, Ba)
= d (B1Z, B1 By ' Bajj)
= d (AB1Z, AB; (B{'Byp))
= d(Az, Ay),

the desired result. m

3.2 Bounded Semigroups

In this section, we give a few results about product bounded matrix sets
3.

Theorem 3.12 Let ¥ be product bounded matriz set. Then there is a
norm, say ||-||, such that ||A]| <1 for all A€ X.

Proof. Let A=XUX2U-.-. Define a vector norm on F” by
|l=l| = sup {||zl;, [[7z|l, : 7 € A}.
Then if A € X, .

| Asl| = sup (|| Az, , | Asll : = € A},
and since A, TA € A,

< sup {llel,, Izl : 7 € A}
= |l=].
Since this inequality holds for all x,
. Al <1,

which is what we need. m

A special such result follows.
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Theorem 3.13 Suppose that ¥ is a bounded matriz set. Suppose further
that each matric M € ¥ has partition form

A .mwm .me tee .m:n
0 Ci Bzs -+ By
M=]0 0 Cy --- Bsg
0 0 0 --- C

where all matrices on the block main diagonal are square. If there are
vector norms |||y, |-l »- - » Il such that

Ao <1 and |Gy, <1
for all M € , there is a vector norm ||-|| such that ||M|| <1 for all M € .

Proof. We prove the result for £ = 1. For this, we drop subscripts, using

M= ﬁ w W E HWmmmbmH&wHOOmgoumocoSm‘U%mb&;naou.

For all x € F™, partition x = ﬁ 1

T2
constant K > 0, we can define a vector norm ||-|| by

M compatible with M. Now, for any

Izl = llzallg + K {2 -
Then we have, for any M € &,

| Mz|| = ||Az1 + Bza||, + K [|Cx2|,
< Azl + [|Bezli, + K || Cezll,
< llzally + 1Bl llz2ll, + K |C2.

where

—
= [oall

Thus,

Mz < [ledll, + (1Bl + KHCIl,) Izl

1]
~faxll + (LZ2+ 01, K sl

Since X is bounded, ||B||, over all choices of M, is bounded by, say, 3. So
we can choose K such that

g

N.TQAH.
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Then,

[Mz] < ||z1ll, + K Izl
= il -

This shows that |M|| < 1, and since M was arbitrary
lM) <1

foralMeX. =

In the same way we can prove the following.

Corollary 3.3 If ||A|l, < 1 is changed to ||A|, < o, then for any §,

a —

a < 6 <1, there is a norm ||-|| such that ||M|| < 6 for all M € X.

Our last result shows that convergence and product bounded are con-
nected. To do this, we need the Uniform Boundedness Lemma.

Lemma 3.2 Suppose X is a subspace of F™ and
sup ||7z|| < o0

where the sup is over all m in A = ZUX2U--- and the inequality holds for
any ¢ € X, where ||z}l =1. Then ¥ is product bounded on X.

Proof. We prove the result for the 2-norm. We let {z;,...,z,} be an
orthonormal basis for X. Then, if z € X and ||z||, =1,

=011+ -+ Ty

where |y |* + -+ + o[ = 1.
Now let 3 be such that
sup [lmz;ill, < 8
fori=1,...,rand all 7 € A. It follows that if 7 € A and ||z||, = 1, then
lrzlly < laafllwzally + -« + low| llwr]l;
. < np.

Thus, since x was arbitrary |[7|| < ngB. Since m was arbitrary, ¥ is product
bounded. = :
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Theorem 3.14 If all infinite products from a matriz set ¥ converge, then
3} is product bounded.

Proof. Suppose all infinite products from ¥ converge. Further let A =
L UX?U--- and define

X ={z € F": Az is bounded} .

Then X is a subspace and 7 : X — X for all # € A. By the Uniform
Boundedness Lemma, there is a constant 3 such that

g
sup =0 < o0,
zex |||
for all 7 € A.

If X = F™, then ¥ is product bounded. Thus, we suppose X # F™. We
now show that given an z ¢ X and ¢ > 1, there are matrices Aq,... ,Ay € 5
such that

|Ag--- Asz|| > ¢ (3.3)
and
Ap--- Az ¢ X.

Since z ¢ X, there are matrices Ai,... , A € T, such that
Ak - - - Arzl| > max (1, B{|Z]]) e. (34)

If Ap---Ajxz ¢ X, we are through. Otherwise, there is a ¢, t < k, such
that A;--- Ajz ¢ X, while Azyq (As--- A1z) € X. Thus, we have

1Ak - Atge (At - A1z)|| < Bl Aeqs - - Asz]|
<BIZ| Az - - Arz]|.
Thus, by (3.4),
(4 M __\_.s e \:.S.__

which gives (3.3).
Now, applying result (3.3), suppose ¢ X. Then there are 7y, ms,... in
A such that
|miz|| > 1 and mz ¢ X
||remiz]l > 2 and momiz ¢ X
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'hus,
T=...Tk...T1

; not convergent. This contradicts the hypothesis, and so it follows that
mHN...:.>wa,mwmv3m¢o:oocb%a.u

Putting Theorem 3.12 and Theorem 3.14 together, we obtain the follow-
ag norm-convergence result.

