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L
em

m
a 6.1 L

et B
 be an ni x n2 m

atri.

1. If A
 is an ni x ni m

atri, then

IIA
B

llb :: IIA
lIa IIB

llb .

2. If C
 is an n2 x n2 m

atrix, then

IIB
C

llb :: IIB
llb IIC

lle'

Proof. W
e w

il show
 the proof of (2). For it, note that

I
I
B
x
l
i
a
 
:
:
 
l
i
B
 

lib llxlle

for al n2 x i vectors x. T
hus,

IIB
C

xlla :: IIB
llb IIC

xlle :: IIB
llb IIC

lle Ilxlle.

T
hus,

IIB
C

llb :: IIB
llb IIC

lle'

w
hich is w

hat w
e need. _

U
s
i
n
g
 
t
h
i
s
 
l
e
m
m
a
,
 
w
e
 
w
i
l
 
s
h
o
w
 
t
h
e
 
c
o
n
v
e
r
g
e
n
c
e
 
o
f
 
a
 
s
p
e
c
i
a
l
 
i
n
f
t
e
 
s
e
r
i
e
s

w
hich w

e need later.

L
em

m
a 6.2 In the infinite series

L
2
B
i
 
+
 
L
3
B
2
C
i
 
+
.
.
.
 
+
 
L
k
B
k
-
i
C
k
-
2
'
"
 
C
i
 
+
.
.
.

the m
atrices L

2, L
3,... are ni x ni, the m

atrices B
i, B

2v" are ni x n2,
and the m

atrices C
i, C

2, . .. are n2 x n2. T
he series converges if, for all k,

1. IIL
klla:: K

i for som
e vector norm

 11'lla and constant K
i,

2. IIC
klle:: 'l for som

e vector norm
 11.lle and constant 'l, 'l -( i, and

3. IIB
kllb:: ß for som

e cónstant ß.

Proof. W
e show

 that the series, given in the theorem
, converges by show

-
ing the sequence (L

2B
i +

 . . . +
 L

kB
k-i C

k-2 . . . C
i) is C

auchy. T
o see this,

observe that if i :; j, the difference betw
een the i-th and j-th term

s of the
sequence is

D
i
j
 
=
 
L
j
+
i
B
j
C
j
-
i
'
"
 
C
i
 
+
.
.
.
 
+
 
L
i
B
i
-
i
C
i
-
2
'
"
 
C
i
.

'1"lJ"1

6,1 R
educed M

atrices
89

T
hus, IID

ijllb =

IIL
jH

llaIlB
jllbl¡C

j-i" 'C
ille+

' .+
IIL

illa IIB
i-i!lb IIC

i-2... C
ille

:
:
K
i
ß
'
l
j
-
i
 
+
.
.
.
 
+
 
K
i
ß
'
l
i
-
2
.

From
 this it is clear that the sequence is C

auchy, and thus converges. _

T
he theorem

 about convergence of infiite products of reduced m
atrices

follow
s.

T
heorem

 6.1 Suppose each n x n m
atri in the sequence (M

k) has the
form

¡ A
ik) B

i~) B
i~) . . .

M
 _ 0 dk) B

(k)
k
 
-
 
i
 
2
3
"
 
.

o
 
0

B
(k) J
ir

B
(k)
2r

dk)

w
here the A

ik) 's are ni x ni, cik) 's are n2 x n2, . . ., and the C
$k) 's are

nr+
i x nr+

i. W
e suppose there are vector norm

s 1I,lla on Fni and 1I,llei on
Fni+

i such that

1. IlcIk) Ilei :: 'l for som
e constant'l -( i and all i, k.

2. A
s given in (6.1), there is a positive constant K

3, such that

IIB
¡:) IIbii :: K

3

for all i, j, and k.

F
i
n
a
l
l
y
,
 
w
e
 
s
u
p
p
o
s
e
 
t
h
a
t
 
f
o
r
 
a
l
l
 
s
,
 
t
h
e
 
s
e
q
u
e
n
c
e
 
(
A
k
 
.
.
 
.
 
A
s
)
 
c
o
n
v
e
r
g
e
s
 
t
o

a
 
m
a
t
r
i
 
L
s
 
a
n
d
 
t
h
a
t

3. IIL
slla :: K

2 for all s and ilL
s - A

k.. .A
slla :: K

iak-sH
 for som

e
constants K

 i and a -( 1.

T
hen the sequence (M

k . . . M
i) converges.

Proof. W
e prove this result for r =

 1. T
he general case is argued using

C
orollary 3.3. W

e use the notation(
 
A
k
 
B
k
 
J

M
k
 
=
 
0
 
C
k
 
.
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T
hen M

k . . . M
i =

(
 
A
k
"
 
.
A
i
 
A
k
"
 
.
A
2
B
i
 
+
A
k
"
 
.
 

A
a
B
2
C
i
 
+
.
.
 
.
+
B
k
C
k
-
i
"
 
,
C
i
 
J

o C
k . .. C

i .
P
r
o
o
f
.
 
N
o
t
e
 
t
h
a
t

M
k . .. M

i =
 (I B

i +
 B

2C
i +

 . . . +
 B

kC
k-i . . . C

i J
o C

k . .. C
i .

A
k . . . A

2B
i +

 A
k . . . A

aB
2C

i +
 . . . +

 B
kC

k-i . . . C
i (6.2)

B
y
 
(
2
)
 
o
f
 
t
h
e
 
t
h
e
o
r
e
m
,
 
l
i
C
k
'
"
 
C
i
l
l
 
:
:
 
'
Y
¡
~
J
 
a
n
d
 
b
y
 
(
1
)
 
o
f
 
t
h
e
 
t
h
e
o
r
e
m
,

IIB
k+

iC
k'" C

i +
 B

k+
2C

k+
1'" C

i +
.. 'Ilb

:
:
 
r
ß
'
Y
¡
~
l
 
+
 
r
ß
'
Y
¡
~
J
+
i
 
+
.
.
.

rß'Y
¡~J

-(-.
-
 
1
-
1
'

B
y hypotheses, the sequence (A

k'" A
s) converges to L

s, and the sequence
(
C
k
'
"
 
C
i
)
 
c
o
n
v
e
r
g
e
s
 
t
o
 
O
.
 
W
e
 
f
i
s
h
 
b
y
 
s
h
o
w
i
n
g
 
t
h
a
t
 
t
h
e
 
s
e
q
u
e
n
c
e
 
w
i
t
h

k-th term

c
o
n
v
e
r
g
e
s
 
t
oL

2B
i +

 L
aB

2C
i +

 . . . +
 L

k+
iB

kC
k-i . . . C

i +
 . .. .

(6.3)
T

hus, (M
k'" M

i) converges to

(
~
 
B
i
 
+
 
B
2
C
i
 
+
 
o
B
a
C
2
C
i
 
+
 
.
 
.
.
 
J

N
ow

 letting D
k denote the difference betw

een (6.3) and (6.2), and using
Lem

m
a 6.1, IID

kllbi2 =

II (L2 - A
k'" A

2) B
i +

 (La - A
k'" A

a) B
2C

i +
 ...

+
 (L

k+
1 - I) B

kC
k-i'" C

i +
 L

k+
2B

k+
1C

k'" C
i +

.. '11bi2

:: (K
ici-i K

a +
 K

iak-2 K
3' +

... +
 K

iK
3'k-i)

+
 K

2K
a'Y

k +
 . . . +

 K
2K

3'k+
1 +

 . . .

(
 
ß
k
-
i
 
k
-
i
)
 
k
 
1

:
:
 
K
i
K
a
 
+
 
.
 
.
 
.
 
+
 
K
i
K
a
ß
 
+
 
K
2
K
a
ß
 
1
 
-
 
ß

w
h
e
r
e
 
ß
 
=
 
m
a
x
f
a
,
'
Y
1
.
 
8
0

a
n
d
 
a
t
 
a
 
g
e
o
m
e
t
r
i
c
 
r
a
t
e
.
 
_

A
 special case of the theorem

 follow
s by applying (6.3).

C
orollary 6.2 A

ssum
e the hypothesis of the theorem

 and that each L
s =

 O
.

T
hen the sequence (M

k) converges to O
.

6
.
2
 
C
o
n
v
e
r
g
e
n
c
e
 
t
o
 
0

IID
kllbi2 :: kK

iK
aß

k-i +
 K

2K
aß

k 1 ~
 ß

 :: K
kß

k-i
T

here are not m
any theorem

s on infte products of m
atrices that converge

to O
. In the last section, w

e saw
 one such result, nam

ely C
orollary 6.2. In

the next section, w
e w

il see a few
 others. In this section, w

e show
 three

d
i
r
e
c
t
 
r
e
s
u
l
t
s
 
a
b
o
u
t
 
c
o
n
v
e
r
g
e
n
c
e
 
t
o
 
O
.

T
he fist result concerns nonnegative m

atrices and uses the m
easure U

o
f
 
f
u
 
i
n
d
e
c
o
m
p
o
s
a
b
i
l
t
y
 
a
s
 
d
e
s
c
r
i
b
e
d
 
i
n
 
C
h
a
p
t
e
r
 
2
.
 
I
n
 
a
d
d
i
t
i
o
n
,
 
w
e
 
u
s
e

that

w
here K

 =
 K

iK
a +

 K
2K

ai:ß' T
hus, as k -+

 00, D
k -+

 0 and so the
s
e
q
u
e
n
c
e
 
f
r
o
m
 
(
6
.
2
)
 
c
o
n
v
e
r
g
e
s
 
t
o
 
t
h
e
 
s
u
m
 
i
n
 
(
6
.
3
)
.
 
_

C
orollary 6.1 L

et M
k =

( ~ ~: J be an n x n m
atri w

ith I the m
 x m

identity m
atri. Suppose for som

e norm
 1I'llb' as defined in (6.1), and

constants ß and 1', l' -( 1, and a positive integer r
n

ri (A
) =

 L
 aik,

k=
i

~
. IIB

kllb:: ß

2. IIC
klle:: 1 and IIC

k+
r'" C

k+
ille :: l' for all k.

the i-th row
 sum

 of an n x n nonnegative m
atrix A

.

T
heorem

 6.2 Suppose that each m
atrix in the sequence (A

k) of n x n
nonnegative m

atrices satisfies the follow
ing properties:

T
hen (M

k . . . M
i) converges at a geom

etrical rate.



92
6
.
 
C
o
n
v
e
r
g
e
n
c
e

1. m
tlri (A

k) :: r.
,

2. U
 (A

k) 2: u :; O
.

3. T
here is a num

ber 8 such that i: ri (A
k) :: 8.

,

4
.
 
(
r
n
-
i
 
-
 
u
n
-
i
)
 
r
r
-
i
 
+
 
u
n
-
i
 
(
8
r
n
-
2
)
 
=
 
L
 
0
:
 
1
.

00
T
h
e
n
 
I
1
 
A
k
 
=
 
O
.

k=
l

P
r
o
o
f
.
 
W
e
 
f
i
s
t
 
m
a
k
e
 
a
 
f
e
w
 
o
b
s
e
r
v
a
t
i
o
n
s
.

U
sing properties of the m

easure of full indecom
posabilty, C

orollary 2.5,
iffors=

I,2,...
(s+

l)(n-i)
B
s
 
=
 
I
T
 
A
k

k=
s(n-i)+

i

then the sm
alest entry in B

 s,m
i
n
b
~
~
)
 
:
;
 
u
n
-
i

i,j '3 - .
A

nd,

m
t
l
 
r
i
 
(
B
s
)
 
:
:
 
r
n
-
1
,
 
m
l
n
 
r
i
 
(
B
s
)
 
:
:
 
8
r
n
-
2
.

,
 
,

T
hen,

n
 
n

ri (B
s+

1B
s) =

 L
L

b~~+
1)b~1

j
=
i
 
k
=
i

n,,(s+
1) ( )

=
 
L
.
b
i
k
 
r
k
 
B
s

k=
i

,n

:
:
 
L
 
b
~
~
+
1
)
r
k
 
(
B
s
)
 
+
 
b
~
~
~
i
)
 
(
8
r
n
-
2
)

k=
i

k'lko

w
he:e w

e assum
e rko (B

s) ii: the sm
alest row

 sum
. So

r
i
 
(
B
s
+
1
B
s
)
 
:
:
 
(
r
n
-
1
 
-
 
u
n
-
i
)
 
r
n
-
i
 
+
 
u
n
-
i
 
(
8
r
n
-
2
)

=
 L 0: 1.

l
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T
hus, since

iin B
'II, ~

 Iin (B
,.B

,.-it
m

:
:
 
I
T
 
I
I
(
B
2
s
B
2
s
-
i
)
l
l
i

s=
i

:: im

00
it follow

s that I1 A
k converges to O

. .
k=

i

T
his corollary is especially usefu for substochastic m

atrices since in this
case, w

e can take r =
 1 and sim

plify (4).
T
h
e
 
n
e
x
t
 
r
e
s
u
l
t
 
u
s
e
s
 
n
o
r
m
s
 
t
o
g
e
t
h
e
r
 
w
i
t
h
 
i
n
f
t
e
 
s
e
r
i
e
s
.
 
T
o
 
s
e
e
 
t
h
i
s

r
e
s
u
l
t
,
 
f
o
r
 
a
n
y
 
m
a
t
r
i
x
 
n
o
r
m
 
1
1
.
1
1
,
 
w
e
 
l
e
t

IIA
II+

 =
 m

axillA
II, Il and

I
I
A
I
I
_
 
=
 
m
i
n
i
l
l
A
I
I
,
 
I
l
.

A
n
d
,
 
w
e
 
s
t
a
t
e
 
t
w
o
 
c
o
n
d
i
t
i
o
n
s
 
t
h
a
t
 
a
n
 
i
n
f
t
e
 
s
e
q
u
e
n
c
e
 
(
A
k
)
 
o
f
 
n
 
x
 
n
 
m
a
t
r
i
c
e
s

m
ight have.

00
1
.
 
L
 
(
1
I
A
k
l
l
+
 
-
 
1
)
 
c
o
n
v
e
r
g
e
s
.

k=
i

00
2
.
 
L
 
(
1
 
-
 
I
I
A
k
i
i
)
 
d
i
v
e
r
g
e
s
.

k=
l

W
e now

 need a prelim
inary lem

m
a.

L
em

m
a 6.3 L

et A
i,A

2,... be a sequence ofn x n m
atrices and 11.11 a m

a-
t
r
i
 
n
o
r
m
.
 
I
f
 
t
h
i
s
 
s
e
q
u
e
n
c
e
 
s
a
t
i
s
f
i
e
s
 
(
1
)
 
a
n
d
 
A
i
i
,
 
A
i
2
,
 
.
 
.
.
 
i
s
 
a
n
y
 
r
e
a
r
r
a
n
g
e
~

m
ent of it, then IIA

iill+
 ' IIA

i211+
 IIA

iill+
 ,. .. and IIA

iil1 , IIA
i2A

iill , . .. are
bounded.

Proof. First note thatI
I
A
i
k
 
.
 
.
 
.
 
A
i
i
l
l
 
:
:
 
I
I
A
i
k
 
1
1
+
 
.
 
.
 
.
I
I
A
i
i
 
1
1
+

f
o
r
 
a
l
 
k
.
 
N
o
w
,
 
u
s
i
n
g
 
t
h
a
t

00

L
 (1IA

ikll+
 - 1)

k=
l
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converges, by H
yslop's T

heorem
 51 (See the A

ppendi.),

00

H
e
n
c
e
,
 
a
l
l
 
i
n
f
t
e
 
p
r
o
d
u
c
t
s
 
f
r
o
m
 
~
 
c
o
n
v
e
r
g
e
 
t
o
 
O
.

C
onversely, suppose that all infte products taken from

 ~ converge to
O

. T
hen by the norm

-convergent result, C
orollary 3.4, there is a norm

 1\.11
s
u
c
h
 
t
h
a
t

I
T
 
I
I
A
i
k
 
1
1
+

k=
l

converges. B
ut this im

plies that IIA
i 11+

 ' IIA
i211+

 IIA
ii 11+

 ,. .. is bounded. _

T
he follow

ing theorem
 says that if (IIA

kll+
) converges to 1 fast enough

(condition 1) and (1IA
kIL

) doesn't approach 1 or, if it does, it does so
00

slow
ly (condition 2), then I1 A

ik =
 O

.
k=

i

T
heorem

 6.3 L
et A

i, A
2,... be a sequence of n x n m

atrices and 11.11 a
m

atri norm
. If the sequence satisfies (1) and (2) and A

ii, A
i2, . ,. is any

00
r
e
a
r
r
a
n
g
e
m
e
n
t
 
o
f
 
t
h
e
 
s
e
q
u
e
n
c
e
,
 
t
h
e
n
 
w
e
 
h
a
v
e
 
I
1
 
A
i
k
 
=
 
O
.

k=
i

I
I
A
i
l
1
 
:
:
 
1

for al A
i E

~. W
e w

ill prove that P (~) .. 1 by contradiction.
Suppose P (~) ~ 1. T

hen P (~) =
 1. Since Pk is decreasing here, there

exists a sequence C
i, C

2,... w
here C

k is a k-block taken from
~, such that

IIC
klI ~ 1 for all k. T

hus, IIC
klI =

 1 for al k. W
e use these C

k'S to form
a
n
 
i
n
f
t
e
 
p
r
o
d
u
c
t
 
w
h
i
c
h
 
d
o
e
s
 
n
o
t
 
c
o
n
v
e
r
g
e
 
t
o
 
O
.

T
o do this, it is helpful to w

rite

P
roof. U

sing that IIA
ij II =

 IIA
ij 11_IIA

ij 11+

IIA
ik . . . A

ii II :: IIA
ik 11- . . 'IJA

ii 11- M
,

O
i =

A
u

C
2 =

A
22

A
2i

C
3=

A
33

A
32

A
3i

(6.4)
,
.
 
.

C
k =

A
k4

A
k3

A
k2

A
ki

w
here M

 is a bound on the sequence (1lA
ik 11+

 . . .IIA
ii 11+

). S
ince (2) is

00
satisfied, by H

yslop's T
heorem

 52 (given in the A
ppendi), I1 IIA

ik 11-
k=

l
converges to 0 or does not converge to any num

ber. Since the sequence
IIA

ii 11- , IIA
i211_IIA

i 11- ,'" is decreasing, it m
ust converge. T

hus, this
sequence converges to 0, and so

w
here the A

i,j's are taken from
~. N

ow
 w

e know
 that ~ is product

b
o
u
n
d
e
d
,
 
a
n
d
 
s
o
 
t
h
e
 
s
e
q
u
e
n
c
e
 
A
i
,
i
,
 
A
2
,
i
,
.
.
,
 
h
a
s
 
a
 

subsequence A
li,i, A

I2,i,."
that converges to, say B

i and IIB
il1 =

 1. T
hus, there is a constant L

 such
that if k ~

 L,

A
ii, A

i2 A
ii , , . .

1
IIA

lk,i - B
iI .. S

'

S
e
t
 
8
i
 
(
1
)
 
=
 
I
L
,
 
8
i
 
(
2
)
 
=
 
I
L
+
1
,
'
"
 
s
o
 
I
I
A
s
i
(
k
)
,
i
 
-
 
B
i
l
l
 
.
.
 
l
 
f
o
r
 
a
l
 
k
.
 
N
o
w
,

c
o
n
s
i
d
e
r
 
t
h
e
 
s
u
b
s
e
q
u
e
n
c
e
 
A
s
i
(
i
)
,
2
,
 
A
s
i
(
2
)
,
2
,
.
.
.
.
 
A
s
 
b
e
f
o
r
e
,
 
w
e
 
c
a
n
 
f
i
d
 
a

subsequence of this sequence, say A
S

2(i),2, A
S

2(2),2,.. . , w
hich converge to

B
2 and

c
o
n
v
e
r
g
e
 
t
o
 
O
.
 
_

T
h
e
 
f
i
a
l
 
r
e
s
u
l
t
 
i
n
v
o
l
v
e
s
 
t
h
e
 
g
e
n
e
r
a
l
z
e
d
 
s
p
e
c
t
r
a
l
 
r
a
d
i
u
s
 
P
 
d
i
s
c
u
s
s
e
d
 
i
n

C
hapter 2.

I
I
A
s
2
(
k
)
,
2
 
-
 
B
2
1
1
 
:
:
 
1
1
6
 
f
o
r
 
a
l
 
k
.

T
heorem

 6.4 Let ~
 be a com

pact m
atri set. T

hen every infinite produC
t,

taken from
 ~, converges to 0 iff P (~) .. 1.

P
r
o
o
f
.
 
I
T
 
P
 
(
~
)
 
.
.
 
1
,
 
t
h
e
n
 
b
y
 
t
h
e
 
c
h
a
r
a
c
t
e
r
i
z
a
t
i
o
n
 
o
f
 
P
 
(
~
)
,
 
T
h
e
o
r
e
m
 
2
.
1
9
,

t
h
e
~
e
 
i
s
 
a
 
n
o
r
m
 
1
1
.
1
1
 
s
u
c
h
 
t
h
a
t
 
I
I
 

A
ll :: "ý,"ý .. 1, for al A

E
 ~

. T
hus for a

product A
ik . . . A

ii, from
 ~, w

e have

C
ontinuing, w

e have

1
I
I
A
s
j
(
k
)
,
j
 
-
 
B
j
l
l
 
:
:
 
2
1
+
2

IIA
ik . . . A

ii II :: "ýk -+
 0 as k -+

 00.
for all k. U

sing (6.4), a schem
atic show

ing how
 the sequences are chosen

is given in Figure 6.1. W
e now

 construct the desired product by using
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6,2 C
onvergence to 0

97

/"
/.

~.
..

.
.

.
.

IIB
311=

1
IIB

ill=
l

IIB
ill=

l
.
 
.
 
.

,i'
I,

F
IG

U
R

E
 6,2, D

iagonal product view
,

FIG
U

R
E

 6,1. A
 diagram

 of the sequences,
3
.
 
U
s
i
n
g
 
a
 
c
o
l
l
a
p
s
i
n
g
 
s
u
m
 
e
x
p
r
e
s
s
i
o
n
,

A
m

i =
 A

si(i),i
A

m
2 =

 A
S

2(i),2

7ri - A
Si(i),iA

si(i),i-i . . . A
Si(i),i =

A
m

i' .. A
m

2 (A
m

i - A
Si(i),i) +

A
m

i' . . A
m

s (A
m

2 - A
Si(i),) A

Si(i),i +
 . . . +

(A
m

i - A
Si(i),i) A

Si(i),i-i . . . A
Si(i),i

7ri =
 A

m
i, 7r2 =

 A
m

2A
m

i, . .. w
here

A
m

k =
 A

sk(i),k
and taking the norm

 of both sides, w
e have from

 (1),

1. If j :: i,

II7ri - A
Si(i),iA

si(i),i-i . . . A
Si(i),ill

-: (~ +
 ~ +

 .. . )
-
 
2
2
 
2
3

12'

w
hich can be caled a diagonal process.
W

e now
 m

ake three im
portant observations. L

et i :; 1 be given.

1
IIA

m
j - A

Si(i),j II =
 IIA

sj(i),j - A
Si(i),j II :: 2jH

'
Putting together, by (2), IIA

si(i),iA
si(i),i-i." A

Si(i),ill ~ 1 and by (3),

II7ri - A
Si(i),iA

si(i),i-i '" A
Si(i),ill :: l. T

hus l17rill ~ l for al i, w
hich pro-

v
i
d
e
s
 
a
n
 
i
n
f
t
e
 
p
r
o
d
u
c
t
 
f
r
o
m
 
I
;
 
t
h
a
t
 
d
o
e
s
 
n
o
t
 
c
o
n
v
e
r
g
e
 
t
o
 
O
.
 
(
S
e
e
 
F
i
g
u
e

6.2.) T
his is a contradiction. So w

e have p (I;) -: 1. .

(N
ote here that Si (k) is a subsequence of Sj (k).)

2. U
sing (6.4),1 =

 IIC
S

i(i) II

=
 IIA

si(i),S
i(i) . . . A

S
i(i),ill

:: IIA
si(i),Si(i) .. . A

Si(i),i+
iIIIIA

si(i),i' .. A
si(i),ill

:
:
 
I
I
A
s
i
(
i
)
,
i
'
"
 
A
S
i
(
i
)
,
i
l
l
.

li
C

oncerning convergence rate, w
e have the follow

ing.

iL

C
orollary 6.3 If I; is a com

pact m
atri set and p (I;) -: 1, then all se-

quences A
ii, A

i2A
ii, A

isA
i2A

ii,' .. converge uniform
ly to O

. A
nd this con-

vergence is at a geom
etric rate.
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Proof. B
y the characterization of p, T

heorem
 2.19, there is a m

atrix norm
1
1
.
1
1
 
s
u
c
h
 
t
h
a
t
 
I
I
A
k
l
l
 
:
:
 
"
'
 
w
h
e
r
e
 
"
'
 
i
s
 
a
 
c
o
n
s
t
a
n
t
 
a
n
d
 

"' oe 1. T
hus

IIA
ilo . . . A

ii - 011 =
 IIA

ilo . . . A
ii II

:
:
 
I
l
A
ï
I
o
 
I
I
.
 
.
 
.
I
I
A
i
i
 
I
I

:
:
 
"
'
k
.

T
hus, any sequence A

ii, A
i2 A

ii , . .. converges to 0 at a geom
etric rate.

A
nd, since this rate is independent of the sequence chosen, the convergence

is unorm
. .

P
u
t
t
i
n
g
 
t
o
g
e
t
h
e
r
 
t
w
o
 
p
r
e
v
i
o
u
s
 
t
h
e
o
r
e
m
s
,
 
w
e
 
o
b
t
a
i
 
t
h
e
 
f
o
l
l
o
w
i
n
g
 
n
o
r
m
-

convergence to 0 result.

C
orollary 6.4 L

et E
 be a com

pact m
atri set. T

hen every infinite product,
taken 

f
r
o
m
 
E
,
 
c
o
n
v
e
r
g
e
s
 
t
o
 
0
 
i
f
f
 

there is a norm
 11.11 such that IIA

II :: ",,,, oe
1
,
 
f
o
r
 
a
l
l
 
A
 
E
 
E
.

P
r
o
o
f
.
 
I
f
 
e
v
e
r
y
 
i
n
f
t
e
 
p
r
o
d
u
c
t
 
t
a
k
e
n
 
f
r
o
m
 
E
 
c
o
n
v
e
r
g
e
 
t
o
 
0
,
 
t
h
e
n
 
b
y
 
t
h
e

theorem
, ß(E

) oe 1. T
hus by T

heorem
 2.19, there is a norm

 11.11 such that
IIA

II :: "', "'oe 1, for al A
 E

 E
. T

he converse is obvious. .

6
.
3
 
R
e
s
u
l
t
s
 
o
n
 
I
I
 
(
U
k
 
+
 
A
k
)

I
n
 
t
h
i
s
 
s
e
c
t
i
o
n
,
 
w
e
 
l
o
o
k
 
a
t
 
c
o
n
v
e
r
g
e
n
c
e
 
r
e
s
u
l
t
s
 
f
o
r
 
p
r
o
d
u
c
t
s
 
o
f
 
m
a
t
r
i
c
e
s

of the form
 U

k +
 A

k. In this w
ork, w

e w
i use that if a¡, a2 . .. , ak are

nonnegative num
bers, then

(1 +
 ai) . . . (1 +

 ak) :: eai +
..+

alo.
(6.5)

W
edderburn (1964) provides a result, given below

, w
here each U

k =
 1.

00
T

heorem
 

6
.
5
 
L
e
t
A
i
,
A
2
,
.
.
.
 
b
e
 

a 
sequence 

ofnxn 
m
a
t
r
i
c
e
s
.
 
I
f
L
 
I
I
A
k
l
1

k=
i

0
0
 
_

c
o
n
v
e
r
g
e
s
,
 
t
h
e
n
 
I
1
1
1
1
 
+
 
A
k
l
l
 
c
o
n
v
e
r
g
e
s
.

k=
i

P
r
o
o
f
.
 
L
e
t

li
P

k =
 (I +

 A
k) , . . (1 +

 A
i)

=
 1 +

 L
 A

pi +
 L

 A
pi A

P2 +
 . . . +

 A
k . . . A

i.
Pi;:P2

r

6.3 R
esults on II (U

k +
 A

k)
99

W
e show

 that the sequence Pi,P2,... is C
auchy. For this, note that if

t ). s, then11Ft - Psil =
 II L

 A
pi +

 L
 A

piA
p2 +

... +
 A

t. ..A
i

Pi;:S Pi :;s
pi:;P2

:: L
 IIA

piI +
 L

 IIA
piIIIA

p211 +
 .. . +

 IIA
tll.. .¡IA

ill
Pi;:s

P
l
 
~
B

pi:;P2

(
 
t
 
C
~
I
I
A
i
l
i
)
2
)

:: IIA
s+

ill 1 +
 f;IIA

ill +
 - 2! +

...

(
 
t
 
C
~
 
I
I
A
i
l
l
)
 
2
 
)

+
I
I
A
s
+
2
1
1
 
1
+
f
;
I
I
A
i
l
l
+
 
-
 
2
!
 
+
.
.
.
 
+
.
.
.

and using the pow
er series expanion of eX

,

t
 
t

E
 
I
I
A
i
l
l
 
E
 
I
I
 

A
i 

II

:
:
 
I
I
A
s
+
1
1
1
 
e
i
=
l
 
+
 
I
I
A
s
+
2
1
1
 
e
i
=
i
 
+
.
.
.

00 f IIA
ill

:
:
 
L
 
I
I
A
k
l
1
 
e
i
=
l
 
.

k=
s+

i

00
N

ow
, given E

 :; 0, since L IIA
kll converges, there is an N

 such that if
k=

i
s :;N

,
0
0
 
=

"
 
I
I
A
 
I
I
 
¡
:
 
I
I
 

A
i 

II

L
.
 
k
 
e
,
=
i
 
o
e
 
E
.

k=
s+

 i

T
hus, Pi, P2, . .. is C

auchy and hence converges. .

W
hle W

edderburn's result dealt w
ith products of the form

 1+
 A

k, O
s-

trow
ski (1973) considers products using U

 +
 A

k.

T
heorem

 6.6 L
et U

 +
 A

¡, U
 +

 A
2, . .. be a sequence of n x n m

atrices.
G

iven E
 :; 0, there is a Ó

 such that if IIA
klI oe ó for all k, then

1
1
(
U
 
+
 
A
k
)
'
"
 
(
U
 
+
 
A
i
)
1
1
 
:
:
 
a
 
(
p
 
+
 
E
)
k
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for som
e constant a and p =

 p (U
).

Proof. U
sing the upper triangular Jordan form

, factor

U
 =

 P
K

P
-i

w
here K

 is the Jordan form
 w

ith a super diagonal of O
's and ~

 's. T
hus,

IIK
lli :: p +

 ~. W
rite (U

 +
 A

k) . . . (U
 +

 A
i)

=
 
(
P
K
P
-
i
 
+
A
k
)
'
"
 
(
P
K
P
-
I
 
+
A
i
)

=
 P (K

 +
 p-l A

kP)", (K
 +

 p-l A
iP) P-i.

L
et Ó

 =
 n"~" ~~_'" so that

I
I
p
-
i
 
A
k
P
I
l
i
 
:
:
 
I
I
p
-
i
l
l
i
l
l
P
l
l
l
l
l
A
k
l
l
i
 
:
:
 
I
I
p
-
i
l
l
l
l
l
P
l
l
i
ó
 
=
 
~
 
.

T
hen,11(U

 +
 A

k)'" (U
 +

 A
i)lIi :: 1lP

llillp-illi ((p +
 ~

) +
 ~

 r

=
 IIP

llillp-illl (p+
€)k.

S
e
t
t
i
n
g
 
a
 
=
 
I
I
P
l
l
i
 
I
I
p
-
I
l
l
i
'
 
a
n
d
 
n
o
t
i
n
g
 
t
h
a
t
 
n
o
r
I
I
 
a
r
e
 
e
q
u
i
v
a
l
e
n
t
,
 
y
i
e
l
d
s
 
t
h
e

t
h
e
o
r
e
m
.
 
.

T
his theorem

 assures that if p (U
) -( 1 and

€
IIA

klll:: 211PIiillp-ilil'

00
w

here p +
 € -( 1, then I1 (U

 +
 A

k) =
 O

. So, slight perturbations of the
k=

l
e
n
t
r
i
e
s
 
o
f
 
U
,
 
i
n
d
i
c
a
t
e
d
 
b
y
 
A
¡
,
 
A
2
,
.
.
.
,
 
w
i
l
 
n
o
t
 
c
h
a
n
g
e
 
c
o
n
v
e
r
g
e
n
c
e
 
t
o
 
0
 
o
f

t
h
e
 
i
n
t
e
 
p
r
o
d
u
c
t
.

0
0
 
0
0

W
e
 
n
o
w
 
c
o
n
s
i
d
e
r
 
i
n
t
e
 
p
r
o
d
u
c
t
s
 
I
1
 
(
U
k
 
+
 
A
k
)
 
a
n
d
 
I
1
 
U
k
.
 
H
o
w
 
f
a
r

k=
i k=

i .
t
h
e
s
e
 
p
r
o
d
u
c
t
s
 
c
a
n
 
d
i
e
r
 
i
s
 
s
h
o
w
n
 
b
e
l
o
w
.

