6

Convergence

In this chapter we look at some basic convergence results on infinite prod-
ucts of matrices. Some of these results are somewhat old, but perhaps not
well known. Other results in this chapter are rather new.

6.1 Reduced Matrices

An n x n matrix M that has partitioned form

A B
=15 ¢l

where A is square, is reduced. In this section we show when infinite prod-
ucts of such matrices converge. To obtain such a result requires a few
preliminaries.

If ||-|l, and ||-||, are vector norms on F™ and F™2, respectively, we can
define a norm on the n; X ng matrices B using

B = max ——2.
__ __v z#0 __.nu__au

(6.1)

For products, this norm behaves as follows.
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Lemma 6.1 Let B be an ni X ng matriz.
1. If A is an nq X nq matriz, then

I AB, < [|All, 1Bl -

2. If C is an ng X ng matrix, then

IBCll, < l|Blls ICI\. -

Proof. We will show the proof of (2). For it, note that
|1Bzll, < 1Bl ll]l.
for all ng x 1 vectors . Thus,
|1 BCz|, < |IBll, [IC=ll, < IBll, ICI. NIl -
Thus,
1BCll, < 1Bl IC

which is what we need. m

Using this lemma, we will show the convergence of a special infinite series
which we need later.

Lemma 6.2 In the infinite series
LBy + L3ByCy + -+ + LgBg—1Ck—2---C1+ -+

the matrices Lo, L3, ... are ny X ny, the matrices By, Ba,... are ny X na,

and the matrices Cy,Cs,... are ng Xng. The series converges if, for all k,

1. ||Lk|l, £ K3 for some vector norm ||-||, and constant K,
2. ||Ckll, £ v for some vector norm ||-||, and constant y, v <1, and

3. ||Billy < B for some constant S.

Proof. We show that the series, given in the theorem, converges by show-
ing the sequence (LaBi + -+ 4+ LgBk—1Ck—2 - - - C1) is Cauchy. To see this,
observe that if ¢ > 7, the difference between the i-th and j-th terms of the
sequence is

D;; = .NG.+Hmu.Qu.IH o C1 4+ LiB; 1Ci_o--- Oy
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,H.Wc.m, __.U&__~v =

I Li+1lla1lBs Il Cim1- - -Call o - -+ | Ll 1 Bi-ally | Ci—2 - - Cill,
<K1Byi ™t 4o+ KaBy R,

From this it is clear that the sequence is Cauchy, and thus converges. m

The theorem about convergence of infinite products of reduced matrices
follows.

Theorem 6.1 Suppose each n x n matriz in the sequence (M) has the
form

k k
A® wmmw mmw mmw
My, = 0 Ci7 By -+ By
0 0 N

where the x&wv ’s are ny X ny, QMS ’s are ng X ng,..., and the th ’s are

Nrt1 X Npy1. We suppose there are vector norms ||-||, on F™ and |||
EFm™itt such that

o OT

L |c®

< 7y for some constant v < 1 and all i, k.

Ci

2. As given in (6.1), there is a positive constant K3, such that

mm.s < Kj

v.mu.

for alli, 7, and k.

Finally, we suppose that for all s, the sequence (Ak--- As) converges to
a matrix L, and that

3. ||Ls|l, < Ka for all s and ||L, — Ap - A, < K1a*=*t1 for some
constants K1 and o < 1.

Then the sequence (M --- M) converges.

Proof. We prove this result for r = 1. The general case is argued using
Corollary 3.3. We use the notation

- | Ay By
§|ﬁo QL.
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Then My, ---M; =

\;...\_.H\;...k»m.mﬂn_l\;...\wwmeun_!..n_umwalu...QH H—
0 Cr -1

By hypotheses, the sequence (A - - - A) converges to L, and the sequence
(C - -+ Cy) converges to 0. We finish by showing that the sequence with
k-th term

Ag---AgB1+ Ag -+ A3B2Ci + -+ + BxCg—1--- C1 (6.2)
converges to
LoBy + L3ByCy +--- + .N.:n+H.manlH R 0 SR Amwv

Now letting D), denote the difference between (6.3) and (6.2), and using
Lemma 6.1, || Dl|,,, =

__Ahwlx_.w...k»wvmw +Ahw|\;...\pwvmw6_u+...

+ (L1 — I) BCr—1+-+C1 + Lig42Bi41Cr - - C1 + -+ - |1y
< (K105 71K3 + K10*2K3y + - - - + K1 K37*?)

+ KoK3y® + -+ + Ko Ky + -

1
< ANHN%TH 4+ 4 .wmpw.uu\?wv + N&Qmﬁ'lm
where 8 = max {a,v}. So

i} 1 i}
1Delly,, < BE KB + KaKaf* T < Khg™™

where K = K1K3 + Nmmmm&. Thus, as k — oo, Dr — 0 and so the
sequence from (6.2) converges to the sum in (6.3). =

Corollary 6.1 Let My Hﬁ M WM a be an n X n matriz with I QS,SXS

identity matriz. Suppose for some norm |-||,, as defined in (6.1), and
constants B and v, v < 1, and a positive integer r

Y. |IBell, < 8
2. ||Ckll, £ 1 and ||Crir - - Cipall, < 7 for all k.

Then {My, - -- My) converges at o geometrical rate.
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Proof. Note that
_{ I Bi+BCr1+-++BpCrz---C1
My---M; = 0 Cp--C,

By (2) of the theorem, ||Ci---Cy|| < QE and by (1) of the theorem,

| Bk+1Ck - - C1 + Biy2Crpr- - Cr+ -+ ||,
<yl prpylEl 4
< ﬁQ\LE
-7
Thus, (M --- M) converges to

NwHImeQHnT.WwaQHnT... H—
0 0

and at a geometric rate. m

A special case of the theorem follows by applying (6.3).

Corollary 6.2 Assume the hypothesis of the theorem and that each L, = 0.
Then the sequence {My) converges to 0.

6.2 Convergence to 0

There are not many theorems on infinite products of matrices that converge
to 0. In the last section, we saw one such result, namely Corollary 6.2. In
the next section, we will see a few others. In this section, we show three
direct results about convergence to 0.

The first result concerns nonnegative matrices and uses the measure U

of full indecomposability as described in Chapter 2. In addition, we use
that

ri(A) = am,
k=1

the i-th row sum of an n x n nonnegative matrix A.

Theorem 6.2 Suppose that each matriz in the sequence (Ay) of n x n
nonnegative matrices satisfies the following properties:
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1. maxr; (Ag) <.
2

2. QA\»XVN\CVO

3. There is a number § such that minr; (Ag) < 6.
4o (7w )l () =1 < 1
oo
Then [] Ak =0
k=1

Proof. We first make a few observations.

Using properties of the measure of full indecomposability, Corollary 2.5,

if fors=1,2,.

(s+1)(n—1)

B, = “_.IU_” \:o

k=s(n—1)+1

then the smallest entry in B;,

min o?v >u™ L
‘-Q

maxr; (Bs) < ™Y, minr; (Bs) < 62
1 k4

Then,

i (BuniBo) = 303 B OHY

uuwu

_ M @Amn_.“_.vﬂ.\n Ammv

M bk (B,) + bt (6rm72)

iac

f&no

) .
where we assume 74, (B;) is the smallest row sum. So

T Am.w+ﬂmmv M Aﬁalu _ §§IHV q.:lw 1 §§IH Amﬁﬁlmv
=l<1.

6.2 Convergence to 0 93

Thus, since

2m m
TIBel =|{I] (B2sB2s-1)
k=1 1 s=1 1
< ] 11(BasB2s-1)lIy
s=1
<™

(o)
it follows that [] Ax converges to 0. m
k=1

This corollary is especially useful for substochastic matrices since in this
case, we can take r = 1 and simplify (4).

The next result uses norms together with infinite series. To see this
result, for any matrix norm ||-||, we let

|4l = max {||A||,1} and
4]l = min {||A]{, 1} .

And, we state two conditions that an infinite sequence (A} of nxn matrices
might have.

o0
> A__xrn__+ — 1) converges.
k=1

2. G — || Akl|_) diverges.

gk

We now need a preliminary lemma.

Lemma 6.3 Let Ay, Ag,... be a sequence of n x n matrices and ||| a ma-
triz norm. If this sequence satisfies (1) and A;,, As,, ... is any rearrange-
ment of it, then || Az ||, , | As, Il 1A, |l ., ... and |[As ], [|AsAsyl, ... are
bounded.

Proof. First note that

1Aiy - Asy | < [[Aslly - - HAe, Ul

for all k. Now, using that

o<

M A__\—.:ﬂ __+ - Hv

k=1
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converges, by Hyslop’s Theorem 51 (See the Appendix.),

: __\r.w__.*.
k=1

converges. But this implies that || A, ||, , [|4s, I, |45, |, ,- - . is bounded. =

The following theorem says that if (|| Ax||,) converges to 1 fast enough
(condition 1) and (||Ax||_) doesn’t approach 1 or, if it does, it does so

o0
slowly (condition 2), then [] A4;, =0.
k=1

Theorem 6.3 Let Ay, As,... be a sequence of n X n matrices and Il @
matriz norm. If the sequence satisfies (1) and (2) and A;,, Ay, ... is any
o0
rearrangement of the sequence, then we have [] A;, =0.
k=1
Proof. Using that ||4; || = ||4;,]_ || 44|,
__\P:n e \r.p __ < __\fa__l e __xr; __I M

where M is a bound on the sequence (||As ||, -4 |,). Since (2) is
satisfied, by Hyslop’s Theorem 52 (given in the Appendix), ] |l4:.ll_

k=1
converges to 0 or does not converge to any number. Since the sequence
lAs i ) Il As || | As,]l_,--- is decreasing, it must converge. Thus, this

sequence converges to 0, and so
A A Ay,

converge to 0. m

The final result involves the generalized spectral radius p discussed in
Chapter 2.

Theorem 6.4 Let X be a compact matriz set. Then every infinite product,

taken from X, converges to 0 iff p(X) < 1.
ﬂuwom. H p(X) < 1, then by the characterization of p (X), Theorem 2.19,
there is a norm ||-|| such that ||4|| < 4,7 < 1, for all A€ ¥. Thus for a
product A4;, ... A;,, from X, we have

,/

|4z, - .- Al Mleommwloo.
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Hence, all infinite products from ¥ converge to 0.

Conversely, suppose that all infinite products taken from ¥ converge to
0. Then by the norm-convergent result, Corollary 3.4, there is a norm ||-||
such that

Al <1

for all A; € 3. We will prove that p(Z) < 1 by contradiction.

Suppose p(X) > 1. Then p(X) = 1. Since p, is decreasing here, there
exists a sequence Cq,Ca, ... where Cy, is a k-block taken from ¥, such that
|Ck|| > 1 for all k. Thus, ||Ck|| =1 for all k. We use these C}’s to form
an infinite product which does not converge to 0.

To do this, it is helpful to write

Cr = An
Co = Age  Ag
Cs = Aszz Az Az

(6.4)
Ci= Apa Aws Az Ap

where the A;;’s are taken from Y. Now we know that X is product
bounded, and so the sequence A; 1, Az 1, ... has a subsequence 4;, 1, Ay, 1, .
that converges to, say By and ||By|| =1. Thus, there is a constant L such
that if k > L,

1
s~ Bill < 5.
Set s1 (1) = 11,81 (2) = lp41,... soO __\»&AE 1= mﬁ__ < x moH all k. Now,
consider the subsequence A, (1) 2, As (2),20---- As _ummoﬁwv we can find a
subsequence of this sequence, say A,,(1),2, As,(2),2,- - -, Which converge to
By and

| Asa(r),2 — Bel| < Hlm for all k.

Continuing, we have

1

__\FLEL ~ B __ < 5e 2i+2

for all k. Using (6.4), a schematic showing how the sequences are chosen
is given in Figure 6.1. We now construct the desired product by using
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FIGURE 6.1. A diagram of the sequences.
T = Am,, T2 = Amy Ay, ... where

kﬁﬂw: = .}.mwﬁ:-“_.
x&.s” = x&mmﬁ.v_w

kﬁ,:.:n = .}mwﬁ.v.?

which can be called a diagonal process.
We now make three important observations. Let 7 > 1 be given.

1. Ifj <i,

1
1 4m; = Asiirsll = 1 Ass11.5 — Anscirsll < -

(Note here that s; (k) is a subsequence of s; (k).)
2. Using (6.4),
1= |[Cogll
= [[Asiysi - Ansioral

| Asci),si0) - Asioy,inr ]| | Asiciyi - Asgiapaa|
[[Asicay,i -+ Asgiap.a]] -

IN A

y
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.

[Bl=1  [B]=1 |B]=1

FIGURE 6.2. Diagonal product view.

3. Using a collapsing sum expression,

= bm,.c.v.s.brc.?.lﬂ T \»E.SL =

Ap - Ay T»S: - \»ESLV +

Am, - Amg TAEN - .\»&.Sbv \»&QVL +ee-t
(Ams ~ Asy(i),c) Asy(i)im1 - Asi(i)1

and taking the norm of both sides, we have from (1),

__3. - b&.@.@.bxs.TH .. .\»&.SL __

1 1
EE.
1

2

Putting together, by (2), ||4s,(),ids:(3),i-1" - Ag,),1]| = 1 and by (3),
|7 — Asi(3),iAss00), i1 - -+ Ag; 1]l £ 3- Thus ||m]| > 2 for all i, which pro-
vides an infinite product from ¥ that does not converge to 0. (See Figure
6.2.) This is a contradiction. So we have p(Z) <1. m

Concerning convergence rate, we have the following.

Corollary 6.3 If ¥ is a compact matriz set and p(X) < 1, then all se-
quences A;y, Ai, Aiy, Aig Aiy Asy ... converge uniformly to 0. And this con-
vergence is at a geometric rate.
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Proof. By the characterization of p, Theorem 2.19, there is a matrix norm
||-| such that ||Ax|| <+ where 7 is a constant and v < 1. Thus

1Ai, -+ As; —Of) = || As -+ Asy ||

< N ll--- 1 Aadl
<4k
Thus, any sequence A;,, A;, A;,,... converges to 0 at a geometric rate.

And, since this rate is independent of the sequence chosen, the convergence
is uniform. m

Putting together two previous theorems, we obtain the following norm-

convergence to () result.

Corollary 6.4 Let X be a compact matriz set. Then every infinite product,
taken from ¥, converges to 0 iff there is a norm ||-|| such that |A}| < 7,7 <
1, forallAcX.

Proof. If every infinite product taken from ¥ converge to 0, then by the
theorem, $(X) < 1. Thus by Theorem 2.19, there is a norm ||-|| such that
Al <, v <1, for all A€ X. The converse is obvious. m

6.3 Results on II (U, + Ag)

In this section, we look at convergence results for products of matrices
of the form Uy + Ag. In this work, we will use that if ay,as...,aq are
nonnegative numbers, then

(14a1)---(1+a) < et tox, (6.5)
Wedderburn (1964) provides a result, given below, where each Uy, = I.

o0
Theorem 6.5 Let A1, A, ... be a sequence of n xn matrices. If > 1Al

k=1
converges, then ] ||I + Ag| converges.
k=1
Proof. Let
.
P, = A.N.l_-\;v....A.N.TxA.Hv
”.~.+M>ﬂ~.+ M kﬁsbvn.*....._lk»x...\_.u. .

P1>p2
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We show that the sequence P;,Ps,... is Cauchy. For this, note that if
t > s, then

IP =Pl = |3 Apy+ D Ay 4o+ Areo e

R X
< S Mpl+ 3 WApell gl -+ IAcl] - 4]
a3
¢ 2
ﬁ AM __}.__v
S MAspall [ 14D lAdll + ~=5——+-
3=1 )
t 2 /
ﬁ A.m __}.__v
+Aspll | 14D N4l + =gt |+
=1

and using the power series expansion of e*,

5 Nl Al S JlAsl)
<Aspalle= 4 ||Agyafle=r T +-
S S 4l N
< MU |Axllei=r" .
k=s+1

(e o]
Now, given € > 0, since Y ||Ak|| converges, there is an N such that if
k=1
s> N,

[

oo

3 Al
> llAklle=" " < €.
k=s+1

Thus, P, Ps,... is Cauchy and hence converges. =

While Wedderburn'’s result dealt with products of the form I + Ag, Os-
trowski (1973) considers products using U + Ag.

Theorem 6.6 Let U + A;,U + As,... be a sequence of n X n matrices.
Given € > 0, there is a 6 such that if || A|| < & for all k, then

U +Ak)--- U+ Al <o (p+ €)F
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for some constant o and p = p (U).
Proof. Using the upper triangular Jordan form, factor

U=PKpP!

where K is the Jordan form with a super diagonal of 0’s and -’s. Thus,

IKlly < p+ 5. Waite (U +Ay)--- (U + A7)

= (PKP™ '+ Ag)--- (PKP™! + A))
=P(K+ P 'AP)--- (K+P'4P) P L

—_ €
Let 6 = appr; 7=, S0 that

1P~ APl <[P~ 1Py lAkll, < |PH], 1P, 6 = <

Then,

__AQ..T\:“V...AQ+\:V__H < __w_r __.Nulu__u AA.D+ WV + Wv»

=PIy ||P72]|, (o +¢)"

Setting o = || P||, __NulH __Hv and noting that norms are equivalent, yields the
theorem. m

‘This theorem assures that if p (U) < 1 and

€
Al £ =,
Il < SErET

where p+¢€ < 1, then [] (U + Ax) = 0. So, slight perturbations of the

k=1
entries of U, indicated by A, Ao, ..., will not change convergence to 0 of
the infinite product.

We now consider infinite products Z (Ux + Ax) and z Uk. How far
k=1 ,
these products can differ is shown below.

Theorem 6.7 Suppose |[Ux|| <1 fork=1,...,r. Then

£l
(Ur+ Ar)---(Ur + A1) = Uy -+ Un || < €7 -1
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Proof. Observe that by (6.5),

N(Ur + Ar) -+ (U + A1) = U - Un||
< M_E I+ 114l 1145 __+ “+ [[An]| - - [[Aal]
i>5
Z Nl
=@Q+AD - A+ Al)-1< € -1

the required inequality. m
As a consequence, we have the following.

Corollary 6.5 Suppose ||Ux|| <1 fork=1,2,... and that MU || Akl} < oo.
Given € >0, there is a constant N such that ifr > N E& t V T, then

U+ Ag) - (U + Ar) —Uz--- U < €.
From these results, we might expect the following one.