Jorollary 3.4 If all infinite products from a matriz set 3 converge, then
here is a vector norm ||-|| such that |A|| <1 for all A€ X.

3.3 Research Notes

Jection 1 was developed from Hartfiel (1981, 1991, 2000). Limiting sets,
mder different names, such as attactors, have been studied elsewhere.

Theorem 3.12 appears in Elsner (1993). Also see Beyn and Elsner (1997).
Cheorem 3.14 was proved by G. Schechtman and published in Berger and
Nang (1992).

4

Patterned Matrices

In this chapter we look at matrix sets 3 of nonnegative matrices in M,,.
We find conditions on ¥ that assure that contraction coefficients 75 and
Tw are less than 1 on r-blocks, for some 7, of X.

4.1 Scrambling Matrices

The contraction coefficient 75 is less than 1 on any positive matrix in M,,.
The first result provides a set ¥ in which (n — 1)-blocks are all positive.
In Corollary 2.5, we saw the following.

Theorem 4.1 If each matriz in ¥ is fully indecomposable, then every
(n — 1)-block from ¥ is positive.

For another such result, we describe a matrix which is somewhat like a
fully indecomposable matrix. An n X n nonnegative matrix A is primitive
if A® > 0 for some positive integer k.

Instead of computing powers, a matrix can sometimes be checked for
primitivity by inspecting its graph. As shown in Varga (1962), if the graph
of A is connected (There is a path of positive length from any vertex i to
any vertex j.) and
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k; = ged of the lengths of all
paths from vertex ¢ to
itself,

1en A is primitive if and only if k; = 1. (Actually, k; can be replaced by

ny k;.)
For example, the Leslie matrix

A=

O o H

21
0 0
4 0
as the graph shown in Figure 4.1 and is thus primitive.

0O

N>

FIGURE 4.1. The graph of A.

A rather well known result on matrix sets and primitive matrices follows.
lo give it, we need the following notion. For a given matrix A, define
1* = [a};], called the signum matriz, by

ot = H if ai; > 0
i~ 1 0 otherwise
Cheorem 4.2 Let ¥ be a matriz set. Suppose that for oll k = 1,2,...,

qach k-block taken from ¥ is primitive. Then there is a positive integer r
wuch thdt each r-block from % is positive.

2roof. Let .

p = number of (0,1)-primitive n X n matrices
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and

g = the smallest exponent k such that A* > 0 for all
(0,1) -primitive matrices A.

Let r =p+1 and A;,,...,A; matrices in . Then, by hypothesis
Ai A Ay, ... A -+ Ay s a sequence of primitive matrices. Since there
are r such matrices, the sequence A}, (A;,Ay)",... (A, -+ A;)" has a
duplication, say

where s > t. Thus
?F:.}.,tv* E:..;»:v* = Es.:b&v*

where the matrix arithmetic is Boolean.
Set

B=(Ai, - Ai,,)" and A= (4 - A;)".
So we have
BA = A.
From this it follows that since B¢ > 0,
BIA=A> 0

thus, A;, -+- A;; >0, and so A;, --- A;, > 0, the result we wanted. m

A final result of this type uses the following notion. If Bisan n x n
(0,1)-matrix and A* > B, then we say that A has pattern B.

Theorem 4.3 Let B be a primitive n X n (0,1)-matriz. If each matriz in
3 has pattern B, then for some r, every r-block from ¥ is positive.

Proof. Since B is primitive, B" > 0 for some positive integer. Thus, since
(A;. -+ A;)" > (B7)", the result follows. m

In the remaining work in this chapter, we will not be interested in r-
blocks that are positive but in r-blocks that have at least one positive
column. Recall that if A has a positive column, then

p(Az, Ay) < p(z,)
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for any positive vectors = and y. Thus, there is some contraction. We can
obtain various results of this type by looking at the graph of a matrix.
Let A be an n X n nonnegative matrix. Then the ij-th entry of A is

M ”mepaw;n Tt Ok,

where the sum is over all k1,... ,ks—;. This entry is positive iff in the
graph of A, there is a path, say v;, vk, Vk,, ... , Uk,_,,v; from v; to V5.
In terms of graphs, we have the following.

Theorem 4.4 Let A be an n x n nonnegative matriz in the partitioned
form

mnﬁm m; (4.1)

where P is an m X m primitive matriz.
If, in the graph of A, there is a path from each vertez from C to some

vertez from P, then there is a positive integer s such that A® has its first
m columns positive.

Proof. Since P is primitive, there is a positive integer k such that P+t > 0
for all ¢ > 0. Thus, there is a path from any vertex of P to any vertex of
P having length k 4 ¢.

Let ¢; denote the length of a path from v;, a vertex from C, to a vertex
of P. Let t = maxt;. Then, using the remarks in the previous paragraph,
if v; is a vertex of C, then there is a path of length k + ¢ to any vertex in
P. Thus, A®, where s = k + ¢, has its first m columns positive. m

An immediate consequence follows.