T
h~

orem
 6.7 S

uppose IIU
klI :: 1 for k =

 1,... , r. T
hen

f
 
I
I
A
k
l
l

II(U
r +

 A
r)... (U

i +
 A

i) - U
r... U

ilL :: ek=
l - 1.

~

6,3 R
esults on II (U

k +
 A

k)
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Proof. O
bserve that by (6.5),

II (U
r +

 A
r) . . . (U

i +
 A

i) - U
r . . . U

ili

:: L IIA
il1 +

 L IIA
illlIA

jll +
... +

 IIA
rll.. .IIA

ill
i
 
i
:
;
j

f
 
I
I
A
k
l
l

=
 (1 +

 IIA
rll)... (1 +

 IIA
ill) - 1:: ek=

l - 1
t
h
e
 
r
e
q
u
i
r
e
d
 
i
n
e
q
u
a
l
i
t
y
.
 
.

A
s a consequence, w

e have the follow
ing.

00
C

orollary 6.5 S
uppose IIU

klI :: 1 for k =
 1,2,... and that L IIA

kl1 -( 00.
k=

l
G

iven € ? 0, there is a constant N
 such that if r ~ N

and t ? r, then

II(U
t +

 A
d... (U

r +
 A

r) - U
t... U

ril -( €.
F

rom
 these results, w

e m
ight expect the follow

ing one.

T
heorem

 6.8 S
uppose IIU

klI :: 1 for all k. T
hen the follow

ing are equiv-
alent.

00
1. I1 U

k converges for all r.
k=

r
0
0
 
0
0

2. I1 (U
k +

 A
k) converges for all sequences (A

k) w
hen L IIA

kl1 -( 00.
k
=
i
 
k
=
i

Proof. T
hat (2) im

plies (1) follow
s by using A

i =
 -U

i +
 I, then A

2 =
-U

2 +
 I,. .. , A

r-i =
 -U

r-i +
 I and A

r =
 .. . =

 O
.

0
0
 
0
0

S
uppose (1), that I1 U

k converges for al r and L IIA
kl1 -( 00. D

efine,
k
=
r
 
k
=
i

for t ? r,

P
t =

 (U
t +

 A
t) . . . (U

i +
 A

i)
Pt,r =

 U
t." U

r+
i (U

r +
 A

r)... (U
i +

 A
i).

W
e show

 Pt converges by show
ing the sequence is C

auchy. For this, let
€
 
?
 
0
 
b
e
 
g
i
v
e
n
.

U
sing the triangular inequalty, for s, t ? r,

IlPt - PslI :: IIPt - Pt,rli +
 IIPt,r - Ps,rll +

 IIPs,r - PslI'
(6.6)

W
e now

 bound each of the three term
s. W

e use (6.5) to observe that

f
 
I
I
A
k
l
l

IlP
rlI :: ß

, w
here ß

 =
 ek=

l .
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6.4 Joint E
igenspaces

103

1
.
 
U
s
i
n
g
 
t
h
e
 
p
r
e
v
i
o
u
s
 
c
o
r
o
l
l
a
r
y
,
 
t
h
e
r
e
 
i
s
 
a
n
 
N
i
 
s
u
c
h
 
t
h
a
t
 
i
f
 
r
 
=
 
N
i
,
 
t
h
e
n

€
 
€

11Ft - Pt,rll .: 3 and IIPs,r - PslI .: 3'

2. lIPtr - Ps,rll ::

IIU
t... U

rH
 - U

s'" U
rH

IIII(U
r +

 A
r)... (U

i +
 A

i)lI.

S
ince I1 U

k =
 0, there is an N

2 such that for t :; N
2 :; r,

k;:r+
i

€
I
l
U
t
'
"
 
U
r
+
i
 
(
U
r
 
+
 
A
r
)
.
.
.
 
(
U
i
 
+
 
A
i
)
 
-
 
0
1
1
 
.
:
 
2
'

T
hus, by the trianguar inequality,

00
Since I1 U

k converges, there is an N
2, N

2 :; r, such that if s, t :;
k=

r+
i

N
2
,
 
t
h
e
n

II(U
t +

 A
t) . . . (U

i +
 A

i) - 011 ::

II(U
t +

 A
t)'" (U

i +
 A

i) - U
t... U

r+
i (U

r +
 A

r)... (U
i +

 A
i)1I

€
 
€

+
 IlU

t'" U
r+

i(U
r +

 A
r)... (U

i +
 A

i) - 011 :: 2 +
 2 =

 € .
€

IlFt,r - Ps,rll :: 3'

P
utting (1) and (2) together in (6.6) yields that

IIP
t - P

slI,: €

00
H
e
n
c
e
,
 
I
1
 
(
U
k
 
+
 
A
k
)
 
=
 
O
.
 
.

k=
i

for al t, s 2: N
2. T

hus, Pt is C
auchy and the theorem

 is established. .
6
.
4
 
J
o
i
n
t
 
E
i
g
e
n
s
p
a
c
e
s

From
 T

heorem
s 6.7 and 6.8, w

e have som
ething of a continuity result

00
for infte products of m

atrices. T
o see this, defie II (A

k) II =
 L IIA

k Ii
k=

i
00

f
o
r
 
(
A
k
)
 
s
u
c
h
 
t
h
a
t
 
I
I
(
A
k
)
/
1
 
.
:
 
0
0
.
 
I
f
 
I
1
 
U
k
 
c
o
n
v
e
r
g
e
s
 
f
o
r
 
a
l
l
 
r
,
 
s
o
 
d
o
e
s

k=
r

00

I1 (U
k +

 A
k) and given € :; 0, there is a 8 :; 0 such that if II (A

k) II .: 8,
k=

i
then

In this section w
e consider a set L

 of n x n m
atrices for w

hich al left
00

i
n
f
t
e
 
p
r
o
d
u
c
t
s
,
 
s
a
y
,
 
I
1
 
A
k
,
 
c
o
n
v
e
r
g
e
.
 
S
u
c
h
 
s
e
t
s
 
L
 
a
r
e
 
s
a
i
d
 
t
o
 
h
a
v
e
 
t
h
e

k=
i

left convergence property (L
C

P).
T

he eigenvaue properties of products taken from
 an LC

P
-set follow

s.

L
em

m
a 6.4 L

et L
 be an L

C
P-set. If A

i, . . . , A
s E

 L
 and), is an eigen-

value of B
 =

 A
s . . . A

i, then

lñ U
k - ñ (U

d A
k)ll" ,

1
.
 
1
)
.
1
 
.
:
 
1
 
o
r

A
nother corollary follow

s.

C
orollary 6.6 L

et IIU
klI :: 1 for k =

 1,2,... and let (A
k) be such that

0
0
 
0
0
 
0
0

L
 
I
I
A
k
l
l
 
.
:
 
0
0
.
 
I
f
 
I
1
 
U
k
 
=
 
0
 
f
o
r
 
a
l
l
 
r
,
 
t
h
e
n
 
I
1
 
(
U
k
 
+
 
A
k
)
 
=
 
O
.

k
=
i
 
k
=
r
 
k
=
i

2
.
 
)
.
 
=
 
1
 
a
n
d
 
t
h
i
s
 
e
i
g
e
n
v
a
l
u
e
 
i
s
 
s
i
m
p
l
e
.

Proof. N
ote that since L

 is an L
C

P-set, lim
 B

k exists. T
hus if), is an

k-+
oo

e
i
g
e
n
v
a
l
u
e
 
o
f
 
B
,
 
1
)
.
1
 
:
:
 
1
 
a
n
d
 
i
f
 
1
)
.
1
 
=
 
1
,
 
t
h
e
n
)
.
 
=
 
1
.
 
F
i
n
a
l
y
,
 
t
h
a
t
)
.
 
=
 
1

m
ust be sim

ple (on 1 x 1 Jordan blocks) is a consequence of the Jordan
f
o
r
m
 
o
f
 
B
.
 
.

00
P

roof. T
heorem

 6.8 assures us that I1 (U
k +

 A
k) converges. T

hus, using
k=

i
torollary 6.5, given € :; 0, there is an N

i such that for r :; N
i and any

t
:
;
 
r
,

For an eigenvector result, w
e need the follow

ing notation: L
et A

 be an
n
 
x
 
n
 
m
a
t
r
i
x
.
 
T
h
e
 
1
-
e
i
g
e
n
s
p
a
c
e
 
o
f
 
A
 
i
s

E
 (A

) =
 r x : A

x =
 xl.

€
IIU

t... U
rH

 (U
r+

A
r)... (U

i +
A

i)-(U
t+

A
t)... (U

i +
A

i)II.: 2'
U

sing this notion, w
e have the follow

ing.
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00
T

heorem
 6.9 L

et B
 =

 11 A
i be taken from

 an L
C

P-set L
. If A

 E
 L

k=
i

00
occurs infinitely often in the product 11 A

i, then every colum
n of B

 is in
k=

i
E

(A
).

00
Proof. Since A

 occurs innitely often in the product 11 A
k, there is a

k=
i

subsequence of A
i, A

2A
i, . .. w

ith leftm
ost factor A

, say,

A
B

i, A
B

2, . . .'

w
here the B

j's are products of A
k'S. Since A

i, A
2A

i, . .. converges to B
,

s
o
 
d
o
e
s
 
A
B
i
,
 
A
B
2
,
.
.
.
 
a
n
d
 
B
i
,
 
B
2
,
.
.
.
.
 
T
h
u
s
,

A
B
 
=
 
l
i
 
A
B
k

k-+
oo

=
 
l
i
m
 
B
k

k-+
oo

=
B

.

H
ence, the colum

s of B
 are in E

 (A
). .

00
A

s a consequence of this theorem
, w

e see that for B
 =

 11 A
k

k=
l

colum
ns of B

 ç nE
 (A

i)

w
h
e
r
e
 
t
h
e
 
i
n
t
e
r
s
e
c
t
i
o
n
 
i
s
 
o
v
e
r
 
a
l
l
 
m
a
t
r
i
c
e
s
 
A
i
 
t
h
a
t
 
o
c
c
u
r
 
i
n
f
t
e
l
y
 
o
f
t
e
n
 
i
n

00

11 A
k. T

hus, w
e have the follow

ing.
k=

i

00
C
o
r
o
l
l
a
r
y
 
6
.
7
 
I
f
 
1
1
 
A
k
 
i
s
 
c
o
n
v
e
r
g
e
n
t
 
a
n
d
 
n
E
 
(
A
i
)
 
=
 
t
O
l
,
 
w
h
e
r
e
 
t
h
e
 
i
n
-

k=
l

00
tersection is over all E

 (A
ï) w

here A
i occurs infinitely often, then 11 A

k =
k=

i
O

.

00
T

he sets E
 (B

), B
 =

 11 A
k, and E

 (A
i)'s are also related.

k=
i

~
 
0
0

C
o
r
o
l
l
a
r
y
 
6
.
8
 
I
f
 
B
 
=
 
n
 
A
k
 
i
s
 
c
o
n
v
e
r
g
e
n
t
,
 
t
h
e
n
 
E
 
(
B
)
 
ç
 
n
E
 
(
A
i
)
 
w
h
e
r
e

k=
i

00
the intersection is over all A

i that occur in 11 A
k infinitely often.

k=
l

"-

~

6,5 R
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I
n
 
t
h
e
 
n
e
x
t
 
t
h
e
o
r
e
m
 
w
e
 
u
s
e
 
t
h
e
 
d
e
f
i
t
i
o
n

E
 (L) =

 nE
 (A

i)

w
here the intersection is over al A

i E
 L

.

T
heorem

 6.10 L
et L

 be an L
C

P-set. If E
 (A

i) =
 E

 (L
) for all A

i E
 L

,
then there is a nonsingular m

atri P such that for all A
 E

 L
,

p
-
i
 
A
P
 
=
 
(
~
 
~
 
J

w
here I is s x sand p (C

) .: 1.

P
r
o
o
f
.
 
L
e
t
 
P
i
,
.
.
.
 
,
P
s
 
b
e
 
a
 
b
a
s
i
s
 
f
o
r
 
E
 
(
L
)
.
 
I
f
 
A
 
E
 
L
,
 
L
e
m
m
a
 
6
.
4
 
a
s
s
u
r
e
s

that A
 has precisely s eigenvalues .x, w

here .x =
 1, and all other eigenvaues

.x satisfy i.xi .: 1. E
xtend P

i,... ,P
s to P

i,... ,P
n, a basis for F

n, and set
P =

 ¡Pi,... ,PnJ. T
hen,

A
P
 
=
 
P
 
(
~
 
~
 
J

for som
e m

atrices B
 and C

. T
hus,

p-i A
P

 =
 (~

 ~
 J .

Finally, since p (A
) :: 1, P (C

) :: 1. If p (C
) =

 1, then A
 has s +

 1 eigen-
v
a
u
e
s
 
e
q
u
a
l
 
t
o
 
1
,
 
a
 
c
o
n
t
r
a
d
i
c
t
i
o
n
.
 
T
h
u
s
,
 
w
e
 
h
a
v
e
 
p
 
(
C
)
 
.
:
 
1
.
 
.

It is easily seen that L
 is an L

C
P-set if and only if

L
p =

 r B
 : B

 =
 p-i A

P w
here A

 E
 L

)

is an L
C

P-set. T
hus to obtain conditions that assure L

 is an L
C

P-set, w
e

need only obtain such conditions on L
p. In case L

 satisfies the hypothesis,
C

orollary 6.1 can be of help.

6
.
5
 
R
e
s
e
a
r
c
h
 
N
o
t
e
s

In Section 2, T
heorem

 6.2 is due to H
artfiel (1974), T

heorem
 6.3 due to

N
eum

ann and Schneider (1999), and T
heorem

 6.4 due to D
aubechies and

L
agarias (1992). A

lso see D
aubechies and L

agarias (2001) to get a view
 of

the im
pact of this paper.
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6
 
6
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C
o
n
v
e
r
g
e
n
c
e

T
he results given in Section 3 are those of W

edderbur (1964) and O
s-

t
r
o
w
s
k
i
 
(
1
9
7
3
)
,
 
a
s
 
i
n
d
i
c
a
t
e
d
 
t
h
e
r
e
.
 
S
e
c
t
i
o
n
 
4
 
c
o
n
t
a
i
 
r
e
s
u
l
t
s
 
g
i
v
e
n
 
i
n

D
aubechies and Lagarias (1992).
In related w

ork, 'fench (1985 &
 1999) provided results on w

hen an in-
00

n
i
t
e
 
p
r
o
d
u
c
t
,
 
s
a
y
 
I
l
 
A
k
,
 
i
s
 
i
n
v
e
r
t
i
b
l
e
.
 
H
o
l
t
z
 
(
2
0
0
0
)
 
g
a
v
e
 
c
o
n
d
i
t
i
o
n
s
 
f
o
r
 
a
n

k=
l

i
n
f
t
e
 
r
i
g
h
t
 
p
r
o
d
u
c
t
,
 
o
f
 
t
h
e
 
p
r
o
d
u
c
t
 
f
o
r
m
 
i
l
 
(
~
 
~
k
 
J
,
 
t
o
 
c
o
n
v
e
r
g
e
.

k
=
l
 
k

Stanford and U
rbano (1994) discussed m

atrix sets E
, such that for a given

00
vector x, m

atrices A
i, A

2... can be chosen from
 E

 that assure Il A
kx =

 O
.

k=
i

00
A
r
t
z
r
o
u
n
 
(
1
9
8
6
a
)
 
c
o
n
s
i
d
e
r
e
d
 
f
u
 
(
A
)
 
=
 
I
l
 
(
U
k
 
+
 
A
k
)
,
 
w
h
e
r
e
 
h
e
 
d
e
f
i
n
e
d

k=
l

U
 
=
 
(
U
i
,
 
U
2
,
"
'
)
 
a
n
d
 
A
 
=
 
(
A
i
,
 
A
2
,
.
.
.
)
.
 
H
e
 
g
a
v
e
 
c
o
n
d
i
t
i
o
n
s
 
t
h
a
t
 
a
s
s
u
r
e

the fuctions form
 an equicontinuous fany. H

e then applied this to per-
t
u
r
b
a
t
i
o
n
 
i
n
 
m
a
t
r
i
x
 
p
r
o
d
u
c
t
s
.

\

i1

7C
o
n
t
i
n
u
o
u
s
 
C
o
n
v
e
r
g
e
n
c
e

In this chapter w
e look at L

C
P-sets in w

hich the initial products essen-
t
i
a
l
l
y
 
d
e
t
e
r
m
i
e
 
t
h
e
 
i
n
f
t
e
 
p
r
o
d
u
c
t
;
 
t
h
a
t
 
i
s
,
 
w
h
a
t
e
v
e
r
 
m
a
t
r
i
c
e
s
 
a
r
e
 
u
s
e
d
,

beyond som
e initial product, has little effect on the infte product. T

his
continuous convergence is a type of convergence seen in the construction of
cures and fractals as w

e w
il see in C

hapter 11.

7
.
 
i
 
S
e
q
u
e
n
c
e
 
S
p
a
c
e
s
 
a
n
d
 
C
o
n
v
e
r
g
e
n
c
e

L
e
t
 
E
 
=
 
r
A
o
,
.
.
,
 
,
A
m
-
i
1
,
 
a
n
 
L
C
P
-
s
e
t
.
 
T
h
e
 
a
s
s
o
c
i
a
t
e
d
 
s
e
q
u
e
n
c
e
 
s
p
a
c
e
 
i
s

D
=

rd:d=
(di,d2,...n

w
h
e
r
e
 
e
a
c
h
 
d
i
 
E
 
r
O
,
.
.
.
 
,
m
 
-
 
1
1
.
 
O
n
 
D
,
 
d
e
f
i
e

a
 
(
d
,
d
)
 

=
 m

-k

w
here k is the fist index such that dk =

f dk. (So d and dk agree on the
f
i
s
t
 
k
 
-
 
1
 
e
n
t
r
i
e
s
.
)
 
T
h
i
s
 
a
 
i
s
 
a
 
m
e
t
r
i
c
 
o
n
 
D
.

G
i
v
e
n
 
d
 
=
 
(
d
i
,
 
d
2
,
.
.
.
)
,
 
d
e
f
i
e
 
t
h
e
 
s
e
q
u
e
n
c
e

A
di , A

d2 A
di , A

da A
d2 A

di , . .. .
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\f
/..(1)

~x
~

\f(O
)

0
1

R
M

.

FIG
U

R
E

 7,1. A
 view

 of iJ.

S
i
n
c
e
 
~
 
i
s
 
a
n
 
L
C
P
-
s
e
t
,
 
t
h
i
s
 
s
e
q
u
e
n
c
e
 
c
o
n
v
e
r
g
e
s
,
 
L
e
.

00

I
I
 
A
d
i
 
=
 
A

i=
i

for som
e m

atrix A
.

D
efie 'P

 : D
 -7 M

n by

'P(d)=
A

.

If this function is continuous using the m
etric a on D

 and any norm
 on

M
n, w

e say that ~
 is a continuous LC

P
-set.

C
ontinuity of 'P can also be described as follow

s: 'P is continuous at
d E

 D
 if given any E

 ). a there is an integer K
 such that if k ). K

,
then II'P

 (d) - 'P
 (d) II -c E

 for al d that dier from
 d after the k-th digit.

(T
he infite product w

ill not change m
uch regardless of the choices of

A
d" ,A

d" ,....)
k+

 1 k+
2

N
ot all LC

P
-sets are continuous. F

or exam
ple, if

~
 
=
 
f
l
,
 
P
)
,
 
P
 
=
 
(
t
 
t
 
J

then 'P is not continuous at (a, a, . . . ).
N
o
w
 
w
e
 
u
s
e
 
'
P
 
t
o
 
d
e
f
i
e
 
a
 
f
u
c
t
i
o
n
 
\
l
 
:
 
¡
a
,
 
I
j
 
-
7
 
M
n
.
 
(
S
e
e
 
F
i
g
u
r
e
 
7
.
1
.
)
 
A
s

w
e w

il see in C
hapter 11, such functions can be used to describe special

c
u
r
e
s
 
i
n
 
R
2
.

If x E
 ¡a, 1 J, w

e can w
rit~

x
 
=
 
d
i
m
-
i
 
+
d
2
m
-
2
 
+
.
.
.

L
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the p-adic expansion of x. R
ecall that if a -c j -c m

, then

d
i
m
-
i
 
+
.
.
.
 
+
 
d
s
m
-
s
 
+
 
j
m
-
S
-
i

+
 
a
m
-
s
-
2
 
+
 
a
m
-
s
-
3
 
+
.
.
.

d -i d -s +
 ( , 1) -s-i

=
 im

 +
 . . . +

 sm
 J - m

+
 (m

 - 1) m
-s-2 +

 (m
 - 1) m

-s-3 +
 . . .

g
i
v
e
 
t
h
e
 
s
a
m
e
 
x
 
E
 
¡
a
,
l
j
.
 
T
h
u
s
,
 
t
o
 
d
e
f
i
n
e

\l: ¡a,lj -7 M
n

by \l (x) =
 'P (d), w

e w
ould need that

'
P
(
d
i
,
.
.
.
 
,
d
s
,
j
,
a
,
.
.
.
)
 
=
'
P
(
d
i
,
.
.
.
 
,
d
s
,
j
-
l
,
m
-
l
,
.
.
.
)
.

W
hen this occurs, w

e say that the continuous LC
P

-set ~
 is real definable.

A
 theorem

 that describes w
hen ~

 is real defiable follow
s.

T
heorem

 7.1 A
 continuous L

C
P-set ~ =

 rA
o,... , A

m
-il is real defin-

able iff

A
O
'
 
A
j
 
=
 
A
~
_
i
A
j
-
i

for j =
 1,... m

 - 1.
Proof. If A

õ A
j =

 A
~_iA

j-i, then

'P(di,... ,ds,j,a,...) =
'P(di,... ,ds,j-l,m

-l,m
-L

...)
for any s 2' 1 and al di, . .. , ds' T

hus, ~ is real defiable.
N

ow
 suppose ~ is real defiable. T

hen

'P
 (j, a, a,...) =

 'P
 (j - 1, m

 - 1, m
 - 1...)

for al j 2' 1. T
hus,

A
O
'
 
A
j
 
=
 
A
~
_
i
 
A
j
_
i
,

as given in the theorem
. .

A
n exam

ple m
ay help.

E
xam

ple 7.1 Let

A
o
~
 
¡

.
5
 
.
2
5
 
J

.
5
 
.
5

a
 
1

1
 
a

.
5
 
.
5

.25 .5

a
 
J
 
¡
 
.
2
5

a , A
i =

 a
.
2
5
 
a
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7.2 C
anonical Form

s
111

a
n
d
 
~
 
=
 
f
A
o
,
A
i
l
.
 
I
n
 
C
h
a
p
t
e
r
 
1
1
 
w
e
 
w
i
l
l
 
s
h
o
w
 
t
h
a
t
 
~
 
i
s
 
a
 
c
o
n
t
i
n
u
o
u
s

L
C

P-set. For now
, note that

H
ence

¡
I
O
O
l
 
¡
O
O
l
l

A
O
'
 
=
 
1
 
0
 
0
 
,
 
A
l
 
=
 
0
 
0
 
1
 
.

1
 
0
 
0
 
0
 
0
 
1

l
i
 
A
~
 
A
k
y
 
=
 
A
?
O
y

k
-
.
o
o
 
J
 
i
 
i

or

A
jy =

 y.
Since

A
O
'
A
i
 
=
 

A
lA

o,
B
y
 
c
o
n
s
i
d
e
r
i
n
g
 
t
h
e
 
J
o
r
d
a
n
 
f
o
r
m
 
o
f
 
A
j
,
 
w
e
 
s
e
e
 
t
h
a
t
 
A
j
y
 
=
 
y
 
a
l
s
o
.
 
H
e
n
c
e
,

m
-i

y
 
E
 
E
 
(
A
j
)
 
f
r
o
m
 
w
h
i
c
h
 
i
t
 
f
o
l
l
o
w
s
 
t
h
a
t
 
E
 
(
~
)
 
=
 
n
 
E
 
(
A
i
)
 
a
s
 
r
e
q
u
i
r
e
d
.
 
.

i=
O

~
 
i
s
 
r
e
a
l
 
d
e
f
i
n
a
b
l
e
.

T
he canonical form

 follow
s.

7
.
2
 
C
a
n
o
n
i
c
a
l
 
F
o
r
m
s

T
h
e
o
r
e
m
 
7
.
2
 
L
e
t
 
~
 
=
 
f
A
o
"
.
.
 
,
 
A
m
-
i
l
.
 
T
h
e
n
 
~
 
i
s
 
a
 
c
o
n
t
i
n
u
o
u
s
 
L
C
P
-
s
e
t

iff there is a m
atri P such that

In this section w
e provide a canonical form

 for a continuous L
C

P-set ~ =
fA

o,... , A
m

-il. W
e again use the defition

p
-
i
'
E
P
 
-
 
f
 
(
I
 
B
i
 
1
 
.
 
(
I
 
B
i
 
J
 
-
 
p
-
1
 
A
-
P
 
L

-
 
i
O
C
i
 
J
'
 
0
 
C
i
 
-
 
i
 
f

m
-l

E
(
~
)
 
=
 
n
 
E
(
A
i
)

i=
O

w
h
e
r
e
 
p
 
(
~
e
)
 
0
(
 
1
,
 
'
E
e
 
=
 
f
C
o
,
.
.
.
 
,
 
C
m
-
1
l
.

Proof. Suppose ~ is a continuous L
C

P-set. L
et P =

 (Pi.. 'PsPsH
" ,PnJ,

a nonsingular m
atrix w

here P
i,... ,P

s are inE
(~

) and dim
E

(~
) =

 s.
T

hen for any A
i E

 ~,
w

here E
 (A

i) is the I-eigenspace of A
i, for al i. W

e need a lem
m

a.

Lem
m

a 7.1 If ~
 is a continuous LC

P
-set, then E

 (~
) =

 E
 (A

i) for all i.

Proof. Since E
 (~) ç E

 (A
i) for all i, it is clear that w

e only need to show
that E

 (A
i) ç E

 (~), for al i.
For this, let y E

 E
 (A

i)' T
hen y =

 A
iy. For any j, defie

(
 
I
 
B
i
 
J

A
iP

 =
 P

 0 C
i

d
(
k
)
 
-
-
 
(
i
,
.
.
.
 
,
 
i
,
j
,
j
,
.
.
.
)

for som
e B

i and C
i w

here I is the s x s identity m
atrix.

N
o
w
,
 
s
i
n
c
e
 
'
E
 
i
s
 
a
 
c
o
n
t
i
n
u
o
u
s
 
L
C
P
-
s
e
t
,
 
s
o
 
i
s
 
~
e
'
 
T
h
u
s
 
f
o
r
 
a
n
y
 
i
n
f
t
e

00
p
r
o
d
u
c
t
 
I
1
 
C
k
 
f
r
o
m
 
'
E
e
,
 
b
y
 
T
h
e
o
r
e
m
 
6
.
9
,
 
i
t
s
 
n
o
n
z
e
r
o
 
c
o
l
u
m
n
s
 
m
u
s
t
 
b
e

k=
i

e
i
g
e
n
v
e
c
t
o
r
s
,
 
b
e
l
o
n
g
i
n
g
 
t
o
 
1
,
 
o
f
 
e
v
e
r
y
 
C
i
 
t
h
a
t
 
o
c
c
u
r
s
 
i
n
f
t
e
l
y
 
o
f
t
e
n
 
i
n
 
t
h
e

product. Since 1 is not an eigenvalue of any C
i, L

em
m

a 7.1, the colum
s

00
of I1 C

k m
ust be O

. T
hus, by T

heorem
 6.4, P (~e) 0( 1.

k=
l

C
onversely, suppose p-i'E

P is as described in the theorem
 w

ith P (~e) 0(
1. S

ince p (~
e) 0( 1 by the defition of P

 (~
e)' there is a positive integer r

and a positive constant ì 0( 1 such that 117f1l1 :: ì for all r-blocks 7f from
~e'N

o
w
 
b
y
 
C
o
r
o
l
l
a
r
y
 
6
.
1
,
 
p
-
l
~
p
 
i
s
 
a
n
 
L
C
P
-
s
e
t
,
 
a
n
d
 
t
h
u
s
 
s
o
 
i
s
~
.
 
H
e
n
c
e
,

by T
heorem

 3.14, ~ is a product bounded set. W
e let ß denote such a

bound.

w
here i occurs k tim

es. T
hen

d
(
k
)
 
(
"
 
)
 
k

-- i, i, . . . as -- 00.

S
ince ~

 is continuous

~
cp ( d(k)) -- cp (( i, i, . .. )) as k -- 00,

so

A
j A

f -- A
i as k -- 00.
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7.2 C
anonical Form

s
113

L
et d =

 (di, d2, . . .) be a sequence in D
 and E

 )- O
. L

et N
 be a positive

num
ber such that

Ilcp(di,d2,...) - cP (di,d2,...) Ili

(
 
0
0
 
0
0
)
 
r
N

:
:
 
I
I
 
I
I
 
A
d
k
 
-
 
I
I
 
A
J
k
 
I
I
 
A
d
k

k=
rN

+
i k=

rN
+

i k=
i lIi

=
11(p( ~

 ~
i Jp-i_p( ~

 ~
2 Jp-i)p( ~

 ~
3 Jp-illi

I the s x s identity m
atri and s =

 dim
 E

 (L
).

A
lso, w

e have the follow
ing.

C
o
r
o
l
l
a
r
y
 
7
.
2
 
I
f
 
L
 
=
 
t
A
o
,
.
.
.
 
,
 
A
m
-
i
l
 
i
s
 
a
 
c
o
n
t
i
n
u
o
u
s
 
L
C
P
-
s
e
t
,
 
t
h
e
n
 
i
n
-

finite products from
 E

 converge uniform
ly and at a geom

etric rate.

P
r
o
o
f
.
 
N
o
t
e
 
t
h
a
t
 
i
n
 
t
h
e
 
p
r
o
o
f
 
o
f
 
t
h
e
 
t
h
e
o
r
e
m
,
 
ß
 
a
n
d
 
"
I
 
d
o
 
n
o
t
 
d
e
p
e
n
d
 
o
n

t
h
e
 
i
n
t
e
 
p
r
o
d
u
c
t
s
 
c
o
n
s
i
d
e
r
e
d
.
 
.

2
ß
 
I
I
P
l
l
i
l
l
p
-
i
l
l
i
 
"
I
N
 
-
:
 
E
.

L
et d =

 (di, d2,.,,) be a sequence such that 8 (d, d) -: m
-rN

. T
hen

A
s
 
a
 
f
i
a
l
 
c
o
r
o
l
l
a
r
y
,
 
w
e
 
s
h
o
w
 
w
h
e
n
 
t
h
e
 
f
u
n
c
t
i
o
n
 
\
I
,
 
i
n
t
r
o
d
u
c
e
d
 
i
n
 
S
e
c
t
i
o
n

1, is continuous.

00

I
I
 
A
d
k
 
=
 
P
 
(
 
I

k
=
r
N
+
i
 
0

rN
a
n
d
 
I
I
 
A
d
k
 
=
 
P
 
(
 
I

k
=
i
 
0

8iJp-i IIoo A
A

=
p(I82Jp-i

o
 
'
 
d
k
 
0
 
0

k=
rN

+
i

C
o
r
o
l
l
a
r
y
 
7
.
3
 
L
e
t
 
L
 
=
 
t
A
o
,
.
.
.
 
,
 
A
m
-
i
l
 
b
e
 
a
 
c
o
n
t
i
n
u
o
u
s
 
L
C
P
-
s
e
t
 
a
n
d

suppose L
 is real definable. T

hen \I is continuous.

Proof. W
e w

il only prove that \I is right side continuous at x, x E
 ¡0,1).

L
eft side continuous is handled in the sam

e w
ay.

W
rite

w
here

~
3
 
J
 
p
-
i
.

x =
 dim

-i +
 d2m

-2 +
 . .. .

=
 lip (~

=
 lip (~

8
i
 
~
 
8
2
 
J
 
p
-
i
 
p
 
(
 
~

8i ~82 J p-ip (~ ~ J p-illi

:: lip (~
 ~

i J p-i - p (~
 ~

2 J p-illill7rllillF
llilip-illi

:: 2ß
II7rlliIIP

llillp-illi
:
:
 
2
ß
"
I
N
 
I
l
F
l
l
i
 
I
I
p
-
i
l
l
i
 
-
:
 
E
.

~
3
 
J
p
-
i
l
l
i

W
e w

il assum
e that this expansion does not term

inate w
ith repeated m

 -
1 's. (R

ecal that any such expansion can be replaced by one w
ith repeated

O
's.)L

et E
 )- O

. U
sing C

orollary 7.2, choosing N
, w

here w
e have dN

+
i i=

 m
- 1,

a
n
d
 
s
u
c
h
 
t
h
a
t
 
i
f
 
a
n
y
 
t
w
o
 
i
n
f
t
e
 
p
r
o
d
u
c
t
s
,
 
s
a
y
 
B
 
a
n
d
 
Ê
 
h
a
v
e
 
t
h
e
i
r
 
f
i
s
t
 
k

factors identical, k ;: N
, then

C
ontinuig the caculation,

IIB
-Ê

II-:E
.