Theorem 6.8 Suppose ||Ug|| < 1 for all k. Then the following are equiv-
alent.

oo
1. T Uk converges for all r.
k=r

oo (o]
2. 11 (Uk + Ag) converges for all sequences (Ay) when Y. || Ax| < oo.
k=1 k=1

Proof. That (2) implies (1) follows by using A; = —U; + I, then Ay =

|~.\w+N \wﬂl»”| r—1+Jand A, =---=0.
mzvamo (1), that z Uy, converges for all r and MU || Ax|| < o0. Define,
k=r
fort > r,

NHAS+>L...AQ.H+>C
Py =Us Uppr (Ur + Ay) -~ (Ur + A1)

We show P; converges by showing the sequence is Cauchy. For this, let
€ > 0 be given.

Using the triangular inequality, for s,t > r,
12 = Poll <P = Popll+ [Py = Porll + | Psr = Bs|. (6.6)

We now bound each of the three terms. We use (6.5) to observe that

A
__.NU.\.__ < B, where 8 = maM»__ a__
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1. Using the previous corollary, there is an N; such that if r = Ny, then

|P. = Pill < 5 and [[Po — Pl < =

2. __m".q. - .w.q.__ M

__Q.ﬂ ﬂ+H —Us- qq.+H__ __AQﬂ+\»ﬂv...AqH+>HV__.

Since ﬂ Uk converges, there is an Na, N > 7, such that if s,t >
k=r+1
Naj, then

€
1P = Porll < 5

Putting (1) and (2) together in (6.6) yields that
__.Nun — wm__ < €
for all t,s > N,. Thus, P; is Cauchy and the theorem is established. =m

From Theorems 6.7 and 6.8, we have something of a continuity result
for infinite products of matrices. To see this, define ||(Ag)|| = Wm | A%l
k=1

for (Ag) such that |[(Ax)]| < oo. If [] Ui converges for all r, so does
k=r

»E (Ur + Ax) and given € > 0, there is a § > 0 such that if [{Ax)]| < 6,
then

:”SIEAS+>$

k=1

Another corollary follows.

Oou.o__mu% 6.6 Let zga__ 1 for k = and let (A) be such that
M | Akl < o0. If E Ur =0 for all r, then : (Ux+ Ar) =0

k=r k=1

Proof. Theorem 6.8 assures us that : (U + Ag) converges. Thus, using
k=1
Corollary 6.5, given € > 0, there is an N; such that for » > Nj and any

t>r,

.

Ut Upsr (Ur+-Ap)- - (Ur1+41) = (U +Ay) -+ - (U + A1) || < 5

[
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Since [] Ux =0, there is an Ny such that for £ > Ny > r,
k>r+1

[Us - Unss (U + Ar) -+ (U1 + 41) = 0] < =

Thus, by the triangular inequality,
(Ut + As)--- (Ur + A1) — 0] <
NU:+ As) -+ (Uy + A) = Up -+ - Upgr (Up + Ar) - (U1 + A

€
F U Upid U+ Ar) - (Ur + A1) =0 S =+ = = ¢

Hence, _ono_ Ue+ Ak) =0. m
k=1

6.4 Joint Eigenspaces

In this section we consider a set ¥ of n X n matrices for which all left
o0

infinite products, say, [] A, converge. Such sets ¥ are said to have the

k=1
left convergence property (LCP).
The eigenvalue properties of products taken from an LCP-set follows.

Lemma 6.4 Let ¥ be an LCP-set. If A;,.
value of B= A,--- Ay, then

,As € X and X is an eigen-

Al <1 or
2. A =1 and this eigenvalue is simple.

Proof. Note that since ¥ is an LCP-set, lim B* exists. Thus if \ is an

k—oo

eigenvalue of B, |A| < 1 and if |A| = 1, then A = 1. Finally, that A =1
must be simple (on 1 x 1 Jordan blocks) is a consequence of the Jordan
form of B. m

For an eigenvector result, we need the following notation: Let A be an
n X n matrix. The 1-eigenspace of A is

E(A)={z: Az ==z}.

Using this notion, we have the following.
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Theorem 6.9 Let B = [] A; be taken from an LCP-set . IfA € X
k=1

o0
occurs infinitely often in the product [] A, then every column of B is in

k=1
E(A).

o0

Proof. Since A occurs infinitely often in the product [] Ay, there is a
k=1

subsequence of Ay, Ap Ay, ... with leftmost factor A, say,

ABy,AB,,..

where the B;’s are products of Ay’s. Since Ay, ApAj,... converges to B,
so does ABy,ABjy,... and By, Bs,.... Thus,

AB = lim AB

k—oo

- jim, B

= B.

Hence, the columns of B are in E(A). =

oo
As a consequence of this theorem, we see that for B = IT Ak
k=1

columns of B C NE (4;)

where the intersection is over all matrices 4, that occur infinitely often in
[1 Ax. Thus, we have the following.
k=1
o
Corollary 6.7 If [] A is convergent and NE (A;) = {0}, where the in-
k=1

o0
tersection is over all E (A;) where A; occurs infinitely often, then [] Ay =
E=1
0. »

[e2]
The sets E(B),B = [] A, and E (A;)’s are also related.
k=1 -

. oo
Corollary 6.8 If B = [] Ay is convergent, then E (B) C NE (4;) where
k=1

o0
the intersection is over all A; that occur in I1 Ay infinitely often.
k=1
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In the next theorem we use the definition
E(S) = NE(4)
where the intersection is over all 4; € X.

Theorem 6.10 Let X be an LCP-set. If E(A;,)=E(X) forall A; € %,
then there is a nonsingular matriz P such that for all A€ X,
I B _

—1 _
P \:ul_”o C

where I is s x s and p(C) < 1.

Proof. Let p;,... ,ps be a basis for E(X). If A € &, Lemma 6.4 assures
that A has precisely s eigenvalues A, where A = 1, and all other eigenvalues
A satisfy |A] < 1. Extend py,...,p, to p1,...,pn, 8 basis for F*, and set
P ={p1,...,pn). Then,

I B
arep[l 2]
for some matrices B and C. Thus,
1 _ | I B
P AP = ﬁ 0 ¢ |

Finally, since p(A4) <1, p(C) < 1. If p(C) =1, then A has s+ 1 eigen-
values equal to 1, a contradiction. Thus, we have p(C) < 1. m

It is easily seen that X is an LCP-set if and only if
Yp={B:B=P 'AP where A € X}

is an LCP-set. Thus to obtain conditions that assure ¥ is an LCP-set, we
need only obtain such conditions on p. In case ¥ satisfies the hypothesis,
Corollary 6.1 can be of help.

6.5 Research Notes

In Section 2, Theorem 6.2 is due to Hartfiel (1974), Theorem 6.3 due to
Neumann and Schneider (1999), and Theorem 6.4 due to Daubechies and
Lagarias (1992). Also see Daubechies and Lagarias (2001) to get a view of
the impact of this paper.
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The results given in Section 3 are those of Wedderburn (1964) and Os-
trowski (1973), as indicated there. Section 4 contains results given in
Daubechies and Lagarias (1992).

In related work, Trench (1985 & 1999) provided results on when an infi-
(o]

nite product, say [] A, is invertible. Holtz (2000) gave conditions for an
k=1

infinite right product, of the product form z % % Ww _, aOnoE\onm.
_n

Stanford and Urbano (1994) discussed Bmﬁz.x sets X, such that for a given

o0
<moﬁoH z, matrices A;, Az ... can be chosen from ¥ that assure [] Az =0.
k=1

Artzrouni (1986a) considered fy (A) = ﬂ (Ux + Ag), where he defined
U= (U1,Us,...) and A = (4;,4,,...). mo gave conditions that assure

the functions form an equicontinuous family. He then applied this to per-
turbation in matrix products.

7

Continuous Convergence

In this chapter we look at LCP-sets in which the initial products essen-
tially determine the infinite product; that is, whatever matrices are used,
beyond some initial product, has little effect on the infinite product. This
continuous convergence is a type of convergence seen in the construction of
curves and fractals as we will see in Chapter 11.

7.1 Sequence Spaces and Convergence

Let ¥ = {Ag,... ,Am—1}, an LCP-set. The associated sequence space is
D= A&“&” A&T&wv...vw
where each d; € {0,... ,m —1}. On D, define

0 A&‘ mv =m*

where k is the first index such that dj # &n. (So d and mx agree on the
first k£ — 1 entries.) This 9 is a metric on D.
Given d = (d;,da, . ..), define the sequence

Agy, Ady,Agy, Ady Ad, A, -
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¥(0)

¥(1)

FIGURE 7.1. A view of ¥.

Since ¥ is an LCP-set, this sequence converges, i.e.

=1

for some matrix A.
Define ¢ : D — M, by

p(d) = A.

If this function is continuous using the metric & on D and any norm on

M,,, we say that ¥ is a continuous LCP-set.

Continuity of ¢ can also be described as follows: ¢ is continuous at
d € D if given any € > 0 there is an integer K such that if £ > K,

A~

then __S (d)~ A&v __ <e for all d that differ from d after the k-th digit.
(The infinite product will not change much regardless of the choices of

\»mwi,h&ﬂt, ceed)

Not all LCP-sets are continuous. For example, if

|

MH?EBL

D= =
D=0 =

then ¢ is not continuous at (0,0,...).

Now we use ¢ to define a function ¥ : [0,1] — M,. (See Figure 7.1.) As
we will see in Chapter 11, such functions can be used to describe special

curVes in R2. .
If z € [0, 1], we can write

z=dm +dom2+...
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the p-adic expansion of z. Recall that if 0 < j < m, then

dymt oo+ dgm™® 4 jm

+0m™ 24 0m ™3
=dm™ +-+dem ™+ (G- 1)m ™}
+(m-1)m* 24 (m-1)m*3+...
give the same z € [0,1]. Thus, to define
U:[0,1 — M,
by ¥ (z) = ¢ (d), we would need that
e (dy,.-.,ds,5,0,...) =@ (dy,... ,ds,j —1,m—1,...).

When this occurs, we say that the continuous LCP-set ¥ is real definable.
A theorem that describes when 3 is real definable follows.

Theorem 7.1 A continuous LCP-set & = {Ag,... , Am-1} is real defin-
able iff

AP A; =A% 145
forj=1,...m—1.
Proof. If APA; = A5 1A;j_1, then
e(dq,y...,ds,5,0,...) =p(d,... ,ds,j—1,m—-1,m—1...)

for any s > 1 and all dy,... ,ds. Thus, ¥ is real definable.
Now suppose ¥ is real definable. Then

¢(7,0,0,..)=p(F—-1m—-1m—-1...)
for all § > 1. Thus,
| APA; = A% Aj,
as given in the theorem. m

An example may help.

Example 7.1 Let

1 0 0 25 5 .25
Ao=] 5 H5 -0 [, A=} 0 b5 5
25 5 .25 0 0 1
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and 3 = {Ag, A1}. - In Chapter 11 we will show that ¥ is a continuous
LCP-set. For now, note that

1
Ar=|1
1

0 0
0|,4°=1|0
0 0

oo O
[en B e I am)
-

Since
AP AL = AP A,

3 is real definable.

7.2 Canonical Forms

In this section we provide a canonical form for a continuous LCP-set ¥ =
{Ao,...,Am-1}. We again use the definition

m—1
E(®)= (] E(4)

i=0
where E (A;) is the 1-eigenspace of A;, for all ;. We need a lemma.
Lemma 7.1 If ¥ is a continuous LCP-set, then E (X) = E (A;) for all i.
Proof. Since E (X) C E (A;) for all i, it is clear that we only need to show
that £ (A4;) C E(X), for all 5.

For this, let y € E(A;). Then y = Ay. For any j, define
d® - G,...,4,5,75,...)

where % occurs k times. ng
d® - (5,4,...) as k — oco.
Since X is continuous
. sQEleAi.:.: as k — oo,
S0 |

mmo\_wl\»wommwloo.
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Hence

lim AP A¥y = APy

k—o0 J

or
Ay =y.
By considering the Jordan form of A;, we see that A;y =y also. Hence,
m~1
y € E (A;) from which it follows that E (X) = (] E(A;) as required. m

=0
The canonical form follows.

Theorem 7.2 LetE = {Ayg,... ,An-1}. Then X is a continuous LCP-set
iff there is a matriz P such that

LI Nms.._..\m@.lL.
P MWIAﬁo Qs.._.ﬁo Q&HIKU \»Lu%

where p(Z.) < 1, B, ={Co,... ,Crm-1}-

Proof. Suppose X is a continuous LCP-set. Let P = [p1...PsPst1 - - Pnl,
a nonsingular matrix where p;,...,ps are inE (¥) and dim E (2) = s.
Then for any A; € X,

I B;
wr=rlo g

for some B; and C; where I is the s x s identity matrix.
Now, since ¥ is a continuous LCP-set, so is X,. Thus for any infinite
o0
product [] Cx from 3., by Theorem 6.9, its nonzero columns must be
k=1
eigenvectors, belonging to 1, of every C; that occurs infinitely often in the
product. Since 1 is not an eigenvalue of any C;, Lemma 7.1, the columns

oo
of J] Cx must be 0. Thus, by Theorem 6.4, (%) < 1.
E=1

Conversely, suppose P~'ZP is as described in the theorem with p (X.) <
1. Since p(Xc) < 1 by the definition of (), there is a positive integer r
and a positive constant v < 1 such that ||7||, < + for all r-blocks 7 from
..

Now by Corollary 6.1, P"SP is an LCP-set, and thus so is ¥. Hence,
by Theorem 3.14, ¥ is a product bounded set. We let 3 denote such a
bound.
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Let d = (dy,ds,...) be a sequence in D and € > 0. Let N be a positive
number such that

81PN, [P, 7 <

Let d = Amrmm, . v be a sequence such that § A&. mV <m~™N. Then

__SA&:&MV...vlﬁA%f%&....v_—

< : Ag, ~ E \w&x HI._”\??
k=rN+1 k=rN-+1 1
— .N. .W“_. .mU.IH —P I _WM .ﬁln— P I _m.m wIH
| 0 0 0O x 1
where
-t ol 87,0 @™ I 837 o
Il 4s«=P 0 OTU 1 m&nw? OT:
k=rN-+1 - =rN+1
rN -
_pl|ld S3|pa
and [[Ae, =P 0 T .
k=1 L
Continuing the calculation,
_ [ 0 _m.H - _m.,w -1 I %w —1
=IFlo o T Flo « [T,
_ [ O _WH - _mw —1 O O —1
=17 | O 0 % PP 0« P 1
I 5 1 I S _ -
<P [0 0 _W I&Uﬁ 0 0 P . lilly 112114 __NU H__H

<281l 1PN, ||P7Y,
<28yN||P|), [P, < e

Thus, ¥ is a continuous LCP-set. m

As pointed out in the proof of the theorem, we have the following.

Corollary 7.1 If ¥ = {Ao,... ,Am_1} is a continuous LCP-set, then
thege is a nonsingular matriz P, such that for any sequence (dr,da,...),
there is a matriz S where -

e _ I S 1 S
@m&,]w—o OT ,

7.2 Canonical Forms 113

I the s x s identity matriz and s = dim E ().
Also, we have the following.

Corollary 7.2 If ¥ = {Ao,... ,Am—-1} is a continuous LCP-set, then in-
finite products from X converge uniformly and at a geometric rate.

Proof. Note that in the proof of the theorem, 8 and v do not depend on
the infinite products considered. m
As a final corollary, we show when the function ¥, introduced in Section

1, is continuous.

Corollary 7.3 Let ¥ = {Aq,...,Am-1} be a continuous LCP-set and
suppose X is real definable. Then ¥ is continuous.

Proof. We will only prove that W is right side continuous at z, z € [0,1).
Left side continuous is handled in the same way.
Write

z=dm ' +dom 2 4.

We will assume that this expansion does not terminate with repeated m —
1’s. (Recall that any such expansion can be replaced by one with repeated
0’s.)

Let € > 0. Using Corollary 7.2, choosing N, where we have dy 41 # m—1,
and such that if any two infinite products, say B and B have their first &
factors identical, k > N, then

|- 3] <e &
Let y € (0,1) where y > z and y — z < m~¥~1. Thus, say,
y=dm 4+ +dym™ N + 6y am V1 4 m2+m3|2|w +.

Now, let

A=]JAw and A= Asy,, Asyy, Ady - Ay
k=1

Then, using (7.1),
12 (@)~ 2@l = |4~ 4| <e

which shows that ¥ is right continuous at z. =
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7.3 Coefficients and Continuous Convergence

Again, in this section, we use a finite set ¥ = {Ag,... ,Am—1} of n X n
matrices. We will show how subspace contraction coefficients can be used
to show that ¥ is a continuous LCP-set.

To do this, we will assume that ¥ is T-proper, that is

E(5) = B (4)

for alli. If py,...,ps is a basis for that eigenspace and p;,...,p, a basis
for F*, then P = [py,... ,pn] is nonsingular. Further,

_ I By -1
wer]] 2]

where I is s X s, for all A;, € X..
Let

m”—mﬁ;... ‘ﬁL

W={z:2E=0}.
Recall from Chapter 2 that
Tw (A) = max l=A]

=E20 |l

is a subspace contraction coefficient. And, if Ay € ¥ and we have A =

Nuﬁo Qaﬁﬁ _gmb

7 (Ak) = [|Ckll;

where the norm ||-||; is defined there. Recall that subspace contraction
coefficients are all equivalent, so to prove convergence, it doesn’t matter
which norm is used.

Theorem 7.3 Let ¥'= {Ay,...,Am-1} be T-proper. The set T is a con-
tinwous LCP-set iff there is a subspace contraction coefficient Tw and a
positive integer  such that Tw (7) < 1 for all r-blocks w from X.

Proof. If ¥ is a continuous LCP-set, using any norm, a subspace mon-
traction coefficient 7w can be defined. Since by Theorem 7.2, using the
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A,

(o]

.
v o

FIGURE 7.2. Convergence view of Corollary 7.4.

notation there, p (Z;) < 1, there is a positive integer r such that ||C}|; < 1
T T
for all r-blocks C from %.. Thus, since Ty Az b&v = |[ I Cas
k=1 k=1

, 1t
J

follows that 7w (7) < 1 for all r-blocks from X.

Conversely, suppose 7w is a contraction coefficient such that 7y (7) < 1
for all r-blocks 7 from X. Thus, ||#||; < 1 for all r-blocks # from X.. So,
P (Ze) < 1 which shows that p(X.) < 1. This shows, by using Theorem -
7.2, that ¥ is a continuous LCP-set. m

We can also prove the following.

Corollary 7.4 IfY is a T-proper compact matriz set and we have Ty () <
7 < 1 for all r-blocks 7 in X, then ¥ is an LCP-set.