Corollary 4.1 Let A be an n x n nonnegative matriz as given in (4.1). If
each matriz in X has pattern A, then for some r, every r-block from & has
a positive column.

We extend the theorem; a bit, as follows. Let A be an nxn nonnegative
matrix. As shown in Gantmacher (1964), there is an n x n permutation
matrix P such that

. . A 0 .- 0
pApt=| o M 0 ()
\_.mu \_.mw \»m
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where each A is either an nj X ng irreducible matrix or it isa 1 x 1 0-
matrix. Here, the partitioned form in (4.2) is called the canonical form of
A. If for some k, Agy,...,Agk_1 are all O-matrices, then Ay is called an
isolated block in the canonical form.

If AF has a positive column for some k, then A; must be primitive since
if A; is not primitive, as shown in Gantmacher (1964), its index of im-
primitivity is at least 2. This assures that A¥, and hence A*, never has a
positive column for any k.

Corollary 4.2 Let A be an n x n nonnegative matriz. Suppose the canon-
ical form (4.2) of A satisfies the following:

1. Ay is a primitive m X m matriz.
2. The canonical form for A has no isolated blocks.

Then there is a positive integer s such that A® has its first m columns
positive.

Proof. Observe in the canonical form that since there are no isolated
blocks, each vertex of a block has a path to a vertex of a block having
a lower subscript. This implies that each vertex has a path to any vertex
in A,. The result now follows from the theorem. m

A different kind of condition that can be placed on the matrices in & to
assure r-blocks have a positive column, is that of scrambling. An n x n
nonnegative matrix A is scrambling if AA* > 0. This means, of course,
that for any row indices 7 and j, there is a column index k such that a;, > 0
and Ak > 0.

A consequence of the previous corollary follows.

Corollary 4.3 If an n x n nonnegative matriz is scrambling, then A® has
a positive column for some positive integer s.

Proof. Suppose the canonical form for A is as in (4.2). Since A is scram-
bling, so is its canonical form, so this form can have no isolated blocks.
And, A; must be primitive since, if this were not true, A; would have in-
dex of imprimitivity at least 2. And this would imply that A;, and thus
4, is not scrambling. =

It is easily shown that the product of two n x n mon.BU:bm matrices is
itself a scrambling matrix. Thus, we have the following.

Theorem 4.5 The set of n x n scrambling matrices is a semigroup.
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If ¥ contains only scrambling matrices, ZUX2U- - - contains only scram-
‘bling matrices. We use this to show that for some », every r-block from
such a 3 has a positive -column.

Theorem 4.6 Suppose every matriz in ¥ is scrambling. Then there is an
r such that every r-block from X has a positive column.

Proof. Consider any product of r = 2" +1 matrices from 3, say Ap--- Ay
Let o (A) = A*, the signum matrix of the matrix A. Note that there are at
most 2*° distinct n x n signum matrices. Thus,

QAKA.m...kA.Hv”Q.A;LA...kA.HV
for some s and t with, say, 7 > s > t. It follows that
0(As---Arp1) o (Ar-- Ay) =0 (As--- Ay)

when Boolean arithmetic is applied. Thus, using Boolean arithmetic, for
any k > 0,

Q.Ak&.w...kA.?THva.AkA&...xA.HV”Q.A»»n...kﬁuv.

We know by Corollary 4.3 that for some k, o (A4, - - - Az41)* has a column
of I’s. And, by the definition of 3, o (4; - - - A1) has no row of 0’s. Thus,
o (A --- Ay) has a positive column, and consequently so does A; - - - A;.

From this it follows that since r > ¢, any r-block from ¥ has a positive
column. m

4.2 Sarymsakov Matrices

To describe a Sarymsakov matrix, we need a few preliminary remarks.
Let A be an n X n nonnegative matrix. For all S C {1,...,n}, define
the consequent function F, belonging to A, as

F(S) H\Q :ag; > 0 for some 7 € S}.

Thus, F (S) gives the set of all consequent indices of the indices in S. For
example, if

S
[l
O el
= - O
(=
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then F ({2}) = {1,2} and F ({1,2}) ={1,2,3}. ‘

Let B be an nXn nonnegative matrix and Fj, F, the consequent functions
belonging to A, B, respectively. Let F2 be consequent function belonging
to AB.

Lemma 4.1 F, (F; (S)) = Fi2(S) for all subsets S.

Proof. Let j € F> (F1(S)). Then there is a k € Fy (S) such that by; > 0
and an 7 € S such that a; > 0. Since the ij-th entry of AB is

n
M Qs.a.@ﬂm. A%wv
r=1

that entry is positive. Thus, j € Fi2 (S). Since j was arbitrary, it follows
that Fy A.muw A%vv C Fis A_m.v

Now, let j € F12(S). Then by (4.3), there is an ¢ € S and a k such that
a;r > 0 and 93. > 0. Thus, k € F} A.m,v and j € Fy Atnwv C Fy A.muu Amvv
And, as j was arbitrary, we have that Fis (S) C F» (F (5)).

Put together, this yields the result. m

The corollary can be extended to the following.