(7.1)

L
et y E

 (0,1) w
here y)- x and y - x -: m

-N
-i. T

hus, say,

d
 
-
i
 
+
 
d
 
-
N
 
i
:
 
-
N
-
i
 
+
 
i
:
 
-
N
-
2
 
+

y=
 im

 +
... N

m
 +

uN
H

m
 U

N
+

2m
 ....

N
ow

, let
T

hus, L is a continuous LC
P

-set. .

A
s
 
p
o
i
n
t
e
d
 
o
u
t
 
i
n
 
t
h
e
 
p
r
o
o
f
 
o
f
 
t
h
e
 
t
h
e
o
r
e
m
,
 
w
e
 
h
a
v
e
 
t
h
e
 
f
o
l
l
o
w
i
n
g
.

C
o
r
o
l
l
a
r
y
 
7
.
1
 
I
f
 
L
 
=
 
t
A
o
,
.
.
.
 
,
 
A
m
-
i
l
 
i
s
 
a
 
c
o
n
t
i
n
u
o
u
s
 
L
C
P
-
s
e
t
,
 
t
h
e
n

the-re is a nonsingular m
atrix P, such that for any sequence (di, d2, , . .),

there is a m
atri 8 w

here

00

A
 
=
 
I
I
 
A
d
k
 
a
n
d
 
Â
 
=
 
.
 
.
 
.
 
A
6
N
+
2
A
6
N
+
l
 
A
d
N
 
.
 
.
 
.
 
A
d
1
,

k=
i

T
hen, using (7.1),

00

I
I
 
A
d
;
 
=
=
 
P
 
(
I
 
8
 
J
 
p
-
i

i
=
i
 
0
 
0
 
'

II\l (x) - \l (y)1I =
 IIA

 - Â
II-: E

w
h
i
c
h
 
s
h
o
w
s
 
t
h
a
t
 
\
I
 
i
s
 
r
i
g
h
t
 
c
o
n
t
i
n
u
o
u
s
 
a
t
 
x
.
 
.
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7,3 C
oeffcients and C

ontinuous C
onvergence

115

7
.
3
 
C
o
e
f
f
c
i
e
n
t
s
 
a
n
d
 
C
o
n
t
i
n
u
o
u
s
 
C
o
n
v
e
r
g
e
n
c
e

A
gain, in this section, w

e use a fite set L
 =

 f A
o, . .. ,A

m
- il of n x n

m
atrices. W

e w
il show

 how
 subspace contraction coeffcients can be used

t
o
 
s
h
o
w
 
t
h
a
t
 
L
 
i
s
 
a
 
c
o
n
t
i
n
u
o
u
s
 
L
C
P
-
s
e
t
.

T
o do this, w

e w
il assum

e that L
 is T

-proper, that is

i~J

E
(
L
)
 
=
 
E
(
A
i
)

(
x
~
;
 
J

f
o
r
 
a
l
 
i
.
 
I
f
 
P
i
,
 
.
 
.
.
 
,
 
P
s
 
i
s
 
a
 
b
a
s
i
s
 
f
o
r
 
t
h
a
t
 
e
i
g
e
n
s
p
a
c
e
 
a
n
d
 
P
i
,
 
.
 
.
 
.
 
,
 
P
n
 
a
 
b
a
s
i
s

for pn, then P =
 ¡Pi,... ,PnJ is nonsingular. FU

ther,

A
 
-
 
P
 
(
I
 
B
k
 
J
 
p
-
i

k
 
-
 
0
 
C
k

w
here I is s x s, for all A

k E
 L.

L
et

FIG
U

R
E

 7.2. C
onvergence view

 of C
orollary 7.4.

E
=

 ¡Pi,... ,PsJ

notation there, p (Le) 0( 1, there is a positive integer r such that IlC
IIJ 0( 1

for al r-blocks C
 from

 L
e. T

hus, since T
W

 (ri A
dk) =

 II ri C
dk II ' it

k=
i k=

i J
f
o
l
l
o
w
s
 
t
h
a
t
 
T
W
 
(
7
1
)
 
0
(
 
1
 
f
o
r
 
a
l
 
r
-
b
l
o
c
k
s
 
f
r
o
m
 
L
.

C
onversely, suppose T

W
 is a contraction coeffcient such that T

W
 (1f) 0( 1

for all r-blocks 1f from
 L

. T
hus, 1I1lIlJ 0( 1 for al r-blocks 1l from

 L
e. So,

Pr (L
e) 0( 1 w

hich show
s that P (L

e) 0( 1. T
his show

s, by using T
heorem

7.2, that L is a continuous LC
P

-set. .

and

W
=

fx:xE
=

O
l.

T
W

 (A
) =

 m
ax IlxA

11
"':"'~

o IixlL

W
e can alo prove the follow

ing.

C
o
r
o
l
l
a
r
y
 
7
.
4
 
I
f
 
L
 
i
s
 
a
T
-
p
r
o
p
e
r
 
c
o
m
p
a
c
t
 
m
a
t
r
i
x
 
s
e
t
 
a
n
d
 
w
e
 
h
a
v
e
 
T
W
 
(
1
f
)
 
:
:

T
 0( 1 for all r-blocks 1f in L, then L is an LC

P
-set.

A
 
v
i
e
w
 
o
f
 
t
h
e
 
c
o
n
v
e
r
g
e
n
c
e
 
h
e
r
e
 
c
a
n
 
b
e
 
s
e
e
n
 
b
y
 
o
b
s
e
r
v
g
 
t
h
a
t

R
ecal from

 C
hapter 2 that

is a subspace contraction coeffcient. A
nd, if A

k E
 L

 and w
e have A

k =

P
 (~

 ~
~

 J p-i, then
(~ ~ J ( ~ J =

 ( x ~:y J '
T

(A
k) =

 IIC
kllJ

w
h
e
r
e
 
(
 
:
 
J
 
i
s
 
p
a
r
t
i
t
i
o
n
e
d
 
c
o
m
p
a
t
i
b
l
y
 
t
o
 
(
~
 
~
 
J
.
 
S
O
 
t
h
e
 
y
 
v
e
c
t
o
r
 
c
o
n
-

tracts tow
ard 0 w

hile the x vector is changed by som
e (bounded) m

atrix
constant of y, nam

ely B
y. A

 picture is given in Figue 7.2.
W
e
 
c
o
n
c
l
u
d
e
 
w
i
t
h
 
t
h
e
 
f
o
l
l
o
w
i
n
g
 
o
b
s
e
r
v
a
t
i
o
n
.
 
I
n
 
t
h
e
 
d
e
f
i
t
i
o
n

w
h
e
r
e
 
t
h
e
 
n
o
r
m
 
1
1
.
1
1
 
J
 
i
s
 
d
e
f
i
e
d
 
t
h
e
r
e
.
 
R
e
c
a
l
 
t
h
a
t
 
s
u
b
s
p
a
c
e
 
c
o
n
t
r
a
c
t
i
o
n

coeffcients are all equivalent, so to prove convergence, it doesn't m
atter

w
hich norm

 is used.

T
heorem

 7.3 L
et L

=
 fA

o,.,. ,A
m

-il be T
-proper. T

he set L
 is a con-

tinoous L
C

P-set iff there is a subspace contraction coeffcient T
W

 and a
positive integer r such that T

W
 (1f) 0( Ifor all r-blocks 1f from

 L
.

P
r
o
o
f
.
 
I
f
 
L
 
i
s
 
a
 
c
o
n
t
i
n
u
o
u
s
 
L
C
P
-
s
e
t
,
 
u
s
i
n
g
 
a
n
y
 
n
o
r
m
,
 
a
 
s
u
b
s
p
a
c
e
 
C
O
n
-

traction coeffcient T
W

 can be defined. Since by T
heorem

 7.2, using the

T
W

 (A
) =

 m
ax IIxA

Il ,
"'E

W
11"'11=

1

m
atrix m

ultiplication is on the right. A
nd, w

e show
ed that T

W
 (A

iA
2) ::

T
W
 
(
A
i
)
 
T
W
 
(
A
2
)
,
 
s
o
 
w
e
 
a
r
e
 
t
a
l
i
n
g
 
a
b
o
u
t
 
r
i
g
h
t
 
p
r
o
d
u
c
t
s
.
 
Y
e
t
,
 
T
W
 
d
e
f
i
n
e
d

in this w
ay establishes L

C
P-sets.



1
1
6
 
7
.
 
C
o
n
t
i
n
u
o
u
s
 
C
o
n
v
e
r
g
e
n
c
e

E
x
a
m
p
l
e
 
7
.
2
 
L
e
t
 
E
 
=
 
t
 
(
t
 
t
 
J
 
'
 
(
t
 
i
 
J
 
l
'
 
S
e
t
 
E
 
=
 
(
 
~
 
J
.
 
T
h
e
n

T
W

 (E
) =

 0 and E
 is an L

C
P-set. B

ut, E
 is not an R

C
P-set.

7
.
4
 
R
e
s
e
a
r
c
h
 
N
o
t
e
s

T
he sequence space and continuity results of Section 1 and the canonical

form
 w

ork in Section 2 are, basicaly, as in D
aubechies and L

agarias (1992a).
Section 3 used the subspace contraction coeffcients results of H

artfiel and
R

othblui (1998).
A

pplications and futher results, especialy concerning differentiabilty of
\l, rather than continuity, can be found in D

aubechies and L
agarias (1992b)

and M
icchell and Prautzsch (1989).

~

,

8Paracontracting

A
n n x n m

atrix A
 is paracontracting or PC

 w
ith respect to a vector norm

11.11, if

I
I
A
x
l
1
 
-
0
 
I
I
 xii w

henever A
x .¡ x

for al vectors x. N
ote that this im

plies that IIA
II :: 1. W

e can view
p
a
r
a
c
o
n
t
r
a
c
t
i
n
g
 
b
y
 
n
o
t
i
n
g
 
t
h
a
t
 
L
 
(
x
)
 
=
 
A
x
 
i
s
 
t
h
e
 
i
d
e
n
t
i
t
y
 
o
n
 
E
 
(
A
)
 
b
u
t

contracts al other vectors. T
his is depicted, som

ew
hat, in F

igue 8.1.
If there is a positive constant 'l such that

I
I
A
x
l
1
 
:
:
 
I
L
X
L
I
 
-
 
'
l
 
I
I
A
x
 
-
 
x
i
i

E
(A

)
A

)

L
(x)=

A
x

~

FIG
U

R
E

 8,1. A
 view

 of paracontracting.
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f
o
r
 
a
l
 
x
,
 
t
h
e
n
 
A
 
i
s
 
c
a
l
e
d
 
"
ý
-
p
a
r
a
c
o
n
t
r
a
c
t
i
n
g
o
r
 
"
ý
P
C
.
 
I
t
 
i
s
 
c
l
e
a
r
 
t
h
a
t
 
"
ý
P
C

im
plies PC

. Paracontracting and "ý-paracontracting sets are sets containing
those kinds of m

atrices.
In this chapter w

e show
 that for a fiite set ~of n x nm

atrices, paracon-
tracting and "ý-paracontracting are the sam

e. In addition, both paracon-
t
r
a
c
t
i
n
g
 
a
n
d
 
"
ý
-
p
a
r
a
c
o
n
t
r
a
c
t
i
n
g
 
s
e
t
s
 
a
r
e
 
L
C
P
-
s
e
t
s
.

such that A
iyl, A

iY
2,'" are in the sequence. A

nd from
 this, take a con-

vergent subsequence, say, Y
ii ' Y

i2, . . . -- y. T
hus, A

iY
ii, A

iY
h, . . . -- A

iy.
S

ince Y
 is the lim

it of Y
ii , Y

h, . . . ,

I
l
y
l
I
 
:
:
 
I
I
 A

iY
ik II

f
o
r
 
a
l
 
k
 
s
o
 
i
n
 
t
h
e
 
l
i
m
i
t

X
2
 
=
 
A
i
i
X
i

X
3
 
=
 
A
i
2
X
2

Ilyll :: IIA
IY

II.

T
hus, since A

 is paracontracting, lIyll =
 IIA

iY
II and so A

iy =
 y.

W
e show

 that A
iy =

 Y
 for i =

 1,... , s. F
or this, suppose A

l,... , A
w

satisfies A
iy =

 Y
 for som

e w
, 1 :: w

 0: s. C
onsider a sequence, say w

ith-
out loss of generalty A

w
+

1'1iY
ill A

w
+

l7l2Y
h, . .. w

here the m
atrices in the

p
r
o
d
u
c
t
s
 
'
I
k
 
a
r
e
 
f
r
o
m
 
t
A
l
,
.
.
.
 
,
A
w
l
.
 
T
h
e
 
s
e
q
u
e
n
c
e
 
c
o
n
v
e
r
g
e
s
 
t
o
 
A
w
+
I
Y

and thus,

8. i C
onvergence

For any m
atrix set ~and any vector X

l, the sequence

w
h
e
r
e
 
e
a
c
h
 
A
i
k
 
E
 
~
,
 
i
s
 
c
a
l
e
d
 
a
 
t
r
a
j
e
c
t
o
r
y
 
o
f
~
.
 
A
n
y
 
f
i
t
e
 
s
e
q
u
e
n
c
e
,

X
i, . .. , xpis caled an initial piece of the trajectory.
T
r
a
j
e
c
t
o
r
i
e
s
 
a
r
e
 
l
i
n
k
e
d
 
t
o
 
i
n
f
i
t
e
 
p
r
o
d
u
c
t
s
 
o
f
 
m
a
t
r
i
c
e
s
 
b
y
 
t
h
e
 
f
o
l
l
o
w
i
n
g

lem
m

a.

S
o lIylI

that

IlylI :: IIA
w

+
iY

II.

IIA
w

+
IY

II and consequently A
w

+
1Y

 =
 y. F

rom
 this, it follow

s

A
i
y
 
=
 
Y

L
em

m
a 8.1 A

 m
atri set ~ is an L

C
P-set iff all trajectories of~ converge.

Proof. T
he proof follow

s by noting that if X
i =

 ei, ei the (0, 1 )-vector w
ith

a 1 only in the i-th position, then A
ik . . . A

ii ei =
 i-th colum

 of A
ik . . . A

ii .
So convergence of trajectories im

plies colum
 convergence of the infte

products and vice versa. A
nd from

 this, the lem
m

a follow
s. .

for al i :: s.
Finally,

IIxk - Y
ll =

 II'IkZ
k - Y

ll

w
here 'IkZ

k =
 X

k, 'Ik a product of A
i, . . . , A

s and Z
k the vector in Y

ii, Y
h, . . .

that im
m

ediately proceeds X
k. (H

ere k is large enough that no A
s+

I, . .. , A
m

reappears as a factor.) T
hen,

U
s
i
n
g
 
t
h
i
s
 
l
e
m
m
a
,
 
w
e
 
s
h
o
w
 
t
h
a
t
 
f
o
r
 
f
i
t
e
 
~
,
 
p
a
r
a
c
o
n
t
r
a
c
t
i
n
g
 
s
e
t
s
 
a
r
e

L
C

P-sets. T
he converse of this result w

il be given in Section 2.

T
h
e
o
r
e
m
 
8
.
1
 
I
f
~
 
=
 
t
A
i
"
.
.
 
,
A
m
l
 
i
s
 
a
 

para 
c
o
n
t
r
a
c
t
i
n
g
 
s
e
t
 
w
i
t
h
 
r
e
s
p
e
c
t

to 11,11, then ~
 is an LC

P
-set.

I
I
x
k
 
-
 
Y
l
l
 
=
 
l
I
'
1
k
z
k
 
-
 
'
I
k
Y
1
1

:: IIzk -Y
ll.

P
r
o
o
f
.
 
L
e
t
 
X
i
 
b
e
 
a
 
v
e
c
t
o
r
 
a
n
d
 
s
e
t

So Ilxk - yll -- 0 as k -- 00. It follow
s that (lli A

ijX
i) converges, and

thus by the lem
m

a, the result follow
s. .

X
2 =

 A
ii X

l, X
3 =

 A
i2A

ii X
l, . .. .

T
h
e
 
e
x
a
m
p
l
e
 
b
e
l
o
w
 
s
h
o
w
s
 
t
h
a
t
 
t
h
i
s
 
r
e
s
u
l
t
 
c
a
n
 
b
e
 
f
a
l
s
e
 
w
h
e
n
 
~
 
i
s
 
i
n
f
t
e
.

E
xam

ple 8.1 Let

f r 1 0 0 J 2k - 1 1
~ =

 il ~ ~k ~k : ak =
 2k for k =

 2,3, ... f .

\ Since IIA
yll :: lIylI for al Y

 and all A
 E

 ~, the sequence is bounded. A
ctually,

if p:: q, then IIxpll ::lIxqll.
S

uppose, reindexig if necessary, that A
i,... , A

s occur as, fiictors in-
~
 
'

f
i
t
e
l
y
 
o
f
t
e
n
 
i
n
 
I
1
 
A
i
k
.
 
L
e
t
 
Y
l
,
 
Y
2
,
 
.
 
,
.
 
b
e
 
t
h
e
 
s
u
b
s
e
q
u
e
n
c
e
 
o
f
 
X
i
,
 
X
2
,
 
.
 
.
 
.

k=
i
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U
s
i
n
g
 
t
h
e
 
v
e
c
t
o
r
 
2
-
n
o
r
m
,
 
i
t
 
i
s
 
c
l
e
a
r
 
t
h
a
t
 
~
 
i
s
 
a
 
p
a
r
a
 

contracting set. N
ow

,
let a :; O

. T
hen

a
2
a
 
=
 
(
1
 
-
 
~
)
 
a
 
=
 
a
 
-
 
~
a

2
2
 
4

a
3
a
2
a
 
=
 
a
3
 
(
a
 
-
 
~
a
)
 
=
 
(
1
 
-
 
;
3
 
)
 
(
a
 
-
 
~
a
 
)

1
 
1

:; a - -a - -a
4
 
8

a4a3a2a :; a4 (a - ~a - ~a )

=
 
(
1
 
-
 
2
1
4
)
 
(
a
 
-
 
~
a
 
-
 
~
a
 
)

1
 
1
 
1

:; a - -a - -a - -a
4
 
8
 
1
6
'

A
nd, in general

1
 
1
 
1

a
k
 
.
 
.
 
.
 
a
2
a
 
:
;
 
a
 
-
 
-
a
 
-
 
-
a
 
-
 
.
 
.
 
.
 
-
 
-
a

2
2
 
2
3
 
2
k

=
a- ~ (~)a

4 1 -"2
1

=
 2a.

T
h
u
s
,
 
t
h
e
 
s
e
q
u
e
n
c
e
 
(
a
k
'
"
 
a
i
)
 
d
o
e
s
 
n
o
t
 
c
o
n
v
e
r
g
e
 
t
o
 
O
.
 
H
e
n
c
e
,
 
b
y
 

observing
entries, the sequence

/
r
~
 
~
 
~
k
J
.
.
.
r
~
 
~
 
~
2
J
)

\
 
l
 
0
 
a
k
 
0
 
L
 
0
 
a
2
 
0

d
o
e
s
 
n
o
t
 
c
o
n
v
e
r
g
e
,
 
a
n
d
 
s
o
 
~
 
i
s
 
n
o
t
 
a
n
 
L
C
P
-
s
e
t
.

In the next section, w
e w

il show
 that for fute sets, paracontracting sets,

'Y
-paracontracting sets, and LC

P
-sets are equivalent.

C
oncerning continuous LC

P
-sets, w

e have the follow
ing.

T
h
e
o
r
e
m
 
8
.
2
 
L
e
t
 
~
 
=
 
t
A
i
,
.
.
.
 
,
A
m
r
.
 
T
h
e
n
 
~
 
i
s
 
a
 
c
o
n
t
i
n
u
o
u
s
 
L
C
P
-
s
e
t

iff ~ is a paracontracting set and E
 (~) =

 E
 (A

) for all i.

Pryof. Suppose ~ is a continuous L
C

P-set. B
y L

em
m

a 7.1, E
 (~) =

 E
 (A

i)
for al i. T

heorem
 7.2 assures a P such that

A
~
 
=
 
p
-
i
 
A
,
P
 
=
 
(
I
 
B
i
 
J
 
"
'
(
'
8
1
)

i i 0 C
i .

iI

8,1 C
onvergence
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for al i, w
here p (~e) -( 1. T

hus by a characterization of p (~), T
heorem

2.19, there is an induced norm
 11.11 and an a -( 1 such that

IIC
il1 ::a

for al i.
N
o
w
,
 
p
a
r
t
i
t
i
o
n
i
n
g
 
x
 
=
 
(
 
~
~
 
J
 
c
o
m
p
a
t
i
b
l
e
 
t
o
 
A
~
,
 
d
e
f
i
e
,
 
f
o
r
 
€
 
:
;
 
0
,
 
a

vector norm

I
l
x
l
l
.
 
=
 
I
I
 
(
 
~
~
 
J
 
I
I
.
 
=
 
€
 
I
I
x
i
l
l
2
 
+
 
I
l
x
2
1
1
'

T
hus,

IIA
~

xll. =
 II ( X

i ~
i~

:X
2 J II.

=
 
€
 
I
l
x
i
 
+
 
B
i
X
2
1
1
2
 
+
 
I
I
C
i
x
2
1
I

:
:
 
€
 
I
I
x
i
l
1
2
 
+
 
(
€
 
I
I
B
i
l
l
b
 
+
 
a
)
 
I
I
x
2
1
I

w
here

I
I
B
i
l
l
b
 
=
 
m
a
x
 
I
I
B
i
X
2
1
1
2

"'dO
 IIx2"

T
ake € such that

'Y
 =

 € IIB
illb +

 a -( 1

for al i.
T

hen

I
I
A
~
x
l
l
.
 
:
:
 
€
 
I
I
x
i
l
1
2
 
+
 
'
Y
 
I
I
x
2
1
I

:
:
 
€
 
I
I
x
i
l
1
2
 
+
 
I
I
x
2
1
I

=
 IIxll..

A
nd equalty holds iff IIx21I =

 0, i.e. X
2 =

 O
. T

hus,

IIA
~

xll. :: IIX
II.

w
ith equality iff A

~x =
 x. A

nd it follow
s that ~' =

 t A
í, . .. , A

~ r, and thus
~
,
 
i
s
 
a
 
p
a
r
a
c
o
n
t
r
a
c
t
i
n
g
 
s
e
t
.
 
(
U
s
e
 
¡
I
x
l
l
 
=
 
I
I
p
-
i
x
l
l
.
.
)

C
o
n
v
e
r
s
e
l
y
,
 
s
u
p
p
o
s
e
 
~
 
i
s
 
a
 
p
a
r
a
c
o
n
t
r
a
c
t
i
n
g
 
s
e
t
,
 
w
h
i
c
h
 
s
a
t
i
s
f
i
e
s
 
E
 
(
~
)
 
=

E
 (A

i) for all i. T
hen there is a m

atrix P such that A
~ =

 p-i A
iP has form

given in (8.1). Since E
 (C

i) =
 tO

r for al i and since ~ is an L
C

P-set, by
00

T
heorem

 6.9, I1 C
di =

 0 for any sequence (di, d2,...). T
hus, by T

heorem
i=

l
6.4, P (~e) -( 1. H

ence, by T
heorem

 7.2, ~ is a continuous L
C

P-set. .
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8.2 T
ypes of T

rajectories

W
e describe three kinds of m

atrix sets 2; in term
s of the behaviors of the

trajectories determ
ined by them

.

D
efinition 8.1 L

et 2; be a m
atri set.

1. T
he set 2; is bounded variation stable (B

 V
S

) if

C
X

L
 Ilxi+

l - xiII 0: 00
i=

i

C
X

f
o
r
 
a
l
l
 
t
r
a
j
e
c
t
o
r
i
e
s
 
X
i
,
X
2
,
'
"
 
o
f
 

2;. H
ere, L

 IIxi+
1 - xiiI is called the

i=
i

variation of the trajectory X
l, X

2, . . . .

2. T
he set 2; is uniform

ly bounded vaiation stable (uniform
ly B

V
S) if

there is a constant L
 such that

C
X

L Ilxi+
i - X

iII :: L Ilxill
i=

l

for all trajectories X
i, X

2, . .. of 2;.

3. T
he set 2; has vanshing steps (V

S) if

lim
 Ilxi+

l - X
iii =

 0
k
-
+
 
C
X

for all trajectories X
i, X

2, . ,. of 2;.

A
n im

m
ediate consequence of B

V
 follow

s.

C
X

L
em

m
a 8.2 If L

 IIxi+
1 - X

iII converges, then (X
i) converges.

i=
l

P
r
o
o
f
.
 
N
o
t
e
 
t
h
a
t
 
(
X
i
)
 
i
s
 
a
 
C
a
u
c
h
y
 
s
e
q
u
e
n
c
e
,
 
a
n
d
 
t
h
u
s
 
i
t
 
m
u
s
t
 
c
o
n
v
e
r
g
e
.
 
.

It should be noticed that deciding if 2; has one of the properties, 1 through
3, does not depend on the norm

 used (due to the equivalence of norm
s).

A
i.d, in addition, if 2; has one of these properties, so does p-i2;p for any

n
o
n
s
i
n
g
u
l
a
r
 
m
a
t
r
i
x
 
P
.

W
hat w

e w
il show

 in this section is that, if 2; is fite, then al of,lrop-
erties, 1 through 3, are equivalent. A

nd for fite 2;, w
e w

il show
 that

LC
P

-sets, paracontracting sets, and ¡-paracontracting sets are equivalent

IL

8,2 T
ypes of T

rajectories
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to properties 1 through 3. T
o do this, notationally, throughout this section,

w
e w

il assum
e that

2
;
 
=
 
t
A
i
,
.
,
.
 
,
A
m
)
-
.

W
e need a few

 prelim
inary results. T

he fist of these alow
s us to trade

our given problem
 for one w

ith a special feature. Since

E
 (2;) =

 t X
 : A

x =
 X

 for al A
i E

 2;)- ,

there is a nonsingular m
atrix P such that, for all i,

A
~
 
=
 
p
-
i
 
A
i
P
 
=
 
(
~
 
~
:
 
J
 
(
8
.
2
)

w
h
e
r
e
 
I
 
i
s
 
s
 
x
 
s
,
 
s
 
=
 
d
i
m
E
 
(
2
;
)
.
 
W
e
 
l
e
t
 
2
;
'
 
=
 
t
A
~
 
:
 
A
i
 
E
 
2
;
)
-
 
a
n
d
 
p
r
o
v
e
 
o
u
r

f
i
s
t
 
r
e
s
u
l
t
 
f
o
r
 
2
;
'
.

L
em

m
a 8.3 Suppose 2;' is V

S. T
hen there exist positive constants a and

ß such that if X
 =

 ( ~ J, partitioned as in (8.2),

a
 
I
I
C
i
q
 
-
 
q
l
l
 
:
:
 
I
I
A
~
x
 
-
 
x
i
i
:
:
 
ß
 
I
I
C
i
q
 
-
 
q
l
l

for all i.

P
roof. B

y equivalence of norm
s, w

e can prove this result for 11'112' F
or

this, note that

A
~

x =
 ( p +

 B
iq J

C
iq

so

I
I
A
~
x
 
-
 
x
l
l
2
 
=
 
I
I
 
(
 
C
i
~
i
~
 
q
 
J
 
1
1
2
 
.

I
f
 
e
,
 
-
 
d
B
,
 
-
-
 
0
 
t
h
 
(
P
+
B
i
q
 
J
 
(
P
+
2
B
i
q
 
J
 
(
P
+
3
B
i
q
 
J

i
q
 
-
 
q
 
a
n
 
i
q
 
Î
 
,
 
e
n
 
,
 
,
 
,
 
.
 
,
 
.

q
 
q
 
q

is a trajectory of 2;'. T
his trajectory is not V

.S. T
hus, w

e m
ust have that

B
iq =

 O
. T

his im
plies that the nul space of C

i - I is a subset of the null
space of B

i. A
nd thus there is a m

atrix D
i such that D

i (C
i - I) =

 B
i.

From
 this w

e have that

I
I
 
(
 
C
i
~
i
~
 
q
 
J
 
1
1
2
 
=
 
(
I
I
B
i
q
l
l
~
 
+
 
I
I
(
C
i
 
-
 
I
)
 
q
l
l
~
)
!

( 2 2 2) !
:
:
 
I
I
D
i
1
1
2
1
1
(
C
i
 
-
 
I
)
 
q
l
l
2
 
+
 
I
I
(
C
i
 
-
 
1
)
 
q
l
l
2

1

:
:
 
(
I
I
D
i
l
l
~
 
+
 
1
)
 
2
 
I
I
 
(
C
i
q
 
-
 
q
)
1
1
2
'
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Setting ß =
 m

F ~ (1ID
ill~ +

 I)! J yields the upper bound. A
 low

er bound

i
s
 
o
b
v
i
o
u
s
l
y
 
s
e
e
n
 
a
s
 
a
 
=
 
1
.
 
.

Since paracontracting, ')-paracontracting, L
C

P, B
V

S, and unform
ly B

V
S

all im
ply V

S, this lem
m

a alow
s us to change our problem

 of show
ing the

equivaence of the properties, 1 through 3, to the set ~
" =

 f C
¡, . .. , C

m
l.

A
 useful tool in actualy show

ing the equivaence results follow
s.

L
em

m
a 8.4 Suppose ~" is a uniform

ly B
V

S-set. T
hen there is an E

 ? 0
such that

p-i
rnax Ilxi+

i - X
iII 2' E

 L IIxi+
i - X

iII
i
:
:
i
:
:
p
-
i
 
i
=
i

(8.3)

for all initial pieces X
i, X

2,... , X
p of trajectories X

i, X
2,.., of~

.

Proof. W
e prove the theorem

 using that E
 (~II) =

 fO
l. W

e precede by
i
n
d
u
c
t
i
o
n
 
o
n
 
r
,
 
t
h
e
 
n
u
m
b
e
r
 
o
f
 
m
a
t
r
i
c
e
s
 
i
n
 
~
"
.
 
I
f
 
r
 
=
 
1
,
 
b
y
 
L
e
m
m
a
 
8
.
2
,

p
(
C
l
)
 
0
:
 
1
.
 
T
h
u
s
,
 
t
h
e
r
e
 
i
s
 
a
 
v
e
c
t
o
r
 
n
o
r
m
 
1
1
.
1
1
 
s
u
c
h
 
t
h
a
t
 
I
I
C
i
i
 
0
:
 
1
.
 
F
r
o
m

this, w
e havep

-
l
 
p
-
i

L IIC
fxi - cf-ixill :: L IIC

illi-illC
ixi - xill

i
=
i
 
i
=
i

1
:
:
.
 
I
I
~
 
I
I
 
I
I
C
i
x
i
 
-
 
x
i
l
l
.

Setting E
 =

 1 - IIC
ii yields the result.

N
o
w
 
s
u
p
p
o
s
e
 
t
h
e
 
t
h
e
o
r
e
m
 
h
o
l
d
s
 
f
o
r
 
a
l
 
~
"
 
h
a
v
i
n
g
 
r
 
-
 
1
 
m
a
t
r
i
c
e
s
.
 
L
e
t

~
"
 
b
e
 
s
u
c
h
 
t
h
a
t
 
i
t
 
h
a
s
 
r
 
m
a
t
r
i
c
e
s
.
 
S
i
n
c
e
 
~
"
 
i
s
 
a
 
u
n
f
o
r
m
l
y
 
B
V
S
-
s
e
t
,
 
a
l
l

t
r
a
j
e
c
t
o
r
i
e
s
 
c
o
n
v
e
r
g
e
,
 
a
n
d
 
t
h
u
s
,
 
b
y
 
C
o
r
o
l
l
a
r
y
 
3
.
4
,
 
t
h
e
r
e
 
i
s
 
a
 
v
e
c
t
o
r
 
n
o
r
m
 
1
1
,
1
1

such that ¡IC
ill :: 1 for al i., W

e now
 use this norm

.
N

ote that (8.3) is true iff it is true for initial pieces of trajectories
X

i, X
2,... , xp such that ,- rnax Ilxi+

l - X
iII :: 1. (T

his is a m
atter of

l::i::p-i
scaling.) T

hus w
e show

 that there is a num
ber K

 such that

'\
p-i

K
 2' L IlxiH

 - X
iii

i=
i

w
here rnax IIxiH

 - X
iII :: 1.

i::i::p-l

ri!i
-
 
¡IIli
~

8.2 T
ypes of T

rajectories
125

W
e argue by contradiction. T

hus suppose there is a sequence of initial
pieces xi, xt,. ., , xtj w

here j =
 1,2, . .. and such that

pj-l

L
 Ilxi+

i - xl II ~ 00
i=

i

as j ~
 00. B

y the uniform
ly B

V
S

 property, i~
~

 Ilxi II =
 00.