A view of the oo=<mamm=o,m here can be seen by observing that
I B x| | z+ By
0 C y | Cy ’
y g is partitioned compatibly to ﬁ 0 C
tracts toward 0 while the z vector is changed by some (bounded) matrix

constant of y, namely By. A picture is given in Figure 7.2.
We conclude with the following observation. In the definition

where ﬁ g . So the y vector con-

rw (A) = max [lzA],

llzli=1
matrix multiplication is on the right. And, we showed that Ty {4;42) <
Tw (A1) Tw (A2), so we are talking about right products. Yet, 7y defined
in this way establishes LCP-sets.
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(1 ST
D[+

Mxmae_mq.uh&muﬁ _ﬁ ﬁ m&mnﬁ_. Then
Tw (£) =0 and T is an LCP-set. But, ¥ is not an RCP-set.

Cole=
COINKOINY

7.4 Research Notes

The sequence space and continuity results of Section 1 and the canonical
form work in Section 2 are, basically, as in Daubechies and Lagarias (1992a).
Section 3 used the subspace contraction coefficients results of Hartfiel and
Rothblum (1998).

Applications and further results, especially concerning differentiability of
U, rather than continuity, can be found in Daubechies and Lagarias (1992b)
and Micchelli and Prautzsch (1989).

8

Paracontracting

An n x n matrix A is paracontracting or PC with respect to a vector norm

\I-1I, if
|Az|| < |jz|| whenever Az # z

for all vectors z. Note that this implies that ||A]] < 1. We can view
paracontracting by noting that L (z) = Az is the identity on E (A) but
contracts all other vectors. This is depicted, somewhat, in Figure 8.1.

If there is a positive constant -y such that

[|Az]| < ll]| - v || Az — |

E(A) »

L(x)=Ax

FIGURE 8.1. A view of paracontracting.
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for all z, then A is called y-paracontractingor YPC. It is clear that YPC
implies PC. Paracontracting and y-paracontracting sets are sets containing
those kinds of matrices.

In this chapter we show that for a finite set Yof n X nmatrices, paracon-
tracting and -y-paracontracting are the same. In addition, both paracon-
tracting and ~-paracontracting sets are LCP-sets.

8.1 Convergence

For any matrix set Yand any vector z1, the sequence

zo = A; T

r3 = \r.n )

where each A;, € 3, is called a trajectory of ¥. Any finite sequence,
Z1,...,Zpis called an initial piece of the trajectory.

Trajectories are linked to infinite products of matrices by the following
lemma.

Lemma 8.1 A matriz set X is an LCP-set iff all trajectories of ¥ converge.

Proof. The proof follows by noting that if z1 = e;, e; the (0, 1)-vector with
a 1 only in the i-th position, then A;, - -- A;, e; = i-th column of 4;, --- A;;.
So convergence of trajectories implies column convergence of the infinite
products and vice versa. And from this, the lemma follows. m

Using this lemma, we show that for finite X, paracontracting sets are
LCP-sets. The converse of this result will be given in Section 2.

Theorem 8.1 If ¥ = {A;,...,An} is a paracontracting set with respect
to ||-||, then X is an LCP-set.

Proof. Let 21 be a vector and set
To = Ay T, 3 = A Ay 21, ... .

, Since lAy|| < |ly|| for ally and all A € &, the sequence is bounded. Actually,
if p > g, then ||zp|| < [jz4.
Suppose, reindexing if necessary, that A;,...,A, occur as.factors in-

finitely often in J] A;,. Let y1,y2,... be the subsequence of a,ramv ...
k=1
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such that A;y;, A1ys,... are in the sequence. And from this, take a con-
vergent subsequence, say, y; ,Yj,,-- — ¥. Thus, A1y, AYia, - .- — A1y,
Since y is the limit of y;,,¥4,,.. -,

lyll < 14193l
for all £ so in the limit
vl < Ay

Thus, since A is paracontracting, ||y|| = ||41y]| and so A1y =y.
We show that A;y =y for i = 1,...,s. For this, suppose 4y,..., Ay,
satisfies A;y = y for some w, 1 < w < s. Consider a sequence, say with-

out loss of generality A, 4171Y;,, Awr172Yj,, - - - Where the matrices in the
products 7y are from {A;,...,A,}. The sequence converges to Ay, 41y
and thus,
loll < llAwsaylt-
So ||lyll = [|Aw+1y|| and consequently A,41y = y. From this, it follows
that
Aiy=y
for all i < s.
Finally,
lzr — yll = llw2e — yll
where 72y = zg, T a product of 4;,... , A, and z; the vector in y;, , yj,, ...
that immediately proceeds zy. (Here k is large enough that no A,11,... , A,
reappears as a factor.) Then,
llze — yll = llmeze — meyll
< llzx —yll.

k
So |jzx —y|| — 0 as k — oo. It follows that A;;x1 ) converges, and
=1

J
thus by the lemma, the result follows. m

The example below shows that this result can be false when ¥ is infinite.
Example 8.1 Let

1 0 0 ok 1
Y= 0 0 oa. “Sﬂuw|w?,wwﬂw.wt:
0 ap O
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Using the vector 2-norm, it is clear that ¥ is a paracontracting set. Now,
leta>0. Then ,

22 4
1 1 1
a3aea = Qg AQINQV = AHlﬂv Anlmav
1 1
anmmlwa
1 1
Q40300a > Qg Aplmplwav
(D)
2¢ 4 8
anwalmplluum
4 8 16
And, in general
1 1 1
Qp ngvglﬂplﬂgl...lwlwg
_ 1 1
LTNATWY
50

Thus, the sequence (ay - -- 1) does not converge to 0. Hence, by observing
entries, the sequence

1 0 O 1 0 0
0 0 ap |10 0 a9
0 (847 0 0 [675) 0

does not converge, and so ¥ is not an LCP-set.

In the next section, we will show that for finite sets, paracontracting sets,
~-paracontracting sets, and LCP-sets are equivalent.
Concerning continuous LCP-sets, we have the following.

Theorem 8.2 Let ¥ = {Ay,... ,An}. Then T is a continuous LCP-set
iff £ is a paracontracting set and E (X) = E (4;) for all i.

Proof. Suppose X is a continuous LCP-set. By Lemma 7.1, E (X) = E (4;)
for all <. Theorem 7.2 assures a P such that

I .mq“ g N

I _ p-l4.p_ g
Al=P }w|T c (8.1)
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for all 7, where p(X.) < 1. Thus by a characterization of 5 (X), Theorem
2.19, there is an induced norm ||-|| and an « < 1 such that

ICill <
for all 4.

Now, partitioning z = 1 compatible to A%, define, for ¢ > 0, a
I ¢ ’

vector norm

I
lal= | 7 ]| = et + haal.
Thus,
ro M z1+ Bizo
el = | 72 B | m
= ellz1 + Biza|ly + || Ciza|
< ellzilly + (€| Billy + @) [|z2]]
where
B;x
1Bl = max 1522l
zo#0 __&w__

Take € such that
Y=€|Billy +ta<1
for all 7.
Then
Azl < ellzally + e
< ellza]lp + [lz2l}
= ||z -

And equality holds iff ||z2|| =0, i.e. zo = 0. Thus,

I 4szlle < ll=ll.
with equality iff A}z =z. And it follows that ¥’ = {4],... , AL}, and thus
%, is a paracontracting set. (Use ||z|| = __Wlﬂa__m.v

Conversely, suppose ¥ is a paracontracting set, which satisfies E ) =
E (A;) for all i. Then there is a matrix P such that A} = P~ A;P has form
given in (8.1). Since E(C;) = {0} for all 5 and since X is an LCP-set, by

o0

Theorem 6.9, [] Cy, = 0 for any sequence (dy, dz,...). Thus, by Theorem
i=1
6.4, p(Xc) < 1. Hence, by Theorem 7.2, ¥ is a continuous LCP-set. m
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8.2 Types of Trajectories

‘We describe three kinds of matrix sets ¥ in terms of the behaviors of the
trajectories determined by them.

Definition 8.1 Let ¥ be a matriz set.

1. The set ¥ is bounded variation stable (BVS) if

oo
D i — @l < 00
=1
o
for all trajectories x1,x2,... of X. Here, Y. |[€iy1 — ;|| s called the
i=1

variation of the trajectory xzy,xs,..

2. The set ¥ 4s uniformly bounded variation stable (uniformly BVS) if
there is a constant L such that

oo
D llziss — @il < Lz
i=1

for all trajectories x1,zq,... of %.

3. The set . has vanishing steps (V) if

lim |jz;41 —z;|| =0
k—oo

for all trajectories x1,x9,... of X.

An immediate consequence of BV follows.

oQ
Lemma 8.2 If Y |li41 — ;|| converges, then {x;) converges.
i=1

Proof. Note that {z;) is a Cauchy sequence, and thus it must converge. m

It should be noticed that deciding if . has one of the properties, 1 through
3, does not depend on the norm used (due to the equivalence of norms).
Axd, in addition, if ¥ has one of these properties, so does P~1%P for any
nonsingular matrix P.

What we will show in this section is that, if ¥ is finite, then all of prop-
erties, 1 through 3, are equivalent. And for finite &, we will show that
LCP-sets, paracontracting sets, and y-paracontracting sets are equivalent
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to properties 1 through 3. To do this, notationally, throughout this section,
we will assume that

S={A1,...,Am}.

We need a few preliminary results. The first of these allows us to trade
our given problem for one with a special feature. Since

E(X)={z: Ajz =z for all A; € T},
there is a nonsingular matrix P such that, for all ¢,
I B;
0 C;

where I is s x 5, s =dim E(X). We let ¥’ = {4} : A; € ¥} and prove our
first result for ¥'.

A =P1AP= ﬁ (8.2)

Lemma 8.3 Suppose X' is VS. Then there exist positive constants o and

m.m:n&%:u:\.eﬂ ﬁ M % ﬁ@l&&o:m&pm&ﬁ«%:@\

allCig — qll < |4z — 2|l < B|Ciq — 4|
for all 4.

Proof. By equivalence of norms, we can prove this result for |-||,. For
this, note that

80

Lo _ Biq
iz ol = | o2, ]

2
If C;9 = q and B;q # 0, then ﬁ p+Biq H_“ ﬁ p+2B;q g“ _H p+3Biq H_ 5

q q q
is a trajectory of . This trajectory is not V.S. Thus, we must have that

B;q = 0. This implies that the null space of C; — I is a subset of the null
space of B;. And thus there is a matrix D; such that D;(C; — I) = B;.
From this we have that

o]
Cig—q

= (Bl + i = Dall)’

< (IDs21(C: - Dall+11(Cs — D gl

< (102 +1)* 1 (Cia - D).
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1
Setting 3 = max ﬁ A__Us__w + Hv : W yields the upper bound. A lower bound

is obviously seen asa=1. ®

Since paracontracting, v-paracontracting, LCP, BVS, and uniformly BVS
all imply VS, this lemma allows us to change our problem of showing the
equivalence of the properties, 1 through 3, to the set £ = {C1,...,Cn}

A useful tool in actually showing the equivalence results follows.

Lemma 8.4 Suppose T” is a uniformly BVS-set. Then there is an € >0
such that

p—1
— x| > — .
AU ED WEREET (83)
i
for all initial pieces x1,%3,...,Tp of trajectories x1,x2,... of X.

Proof. We prove the theorem using that E (X”) = {0}. We precede by
induction on r, the number of matrices in X. If r = 1, by Lemma 8.2,
p(C1) < 1. Thus, there is a vector norm ||-|| such that ||Cy|| < 1. From
this, we have

M |Cias — Cilay || < M__@__T ICiz1 —

i=1

A I
e 10 =l

Setting € =1 — ||C1]| yields the result.

Now suppose the theorem holds for all X" having r — 1 matrices. Let
3" be such that it has r» matrices. Since X" is a uniformly BVS-set, all
trajectories converge, and thus, by Corollary 3.4, there is a vector norm ||-||
such that ||C;|| <1 for all . We now use this norm.

Note that (8.3) is true iff it is true for initial pieces of trajectories

T1,T2,...,Lp such that - ||#i41 — ]| < 1. (This is a matter. of
HAsAﬂl

mommum.v Thus we show that there is a number K such that

p—1
K> ||z — all
=1

—zll <
where | Jnax |zipr — 2] < 1.
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We argue U% ooawm&oaoz Thus suppose there is a sequence of initial
pieces =3, 23}, . .. where j = 1,2,... and such that

u

pj—1

>

i=1

J
Tiv1—

as j — oo. By the uniformly BVS property, lim __am: =

J—0

Now let &} = X" —{Cy} for k =1,... ,r. Each X satisfies the induction
hypothesis so there is a number M}, such that

p—1
My, > MU llzigs — 4]
i=1
for initial pieces of trajectories of ¥} with | Jax. |51 —2;]| <1 for all 4.
i<p—1
Let
M > Em.x M;.
pi—1 ; .
Now since MU x; +H —zl|| — oo as j — oo, the initial pieces where
pi—1
MU T Take all of these ini-
Sm_ pieces 27, am.. ..+, 2} and from them take initial pieces 2, },... ,z4
(n; < p;) such that ’
nj—1
M _ gl -zl <M
i=1
and
nj
M zl  —zl|| > M.
i=1
Note that
nj
P (8.4)
i=1
Now let
_
i=r2
=1
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and h the limit of a subsequence, say S ,S ,---- We show that A is an
eigenvector, belonging to the eigenvalue 1, of mmow matrix in 3.
Rewriting (8.4) yields

i

k; M+1

MU Vit1~ S = k;

E

so we have

nj

. k; k

Jim 3l - v = 0. (8.5)
=1

Suppose C; (reindexing if necessary) occurs as the leftmost matrix in
YL YR, .. _Hrmb mHoB Am 5), h is an eigenvector of C;. Now, of those
products S r§ . ,S ,@w yeeu ..., take the _mumomﬂ WES& products that
contain Cy, say @31@32 Amo @w: =C;-- Qz: yk =Cy- ..QGNHN
etc.) and such that Cs AHmEamibm if necessary) occurs as the first factor
in each of the iterates @3: +T“$S 4+10---- Then by (8.5), h is an eigen-
vector of Co. Continuing this E.oommﬁm. we see that h is an eigenvector,
belonging to the eigenvalue 1, of all matrices in £”, a contradiction. Thus,
the lemma is true for 3 and the induction concluded. The result follows. m

We now establish the main result in this section.
Theorem 8.3 If X" is VS, then " is uniformly BVS.

Proof. We prove the theorem by induction on 7, the number of matrices
in X",

If ¥ contains exactly one matrix, then p(C;) < 1. Thus, there is a
vector norm ||-|| such that ||C1|| < 1 and so

o0 o0 .
D llzars — @l < DN 22 — 2]
i=1 =1

1

<—
ey

|Gy = Il [l

So, using L = % |IC1 — I, we see that £ is uniformly BVS.

m:vamo the theorem is true for all " containing r — 1 matrices. Now
suppose %" has r matrices. Then, since every proper subset of X" is VS, we
have by the induction hypothesis that these proper subsets are uniformly
w<w. ,v

We now argue several needed smaller results.

8.2 Types of Trajectories 127

FIGURE 8.2. Sketch for €, § view.

1. We show that if € > 0, then there is a § such that if ||z|| > ¢ and

ly — z|| < 6, then ||Ciy —yl|| > d€ for some Qs (C; depends on z.)
Note that if this is mm_mm then taking § = %, gmum is an ||zx|| >€
and a yk, ||y — 2kl < 1 such that __Q Sa —yl < & g€ forall j. (See

Figure 8.2.) Thus, :9 £ < m. Now there is a subsequence

__a» M Tzl

... that converges to, say z. Hence
ja: v._L;asv of et TesT» ges to, say v

:NF:“ :.ﬁh.:u ... converges to z as well. Thus, since
Tiq Tig

we have that Cjz =z for all j. This implies E (£") # {0}, a contra-
diction.

1
Alv
— k

sl sl

QQ Yi Yig

. Let X be a trajectory of . We show that variations of segments

determined by a partition on X converge to 0.

We first need an observation. Let S be the set of all finite sequences
from trajectories, determined from proper subsets of ¥”/. Lemma 8.4
assures that there is a constant L such that if 2;,... , 2 is any such
sequence, then

M lziv1 — 2l < L max Jlzivs — 2] (8.6)
Now partition X in segments X, s, Xi; s;,... Where

Kipsr 1S Tipy oo sy, I =8Sp—1+1
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and each X, s, is determined by a proper subset of ¥ but X;, ;, ., since ||Cj|| < 1 for all ¢ assures that [|zx41]| < ||z&|| for all k. And using
is not. However, using (8.6), the variation S (X, s,.), of Xi,,s,, con- Xia,ia

verges to 0 as k — oo. And using that 3 is VS on the last term of is—1 in—2

the expression, it follows that the variation S (Xj, ;,,,) converges to ! MU leipr — @l = M Izip1 — zil] + |Zis — Tis—1l]
0 as k — oo as well. =i P

< s
3. We show that X, as given in (2), converges to 0. We do this by < Lllzes |l + Cllos,|

contradiction; thus suppose X does not converge to 0. Then there < (L+C)gliaall.

isan ¢ > 0 (We can take € < 1.) and a subsequence z;,,z;,,... of , Continui

X such that ||z;.|| >€ for all k. But now, by (1), thereisa § > 0 ontinuing, we get

such that if ||y — ;.|| < 6, then ||Cjy —y|| > §¢ for some j. Since ikg1—1

by (2) S (X, ie.) — 0 as k — oo, we can take N sufficiently large M Nzir: — zil| < (L+C)g* ™ ||z ]|-
so that if £ > N, .m‘A :::ntv < 6. Now take an interval iy,ig41 w i=in

where k > N and i, < ji < ixy1. Then, every C;occurs in the ) .

trajectory z;,,Cs, Ty, ... 5 Cipyy -~ Cip Ty, and ||z — 5, || < 6 for all Finally, putting together

t, i <t < ig1. Since all matrices in ¥ are involved in X, ;. .,

there is a t, ix < t < dxqy such that Cjz; = 441, and this C; is | M__&si —zi|| = —— Ah._. C) ||zl
as described in (1). But, ||Cjz: — z:|| > ¢, which contradicts that W i=1

X is V8. Hence, X must converge to 0. Since X was arbitrary, all ”

trajectories converge to 0. Thus, there is a vector norm ||-|| such that , Thus £" is uniformly BVS. m

IC;l| < 1 for all ¢ (Corollary 6.4). Since all norms are equivalent, we {

can complete the proof using this norm, which we will do. Further, Theorem 8.4 The properties vPC and uniformly BVS are equivalent.

we use |
Proof. Suppose ¥ is yPC. Then ¥ is PC, and so ¥ is an LCP-set. By
q = max |G| the definition of yPC, there is a norm ||-|| and a v > 0 such that
in the remaining work. | |Az]| < [lz|| - v]|Az — =]

for all A € ¥ and all z. Then, for any vector x1, the trajectory zy, zs,.