Theorem 4.7 Let Ay,... ,Ar be nxXn nonnegative matrices and Iy, ... , Fy
consequent functions belonging to them, respectively. Let Fj...; be the con-
sequent function belonging to Ay--- Ax. Then

Fi (- (F1(5)) = F1.x (S)
for all subsets S C {1,...,n}.

We now define the Sarymsakov matrix. Let A by an n X n nonnegative
matrix and F its consequent function. Suppose that for any two disjoint
nonempty subsets S, 5’ either

1. F(S)NF(S') 0 or
2. F(S)NF (') =0 and |[F(S)UF(S)| > |SUS.

Then A is a Sarymsakov matriz.

A diagram depicting a choice for S and S’ for both (1) and (2) is given
in Figure 4.2.

Note that if A is a Sarymsakov matrix, then A can have no row of 0’s
since, if A had a row of 0’s, say the i-th row, then S = {i} and &' =
{1,...,n} — S would deny (2).

The set K of all n x n Sarymsakov matrices is called the Sarymsakov
class of n x n matrices. A major property of Sarymsakov matrices follows.
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F(S) F(S")

} _ F©) F(S)

s 0 X 0

FIGURE 4.2. A diagram for Sarymsakov matrices.

Theorem 4.8 Let A;,...,A,_1 be n x n Sarymsakov matrices. Then
Ay - A, is scrambling.

Proof. Let Fi,...,F,—1 be the consequent functions for the matrices
Aj,..., Ap_1, respectively. Let Fj.., be the consequent functions for the
products Aj - - - Ag, respectively, for all k.

Now let ¢ and j be distinct row indices. In the following, we use that if

Fie({i) NP ({5}) #0
for some k < n, then
Fion—1 ({i}) N From1 ({5)) # 0. (4.4)

Using the definition, either Fy ({7}) N Fi ({j}) # O, in which case (4.4)
holds or

|F1 ({eh) U FL ({5})] > 2.
In the latter case, either Fiz ({i}) N Fi2 ({j}) # 0, so (4.4) holds or
|F12 ({2}) U Faz ({3})] > 3.
And continuing, we see that either (4.4) holds or

Pyt ({8} U Frooer (1] > 1.

The latter condition cannot hold, so (4.4) holds. And since this is true for
all i and j, A; --- A,—; is scrambling. =

N

A different description of Sarymsakov matrices follows.
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Lemma 4.2 Let A be an n X n nonnegative matriz and F' the consequent
function belonging to A. The two statements, which are given below, are
equivalent.

1. A is a Sarymsakov matriz.

2. If C is a nonempty subset of row indices of A satisfying |F (C)| < |C|,
then

F(B)NF(C—-B)#0
for any proper nonempty subset B of C.

Proof. Assuming (1), let B and C be as described in (2). Set S = B and
S’ =C — B. Since S and &' are disjoint nonempty subsets, by definition,
F)NF(S)#Bor F(S)YNF(S') =0 and |F(S)UF(S")| > |SUS'|.
In the latter case, we would have |F (C)| > |C|, which contradicts the
hypothesis. Thus the first condition holds and, using that B =S5, C—B =
S’, we have F (B) N F(C — B) # 0. This yields (2).

Now assume (2) and let S and S’ be nonempty disjoint subsets of indices.
Set C =S US’. We need to consider two cases.

Case 1. Suppose |F (C)| < |C|. Then, setting S = B, we have F (S) N
F (S') # 0, thus satisfying the first part of the definition of a Sarymsakov
matrix.

Case 2. Suppose |F (C)| > |C|. Then we have |F (S) U F (S')| > |SU S|,
so the second part of the definition of a Sarymsokov matrix is satisfied.

Thus, A is a Sarymsakov matrix, and so (2) implies (1), and the lemma
is proved. =

We conclude by showing that the set of all n x n Sarymsakov matrices
is a semigroup.

Theorem 4.9 Let Ay and As be in K. Then A1As is in K.

Proof. We show that A; Ag satisfies (2) of the previous lemma. We use that
Fy, F5, and F} are consequent functions for Ay, As, and A; As, respectively.
Let C be a nonempty subset of row indices, satisfying this inequality
| F12 (C)| < |C|, and B a proper nonempty subset of C. We now argue two
cases.
Case 1. Suppose |F} (C)| < |C|. Then since A; € K, it follows that
.“_H A.wv N .mﬂ“_. AQ - .mv mm S H,W:mu

0 # B (FL(B)) N Fy (F1 (C — B))
=Fi2(B)NF12(C -~ B).
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Case 2. Suppose |F; (C)| > |C|- Then, using our assumption on C,
|F12 (C)| < |C| < |F1(C)|. Thus,
[Pz (F1(C))| < [F1(C).
Now, using that As € K and the previous lemma, if D is any proper
nonempty subset of F} (C), then
F(D)NF(F1(C)- D) #0. (4.5)

Now, we look at two subcases.