N
ow

 let ~k =
 ~" - f C

d for k =
 1, . .. , r. E

ach ~k satisfies the induction
hypothesis so there is a num

ber M
k such that

p-i
M

k 2' L IIxi+
l - X

iii
i=

i

for initial pieces of trajectories of ~k w
ith rnax IlxiH

 -X
iii:: 1 for al i.

i::i::p-i
L

et

M
?
 
m
a
x
M
k
.

k

p.-i
N
o
w
 
s
i
n
c
e
 
i
t
 
I
l
x
i
+
i
 
-
 
x
l
 
I
I
 
-
t
 
0
0
 
a
s
 
j
 
-
t
 
0
0
,
 
t
h
e
 
i
n
i
t
i
a
l
 
p
i
e
c
e
s
 
w
h
e
r
e

p.-l

it II xl+
 i - xl I I ? M

 m
ust use al m

atrices in ~". T
ake al of these ini-

tial pieces xi, xt, . " , xpi. and from
 them

 take initial pieces xi, xt, . .. , x~
 .

3
 
3

(ni :: Pi) such that
nj-i

8 Ilxi+
i - xiii:: M

and

L IIx+
l - X

iii? M
,

i=
l

N
ote that

nj

L
 IIx+

i - xiii:: M
 +

 1.
i=

i
(8.4)

N
ow

 let

,
 
x
i

Y
Î=

 IH
II
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and h the lim
it of a subsequence, say y~

i, y~
2 , . . .. W

e show
 that h is an

eigenvector, belonging to the eigenvaue 1, of each m
atrix in 'E

/'.
R

ew
riting (8.4) yields

nj

l=
 IIY

;¡l - y;j II :: M
 +

 1
i
=
l
 
I
l
x
~
j
 
I
I

so w
e have

l
i
m
 
~
 
I
I
 
k
j
 
k
 
.
1
1

j--oo ~
 Y

i+
i - Y

i J =
 O

.
(8.5)

Suppose C
i (reindexing if necessary) occurs as the leftm

ost m
atrix in

y~i, y~2,.... T
hen from

 (8.5), h is an eigenvector of C
i. N

ow
, of those

products yii , y~
i , . .. ; yi2 , y~

2 , . .. ;. . . , take the largest initial products that
t. C

 li 12 (S li - C
 ... C

 li 12 - C
 ... C

 12
conain i,sayY

m
i,Y

m
2'.... oY

m
i- i iY

i,Y
m

2- i lY
l'

etc.) and such that C
2 (reindexing if necessary) occurs as the fist factor

in each of the iterates Y
~i+

1'Y
~2+

1"'" T
hen by (8.5), h is an eigen-

vector of C
2. C

ontinuing this procedure, w
e see that h is an eigenvector,

b
e
l
o
n
g
i
n
g
 
t
o
 
t
h
e
 
e
i
g
e
n
v
a
l
u
e
 
1
,
 
o
f
 
a
l
 
m
a
t
r
i
c
e
s
 
i
n
 
E
"
,
 
a
 
c
o
n
t
r
a
d
i
c
t
i
o
n
.
 
T
h
u
s
,

the lem
m

a is true for E
" and the induction concluded. T

he result follow
s. .

W
e now

 establish the m
ain result in this section.

T
heorem

 8.3 If E
" is V

S
, then E

" is uniform
ly B

V
S

.

Proof. W
e prove the theorem

 by induction on r, the num
ber of m

atrices
in E

".
I
f
 
E
"
 
c
o
n
t
a
i
n
s
 
e
x
a
c
t
l
y
 
o
n
e
 
m
a
t
r
i
x
,
 
t
h
e
n
 
p
 
(
C
i
)
 
-
(
 
1
.
 
T
h
u
s
,
 
t
h
e
r
e
 
i
s
 
a

vector norm
 11.11 such that IIC

il1 -( 1 and so

0
0
 
0
0

L IIxi+
1 - xiII :: L IIC

ilii-lllx2 - xill
i
=
i
 
i
=
i

1
-( , IIC

i - IlIllxiI,

So, using L
 =

 i-lìC
ill IIC

i - III, w
e see that E

" is unform
ly B

V
S.

S
u
p
p
o
s
e
 
t
h
e
 
t
h
e
o
r
e
m
 
i
s
 
t
r
u
e
 
f
o
r
 
a
l
 
E
"
 
c
o
n
t
a
i
n
i
g
 
r
 
-
 
1
 
m
a
t
r
i
c
e
s
.
 
N
o
w

suppose E
" has r m

atrices. T
hen, since every proper subset of E

" is V
S

, w
e

have by the induction hypothesis that these proper subsets are unforT
IY

B
V
S
.
 
'
.

W
e now

 argue several needed sm
aller results.

,

8.2 T
ypes of T
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F
IG

U
R

E
 8,2, S

ketch for E
,8 view

.

1. W
e show

 that if E
 ? 0, then there is a 8 such that if IIxll ~

 E
 and

lIy - xii -( 8, then IIC
iY

 - yll ? 8 E
 for som

e C
i. (C

i depends on x.)
N

ote that if this is false, then taking 8 =
 l, there is an IIxkll ~

 E
a
n
d
 
a
 
Y
k
,
 
I
I
Y
k
 
-
 
X
k
 
I
I
 
-
(
 
l
 
s
u
c
h
 
t
h
a
t
 
I
I
 
C
j
Y
k
 
-
 
Y
k
 
I
I
 
:
:
 
l
 
E
 
f
o
r
 
a
l
 
j
.
 
(
S
e
e

Figue 8.2.) T
hus, IIC

j 11;:11 - 11;:11 II :: l. N
ow

 there is a subsequence

II::: II' II::: 11"" of 1I~
:Ii' 1I~

~
Ii'''' that converges to, say x. H

ence,
~
Y
i
 
~
i
 
t
 
l
l
T
h
'

,
 
,
 
.
 
.
,
 
c
o
n
v
e
r
g
e
s
 
0
 
x
 
a
s
 
w
e
.
 
u
s
,
 
s
i
n
c
e

X
i
i
 
X
i
2

I
I
C
,
~
 
_
 
~
I
I
-
(
 
1

J IlxiJI Ilxik II - k'

w
e
 
h
a
v
e
 
t
h
a
t
 
C
j
x
 
=
x
 
f
o
r
 
a
l
 
j
.
 
T
h
i
s
 
i
m
p
l
i
e
s
 
E
 
(
E
"
)
 
=
I
 
'
¡
O
h
 
a
 
c
o
n
t
r
a
-

diction.

2
.
 
L
e
t
 
X
 
b
e
 
a
 
t
r
a
j
e
c
t
o
r
y
 
o
f
 
E
"
.
 
W
e
 
s
h
o
w
 
t
h
a
t
 
v
a
r
i
a
t
i
o
n
s
 
o
f
 
s
e
g
m
e
n
t
s

d
e
t
e
r
m
i
n
e
d
 
b
y
 
a
 
p
a
r
t
i
t
i
o
n
 
o
n
 
X
 
c
o
n
v
e
r
g
e
 
t
o
 
O
.

W
e fist need an observation. L

et S be the set of all fite sequences
from

 trajectories, determ
ined from

 proper subsets of E
". L

em
m

a 8.4
assures that there is a constant L such that if Z

l, . . . , Z
t is any such

sequence, thent-i
L

 Ilzi+
i - zill :: L

 igi~_illzi+
i - zili.

i=
i - -

(8.6)

N
ow

 partition X
 in segm

ents X
ii,SllX

i2,S2"" w
here

l
X
i
k
,
S
k
 
i
s
 
X
i
k
"
,
.
 
,
X
S
k
,
 
i
k
 
=
 
S
k
-
l
 
+
 
1
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8
.
 
P
a
r
a
c
o
n
t
r
a
c
t
i
n
g

and each X
ik,S

k is deterllned by a proper subset of :E
" but X

ik,ik+
i

is not. H
ow

ever, using (8.6), the variation S
 (X

ik,S
k)' of X

ik,S
k' con-

v
e
r
g
e
s
 
t
o
 
0
 
a
s
 
k
 
-
-
 
0
0
.
 
A
n
d
 
u
s
i
n
g
 
t
h
a
t
 
:
E
"
 
i
s
 
V
S
 
o
n
 
t
h
e
 
l
a
s
t
 
t
e
r
m
 
o
f

the expression, it follow
s that the variation S (X

ik,ik+
J converges to

o
 
a
s
 
k
 
-
-
 
0
0
 
a
s
 
w
e
l
L
.

3. W
e show

 that X
, as given in (2), converges to O

. W
e do this by

contradiction; thus suppose X
 does not converge to O

. T
hen there

is an E
 :; 0 (W

e can take E
 .: 1.) and a subsequence X

jll xh,' ., of
X

 such that IIxjk II ~
 E

 for all k. B
ut now

, by (1), there is a 8 :; 0
such that if IIY

 - X
jk II .: 8, then IIC

jy - Y
ll ~

 8 E
 for som

e j. S
ince

b
y
 
(
2
)
 
S
 
(
X
i
k
,
i
k
+
i
)
 
-
-
0
 
a
s
 
k
 
-
-
 
0
0
,
 
w
e
 
c
a
n
 
t
a
k
e
 
N
 
s
u
f
c
i
e
n
t
l
y
 
l
a
r
g
e

s
o
 
t
h
a
t
 
i
f
 
k
 
~
 
N
,
 
S
 
(
X
i
k
,
i
k
+
J
 
.
:
 
8
.
 
N
o
w
 
t
a
k
e
 
a
n
 
i
n
t
e
r
v
a
l
 
i
k
,
 
i
k
H

w
h
e
r
e
 
k
 
~
 
N
 
a
n
d
 
i
k
 
:
:
 
j
k
 
:
:
 
i
k
H
.
 
T
h
e
n
,
 
e
v
e
r
y
 
C
i
 
o
c
c
u
r
s
 
i
n
 
t
h
e

trajectory X
ik' C

 ik X
ik' . . . , C

ik+
i . . . C

ik X
ik' and IIxt - X

jk II .: 8 for all
t
,
 
i
k
 
:
:
 
t
 
:
:
 
i
k
H
'
 
S
i
n
c
e
 
a
l
l
 
m
a
t
r
i
c
e
s
 
i
n
 
:
E
"
 
a
r
e
 
i
n
v
o
l
v
e
d
 
i
n
 
X
i
k
,
i
k
H
'

there is a t, ik :: t :: ikH
 such that C

jX
t =

 X
tH

, and this C
j is

a
s
 
d
e
s
c
r
i
b
e
d
 
i
n
 
(
1
)
.
 
B
u
t
,
 
I
I
C
j
x
t
 
-
 
x
t
l
l
 
:
;
 
8
 
E
,
 
w
h
i
c
h
 
c
o
n
t
r
a
d
i
c
t
s
 
t
h
a
t

X
 is V

S. H
ence, X

 m
ust converge to O

. Since X
 w

as arbitrary, all
t
r
a
j
e
c
t
o
r
i
e
s
 
c
o
n
v
e
r
g
e
 
t
o
 
O
.
 
T
h
u
s
,
 
t
h
e
r
e
 
i
s
 
a
 
v
e
c
t
o
r
 
n
o
r
m
 
1
1
.
1
1
 
s
u
c
h
 
t
h
a
t

IIC
ilL

 .: 1 for al i (C
orollary 6.4). Since all norm

s are eqtU
valent, w

e
c
a
n
 
c
o
m
p
l
e
t
e
 
t
h
e
 
p
r
o
o
f
 
u
s
i
n
g
 
t
h
i
s
 
n
o
r
m
,
 
w
h
i
c
h
 
w
e
 
w
i
l
 
d
o
.
 
F
\
t
h
e
r
,

w
e use

q =
 m

?X
 I¡C

ill
i

in the rem
aining w

ork.

N
ow

, w
e show

 that :E
" is uniforT

IY
 B

V
S. Since each proper subset of

:E
" is unforT

IY
 B

V
S

, there are individual L's, as given in the definition
f
o
r
 
t
h
e
s
e
 
s
e
t
s
.
 
W
e
 
l
e
t
 
L
 
d
e
n
o
t
e
 
t
h
e
 
l
a
r
g
e
s
t
 
o
f
 
t
h
e
s
e
 
n
u
m
b
e
r
s
,
 
a
n
d
 
l
e
t

C
 
=
 
m
?
X
 
I
I
C
j
 
-
 
I
i
i
.
 
T
a
k
e
 
a
n
y
 
t
r
a
j
e
c
t
o
r
y
 
X
 
o
f
 

:E
" and w

rite X
 in term

s of
J

segm
ents as in (2). T

hen using X
ii,i2

i
2
-
i
 
i
2
-
2

L
 
I
l
x
i
H
 
-
 
x
i
I
I
 
=
 
L
 
I
I
x
i
H
 
-
 
x
i
I
I
 
+
 
I
I
x
i
2
 
-
 
x
i
2
-
1
1
1

li
i=

ii
i=

ii

:: L IIxiill +
 C

 Ilxsill
:: L IIxill +

 C
 Ilxill

=
 (L +

 C
) Ilxill

Il
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since IIC
il1 .: 1 for all i assures that IIxk+

ill :: IIxkll for al k. A
nd using

X
i2,i3

i
3
-
1
 
i
2
-
2

L IlxiH
 - xiII =

 L IIX
i+

1 - xiii +
 IIxi3 - xi3-ill

i=
i2

i=
i2

:
:
 
L
 
I
I
x
s
2
1
1
 
+
 
C
 
I
I
x
s
2
1
1

:
:
 
(
L
 
+
 
C
)
 
q
 
I
I
x
1
1
1
'

C
ontinuing, w

e get

ik+
l -1

L
 IIX

i+
1 - xiII :: (L

 +
 C

) qk-i IIX
ill.

i=
ik

F
i
n
a
l
y
,
 
p
u
t
t
i
n
g
 
t
o
g
e
t
h
e
r

0
0
 
1

L
 
I
I
x
i
+
i
 
-
 
x
i
i
i
 
=
 
~
 
(
L
 
+
 
C
)
 
I
l
x
i
l
l

i
=
l
 
q

T
hus :E

" is unforT
IY

 B
V

S. .

T
heorem

 8.4 T
he properties ,P

C
 and uniform

ly B
V

S
 are equivalent.

Proof. Suppose :E
 is ,PC

. T
hen:E

 is PC
, and so :E

 is an L
C

P-set. B
y

the defution of ,PC
, there is a norm

 11.11 and a, :; 0 such that

IIA
xlI :: Ilxll - ,IIA

x - xii

for al A
 E

 :E
 and all x. T

hen, for any vector X
l, the trajectory X

i, X
2, . . .

satisfies

00 1 k
L
l
l
x
i
+
i
-
x
i
l
l
:
:
 
-
 
l
i
m
 
L
(
l
l
x
i
l
l
-
l
l
x
i
H
I
I
)

i
=
i
 
'
 
k
-
-
o
o
 
i
=
i

=
 
.
!
 
l
i
m
 
(
l
I
x
1
1
1
-
l
I
x
k
H
I
I
)

,
 
k
-
-
o
o

1
:
:
 
-
 
(
2
1
I
x
i
l
l
)

,2
=

 -llx111'
,

H
ence, :E

 is uniforT
IY

 B
V

S.
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8
,
 
P
a
r
a
c
o
n
t
r
a
c
t
i
n
g

N
ow

 suppose E
 is uniform

ly B
V

S. Since any trajectory of bounded
vaiation converges, E

 is an L
C

P-set. T
hus, by C

orollary 3.4, there is a
vector norm

 11,11, such that IIA
II :: 1 for all A

 E
 E

. Set

00

IlxillE
 =

 sup L
 IIX

i+
i - xiII

i=
l

w
h
e
r
e
 
t
h
e
 
s
u
p
 
i
s
 
o
v
e
r
 
a
l
l
 
t
r
a
j
e
c
t
o
r
i
e
s
 
s
t
a
r
t
i
n
g
 
a
t
 
X
i
.
 
T
h
i
s
 
s
u
p
 
i
s
 
f
i
t
e

since E
 is unform

ly B
V

S. FU
rtherm

ore, for any vectors y and z, w
e have

IIY
 +

 zilE
 :: IIY

IIE
 +

 IIzlb and for every scalar a, lIaY
IIE

 :: laillylb U
sing

the defition,

IIA
xllE

 :: IlxlIE
 - IIA

x - xII

for any A
 E

 E
.

N
ow

 defie a norm
 by

1
Ilxllb =

 "2l1xll +
 IIxllE

 .

T
hen, for any A

 E
 E

1
IIA

xllb =
 "2 !IA

xll +
 IIA

xllE

1

:
:
 
"
2
 
¡
I
x
l
l
 
+
 
(
1
1
x
1
I
E
 
-
 
I
I
A
x
 
-
 
x
i
I
)

=
 IIxllb - IIA

x - xii

:: IIxllb - "ý ¡lA
x - xilb

using the equivalence of norm
s to determ

ine "ý. T
hus, E

 is an "ýPC
-set, as

r
e
q
u
i
r
e
d
.
 
.

Im
plications betw

een the various properties of E
 are given in Figue 8.3.

T
he unlabeled im

plications are obvious.

1. T
his follow

s from
 T

heorem
 8.1.

2. T
his follow

s by T
heorem

 8.3.

3. T
his follow

s by T
heorem

 8.4.

8
.
3
 
R
e
s
e
a
r
c
h
 
N
o
t
e
s

T
he notion of paracontracting, as given in Section 1, appeared in N

~lson
and N

eum
ann (1987) although H

alperin (1962) and A
m

em
iya and A

ndo

Il

8,3 R
esearch N

otes
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L
C

P
vs

FIG
U

R
E

 8.3, R
elationships am

ong the various properties,

(1965) used sim
ilar such notions in their w

ork. T
heorem

 1 w
as given in

E
lsner, K

oltracht, and N
eum

ann (1990) w
hile T

heorem
 2 w

as show
n by

B
e
y
n
 
a
n
d
 
E
l
s
n
e
r
 
(
1
9
9
7
)
.
 
B
e
y
n
 
a
n
d
 
E
l
s
n
e
r
 
a
l
s
o
 
i
n
t
r
o
d
u
c
e
d
 
t
h
e
 
d
e
f
i
t
i
o
n
 
o
f

"ý- paracontracting.
T

he results of Section 2 occurred in V
ladim

irov, E
lsner, and B

eyn (2000).
G
u
r
i
t
s
 
(
1
9
9
5
)
 
p
r
o
v
i
d
e
d
 
s
i
m
i
l
a
r
 
s
u
c
h
 
w
o
r
k
.



9S
et C

onvergence

In this chapter w
e look at convergence, in the H

ausdorff m
etric, of sequences

of sets obtained from
 considering al possible outcom

es in m
atrix products.

9
.
1
 
B
o
u
n
d
e
d
 
S
e
m
i
g
r
o
u
p
s

R
ecal, from

 C
hapter 3, that if L

 is a product bounded subset of n x n
m

atrices, then the lim
iting set for (L

k) is

L
oo =

 r A
: A

 is the lim
it of a m

atrix subsequence of (L
k) l,

In this section, w
e give several results about how

 (L
k) -7 L

oo in the H
aus-

dorff m
etric. A

 first such result, obtained by a standard arguent, follow
s.

T
heorem

 9.1 L
et E

 be a com
pact subset of n x n m

atrices. If L
2 ç L

,
00

then (Lk) converges to n E
k in the H

ausdorff m
etric.

k=
i

\
N

ow
 let

too =
 r A

 E
 M

n : A
 is the lim

it of a m
atrix sequence of (L

k) l.

If LO
O

 =
 too, w

e call E
oo the strong lim

iting set of (Lk). W
hen Loo is a

strong lim
iting set is given below

.



1
3
4
 
9
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S
e
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C
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n
v
e
r
g
e
n
c
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i

A
i

A
i

/
/\

A
iA

i
A

iA
i

A
iA

i

\
A

iA
iA

i
.
 
.
 
.

T
heorem

 9.2 L
et E

 be a com
pact product bounded subset of M

n. T
hen

E
o
o
 
i
s
 
t
h
e
 
s
t
r
o
n
g
 
l
i
m
i
t
i
n
g
 
s
e
t
 
o
f
 
(
E
k
)
 
i
f
f
 
(
E
k
)
 
c
o
n
v
e
r
g
e
s
 
t
o
 
E
o
o
 
i
n
 
t
h
e

H
ausdorff m

etric.

Proof. For the direct im
plication suppose that E

oo is the strong linuting set
f
o
r
 
(
E
k
)
.
 
W
e
 
p
r
o
v
e
 
t
h
a
t
 
(
E
k
)
 
c
o
n
v
e
r
g
e
s
 
t
o
 
E
o
o
 
i
n
 
t
h
e
 
H
a
u
s
d
o
r
f
f
 
m
e
t
r
i
c
 
b
y

contradiction. T
hus, suppose there is an t ). 0 such that h (E

k, E
oo) ). t

for inftely m
any k's. W

e look at cases.
C
a
s
e
 
1
.
 
S
u
p
p
o
s
e
 
å
 
(
E
k
,
 
E
O
O
)
 
)
.
 
t
 
f
o
r
 
i
n
f
t
e
l
y
 
m
a
n
y
 
k
'
s
.
 
F
r
o
m
 
t
h
e
s
e

E
k,s, w

e can find m
atrix products 7rkl, 7rk2, . .. such that

d(7rk;,E
O

O
)). t

FIG
U

R
E

 9,1. A
 possible tree graph of G

,

for all i. Since E
 is product bound, there is a subsequence 7rjl, 7ri2,' ., of

7rkll 7rk2 that converges, say to 7r. B
ut by defition, 7r E

 E
oo, and yet w

e
h
a
v
e
 
t
h
a
t

T
heorem

 9.3 L
et E

 =
 tA

i,.., , A
m

l be an L
C

P-set. T
hen

E
O
O
 
=
 
L
.

d(7r,E
O

O
) ~

 t,
P
r
o
o
f
.
 
B
y
 
d
e
f
i
n
i
t
i
o
n
,
 
L
 
ç
 
E
o
o
.
 
T
o
 
s
h
o
w
 
E
o
o
 
ç
 
L
,
 
w
e
 
a
r
g
u
e
 
b
y
 
c
o
n
t
r
a
d
i
c
-

tion.
S
u
p
p
o
s
e
 
7
r
 
E
 
E
o
o
 
w
h
e
r
e
 
d
 
(
7
r
,
 
L
)
 
)
.
 
t
,
 
t
 
)
.
 
O
.
 
D
e
f
i
e
 
a
 
g
r
a
p
h
 
G
 
w
i
t
h
 
v
e
r
-

tices al products A
ik . . . A

ii such that there are m
atrices A

i, , . , . , A
ik+

i , t ).
k, satisfying

a
 
c
o
n
t
r
a
d
i
c
t
i
o
n
.

C
a
s
e
 
2
.
 
S
u
p
p
o
s
e
 
å
 
(
E
o
o
,
 
E
k
)
 
)
.
 
t
 
f
o
r
 
i
n
f
t
e
l
y
 
m
a
n
y
 
k
'
s
.
 
I
n
 
t
h
i
s
 
c
a
s
e

the E
k,s yield a sequence 7r ki , 7r k2 , . '. in E

oo such that d (7r k; , E
k;) ). t for

al i. Since E
oo is bounded, 7rkll7rk2, . .. has subsequence w

hich converges
to, say, 7r. T

hus d (7r, E
k;) ). ~ for all i sufciently large. B

ut this m
eans

that 7r is not the linut of a m
atrix sequence of (E

k), a contradiction.
Since both of these cases lead to contradictions, it follow

s that E
k con-

v
e
r
g
e
s
 
t
o
 
E
o
o
 
i
n
 
t
h
e
 
H
a
u
s
d
o
r
f
f
 
m
e
t
r
i
c
.

C
onversely, suppose that E

k converges to E
oo in the H

ausdorff m
etric.

W
e need to show

 that E
oo is the strong linuting set of (E

k).
L

et 7r E
 E

oo. Since h (E
k, E

oo) -- 0 as k -- 00, w
e can fid a sequence

7
r
1
,
7
r
2
,
.
.
.
,
 
t
a
k
e
n
 
f
r
o
m
 
E
1
,
E
2
,
.
.
.
,
 
s
u
c
h
 
t
h
a
t
 
(
7
r
k
)
 
c
o
n
v
e
r
g
e
s
 
t
o
 
7
r
.
 
T
h
u
s
,

7r is the linut of a m
atrix sequence of (E

k) and thus 7r E
 too. H

ence,
E
o
o
 
ç
 
t
o
o
.

Finally, it is clear that too ç E
O

O
 and thus E

oo =
 too. It follow

s that
E
o
o
 
i
s
 
t
h
e
 
s
t
r
o
n
g
 
l
i
n
u
t
i
n
g
 
s
e
t
 
o
f
 
(
E
k
)
.
 
.

d
(
A
i
,
.
,
 
,
A
i
k
.
,
 
.
 

A
ill7r) 0( t,

Since 7r E
 E

oo, there are infitely m
any such A

ik . . , A
ii'

If A
ik+

1 . . . A
ii is in G

, then so is A
ik . . ,A

ii, and w
e defie an arc

(A
ik . , . A

ii, A
ik+

l ' . , A
ii) from

 A
ik . . . A

ii to A
ik+

i . , . A
ii' T

his defies
a tree, e.g., Figure 9.1. T

hus, Sk =
 tA

ik'" A
ii: A

ik ,.. A
ii E

 G
l is the

k
-
t
h
 
s
t
r
a
t
a
 
o
f
 
G
.
 
S
i
n
c
e
 
t
h
i
s
 
t
r
e
e
 
s
a
t
i
s
f
i
e
s
 
t
h
e
 
h
y
p
o
t
h
e
s
i
s
 
o
f
 
K
ö
n
i
g
'
s
 
i
n
f
i
-

00
ity lem

m
a (See the A

ppendi.), there is a product I1 A
ik such that each

k=
l

A
ik ' . ,A

ii E
 G

 for all k. T
hus,

For a stronger result, w
e defie, for an L

C
P-set E

, the set L
 w

hich is the
closure of al of its inite products, that is,

d (IT
 A

ik, 7r) :: t
k=

i

w
hich contradicts that

~

d(7r,L
)).t

L
 =

 f IT
 A

ik : A
ik E

 E
 for al k l.

lk=
l f

and from
 this, the theorem

 follow
s. .
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C
orollary 9.1 If ¿: is a finite subset of M

n and ¿: is an L
C

P-set, then
(¿:k) converges to ¿:oo in the H

ausdorff m
etric.

P
r
o
o
f
.
 
N
o
t
e
 
t
h
a
t
 
s
i
n
c
e
 
L
 
ç
 
f
;
o
o
 
ç
 
¿
:
o
o
,
 
a
n
d
 
b
y
 
t
h
e
 
t
h
e
o
r
e
m
 
L
 
=
 
¿
:
o
o
,
 
w
e

have that ¿
:oo =

 f;oo, from
 w

hich the result follow
s from

 T
heorem

 3.14 and
T
h
e
o
r
e
m
 
9
.
2
.
 
.

(Scalng A
 w

il not afect projected distances.)

3. T
here is a positive integer r such that all r-blocks from

 ¿
: are positive.

B
y (3) it is clear that each m

atrix in ¿: has nonzero colum
ns. T

hus for
any A

 E
 ¿

:, W
A

 is defied on S
. A

nd

9
.
2
 
C
o
n
t
r
a
c
t
i
o
n
 
C
o
e
f
f
c
i
e
n
t
 
R
e
s
u
l
t
s

¿
:pS

 ç S

¿
:
;
S
 
ç
 
¿
:
S
 
ç
 
S
.

T
hus, w

e can define

W
e break this section into tw

o subsections.

9
.
2
.
1
 
B
i
'
r
k
h
o
f
f
 
C
o
e
f
f
c
i
e
n
t
 
R
e
s
u
l
t
s

L
et ¿: denote a set of n x n row

 alow
able m

atrices. L
et U

 be a subset of
n x 1 positive vectors. In this section, w

e see w
hen the sequence (¿:kU

)
c
o
n
v
e
r
g
e
s
,
 
a
t
 
l
e
a
s
t
 
i
n
 
t
h
e
 
p
r
o
j
e
c
t
i
v
e
 
s
e
n
s
e
.

T
o do this, recall from

 C
hapter 2 that S+

 denotes the set of n x 1 positive
stochastic vectors. A

nd for each A
 E

 ¿:, recall that W
A

 (x) =
 ii.t:iii'

¿
:p =

 tW
A

 : A
 E

 ¿
:L and for any U

 ç S
+

¿
:pU

 =
 tW

A
 (x) : W

A
 E

 ¿
:p and x E

 U
1.

W
e intend to look at the convergence of these projected sets. If U

 and
¿: are com

pact, then so is ¿:pU
. T

hus, since p is a m
etric on S+

, w
e can

u
s
e
 
i
t
 
t
o
 
d
e
f
i
e
 
t
h
e
 
H
a
u
s
d
o
r
f
f
 
m
e
t
r
i
c
 
h
,
 
a
n
d
 
t
h
u
s
 
m
e
a
s
u
r
e
 
t
h
e
 
d
i
f
f
e
r
e
n
c
e

betw
een tw

o sets, say ¿
:pU

 and ¿
:p V

 of S
+

.
A

 lem
m

a in this regard follow
s.

L
em

m
a 9.1 L

et ¿: be a com
pact set of row

 allow
able n x n m

atrices. If
U

 and V
 are nonem

pty com
pact subsets of S+

, then

00

L
 
=
 
n
 
¿
:
;
S

k=
i

a com
pact set of positive stochastic vectors. T

he follow
ing is a rather stan-

d
a
r
d
 
a
r
g
u
m
e
n
t
.

L
em

m
a 9.2 T

he sequence (¿:;S) converges to L
 in the H

ausdorff m
etric.

U
sing this lem

m
a, w

e have the follow
ing.

Lem
m

a 9.3 h (¿
:pL, L) =

 O
.

Proof. U
sing L

em
m

a 9.1, for any k ~ 1 w
e get

h (¿
:pL, L) :: h (¿

:pL, ¿
:;S

) +
 h (¿

:;S
, L)

:
:
 
h
 
(
L
,
 
¿
:
;
-
i
S
)
 
+
 
h
 
(
¿
:
;
S
,
 
L
)
 
.

T
h
u
s
,
 
b
y
 
t
h
e
 
p
r
e
v
i
o
u
s
 
l
e
m
m
a
,
 
t
a
k
i
n
g
 
t
h
e
 
l
i
m
i
t
 
a
s
 
k
 
-
-
 
0
0
,
 
w
e
 
h
a
v
e
 
t
h
e

equation

h
 
(
¿
:
p
U
,
 
¿
:
p
 
V
)
 
:
:
 
T
 
B
 
(
¿
:
)
 
h
 
(
U
,
 
V
)
 
.

P
r
o
o
f
.
 
A
s
 
i
n
 
T
h
e
o
r
e
m
 
2
.
9
.
 
.

h (¿:pL
, L

) =
 0,

t
h
e
 
d
e
s
i
r
e
d
 
r
e
s
u
l
t
.
 
.

For the rem
aining w

ork, w
e w

il assum
e the follow

ing.

~
 1. ¿

: is a com
pact set of row

 allow
able m

atrices.

2. T
here is a positive num

ber m
 such that for any A

 E
 ¿

:

T
heorem

 9.4 L
et U

 be a com
pact subset of Sand ¿:, as described in 1

through 3. IfT
B

 (7T
) :: T

r for all r-blocks 7T
 of¿:, then

(
 
k
 
¡
 
1
£
J

h ¿
:pU

,L) :: T
rr h(U

,L).

m
:: m

in aij :: m
ax aij :: 1.

aij?O
T

hus, if T
r 0: 1, ¿:;U

 -- L
 w

ith geom
etric rate.
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Proof. U
sing L

em
m

a 9.1 and L
em

m
a 9.3,

h (E
;U

, L
) =

 h (E
;U

, E
;L

)

=
 h (E

; (E
;-ru) , E

; (E
;-r L))

.: T
 h (E

k-rU
 E

k-r L)
_ r p , p
:: T

i~
Jh(U

,L).

T
his proves the theorem

. .

9
.
2
.
2
 
S
u
b
s
p
a
c
e
 
C
o
e
f
f
c
i
e
n
t
 
R
e
s
u
l
t
s

L
et E

 be a com
pact, T

-proper product bounded set of n x n m
atrices. Since

E
 is product bounded by T

heorem
 3.12, there is a vector norm

 11.11 such that

IIA
II :: 1 for all A

 E
 E

. L
et T

W
 be the corresponding subspace contractive

coeffcient.
Let X

o E
 F

n and G
 =

 xoE
. T

hen

X
o +

 W
 =

 I x E
 F

n : xE
 =

 G
ì .

W
e suppose S ç X

o +
 W

 such thatSE
Ç

S.

(For exam
ple, S =

 Ix: ¡Ixll :: lì.) T
hen

SE
2Ç

SE
Ç

S
a
n
d
 
w
e
 
d
e
f
i
e

L
 
=
 
n
S
E
k
.

T
hen m

im
icking the results of the previous section, w

e end w
ith the fol-

low
ing.

T
heorem

 9.5 L
et U

 be a com
pact subset of S. If T

W
 (il') :: T

r for all
r-blocks 7l of E

 and T
 r .: 1, then U

E
k -t L at a geom

etric rate.

~ com
m

on situation in w
hich this theorem

 arises is w
hen w

e have E
 =

 e,
E

 the set of stochastic m
atrices, and S

 the set of stochastic vectors.
W

e conclude this section w
ith a result w

hich is a bit stronger thàh the
p
r
e
v
i
o
u
s
 
o
n
e
.
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T
heorem

 9.6 If T
W

 (E
r) .: 1 for som

e integer r, then E
k -t E

O
O

 at a
geom

etric rate.