Now, we show that X" is uniformly BVS. Since each proper subset of satisfies

%" is uniformly BVS, there are individual L’s, as given in the definition

for these sets. We let L denote the largest of these numbers, and let ,

C =max||C; — I|. Take any trajectory X of " and write X in terms of MU lligs — il A — lim MA__a@__ ~ lzstall)
J

segments as in (2). Then using X;

1,32 1
_ =~ lim (a1l = lleresal)
i2—1 ig—2 J\ oo
M i1 — @il = MU lzirs — @il + |2, — HSIH__ <= Aw llz1[)
. =13 =% W
< L, || + C s, | , =2 [l -
S Lzl + C |zl L
=(L+C) |z Hence, ¥ is uniformly BVS.
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Now suppose ¥ is uniformly BVS. Since any trajectory of bounded
variation converges, ¥ is an LCP-set. Thus, by Corollary 3.4, there is a
vector norm ||-||, such that ||A|| < 1forall A € £. Set

oo
lz1lls = sup Y llwiys — 2 |

=1

where the sup is over all trajectories starting at z;. This sup is finite
since ¥ is uniformly BVS. Furthermore, for any vectors y and z, we have
lv + 2l < llylls + ||2lls;, and for every scalar «, ||ay||s; < |o] |lylls. Using
the definition,

4zl < llzll5 — Az — 2|

for any A € .
Now define a norm by

1
lzlly = 3 llzl + llz] -
Then, for any A € &

__k»a__a

1
5 4z + 14z

1
< 5 llzll + (llells; - Il Az — =)
= llzll, - | Az — |
< lielly =7l Az — =],

using the equivalence of norms to determine . Thus, ¥ is an yPC-set, as
required. m

Implications between the various properties of ¥ are given in Figure 8.3.
The unlabeled implications are obvious.

1. This follows from Theorem 8.1.

2. This follows by Theorem 8.3.

3. This follows by Theorem 8.4.

8.3 Research Notes

The notion of paracontracting, as given in Section 1, appeared in Zm_mg
and Neumann (1987) although Halperin (1962) and Amemiya and Ando
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uniformly BVS — - __ 5 BVS

@

LCP

Y

A&

yPC——— > PC

@

FIGURE 8.3. Relationships among the various properties.

(1965) used similar such notions in their work. Theorem 1 was given in
Elsner, Koltracht, and Neumann (1990) while Theorem 2 was shown by
Beyn and Elsner (1997). Beyn and Elsner also introduced the definition of
v-paracontracting.

The results of Section 2 occurred in Vladimirov, Elsner, and Beyn (2000).
Gurvits (1995) provided similar such work.
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Set Convergence

In this chapter we look at convergence, in the Hausdorff metric, of sequences
of sets obtained from considering all possible outcomes in matrix products.

9.1 Bounded Semigroups

Recall, from Chapter 3, that if ¥ is a product bounded subset of n x n
matrices, then the limiting set for (£*) is

X% = {A: Ais the limit of a matrix subsequence of (X¥)}.

In this section, we give several results about how (£*) — £ in the Haus-
dorff metric. A first such result, obtained by a standard argument, follows.

Theorem 9.1 Let ¥ be a compact subset of n X n matrices. If 22 C %,

o0
then (%) converges to (| ¥ in the Hausdorff metric.
k=1

Now let
¥ = {A € M, : Ais the limit of a matrix sequence of (=F)}.

If $°° = 3%, we call 5° the strong limiting set of (2*). When £ is a
strong limiting set is given below.



134 9. Set Convergence

Theorem 9.2 Let 3 be a compact product bounded subset of M,,. Then
X% is the strong limiting set of (X*) iff (Z*) converges to £ in the
Hausdorff metric.

Proof. For the direct implication suppose that £ is the strong limiting set
for (X*). We prove that (2F) converges to £ in the Hausdorff metric by
contradiction. Thus, suppose there is an ¢ > 0 such that A AMw, Moov >e€
for infinitely many k’s. We look at cases.

Case 1. Suppose 0 (£*,2°°) >¢ for infinitely many k’s. From these

£*’s, we can find matrix products ThkysThy, ... Such that
d Aq:ai Muoov >
for all . Since ¥ is product bound, there is a subsequence Ty Migye.. Of

Tk, Tk, that converges, say to . But by definition, 7 € £°°, and yet we
have that

d(m,X%°) >,

a contradiction.

Case 2. Suppose 8 (£°°,%*) >¢ for infinitely many k’s. In this case
the s yield a sequence 7y, , my, ... in %% such that d (mk;, Z%) > ¢ for
all . Since £ is bounded, Tky> Ty - - - has subsequence which converges
to, say, m. Thus d Aﬁ MU?.V > § for all 4 sufficiently large. But this means
that 7 is not the limit of a matrix sequence of (X*), a contradiction.

Since both of these cases lead to contradictions, it follows that X* con-
verges to X*° in the Hausdorff metric.

Conversely, suppose that 3% converges to X in the Hausdorff metric.
We need to show that £ is the strong limiting set of (Z*).

Let m € £*°. Since h (3*,5%°) — 0 as k — oo, we can find a sequence
T1,T2,..., taken from !, %2 ... such that (mk) converges to m. Thus,
7 is the limit of a matrix sequence of (Z*) and thus 7 € £°°. Hence,
N C o,

Finally, it is clear that 3°° C %% and thus 5 — 3%, Tt follows that
%% is the strong limiting set of (ZF). m

For a stronger result, we define, for an LCP-set %, the set L which is the
closure of all of its infinite products, that is,

.

L= E\p;“\r_a eXforallk}.
k=1
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A Ay
AA, ArA, AlA

N\

AjARA

FIGURE 9.1. A possible tree graph of G.

Theorem 9.3 Let ¥ = {A,...,A,} be an LCP-set. Then
¥ =1L

Proof. By definition, L C £*°. To show > C L, we argue by contradic-
tion.

Suppose 7 € % where d(m, L) > €, € > 0. Define a graph G with ver-
tices all products A, - - - A;, such that there are matrices 4;,,... , 4;, frt >
k, satisfying

&A\w: \w:n ...\»?vs.v < €.

Since m € %*°, there are infinitely many such 4;, - - - A
If A -A;, is in G, then so is A, ---A;,, and we define an arc

(Asy - Aiy, Ay, .. Ay Trom Ay, ... As, t0 As,.. ... Ay, This defines
a tree, e.g., Figure 9.1. Thus, Sy = {4;, ... A;, : A;, ... 4;, € G} is the
k-th strata of G. Since this tree satisfies the hypothesis of Konig’s infin-

ity lemma (See the Appendix.), there is a product [] A;, such that each
k=1
A;y, ... A; € Gfor all k. Thus,

(e 0]
d H.I._”\r.fﬂ. Mm
k=1

which contradicts that
d(m,L) > ¢

and from this, the theorem follows. m
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Corollary 9.1 If T is a finite subset of M,, and X is an LCP-set, then
AMav converges to £°° in the Hausdorff metric.

Proof. Note that since L C 3 C 3%, and by the theorem L = X*°, we

have that X = Moo, from which the result follows from Theorem 3.14 and
Theorem 9.2. m

9.2 Contraction Coefficient Results

‘We break this section into two subsections.

9.2.1 Birkhoff Coefficient Results

Let X denote a set of n x n row allowable matrices. Let U be a subset of
n X 1 positive vectors. In this section, we see when the sequence (S*U)
converges, at least in the projective sense.

To do this, recall from Chapter 2 that S* denotes the set of n x 1 positive
stochastic vectors. And for each A € X, recall that wy (z) =

Yp={wa:A€X}, and for any U C S+

Az
llA=], °

LU ={wa(z) :wa €L, and z € U}.

We intend to look at the convergence of these projected sets. If U and
¥ are compact, then so is X,U. Thus, since p is a metric on St, we can
use it to define the Hausdorfl metric k, and thus measure the difference
between two sets, say X,U and %,V of S*.

A lemma in this regard follows.

Lemma 9.1 Let ¥ be a compact set of row allowable n x n matrices. If
U and V' are nonempty compact subsets of ST, then

h(Z,U,2,V) <7 (Z)R(U,V).
Proof. As in Theorem 2.9. w
For the remaining work, we will assume the following.
+ 1. X is a compact set of row allowable matrices.

2. There is a vOm#?m. number m such that for any A € &

m < min a;; < maxa;; < 1.
a;;>0
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(Scaling A will not affect projected distances.)

3. There is a positive integer 7 such that all r-blocks from ¥ are positive.

By (3) it is clear that each matrix in ¥ has nonzero columns. Thus for
any A € X, wy is defined on §. And

S8 C S
¥2SCESCS

Thus, we can define
o«
L=()zts
k=1

a compact set of positive stochastic vectors. The following is a rather stan-
dard argument.

Lemma 9.2 The sequence AMw.wv converges to L in the Hausdorff metric.
Using this lemma, we have the following,.
Lemma 9.3 h(X,L,L)=0.
Proof. Using Lemma 9.1, for any & > 1 we get
h(Z,L,L) < h(Z,L,BES) + h (Z£S, L)
<h(L,ZE18) +h(2ES L).

Thus, by the previous lemma, taking the limit as ¥ — oo, we have the
equation

h(S,L,L) =0,

the desired result. =

Theorem 9.4 Let U be a compact subset of S and X, as described in 1
through 8. If 5 (7) < 75 for all r-blocks ™ of X, then

h(Sk,L) < Fa L.

Thus, if T < 1, MNQ — L with geometric rate.
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Proof. Using Lemma 9.1 and Lemma 9.3,

h(ZyU,L) = h (ShU, Bk L)
=h (S (50), 55 (25 7L))
<1 h (SETU,BETL)

<rlFHh@,L).

This proves the theorem. m

9.2.2 Subspace Coefficient Results

Let 3 be a compact, T-proper product bounded set of n x n matrices. Since
3. is product bounded by Theorem 3.12, there is a vector norm ||-|| such that

lA]l < 1forall A€ X. Let 7w be the corresponding subspace contractive
coefficient.

Let g € F™ and G = zoE. Then
Zo+W={rxe F":2E=G}.

We suppose S C zg + W such that

SLCS.
(For example, S = { : [}a]| < 1}.) Then

S¥?csxcs
and we define
L =nSzk,

Then mimicking the results of the previous section, we end with the fol-
lowing.

Theorem 9.5 Let U be a compact subset of S. If Tw (7) < 7 for all
r-blocks T of ¥ and 7, <1, then UX* - L at a geometric rate.

YA common situation 5. which this theorem arises is when we have E = e,
3 the set of stochastic matrices, and S the set of stochastic vectors.

We conclude this section with a result which is a bit stronger than the
previous one. o
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Theorem 9.6 If 7w (X7) < 1 for some integer r, then TF — T qt q
geometric rate.

Proof. Define W = {B € M,, : BE =0} and let
S={BelI+W:|B||<1}.
Then S C S and L follows. Now use the 1-norm so that
IBAll, < Tw (A) || Bl

for all B € §, and mimic the previous results. Finally, use U = {I} and
the equivalence of norms. m

9.3 Convexity in Convergence

To compute *U and TKU, it is helpful to know when these sets are convex.
In these cases, we can compute the sets by computing their vertices. Thus
in this section, we discuss when X*U and MwQ are convex.

A matrix set ¥ is column convez if whenever A,B € ¥, the matrix
(@101 + B1by, ... ,onay + B,by] of convex sums of corresponding columns,
is in ¥. Column convex sets can map convex sets to convex sets.

Theorem 9.7 Let 3 be a column convex matriz set of row allowable ma-
trices. If U is a conver set of nonnegative vectors, then XU is a convex
set of nonnegative vectors.

Proof. Let Az, By € XU where A,B € ¥ and z,y € U. We show the
convex sum aAz + By € XU.
Define

K = (aAX +BBY) (aX + 8Y)" +R

where X = diag(21,...,2,), Y = diag (y1,...,¥n), (X +6Y)" the
generalized inverse of aX + Y, and R such that

N 0if az; + By; >0
7| ai; otherwise.

Using that aj, b; denote the j-th columns of A and B, respectively, the
J-th column of K is

aa;zT; + Bby; _ QazT; a4 Q@u.
J

= b.
az; + By, ax; + By;

az; + By; J
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if az; + By; > 0 and a; if az; + By; =0. Thus, K € ¥. Furthermore, for
e=(1,1,...,1),

Koz +Py)=K(aX+0Y)e
= (aAX +BBY)e
= aAz + BBy

which is in 3U. From this, the result follows. m

Applying the theorem more than once yields the following corollary.

Corollary 9.2 Using the hypotheses of the theorem, L*U is convez for all
k>1.

The companion result for 3, uses the following lemma.

Lemma 9.4 IfU is a conver subset of nonnegative vectors, none of which
are zero, then U, = A__ i

s a conver subset of stochastic vectors.

Proof. Let __a__ , __e_r € Up where z,y € U. Then any convex sum az+8y €
1
az+Py
U. Thus, TaztB.] € Up and
az+fBy _  alz|, T 4 Bllyll, Y

laz+Bylly — llew + Byll, lzll, ~ llaz + Byll; vl

is a convex sum of ._|_ ﬁ.mr € Up. And when a = 0, the vector is Ieeﬂ,

while when 8 = 0, it is __a__ Thus, we see that all vectors between =
1

and ¥— are in Up. So U, is convex. m

=1,

vl
As a consequence, we have the following theorem.

Theorem 9.8 Let = be a column convez matriz set of row allowable ma-

trices. If U is a convex set of positive stochastic vectors, then qu s a
convezx set.

Proof. Using the previous corollary and lemma and that MwQ is the pro-
jection of Z*U to norm 1 vectors, since S*U is convex, so is MwQ. [

It is known (Eggleston, 1969) and easily shown, that the limit of convex
set, assuming the limit exists, is itself convex. Thus, the previous two
theorems can be extended to show ¥2°U is convex.

Actually, we would like to know about the vertices of these moem “The

following theorem is easily shown.
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X|

X2

X3

FIGURE 9.2. A view of ZU.

Theorem 9.9 If ¥ = convex {Ai,...,As} is a column conver matriz set
of nonnegative matrices and U = convex {zy, ... , Tt} a set of nonnegative
vectors, then

XU =convex {A;z; : 1<i<s,1<j<t}.

Not all vectors A;z; need be vertices of ZU. The appearance may be
as it appears in Figure 9.2. The more intricate theorem to prove uses the
following lemma.

Lemma 9.5 Let U be a subset of nonnegative, nonzero, vectors. If

U = convex {zy,... ,2¢}
then
. z1 Tt
U, HooHonﬁ W
i __HE__Hv ’ |zl

Proof. Let z = ayz1 + - - - + azxz; be a convex sum. Then

t
QT
[l lll;
t
SNEEOE
Z N\l ) T
v ﬁw = 1, it follows that =ﬂaﬁ is a convex sum of

vectors listed in Uj. That U, is convex follows from Lemma 9.4. =

The theorem follows.
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FIGURE 9.3. A projected symplex.

Theorem 9.10 Let ¥ = convex {A1, ..., As}, a column convex matriz set
of row allowable matrices, and U = convex {z1, ... ,7:}, containing positive
vectors. Then

\r.ﬁu.

U Hoob<mxﬁ||
&0, iz,

Lmﬁ.mmngm&.

Proof. The proof is an application of the previous theorem and lemma. =

We give a view of this theorem in Figure 9.3.

9.4 Research Notes

Section 1 extends the work of Chapter 3 to sets. Section 2 is basically con-
tained in Seneta (1984) which, in turn, used previously developed material
from Seneta and Sheridan (1981).

Computing, or estimating, the limiting set can be a problem. In Chap-
ters 11 and 13, we show how, in some cases, this can be done. In Hartfiel

(1995,1996), iterative techniques for finding component bounds on the vec-

tors in the limiting set are given. Both papers, however, are for special
matrix sets. There is no known method for finding component bounds in
general.

Much of the work in Section 4 generalizes that of Hartfiel (1998).

10

Perturbations in Matrix Sets

Let ¥ and 3 be compact subsets of M,,. In this chapter we show conditions
assuring that when ¥ and X are close, so are XX and Y.

10.1 Subspace Coeflicient Results

Let ¥ and ¥ be product bounded compact subsets of M,,. We suppose that

¥ and 3 are 7-proper, EX)=F AMV, and that Ty is a corresponding

contraction coefficient as described in Section 7.3. Also, we suppose that
S C F™ such that

1. § € zo + W for some vector g,

2. S©C S, SECS.

Our perturbation result of this section uses the following lemma.
Lemma 10.1 Let A;, As,... and By, Bs,... be sequences of matrices taken

from ¥ and 3, respectively. Suppose Ty (Ak) <7 and ||Ax — Byl <€ for
all k. Then

2A1 -+ A —yBy-- Bel| < m*[l@ — y||+ (T 4+ 1) Be
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where z,y € S and § =sup ||yB; --- B;]|-
i

Proof. The proof is done by induction on k.
Ifk=1,
lzAs — yBi|| < |lzA1 — yAi |l + |lyArL — yB |}
< 7w (A1) lz — yll + iyl | A1 — Bl
<7llz -yl + Be.
Assume the result holds for & — 1 matrices. Then

flzA1 -+ A—yBi - B||<||xAy - Ag—1Ar—yB1 - - - Br_14s||
+|yB1--- By—1Ax—yB1 - - Bi_1Bg|

< 7w (Ak) ||zA1- - Ak—1—yB1--- Bp_1l|

+|lyB1 -+ - Bg—1| || Ak — B

<7l|[zAy--- Ag_1—yBy - Be—1||+08e,

and by the induction hypothesis, this leads to
ST Mo =yl + (TF2 4 4+ 1) Be) + Be
=7 lle =yl + (r* 7+ 4 1) e.

The perturbation result follows. m

Theorem 10.1 Suppose 7w () < T and 7w AMV <7. Let X and Y be
compact subsets of F™ such that X,Y C S. Then

L h(XSHYEF) < R(XY) + (r 14 41) h(Z,%) B, where
B = max (sup ||zA; - - - A;|| ,sup |lyB; - - - B;]|) and the sup is over all
r€X,yeY, and all Ay,... ,A; €% and Bry~-. . B; € 3.
If T <1, then
2. h Akmskmsv <-Lp Ammv 8.