Subcase a: Suppose Fy (B) N Fy (C — B) = 0. Then Fj (B) is a proper
subset of F; (C) and Fy (C — B) = F; (C) — Fy (B). Thus, applying (4.5),
with D = F; (B), we have

0 # F3 (F1 (B)) N F2 (F1(C) — F1(B))
=Fy QuH Amvv NFy A.Nuu AQ - mvv
= Fio Amv N Fio AQ - .mv ,
satisfying the conclusion of (2) in the lemma.
Subcase b: Suppose F; (B)NF; (C — B) # 0. Then we have m_m (F1(B))n
Fy (F1L (C — B)) # 0 or Fi2(B)N Fi3(C — B) # 0, again the conclusion of

(2) in the lemma.
Thus, A;A2 € K. =

The obvious corollary follows.

Corollary 4.4 The set K is a semigroup.

To conclude this section, we show that every scrambling matrix is a
Sarymsakov matrix.

Theorem 4.10 Every scrambling matriz is a Sarymsakov matriz.

Proof. Let A be an n X n scrambling matrix. Using (2) of Lemma 4.2, let
C and B be as the sets described there. If i and j are row indices in B
and C — B, respectively, then since A is scrambling F ({i}) N F ({5}) # 0.
Thus F(B)N F (C — B) # 0 and the result follows. m

4.3 Research Notes

As shown in Brualdi and Ryser (1991), if A is primitive, then Al—17-1
0. This, of course, provides a test for primitivity. Other such results are
also given there.

4.3 Research Notes 69

The proof of Theorem 4.2 is due to Wolfowitz (1963). The bulk of
Section 2 was formed from Sarymsakov (1961) and Hartfiel and Seneta
(1990). Rhodius (1989) described a class of ‘almost scrambling’ matrices
and showed this class to be a subset of K. More work in this area can be
found in Seneta (1981).

Pullman (1967) described the columns that can occur in infinite products
of Boolean matrices. Also see the references there.



D
Ergodicity

This chapter begins a sequence of chapters concerned with various types of
convergence of infinite products of matrices. In this chapter we consider
row allowable matrices. If A, Ao, ... is a sequence of n x n row allowable
matrices, we let

.NU»““\:“...\»H

for all k. We look for conditions that assure the columns of Py approach
being proportional. In general ‘ergodic’ refers to this kind of behavior.

5.1 Birkhoff Coefficient Results

In this section, we use the Birkhoff contraction coefficient to obtain several
results assuring ergodicity in an infinite product of row allowable matrices.
The preliminary results show what 7 (Px) — 0 as k — oo means about

the entries of Py, as k — oco. The first of these results uses the notion that
@
the sequence (Py) tends to column proportionality if for all r, s, Bty M iz
Pis i8
converges to some constant s, regardless of i. (So, the r-th and the s-th
columns are nearly proportional, and become even more so as k — 00.)

An example follows.
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Example 5.1 Let

11
wﬁm m% if k is odd,
2 2
A =
11
»%m w_ if k is even.
3 3
Then
i 1
w;m mg if k is odd,
2 2
P, =

ColbLa -~
COINCO|

% if k is even.

|

Note that P, tends to column proportionality, but Py, doesn’t converge. Here
19 = 1.

If we let P, = TME %wn; , Where ﬁ%& and ﬁwﬂ_ are column vectors, a picture

of how column proportional might appear is given in Figure 5.1.

(k+1)

) P,
ﬁ_ ! +1 +2
(k) @M» | E_: v:“ 2)
k +:
P \V p,

FIGURE 5.1. A view of column proportionality.

Lemma 5.1 If A;, As,... is a sequence of n X n positive matrices and
Py, = Ay --- Ay for all k, then wﬁB T8 (Pr) — 0 as k — oo iff P, tends to
— 00

column proportionality.

Proof. Suppose that P tends to column proportionality. Then

o0 pik)
. ) L . ir_+'js
Jim 5 = Jim in s
=1.
Thus,
lim 5 (P) = lm 1-vé(P) —0. .

koo k—oo 1+ /¢ (Py)
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Conversely, suppose that lim 7p (Py) =0. Define

k—oo

(k) (k)

m{%) = min PNMV‘ M® = max FA.MV.
* Num.w ’ mv.mu

The idea of the proof is made clearer by letting x and y denote the r-th
and s-th columns of P;._1, respectively. Then

(k) Pl
e T
D (k
QWW mmu.vag

j=1
n a$®y; s . " -
Since % > is a convex sum of By, we have
h ) 3 n
=1 ump Qi Vi
. Ly -
3%% >min = = Smw b,
7Y
Similarly,
k k—1
M® < pE-1),
. . k . k .
and it follows that er SFV = mys, as well as MHE ?.Q% = M,s, exist.
—00 —ro0
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Finally, since lim 75 (P;) =0, lim ¢ (FP) =1, so

k—oo k—oo
(k) (k)

ET . Dir mu.q.m
1= lim min —5=055

Pis’Pjr
.. om®
= lim min .
k-—o0 7,8 gﬂmhv
_ Mg
Mpq

for some p and q. And thus m,y = Mp,. Since 1 > e > wl:mww for all 7
gam.;mo:oémgmﬁszﬂﬁa.,H.HEm,

P
lim =2~ =m,,
k— oo Qav

Dis

for all ¢ and Py, Py, ... tend to column proportionality. m

Formally the sequence Py, P,,... is ergodic if there exists a sequence of
positive rank one matrices S1,S2,... such that
o
. ﬂ“ —
Jin S =1 61

tJ

for all ¢ and j. To give some meaning to this, we can think of the matrices
Py, and Sj as n? x 1 vectors. Then

) B
P (Pe, Sk) = In max 5 —7
2,J,7y .m.m.w. Pre
where p is the projective metric.
Now by (5.1),
-lim p (P, Sk) =0
k— oo
and so
. 1 1
lim p A Py, ,w.wv =0
k=oo” \[|Pellp™ " [ISkll

where ||-||  is the Frobenius norm (the 2-norm on the n2 x 1 vectors).