Proof. D
efie W

 =
 IB

 E
 M

n: B
E

 =
 O

ì and let

S
 =

 IB
 E

 I +
 W

: IIB
II :: lì,

T
hen S

E
 ç S

and L follow
s. N

ow
 use the I-norm

 so that

IIB
A

lli :: T
W

 (A
) IIB

lli

for all B
 E

 S, and m
im

ic the previous results. Finally, use U
 =

 I Iì and
the equivalence of norm

s. .

9
.
3
 
C
o
n
v
e
x
i
t
y
 
i
n
 
C
o
n
v
e
r
g
e
n
c
e

T
o com

pute E
k U

 and E
; U

, it is helpfu to know
 w

hen these sets are convex.
In these cases, w

e can com
pute the sets by com

puting their vertices. T
hus

in this section, w
e discuss w

hen E
kU

 and E
;U

 are convex.
A

 m
atrix set E

 is colum
n convex if w

henever A
, B

E
E

, the m
atrix

¡
a
i
a
i
 
+
 
ß
i
 
b
i
,
 
.
,
.
 
,
 
a
n
 

an +
 ßnbnJ of convex sum

 of corresponding colum
ns,

is in E
. C

olum
 convex sets can m

ap convex sets to convex sets.

T
heorem

 9.7 Let E
 be a colum

n convex m
atri set of row

 allow
able m

a-
t
r
i
c
e
s
.
 
I
f
 
U
 
i
s
 
a
 
c
o
n
v
e
x
 
s
e
t
 
o
f
 
n
o
n
n
e
g
a
t
i
v
e
 
v
e
c
t
o
r
s
,
 
t
h
e
n
 
E
U
 
i
s
 
a
 
c
o
n
v
e
x

set of nonnegative vectors.

Proof. L
et A

x, B
y E

 E
U

 w
here A

,B
 E

 E
 and X

,Y
 E

 U
. W

e show
 the

convex sum
 aA

x +
 ßB

y E
 E

U
.

D
efie

K
 
=
 
(
a
A
X
 
+
 
ß
B
Y
)
 
(
a
X
 
+
 
ß
Y
)
+
 
+
 
R

w
here X

 =
 diag (X

b'" , xn), Y
 =

 diag (Y
i".. , Y

n), (aX
 +

 ßY
)+

 the
g
e
n
e
r
a
l
z
e
d
 
i
n
v
e
r
s
e
 
o
f
 

aX
 

+
 ßY

, and R
 such that

r
"
 
=
 
J
 
0
 
i
f
a
x
j
 
+
 
ß
Y
j
 
?
 
0

i
i
 
1
.
 
a
i
j
 
o
t
h
e
r
w
i
s
e
.

U
sing that aj, bj denote the j-th colum

s of A
 and B

, respectively, the
j-th colum

 of K
 is

aajxj +
 ßbjY

j aX
j ßY

j b
=

 aj +
 j

a
X
j
 
+
 
ß
Y
j
 
a
X
j
 
+
 
ß
Y
j
 
a
X
j
 
+
 
ß
Y
j
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ifaxj +
 ßY

j :; 0 and aj if aX
j +

 ßY
j =

 O
. T

hus, K
 E

~. FU
therm

ore, for
e =

 (1,1, . . . , l)t,

K
 (ax +

 ßy) =
 K

 (aX
 +

 ßY
) e

=
 (aA

X
 +

ß
B

Y
)e

=
 aA

x +
 ß

B
y

w
hich is in ~U

. From
 this, the result follow

s. .

A
pplying the theorem

 m
ore than once yields the follow

ing corollary.

C
o
r
o
l
l
a
r
y
 
9
.
2
 
U
s
i
n
g
 
t
h
e
 
h
y
p
o
t
h
e
s
e
s
 
o
f
 
t
h
e
 
t
h
e
o
r
e
m
,
 
~
k
U
 
i
s
 
c
o
n
v
e
x
 
f
o
r
 
a
l
l

k
:
:
 
1
.

T
he com

panon result for ~
p uses the follow

ing lem
m

a.

L
em

m
a 9.4 If U

 is a convex subset of nonnegative vectors, none of w
hich

are zero, then U
p =

 t ii:ili : u E
 U

 1 is a convex subset of stochastic vectors.

Proof. L
et IIxlli ' g E

 U
p w

here x, y E
 U

. T
hen any convex sum

 ax+
ßy E

U
 
T
h
 
a
x
+
ß
y
 
U
 
d

.
 
u
s
,
 
1
1
~
~
.
L
f
.
.
.
.
 
I
I
 
E
 
p
 
a
n

ax+
ß

y allxlli x ß
llylli y

=
 
-
+

l
I
a
x
 
+
 
ß
y
l
l
i
 
l
I
a
x
 
+
 
ß
y
l
l
i
 
I
l
x
l
l
i
 
l
I
a
x
 
+
 
ß
y
l
l
i
 
I
I
Y
l
l
i

is a convex sum
 of ii:ili' g E

 U
p. A

nd w
hen a =

 0, the vector is IIY
lli'

w
hile w

hen ß =
 0, it is ii:ili' T

hus, w
e see that al vectors betw

een IIxlli
and ii:ili are in U

p. So U
p is convex. .

A
s a consequence, w

e have the follow
ing theorem

.

T
heorem

 9.8 Let ~
 be a colum

n convex m
atri set of row

 allow
able m

a-
t
r
i
c
e
s
.
 
I
f
 
U
 
i
s
 
a
 
c
o
n
v
e
x
 
s
e
t
 
o
f
 
p
o
s
i
t
i
v
e
 
s
t
o
c
h
a
s
t
i
c
 
v
e
c
t
o
r
s
,
 
t
h
e
n
 
~
;
U
 
i
s
 
a

convex set.

Proof. U
sing the previous corollary and lem

m
a and that ~;U

 is the pro-
j
e
c
t
i
o
n
 
o
f
 
~
k
U
 
t
o
 
n
o
r
m
 
1
 
v
e
c
t
o
r
s
,
 
s
i
n
c
e
 
~
k
U
 
i
s
 
c
o
n
v
e
x
,
 
s
o
 
i
s
 
~
;
U
.
 
.

It is know
n (E

ggleston, 1969) and easily show
n, that the lim

it of convex
set~

, assuing the lim
it exists, is itself convex. T

hus, the previous tw
o

theorem
s can be extended to show

 ~
~

 U
 is convex.

A
ctually, w

e w
ould like to know

 about the vertices of these sets. "T
he

follow
ing theorem

 is easily show
n.
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X
l

X
i

L
~

X
3

F
IG

U
R

E
 9.2. A

 view
 of E

U
,

T
heorem

 9.9 If ~ =
 convextA

i,... , A
s) is a colum

n convex m
atri set

of nonnegative m
atrices and U

 =
 convex tX

i,... , X
t) a set of nonnegative

vectors, then

~
U
 
=
 
c
o
n
V
e
X
t
A
i
X
j
:
 
1
:
:
 
i
:
:
 
s
,
 
1
:
:
 
j
:
:
 
t
)
.

N
ot al vectors A

ixj need be vertices of ~U
. T

he appearance m
ay be

a
s
 
i
t
 
a
p
p
e
a
r
s
 
i
n
 
F
i
g
u
e
 
9
.
2
.
 
T
h
e
 
m
o
r
e
 
i
n
t
r
i
c
a
t
e
 
t
h
e
o
r
e
m
 
t
o
 
p
r
o
v
e
 
u
s
e
s
 
t
h
e

follow
ing lem

m
a.

L
em

m
a 9.5 L

et U
 be a subset of nonnegative, nonzero, vectors. If

then

U
 =

 convex t X
i, , . . , X

t)

J
 
X
i
 
X
t
 
L

U
p =

 convex illxilli"" , IIX
tlli J'

P
r
o
o
f
.
 
L
e
t
 
x
 
=
 
a
i
X
i
 
+
.
.
.
 
+
 
a
t
X
t
 
b
e
 
a
 
c
o
n
v
e
x
 
s
u
m
.
 
T
h
e
n

tL
 
a
k
X
k

~
 _ k=

i
I
l
x
l
l
i
 
-
 
I
I
x
l
l
i

t
 
(
a
k
 
I
I
X
k
l
l
i
)
 
X
k

=
 k=

i IIxlli Ilxklli'
t

S
ince L (akIlX

klli)
k=

i IIxlli
v
e
c
t
o
r
s
 
l
i
s
t
e
d
 
i
n
 
U
p
.

=
 11:1:: =

 1, it follow
s that ii:ili is a convex sum

 of
T

hat U
p is convex follow

s from
 Lem

m
a 9.4. .

T
he theorem

 follow
s.
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9
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S
e
t
 
C
o
n
v
e
r
g
e
n
c
e

z

~,....,""""""
."....

.........

y

x

FIG
U

R
E

 9,3, A
 projected sym

plex,

T
heorem

 9.10 L
et ~ =

 convex tA
i,... , A

s)-, a colum
n convex m

atrix set
of row

 allow
able m

atrices, and U
 =

 convex t X
l, . ,. , X

t)-, containing positive
v
e
c
t
o
r
s
.
 
T
h
e
n

(
)
 
f
 
A
i
x
j
 
,
 
.
 
1
.

~
U

 p =
 convex 1.IIA

ixjlli : 1 :: i :: s, 1:: J :: t f .

Proof. T
he proof is an application of the previous theorem

 and lem
m

a. .

W
e give a view

 of this theorem
 in Figure 9.3.

9
.
4
 
R
e
s
e
a
r
c
h
 
N
o
t
e
s

S
ection i extends the w

ork of C
hapter 3 to sets. S

ection 2 is basically con-
tained in Seneta (1984) w

hich, in turn, used previously developed m
aterial

from
 S

eneta and S
heridan (1981).

C
om

puting, or estim
ating, the linuting set can be a problem

. In C
hap-

ters 11 and 13, w
e show

 how
, in som

e cases, this can be done. In H
artfiel

(1995,1996), iterative techniques for fiding com
ponent bounds on the vec-

t
o
r
s
 
i
n
 
t
h
e
 
l
i
t
i
n
g
 
s
e
t
 
a
r
e
 
g
i
v
e
n
.
 
B
o
t
h
 
p
a
p
e
r
s
,
 
h
o
w
e
v
e
r
,
 
a
r
e
 
f
o
r
 
s
p
e
c
i
a
l

m
atrix sets. T

here is no know
n m

ethod for fiding com
ponent bounds in

general.
M

"ch of the w
ork in Section 4 generalizes that of H

artfiel (1998).

.L

10P
e
r
t
u
r
b
a
t
i
o
n
s
 
i
n
 
M
a
t
r
i
x
 
S
e
t
s

L
e
t
 
~
 
a
n
d
 
t
 
b
e
 
c
o
m
p
a
c
t
 
s
u
b
s
e
t
s
 
o
f
 
M
n
.
 
I
n
 
t
h
i
s
 
c
h
a
p
t
e
r
 
w
e
 
s
h
o
w
 
c
o
n
d
i
t
i
o
n
s

assuring that w
hen ~

 and t are close, so are X
~

O
O

 and ytoo.

1
0
.
1
 
S
u
b
s
p
a
c
e
 
C
o
e
f
f
c
i
e
n
t
 
R
e
s
u
l
t
s

L
et ~ and t be product bounded com

pact subsets of M
n. W

e suppose that
~
 
a
n
d
 
t
a
r
e
 
T
-
p
r
o
p
e
r
,
 
E
(
~
)
 
=
 
E
 
(
t
)
,
 
a
n
d
 
t
h
a
t
 
T
W
 
i
s
 
a
 
c
o
r
r
e
s
p
o
n
d
i
n
g

contraction coeffcient as described in Section 7.3. A
lso, w

e suppose that
S ç pn such that

1. S ç X
o +

 W
 for som

e vector X
o,

2. s~
 ç s, st ç s.

O
ur perturbation result of this section uses the follow

ing lem
m

a.

L
e
m
m
a
 
1
0
.
1
 
L
e
t
 
A
i
,
 
A
2
"
.
.
 
a
n
d
 
B
i
,
 
B
2
"
"
 
b
e
 
s
e
q
u
e
n
c
e
s
 
o
f
 

m
atrices taken

from
 ~

 and t, respectively. S
uppose T

W
 (A

k):: T
 and IIA

k - B
kll :: E

 for
all k. T

hen

IlxA
i . . . A

k - yB
i . . . B

k II :: T
k IIx - ylI +

 (T
k-l +

 . . . +
 1) ß

E
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1
0
,
 
P
e
r
t
u
r
b
a
t
i
o
n
s
 
i
n
 
M
a
t
r
i
x
 
S
e
t
s

w
here x, yE

S and ß =
 sup IlyB

i... B
ill.

i

P
roof. T

he proof is done by induction on k.
I
f
 
k
 
=
 
1
,

IIxA
i - yB

iI :: IIxA
i - yA

iI +
 lIyA

i - yB
ill

:: T
W

 (A
i) iix - ylI +

 IlyllllA
i - B

ill

:: dx-yll +
ßE

.
A

ssum
e the result holds for k - 1 m

atrices. T
hen

IlxA
i . . . A

k -yB
i . . . B

k II:: IIxA
i . . . A

k-iA
k-yB

i . . . B
k-iA

k II

+
 lIyB

i... B
k-iA

k-yB
i ... B

k-iB
kll

:
:
 
T
W
 
(
A
k
)
 
I
l
x
A
i
.
.
.
 
A
k
-
i
-
y
B
i
.
.
.
 
B
k
-
i
l
l

+
 
l
I
y
B
i
.
.
.
 
B
k
-
i
l
l
l
l
A
k
 
-
 
B
k
i
l

:: T
 IlxA

i... A
k-i -yB

i... B
k-ill+

ß
E

,

and by the induction hypothesis, this leads to

:: T
 (T

k-iiix - Y
ll +

 (T
k-2 +

... +
 1) ßE

) +
 ßE

=
 T

k iix - Y
ll +

 (T
k-i +

... +
 1) ßE

.

T
he perturbation result follow

s. .

T
heorem

 10.1 Suppose T
W

 (2;) :: T
 and T

W
 (:Ê

) :: T
. L

et X
 and Y

 be
com

pact subsets of Fn such that X
, Y

 ç S. T
hen

1. h (X
2;k, Y

:Ê
k) :: T

kh (X
, Y

) +
 (T

k-i +
 .. . +

 1) h (2;,:Ê
) ß, w

here
ß
 
=
 
m
a
x
 
(
s
u
p
 
I
I
x
A
i
 
.
.
.
 
A
i
 

II , sup lIyB
i... B

ill) and the sup is over all
x E

 X
, Y

 E
 Y

, and all A
i, . .. , A

i E
 2; and B

T
",~

.-,-B
iE

 :Ê
.

1fT
 -c 1, then

2. h (X
2;oo, Y

:Ê
oo) :: i~; h (2;,:Ê

) ß.

Proof. T
o prove (1), let A

i... A
k E

 2;k and x E
 X

. T
ake y E

 Y
 such that

IIx -~II :: h (X
, Y

). T
ake B

i,.., , B
k in:Ê

 such that IIA
i - B

ill :: h (2;,:Ê
)

f
o
r
 
a
l
 
i
.
 
T
h
e
n
,
 
b
y
 
t
h
e
 
p
r
e
v
i
o
u
s
 
l
e
m
m
a
,

IIxA
i . . , A

k-yB
i ' . . B

kll::T
k IIX

 - yll+
( T

k-i+
 . . . +

1) h (2;,:Ê
) ß

.
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So,

8 (X
2;k, Y

:Ê
k) :: T

kh(X
, Y

) +
 (T

k-i +
... +

 1) h (2;,:Ê
) ß

.

Sim
ilarly,8 (Y

:Ê
k, X

2;k) :: T
k h (Y

, X
) +

 (T
k-i +

 ' . . +
 1) h (2;, :Ê

) ß.

T
hus,

h (X
2;k, Y

:Ê
k) :: T

kh (X
, Y

) +
 (T

k-i +
... +

 1) h (2;,:Ê
) ß

,

w
hich yields (1).
For (2), T

heorem
 9.6 assures that 2;00 and :Ê

oo exist. T
hus, (2) is ob-

t
a
i
n
e
d
 
f
r
o
m
 
(
1
)
 
b
y
 
c
a
l
c
u
l
a
t
i
n
g
 
t
h
e
 
l
i
m
i
t
 
a
s
 
k
 
-
t
 
0
0
.
 
.

F
or r-blocks, w

e have the follow
ing.

C
o
r
o
l
l
a
r
y
 
1
0
.
1
 
S
u
p
p
o
s
e
 
T
W
 
(
2
;
r
)
 
:
:
 
T
r
 
a
n
d
 
T
W
 
(
:
Ê
r
)
 
:
:
 
T
r
.
 
L
e
t
 
X
 
a
n
d

Y
 be com

pact subsets of Fn such that X
, Y

 ç S. T
hen

h
 
(
X
2
;
k
,
 
Y
:
Ê
k
)
 
:
:
 
T
i
~
i
 
M
x
y
 
+
 
(
T
i
~
J
-
i
 
+
.
.
.
 
+
 
1
)
 
h
 
(
2
;
r
,
:
Ê
r
)
 
ß
,

w
here M

xy =
 m

ax h (X
2;t, Y

:Ê
t) and ß as given in the theorem

.
O

:StoC
r

Proof. T
he proof m

im
ics that of the theorem

 w
here w

e block the products.
T

he blocking of the products can be done as in the exam
ple

A
i ' , . A

k =
 A

i ' . . A
sB

i . . , B
q

w
h
e
r
e
 
k
 
=
 
r
q
 
+
 
s
.
 
.

A
 consequence of this theorem

 is that w
e can approxim

ate 2;00 by a :Ê
oo ,

w
h
e
r
e
 
:
Ê
 
i
s
 
f
i
t
e
.
 
A
n
d
,
 
i
n
 
d
o
i
n
g
 
t
h
i
s
 
o
u
r
 
f
i
i
t
e
 
r
e
s
u
l
t
s
 
c
a
n
 
b
e
 
u
s
e
d
 
o
n
 
:
Ê
.

1
0
.
2
 
B
i
r
k
h
o
f
f
 
C
o
e
f
f
c
i
e
n
t
 
R
e
s
u
l
t
s

L
et 2; be a m

atrix set of row
 allow

able m
atrices. In this section, w

e develop
som

e perturbation results for 2;p. B
efore doing this, w

e show
 several basic

results about projection m
aps.

E
quality of tw

o projective m
aps is given in the follow

ing lem
m

a.
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1
0
,
 
P
e
r
t
u
r
b
a
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n
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i
n
 
M
a
t
r
i
x
 
S
e
t
s

L
em

m
a 10.2 For projective m

aps, W
A

 =
 W

B
 iff P (A

x, B
x) =

 0 for all
x
E
 
S
+
.

P
r
o
o
f
.
 
S
u
p
p
o
s
e

W
A

 (x) =
 W

B
 (x)

for al x E
 S+

. T
hen

A
x
 
B
x

IIA
xlli =

 IIB
xlli

and

p
(
A
x
,
B
x
)
 
=
 
0

for al x E
 S+

.
C
o
n
v
e
r
s
e
l
y
,
 
s
u
p
p
o
s
e
 
p
 
(
A
x
,
 
B
x
)
 
=
 
0
 
f
o
r
 
a
l
 
x
 
E
 
S
+
.
 
T
h
e
n

A
x =

 c(x)B
x

w
here c (x) is a constant for each x. T

hus

A
x IIB

xlli B
x

IIA
xlli =

 c (x) IIA
xlli IIB

xlli .

S
. A

x d B
x t h .

ince IIA
xlli an IIB

xIli are s oc astic vectors,

A
x IIB

xlli B
x

ellA
xlli =

 ec(x) IIA
xlli IIB

xlli

w
here e =

 (1,1, . .. ,1), or

IIB
xlli

1
 
=
 
c
(
x
)
 
I
I
A
x
l
l
l

It follow
s that

A
x

IIA
xlli

B
x

IIB
xlli

or

~
W
A
 
(
x
)
 
=
 
W
B
 
(
x
)
.

H
e
n
c
e
 
W
A
 
=
 
W
B
.
 
.

A
n exam

ple follow
s.

il-
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E
xam

ple 10.1 W
e can show

 by direct calculation, if A
 =

 (~ ~ J and

B
 =

 (~
 ; J, then W

 A
 =

 W
 B

, w
hile if A

 =
 (~

 ~
 J and B

 =
 (~

 ~
 J,

then W
A

 =
I W

B
.

Let 'E
 be a com

pact set of row
 alow

able n x n m
atrices such that if

A
, B

 E
 'E

, then for corresponding signum
 m

atrices w
e have A

* =
B

*, L
e. A

and B
 have the sam

e O
-pattern. D

efie

'E
p=

rw
A

:A
E

'E
J.

If W
A

, W
B

 E
 'E

p, then

B
 (i1.::iIJ

W
B
 
0
 
W
A
 
(
x
)
 
=
 
l
i
B
 
(
i
i
:
i
I
J
 
I
l
i

B
A

x

-
 
I
I
B
A
x
l
l
i
'

a projective m
ap. A

nd in general,

A
ik . . . A

ii X
W

A
ik 0", 0 W

A
i (x) =

 IIA
ik ... A

ïixlli'

W
e
 
d
e
f
i
e
 
a
 
m
e
t
r
i
c
 
o
n
 
'
E
p
 
a
s
 
f
o
l
l
o
w
s
.
 
I
f
 
W
A
,
 
W
B
 
E
 
'
E
p
,
 
t
h
e
n

p
(
W
A
,
W
B
)
 
=
 
s
u
p
 
p
(
A
x
,
B
x
)
.

xE
S+

A
 form

ula for p in term
s of the entries of A

 and B
 follow

s.

T
h
e
o
r
e
m
 
1
0
.
2
 
F
o
r
p
r
o
j
e
c
t
i
v
e
m
a
p
s
w
A
 
a
n
d
w
B
,
 
w
e
 

have 
thatp 

(W
A

, 
W

B
) =

~
ax In ~

irbj'~
~

isb;r , w
here the quotient contains only positive entries.

i
,
;
i
,
r
,
s
 
1
.
r
a
J
B
 
'
l
8
a
J
r

P
r
o
o
f
.
 
B
y
 
d
e
f
i
t
i
o
n
,P
(
W
A
,
W
B
)
 
=
 
s
u
p
p
(
A
x
,
B
x
)

X
?o

aix bjx
=
 
s
u
p
 
I
l
8
?
 
I
n
 
-
-

X
?o i,J bix ajx
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1
0
,
 
P
e
r
t
u
r
b
a
t
i
o
n
s
 
i
n
 
M
a
t
r
i
x
 
S
e
t
s

w
here ak, bk are the k-th row

s of A
, B

, respectively. N
ow

a
i
X
 
b
j
x
 
_
 
a
i
i
X
i
 
+
.
.
.
 
+
 
a
i
n
X
n
 
b
j
1
X
i
 
+
.
.
.
 
+
 
b
j
n
x
n

b
i
x
 
a
j
X
 
-
 
b
i
i
X
i
 
+
.
.
.
 
+
 
b
i
n
x
n
 
a
j
i
X
i
 
+
.
.
.
 
+
 
a
j
n
x
n

L
 
(
a
i
r
b
j
s
 
+
 
a
i
s
b
j
r
)
 
X
r
X
s

r,s

L
 
(
b
i
r
a
j
s
 
+
 
b
i
s
a
j
r
)
 
X
r
X
s

r,s

+
 b,

airbjs ais Jr.
.: m

ax b, a' +
 bisajr

-
 
r
J
s
 
i
r
 
3
8

T
hat equalty holds is seen from

 this inequality by letting X
r =

 X
s =

 t and
X
i
 
=
 
l
 
f
o
r
 
i
 
#
 
r
,
 
s
 
a
n
d
 
l
e
t
t
i
n
g
 
t
 
-
-
 
0
0
.
 
.

F
o
r
 
i
n
t
e
r
v
l
s
 
o
f
 
m
a
t
r
i
c
e
s
 
i
n
 
~
,
 
p
 
(
w
 
A
,
 
W
 
B
)
 
c
a
n
 
b
e
 
b
o
u
n
d
e
d
 
a
s
 
f
o
l
l
o
w
s
.

C
orollary 10.2 If

A
 - fA

 :: B
 :: A

 +
 fA

for som
e f ~ 0 and A

-fA
,A

+
fA

 E
~, then

p
(
W
A
,
W
B
)
:
:
I
n
 
l
+
f

1
 
-
 
c
'

P
r
o
o
f
.
 
B
y
 
t
h
e
 
t
h
e
o
r
e
m
,

(
 
)
 
I
n
 
a
i
r
b
j
s
 
+
 
a
i
s
b
j
r

p
 
W
A
,
 
W
B
 
=
!
l
a
x

'
,
J
,
r
,
s
 
b
i
r
a
j
s
 
+
 
b
i
s
a
j
r

.: m
ax In air (1 +

 f) ajs +
 ais (1 +

 f) ajr
-
 
i
,
j
,
r
,
s
 
(
1
 
-
 
f
)
 
a
i
r
a
j
s
 
+
 
(
1
 
-
 
f
)
 
a
i
s
a
j
r

In (1 +
 f)

=
 (1 - f)'

t
h
e
 
d
e
s
i
r
e
d
 
r
e
s
u
l
t
.
 
.

A
ctually, (~p,p) is a com

plete m
etric space w

hich is also com
pact.

T
heorem

 10.3 T
he m

etric space (~p,p) is com
plete and com

pact.

P
r
o
c
1
.
 
T
o
 
s
h
o
w
 
t
h
a
t
 
~
p
 
i
s
 
c
o
m
p
l
e
t
e
,
 
l
e
t
 
W
 
A
i
 
,
 
W
 
A
2
 
,
 
.
 
.
.
 
b
e
 
a
 
C
a
u
c
h
y
 
s
e
q
u
e
n
c
e

in ~p' Since A
i, A

2, , ., are Ìn ~, and ~ is com
pact, there is a subseque!lce

A
ii' A

i2 , . ,. of this sequence that converges to, say A
 E

 ~
. S

o by T
heorèm

1
0
.
2
,
 
p
 
(
W
A
i
k
'
 
W
A
)
 
-
-
 
0
 
a
s
 
k
 
-
-
 
0
0
.
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W
e now

 show
 that p (W

A
il W

A
) -- 0 as i -- 00, thus show

ing (~
p,p) is

com
plete. For this, let f ~ O

. T
hen there is an N

 ~ 0, such that if i, j ~ N
,

p
 
(
 
W
 
A
i
'
 
W
 
A
j
)
 
.
:
 
f
.

T
hus, if ik ~ N

,

P
(W

A
ik,W

A
j)': f,

a
n
d
 
s
o
,
 
l
e
t
t
i
n
g
 
k
 
-
-
 
0
0
,
 
y
i
e
l
d
sp (W

A
, W

A
,) :: f.

B
ut, this says that W

A
j -- W

A
 as j -- 00 w

hich is w
hat w

e w
ant to show

.
T

o show
 that ~p is also com

pact is done in the sam
e w

ay. .

W
e now

 give the perturbation result of this section. M
im

icking the proof
of T

heorem
 10.1, w

e can prove the follow
ing perturbation results.

T
heorem

 10.4 L
et ~ and t be com

pact subsets of positive m
atrices in

M
n
.
 
S
u
p
p
o
s
e
 
T
B
 
(
~
)
 
:
:
 
T
 
a
n
d
 
T
B
 
(
t
)
 
:
:
 
T
.
 
L
e
t
 
X
 
a
n
d
 
Y
 
b
e
 
c
o
m
p
a
c
t

subsets of positive stochastic vectors. T
hen, using p as the m

etric for h,

(
 
k
 
A
k
)
 
k
 
(
k
 
1
 
)
 
(
 
A
)

1. h ~
pX

, ~
pY

 :: T
 h (X

, Y
) +

 T
 - +

... +
 1 h ~

p, ~
p .

A
nd ifT

': 1,

2. h (L
, t) :: l~T

h (~p,tp)
A

 k
lim

 ~pY
.

k-+
oo

and by definition L
 =

 lim
 ~;X

 and t =
k-+

oo

C
onverting to an r-block result, w

e have the follow
ing.

C
o
r
o
l
l
a
r
y
 
1
0
.
3
 
L
e
t
 
~
 
a
n
d
 
t
 
b
e
 
c
o
m
p
a
c
t
 
s
u
b
s
e
t
s
 
o
f
 
r
o
w
 
a
l
l
o
w
a
b
l
e
 
m
a
-

t
r
i
c
e
s
 
i
n
 
M
n
.
 
S
u
p
p
o
s
e
 
T
B
 
(
~
r
)
 
:
:
 
T
r
,
 
T
B
 
(
t
r
)
 
:
:
 
T
r
.
 
L
e
t
 
X
 
a
n
d
 
Y
 
b
e

com
pact subsets of stochastic vectors. T

hen, h (~;X
, t;y) :: T

i~ J M
xy+

(
T
¡
~
J
-
i
 
+
.
.
.
 
+
 
1
)
 
h
 
(
~
;
,
 
t
;
)
 
w
h
e
r
e
 
M
x
y
 
=
 
O
~
~
r
 
h
 
(
~
~
X
,
 
t
~
Y
)
.

C
om

puting T
B

 (~
k), especially w

hen k is large, can be a problem
. If

there is a B
 E

 ~ such that the m
atrices in ~ have pattern B

 and

B
::A
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for all A
 E

 ~, then som
e bound on T

B
 (~k) can be found som

ew
hat easily.

T
o see this, let

11

R
E

 =
 m

ax aij - bij
A

E
L

 b
b
i
j
 
)
.
0
 
i
j

G
raphics

the largest relative error in the entries of B
 and the A

's in~. T
hen w

e
have the follow

ing.

T
heorem

 10.5 If B
k :; 0, then

T
B

 (A
ik ... A

J :: 1 - (H
kE

)k..
1 +

 1 C
('

(H
R

E
)k V

 ep ~B
k)

P
r
o
o
f
.
 
N
o
t
e
 
t
h
a
t

B
 :: A

i :: B
 +

 (R
E

) B

for al i, and

B
k :: A

ik . . ,A
ii:: (1 +

 R
E

)k B
k

T
his chapter show

s how
 to use infnite products of m

atrices to draw
 curves

a
n
d
 
c
o
n
s
t
r
u
c
t
 
f
r
a
c
t
a
l
s
.
 
B
e
f
o
r
e
 
l
o
o
k
i
n
g
 
a
t
 
s
o
m
e
 
g
r
a
p
h
i
c
s
,
 
w
e
 
p
r
o
v
i
d
e
 
a

section developing the technques w
e use.

f
o
r
 
a
l
 
i
i
,
 
.
 
.
 
.
 
,
 
i
k
.
 
T
h
e
n
 
i
f
 
A
 
=
 
A
i
k
 
.
 
.
 
.
 
A
i
i
 
a
n
d
 
e
p
 
(
A
)
 
=
 
a
i
j
.
a
~
B
 
,

ari ais

(
k
)
 
(
k
)

e
p
 
(
A
)
 
2
:
 
b
i
j
 
b
r
s
 
:
;
 
1
 
(
B
k
)
 
.

(1 +
 R

E
)2k b~;) b~;) - (1 +

 R
E

)2k ep

So,
1
1
.
1
 
M
a
p
s

T
B

 (A
) =

 1 - M
A

 -C
 1 - (H

kE
)k..

1
 
+
 
V
e
p
 
(
A
)
 
-
 
1
 
+
 
(
U
~
k
"
k
 
V
e
p
 
(
B
k
)
 

,
In this section, w

e outline the general m
ethods w

e use to obtain the graphics
in this chapter.

M
athem

aticaly, w
e take an n x k m

atrix X
 (corresponding to points in

R
2
)
 
a
n
d
 
a
 
f
i
t
e
 
s
e
t
 
~
 
o
f
 
n
 
x
 
n
 
m
a
t
r
i
c
e
s
.
 
T
o
 
o
b
t
a
i
n
 
t
h
e
 
g
r
a
p
h
i
c
,
 
w
e
 
n
e
e
d
 
t
o

com
pute ~=

 X
 and plot the corresponding points in R

2.
W

e w
il use the subspace coeffcient T

W
 to show

 that the sequence (~k)
converges in the H

ausdorff m
etric. T

o com
pute the linuting set, ~=

 X
, it

w
il be sufcient to com

pute ~s X
 for a 'reasonable's.

T
o com

pute ~s X
, w

e could proceed directly, com
puting ~X

, then ~ (~X
),

a
n
d
 
~
 
(
~
2
 
X
)
 
,
.
.
,
 
,
~
(
~
S
-
l
 
X
)
.
 
H
o
w
e
v
e
r
,
 
~
k
 
X
 
c
a
n
 
c
o
n
t
a
i
n
 
i
~
i
k
 
I
X
I
 
m
a
t
r
i
-

ces, and this num
ber can becom

e very large rapidly. K
eeping a record of

these m
atrices thus becom

es a serious com
putational problem

.

t
h
e
 
d
e
s
i
r
e
d
 
r
e
s
u
l
t
.
 
.