1—7

Proof. To prove (1), let A;--- Ay € &% and z € X. Take y € Y such that
lz %] < h(X,Y). Take By, ... , By in 5 such that || 4; — By|| < & Am. mv
for all i. Then, by the previous lemma,

.»/,,

lzAs -+ Ag—yBi - - Bi||<TF ||z — ylH(m* - - +1) h AM« Mv B.
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So,

5 Akmwkw& <TER(X,Y) + (P 4+ 1) R Am, mv 8.
Similarly,

5 O@C@J <RV, X)+ (P -+ 1) B Ammv 8.
Thus,

h Akmwkm& <R (X, Y)+ (TP + 1) R AM, mv B,

which yields (1). X
For (2), Theorem 9.6 assures that > and ¥°° exist. Thus, (2) is ob-
tained from (1) by calculating the limit as k — oco. m

For r-blocks, we have the following.

Corollary 10.1 Suppose 7w (X7) < 7, and Tw Awﬁv < 7. Let X and
Y be compact subsets of F™ such that X,Y C S. Then

. k k) R
h @mf\m& < A ey + ALL AT Hv h Amnm& 8,
where Mxy = max h AN M“L\M{v and B as given in the theorem.
o<t«r

Proof. The proof mimics that of the theorem where we block the products.
The blocking of the products can be done as in the example

Ap--Ag=Ay-- AB;--- By

where k=rq+s. m

A consequence of this theorem is that we can approximate ¥:°° by a Mwoo“
where X is finite. And, in doing this our finite results can be used on X.

10.2 Birkhoff Coeflicient Results

Let ¥ be a matrix set of row allowable matrices. In this section, we develop
some perturbation results for X,. Before doing this, we show several basic
results about projection maps.

Equality of two projective maps is given in the following lemma.
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Lemma 10.2 For projective maps, wyq =
zeSt.

wp iff p(Az, Bx)

Proof. Suppose

wa (z) = wp ()

for all z € S*. Then

Az _ Bz
|A=|l;  [|B=|;
and
p(Az,Bz) =0
for all z € St.

Conversely, suppose p (Az, Bz) =0 for all z € St. Then
Az = c¢(z) Bz
where c(z) is a constant for each z. Thus

Az _ . |Bely B
Az]l, 14z]l, 1Bz,

Si Az Bz .
mce md&
[Az _H |_|_ WH__H are M&OO_Dm.wﬁHO cQOﬂOva

. Az = ec(a) |Bz||; Bz
[l Azl |4z, | Bzll,

where e = (1,1,...,1), or

_ || Bzl
1=c(z) g
It follows that
Az _Bz
Tl4zll, ~ 1Bzl
or
. wy (z) = wp (z).

Hence wq = wp. =

An example follows.

= 0 for all
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Example 10.1 We can show by direct calculation, if A = ﬁ w Wg and
B= ﬁ W W % then wa = wg, while if A = ﬁ M ww_ and B = ﬁ W M_“

then w4 # wpg.
Let ¥ be a compact set of row allowable n x n matrices such that if

A, B € X, then for corresponding signum matrices we have A*=B*, i.e. A
mba B have the same 0-pattern. Define

Mﬂ Huﬁ~c>".> mHMw.

If wa,wp € ¥p, then

B A__Murv

wpowy () =
12 (v,
_ BAzx
| BAz|,’
a projective map. And in general,
A - Az
w4, o owy, (T) = A Azl Mn. ..P.Mﬂa__y.

We define a metric on 3, as follows. If wa,wp € X, then

p{wga,wg) = sup p(Az, Bzx).
zeSt

A formula for p in terms of the entries of A and B follows.

H_Emou.oa 10.2 ﬁeﬁ projective maps wa and wg, we have thatp (wa,wg) =
+a; . . oy .
T 8 19
H.www In |r.|ia: hian where the quotient contains only positive entries.

Proof. By definition,

p(wa,wp) = supp (Az, Bz)
z>0

a;x bz

= supmaxIn
>0 ©J F.H a;x
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where ay, by are the k-th rows of A, B, respectively. Now

T b anTy+ - 4 Qs bj1Z1 4 + bjnZn

bz a;x biizi+ -+ binxy aj1Z1 + -+ QjnTn
M AD?&Q_@ + Qam.w.v.».q.v TrpTs
r,8

B MU AS.\.QGW + @s.mmﬁ.q.v ZrTs
7,8

airbjs + Aisbjr
A max |.m,lh
78 Gz‘.ﬁum + vstG.\.

That equality holds is seen from this inequality by letting =, = 2, = ¢ and
x; =} for i #r,s and letting t — co. m

For intervals of matrices in X, p (w4, wg) can be bounded as follows.
Corollary 10.2 If
A—ecA<B<A+eA
for some € >0 and A~ €A, A+ €A €%, then

1+e€
|m-

p(wa,wp) <In
Proof. By the theorem,

Q&ﬂ@m.u + waw.\?.
W4, wp) = max In ————22 7
ﬁﬁ A mv %,5,7,8 @?.Q.u.m + Fub&..\.
< maxln air (1 +€) ajs + ais (1 + €) ajr
1,3,7, G. — mv Qir04s + AH - mv Qisjr
(I1+e¢)
e |

=In
the desired result. m

Actually, (X,,p) is a complete metric space which is also compact. . i
Theorem 10.3 The metric space (Xp,p) is complete and 836.9&.

Proof. To show that ¥, is complete, let wa,,w4,, ... be a Cauchy sequence
in ¥,. Since A;,As,... arein ¥, and & is oonmoa there is a subsequence
A;, Ay, ... of this sequence that converges to, say A € X. So by Theorém

10.2, p Aé}iébv — 0 as k — oco.
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We now show that p(ws,, wa) — 0 as ¢ — oo, thus showing (X,,p) is
complete. For this, let € > 0. Then thereisan N > 0, such that if i, > N,

p(wa,wa,) <e
Thus, if iy > N,
P AS}».SEV < e,
and so, letting k — oo, yields
@Ae?é}.v <e

But, this says that wa; — w4 as j — oo which is what we want to show.
To show that ¥, is also compact is done in the same way. =

We now give the perturbation result of this section. Mimicking the proof
of Theorem 10.1, we can prove the following perturbation results.

Theorem 10.4 Let 3 and 3 be compact subsets of positive matrices in
M,. Suppose Tp(X) < 7 and Tp AM)UV < 7. Let X and Y be compact
subsets of positive stochastic vectors. Then, using p as the metric for h,

L h(SEX,EEY) S TR (X,Y) + (75 o+ 1) R (25 55)-

And if T < 1, .
2 h(L,L) < 2 (5, 5,) and by definition L= lim SEX and L =
%B MJ\

Converting to an r-block result, we have the following.

Corollary 10.3 Let £ and 3 be compact subsets of row allowable ma-
trices in My. Suppose Tg(X") < T, TB AMQ <7p. Let X and Y be

. k
compact subsets of stochastic vectors. Then, h AMFN , MJNV < \DT;\M xy+

(I o 1) (5,25 where Mxy = = max h (ZLX, LY ).

Computing 75 (X*), especially when & is large, can be a problem. If
there is a B € 3 such that the matrices in & have pattern B and

B<A



150 10. Perturbations in Matrix Sets

for all A € X, then some bound on 75 (£¥) can be found somewhat easily.
To see this, let

the largest relative error in the entries of B and the A’s in ¥. Then we
have the following.

Theorem 10.5 If B* > 0, then

7B (Ai -+ Aiy) <

T 1+ gmmr Ve (BF)
Proof. Note that
B<A;<B+(RE)B
for all 4, and
B¥ < A, ---A;, < (1+ RE)* B*

for m‘_.—s.uv... ,s.k. Then ﬁ.\w“&fa...\:p m\bﬁ_.ﬁﬁ\»v — %ij%rs

QrjQig?

b5 bl 1 ‘
¢ (4) > - > e (B").
( (1+RE*b®e® = (1+ RE)™ (5%)

So,

ey (A) = Lo VO 1 G Ve (BY

1+ Ve (A) 7 1+ ggmr Ve (BF)

the desired result. m

10.3 Research Notes

The work in this chapter is new. To some extent, the chapter contains
theoretical results which parallel those in Hartfiel (1998).

11
Graphics

This chapter shows how to use infinite products of matrices to draw curves
and construct fractals. Before looking at some graphics, we provide a
section developing the techniques we use.

11.1 Maps

In this section, we outline the general methods we use to obtain the graphics
in this chapter.

Mathematically, we take an n x k matrix X (corresponding to points in
R?) and a finite set X of n x n matrices. To obtain the graphic, we need to
compute X*°X and plot the corresponding points in R2.

We will use the subspace coefficient 7w to show that the sequence (X*)
converges in the Hausdorff metric. To compute the limiting set, 3°°X, it
will be sufficient to compute $°X for a ‘reasonable’ s.

To compute ¥° X, we could proceed directly, computing £.X, then ¥ =ZX),
and T (¥?X),...,% (Z*71X). However, %X can contain |Z|¥ |X| matri-
ces, and this number can become very large rapidly. Keeping a record of
these matrices thus becomes a serious computational problem.
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To overcome this problem, we need a method for computing ¥*X which
doesn’t require our keeping track of lots of matrices. A method for doing
this is a Monte Carlo method, which we will describe below.

Monte-Carlo Method

1. Randomly (uniform distribution) choose a matrix in X, say X;.

2. Randomly (uniform distribution) choose a matrix in ¥, say A;. Com-
pute A; X;.

3. If A;, --- A;; X; has been computed, randomly (uniform distribution)
choose a matrix, say 4;,,, in X. Compute A;,,, 4;, --- Ai, X;.

4. Continue until A;, - -- A;, X; is found. Plot in R2.

5. Return to (1) for the next run. Repeat sufficiently many times. (This
may require some experimenting.)

11.2 Graphing Curves
In this section, we look at two examples of graphing curves.
Example 11.1 We look at constructing a curve generated by a corner cut-

ting method. This method replaces a corner as in Figure 11.1 by less sharp
corners as shown in Figure 11.2. This is equivalent to replacing AABC

B

FIGURE 11.1. A corner.
.
with AADE and AEFC. This corner cutting can then be continued on
polygonal lines (or triangles) ADE and EFC. In the limit, we have some
curve as in Figure 11.3.
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OB

Qo

FIGURE 11.2. A corner cut into two corners.

A C

FIGURE 11.3. A curve generated by corner cutting.

Mathematically, this amounts to taking points A (z1,v1), B (x2,v2), and
C (z3,y3) and generating

A=A
D=5A+.5B
E =254+ 5B+ .25C

and

E = .25A+ 5B+ .25C
F=.5B+.5C
c=0C.

This can be achieved by matriz multiplication

Iy n 1
Ay |z y2 |, A 22 w2
I3 Y3 3 Y3
where
1 0 0 25 5 .25
A = 5 5 0 , Ax= 0 5 5

25 .5 .25 0 0 1
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And, continuing we have

AjA1P, Ay A1 P, A1 Ao P, Ay Ao P (11.1)
1 U1 (o)
where P = | zo3 w2 |, etc. The products [[ A; P are plotted to give the
k=1
3 Y3

points on the curve.
Calculating, we can see that ¥ = {A1, Ag} is a T-proper set with

1
E=11
1

The corresponding subspace contraction coefficient satisfies
Tw (A1) = .75 and 7w (A2) = .75,

using the 1-norm. Thus by Theorem 9.6, (S¥P) converges.
00
11
20
times. Thus, we compute L'°P by Monte-Carlo where the number of runs
(Step &) is 5,000. The graph shown in Figure 11.4 was the result.

Given a corner P = , we apply the corner cutting technique 10

Example 11.2 In this example, we look at replacing a segment with a
polygonal line introducing corners. If the segment is AB, as shown in
Figure 11.5 we partition it into three equal parts and replace the center
segment by a corner labeled CDE, with sides congruent to the replaced
segment. See Figure 11.6.

Given A(x1,y1) and B (z2,y2), we see that
2 1 2 1 2 1
A+ zB) = = —Tg, = = .
QAw +wmv QAwelwas wS+wSV
Thus, listing coordinates columnawise, if
| A A -
alz]=[e])

then

B

fun

l
OWw O
Cw=O O
WO O O

4

WO = O

11.2 Graphing Curves

1.2+

ot/

0.2+

y axis

0.2

Cunve from comer cutting

o.# \\/

X axis

FIGURE 11.4. Curve from corner cutting.

o, O
A B
FIGURE 11.5. A segment.
To find CD, we use a vector approach to get
1 1 cosT sink
= (B - Z(B — 3 3
D=A+ 3 (B-4)+(B-A) ﬁ ook by _
1 V3 1 V3 V3 1 V3 1
=D 35z tg it U Fhit ot =Tt g
Thus,
A C
4[5]-[5]
where
As =

Nl= Oolho
o5

pot= o:'awlw o
—
afSplm ol

Y2

155
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A

Continuing,

for

and

for

The set ¥ = {A;, Ag, As, A4} is a T-proper set and

Thus,

FIGURE 11.6. A corner induced by the segment.

= o

ol O Ml m,&

Owlm'&whﬂ

O O ow-
O Owl- O
O = Ol
= oW O

O = O =
O RO

W = span {u1,uz}

Wiy O NI h
*lea
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where u; = (1,0,—1,0) and ug = (0,1,0,—1). The unit sphere in the
1-norm is

1 1
convex Auwm:r Hm:ww .

Hence, using Theorem 2.12,

1
n_um\c.wa

’
1

Tw (A) = max * ’TWE.»

J
= max{ & |z — asll; » = llaz — as]
= max 2 a1 —ag 109 2 31

where ay, is the k-th row of A.
Applying our formula to X, we get

2
) =-.
Tw(E) =3
Thus, by Theorem 9.6, X°P exists. To compute and graph this set, we
1
use X.° P where P = w , and we take s = 6. The result of applying the
1

Monte-Carlo techniques, with 3,000 runs, is shown in Figure 11.7.
Of course, other polygonal lines can be used to replace a segment, e.g.,
see Figure 11.8.

11.3 Graphing Fractals

In this section, we use products of matrices to produce fractals. We look
at two examples.

Example 11.3 To construct a Cantor set, we can note that if ﬁ M _ is an

interval on the real line, then for

|11 0 a | __ a
};m L;,T: ii

gives the first W of the interval and for

1 2 1 2
wsi 1] wls]=[0]

[N
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Curve from comer inducing

1.5¢

y axis

X axis

FIGURE 11.7. Curve from corner inducing.

FIGURE 11.8. Square induced by segment.

gives the second third of the interval. See Figure 11.9. Thus, graphing all

products X° ﬁ M ﬁ gives the W Cantor set.

Calculation shows ¥ = { Ay, As} is a T-proper set where,

So

1
Tw (4) = mu@ww.x__s —ajlly
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b
a WQ+|~I WQ+W®
37 3 3 3

FIGURE 11.9. One third of segment removed.

where ay, is the k-th row of A. Thus

1
T™W AMUV = Wv

a

and so ©*° * b

E exists.

To see a picture, we computed 3° ﬁ w g where s = 4. With 1,000 runs,
we obtained the graph in Figure 11.10.

Cantor set

06

C4}

0.2

y axis
o
T
]
]
]
]
]
1
1
!

0.2}
0.4}

0.61

X axis

FIGURE 11.10. The beginning of the Cantor set.

The m. Canter set, etc. can also be obtained in this manner.

Example 11.4 To obtain a Sierpenski triangle, we take three points which
form a triangle. See Figure 11.11.

We replace this triangle (See Figure 11.12.) with three smaller ones,
AADF, ADBE, AFEC.
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FIGURE 11.11. A triangle.

If A(zy,yu), B(zL,yL), C(zr,yr) are given, we obtain the coordi-
nates of A, D, F as

A A
A | B|=|D FIGURE 11.12. One triangle removed.
C | F H
or :ﬁﬁmﬁma:wb o ) ) i provides AFEC.
1 0 0 0 00O Ty Ty The set & = {A;, A, As} is a T-proper set with
0 1 00 0O YU YU
3 02 000 zr | _ wac._rmah 10
02013100 YL FyU + 3L 0 1
3 m 00 20 TR w&:.*.mam |10
10 3 000 3 |lwe] | svw+iyr ] E=19 1
And 1 0
(2 0 2 0 0 07 01
0 0o loo
|0 5 18 0 o This yields that
21000100
00 3%1o01%1o 1 llax — aslly , llax — as|l; , llaz — as|}
A) = = 1 1 1 U
000 %0 }] W (4) = FI gy — aglly s laz — aslly s o — aglly
provides ADBE, while Th
- - us,
1000 3 0
. 0 £ 000 W 1
-0 0 1 0 L 0 Tw(Z)=3.
Az = 2 1 2z 7 2
0 000 10O , . k
00000 1] This assures us that (S*P) converges.
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Using P = , 8§ =6, and 3,000 runs, we obtained the picture

—
cwooél

given in Figure 11.13. Other triangles or polygonal shapes can also be used

m_mimswr:;m:m_m
18 T r T T T T

0 02 04 06 08 1 12 14 16 18 2
X axis

FIGURE 11.13. Sierpenski triangle.

in this selting.

-

11.4 Research Notes

The graphing method outlined in Section 1 is well known, although not
particularly used in the past in this setting. Barnsley (1988) provided a
different iterative method for graphing fractals; however, some of that work,
on designing fractals, is patented. ,

Additional work for Section 2 can be found in Micchelli and Prautzsch
(1989) and Daubechies and Lagarias (1992). References there are also
helpful.

For Section 3, Diaconis and Shahshani (1986), and the references ﬁ.,.mmam.
are useful.