5.1 Birkhoff Coefficient Results 75
Let

S={R:Risann xnrank 1

nonnegative matrix where

| Rll = 1}.
Recalling that

H
&|~u,mnuac@w?mu
A__;__w * V pinp (B B)

we see that

1
d llmemv — 0 as k — oo.
A__mo__w

Thus, .:ulm__lba tends to S. So, in a projective sense, the P;’s tend to the
F
rank one matrices.
The result linking ergodic and 75 follows.

Theorem 5.1 The sequence Py, Py, ... is ergodic iff lim 75 (P;) =0.

k—o00

Proof. If P, P,,... is ergodic, there are rank 1 positive n X n matrices
51,59, ... satisfying (5.1). Thus, using that Sy, is rank one,

¢ (P) = min
s-Muﬂwh ﬁsh ﬁ.wq.

k) (k) (k) (k)

= min Py Ps 85 Sir

s 8 o) B SR

S0

lim ¢ (Py) = 1.

k~o00

Hence,

. N e 1= +/@(Py)
e ) = e e
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Conversely, suppose lim 75 (P;) =0. Fore=(1,1,... .Sw define

k—oo
PreetP,
Sp=—"
k mCu»m
m @cs M EQ&
R
r=1s8=1

an n X n rank one positive matrix. Then

p® P ) M %)
Ty r=1 s=1
S
547 MU p® M p®
> > p{Pp

ot
> 3 ppl®)

(k)
b;; 1
¢(Pe) < =55 <
st = 8 (P)
And since L.Eu ¢ (Py) =1, we have
—00
(k)
lim 29— 1.
k—oo %Qﬂv
Thus, the sequence Py, P, ... is ergodic. m
We now give some conditions on matrices Ay, Ag,... that assure the
sequence Py, P,,... is ergodic. Basically, these conditions assure that
(¢ m\rn ) doesn’t converge to 0 too fast.
HFmoH.mg 5.2 Let \:.hm. . be a sequence of n X n row allowable matri-

ces. If MU V¢ (Ax) = 00, then Py, Py, ... is ergodic.

—

5.1 Birkhoff Coeflicient Results Yird

Proof. Since m Vo (Ax) = oo, it follows by Theorem 51 (See Hyslop
k=1

(1959) or the Appendix.) that [] AH + 4/ A}ﬂvv = 00. Thus, since
k=1

78 (Px) < 7B (Ak) - 78 (41)
(1-ve@)) (1- v (@)
?,\Inﬁé.vcf\ilév

1

@) (1 Ve lm)

A

erH.Mo T8(P)=0. =

A corollary, more easily applied than the theorem, follows.
Corollary 5.1 Let my and My be the smallest and largest entries in Ay,
respectively. If Mow AﬁwV = 00, then Py, Pa,... is ergodic.

Proof. Since
§ £ < Ve l(Ar),
k

the corollary follows. m

A final such result follows.

Theorem 5.3 Let A, As,... be a sequence of row allowable matrices.
Suppose that for some positive integer r and for some v > 0, we have
that ¢ (A(e+1yr - - Akr1) = 72 for all k. Then

75 (Ak--- A1) < AH+<V_ _.
Proof. Write
k=rq+swhere0<s<r.
Block Ag -- - Ay into lengths r forming

Ag--- \wﬂn+amn.mnlu .-+ By.
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Then
T8 (Ar-- A1) <TB(Ak -+ Arg+1)TB (By) - - T (B1)

_ q
AAw|N
“\1l4+v

B AH + qv ,
which yields the result. m

A lower bound for v, using m = wm 0% and M = supa;j, where the
aij e

ﬂv“
inf and sup are over all matrices A;, As, ..., can be found by noting that
inf (B);; > m", sup (B);; < n""'M" for all r-blocks B = A - - Ar(k—1)+1-
Thus

r 2
m
>
4(B) 2 A:ﬂlisﬁv
and so < can be taken as

Sﬁ

nr=1pMT’
Furthermore, types of matrices which produce positive r-blocks, for some
r, were given in Chapter 4.

\%”

5.2 Direct Results

In this section, we look at matrix sets ¥ such that if A1, Ao, ... is a sequence
taken from ¥ and z, y positive vectors, then

p(Pyz, Pry) — 0 as k — oo.