1
0
.
3
 
R
e
s
e
a
r
c
h
 
N
o
t
e
s

li

T
he w

ork in this chapter is new
. T

o som
e extent, the chapter contains

t
h
e
o
r
e
t
i
c
a
l
 
r
e
s
u
l
t
s
 
w
h
i
c
h
 
p
a
r
a
l
l
e
l
 
t
h
o
s
e
 
i
n
 
H
a
r
t
f
i
e
l
 
(
1
9
9
8
)
.
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T
o overcom

e this problem
, w

e need a m
ethod for com

puting ~8 X
 w

hich
doesn't require our keeping track of lots of m

atrices. A
 m

ethod for doing
this is a M

onte C
arlo m

ethod, w
hich w

e w
il describe below

.

O
B

D
E

F
M

onte-C
arlo M

ethod

1. R
andoIT

Y
 (unform

 distribution) choose a m
atrix in X

, say X
j.

c
2. R

andoIT
Y

 (unform
 distribution) choose a m

atrix in~, say A
i. C

om
-

pute A
iX

j.

A
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 11.2, A
 corner cut into tw

o corners.
3. If A

it ... A
ii X

j has been com
puted, randoIT

Y
 (unform

 distribution)
choose a m

atrix, say A
it+

1 in~
. C

om
pute A

it+
1 A

it . . . A
ii X

j.

5. R
eturn to (1) for the next run. R

epeat sufciently m
any tim

es. (T
his

m
ay require som

e experim
enting.)

A

4. C
ontinue until A

i. . . . A
ii X

j is found. P
lot in R

2.

c
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R
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 11.3. A
 curve generated by corner cutting.
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M
athem

atically, this am
ounts to taking points A

 (xi, Y
i), B

 (X
2, Y

2), and
C

 (X
3, Y

3) and generating

In this section, w
e look at tw

o exam
ples of graphing curves.

A
=
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.
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E
xam

ple 11.1 W
e look at constructing a curve generated by a com

er cut-
ting m

ethod. T
his m

ethod replaces a com
er as in Figure 11.1 by less sharp

com
ers as show

n in F
igure 11.2. T

his is equivalent to replacing 6.A
B

C
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.
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=
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p
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 11.1. A
 corner.

~

w
ith 6.A

D
E

 and 6.E
FC

: T
his com

er cutting can then be continu~d on
polygonal 

lines (or triangles) A
D

E
 and E

FC
. In the lim

it, w
e have 'Som

e
c
u
r
v
e
 
a
s
 
i
n
 
F
i
g
u
r
e
 
1
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.
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A
nd, continuing w

e have

A
iA

iP, A
2A

iP, A
iA

2P, A
2A

2P
(11.1)

¡ xi Y
i J 00

w
here P

 =
 X

2 Y
2 ,etc. T

he products T
I A

ik P
 are plotted to give the

X
a Y

a k=
i

p
o
i
n
t
s
 
o
n
 
t
h
e
 
c
u
r
v
e
.

C
alculating, w

e can see that 2; =
 t A

i, A
2Ì is a T

-proper set w
ith

E
~
 
¡
t
)

T
he corresponding subspace contraction coeffcient satisfies

T
W

 (A
i) =

 .75 and T
W

 (A
2) =

 .75,

using the I-norm
. T

hus by T
heorem

 9.6, (2;k P) converges.

G
iven a oom

e P ~ ¡ ~ ~ J ' w
e apply the co cut/in. 'ocnique 10

t
i
m
e
s
.
 
T
h
u
s
,
 
w
e
 
c
o
m
p
u
t
e
 
2
;
1
0
 
P
 
b
y
 
M
o
n
t
e
-
C
a
r
l
o
 
w
h
e
r
e
 
t
h
e
 
n
u
m
b
e
r
 
o
f
 
r
u
n
s

(S
tep 5) is 5,000. T

he graph show
n in F

igure 11.4 w
as the result.

E
xam

ple 11.2 In this exam
ple, w

e look at replacing a segm
ent w

ith a
polygonal line introducing com

ers. If the segm
ent is A

B
, as show

n in
Figure 11.5 w

e partition it into three equal parts and replace the center
segm

ent by a com
er labeled C

D
E

, w
ith sides congruent to the replaced

segm
ent. S

ee F
igure 11. 6.

G
iven A

 (xi, Y
i) and B

 (X
2, Y

2), w
e see that

(
2
 
1
)
 
(
2
 
1
 
2
 
1
)

C
 3'A

 +
 3'B

 =
 C

 3'xi +
 3'x2, 3'Y

i +
 3'Y

2 .

T
hus, listing coordinates colum

nw
ise, if

A
i ( ~

 J =
 ( ~

 J '

then
~

A
,
 
~
 
L
 
i

ooi"3on
o1o2"3
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 11.4, C
urve from

 corner cutting.
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 segm

ent.
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!
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C
ontinuing,

for

and

for

1
1
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r
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p
h
i
c
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 11.6. A
 corner induced by the segm

ent.
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T
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=
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w
h
e
r
e
 
U
i
 
=
 
(
1
,
0
,
-
1
,
0
)
 
a
n
d
 
U
2
 
=
 
(
0
,
1
,
0
,
-
1
)
.
 
T
h
e
 
u
n
i
t
 

s
p
h
e
r
e
 
i
n
 
t
h
e

1 -norm
 is

B

convex ~ ::~ui, ::~U
2 J .

H
ence, using T

heorem
 2.12,

T
W

 (A
) =

 m
ax ~ 1l::~uiA

lli ' 1I::~U
2A

IIJ

=
 m

ax ~ ~ lIai - a3l1i, ~ IIa2 - a311i J

w
here ak is the k-th row

 of A
.

A
pplying our form

ula to E
, w

e get

T
W
 
(
E
)
 
=
 
~3'

T
h
u
s
,
 
b
y
 
T
h
e
o
r
e
m
 
9
.
6
,
 
E
O
O
 
P
 
e
x
i
s
t
s
.
 
T
o
 
c
o
m
p
u
t
e
 
a
n
d
 
g
r
a
p
h
 
t
h
i
s
 
s
e
t
,
 
w
e

.
.
e
 
L
"
 
P
 
w
h
e
r
e
 
P
 
~
 
¡
 
~
 
i
,
 
a
n
d
 
w
e
 
t
a
k
e
 
,
 
~
 
6
.
 
T
I
 
r
e
u
l
t
 
o
f
 
a
p
p
l
y
i
n
g
 
t
h
e

M
onte-C

arlo techniques, w
ith 3,000 runs, is show

n in Figure 11.7.
O
f
 
c
o
u
r
s
e
,
 
o
t
h
e
r
 
p
o
l
y
g
o
n
a
l
 

lines can be used to replace a segm
ent, e.g.,

see F
igure 11.8.

i 1.3 G
raphing Fractals

In this section, w
e use products of m

atrices to produce fractals. W
e look

a
t
 
t
w
o
 
e
x
a
m
p
l
e
s
.

E
xam

ple 11.3 T
o construct a C

antor set, w
e can note that if ( ~ J is an

interval on the real line, then for

A
i
 
=
 
(
~
 
l
 
J
,
 
A
i
 
(
 
~
 
J
 
=
 
(
 
~
a
:
 
l
b
 
J

gives the first l of the interval and for

A
2 =

 ( !ï J, A
2 ( ~ J =

 ( la t ~b J
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 of A
. T

hus

1
T

W
 P

~
) =

 :3'

0.50.5
1.5

x axis
2

2.5
and so ¿;oo ( ~ J exists.

T
o
 
s
e
e
 
a
 
p
i
c
t
u
r
e
,
 
w
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0
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r
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w
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 11,7, C
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 corner inducing,

C
antor set
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 11,8. Square induced by segm
ent,

U
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-0,2 fi
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-0,61

gives the second third of the interval. See Figure 11.9. T
hus, graphing all

p
r
o
d
u
c
t
s
 
¿
;
o
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J
 
g
i
v
e
s
 
t
h
e
 
l
 
C
a
n
t
o
r
 
s
e
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C
alculation show

s ¿; =
 f A
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21 is a T

-proper set w
here,
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 11.10, T
he beginning of the C

antor set,

E
=

(~J.
T

he l C
anter set, etc. can also be obtained in this m

anner.

E
xam

ple 11.4 T
o obtain a S

ierpenski triangle, w
e take three points w

hich
form

 a triangle. See Figure 11.11.
W

e replace this triangle (See Figure 11.12.) w
ith three sm

aller ones,
6A

D
F,6D

B
E

, 6FE
C

.

~

So

1
T

W
 (A

) =
 -2 IIax Ilai - ajlli

i,i
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 triangle.

If A
(xu,Y

u), B
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L
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L
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C
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T
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 tA
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E
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T
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T
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r
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n
v
e
r
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s
.



162
1
1
.
 
G
r
a
p
h
i
c
s

11.5 M
A

T
L

A
B

 C
odes

163

1J3oo2o
given in Figure "11.13~ O

ther triangles or polygonal shapes can also be used

1
1
.
5
 
M
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T
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A
B
 
C
o
d
e
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x axis
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 C
orner C

utting

A
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.
2
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.
5
 
.
2
5
;
0
 
.
5
 
.
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0
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J
;

a
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s
 
e
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u
a
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xlabel ( 'x axis')
ylabel('yaxis')
t
i
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l
e
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'
C
u
v
e
 
f
r
o
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c
o
r
n
e
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c
u
t
t
i
n
g
'
)

h
o
l
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o
n

f
o
r
 
k
=
l
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5
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0
0

P=
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f
o
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=
l
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1
0

G
=

rand;
i
f
 
G
.
(
=
1
/
2

P=
A

l*P;
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P=
A

2*P;
end

end
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(P
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(3,1) P
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z=
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p
l
o
t
 
(
w
 
,
z
)

end
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 11,13. Sierpenski triangle.
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o
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f
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i
e
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o
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o
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n
o
r
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A
(
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:
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'
-
A
(
j
,
:
)
'
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1
)
;

T
=

m
ax( (T

 ,M
J);

end
end
T

./T
he graphing m

ethod outlned in S
ection 1 is w

ell know
n, although not

p
a
r
t
i
c
u
l
a
r
l
y
 
u
s
e
d
 
i
n
 
t
h
e
 
p
a
s
t
 
i
n
 
t
h
i
s
 
s
e
t
t
i
n
g
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B
a
r
n
s
l
e
y
 
(
1
9
8
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)
 
p
r
o
v
i
d
e
d
 
a

d
i
f
e
r
e
n
t
 
i
t
e
r
a
t
i
v
e
 
m
e
t
h
o
d
 
f
o
r
 
g
r
a
p
h
i
n
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f
r
a
c
t
a
l
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h
o
w
e
v
e
r
,
 
s
o
m
e
 
o
f
 
t
h
a
t
 
w
o
r
k
,

on designing fractal, is patented.
A

dditional w
ork for Section 2 can be found in M

icchell and Prautzsch
(
1
9
~
9
)
 
a
n
d
 
D
a
u
b
e
c
h
i
e
s
 
a
n
d
 
L
a
g
a
r
i
a
s
 
(
1
9
9
2
)
.
 
R
e
f
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r
e
n
c
e
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t
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e
r
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a
r
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a
l
o

helpfuL. '.
For Section 3, D

iaconis and Shahshani (1986), and the references thère,
a
r
e
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s
e
f
u
L
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v
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xlabel ( 'x axis')
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=
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B
*x;

end
plot(x(l) ,0,'. ')
plot(x(2) ,O

,'.~
)

end

11.5 M
A

T
L

A
B

 C
odes

165

Serpenski T
rangle

A
l=

(l 0 0 0 0 0;0 1 0 0 0 0;.5 0 .5 0 0 0;
o . 5 0 .5 0 0;. 5 0 0 0 . 5 0; 0 . 5 0 0 0 .5);

A
2
=
 
(
.
 
5
 
0
 
.
5
 
0
 
0
 
0
;
 
0
 
.
5
 
0
 
.
5
 
0
 
0
;
 
0
 
0
 
1
 
0
 
0
 
0
;

o 0 0 1 0 0; 0 0 .5 0 .5 0; 0 0 0 .5 0 .5);
A
3
=
(
.
5
 
0
 
0
 
0
 
.
5
 
0
;
0
 
.
5
 
0
 
0
 
0
 
.
5
;
0
 
0
 
.
5
 
0
 
.
5
 
0
;

o
 
0
 
0
 
.
5
 
0
 
.
5
;
0
 
0
 
0
 
0
 
1
 
0
;
0
 
0
 
0
 
0
 
0
 
1
)
;

a
x
i
s
 
e
q
u
a
l

xlabel ( 'x axis')
ylabel ( 'y axis')
title (, Serpenski triangle')
h
o
l
d
 
o
n

p
l
o
t
 
(
0
,
0
)

plot (1, sqrt (3) )
plot(2,0)
f
o
r
 
k
=
1
:
3
0
0
0

x=
(0;0;1;sqrt(3) ;2;0);

f
o
r
 
i
=
1
:
5

G
=

rand;
i
f
 
G
O
:
l
/
3

x=
A

l*x;
e
l
s
e
i
f
 
G
?
=
1
/
3
&
G
o
:
2
/
3

x=
A

2*x;
else

x=
A

3*x;
end

end

C
a
n
t
o
r
 
S
e
t

A
l=

(l 0;2/3 1/3);
A
2
=
(
1
/
3
 
2
/
3
;
0
 
1
)
;

a
x
i
s
 
(
-
.
5
 
1
.
5
 
-
.
5
 
.
5
)

a
x
i
s
 
e
q
u
a
l

x'tabel ( 'x axis')
ylabel('yaxis')
title ( , C

antor set')
h
o
l
d
 
o
n
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w
=

(x(i) ,x(3) ,x(5) ,x(i)) ;
z
=
(
x
(
2
)
 
,
x
(
4
)
 
,
x
(
6
)
 
,
x
(
2
)
)
;

fill(w
,z, 'k')

end

12S
low

ly V
arying P

roducts

W
hen fite products A

i, A
2A

i, . .. , A
k . . . A

2A
i vary slow

ly, som
e term

s in

t
h
e
 
t
r
a
j
e
c
t
o
r
y
 
(
t
l
i
 
A
i
X
)
 
c
a
n
 
s
o
m
e
t
i
m
e
s
 
b
e
 
e
s
t
i
m
a
t
e
d
 
b
y
 
u
s
i
n
g
 
t
h
e
 
c
u
r
r
e
n
t

m
atrix, or recently past m

atrices. T
his chapter provides results of this

type.

1
2
.
1
 
C
o
n
v
e
r
g
e
n
c
e
 
t
o
 
0

I
n
 
t
h
i
s
 
s
e
c
t
i
o
n
,
 
w
e
 
g
i
v
e
 
c
o
n
d
i
t
i
o
n
s
 
o
n
 
m
a
t
r
i
c
e
s
 
t
h
a
t
 
a
s
s
u
r
e
 
s
l
o
w
l
y
 
v
a
r
y
-

ing products converge to O
. T

he theorem
 w

il require several prelim
inary

results.
W

e consider the equation

A
*SA

-S=
-I,

(12.1)

w
here A

 is an n x n m
atrix and I the n x n identity m

atrix.

..
L

em
m

a 12.1 If p (A
) -: 1, then a solution S to (12.1) exists.

P
roof. D

efie

S
 =

 ~
 f (A

* - z-i 1) -i (A
 - zi)-i z-idz

27fi
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w
here the integration is over the unit circle.
T

o show
 that 8 satisfies (12.1), w

e use the identities

(A
 - z1)-l A

 =
 1+

 z (A
 - zi)-i

A
*
(
A
*
-
z
-
l
I
)
-
i
 
=
 
1
+
z
-
1
(
A
*
-
z
-
i
I
)
-
1
.

o
r
 
s
e
t
t
i
n
g
 
G
 
=
 
A
 
-
 
é
O
 
I
,8
 
=
 
l
-
 
l
n
 
(
G
-
1
)
*
 
G
-
i
d
B
,

27f -n

A
*8A

=
 ~ fA

* (A
* - z-iI)-i (A

- zi)-l A
z-1dz

27fi

=
 2~if(i +

 z-i (A
*-z-lifi) (i +

 z (A
-zi)-l) z-idz

=
 
2
~
i
 
f
 
(
z
-
l
I
 
+
 

(A
-zi)-l+

(A
*z- I)-iz-i) dz +

 8

=
 I +

~
f(A

-Z
i)-i dz+

~
 f (A

*z-I)-l z-idz+
8.

2
7
f
i
 
2
7
f
i

N
o
w
,
 
s
i
n
c
e
 
f
 
(
A
)
 
=
 
2
~
i
 
f
 
f
 
(
z
)
(
1
z
 
-
 
A
)
-
i
 
d
z
 
f
o
r
 
a
n
y
 
a
n
a
l
y
t
i
c
 
f
u
c
t
i
o
n
 
f
,

t
a
k
i
g
 
f
 
(
z
)
 
=
 
1
,
 
w
e
 
h
a
v
e2
~
i
 
f
 
(
A
 
-
 
z
1
)
-
i
 
d
z
 
=
 
-
i
.

C
hanging the variable z to z-l and replacing A

 by A
* yields

~
 
f
 
(
A
*
z
 
-
 
1
)
-
1
 
z
-
l
d
z
 
=
 
-
I
.

27fi

Plugging these in, w
e get

w
hich is H

erIT
tian.

T
o
 
s
h
o
w
 
t
h
a
t
 
8
 
i
s
 
a
l
s
o
 
p
o
s
i
t
i
v
e
 
d
e
f
u
t
e
,
 
n
o
t
e
 
t
h
a
t
 
(
G
-
i
)
 
*
 
G
-
i
 
i
s
 
p
o
s
i
t
i
v
e

defute. T
hus, if x =

f 0, x* (G
-i)* G

-1x :: 0 for all B
 and so

T
hen

1 ln *
x
*
 
8
x
 
=
 
-
 
x
*
 
(
G
-
i
)
 
G
-
i
x
d
B
:
:
 
O
.

2
7
f
 
-
n

H
ence, 8 is positive definite.
T

he bounds are on the largest eigenvalue p (8) and the sm
allest eigen-

vaue a (8) of 8 follow
.

L
em

m
a 12.2 If p (A

) 0( 1, then

1. p (8) :: (IIA
II2 +

 1)2n-2 / (1 _ p (A
))2n

2
.
 
a
 
(
8
)
 
2
:
 
1
.

Proof. For (1), since G
 =

 A
 - eiO

 i, then, using a singuar value decom
po-

s
i
t
i
o
n
 
o
f
 
G
,
 
w
e
 
s
e
e
 
t
h
a
t
 
I
I
G
I
1
2
 
i
s
 
t
h
e
 
l
a
r
g
e
s
t
 
s
i
n
g
u
l
a
r
 
v
a
u
e
 
o
f
 
G
,
 
I
I
G
-
1
1
1
2
 
i
s

the reciprocal of the sm
alest singular value of G

, and Idet G
I is the product

of the singular values. T
hus,

IIG
Ii~-i.

I
I
G
-
i
I
1
2
:
:
 
I
d
e
t
 
G
I

A
*8A

=
8-1

A
nd, since Idet G

I =
 l.A

i - eiO
 I. . . l.A

n - eiO
 I, w

here .A
i, . .. ,.A

n are the eigen-
vaues of A

,
or

A
*8A

-8=
-I,

¡
I
G
-
i
I
1
2
:
:
 
I
I
A
 
-
 
e
i
O
 
1
1
1
;
-
1
 
/
 
¡
.
A
i
 
-
 
e
i
O
I
.
.
 
.
 

¡
.
A
n
 
-
 
e
i
O
I

:
:
 
(
I
I
A
I
I
2
 
+
 
i
t
-
i
 
/
 
(
1
 
-
 
p
 
(
A
)
t
 
.

w
hich proves the lem

m
a. .

Since 8 is H
erIT

tian,
W

e now
 need a few

 bounds on the eigenvaues of 8. T
o get these bounds,

w
e note that for the param

etrization

\
iO

Z
 =

 e , -7f:: B
 :: 7f,

p
 
(
8
)
 
=
 
1
1
8
1
1
2

1 ln
:
:
 
2
7
f
 
-
n
 
I
I
G
-
i
i
i
~
 
d
B

_
 
(
I
I
A
I
I
2
 
+
 
1
)
2
n
-
2

(1 - P
 (A

))2n .
8
 
=
 
l
-
 
l
7
r
 
(
A
*
 
_
 
e
-
i
O
 
i
)
 
-
i
 
(
A
 
_
 
e
i
O
 
i
)
 
-
i
 
d
B

27f -7r
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For (2), w
e use H

erm
itian form

s. O
f course,

(J (8) x*x :: x* 8x

P
r
o
o
f
.
 
L
e
t
 
q
 
?
 
1
,
 
q
 
a
n
 
i
n
t
e
g
e
r
 
t
o
 
b
e
 
d
e
t
e
r
m
i
n
e
d
.
 
W
e
 
c
o
n
s
i
d
e
r
 
t
h
e
 
i
n
t
e
r
v
a
l

o
 
:
:
 
k
 
:
:
 
2
q
,

(J 
(8) 

y*A
*A

y :: y*A
*8A

y.

X
k
+
l
 
=
 
B
q
X
k
 
+
 
¡
B
k
 
-
 
B
q
J
 
X
k
.

S
ince IIB

sH
 - B

slI :: € for al s, then
f
o
r
 
a
l
 
x
.
 
S
e
t
t
i
n
g
 
x
 
=
 
A
y
,
 
w
e
 
h
a
v
e

U
sing that A

*8A
 =

 8 - I, w
e get

II ¡B
k - B

qJ X
k II :: Iq - klllxk II €.

T
o shorten notation, let

(J (8) (J (A
 * A

) y*y :: y* 8y - y*y

or
A

=
B

q
f
 
(
k
)
 
=
 
¡
B
k
 
-
 
B
q
J
 
X
k
.

(1 +
 (J (8) (J (A

* A
)) y*y :: y* 8y.

So w
e have

S
ince this inequality holds for all y, and thus for al y such that 8y =

 (J (8) y,

1
 
+
 
(
J
 
(
8
)
 
(
J
 
(
A
*
 
A
)
 
:
:
 
(
J
 
(
8
)
.

X
kH

 =
 A

X
k +

 f (k).

B
y hypothesis p (A

) :: ß, so p (ß-i A
) -( 1. T

hus, there is a positive defite
H

erm
itian m

atrix 8 such that
H

ence,

1 :: (J (8) ,
(
ß
-
1
 
A
)
 
*
 
8
 
(
ß
-
1
 
A
)
 
-
 
8
 
=
 
-
 
I

or
t
h
e
 
r
e
q
u
i
r
e
d
 
i
n
e
q
u
a
l
i
t
y
.
 
.

W
e now

 consider the system
A

*8A
 =

 ß
28 - ß

2i.

X
k+

l =
 B

kX
k ,

(12.2)

Let V
 (X

k) =
 X

'k8X
k' T

hen

w
here

V
 (X

k+
i) =

 x'kA
* 8A

xk +
 f (k)* 8f (k)

+
 x'kA

* 8f (k) +
 f (k)* 8A

xk.
(12.3)

1. IIB
klI :: K

2. p (B
k) :: ß -( 1

for positive constants K
, ß and al k ~ 1.

N
ow

 w
e need a few

 bounds. For these, let a? O
. (A

 particular a w
ill

b
e
 
c
h
o
s
e
n
 
l
a
t
e
r
.
)
 
S
i
n
c
e

T
heorem

 12.1 U
sing the system

 12.2 and conditions (1) a'nd (2), there
is an € ? 0 such that if

~

(
a
f
 
(
k
)
*
 
-
 
x
'
k
A
*
)
 
8
 
(
a
f
 
(
k
)
 
-
 
A
X
k
)
 
~
 
0
,

a
f
 
(
k
)
*
 
8
f
 
(
k
)
+
a
-
i
x
'
k
A
*
 
8
A
x
k
 
~
 
f
 
(
k
)
*
 
8
A
x
k
+
X
'
k
A
*
 
8
f
 
(
k
)
,

Plugging this into (12.3), w
e have

IIB
k+

l - B
kil :: €

V
 (X

k+
i) :: (1 +

 a) f (k)* 8f (k) +
 (1 +

 a-i) x'kA
* 8A

xk

=
 
(
1
 
+
 
a
-
I
)
 
(
a
f
 
(
k
)
*
 
8
f
 
(
k
)
 
+
 
x
'
k
A
*
 
8
A
x
k
)
 
.

for all k, then (X
k) ~

 0 as k ~
 00.
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C
ontinuing the calculation

v
 
(
X
k
+
i
)
 
:
:
 
(
1
 
+
 
a
-
i
)
 
(
a
f
 
(
k
)
*
 
8
f
 
(
k
)
 
+
 
ß
2
x
'
k
 
(
8
 
-
 
I
)
 
X
k
)

=
 
(
1
 
+
 
a
-
i
)
 
(
a
f
 
(
k
)
*
 
8
f
 
(
k
)
 
+
 
ß
2
v
 
(
X
k
)
 
-
 
ß
2
1
1
x
k
1
1
2
)
 
.

Finally, w
e have

a
 
(
8
)
 
I
I
x
2
q
i
i
2
 
:
:
 
p
 
(
ß
2
 
+
 
p
q
2
f
.
2
)
2
q
 
I
I
x
o
i
i
2
 
.

So, by L
em

m
a 12.2

f
 
(
k
)
*
 
8
f
 
(
k
)
 
:
:
 
p
 
(
8
)
 
I
I
f
 
(
k
)
 
1
1
2
 
:
:
 
p
 
(
8
)
 
(
q
 
-
 
k
)
2
 
f
.
2
1
1
x
k
1
i
2
 
.

IIX
2qll :: V

p (ß
2 +

 pq2f.2)2q IIxoll.

N
ow

, choose f. and q such that

p
 
(
ß
2
 
+
 
p
q
2
f
.
2
)
2
q
 
0
:
 
1

N
ow

,

So, by substitution,

V
(X

k+
1)::(I+

a-i) (ß
2V

(xk)+
(ap(8)(q-k)2f.2_ß

2) IlxkI12).
and set

ß2
L

et a =
 ,_" ,," n to get

T
 
=
 
V
 
P
 
(
ß
2
 
+
 
p
q
2
f
.
2
)
2
q

so

v
 
(
X
k
+
i
)
 
:
:
 
(
1
 
+
 
a
-
i
)
 
ß
2
V
 
(
X
k
)

=
 (ß

2 +
 P

 (8) (q - k)2 f.2) V
 (X

k)'

I
I
X
2
q
l
l
 
:
:
 
T
 
I
I
x
o
l
l
.

T
his inequalty can be achieved for the interval ¡2q,4qJ to obtain

I
I
X
4
q
l
l
 
:
:
 
T
 
I
I
x
2
Q
l
l
 
j

B
y L

em
m

a 12.2,

p
 
(
8
)
 
:
:
 
(
1
1
A
1
I
2
 
+
 
1
)
2
n
-
2

(
1
 
-
 
P
 
(
A
)
)
2
n

0
:
 
(
K
 
+
 
1
)
2
n
-
2

-
 
(
1
 
-
 
ß
)
2
n

continuing,

I
I
X
2
(
m
+
l
)
Q
I
I
 
:
:
 
T
 
I
\
X
2
m
Q
I
I

w
hich show

s that xm
Q

 -- 0 as m
 -- 00.

R
epeating the argum

ent, for intervals ¡2m
q +

 r, 2 (m
 +

 1) q +
 rJ yields

IIX
2(ri+

l)Q
+

rll :: T
 Ilx2m

Q
+

rll,
Set

p
 
=
 
(
K
 
+
 
1
)
2
n
-
2

(1 - ß
)2n

s
o
 
X
2
m
Q
+
r
 
-
-
 
0
 
a
s
 
m
 
-
-
 
0
0
.
 
T
h
u
s
,
 
p
u
t
t
i
n
g
 
t
o
g
e
t
h
e
r
 
X
k
 
-
-
 
0
 
a
s
 
k
 
-
-
 
0
0
.
 
.

B
y continuing the calculation

C
o
r
o
l
l
a
r
y
 
1
2
.
1
 
U
s
i
n
g
 
t
h
e
 
h
y
p
o
t
h
e
s
e
s
 
o
f
 
t
h
e
 
t
h
e
o
r
e
m

l
i
m
 
B
k
'
"
 
B
i
 
=
 
O
.

k-*oo

V
 (X

k+
l) ~

 (ß
2 +

 P
 (q - k)2 f.2) V

 (X
k)'

P
r
o
o
f
.
 
B
y
 
t
h
e
 
t
h
e
o
r
e
m

T
hus,

l
i
m
 
B
k
'
"
 
B
1
X
i
 
=
 
0

k-*oo

,
V
 
(
x
i
)
 
:
:
 
(
ß
2
 
+
 
p
q
2
f
.
2
)
 
V
 
(
x
o
)
 
,

for al X
i. T

hus,

and by iteration,
lim

 B
k'" B

i =
 0,

k-- 00

V
 
(
X
2
q
)
 
:
:
 
(
ß
2
 
+
 
p
q
2
f
.
2
)
2
Q
 
V
 
(
x
o
)
 
.

t
h
e
 
d
e
s
i
r
e
d
 
r
e
s
u
l
t
.
 
.



L
e
t
 
A
i
,
 
A
2
,
.
 
.
.
 
b
e
 
n
 
x
 
n
 
p
r
i
l
l
t
i
v
e
 
n
o
n
n
e
g
a
t
i
v
e
 
m
a
t
r
i
c
e
s
 
a
n
d
 
X
i
 
a
n
 
n
 
x
 
1

positive vector. D
efie the system

X
k
+
i
 
=
 
A
k
X
k
.

T
he Perron-Frobenius theory (G

antm
acher, 1964) assures that each A

k has
a sim

ple positive eigenvalue À
k such that À

k :; IÀ
I for al other eigenvalues

À
 of A

k. A
nd there is a positive stochastic eigenvector V

k belonging to À
k'

If the stochastic eigenvectors V
k, , . . , V

s ofthe last few
 m

atrices, A
k, . .. , A

s
vary slow

ly w
ith k, then V

k m
ay be a good estim

ate of "~
k'''~

S
",S

,,. In this
section w

e show
 w

hen this can happen.
W

e m
ake the follow

ing assum
ptions.

1. T
here are positive constants m

, and M
 such that

m
.
.
 
i
n
f
 
a
~
~
)

-
 
a
(
k
)
:
:
O
 
i
3

'3
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1
2
.
2
 
E
s
t
i
m
a
t
e
s
 
o
f
 
X
k
 
f
r
o
m
 
C
u
r
r
e
n
t
 
M
a
t
r
i
c
e
s

M
 :; supa~~)
-
 
i
3
 
'

w
here inf and sup are over all i, j, and k.

2. T
here is a positive constant r such that

A
t+

r'" A
t+

i :; 0

for all positive integers t.

T
hese tw

o conditions assure that

m
r :: (A

t+
r . .. A

tH
)ij :: nr-i M

r

for al i, j, and t. T
hus,

ø
 (A

t+
r'" A

t+
i) ;: (nr~

~
r ) 2

_ ( m
r)2 _ i-V

;
Set ø - nr-1M

r and T
r - H

V
; .. 1. W

e see that

T
B
 
(
i
n
:
:
 
T
r
.

T
lreorem

 12.2 A
ssum

ing conditions 1 and 2,

¡~
J k-i ¡~

J
P
 
(
X
k
+
i
,
 
V
k
)
 
:
:
 
T
r
 
P
 
(
X
2
,
 
V
i
)
 
+
 
¿
 
T
r
 
P
 
(
V
k
-
j
,
 
V
k
-
i
+
i
)
.

j=
i

12,2 E
stim

ates of X
k from

 C
urrent M

atrices
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P
roof. B

y the triangle inequalty P
 (X

kH
, V

k) ::

p
(
A
k
"
 
.
 

A
i
x
i
,
A
k
 
.
.
 
.
A
i
v
i
)
 
+
 
p
(
A
k
"
 
.
 

A
2A

ivi,A
k .. .A

2V
2)

+
 . . . +

 P
 (A

kA
k-i V

k-i, A
kV

k)

and using that A
svs =

 À
svs for al s,

=
 
p
(
A
k
"
 
.
A
2
A
i
x
i
,
A
k
.
.
.
 
A
2
A
i
v
i
)
 
+
 
p
(
A
k
"
 
.
A
2
V
i
,
A
k
"
 
.
A
2
V
2
)

+
 . .. +

 P
 (A

kV
k-i, A

kV
k)

:: T
i~Jp (X

2, V
i) +

 T
r;:1 Jp (V

i, V
2) +

,.. +
 T

i~Jp (V
k-i, V

k)

w
h
i
c
h
 
g
i
v
e
s
 
(
1
2
.
4
)
.
 
.