11.5 MATLAB Codes

Curve from Corner Cutting

Al=[1 0 0;.5 .5 0;.25 .5 .25];
A2=[.25 .5 .25;0 .5 .5;0 0 1];
axis equal
xlabel(’x axis’)
ylabel(’y axis?’)
title(’Curve from corner cutting’)
hold on
for k=1:5000
P=[0,0;1,sqrt(3);2,0];
for i=1:10
G=rand;
if G<=1/2
P=A1%P;
else
P=A2%P;
end
end

11.5 MATLAB Codes

w=[P(1,1) P(2,1) P(3,1) P@,1)];
z=[P(1,2) P(2,2) P(3,2) P(1,2)];

plot(w,z)
end

Contraction Coefficient

A=[1 0 0;.5 .5 0;.25 .5 .25];
T=0;
for i=1:3

for j=1:3

M=.5%norm(A(i,:)*-A(j,:)?,1);

T=max ({T,M]);
end
end
T

Curve from Corner Inducing

A1=[1 0 00;0 1 00;2/3 0 1/3 0;0 2/3 0 1/3];

A2=[2/3 0 1/3 0;0 2/3 0 1/3;1/2

sqrt(3)/6 1/2

163
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-sqrt(3)/6;-sqrt(3)/6 1/2 sqrt(3)/6 1/2];
A3=[1/2 sqrt(3)/6 1/2 -sqrt(3)/6;-sqrt(3)/6 1/2
sqrt(3)/6 1/2;1/3 0 2/3 0;0 1/3 0 2/3];
A4=[1/3 0 2/3 0;0 1/3 02/3;0 0 1 0;0 00 1];
hold on
axis [.5 2.5 0.5 2.5]
axis equal
xlabel(’x axis?)
ylabel(’y axis?’)
title(’Curve from corner inducing’)
for k=1:3000
P=[1;1;2;1];
for i=1:10
G=rand;
if G<1/4
P=A1%P;
end
if G<=1/44G<1/2
P=A2%P;
end
if G>=3/4
P=A3*P;
end
if G>=3/4
P=A4%P;
end
end
plot(P(1),P(2))
plot(P(3),P(4))
end

Cantor Set

A1=[1 0;2/3 1/3]; .
A2={1/3 2/3;0 1];
axis [-.5 1.5 -.5 .5]
axis equal

xYabel(’x axis’)
ylabel(’y axis?)
title(’Cantor set’)
hold on

11.5 MATLAB Codes

for k=1:1000
x=[1;0];
for i=1:4
G=rand;
if G<.5, B=A1;
else, B=A2;
end
x=B*x;
end
plot(x(1),0,°.?)
plot(x(2),0,’.?)
end

Serpenski Triangle

A1=[100000;010000;.50 .500 0;
0.50.500;.5000 .50;0.5000 .5];

A2=[.56 0 .500 0;0 .50 .500;0010 00;
00010 0;00.50.50;000 .50 .5];

A3=[.5000 .50;0.5000 .5;00 .50 .50;
000 .50 .5;000010;00000 1];

axis equal
xlabel(’x axis’)
ylabel(’y axis’)
title(’Serpenski triangle’)
hold on
plot(0,0)
plot(1,sqrt(3))
plot(2,0)
for k=1:3000
x=[0;0;1;sqrt(3);2;0];
for i=1:5
G=rand;
if G<1/3
x=A1%x;
elseif G>=1/3&G<2/3
x=A2%*x;
else
x=A3*x;
end
end

165
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w=(x(1),x(3),x(5) ,x(1));
z=(x(2),x(4),x(6),x(2));
£fill(w,z,’k?)

end

12
Slowly Varying Products

‘When finite products Ay, AsA1,... , Ak ... A2 A; vary slowly, some terms in
k

the trajectory A II xrév can sometimes be estimated by using the current

i=1
matrix, or recently past matrices. This chapter provides results of this

type.

12.1 Convergence to 0

In this section, we give conditions on matrices that assure slowly vary-
ing products converge to 0. The theorem will require several preliminary
results.

We consider the equation

A*SA -5 =-1I, (12.1)
where A is an n X n matrix and I the n X n identity matrix.

Lemma 12.1 If p(A) < 1, then a solution S to (12.1) exists.
Proof. Define

1
§=5m

(A* - NLNVIH (A—zI)7' 27 dz
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where the integration is over the unit circle.
To show that S satisfies (12.1), we use the identities

(A—zD)'A = TI+z2(A-2I)"
A (A =) = T4t (A -
Then

sspae 1 d ax (4% — 71 "HA — 2Dt Apt
bm_\»lwi&\p (A* =271 (A—2I)" Az 'dz

1 *__—1p\—1 . n-1) -1
= 5=p[I+27 (47— )7 [T+ 2(4-2D) 7" 2724z
. 1 -1 . -1 *,, -1 _1
=5 AN I+(A-2I)"+A%2— 1)z v&m+m
* - IH
l.?TIwﬁ&E 2I)” %+|§:XEN N7 2 ldz+-8.

Now, since f (4) = 5 § f(z) ({2 — A)"'dz for any analytic function f,
taking f (2) =1, we have

mﬂ*?&lnw —~1I.

Changing the variable z to z~! and replacing A by A* yields

o *Tp*u N7l Yz =1
Plugging these in, we get
A*SA=85-1
or
A*SA-S=-1I,

which proves the lemma. =

We now need a few bounds on the eigenvalues of S. To get these bounds,
we note that for the parametrization

L 0
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or setting G = A — ],

1 T eIV el
m|§\ (1) ¢ds,

which is Hermitian.
To show that S is also positive definite, note that (G=)* G~ is positive
definite. Thus, if = # 0, z* (G~!)" G~z > 0 for all § and so

* 1 " * —1\* ~—1
m.&.lﬂ x AQ VQ zdf > 0.

Hence, S is positive definite.

The bounds are on the largest eigenvalue p(S) and the smallest eigen-
value o (S) of S follow.

Lemma 12.2 If p(A) < 1, then
1. p(8) < (1 All, + 172 / (1 = p (A))*"
2.0(8)>1.

Proof. For (1), since G = A — eI, then, using a singular value decompo-
sition of G, we see that |G|, is the largest singular value of G, ||G~* __M
the reciprocal of the smallest singular value of G, and |det G| is the product
of the singular values. Thus,

Gl

-1
o), < 1oL -

And, since |det G| = _v; — m&._ .- _v,: — ms.m_“ where Aq,..., A, are the eigen-
values of A,

167, < 14— €®I[l3™" /ha = €] [An — €%
< (Al + 1"/ (A= p(A)"
Since S is Hermitian,
p(S) =Sl
<3 [l ;as

A_z__i% 2
(- p (A"
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For (2), we use Hermitian forms. Of course,
o(S)z*z < z*Sz
for all . Setting x = Ay, we have
o(S)y*A*Ay < y*A*SAy.

Using that A*SA =85 —1I, we get

o (S)o(A"A)y'y <y"Sy—y'y
or

(1+0(8)o(A"A))y"y <y*Sy.
Since this inequality holds for all y, and thus for all y such that Sy = o (S) v,

1+0(S)o(A*A) <a(9).

Hence,
1<0(8),
the required inequality. =
We now consider the system
ZTg41 = Brzy, (12.2)
where
L |IBefl < K

2. p(Br) <P <1
for positive constants K, 8 and all k£ > 1.

Theorem 12.1 Using the system 12.2 and conditions (1) and (2), there
] an ¢ > 0 such that if

| Br+1 — Bil| <€

for all k, then (zx) — 0 as k — oo.
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Proof. Let ¢ > 1, g an integer to be determined. We consider the interval
0<k<2,

Tty = .mn&.\n + ﬁ.ww — .Wn_ L.
Since |Bs41 — Bs|| <€ for all s, then
I[Bx — Bgl zell < |g — k| [|zk]| €.
To shorten notation, let

A=B,
f (k) = [Bx — Bq] z.

So we have
Tpp1 = Az + f an .

By hypothesis p (4) < 8,50 p Amlybv < 1. Thus, there is a positive definite
Hermitian matrix S such that

(BA) S(B71A) -8 =-I
or
A*SA =328 — 1.
Let V (zx) = 21 Sz;. Then

V (zky41) = 2 A" S Az, + f (k)" Sf (k) (12.3)
+ 23 A*Sf (k) + f (k)* SAzy.

Now we need a few bounds. For these, let o > 0. (A particular o will
be chosen later.) Since

(af (k)" — 21 A*) S (af (k) — Azg) > 0,
of (k)* Sf (k)+a 'a} A*SAzy, > f (k)* SAxy,+afA*SF (k).

Plugging this into (12.3), we have

V(zps1) <A +a) f (k) Sf(k)+ (14 a7 1) 25 A*SAxy,
= (L+a7") [af (k)" SF (k) + 27 A S Azy]
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Continuing the calculation
V (zit1) < (L+ 07 [af (k) SF (k) + 825 (S ~ 1) 2]
= (1+a™) (af (0)" SF(B) + B2V () — B° )
Now,

F (k)" Sf (k) < p(S) I R)II* < p(S) (g — k) € [l

So, by substitution,

V@) < (1407 [V (@) +(op (5) (g - £ =6°) o]

2
Let a = }mxnls = to get

V(@ri1) < (L+a71) B2V (z4)
- Amw +p(9) (g - k)? mwv V (zk).
By Lemma 12.2,
(1Al + 1> 2
(1-p(4)*™
L& :wi.
T oa-p

p(S) <

Set

(K +1)*2

S

By continuing the calculation
V(@) < (87 + (g~ K E) V().
Thus,

. V(21) < (8 + pg*¢) V (20) ,

and by iteration,

V (22q) < (8% + pg2e2)**V (o).

12.1 Convergence to 0

Finally, we have

2
7 (8) |lzaqll® < p (87 + pa*e®)™ |lwoll* -
So, by Lemma 12.2

2
lz2qll < /o (8% + pg?e2) ™ |laol| -
Now, choose ¢ and g such that
2
p (B2 +pg?) ™ <1

and set

)
l|z2qll < T {|oll -

This inequality can be achieved for the interval [2g,4q] to obtain
|zaqll < T ||m2qll;

continuing,

Z2tm+13q]l < T llz2ma]

which shows that z,,q — 0 as m — oc.

173

Repeating the argument, for intervals [2mg + 7,2 (m + 1) ¢ + r] yields

__&NA3+HK+q__ < T ||lz2mg+rll

SO T2mg4r — 0 as m — oo. Thus, putting together zx — 0 as k — oco. m

Corollary 12.1 Using the hypotheses of the theorem
lim Bg---B; =0.

k=00
Proof. By the theorem
mmwnumw...mHaH =0
for all ;. Thus,
Jim BB =0,

the desired result. m
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12.2 Estimates of x; from Current Matrices

Let A;, Aa,... be n X n primitive nonnegative matrices and z; an n x 1
positive vector. Define the system

Tpr1 = ArTk.

The Perron-Frobenius theory (Gantmacher, 1964) assures that each Ay has
a simple positive eigenvalue A such that A > || for all other eigenvalues
A of Ai. And there is a positive stochastic eigenvector vy belonging to \. }
If the stochastic eigenvectors v, . .. ,vs of the last few matrices, Ay, ... , As
vary slowly with %, then v; may be a good estimate of mmwwﬁ. In this
section we show when this can happen.

We make the following assumptions.

1. There are positive constants m, and M such that

m < inf gmnv
a{y >0

M > sup pmﬂv ,
where inf and sup are over all ¢, 5, and k.
2. There is a positive constant » such that
Atyr- A1 >0
for all positive integers ¢.
These two conditions assure that
m" < (Apgr - \?tv n"iM"
for all 4, j, and t. Thus,

N2
m
e P (LI
¢ (Asyr--- Agy1) > Azﬂlg\.?v

Set ¢ = Taﬁﬂia_ and 7,/ = H|+.N\ﬁ| < 1. We see that

78 (X7) < 7y
Theorem 12.2 Assuming conditions 1 and 2,

k k-l i N
P(Tht1,0) <7 E@ (z2,v1) + MU T n_@ (Vk—j» Vk—jt1) - (12.4)
=t
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Proof. By the triangle inequality p (zg41,vk) <
p(Ak- - A1z, A -+ A1) +p (Ag - AgArvy, Ag - - - Agug)
+ -+ p(ArAk—1Vk—1, AkVs)
and using gmﬁ.\fem = Asv; for all s,
=p(Ak---AsA1x1, Ag -+ - A2 A1v1) + p (Ak - - - Agur, Ag - - - Agws)
+ -+ p(Apvi—1, Axvr)
< L _ﬁ (@2, v1) + Lx '] p(vr,ve)+ -+ Lﬁﬁ?wlrei
which gives (12.4). =
If
6= mmvis.stv ;

then the theorem yields

oo ) < APz + 5 s
j=1

Thus, if in the recent past, starting the system at. a recent vector so k is
small, we see that if § and 7, are small, v;, gives a good approximation of
Tl41-

This gives us some insight into the behavior of a system. For example,
suppose we have only the latest transition matrix, say A. We know

Tp+1 = Azg

but don’t know x; and thus neither do we know z.;. However, we need
to estimate ki

lzetally
Let v be the stochastic eigenvector of A belonging to p(A4). The theorem
tells us that if we feel that in recent past the eigenvectors, say vq,... , vk,
didn’t vary much and 7, is small, then v is an estimate of Toetie. (We

[y
might add here that some estimate, reasonably obtained, is often better

than nothing at all.)
Some numerical work is given in the following example.

Example 12.1 Let

'

li
O v
O
O O n



176 12. Slowly Varying Products

and let ¥ be the set of matrices C, such that
A—-.02A<C <A+ .024.

Thus, we allow a 2% wvariation in the entries of A. Now, we start with
0.3434

z3 = | 0.3333 | and randomly generate A, = Tm_v_ where
0.3232

@mv = b;; + rand (.04) a;;
or all i, j, where rand is a randomly generated number between 0 an
for all i, 7, wh d i doml d ber b 0and1
and B=A— .02A. Then,
o = \:HH
and
__am__av

etc. We now apply this technique to demonstrate the theoretical bounds
giwen in Theorem 12.2.

Let vy, denote the stochastic eigenvector for Ayg; we obtain for a run of
50 iterates the data in the table,

T2

k 48 49 50
0.3430 0.3599 0.3445
Fiot1 0.3299 0.3269 0.3470
| 03262 | | 03132 | | 0.3085 |
(034747 [ 035417 [ 0.3476 ]
vk 0.3330 0.3330 0.3354
| 0.3196 0.3129 0.3170
D (Zrg1, Vi) 0.0301 ~  0.0351 °  0.0609
2 (U, Vk—1) 0.0224 0.0403 0.0314

Using Theorem 12.2 and three iterates, we have

Tg9 = A4gTag
T50 = A4gTgo
z51 = As0Ts0.

P (zs1,v50) < 7B (2°) p (a9, vas) + 75 (£2) p (vas, vao)
+ 78 (Z) p (v49, vs0) -
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And, using Theorem 10.5, T (£3) < 0.5195, so

p(z51,vs0) < 0.0899.
The actual calculation is p (51, vs50) = 0.0609, and the error is

error = 0.029.
To see that 6 is always finite, we can proceed as follows. Let
Av =2

where A = Ay, v = vg, A = \g, for some k. Suppose

Tg= meaw

t . . .
where v = (z1,... ,%,)". Then, since v is stochastic,

3=

Tq >

Now, since A is primitive, A" > 0 for some r. Thus amw.v > m" for all
i,j. Now
(A"v);

Ty = ——t

Al
> QM%S
k=1
n n (r) ¥
M MU Qg Tk
s=1 k=1

and since there are no more than n™~! distinct paths from any v; to any
vj, of length r,

(r)
Q:E Tq

n n
3t IMrry,
s=1 F”H

T
m’x,

n2n—1Mrr,
T

v

T

v

S om
n2nr=1Mr’
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Since this inequality holds for all %,

. m’
minz; > —————— > 0.
i T = n2nr—-1Mr

And, from this it follows that p (v;,v;41) is bounded.
We add to our assumptions.

3. There are positive constants 8 and A such that

i
[Akllo < B and Ap < A
for all k. And v > 0 is a lower bound on the entries of vy for all k.
An estimate of Ay can be obtained as follows.

Theorem 12.3 Assuming the conditions 1 through 3,

(@rt1);

Aaavw e

. Am " \/v e’ (=% p (zh, vy

Proof. Using Theorem 2.2, for fixed k, there is a positive constant r and a

diagonal matrix M, with positive main diagonal, such that the vectors z,
and vy, satisfy

zp =71 (v + Mug) .

Thus,

Tpy1 = ApTy
=r A\/»\S.a + \»wgewv ,

0]
and so

(Tht1), _ T (Agvk + ApgMug),
(zk); 7 (vk + Mug);
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Hence,

(Mkvk + ApMug); — M (v + Mug),
AS“ + Es..vs.

(AxMuk); — A (Mog),
(Ve + Mwg);
(AeMug); — M (Mug);
(V)5

_ (AcMur); v:63:._
(vi)s
__\rngew__oo + AT
(vk);
| Akl oo 1M |l oo 1%
Y

%__koln?__i__g
v

And since by Theorem 2.2, || M|| < eP(@x:%) _ 1 we get the bound
< Am + v§v Amn??sﬂv - Hv .
v

e¥ — 1< ue"

(Tr41); _
(zk); M

IA

IA

2+ Apmy

IA

Now we can write

for any u > 0, so we have

< Am * \/v e p (ze, vk)
Y

(Th1)s

(zk); e

foralli. m

From this theorem, we see that if the vi’s and zi’s are near, then Aﬂ|uvr
is an estimate of A\;. Of course, if the v;’s vary slowly then the z;,1’s are

close to the v;’s and are thus themselves close, so the v;’s and x;’s are close.

12.3 State Estimates from Fluctuating Matrices

Let A be an n X n primitive nonnegative matrix and y; an n x 1 positive
vector. Define

Yr4+1 = AYk.
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It can be shown that AIFV converges to w, the stochastic eigenvector

Ny«
belonging to the eigenvalue p (A) of A.
Let Ay, A, ... be fluctuations of A and consider the system
Tpt1 = ATy (12.5)

where z; > 0. In this section, we see how well 7 approximates =%wﬁu
especially for large k.
It is helpful to divide this section into subsections.

12.3.1 Fluctuations

By a fluctuation of A, we mean a matrix A + E > 0 where the entries
in E = [e;] are small compared with those of A. More particularly, we
suppose the entries of E are bounded, say

lei| < &
where
a;; —&;; >0
when a;; > 0 and &;; = 0 when a;; = 0. Thus,
A-ESA+E<A+E.
Define
6 =supp (Az,(A+ E) x)

where the sup is over all positive vectors z and fluctuations A + E. To
show § is finite, we use the notation,

RE = max mw
Q@.

where the maximum is over all a;; > 0.
H_Fwou.mg 12.4 Using that RE < 1,

1+ RE ~
< _—
S<hi—%%

12.3 State Estimates from Fluctuating Matrices

Proof. Let = > 0. For simplicity, set

2 = A\w.ﬁvw
er = (Ex), .
Then
_Am.avs_ _ms.HHH e ms.z.ﬂs._

sup = sup
z>0 Tpar z>0 @171+ + QinZp

Enz1+ -+ Enn
< sup
>0 Gi1Z1 + -+ + QinZn

and by using the quotient bound result (2.3),

< max mls
a;; >0 Qé..u.
=RE.
Furthermore, using that
z;+ e —14 €
Zj Zj
and that
Zg . 1
zit+e 1+%°
we have
(Az); ((A+E)x); 2 zite
(A+E)x), T»Hvu. zite zj
1+
— J
1t+g
1+RE
< —-.
~1-RE
Thus,
1+ RE
<lp—=
p(Az,(A+E)z)<In 1—RE’

the inequality we need. m

181
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12.3.2 Normalized Trajectories

Suppose the trajectory for (12.5) is 1, z2,.... We normalize to stochastic
vectors and set
Fp = ok
k= .
llklly

We will assume that 75 (A") = 7, < 1. How far Zj is from = is given in
the following theorem.