Note that this implies that __|an.= and qmwu? as vectors, get closer. So we
will call such sets ergodic sets. As we will see, the results in this section

apply to very special matrices. However, as we will point out later, these
matrices arise in applications.

A preliminary such result follows.

Theorem 5.4 Let ¥ be a set of n x n row-allowable matrices M of the
form .

|

\»o
B 0
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where A is ny X ny. If T is a positive constant, T <1, and 75 (A) < T for
all matrices M in S, then T is an ergodic set. And the rate of convergence
is geometric.

Proof. Let M;, My, ... be matrices in ¥ where

A0
ETﬁE Lv

and Ay is n; X n; for all k. Then

.NE.?...EH”—H k&w }H 5

BrAg_1---41 0
Now, let z and y be positive vectors where
IR .7 R 7
QTTQ._@ TL

partitioned compatibly to M. Then

7 Ar_1---A 0
??....\EHHH#\? 0 ﬁ k-1 ! _H

A
= —H .WM _\falp \wwn\.\—
and
Ag
My---My = ﬁ B; ffTH A1ya
Thus,

p(My- - Myz, My, -- - Myy)

A
Hﬁ: MM gbwlf..}am% mm gbalu.:}fv

and by Lemma 2.1, we continue to get
<p(Ap—1---A124, Ap—1-+- A1ya)
<7 (Ak-1)--TB (A1) p(T4,Y4)
<7 !p(z4,y4).

Thus, as k — oo, p(My -+- Myz, My, --- Myy) - 0. =
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M M;uégaox:m
n1 X my, occurring in practice has my, 11, > 0 and C lower triangular
with 0 main diagonal. For example, Leslie matrices have this property. A
corollary now follows.

A special set 3 of row allowable matrices M = ﬁ

Corollary 5.2 Suppose for some integer r, Mﬁmmﬂs&w% the hypothesis of

the theorem. Then 'S is an ergodic set and %m convergence rate of products
18 geometric.

The next result uses that ¥ is a set of n x n row allowable matrices with
form

Enﬁm m; (5.2)

where A is ny X1y, B is row allowable, and C is ng X ny. Let & 4 be the set
of all matrices A which occur as an upper left n; x n; submatrix of some
M € %. Concerning the submatrices 4, B, C of any M € ¥, we assume
ap, bn, ¢k, a, by, ¢, are positive constants such that

maxa;; < ap, maxb;; < by, maxc;; < cp,

min a;; > ag, min b;; > by, min cij > cq.

a;; >0 b;;>0 c;; >0
The major theorem of this section follows.

Theorem 5.5 Let X be described as above and suppose that Tg (=) <

T < 1 for some positive integer r. Further, suppose that there exists a
constant K, where

ngKi < 1and = < K,
ag
and that a constant Ky satisfies

by,

ANN,IAN? A.N? A.Nw

S be

Let z and y be positive vectors. Suppose

Emkl A Ky and Em.x A K.
%3 Q.q 2,5 Zj;

Then there is a positive constant T, T < 1, such that
.
p(Prz, Pry) < KT*

where K is a constant. Thus ¥ is an ergodic set. (This K depends on z
and y.)
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Proof. Let
P(1,k) = My, P(t,k) =M ---M;
where each M; € ¥ and 1 <t < k. Partition these matrices as in (5.2),

Pu(k) 0
P(L,k) = ﬁ www Mww Pys (k) g

Py (t,k) 0
P(t,k) = ﬁ Py Mﬁ_s Py (t,k) a

Note that
P (k) = \rn .
Py (k) = MS Cit1BjAj-1--+ A
j=1

where Cr---Cjpn=Iifj=kand Aj_1--- A =Tifj=1,
.WMMQQV”Qx...QH.

Thus, for k¥ > r, P11 (k) > 0 and since By is row allowable, for £ > r,
P51 (k) > 0. Further, by rearrangement, for any ¢, 1 <t < k,

Py AHu \av = Py An +1, \av Py A”_Jsv + Py Q +1, Nv P11 A“_J.s\v .

Pu(t+1k L z
Now, using that Py (t + 1,k) = ﬁ MVH MﬁHH \ew _,Um,_.ﬂﬁoEume = ﬁ HM _,

@H ﬁ M> g mmmm?bmbamvvqmsmﬂrmEm:%mgm@zm:@.émmma
C

EQUGJ\QVS.QWAH;&”S <

p(P(1,k)z, Pu (t+1,k) Py (1,t) z4)

+p(Pa (t+1,k) Pru(L,t) x4, Paa (t+1,k) P1i (1,8) ya)
+p(Pa(t+1,k) P (,t)ya, P(L,k)y).

We now find bounds on each of these terms. To keep our notation compact
when necessary, we use P = P (t + 1,k) and P = P(1,¢).