If

8 =
 sU

PP(V
j,V

jH
),

j
then the theorem

 yields

¡l£J k-i ¡oiJ
p
(
X
k
H
,
V
k
)
:
:
 
T
r
r
 
P
(
X
2
,
V
i
)
 
+
 
¿
T
r
r
 
8
,

j=
i

T
hus, if in the recent past, starting the system

 at. a recent vector so k is
sm

al, w
e see that if 8 and T

 r are sm
al, V

k gives a good approxim
ation of

X
k+

i.
T

his gives us som
e insight into the behavior of a system

. For exam
ple,

suppose w
e have only the latest tranition m

atrix, say A
. W

e know

X
k
+
i
 
=
 
A
X
k

but don't know
 X

k and thus neither do w
e know

 X
k+

i. H
ow

ever, w
e need

t t. t ~
o
 
e
s
 
i
m
a
 
e
 
I
I
 
I
i
'

X
k
+
l
 
1

L
et v be the stochastic eigenvector of A

 belonging to p (A
). T

he theorem
tells us that if w

e feel that in recent past the eigenvectors, say V
i, , .. , V

k,
d
i
d
n
'
t
 
v
a
r
y
 
m
u
c
h
 
a
n
d
 
T
 
r
 
i
s
 
s
m
a
l
l
,
 
t
h
e
n
 
v
 
i
s
 
a
n
 
e
s
t
i
m
a
t
e
 
o
f
 
~
1
1
 
X
k
 
1
1
1
 
.
 
(
W
e

X
k
+
l
 
1

l
l
g
h
t
 
a
d
d
 
h
e
r
e
 
t
h
a
t
 
s
o
m
e
 
e
s
t
i
m
a
t
e
,
 
r
e
a
s
o
n
a
b
l
y
 
o
b
t
a
i
n
e
d
,
 
i
s
 
o
f
t
e
n
 
b
e
t
t
e
r

than nothing at all.)
S

om
e num

erical w
ork is given in the follow

ing exam
ple.

E
xam

ple 12.1 Let

(12.4)
¡.2 .4 .4 J

A
=

 .9 0 0
o
 
.
9
 
0
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and let ~ be the set of m
atrices C

, such that
A

nd, using T
heorem

 10.5, T
B

 (~3) :: 0.5195, so

A
 
-
 
.
0
2
A
 
:
:
 
C
 
:
:
 
A
 
+
 
.
0
2
A
.

P(X
51,V

50):: 0.0899.
T
h
u
s
,
 
¡
w
~
.
3
~
~
~
W
J
a
 
2
%
 
v
a
r
i
a
t
i
o
n
 
i
n
 
t
h
e
 
e
n
t
r
i
e
s
 
o
f
 
A
.
 
N
o
w
,
 
w
e
 
s
t
a
r
t
 
w
i
t
h

X
l
 
=
 
0
.
3
3
3
3
 
a
n
d
 
r
a
n
d
o
m
l
y
 
g
e
n
e
r
a
t
e
 
A
i
 
=
 
(
a
W
 
J
 
w
h
e
r
e

0.3232

T
he actual calculation is P

(X
5i,V

50) =
 0.0609, and the error is

e
r
r
o
r
 
=
 
0
.
0
2
9
.

(i) _ ( )
a
i
j
 
-
 
b
i
j
 
+
 
r
a
n
d
 
.
0
4
 
a
i
j

f
o
r
 
a
l
l
 
i
,
 
j
,
 
w
h
e
r
e
 
r
a
n
d
 
i
s
 
a
 
r
a
n
d
o
m
l
y
 
g
e
n
e
r
a
t
e
d
 
n
u
m
b
e
r
 
b
e
t
w
e
e
n
 
0
 
a
n
d
 
1

a
n
d
 
B
 
=
 
A
 
-
 
.
0
2
A
.
 
T
h
e
n
,

T
o
 
s
e
e
 
t
h
a
t
 
8
 
i
s
 
a
l
w
a
y
s
 
f
i
t
e
,
 
w
e
 
c
a
n
 
p
r
o
c
e
e
d
 
a
s
 
f
o
l
l
o
w
s
.
 
L
e
t

A
v
 
=
 
À
v

X
2
 
=
 
A
i
X
i

w
here A

 =
 A

k, V
 =

 V
k, À

 =
 À

k for som
e k. S

uppose

and
X

q =
 m

axxk
k

_
 
X
2

X
2 =

 Ilx211l

etc. W
e now

 apply this technique to dem
onstrate the theoretical bounds

given in T
heorem

 12.2.
L
e
t
 
V
k
 
d
e
n
o
t
e
 
t
h
e
 
s
t
o
c
h
a
s
t
i
c
 
e
i
g
e
n
v
e
c
t
o
r
 
f
o
r
 
A
k
;
 
w
e
 
o
b
t
a
i
n
 
f
o
r
 
a
 
r
u
n
 
o
f

50 iterates the data in the table.

w
here v =

 (X
l, . .. , xn)t. T

hen, since v is stochastic,

1
x
q
 
~
-
.n

k
48

49
50

0.3430
0,3599

0.3445
X

k+
1

0.3299
0.3269

0.3470
0.3262

0.3132
0.3085

¡ 0.3474 J
¡ 0.3541 J

¡ 0.3476 J
V

k
0.3330

0.3330
0.3354

0.3196
0.3129

0.3170
p
 
(
X
k
+
l
,
 
V
k
)

0.0301
0.0351

0.0609
p(V

k,V
k-i)

0.0224
0.0403

0.0314

N
ow

, since A
 is printive, A

r )- 0 for som
e r. T

hus a~~J ~ m
r for all

i
,
j
.
 
N
o
w

(N
V

)i
X

i =
 IIA

rvlli

n (r)
L
 
a
i
k
 
X
k

k=
i

n n ,
L
 
L
 
a
~
~
X
k

8
=
1
 
k
=
i

U
sing T

heorem
 12.2 and three iterates, w

e have

X
4
9
 
=
 
A
4
8
X
4
8

X
5
0
 
=
 
A
4
9
X
4
9

X
5
i
 
=
 
A
5
o
X
5
0
.

a
n
d
 
s
i
n
c
e
 
t
h
e
r
e
 
a
r
e
 
n
o
 
m
o
r
e
 
t
h
a
n
 
n
r
-
l
 
d
i
s
t
i
n
c
t
 
p
a
t
h
s
 
f
r
o
m
 
a
n
y
 
V
i
 
t
o
 
a
n
y

V
j, of length r,

P
 
(
X
5
l
,
 
V
5
0
)
 
:
:
 
T
B
 
(
~
3
)
 
P
 
(
X
4
9
,
 
V
4
8
)
 
+
 
T
B
 
(
~
2
)
 
P
 
(
V
4
8
,
 
V
4
9
)

+
 
T
B
 
(
~
)
p
 
(
V
4
9
,
V
5
0
)
.

(r)
a
i
q
 
X
q

X
i ~

 n n
L
 
L
 
n
r
-
l
 
M
r
X
k

8=
i k=

l
m

rx
)
-
 
q

-
 
n
2
n
r
-
i
 
M
r
X
q

m
r

n2nr-iM
r'

S
o i-
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Since this inequality holds for al i,
H

ence,

IIA
klloo :: ß

 and À
k:: À

I (X
k+

i)i - À
kl =

 I (À
kV

k +
 A

kM
vk)i - À

k (V
k +

 M
V

k)i I
(
X
k
)
i
 
(
V
k
 
+
 
M
V
k
)
i

=
 
I
 
(
A
k
M
v
k
)
i
 
-
 
À
k
 
(
M
V
k
)
i
 
I

(V
k +

 M
V

k)i

,
 
I
 
(
A
k
M
v
k
)
i
 
-
 
À
k
 
(
M
V
k
)
i
 
I

-
 
(
V
k
)
i

-
I
 
(
A
k
M
v
k
)
i
 
-
 
À
 
'
\

-
 
(
)
 
k
m
i

V
k i

,
 
I
I
A
k
M
v
k
l
l
o
o
 
+
 
À
 
'

_
 
(
)
 
k
m
i

V
k i

, IIA
klloo IIM

lIoo IIvklloo +
 À

 m
'

_ k i
'Y

:: ß
 IIM

lloo +
 À

k IIM
lIoo '

'Y

A
nd since by T

heorem
 2.2, IIM

lloo :: eP
(X

k,V
k) - 1, w

e get the bound

:
:
 
(
~
 
+
 
À
k
)
 
(
e
P
(
X
k
,
V
d
 
-
 
1
)
 
,

.
 
m
r

m
in X

i:; 2 i :; O
.

i
 
-
 
n
 
n
r
-
 
M
r

A
nd, from

 this it follow
s that p (V

j, vj+
i) is bounded.

W
e add to our assum

ptions.

3. T
here are positive constants ß and À

 such that

for all k. A
nd 'Y

 :; 0 is a low
er bound on the entries of V

k for all k.

A
n estim

ate of À
k can be obtained as follow

s.

T
heorem

 12.3 A
ssum

ing the conditions 1 through 3,

I
 
(
X
k
+
i
)
i
 
-
 
À
k
l
 
:
:
 
(
~
 
+
 
À
)
 
e
P
(
X
k
,
V
k
)
 
p
 
(
X
k
,
 
V
k
)
.

(
X
k
)
i
 
'
Y

N
ow

 w
e can w

rite

e
U
 
-
 
1
 
:
:
 
u
e
u

Proof. U
sing T

heorem
 2.2, for fied k, there is a positive constant r and a

diagonal m
atrix M

, w
ith positive m

ain diagonal, such that the vectors X
k

and V
k satisfy

for any u ~ 0, so w
e have

I
 
(
X
k
+
i
)
i
 
-
 
À
k
l
 
:
:
 
(
~
 
+
 
À
)
 
e
P
(
X
k
,
V
k
)
 
P
 
(
X
k
,
 
V
k
)

(
X
k
)
i
 
'
Y

X
k=

r(V
k+

M
vk).

f
o
r
 
a
l
 
i
.
 
.

X
k
+
l
 
=
 
A
k
X
k

=
 r (À

kV
k +

 A
kM

vk),

F
r
o
m
 
t
h
i
s
 
t
h
e
o
r
e
m
,
 
w
e
 
s
e
e
 
t
h
a
t
 
i
f
 

the V
k'S

 and X
k'S

 are near, then (X
(k+

)l);
X

k i
is an estim

ate of À
k. O

f course, if the V
i'S

 vary slow
ly then the X

i+
ls are

close to the vi's and are thus them
selves close, so the vi's and xi's are close.

T
hus,

1
2
.
3
 
S
t
a
t
e
 
E
s
t
i
m
a
t
e
s
 
f
r
o
m
 
F
l
u
c
t
u
a
t
i
n
g
 
M
a
t
r
i
c
e
s

a
n
d
 
~
o

(X
k+

i)i _ r (À
kV

k +
 A

kM
vk)i

(
X
k
)
i
 
-
 
r
 
(
V
k
 
+
 
M
V
k
)
i

Let A
 be an n x n prinutive nonnegative m

atrix and Y
i an n x 1 positive

vector. D
efie

Y
k
+
!
 
=
 
A
Y
k
.
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I
t
 
c
a
n
 
b
e
 
s
h
o
w
n
 
t
h
a
t
 
(
l
I
;
k
t
)
 
c
o
n
v
e
r
g
e
s
 
t
o
 
7
r
,
 
t
h
e
 
s
t
o
c
h
a
s
t
i
c
 
e
i
g
e
n
v
e
c
t
o
r

belonging to the eigenvaue p (A
) of A

.
L

et A
¡, A

2,... be fluctuations of A
 and consider the system

P
roof. Let x :; O

. F
or sim

plicity, set

Z
k =

 (A
x)k

ek =
 (E

xh .

X
kH

 =
 A

kX
k (12.5)

T
hen

w
here X

i :; O
. In this section, w

e see how
 w

ell 7r approxim
ates lI:kÎli'

especialy for large k.
It is helpful to divide this section into subsections.

I(E
x)il leilxi +

... +
 einxnl

s
u
p
-
 
=
 

sup
x~o (A

x)i x~o aiiX
i +

... +
 ainxn

£
i
i
X
i
 
+
.
.
.
 
+
 
£
i
n
X
n

.: sup
- x~o ailX

I +
 . . . +

 ainX
n

1
2
.
3
.
1
 
F
l
u
c
t
u
a
t
i
o
n
s

and by using the quotient bound result (2.3),

B
y a fluctuation of A

, w
e m

ean a m
atrix A

 +
 E

 :: 0 w
here the entries

in E
 =

 ¡eijJ are sm
al com

pared w
ith those of A

. M
ore particularly, w

e
suppose the entries of E

 are bounded, say

£ij
':m

ax-
-
 
a
i
j
~
O
 
a
i
j

=
R

E
.

I eij I :: £ij
F

utherm
ore, using that

w
here

a
i
j
 
-
 
£
i
j
 
:
;
 
0

e'
z. +

 ej =
 1 +

 -l
-
l
 
z
'

Z
' J

J

and that
w

hen aij :; 0 and £ij =
 0 w

hen aij =
 O

. T
hus,

A
 
-
 
£
 
:
:
 
A
 
+
 
E
:
:
 
A
 
+
 
£
.

Z
i
 
1

Z
i+

ei =
 1+

~
'

Z
i

D
efie

w
e have

£..
R
E
 
=
 
m
a
x
 
-
3

aij

(A
X

)i ((A
 +

 E
) x)j _ ~ Z

j +
 ej

(
(
A
 
+
 
E
)
 
x
)
i
 
(
A
x
)
j
 
-
 
Z
i
 
+
 
e
i
 
Z
j

1 +
 2.

- --
- 1+

~Z
i

I+
R

E
.: .
- l-R

E

8 =
 supp(A

x, (A
 +

 E
) x)

w
here the sup is over al positive vectors x and fluctuations A

 +
 E

. T
o

s
h
o
w
 
8
 
i
s
 
f
i
t
e
,
 
w
e
 
u
s
e
 
t
h
e
 
n
o
t
a
t
i
o
n
,

w
here the m

axm
um

 is over al aij :; O
.

,
 
.

T
heorem

 12.4 U
sing that R

E
.: 1,

T
hus,

p (A
x, (A

 +
 E

) x) :: In 1 +
 R

E
.
.
 
i
'
 
T
'
'

8::Inl+
R

E
l-R

E
'

t
h
e
 
i
n
e
q
u
a
l
t
y
 
w
e
 
n
e
e
d
.
 
.
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12.3. 2 N
orm

alized T
rajectories

Suppose the trajectory for (12.5) is X
i, X

2,..,. W
e norm

alize to stochastic
vectors and set

1
2
.
3
.
3
 
F
l
u
c
t
u
a
t
i
o
n
 
S
e
t

_
 
X
k

X
k =

 IIxklll

W
e w

il assum
e that T

B
 (A

r) =
 T

r 0: 1. H
ow

 far X
k is from

 7r is given in
the follow

ing theorem
.

T
heorem

 12.5 F
or all k and 00: t :: r,

p
 
(
7
r
,
 
X
k
r
H
)
 
:
:
 
T
~
P
 
(
7
r
,
 
X
i
)
 
+
 
(
T
~
-
i
 
+
 
.
.
 
.
 
+
 
T
 
r
 
+
 
1
)
 
r
o
 
+
 
(
t
 
-
 
1
)
 
o
.

P
r
o
o
f
.
 
W
e
 
f
i
s
t
 
m
a
k
e
 
t
w
o
 
o
b
s
e
r
v
t
i
o
n
s
.

T
he vectors X

k need not converge to 7r. W
hat w

e can expect, how
ever, is

that, in the long run, the X
k'S

 fluctuate tow
ard a set about 7r. B

y using
T

heorem
 12.5, w

e take this set as

C
 =

 f x E
 S

+
 : P

 (x, 7r) :: ~
 +

 (r - 1) o 1. .
1. 1 - T

r f
U

sing

d (x, C
) =

 m
inp (x, c),

eE
C

1. F
or a positive vector x and a positive integer t,

w
e show

 that

P (A
tx, A

t... A
ix)

:: p (A
tx, A

A
t-i . . . A

ix) +
 P (A

A
t-i . . . A

ix, A
t. . . A

ix)

:: p (A
t-lx, A

t-i . , . A
ix) +

 o,
and by continuing,

d(xk,C
) -t 0 as k -t 00.

W
e need a lem

m
a.

L
em

m
a 12.3 If x E

 S+
 and 0 :: a :: 1, then

:
:
 
(
t
 
-
 
1
)
 
o
 
+
 
o
 
=
 
t
o
.

p
 
(
7
r
,
 
x
)
 
=
 
p
 
(
7
r
,
 
a
7
r
 
+
 
(
1
 
-
 
a
)
 
x
)
 
+
 
p
 
(
a
7
r
 
+
 
(
1
 
-
 
a
)
 
x
,
 
x
)
 
.

2. For all k )- 1,

P (7r, X
kr+

1) =
 P (A

r7r, A
rX

(k_i)r+
1)

+
 p (A

rX
(k_i)r+

i. A
kr' . . A

(k-i)r+
1X

(k-i)r+
i)

:: T
 rP (7r, X

(k-i)r+
1) +

 ro

and by continuing

p (7r, X
kr+

i) :: T
~

P
 (7r, xJ +

 (T
~

-i +
... +

 T
r +

 1) ro.

N
ow

, putting (1) and (2) together, w
e have for 0 0: t :: r,

p (7r, X
krH

)

=
 p (A

t-l7r, A
kr+

t-i .:. A
kr+

ixkr+
i)

/' (A
t-i A

t-l- )+
 (A

t-i- A
 A

' - )
:: P

 7r, X
kr+

i P
 X

kr+
i, kr+

t-l'.' kr+
iX

kr+
l

0: p (7r, X
kr+

l) +
 (t - 1) o

li -:
:
 
T
~
P
 
(
7
r
,
 
X
l
)
 
+
 
(
T
~
-
i
 
+
 
.
 
.
.
 
+
 
T
 
r
 
+
 
1
)
 
r
o
 
+
 
(
t
 
-
 
1
)
 
O
,

t
h
e
 
d
e
s
i
r
e
d
 
i
n
e
q
u
a
l
t
y
.
 
.

Proof. W
e assum

e w
ithout loss of generality (W

e can reindex.) that

7
r
i
 
7
r
 
n

-)-.")--.
X
i
 
-
 
-
 
X
n

T
hus, if i 0: j, then

7
r
'
 
7
r
'

-' )- -l
X
i
 
-
 
X
j

or

7riX
j ~

 7rjX
i.

So

a7ri7rj +
 (1 - a) 7riX

j ~
 a7ri7rj +

 (1 - a) 7rjX
i

and

7
r
'
 
7
r
.

i
 
)
-
 
J

a7ri+
(I-a)xi - a7rj+

(I-a)xj
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From
 this, w

e have that
T

hus,

p(7l,X
)

=
 In 7li X

n
X

i 7l n

=
I
n
,
(
 
7
l
i
 
a
7
l
n
+
(
I
-
a
)
x
n
)

a7li +
(1 - a) X

i 7ln

+
 In (a7li +

(I-a) X
i X

n )
X
i
 
a
7
l
n
+
(
I
-
a
)
 
X
n

=
 
p
(
7
l
,
a
7
l
 
+
 
(
1
 
-
 
a
)
 
x
)
 
+
 
p
(
a
7
l
 
+
 
(
1
 
-
 
a
)
x
,
x
)
,

d
(
x
k
r
+
t
'
C
)
:
:
 
T
~
P
(
X
i
,
7
l
)
,

w
hich is w

hat w
e need. .

U
sing the notation in C

hapter 9, w
e show

 how
 C

 is related to lim
iting

sets.

C
orollary 12.2 If U

 is a com
pact subset of S+

 and L
;U

 -- L
 as k -- 00,

then L
 ç C

.

T
he theorem

 follow
s.

U
sing this corollary, T

heorem
 12.4, and w

ork of C
hapter 10, w

e can
com

pute a bound on L
, even w

hen L
 itself canot be com

puted.
W

e conclude this section by show
ing how

 a pair X
i, xi+

i from
 a trajectory

i
n
d
i
c
a
t
e
s
 
t
h
e
 
c
l
o
s
e
n
e
s
s
 
o
f
 
X
i
 
t
o
 
C
.

a
s
 
r
e
q
u
i
r
e
d
.
 
.

T
heorem

 12.6 F
or any k and 0 .. t :: r,

d
(
x
k
r
+
t
'
C
)
:
:
 
T
~
p
(
x
i
,
7
l
)
.

T
heorem

 12.7 If T
r .. 1, then

Proof. If X
kr+

t E
 C

, the result is obvious. Suppose X
kr+

t t/ C
. T

hen
c
h
o
o
s
e
 
a
,
 
0
.
.
 
a
 
.
.
 
1
,
 
s
u
c
h
 
t
h
a
t

d (X
i, C

) :: -1 r p (X
i, X

i+
!).

-T
r

P
r
o
o
f
.
 
T
h
r
o
u
g
h
o
u
t
 
t
h
e
 
p
r
o
o
f
,
 
i
 
w
i
l
 
b
e
 
f
i
e
d
.
 
G
e
n
e
r
a
t
e
 
a
 
n
e
w
 
s
e
q
u
e
n
c
e

x (a) =
 a7l +

 (1 - a) X
krH

X
i,.., ,xi,A

iX
i,A

txi,." .

satisfies
Since A

i is prim
itive, using the Perron-Frobenius theory

r8
p
(
x
(
a
)
,
7
l
)
=
I
_
T
r
 
+
(
r
-
l
)
8
.

A
fxi

l
i
m
 
-
,
I
I

k-+
=

 IIA
i X

i i
=

 7li,

T
hus, x (a) E

 C
.

B
y the lem

m
a

the stochastic eigenvector for the eigenvalue p (A
i) of A

i. T
hus,

P
 (X

kr+
t, 7l) =

 P
 (X

krH
, X

 (a)) +
 p (x (a), 7l)

=
P
(
X
k
r
+
t
,
x
(
a
)
)
+
-
1
 
r
8
 
+
(
r
-
l
)
8
.

,
 
-
T
r

lim
 p (A

~
X

i' 7li) =
 0,

k-+
=

H
e
n
c
e
,
 
u
s
i
n
g
 
t
h
e
 
s
e
q
u
e
n
c
e

N
ow

, by T
heorem

 12.5, w
e have

A
l, A

2, , .. , A
i, A

i, A
i, ., .

,
P
 
(
X
k
r
+
t
,
 
7
l
)
 
:
:
 
T
~
P
 
(
X
l
,
 
7
l
)
 
+
 
-
1
 
r
8
 
+
 
(
r
 
-
 
1
)
 
8
,

,
 
-
 
T
r

since T
heorem

 12.6 stil holds,

so
d(7li,C

) =
 0

P
(X

kr+
t,x(a)):: T

~
p(xi,7l).

and so 7li E
 C

.
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N
ow

, using the triangle inequalty

P
 (X

i, A
fr+

txi+
i) :: P

 (X
i, X

iH
) +

 P
 (A

iX
i, A

iX
i+

i)

+
... +

 P
 (A

fr+
txi, A

fr+
txiH

)
:: rp (X

i, X
iH

) +
 rT

rP
 (X

i, X
i+

i)

+
 . . . +

 rT
~

p (X
i, X

i+
i)

r
:
:
-
1
 
P
(
X
i
,
X
i
H
)
'

-T
r

Let 2; be the set of m
atrices C

 such that

A
 
-
 
.
0
2
A
 
:
:
 
C
 
:
:
 
A
 
+
 
.
0
2
A
,

t
h
u
s
 
a
l
l
o
w
i
n
g
 
f
o
r
 
a
 
2
%
 
v
a
r
i
a
t
i
o
n
 
i
n
 
t
h
e
 
e
n
t
¡
r
i
~
~
3
~
~
:
i
'

T
he stochastic eigenvector for A

 is 7r =
 0.3331 .
0.3174

Starting w
ith X

i =

r
P (X

i, 7ri) :: -1 P (X
i, X

i+
i)

-
 
T
r

¡ 0.3434 i
0.3333
0.3232

and random
ly generating the A

k 's, w
e get

N
ow

, letting k -- 00,

d
 
(
X
i
,
 
C
)
 
:
:
 
-
1
 
r
 
P
 
(
X
i
,
 
X
i
H
)
 
,

-T
r

_
 
X
k
H

X
k
+
i
 
=
 
A
k
X
k
 
a
n
d
 
X
k
+
i
 
=
 
-
I
I
 
I
I
'

X
k+

i i

Iterations 48 to 50 are show
n in the table.

and since 7ri E
 C

,

a
s
 
d
e
s
i
r
e
d
.
 
.

k
48

49
50

0.3440
0.3599

0.3445
X

k+
i

0.3299
0.3269

0.3470
0.3262

0.3132
0.3085

P(X
k+

i,7r)
0.0432

0.0483
0.0692

T
he intuition given by these theorem

s is that in fluctuating system
s, the

iterates need not converge. H
ow

ever, they do converge to a sphere about
7r. See Figure 12.1 for a picture.

U
sing three iterates, w

e have

P (X
51, 7r) :: T

B
 (A

3) P (7r, X
48) +

 2ó
=
 
0
.
1
0
4
4
.

T
his com

pares to the actual difference

P (x5i, 7r) =
 0.0692.

T
he error is

FIG
U

R
E

 12,1, A
 view

 of iterations tow
ard C

.
e
r
r
o
r
 
=
 
0
,
0
3
5
2
.

A
n exam

ple providing num
erical data follow

s.

E
x~ple 12.2 L

et
1
2
.
4
 
Q
u
o
t
i
e
n
t
 
S
p
a
c
e
s

A
=
 
¡

.
2
 
.
4

.
9
 
0

o ,9

.4 i
o ,
o

T
he trajectory X

i, X
2, . .. determ

ined from
 an n x n m

atrix A
, nam

ely,

X
k
+
i
 
=
 
A
X
k
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m
ay tend to inty. W

hen this occurs, w
e can stil discern som

ething about
t
h
e
 
b
e
h
a
v
i
o
r
 
o
f
 
t
h
e
 
t
r
a
j
e
c
t
o
r
y
.
 
F
o
r
 
e
x
a
m
p
l
e
,
 
i
f
 
A
 
a
n
d
 
X
l
 
a
r
e
 
p
o
s
i
t
i
v
e
,
 
t
h
e
n

w
e
 
c
a
n
 
l
o
o
k
 
a
t
 
t
h
e
 
p
r
o
j
e
c
t
e
d
 
v
e
c
t
o
r
s
 
i
i
:
k
t
.
 
I
n
 
t
h
i
s
 
s
e
c
t
i
o
n
 
w
e
 
d
e
v
e
l
o
p
 
a
n

additional approach for studying such trajectories. W
e do this w

ork in R
n

so that form
ulas can be com

puted for the vaious norm
s.

L
et e be the n x 1 vector of l's. U

sing R
n, defie

W
 
=
 
s
p
a
n
 

tel.
T

he quotient space R
' /W

 is the set

tX
+

 W
: x E

 R
ni

w
here addition and scalar m

ultiplication are done the obvious w
ay, that is,

(x +
 W

) +
 (y +

 W
) =

 (x +
 y) +

 W
, a (x +

 W
) =

 ax +
 W

. T
his arithm

etic
is w

ell defied, and the quotient space is a vector space.

S
ince this m

ax is achieved for som
e C

k, it follow
s that eauality holds.

W
e conclude this subsection by show

ing how
 close a vector is to a coset.

T
o do this, w

e defie the distance from
 a vector y to a coset x +

 W
 by

d(y,x +
 W

) =
 m

in Ily - (x +
 w

)lll'
w

E
W

W
e need a lem

m
a.

L
em

m
a 12.4 L

et C
 E

 C
 w

here C
 =

 (C
l,'" , en). T

hen

~
 
m
a
x
c
.
 
-
 
~
 
m
i
n
c
.
 
?
 
.
.
L
L
C
L
L
 
.

2 i 2 i i-n i
Proof. W

ithout loss of generality, suppose that

c =
 (Pi, , . . , Pr, ai , . , . , as)

12.4.1 N
orm

 on R
n/w

L
et

w
here r +

 8 =
 nand

C
 =

 t c : ctw
 =

 0 for al w
 E

 W
l

Pi 2: . . . 2: Pr 2: 0 2: ai 2: . . . 2: as'

and
r
 
s

N
ote that L

 Pk =
 - L

 ak.
k
=
i
 
k
=
l

C
i =

 t c E
 C

 : iicii =
 1 l.

(C
l depends on the norm

 used.) T
hen for any x E

 R
n/w

,

¡Ix +
 W

llc =
 m

ax Ictxl,
eE

C
i

It is easily seen that 11.11 c is w
ell defied and a norm

 on R
n /W

.

E
xam

ple 12.3 L
et 11'111 denote the I-norn. It is know

n that, in this case,
C
l
 
i
s
 
t
h
e
 
c
o
n
v
e
x
 
s
e
t
 
w
i
t
h
 
v
e
r
t
i
c
e
s
 
t
h
o
s
e
 
v
e
c
t
o
r
s
 
w
i
t
h
 
p
r
e
c
i
s
e
l
y
 
t
w
o
 
n
o
n
z
e
r
o

e
n
t
r
i
e
s
,
 
l
 
a
n
d
 
-
 
l
.
 
T
h
u
s
,IIx +

 W
llc =

 m
ax Ictxl '

eE
C

i

N
ow

,

,

s

iix +
 W

LLC
 :: m

ax L aklc~
xl

eE
C

ik=
l

=
m

axl4xl
k

1

=
 -2 m

axlxp - xql.
p,q

1
 
i
 
1
 
(
p
i
 
+
 
'
 
.
 
.
 
+
 
P
r
 
)
 
1
 
(
a
l
 
+
 
.
 
.
 
.
 
+
 
a
s
)

2
"
P
i
 
-
 
2
"
a
s
 
2
:
 
2
"
 
r
 
-
 
2
"
 
8

1
 
1

=
 2r (Pi +

 . .. +
 Pr) - 28 (al +

 . .. +
 as)

=
 (~ +

 ~) (Pi +
 .. . +

 Pr)
2
r
 
2
8

2 (P
 ,

2: -+
 l+

"'+
Pr)

r
 
81 
1

=
 
-
 
(
P
i
 
+
.
.
.
 
+
 
P
r
)
 
-
 
-
 
(
a
i
 
+
.
.
.
 
+
 
a
s
)

r
+
8
 
r
+
8

1

=
 r +

 s Ilclli ,

s
and if c =

 L
 akC

k, a convex sum
 of the vertices C

i,. .. , C
s of C

i, then
k=

i

t
h
e
 
d
e
s
i
r
e
d
 
r
e
s
u
l
t
.
 
.

U
sing the I-norm

 to determ
ine C

l, w
e have the follow

ing.

T
heorem

 12.8 Suppose lI(y +
 W

) - (x +
 W

)llc :: €. T
hen w

e have that
d(y,x +

 W
) :: n€.
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Proof. First suppose that y, x E
 C

. T
hen, using the exam

ple and lem
m

a,
w

e have lI(y +
 W

) - (x +
 W

)lIc

=
 (~

m
rx (Y

i - X
i) - ~

 nr (Y
j - x j) )

~ (~tIY
i-X

il)
i=

i
1

=
 -IIY

 - xlli .
n

N
o
w
,
 
l
e
t
 
X
,
Y
 
E
R
n
.
 
W
r
i
t
e
 
x
 
=
 
x
 
+
 
W
i
,
 
Y
 
=
 
i
ì
 
+
 
W
2
 
w
h
e
r
e
 
x
,
i
ì
 
E
 
C
 
a
n
d

W
i, W

2 E
 W

. T
hen, using the fist part of the proof,

It can be observed that this is a coset m
ap, not a set m

ap. In term
s of

sets, A
 (x +

 W
) ç A

x +
 W

 w
ith equality not necessarily holding. T

he m
ap

A
: R

n /W
 -+

 R
n /W

 is w
ell defined and linear on the vector space R

n /W
.

I
n
v
e
r
s
e
s
,
 
w
h
e
n
 
t
h
e
y
 
e
x
i
s
t
,
 
f
o
r
 

m
aps can be found as follow

s. U
sing the

S
chur decom

position

A
=

P(~ 1Jpt

w
h
e
r
e
 
P
 
i
s
 
o
r
t
h
o
g
o
n
a
l
 
a
n
d
 
h
a
s
 
I
n
 
a
s
 
i
t
s
 
f
i
s
t
 
c
o
l
u
m
.
 
I
f
 
B
 
i
s
 
n
o
n
s
i
n
g
u
a
r
,

set

A
 +

 =
 P (~ B

~ 1 J pt,

II(Y
 +

 W
) - (x +

 W
)lIc =

 ii(iì +
 W

) - (x +
 W

)llc
~

 .! Iliì - xlli
n1

=
 
-
1
1
(
Y
 
-
 
W
2
)
 
-
 
(
x
 
-
 
w
i
)
l
I
i

n1
=

-lIy-(x+
w

)111
n

(O
ther choices for A

+
 are also possible.)

Lem
m

a 12.5 A
 +

 is the inverse of A
 on R

n /W
.

Proof. T
o show

 that A
+

: W
 -+

 W
 , let W

 E
 W

. T
hen W

 =
 ae for som

e
scalar a. T

hus,

d (y, x +
 W

) :: nE
,

A
+

w
 =

 A
+

 (ae)

=
 aP (p Y

 J pt e
o B

-i

(
 
J
(
n
J

-
 
p
 
Y
 
,
¡

- aP 0 B
-1 0

=
 
a
P
 
(
 
p
 
t
 
J

w
here W

 =
 W

2 - W
i. A

nd, from
 this it follow

s that

w
h
i
c
h
 
w
a
s
 
r
e
q
u
i
e
d
.
 
.

12.4.2 M
atrices in R

n / w
L

et A
 be an n x n m

atrix such that
=

 ape E
 W

N
ow

,

A
 :W

 -+
 W

A
A

+
 =

 P
 (p2 py +

 yB
-1 J t

o
 
I
 
P
.