Theorem 12.5 For allk and 0 <t <,
P (T, Fre) < TEp(m,21) + (TP + -+ 1 + 1) r6 + (£ — 1) 6.
Proof. We first make two observations.
1. For a positive vector = and a positive integer ¢,
p(Alz, Ay Asz)
<p Abﬁa, AAi_q--- xrav +p(AAs1--- A1z, As - - Arz)
<p(A7'z, Ay Arz) 46,
and by continuing,
<(t—-1)6+6=1tb.
2. Forall k>1,
P (7, Tkrp1) = p (A™m, AZ(_1yr41)
+ P (A Z (o 1)r+1y Akr - Al—1)r 418 (k—1)r+1)
< 7rp (T, B(e—1yr1) + 16
and by continuing
P (M, Ery1) < Tp (7, Z,) + A‘IMIH 4+ 4T+ 1) 78.
Now, putting (1) and (2) together, we have for 0 < ¢ < r,
P (T, Teryt)
=p(A"'r, Aprgt—1 - Akr41Zkr41)
<p (A m, A B ) P (A Tt Akrgtm1 - Akrg1Zkr41)
<p(m, Bry1) +(E—1)6
< Thp(m,2) + Aﬂwlﬂ+...+?+5ﬂm+ﬁl 1) 6,
the desired inequality. m ~

.
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12.3.3 Fluctuation Set

The vectors T need not converge to m. What we can expect, however, is
that, in the long run, the Z;’s fluctuate toward a set about 7. By using
Theorem 12.5, we take this set as

QHAHm.m%“ﬁA.ﬁiA ré

IT:iTc&.

Using

d(z,C) = wwwﬁﬁﬁov,

we show that
d(Zk,C) —» 0 as k — oo.
We need a lemma.

Lemma 12.3 Ifz € St and 0 < a <1, then
p(mz)=p(mar+(1-a)z)+plar+(1-a)z,2).

Proof. We assume without loss of generality (We can reindex.) that

Ty sT
x1 Zn
Thus, if ¢ < j, then
T M
T %y
or
T4 N TiLs.
So
amm; + (1 — a)mz; > amm; + (1 — o) w52,
and

i s..u.

> .
ari+(1—a)z; — amj+(1—a)z;
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From this, we have that

p(m,z)
T1 Tp

=Iln——
T Ty

_ FA m am,+(1—a) asv

ami+(1—a)zy Tn
+FA0§.H+A~IQV z T, v
z1 arp,+(1-a)z,
=p(mar+(1—-a)z)+plar+ (1 —a)z,z),

as required. =

The theorem follows.
Theorem 12.6 For any k and0 <t <r,
d(Zkr41,C) < 8p (31, 7).

Proof. If Zxr4+ € C, the result is obvious. Suppose Zxri: ¢ C. Then
choose a, 0 < a < 1, such that

z AQV =arm -+ A”_. — Qv Thr4t
satisfies

ré

1-71,

p(z(e),n) = +(r—1)6.

Thus, z (a) € C.
By the lemma

p AN.#?T?.\_.V =P A.‘qu.+? T Avi +p AH AQV vq_.v

- 6
=P @i, (@) + T + (1)
Now, by Theorem 12.5, we have
— k /= rd
[ @AHW.?T?S.V M q-q.mvﬁ.ﬁ.?ﬂ.v + 1 T +Q‘.| Hv nm.
i —ir

8O

D AM?..T? r AQVV < ﬂw% Au.mf s.v .
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Thus,

d AH.T?T? Qv M ﬂwﬁ An.muvs.v )

which is what we need. m

Using the notation in Chapter 9, we show how C is related to limiting
sets.

Corollary 12.2 IfU is a compact subset of ST and an —Lask — oo,
then L C C.

Using this corollary, Theorem 12.4, and work of Chapter 10, we can
compute a bound on L, even when L itself cannot be computed.

We conclude this section by showing how a pair Z;, Z;41 from a trajectory
indicates the closeness of Z; to C.

Theorem 12.7 If 7. < 1, then

&A.\N.?Qv <

~1-7,

P (Ziy Tiv1) -

Proof. Throughout the proof, ¢ will be fixed. Generate a new sequence
T1,... @5 Ay, Az, L

Since A; is primitive, using the Perron-Frobenius theory

Ak,

\mmwo __Hwa.lw_ﬁ =T
the stochastic eigenvector for the eigenvalue p (A;) of 4;. Thus,

w_waopoﬁ A\»wa?ﬁv =0.
Hence, using the sequence

Ay, As, .o A A A
since Theorem 12.6 still holds,
d(m;,C)=0

and som; € C.
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Now, using the triangle inequality
p (%, AF 1 2:11) < p(Bi,Biga) + p (Aii, AiTigr)
+ o p (AT, AT E )
<rp(Ziy Ziv1) + 7P (T, Tig1)
+ -+ ?ﬂwﬁ A.‘w?&.s.+Hv

r _
< H||,?hu (Ziy Tigr) -
Now, letting k — oo,
_ r _
p(Z;,m) < =7 (%, Tit1)
and since 7; € C,
_ r _
d Auﬂ&u Qv m HI'INu AH\T H\.a..T”_.v )

as desired. m

The intuition given by these theorems is that in fluctuating systems, the
iterates need not converge. However, they do converge to a sphere about
m. See Figure 12.1 for a picture.

FIGURE 12.1. A view of iterations toward C.

An example providing numerical data follows.

Example 12.2 Let

b

Il
O o
o © i~
OO

p
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Let & be the set of matrices C such that
A— 02A<C <A+ .024,

thus allowing for a 2% variation in the entries of A.

0.3495
The stochastic eigenvector for A isw = | 0.3331 |. Starting with z; =
0.3174
0.3434
0.3333 | and randomly generating the Ay’s, we get
0.3232
. x
Tpt1 = ApZr and Tpy1 = xS .
: Nzkt1lly
Iterations 48 to 50 are shown in the table.
k | 48 49 50
0.3440 0.3599 0.3445
Tpt1 0.3299 0.3269 0.3470
0.3262 0.3132 0.3085
P (Zhop1, ) 0.0432 0.0483 0.0692

Using three iterates, we have

p(Zs1,m) < 75 (A3) p(m, Zas) + 26
= (.1044.

This compares to the actual difference
p(Zs1, ™) = 0.0692.
The error is

error = (0.0352.

12.4 Quotient Spaces

The trajectory x,,s,... determined from an n x n matrix A, namely,

Tpy1 = Azg
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may tend to infinity. When this occurs, we can still discern something about
the behavior of the trajectory. For example, if A and z; are positive, then
we can look at the projected vectors =|w_| In this section we develop an

additional approach for studying such trajectories. We do this éon in R®
so that formulas can be computed for the various norms.
Let e be the n x 1 vector of 1’s. Using R", define

W =span{e}.
The quotient space R™/W is the set
{z+W:2z€R"}

where addition and scalar multiplication are done the obvious way, that is,
(+W)+@y+W)=(z+y)+W, a(z+ W) =azx+W. This arithmetic
is well defined, and the quotient space is a vector space.

12.4.1 Norm on R*/W
Let
C={c:dw=0forallwe W}
and |
Ci={celC:||=1}.
(Cy depends on the norm used.) Then for any z € R® /W,

lz+ Wl = max |ctx|.

It is easily seen that ||-||; is well defined and a norm on R"*/W.

Example 12.3 Let |-||, denote the 1-norm. It is known that, in this case,
C is QS convex mmﬂ with vertices those vectors with precisely two nonzero
miimmv 5 and I|. Thus,

17,% — t
lz+Wlo = wmmown_g_,

]
and if c = ) oyck, o conver sum of the vertices cy, . .. ,¢s of C1, then
k=1 -

lz+ Wl < MWMUS |cj.z]

= max _Daa._ ,,
1

= gmaxz, — 2.
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Since this max is achieved for some cx, it follows that equality holds.

We conclude this subsection by showing how close a vector is to a coset.
"To do this, we define the distance from a vector y to a coset = + W by

d(y,©+W) = mig 1y - (@ + w)]]

We need a lemma.
Lemma 12.4 Let c € C where c = (¢1,...,¢,). Then

1 1 . 1
smaxc; ~ s min¢; > = |||, .
[ n

2 2
Proof. Without loss of generality, suppose that

= A@H,... 1 Pryqly .- ‘va

where r + s = n and

2z 2pr202qg 2> 2gq,
T 8
Note that > pr=— 3" gs.
k=1 k=1
Now,
Hw|H vw pit--+p 1/qi+---+g
P17 59235 r 2 s
1 1
=gp 1+ ) — (a4 + )
1 1
“Awl VQH.T +N¥.v
2
N ..+ﬁﬂv
- +p) = =@+t a)
= Dr r+s q1 qs
1
ljrm__a_rv

the desired result. m

Using the 1-norm to determine C;, we have the following.

Theorem 12.8 Suppose ||(y+ W) — (z+ W)||o <e. Then we have that
d(y,z + W) <ne.
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Proof. First suppose that y,z € C. Then, using the example and lemma,
we have ||(y + W) — (z + W)l

—~

max (yi —25) — wBE (v — &.vv

J
n
MU |ys — ]
i=1

__@Ie__p.

S 3= Bl

v
Sl /7

Now, let z,y € R". Write z = &+ w1, y = § + wp where 2,7 € C and
wy,wy € W. Then, using the first part of the proof,

I+ W) = @+ Wl = 5+ W) - @+ W)g
> Llig -l

= w Ity — w2) — (& — wi)lly

1

- @+l

where w = we — wy. And, from this it follows that
d(y,z + W) < ne,

which was required. m

12.4.2 Matrices in R*/ W

Let A be an n X n matrix such that

AW -W
Thus Ae = pe for some real eigenvalue p. (In applications, we will have
p=p(A))
Define
. A:R"/W — R*|W
by

Az +W) = Az + W.
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It can be observed that this is a coset map, not a set map. In terms of
sets, A (z + W) C Az +W with equality not necessarily holding. The map
A: R"/W — R"/W is well defined and linear on the vector space R™/W.

Inverses, when they exist, for maps can be found as follows. Using the
Schur decomposition

— P Y t
amr[2 3]e

where P is orthogonal and has % as its first column. If B is nonsingular,
set

.ﬁuw? B T“.

(Other choices for A* are also possible.)
Lemma 12.5 A% is the inverse of A on R*/W.

Proof. To show that A*:W — W | let w € W. Then w = ae for some
scalar a. Thus,

Atw = At (ae)
=aP M wlpaw“m
_.plP ¥ =
=or[f 2 ][ 7]
o
=aP| "yn
ap| 7y _
=ape e W.
Now,
P> py+yBt ]
AAt =p 0 7 p
If x € C, then
2 -1
m>+&ﬂ~uﬁw .o@._.»wm gmuﬂa
2 mlu 0
_p| P ety
0 I .N..va
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where Pt = | v»

-#| |
where 8 = AE\ + .@mlv Pz,

e
=B-— + PiPyu

/\I 2

=pf—=
e\l
Thus, AA* (z + W) = z + W and since z was arbitrary AAT is the iden-
tity on R™/W. Similarly, so is AT A. So A% is the inverse of Aon R*/W. m

+zex+ W

When A : W — W, we can define the norm on the matrix A : R*/W —
R™/W as

| Az + Wl
Al = max 2T Wig
I4lle = me o w1,
Az +W
— Ao+ Wi,

For special norms, expressions for norms on A can be found. An example
for the 1-norm follows.

Example 12.4 For the 1-norm on R™: Define

|4z + W,
All ~ = max ——<
14lle = max oW,

= Az +W
= e I lc-

Now
A, t
Az + W, = max ax |c* Ax|

which by Example 12.3,

. 1
= gmax laiz — a;z| .,
1
= mewu_ASl&va_
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where ay, is the k-th row of A. Since ||z + W|o =1,
5 max o — 2| =
g maeles il =

And, sincex+ae € £+ W for all o, we can assume that z; is nonnegative
for all i and 0 for some i. Thus, the largest entry z; in z is 2. It follows
that

max |(a; — a;) z|
ﬂv-ﬂ

over all x, 0 < z; < 2 is achieved by setting x, = 2 when the k-th entry in
a; — a; is positive and 0 otherwise. Hence,

max |(a; — a;) z| = max ||la; — aj]|; .
2,2 43

Thus,
1
Az + Wl = 5 max la; — ajl],

and so

1

Allg = 5 maox las = agl,
To obtain the usual notation, set
T1(4) =[4llc.

This gives the following result.
Theorem 12.9 Using the 1-norm on R®,
Al =T1(4).

12.4.8 Behavior of Trajectories

To see how to use quotient spaces to analyze the behavior of trajectories,
let

Tk4+1 = h..ﬂx + b

where A: W — W. In terms of quotient spaces, we convert the previous
equation into

Ti1+ W =Azp + W)+ (b+W). (12.6)
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To solve this system, we subtract the k-th equation from the (k -+ 1)-st one.
Thus, if we let

Zot1 + W = (@pg1 + W) — (zp + W),
then
2kp1 + W =A(z + W)
S0
Zop1 + W = A% (20 + W).
Using norms, |
e + Wil < 71 (A a1 + Wil - (12.7)

If 71 (4) < 1, then 2z + W converges to W geometrically.
As a consequence, (x5 + W) is Cauchy and thus converges to say z+ W.
(It is known that the quotient space is complete.) So we have

z+W=A+W)+(b+W). (12.8)
Now, subtracting (12.8) from (12.6), we have
Ty —c+W=A(z,—z)+ W.
Thus, by (12.7),
k-1 = 2+ Wlio < 71 (A) |z — 2+ Wl
And, using that d (z — z, W) = d (z,z + W), as well as Theorem 12.8,

d(zk,z + W) < nry (A)F |2y —z + W] (12.9) -

It follows that z; converges to  + W at a geometric rate.
8 3
Example 12.5 Let A= | 3 8 and

Thtl1 = \p.&.w.

Note that { A*) tends componentwise to co. The eigenvalues for A are 1.1

and .5, with 1.1 having eigenvector e = ~ w % Let

W = span {e}.
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FIGURE 12.2. Iterates converging to W.
Then, using (12.9) with z =0, we have
d(zr, W) < 271 (A)" 21 + W]l -
Then, since 1 (A) = .5,
d(zx, W) < 2(5)" lz1 + Wilg-
So, xp, converges to W at a geometric rate.

mmaﬁimo\&mgnm&F&@E&HH ﬁ W % \otegm&agmgzmv&oé.w@

direct calculation, ||z; + W||; = .5.

koo 4 8 12
Ty (0.763,0.3700)°  (1.073,1.069)° (1.569,1.569)"
d(zx, W) | 0.125 0.0078 0.0005

After 12 iterations, no change was seen in the first four digits of the xy’s.

However, growth in the direction of e still occurred, as seen in Figure 12.2.
Extending a bit, let

_[8 3 _[2 5 79
\:lew .L&Tﬁm .L,\;nﬁ@ .L

and
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w _\ and 71 (Z) =

Since W, for each matriz in X, is span {e}, where e = ﬁ
max T (A;) = .5, we have the same situation for the equation
1

Try1 = Ai Tk
where (A;,) is any sequence from X.

The following examples show various adjustments that can be made in
applying the results given in this section.

Example 12.6 Consider

Th+1 = ATk
where
604 203 O
A= 2.02 0 0
0 202 O
1
Here the eigenvalues of A are 1.01, —.4060, and 0 with | 2 | an eigen-
4

vector belonging to 1.01. Let D = diag(1,2,4). Then
Dzxpyg = b\wblwb.&.k
or

Yr+1 = Byx

where yr, = Dz and B = DAD™!. Here

.604 406 O
B=1{1.01 0 O
0 101 O

1 ,
and an eigenvector of B for 1.01 ise= | 1 E . So we have W = span {e}.
.

1

Now, 71 (B) = 1.01; however, 7, (B3) ~ .1664. Thus, from (12.9),

d (yx, W) converges to 0
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at a geometric rate. Noting that
d (D 'yx, DT'W) < max |d;*|d (g, W),
it follows that |
d (zx, D™'W) converges to 0
at a geometric rate.
Example 12.7 Consider

Tht1 = xA.HNn + b

S:mﬂmhﬂﬁ“ w_ and b = ﬁw_ .Z.ostE“mHﬁWw is an eigen-

vector of A belonging to the eigenvalue 1.1 and so we have W = span {e}.
Further, 71 (A) = .3. The corresponding quotient space equation is

Thr1 +W=A(ze + W)+ (b+W).
The sequence (z + W) converges to, say, x + W. Thus,
c+W=A@+W)+(B+W).
Solving forx + W .S.mEm.

I-A)(z+W)=b+W,

s0
(x+W)=T- AT b+W),
where
o+ _|9 2
(=4 |ﬁm .L,
and thus

ﬁléiuﬁw_.

It follows by (12.8) that

o+ W — _H wa~+$\\
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= o]
or using r1 = ol

d(zg,z+W) <2x .3 x |lz+ W,
<2x.3F x .35 < .7 x .3k

A few iterates follow.
k _ 2 _ 4 | 8
Tk (2.5, 3.8)° | (6.253, 7.70)° | (16.44, 17.87)"
d(zk,z+W) | 0.063 0.00567 0.000046

12.5 Research Notes

The results in Section 1, slowly varying products and convergence to 0,
are basically due to Smith (1966a, 1966b). Some alterations were done to
obtain a simpler result. Section 2 contains a result of Artzrouni (1996). For
other such results, see Artznouni (1991). Application work can be found
in Artzrouni (1986a, 1986b).

Section 3 is due to Hartfiel (2001) and Section 4, Hartfiel (1997). Rhodius
(1998) also used material of this type.

Often bound work is not exact, but when not exact, the work can still
give some insight into a system’s behavior.

In related research, Johnson and Bru (1990) showed for slowly varying
positive eigenvectors, p(A;---Ag) = p(A41)---p(Ax). Bounds are also
provided there.