1. p(P(1,k)z,Pux (t+ 1,k) P11 (1,t) z4). To bound this term, we need
to consider the expressions

[P(1,k)z];
_Hw*u QITH \nv.NUHH A“_. ﬂvH;&

Ti =
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By definition, it is clear that r; >

5.2 Direct Results

83

1 for all ¢ with equality assured Thus,
when i < n;. So,
-1
maxr;
- = maxr;
min r; f < 3@ —t M: —j—1 h Nﬁlhkun_uw + 3%.N%|HNW
. j=1
Since \ - xl
A . < (naK1)* P K2 Y (oK) ml K] +naK3 (nakKa)
Py O Py, 0 —
.w AHv \Av = A A = = K
Py P Py Py 3 K, i )
~ — ﬁ —
_ ﬁ _ PuPy O % = (nok1)* 7 Ka (na K1)’ M AS.NHV +ng K3 (n2K1)
P1Pyy + PoPyy  PoyPos
Twﬁﬂuﬂa\» + Wmm@mf&b + Wwwﬁmmao._ . _ For simplicity, set 8= 3.» .5 Since 1 Ks > 1, no K3 <1,
Ty = = — K2
Tumlu:a.»f g1 )
DD 5 B r,—1< Smmﬂuvw Ky A v +3&MAW ASNNHV -
TUmw.WMH&.} + WwwmumeQ_ ) A .Q _1
=1+ — 3 . Ew . B s
Tu»lu:a\;s. ri —1 < (naK1) Nwmm — +no K3 (n2 K1)

the first term of this expression,
‘We will define several numbers, the importance of which will be seen For the first term 13

later. Set Q = n1 K>y QGNHY.N and let f be sufficiently large that
@<landt= —%_ (We assume k > f+ 1.) Then using that
Py An +1, \nv Pn AH“& TA > BrAp_1

(7]
(raf) 6 = (mai)* (232 )

k
K. F+1
< QSNL» A:H mv

.- A1z 4, We get

§w.~.ﬂw
Cr-- Cipa M.U Ci---Cjp1BjAj_1--- A | T4 o
r, <1+ i — Tﬁmw‘uvgﬁ.w AS&NANVE
T —mwxﬁklp T NA.HHNLQ“ no K3
[Ci - - Crzol, ﬁ f 74
+ i = |(noK1)’ (n1K2)
[BrAk—1--- A1z4); x
N
We now bound this expression by one involving K; and K. Let = AQHV
z; = minz; and x; = maxxz;. Then
)
Continuing,
=t M Ty t=im1y, .‘S:m 1y ,
h *h k .k
<14 + 2% Th g

. r;—1 M .m.m‘m
SQN h; SQ%IH.\S ‘ 8-

k
1 A@iﬂ.v +3\m.~.ﬂw Aﬁwwuvwlw
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and thus,

EA.T G..Nnv z, P Q + ”_J\AV Py A”_Jﬁv H\»v
< maxlnr;

g
B-1

Let T} = max AQWQ,SNHT so T' < 1. Then by setting K3 = m«|m% +

1 k
< K, AOHV +naKZ (noK1) 1.

.MW and continuing
p(P(Lk)z, P (t+1,k) Py (1,t) z4) < KTY.
Similarly we can show
P(Pa (t+1,k) Pi1 (1,t) ya, P (1,k)y) < K4 T
for some constant Kjy.
2. p(Pa (t+1,k) Pi1 (1,t) 24, Py (t+1,k) Py (1,8) y4)
<p(Pu(Lt)za, P11 (1,t)ya)
< ﬂw_w (za,y4)
< TP (24,y4)

k
1\ 7
A?v "p(za,y4)

L Nk
A?N?cv P(x4,94)

IA

IA

where T = T*07¥D  and Ks =p(z4,y4)-
Putting (1) and (2) together,
p(P(L,E)z,P(1,k)y) < K3TF + K4T¥ + KsTF
< KT*
where T = max {T}, T3} and K = K3 + K4 + Ks, the desired result. m

HW@oOb&ﬁOb mw <Kij, K; < :|H~, which we need to assure T' < 1, may

seemn a bit restrictive; however, in applications we would expect that for
A..- A 0
large k and P, = k !
& & ﬁ Py (k) 90...9_,

Ag-- A1 >Ch---Cy

5.3 Research Notes 85

and so the theorem can be applied to blocks from ¥. For blocks we would
use the previous theorem together with the following one.

Theorem 5.6 Let X be a row proper matriz set and z,y positive vectors.
Suppose K, T, with T < 1, are constants such that

p(By-+ Biz, By---Biy) < KT¢

for all r-blocks B, ... ,Bq from X. Then

p(M - Mz, My--- Myy) < KTI%)
for any matrices My, ..., My in 3.

Proof. Write M - -- My = My, - - - Myq41By - - - By where the subscripts sat-
isfy k=rq+t,0<t<r. Then

@AE&...&HH, gw...EHm\v m.ﬁﬁmﬂ...mfﬂ. .mn....mu.@v
< KT?

— KTl

the desired result. m

5.3 Research Notes

The results in Section 1 were based on Hajnal (1976), while those in Section
2 were formed from Cohen (1979).

In a related paper, Cohn and Nerman (1990) showed results, such as
those in this chapter, by linking nonnegative matrix products and nonho-
mogeneous Markov chains. Cohen (1979) discussed how ergodic theorems
apply to demographics. And Geramita and Pullman (1984) provided nu-
merous examples of demographic problems in the study of biology.