13
Systems

This chapter looks at how infinite products of matrices can be used in
studying the behavior of systems. To do this, we include a first section to
outline techniques.

13.1 Projective Maps

Let 3] be a set of n x n row allowable matrices and X a set of positive n x 1
vectors. In this section, we outline the general idea of finding bounds on
the components of the vectors in a set, say 25X or Y2 X. Basically we use
that for a convex polytope, smallest and largest component bounds occur
at vertices as depicted in Figure 13.1.

Let 3] also be a column convex and U a convex subset of positive vectors.
It

¥ = conver {Ay,... , Ay}
and
U = convex {x1,... ,z,4},

then, as shown in 9.3, XU is a convex polytope of positive vectors, whose
vertices are among the vectors in V' = {A;z; : 4; and z; are vertices in &
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FIGURE 13.1. Component bounds for a convex polytope.

and U, respectively}. Thus, if we want component bounds on ¥*X, we need
only compute them on A;, - - - A;, x; over all choices of i,,... ,41, and j. For
¥p, component bounds are found by finding them on wa,, 0---owa, (z;)
over all choices of i,,...,%;, and j.

To compute component bounds on these vectors, we use the Monte-Carlo
method.

Component Bounds

1. Randomly (uniform distribution) generating the vertex matrices in-
volved, compute

T = A;z; or z=wa, (z;).

2. Suppose z = A;,--- A xj or ¥ = wyu, 0---0 wy, (z;) have been
found. If ¢ < s, randomly (uniform distribution) generating the ver-
tex matrix involved, compute

. T=Ai, - Anzjor T =wy,  o---ows, (;).

Continue until £ = A4;, - -- A; 7 or = wa,, 0---owy, (z;)is found.

3. Set Ly = Hy = 2.
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4. Repeat (1) and (2). After the k + 1-st run, set
Nscic = min TME, asw }Mf: = max AFA.EV &sw

and form Ly = ?@EV  Higyr = ?Micv.

5. Continue for sufficiently many runs. (Some experimenting may be
required here.)

13.2 Demographic Problems

This section provides two problems involving populations, partitioned into
various categories, at discrete intervals of time.

Taking a small problem, suppose a population is divided into three
groups: 1=young, 2=middle, and 3=old, where young is aged 0 to 5, middle
5 to 10, and old 10 to 15.

Let HM: denote the population of group k for k =1,2,3. After 5 years,
suppose this population has changed to

Hmmv = @:HMHV + WHMHMC + @Hw.@.%v
Hmmv = .mwu.&.mb
Humwv = mww&mv
or
Tg = xﬁ.&.w

where z, = Aamsvams,awsv for £ =1,2, and

b1y bz b3
A= 821 0 0
0 832 0

The matrix A is called a Leslie matriz.
Continuing, after 10 years, we have

T3 = Az = bw&f

ete.
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Data indicates that birth (the b;’s) and survival (the s;;’s) rates change
during time periods, and thus we will consider the situation

Tpy1 = Ag -+ Az

where Ay,... , A;, are the Leslie matrices for time periods 1,... ,k. In this
section, we look at component bounds on Tht1-

Example 13.1 Let the Leslie matriz be

2 4 4
A=[9 0 0 |.
0 9 0

Allowing for a 2% variation in the entries of A, we assume the transition
matrices satisfy

A—02A< A, <A+ .024
for all k. Thus, ¥ is the convex polytope with vertices
C= T«& + .OMQ&._ .

0.3434

We start the system at ¢ = | 0.3333 , and estimate the component
0.3232

bounds on Mwoﬁ the 50-year distribution vectors of the system by Monte

Carlo. We did this for 1000 to 200,000 runs to compare the results. The
results are given in the table below.

k Ly Hy,
1000 | (0.3364,0.3242,0.2836) (0.3669,0.3608, 0.3252)
5000 | (0.3363,0.3232,0.2859)  (0.3680,0.3632, 0.3267)
10,000 | (0.3351,0.3209,0.2841)  (0.3682,0.3635, 0.3286)
100,000 | (0.3349,0.3201,0.2835)  (0.3683,0.3641,0.3313)

(0.3690,0.3658, 0.3318)

200,000 | (0.3340,0.3195, 0.2819)

Of course, the accuracy of our results is not known. Still, using exper-
imental probability, we feel the distribution vector, after 50 years, will be
bounded by our L and H, with high probability. .

A picture of the outcome of 1000 runs is shown in Figure 13.2. We used

0 V2 ¥ ~

— 2
ﬂ|oo%
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Final vectors for 10 iterates.

041}
0.405 ﬁ
04}

0.3951

y axis
o
[
o
T

0.385

0.38

0.375

0.37}

0.72

FIGURE 13.2. Final vectors of 10 iterates.

to map St into R2.

Recall that X0z is the convex hull of vertices. Yet as can be seen, many,
many calculations Ay, - - - Ak, z do not yield vertices of Mwoa. In fact, they
end up for in the interior of the convex hull.

Taking some point in the interior, say the projection of the average of
the lower and upper bounds after 200,000 runs, namely

ave = (0.3514,0.3425,0.3062),

we can empirically estimate the probability that the system is within some
specified distance § of average. Letting ¢ denote the number of times a run
ends with a vector z, ||z — ave|| , < 6, we have the results shown in the
table below. We used 10,000 runs.

Interpreting 6 = .01, we see that in 6373 runs, out of 10,000 runs, the
result x agreed with those of ave. to within .01.
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Ten Iterates of a trajectory.
04151

- N

% oaes| VK
S \
gy
N o d
0.385 /. \
—L
e 2N
0.38 & \
&
03754 . : . : . .
0.68 0.685 069 0.695 07 0.705 071
X axis
FIGURE 13.3. Ten iterates of a trajectory.
Finally, it may be of some interest to see the movement of 1,xa,... ,Z1g
for some run. To see these vectors in R2, we again use the matriz
2
r_|0 v2 ¥
0 0 ¥

and plotted Txy,Txy,... ,Tx19. A picture of a trajectory is shown in Fig-
ure 13.3.

In this figure, the starting vector is shown with a * and other vectors with
ao. The vectors are linked sequentually by segments to show where vectors
go in proceeding steps. .

13.3 Business, Man Power, Production Systems

Three additional examples using infinite products of matrices are given in
this section.

Example 13.2 A taxi driver takes fares within and between two towns,
say'Ty and Tp. When without a fare the driver can

1. cruise for a fare, or N

2. go to a tazi stand.
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The probabilities of the drivers’ actions on (1) and (2) are given by the
matrices

55 45 5 5
\Tﬁm .N;“ m;.g .L

for each of the towns, as seen from the diagram in Figure 13.4.

55 5
45 5 6

FIGURE 13.4. Diagram of taxi options.

We can get the possible probabilities of the cab driver being in (1) or (2)
by finding X>° where ¥ = {A, B}, a T-proper set. Here E = ﬁ W E and the
corresponding subspace coefficient is Tw (X) = .2. Three products should
be enough for about 2 decimal place accuracy. Here,

5, [ 05450 0.4550 o
A% =1 05460 oasa0 |© AB=

0.4550 0.5450 ]
04540 0.5460 |

—
L

2 [ 0.4450 0.5550 | _ [ 0.5550 0.4450

AB” = | 0.4460 0.5540 |’ ABA=1 05540 0.4460

[ 0.4550 0.5450 ] 2, _ [ 05550 0.4450 ]

BAB=1 04560 05440 | B4~ 05560 0.4440 |

2 [ 0.5450 0.4550 ] 2 [ 0.5450 0.4550 ]

BA™=1 05440 04560 |© B4 =| 0500 0.4560

B — [ 0.4450 0.5550 ]

T | 0.4440 0.5560

If

pi; = probability that if the taxi driver
is in 1 initially, he eventually (in the
long run) ends in j,
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then

44 < pyq < .56 44 < p12 £.56
44 < po; < .56 44 < pog < .56.

Note the probabilities vary depending on the sequence of A’s and B’s. How-
ever, regardless of Sm sequence, the bounds above hold.

In the next example, we estimate component bounds on a limiting set.

ngﬁ_.m 13.3 A two-phase production process has input B at phase 1.
In both phase 1 and phase 2 there is a certain percentage of waste and
a certain percentage of the product at phase 2 is returned to phase 1 for

a repeat of that process. These percentages are shown in the diagram in
Figure 13.5.

10
p — % N
—_> > ——>—
A (s .05

FIGURE 13.5. A two-phase production process.

For the mathematical model, let

a;j = percentage of the product in
process i that goes to process j.
Then

10 0

\:::.\SmmeQSmﬂbmﬂm%@.mcmgpao:&ﬁiﬁo&m&s.aSmm:ﬂimme.?»
at time k, then -

P

A—.05A < Ap < A+ .054.
H\Eam‘ if o, = Aamsvﬁmsv where

HMS = amount of product at phase 1

aws = amount of product at phase 2,
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then our model would be
Tyl = TeAr +b (13.1)
where b = (3,0) and numerically,

0 09025 0 09975
T.o,a 0 _m\;mT.Sm 0 _

If we put this into our matriz equation form, we have

(1,2441) = (1, Z4) ﬁ o oA _ .

(We can ignore the first entries in these vectors to obtain (13.1).) Then
Y is conver and has vertices

B 0
0 .9025 |,
09 0

B 0
0 .9025 |,
105 O

B0
0 9975 |,
095 0

B 0
0 9975
106 O

Ay =

Ag =

Ag =

Ay =

OO OO OO OOM

As in the previous ezample, we estimate component bounds on y¥°.

Using 8 =1, y = (1,0.5,0.5), and doing 10,000 and 20,000 runs, we have
the data in the table below.

no. of runs | L H
10,000 (1, 1.0938, 0.9871) (1, 1.1170, 1.1142)
20,000 | (1, 1.0938, 0.9871) (1, 1.1170, 1.1142)

We can actually calculate ezact component bounds on y=>® by using

L =yA{® = (1, 1.0938, 0.9871) -
H=yA =(1, 1.1170, 1.1142).
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Final vectors for 1000 runs
1.14

112
(1R a8 a4

11 " (11} ena
ten (XY esn
1.08

y axis
g

0.08
109 1.085 1.4

1118 1.12 1.125

FIGURE 13.6. Final vectors for 1000 runs.

Thus, our estimated bounds are correct. To see why, it may be helpful to
plot the points obtained in these runs. Projected into the yz-plane (All ©
coordinates are 1.), we have the picture shown in Figure 13.6. Observe
that in this picture, many of the points are near vertices. The picture, to
some extent, tells why the estimates were ezact.

To estimate convergence rates to yS°°, note that T is T-proper where

1
E=|0
0

Thus,
Tw (B) = max {||ba}, , [|bs]|, } ,
where by, is the k-th row of B € X. So,
TwW AMUV = .9975.

The value of Tw (X) can be made smaller by stmultaneously scaling rows
and columns to get each row sum the same. To do this let

1 0 0 10 0
D=|01 0 =101 o0
. 00 /&&= 0 0 0.2294

Then, using the norm

(%, 2)lla = (1, 2) DIl ,
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loss
15 3 .02
.05 05
1 2
.10

FIGURE 13.7. Management structure.

we have ||B||; = __bliwb__H for any 3 x 3 matriz B, and so
T () = 0.2204.

By Theorem 9.5,

h (y=F,y=°) < 1w (T)° h (y,y5°) (13.2)
which shows more rapid convergence.
The last example concerns management structures.

Example 13.4 We analyze the management structure of a business by
partitioning all managing personal into categories: 1 = staff and 2 = exec-
utive. We also have 3 = loss (due to change of job, retirement, etc.) state.
And, we assume that we hire a percentage of the number of people lost.

Suppose the 1 year flow in the structure is as given in the diagram in
Figure 13.7.

If pr = (2, Yk, 2k) gives the number of employees in 1,2,3, respectively,
at time k, then 1 year later we would have

Tp4+1 = .8z + .10y + .052%
Yk+1 = +.95yx + .052,
2py1 = 15z + .02y, + 832

or

Pr+1 = Apg



210 13.. Systems

.85 .10 .05
where A = 0 95 .05
15 .02 .83

Of course, we would expect retirements, new jobs, etc. to fluctuate some,
and thus we suppose that matriz A fluctuates, yielding

Pr+1 = ArpPr.

For this ezample, we will suppose that each Ay has no more than 2% fluc-
tuation from A, so

A—02A< A, <A+ .024

for all k. Let % denote the set of all of these matrices.

1

The set X is T-proper with E =} 1 |. Then
1

1 0

W = span -11, 1

0 -1

whose unit circle in the 1-norm is

convez {ci, ¢z, c3}

1 1 0
where ¢ = u_n.w. -1 |,c0= Hw 0 |,cs3 H,n_nw 1 Thus, using
0 -1 -1
Theorem 2.12
1 1 1
Tw (4) = max ¢ 5 |la1 — azlly , 5 llas — aslly , 5 lla2 — aslly

where ay, is the k-th row of A. Using the formula, we get

Tw () < 0.9166.

Sa X exists; however, convergence may be very slow. Thus, we only show
what can occur to this system in 10 years by finding component bounds
300
S0z forz =] 50
15

.

Using k runs, we find the following.
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Final vectors from 1,000 runs.
0.493
0.4925}
0.492 .
0.4915}
2 .
%X 0491}
>
0.4905} y
0.49}
0.4895|
o.&mw 1 1 1 1 " J
0.599 0.6 0.601 0.602 0.603 0.604 0.605
X axis
FIGURE 13.8. Final vectors of 1000 runs.
k _ L H

500 | (122.54, 73.63, 130.90) (125.42, 75.33, 134.01)
1000 | (122.16, 73.73, 130.87)  (125.32, 75.33, 134.05)
10,000 | (121.98, 73.51, 130.53) (125.42, 75.47, 134.20)

A picture, showing where the system might be, depending on the run, can
be seen, for 1,000 runs, in Figure 13.8.
The points occurring at the end of the runs were mapped into R? using

N
the matriz T = 0 V2 2
0 0 ¥

13.4 Research Notes

The work in this chapter extends that in Chapter 11. The taxi problem
can be found in Howard (1960).

Hartfiel (1998) showed how to obtain precise component bounds for those
Y. which are intervals of stochastic matrices. However, no general such
technique is known.
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13.5 MATLAB Codes

Component Bounds for Demographic Problem

A=[.2 .4 .4; .9 0 0; 0 .9 0];
B=[.196 .392 .392; .882 0 0;0 .882 0]
L=ones(1,3);
H=zeros(1,3);
for m=1:5000
x=[.3434; .3333; .3232];
for k=1:10
for i=1:3
for j=1:3
G=rand;
if G<=.5
d=1;
else
d=0;
end
C(i,j)=B(i,j)+d*.04*A(i,3);
end
end
x=C*x/norm(C*x,1);
end
for i=1: 3
L(i)=min([L(i), x(i)1);
H(i)=max([H(i), x(i)]);
end
end

Final Vectors Graph for Demographics Problem

A=[.2 .4 .4; .9 0 0; 0 .9 0];
B=[.196 .392 .392; .882 0 0;0 .882 0];
T=[0 sqrt(2) 1/sqrt(2);0 0 sqrt(6)/2];
hold on

is equal

xlabel(’x axis?’)

ylabel(’y axis?’)

title(’Final vectors for 10 iterates’)

13.5 MATLAB Codes

hold on
for r=1:1000
x=[.3434; .3333; .3232];
for k=1:10
for i=1:3
for j=1:3
G=rand;
if G<=.5
d=1;
else
d=0;
end
C(i,j)=B(i,j)+d*.04%A(1,]);
end
end
x=C*x/norm(C*x,1) ;
end
y=T*x
plot(y(1),y(2))
end

Trajectory for Demographics Problem

A=[.2 .4 .4; .9 0 0; 0O .9 03;
B=[.196 .392 .392; .882 0 0;0 .882 0];
T=[0 sqrt(2) 1/sqrt(2);0 0 sqrt(6)/2];
y=0[.3434, .3333, .3232];
z=T*y;
x=[.3434; .3333; .3232];
xlabel(’x axis’)
ylabel(’y axis’)
title(’Ten iterates of a trajectory’)
hold on
plot(z(1),z(2),°k:*’)
for k=1:10
for i=1:3
for j=1:3
G=rand;
if G<=.5
d=1;
else

213
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end

13. Systems

d=0;
end
C(i,3)=B(i,j)+(a*.08)*A(,});
end
end
x=C*x/norm(C*x,1);
p=T*x;
q=T*y;
plot(p(1),p(2),’0?)
plot([p(1),q(1)]1, [p(2),q(2)1)
y=x

)

Appendix

We give a few results used in the book.
Perron-Frobenius Theory:

Let A be an n x n nonnegative matrix. If A* > 0 for some positive
integer k, then A is primitive. If A isn’t primitive, but is irreducible, there
is an integer r called A’s index of imprimitivity. For this r, there is a
permutation matrix P such that

0 4 0 -~ 0
PAP — 0 0 A --- 0
A 0 0 -~ 0

where the r main diagonal 0-blocks are square and r the largest integer
producing this canonical form.

If A is nonnegative, A has an eigenvalue p = p (A) where
Ay =py

and y is a nonnegative eigenvector. If A is primitive, it has exactly one
eigenvalue p where v

p> (Al
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for all eigenvalues A # p of A. If A is irreducible, with index 7, then A has
eigenvalues
21 4m
pipet " ,pet T .
all of multiplicity one with all other eigenvalues A satisfying
|A] < p.

For the eigenvalue p, when A is irreducible (includes primitive), A has a
unique positive stochastic eigenvector 7, so that

Ay = py.
Hyslop’s Theorems:
We give two of these theorems. In the last two theorems, divergence
includes convergence to 0.

‘Theorem 14, Hyslop Let ay, > 0 for all positive integers k. Let a;,, Qigy .

be a rearrangement of a,,a,,.... Then 3" ay converges if and only if

k=1
00

a;, converges.
k=1

Theorem 51, Hyslop Let ai, > 0 for all positive integers k. Then m a
k=1

(o)
and [] (14 ax) converge or diverge together.
k=1

(o] o0
Theorem 52, Hyslop If —1 < ax < 0, then Y ax and [] (1 + ax)
k=1 k=1
converge or diverge together.
Konig’s Infinity Lemma:

The statement of this lemma follows.

Lemma Let S,5,,... bea sequence of finite nonempty sets and suppose
that § = USy is infinite.. Let A C S x S be such that for each k, and
each x € Si41, there is a y € S), such that (y,z) € A. Then there exist
elements z,x5,... of § such that z;, € S and (zgy Tht1) € A for all .
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