T
hus A

e =
 pe for som

e real eigenvaue p. (In applications, w
e w

ill have
p =

 p(A
).)

D
efie

If x E
 C

, then

,
A

: R
n/W

 -+
 R

n/W
A

A
+

X
=

P
( ~

=
P

 (~
2

P
Y
 
+
 
¡
B
-
i
 
J
 
p
t
x

P
Y
 
+
 
y
B
-
1
 
J
 
(
 
0
 
J

I
 
P
2
x

by

A
 (x +

 W
) =

 A
x +

 W
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w
h
e
r
e
 
p
t
 
=
 
¡
 
~
 
l

=
 
p
 
r
 
(
p
y
 
+
 
y
B
-
i
)
 
P
2
X
 
J

L
 
P
2
X

=
p( ß J

P2X

w
here ak is the k-th row

 of A
. Since iix +

 W
ile =

 1,

1-m
axlx. - x-I =

 1.
2
 
"
 
_
 
J

-,J

A
n
d
,
 
s
i
n
c
e
 
x
 
+
 
a
e
 
E
 
x
 
+
 
W
 
f
o
r
 
a
l
l
 
a
,
 
w
e
 
c
a
n
 
a
s
s
u
m
e
 
t
h
a
t
 
X
i
 
i
s
 
n
o
n
n
e
g
a
t
i
v
e

for all i and 0 for som
e i. T

hus, the largest entry X
i in x is 2. It follow

s
that

w
h
e
r
e
 
ß
 
=
 
(
p
y
 
+
 
y
B
-
i
)
 
P
2
X
,

e t
=
 
ß
 
.
.
 
+
 
P
2
P
2
X

e
=

ß..+
X

E
X

+
W

T
hus, A

A
+

 (x +
 W

) =
 x +

 W
and since x w

as arbitrary A
A

+
 is the iden-

tity on æ
i jW

. Sinularly, so is A
+

 A
. So A

+
 is the inverse of A

 on R
n jW

. .

IIa; I (ai - aj) xl
-,J

over all x, 0:: X
i :: 2 is achieved by setting X

k =
 2 w

hen the k-th entry in
ai - aj is positive and 0 otherw

ise. H
ence,

IIa; I (ai - aj) xl =
 IIa; lIai - aj II i .

i
,
J
 
i
J
J

T
hus,

W
hen A

 : W
 -t W

, w
e can defie the norm

 on the m
atrix A

 : R
n jW

 -t
R
n
 
j
W
 
a
s

1
IIA

x +
 W

ile =
 -2 IIa; Ilai - ajlli

-,J

a
n
d
 
s
o

I
I
A
I
I
 
=
 
m
a
x
 
I
I
A
x
 
+
 
W
i
l
e

e x~
w

 Ilx +
 W

ile

=
 m

ax IIA
x +

 W
ile'

IIx+
w

llc=
i

For special norm
s, expressions for norm

s on A
 can be found. A

n exam
ple

for the I-norm
 follow

s.

E
xam

ple 12.4 F
or the I-norm

 on R
n: D

efine

I
I
A
I
I
 
=
 
m
a
x
 
I
I
A
x
 
+
 
W
i
l
e

e x~
w

 IIX
 +

 W
ile

=
 m

ax IIA
x +

 W
ile'

IIx+
w

llc=
i

1
IIA

lle =
 - m

a; Ilai - aj lIi .
2 -,J

T
o obtain the usual notation, set

T
i (A

) =
 IIA

lle .

T
his gives the follow

ing result.

T
heorem

 12.9 U
sing the I-norm

 on R
n,

IIA
lle =

 T
i (A

) .

N
ow

12.4.3 B
ehavior of T

rajectories

IIA
x +

 W
ile =

 m
ax Ict A

xl
eE

ei

T
o see how

 to use quotient spaces to analyze the behavior of trajectories,
let

w
hich by E

xam
ple 12.3,

~

X
k
+
i
 
=
 
A
X
k
 
+
 
b

1- m
ax la'x - a 'xi

2
 
,
,
-
 
J

-,J
1

=
 -m

axl(a'-a')xl
2
 
"
 
_
 
J

-,J

w
here A

 : W
 -t W

. In term
s of quotient spaces, w

e convert the previous
equation into

xk+
i +

 W
 =

 A
 (X

k +
 W

) +
 (b +

 W
) .

(12.6)
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IIzkH
 +

 W
ile:: 71 (A

)k Ilzi +
 W

ile'
(12.7)

T
o solve this system

, w
e subtract the k-th equation from

 the (k +
 1)-st one.

T
hus, if w

e let

Z
kH

 +
 W

 =
 (xk+

i +
 W

) - (X
k +

 W
) ,

then

Z
k+

i +
 W

 =
 A

 (Z
k +

 W
)

so

Z
kH

 +
 W

 =
 A

k (zQ
 +

 W
) .

U
sing norm

s,

If 71 (A
) -: 1, then Z

k +
 W

 converges to W
 geom

etricaly.
A

s a consequence, (X
k +

 W
) is C

auchy and thus converges to say x +
 W

.
(It is know

n that the quotient space is com
plete.) So w

e have

FIG
U

R
E

 12.2. Iterates converging to W
,

x +
 W

 =
 A

 (x +
 W

) +
 (b +

 W
) .

(12.8)

T
h
e
n
,
 
u
s
i
n
g
 
(
1
2
.
9
)
 
w
i
t
h
 
x
 
=
 
0
,
 
w
e
 
h
a
v
e

d (X
k, W

) :: 271 (A
)k IIX

l +
 W

ile'

T
hen, since T

i (A
) =

 .5,

d (X
k, W

) :: 2 (.5)k Ilxl +
 W

ile'

N
ow

, subtracting (12.8) from
 (12.6), w

e have

X
k+

l - x +
 W

 =
A

 (X
k - x) +

 w
.

T
hus, by (12.7),Ilxk-i - x +

 W
ile:: 7i (A

)k Ilxi - x +
 W

ile'

A
n
d
,
 
u
s
i
n
g
 
t
h
a
t
 
d
(
x
k
 
-
 
x
,
 
W
)
 
=
 
d
(
x
k
,
x
 
+
 
W
)
,
 
a
s
 
w
e
l
l
 
a
s
 
T
h
e
o
r
e
m
 
1
2
.
8
,

S
o, X

k converges to W
 at a geom

etric rate.

A
 sam

ple of iterates, letting X
i =

 ( ~ J, follow
s in the table below

. B
y

direct calculation, Ilxl +
 W

ile =
 .5.

d
 
(
X
k
,
 
x
 
+
 
W
)
 
:
:
 
n
7
i
 
(
A
)
k
 
¡
I
X
i
 
-
 
x
 
+
 
W
i
l
e
'

(12.9)
k

4

(0,763,0,3700)
0,125

8

(1.073,1.069)
0.0078

12

(1.569,1.569)
0.0005

It follow
s that X

k converges to x +
 W

 at a geom
etric rate.

E
xam

ple 12.5 L
et A

 =
 (_:~ :~ J and

X
k

d(xk, W
)

X
k
+
l
 
=
 
A
X
k
.

A
f
t
e
r
 
1
2
 
i
t
e
r
a
t
i
o
n
s
,
 
n
o
 
c
h
a
n
g
e
 
w
a
s
 
s
e
e
n
 
i
n
 
t
h
e
 

first 
f
o
u
r
 
d
i
g
i
t
s
 
o
f
 

t
h
e
 
X
k
 
'
S
o

H
ow

ever, grow
th in the direction of e still occurred, as seen in Figure 12.2.

E
xtending a bit, let

N
ole that (A

k) tends com
ponentw

ise to 00. T
he eigenvalues for A

 are 1.1

a
n
d
 
.
5
,
 
w
i
t
h
 
1
.
1
 
h
a
v
i
n
g
 
e
i
~
e
n
v
e
c
t
o
r
 
e
 
=
 
(
 
~
 
J
.
 
L
e
t

A
i =

 (.8 .3 J ' A
2 =

 (.2 .5 J ' A
3 =

 (, .7 .9 J
,
3
 
.
8
 
.
5
 
.
2
 
.
9
 
.
7

and

W
 =

 span t e J .
~
 
=
 
t
A
i
,
 
A
2
,
 
A
3
J
.
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S
i
n
c
e
 
W
,
 
f
o
r
 
e
a
c
h
 
m
a
t
r
i
 
i
n
 
E
,
 
i
s
 
s
p
a
n
 
r
 
e
 
L
 
w
h
e
r
e
 
e
 
=
 
(
 
~
 
J
,
 
a
n
d
 
T
i
 
(
E
)
 
=

m
?X

 T
 (A

i) =
 .5, w

e have the sam
e situation for the equation

i

a
t
 
a
 
g
e
o
m
e
t
r
i
c
 
r
a
t
e
.
 
N
o
t
i
n
g
 
t
h
a
t

d (D
-iY

k,D
-1W

) :: m
?X

 Idiii d(Y
k, W

),
i

X
k
+
l
 
=
 
A
i
k
X
k

it follow
s that

w
here (A

ik) is any sequence from
 E

.

T
he follow

ig exam
ples show

 vaious adjustm
ents that can be m

ade in
applying the results given in this section.

d(xk,D
-iW

) converges to 0

at a geom
etric rate.

E
xam

ple 12.7 C
onsider

E
xam

ple 12.6 C
onsider

r
 
.
6
0
4

A
 =

 L
 2.~2

.203
o

2.02n

X
kH

 =
 A

X
k +

 b

w
here A

 =
 (:~ :i J and b =

 ( ~ J. N
ote that e =

 ( ~ J is an eigen-
vector of A

 belonging to the eigenvalue 1.1 and so w
e have W

 =
 spanrel.

F
u
r
t
h
e
r
,
 
T
i
 
(
A
)
 
=
 
.
3
.
 
T
h
e
 
c
o
r
r
e
s
p
o
n
d
i
n
g
 
q
u
o
t
i
e
n
t
 
s
p
a
c
e
 
e
q
u
a
t
i
o
n
 
i
s

X
k
+
l
 
=
 
A
X
k

w
here

X
k+

i +
 W

 =
 A

 (X
k +

 W
) +

 (b +
 W

) .

H
.
.
 
t
h
 
,
;
,
e
n
v
a
.
,
"
 
o
f
 
A
 
a
r
e
 
1
.
0
1
,
 
-
.
4
0
6
0
,
 
a
n
d
 
0
 
w
i
t
h
 
¡
 
~
 
i

T
he sequence (X

k +
 W

) converges to, say, x +
 W

. T
hus,

an eigen-
x +

 W
 =

 A
 (x +

 W
) +

 (b +
 W

) .

vector belonging to 1.01. Let D
 =

 diag (1, 2, 4). T
hen

D
X
k
+
l
 
=
 
D
A
D
-
i
 
D
X
k

Solving for x +
 W

 yields(I - A
) (x +

 W
) =

 b +
 W

,

or
so

Y
k
H
 
=
 
B
Y
k

w
here Y

k=
D

xk and B
 =

 D
A

D
-i. H

ere

(x +
 W

) =
 (I - A

)+
 (b +

 W
),

w
here

¡
 
.
6
0
4

B
 =

 ' 1.01
-
 
0

.406 0 i
o 0 .

1
.
0
1
 
0

(I - A
)+

 =
 (.9 .2 J
.2 .9 '

and thus

and."" ,"envector of B
 for 1.01 is ,~ ¡ ¡ 1- So w

e have W
 ~ spa (, ¡.

N
o
w
,
 
T
i
 
(
B
)
 
=
 
1
.
0
1
;
 
h
o
w
e
v
e
r
,
 
T
i
 
(
B
3
)
 
~
 
.
1
6
6
4
.
 
T
h
u
s
,
 
f
r
m
 
(
1
2
.
9
)
,

(
I
 
-
 
A
)
+
 
b
 
=
 
(
 
1
2
3
 
J
 
'

It follow
s by (12.8) that

d (Y
k, W

) converges to 0
X

k +
 W

 ~ ( 123 J +
 W

,
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o
r
 
u
s
i
n
g
 
X
i
 
=
 
(
 
~
 
J
,

13
d(X

k,X
 +

 W
) :: 2 X

 .3k X
 IIx +

 W
ile

:
:
 
2
 
x
 
.
3
k
 
x
 
.
3
5
:
:
 
.
7
 
x
 
.
3
k
.

System
s

A
 few

 iterates follow
.

k
2

(
2
.
5
,
 
3
.
8
)

0.063

4

(
6
.
2
5
3
,
 
7
.
7
0
)

0.00567

8

(16.44, 17.87) ,
0.000046

X
k

d(X
k,X

 +
 W

)

1
2
.
5
 
R
e
s
e
a
r
c
h
 
N
o
t
e
s

T
h
e
 
r
e
s
u
l
t
s
 
i
n
 
S
e
c
t
i
o
n
 
1
,
 
s
l
o
w
l
y
 
v
a
r
y
i
n
g
 
p
r
o
d
u
c
t
s
 
a
n
d
 
c
o
n
v
e
r
g
e
n
c
e
 
t
o
 
0
,

are basicaly due to Sm
ith (1966a, 1966b). Som

e alterations w
ere done to

obtain a sim
pler result. Section 2 contain a result of A

rtzrouni (1996). For
other such results, see A

rtznouni (1991). A
pplication w

ork can be found
i
n
 
A
r
t
z
r
o
u
n
 
(
1
9
8
6
a
,
 
1
9
8
6
b
)
.

Section 3 is due to H
artfiel (2001) and Section 4, H

artfiel (1997). R
hodius

(1998) also used m
aterial of this type.

O
ften bound w

ork is not exact, but w
hen not exact, the w

ork can stil
give som

e insight into a system
's behavior.

In related research, Johnon and B
m

 (1990) show
ed for slow

ly vaying
positive eigenvectors, p (A

i . . . A
k) ~

 p (A
i) . . . P

 (A
k). B

ounds are alo
provided there.

T
h
i
s
 
c
h
a
p
t
e
r
 
l
o
o
k
s
 
a
t
 
h
o
w
 
i
n
f
t
e
 
p
r
o
d
u
c
t
s
 
o
f
 
m
a
t
r
i
c
e
s
 
c
a
n
 
b
e
 
u
s
e
d
 
i
n

studying the behavior of system
s. T

o do this, w
e include a fist section to

outline technques.

1
3
.
1
 
P
r
o
j
e
c
t
i
v
e
 
M
a
p
s

Let E
 be a set of n x n row

 allow
able m

atrices and X
 a set of positive n x 1

vectors. In this section, w
e outline the general idea of finding bounds on

the com
ponents of the vectors in a set, say E

S X
 or E

~X
. B

asically w
e use

that for a convex polytope, sm
alest and largest com

ponent bounds occur
at vertices as depicted in F

igue 13.1.
L

et E
 also be a colum

 convex and U
 a convex subset of positive vectors.

If

E
 =

 convex tA
i,.,. , A

p)-

and
~

U
=

conveX
tX

i,... ,xq)-,

then, as show
n in 9.3, E

U
 is a convex polytope of positive vectors, w

hose
vertices are am

ong the vectors in V
 =

 tA
iX

j : A
i and X

j are vertices in E
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-~
4. R

epeat (1) and (2). M
ter the k +

 I-st run, set

i
\
k
+
i
)
 
=
 
r
r
n
 
r
 
i
\
k
)
 
x
,
l
 
h
\
k
+
1
)
 
=
 
m
a
x
 
r
 
h
~
k
)
 
x
,
l

i
 
1
.
i
,
i
J
'
i
 
l
.
i
,
i
f

£ ( (k+
i)) ( (k+

1))
a
n
d
 
o
r
m
 
L
k
+
i
 
=
 
l
i
 
,
 
H
k
+
1
 
=
 
h
i
 
.

5. C
ontinue for sufciently m

any run. (Som
e experim

enting m
ay be

required here.)

1
3
.
2
 
D
e
m
o
g
r
a
p
h
i
c
 
P
r
o
b
l
e
m
s

FIG
U

R
E

 13,1. C
om

ponent bounds for a convex polytope.

T
h
i
s
 
s
e
c
t
i
o
n
 
p
r
o
v
i
d
e
s
 
t
w
o
 
p
r
o
b
l
e
m
s
 
i
n
v
o
l
v
i
g
 
p
o
p
u
l
a
t
i
o
n
s
,
 
p
a
r
t
i
t
i
o
n
e
d
 
i
n
t
o

vaious categories, at discrete interva of tim
e.

T
akng a sm

all problem
, suppose a population is divided into three

groups: l=
young, 2=

rrddle, and 3=
01d, w

here young is aged 0 to 5, rrddle
5
 
t
o
 
1
0
,
 
a
n
d
 
o
l
d
 
1
0
 
t
o
 
1
5
.

L
e
t
 
x
~
i
)
 
d
e
n
o
t
e
 
t
h
e
 
p
o
p
u
l
a
t
i
o
n
 
o
f
 
g
r
o
u
p
 
k
 
f
o
r
 
k
 
=
 
1
,
2
,
3
.
 
A
f
t
e
r
 
5
 
y
e
a
r
s
,

suppose this population has changed to
and U

, respectively 1. T
hus, if w

e w
ant com

ponent bounds on E
S X

, w
e need

only com
pute them

 on A
i. . . . A

ii X
j over all choices of is, . .. , ii, and j. F

or
E

p, com
ponent bounds are found by fidig them

 on W
A

i. O
. . . 0 w

A
ii (X

j)
o
v
e
r
 
a
l
 
c
h
o
i
c
e
s
 
o
f
 
i
s
,
'
"
 
,
i
i
,
 
a
n
d
 
j
.

T
o com

pute com
ponent bounds on these vectors, w

e use the M
onte-C

arlo
m

ethod.

(2) (i) (i) (i)
X
i
 
=
 
b
l
1
x
i
 
+
 
b
1
2
X
2
 
+
 
b
i
3
x
3

x
~
2
)
 
=
 
8
2
i
x
~
1
)

x
~
2
)
 
=
 
8
3
2
X
~
i
)

C
o
m
p
o
n
e
n
t
 
B
o
u
n
d
s

or

1. R
adoiiy (unform

 distribution) generating the vertex m
atrices in-

volved, com
pute

X
2 =

 A
X

i

x
 
=
 
A
i
i
x
j
 
o
r
 
x
 
=
 
w
A
i
i
 
(
X
j
)
.

w
h
e
r
e
 
X
k
 
=
 
(
x
(
k
)
 
x
(
k
)
 
x
(
k
)
)
 
f
o
r
 
k
 
-
 
1
 
2
 
a
n
d

1
 
,
 
2
 
,
 
3
 
-
 
,
 
,

2
.
 
S
u
p
p
o
s
e
 
x
 
=
 
A
i
,
.
.
.
A
i
i
x
j
 
o
r
 
x
 
=
 
W
A
i
t
 
o
"
,
o
W
A
i
i
 
(
X
j
)
 
h
a
v
e
 
b
e
e
n

found. If t -( 8, randoiiy (unorm
 distribution) generating the ver-

tex m
atrix involved, com

pute

r
 
b
l
1

A
 
=
 
L
 
8
~
1

b12o
b~3 J

832

~
x
 
=
 
A
i
t
+
i
 
.
.
 
.
 

A
i
i
x
j
 
o
r
 
x
 
=
 
W
A
i
t
+
i
 
0
.
.
.
 
0
 
W
A
i
i
 
(
X
j
)
.

T
he m

atrix A
 is caled a L

eslie m
atri.

C
o
n
t
i
n
u
i
g
,
 
a
f
t
e
r
 
1
0
 
y
e
a
r
s
,
 
w
e
 
h
a
v
e

C
ontinue until x =

 A
i ... A

ii X
i' or x =

 W
A

" 0... 0 W
 A

- (xi") is found.
s i8 1.1 -',

X
3
 
=
 
A
X
2
 
=
 
A
2
x
i
,

3. Set L
i =

 H
i =

 x.
etc.
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D
a
t
a
 
i
n
d
i
c
a
t
e
s
 
t
h
a
t
 
b
i
r
t
h
 
(
t
h
e
 
b
i
j
'
s
)
 
a
n
d
 
s
u
r
v
i
v
a
 
(
t
h
e
 
S
i
j
'
S
)
 
r
a
t
e
s
 
c
h
a
n
g
e

during tim
e periods, and thus w

e w
il consider the situation

0.41

Final w
etors for 10 iterates.

X
k+

i =
 A

k . . . A
ixi

w
here A

i, . ,. , A
k are the L

eslie m
atrices for tim

e periods 1, . .. , k. In this
section, w

e look at com
ponent bounds on X

kH
'

E
xam

ple 13.1 Let the Leslie m
atri be

¡.2 .4
A

=
 ,9 0

o .9

0,405

0.4

0.395

ø~
 
0
.
3
9

'"

0,385

.
4
 
J

o .
o

0.38

0,375

I ... .
'
.
 
:
~
;
.
~
;
:
i
;
~
.
.
.
 
'
.
:
:
 
\
.
.

ii . :I¡~ .....~..t.i ii :. :
:
,
 
'
.
.
 
.
.
.
~
~
 
:
:
1
'
:
:
\
 
i
i
 
.

.......~
:'~

,'-",.. i,
'. S

~
l..' :\-l~

(:(.:.....: '.

. ...~ . y.......~ ''''::r. .
. ~

 i~
:,' ~

 '~
¡ .,' ~

~
.' .: . ."i:~

: .

. . ":"'.~
'\':~

':1: :,.. .'
.
 
r
.
.
,
 
:
~
.
.
.
 
v
"
"
~
n
'
'
'
:
.
,

'. "Il- ..'l~
":'ol" '.

.
 
:
 
.
.
.
.
.
.
.
~
l
.
l
.
.
.
;
.
.
:
.
:
_
.
 
.
 
.

i,.";1\ , 't.', i'
.
 
.
;
 
.
.
.
.
.
:
~
~
 
.
-
.
"
!
.
.
:
~
~
:

'i'. ._. ','
I ... i. :.' i''

A
llow

ing for a 2%
 variation in the entries of A

, w
e assum

e the transition
m

atrices satisfy

i
O

,37~I
0
,
6
7
 
0
,
6
8

0.72

. '.
'. . --

0.69
0.7

0.71

A
 - .02A

 :: A
k :: A

 +
 .02A

x axis

f
o
r
 
a
l
l
 
k
.
 
T
h
u
s
,
 
E
 
i
s
 
t
h
e
 
c
o
n
v
e
x
 
p
o
l
y
t
o
p
e
 
w
i
t
h
 
v
e
r
t
i
c
e
s

FIG
U

R
E

 13,2. Final vectors of 10 iterates,

C
 =

 ¡aij :I .02aijJ .

¡
 
0
.
3
4
3
4
 
J

W
e
 
s
t
a
r
t
 
t
h
e
 
s
y
s
t
e
m
 
a
t
 
x
 
=
 
0
.
3
3
3
3
 
,
 
a
n
d
 
e
s
t
i
m
a
t
e
 
t
h
e
 
c
o
m
p
o
n
e
n
t

0.3232
bounds on E

~
ox, the 50-year distribution vectors of the system

 by M
onte

C
arlo. W

e did this for 1000 to 200,000 runs to com
pare the results. T

he
r
e
s
u
l
t
s
 
a
r
e
 
g
i
v
e
n
 
i
n
 
t
h
e
 
t
a
b
l
e
 
b
e
l
o
w
.

to m
ap S+

 into R
2.

R
ecall that E

~ox is the convex hull of vertices. Y
et as can be seen, m

any,
m

any calculations A
kio... A

kiX
 do not yield vertices ofE

~
ox. Infact, they

e
n
d
 
u
p
 
f
a
r
 
i
n
 
t
h
e
 
i
n
t
e
r
i
o
r
 
o
f
 
t
h
e
 
c
o
n
v
e
x
 
h
u
l
l
.

T
aking som

e point in the interior, say the projection of the average of
the low

er and upper bounds after 200,000 runs, nam
ely

k
1000
5000

10, 000
100, 000
200, 000

L
k

(0.3364,0,3242,0.2886)
(0.3363,0.3232,0.2859)
(0.3351,0.3209,0.2841)
(0.3349,0.3201,0.2835)
(0.3340,0,3195,0.2819)

ave =
 (0,3514,0,3425,0.3062) ,

w
e can em

pirically estim
ate the probability that the system

 is w
ithin som

e
specified distance 8 of average. L

etting c denote the num
ber of tim

es a run
ends w

ith a vector x, IIx - avellcx ' 8, w
e have the results show

n in the
table below

. W
e used 10,000 runs.

H
k

(0.3669,0.3608,0.3252)
(0.3680,0.3632,0.3267)
(0.3682,0.3635,0.3286)
(0.3683,0.3641,0.3313)
(0.3690,0.3658,0.3318)

O
f course, the accuracy of our results is not know

n. Still, using exper-
i
m
e
n
t
a
l
 
p
r
o
b
a
b
i
l
i
t
y
,
 
w
e
 
f
e
e
l
 
t
h
e
 
d
i
s
t
r
i
b
u
t
i
o
n
 
v
e
c
t
o
r
,
 
a
f
t
e
r
 
5
0
 
y
e
a
r
s
,
 
w
i
l
l
 
b
e

bounded by our Land H
, w

ith high probability.
A

'picture of the outcom
e. of 1000 runs is show

n in F
igure 13.2. W

e used

T
=
r
O
 
v
'
 
4
J

lO
 0 ~

2

~,

8
 
c

,
0
0
5
 
1
8
7
3

.
0
0
9
 
5
6
1
4

.
0
1
 
6
3
7
3

.
0
2
 
9
9
0
2

Interpreting 8 =
 .01, w

e see that in 6373 runs, out of 10,000 runs, the
result x agreed w

ith those of ave. to w
ithin .01.
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0.415
T

en Iteraes of a traectory.
T

he probabilities of the drivers' actions on (1) and (2) are given by the
m

atrices
0.41

A
 =

 ( ,55 .45 J
.6 .4 '

0.40~
 ~

o 0.41 I
~

 0.3951 I _
0
.
3
9
1
 
-
-
r

0
.
3
8
~
_
_
.
L
/
/
/
 
l
'
 
'
"

0
.
3
8
r
 
l
/
 
L
~
/
)
)

0,37510,
6
8
 
0
,
6
8
5
 
0
,
6
9
 
0
,
6
9
5
 
0
,
7
 
0
,
7
0
5

x axis

(
 
5
 
.
5
 
J

B
 =

 .4 .6

for each of the tow
ns, as seen from

 the diagram
 in Figure 13.4.

.55

0.71

.4

806
FIG

U
R

E
 13.3. T

en iterates of a trajectory,

FIG
U

R
E

 13.4, D
iagram

 of taxi options.

F
inally, it m

ay be of som
e interest to see the m

ovem
ent of X

i, X
2, . , . , X

lQ

for som
e run. T

o see these vectors in R
2, w

e again use the m
atri

W
e can get the possible probabilities of the cab driver being in (1) or (2)

b
y
 
f
i
n
d
i
n
g
 
2
;
C
X
 
w
h
e
r
e
 
2
;
 
=
 
i
A
,
 
B
L
,
 
a
 
T
-
p
r
o
p
e
r
 
s
e
t
.
 
H
e
r
e
 
E
 
=
 
(
 
~
 
J
 
a
n
d
 
t
h
e

c
o
r
r
e
s
p
o
n
d
i
n
g
 
s
u
b
s
p
a
c
e
 
c
o
e
f
f
c
i
e
n
t
 
i
s
 
T
W
 
(
2
;
)
 
=
 
,
2
.
 
T
h
r
e
e
 
p
r
o
d
u
c
t
s
 
s
h
o
u
l
d

b
e
 
e
n
o
u
g
h
 
f
o
r
 
a
b
o
u
t
 
2
 
d
e
c
i
m
a
l
 
p
l
a
c
e
 
a
c
c
u
r
a
c
y
.
 
H
e
r
e
,

¡
o
 
v
I
 
.
Y
J

T
-
 
2

- 0 0 -l2
and plotted T

X
i, T

X
2,. .. ,T

xlQ
. A

 picture of a trajectory is show
n in F

ig-
u
r
e
 
1
3
.
3
.

In this figure, the starting vector is show
n w

ith a * and other vectors w
ith

a
 
o
.
 
T
h
e
 
v
e
c
t
o
r
s
 
a
r
e
 
l
i
n
k
e
d
 
s
e
q
u
e
n
t
u
a
l
l
y
 
b
y
 

segm
ents to show

 w
here vectors

go in proceeding steps.

A
3 =

 (0,5450 0.4550 J
0,5460 0.4540 '

A
B

2 =
 (0.4450 0,5550 J

0.4460 0.5540 '

B
A

B
 =

 (0.4550 0.5450 J
0.4560 0,5440 '

B
A

2 =
 (0.5450 0.4550 J

0.5440 0.4560 '

B
3 =

 (0.4450 0.5550 J
0.4440 0.5560 .

1
3
.
3
 
B
u
s
i
n
e
s
s
,
 

M
an Pow

er, Production System
s

T
hree additional exam

ples úsing inte products of m
atrices are given in

t
h
i
s
 
s
e
c
t
i
o
n
.

E
xam

ple 13.2 A
 taxi driver takes fares w

ithin and betw
een tw

o tow
ns,

say'T
i and T

2. W
hen w

ithout a fare the driver can

1
.
 
c
r
u
i
s
e
 
f
o
r
 
a
 
f
a
r
e
,
 
o
r

2
.
 
g
o
 
t
o
 
a
 
t
a
x
i
 
s
t
a
n
d
.

If

A
2
 
B
 
=
 
(
0
.
4
5
5
0
 
0
.
5
4
5
0
 
J

0
.
4
5
4
0
 
0
.
5
4
6
0

A
B

A
 =

 (0.5550 0.4450 J
0
.
5
5
4
0
 
0
.
4
4
6
0

B
2
 
A
 
=
 
(
0
,
5
5
5
0
 
0
.
4
4
5
0
 
J

0
.
5
5
6
0
 
0
.
4
4
4
0

B
A

2=
 (0.5450 0.4550 J

0
.
5
4
4
0
 
0
.
4
5
6
0

P
i
j
 
=
 
p
r
o
b
a
b
i
l
i
t
y
 
t
h
a
t
 
i
f
 
t
h
e
 
t
a
x
 
d
r
i
v
e
r

is in i initially, he eventually (in the
long run) ends in j,
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then
t
h
e
n
 
o
u
r
 
m
o
d
e
l
 
w
o
u
l
d
 
b
e

.
4
4
 
:
:
 
P
l
l
 
:
:
 
.
5
6

.44 :: P21 :: .56
.44 :: Pi2 :: .56
.
4
4
 
:
:
 
P
2
2
 
:
:
 
.
5
6
.

X
k
+
l
 
=
 
x
k
A
k
 
+
 
b

(13.1)

N
ote the probabilities vary depending on the sequence of A

's and B
 'so H

ow
-

ever, regardless of the sequence, the bounds above hold.

I
n
 
t
h
e
 
n
e
x
t
 
e
x
a
m
p
l
e
,
 
w
e
 
e
s
t
i
m
a
t
e
 
c
o
m
p
o
n
e
n
t
 
b
o
u
n
d
s
 
o
n
 
a
 
l
i
t
i
n
g
 
s
e
t
.

E
xam

ple 13.3 A
 tw

o-phase production process has input ß at phase 1.
In both phase 1 and phase 2 there is a certain percntage of w

aste and
a certain percentage of the product at phase' 2 is returned to phase 1 for
a repeat of that process. T

hese percentages are show
n in the diagram

 in
Figure 13.5.

w
here b =

 (ß,O
) and num

erically,

(
 
0
 
0
.
9
0
2
5
 
J
 
0
:
 
A
 
0
:
 
(
 
0
 
0
.
9
9
7
5
 
J

0
.
0
9
5
 
0
 
-
 
k
 
-
 
0
.
1
0
5
 
0
 
.

If w
e put this into our m

atri equation form
, w

e have

(
I
,
X
k
+
l
)
 
=
 
(
l
,
x
k
)
 
(
~
 
l
k
 
J
 
'

(W
e can ignore the first entries in these vectors to obtain (13.1).) T

hen
L

 is convex and has vertices

ß

.10

I
 
.
~
 
I
 
I
 
.
~

I
 
~
 
~
.
0
5

.05

FIG
U

R
E

 13,5, A
 tw

o-phase production process.

¡i ß 0 J
A

i =
 0 0 .9025 ,
o
 
.
0
9
5
 
0

¡i ß 0 J
A

2 =
 0 0 .9025 ,
o
 
.
1
0
5
 
0

¡i ß 0 J
A

s =
 0 0 .9975 ,
o
 
.
0
9
5
 
0

¡i ß 0 J
A

4 =
 0 0 .9975 .
o
 
.
1
0
5
 
0

~

F
or the m

athem
atical m

odel, let

a
i
j
 
=
 
p
e
r
c
e
n
t
a
g
e
 
o
f
 
t
h
e
 
p
r
o
d
u
c
t
 
i
n

p
r
o
c
e
s
s
 
i
 
t
h
a
t
 
g
o
e
s
 
t
o
 
p
r
o
c
e
s
s
 
j
.

A
 =

 (0 .95 J
.10 0 .

A
s
 
i
n
 
t
h
e
 
p
r
e
v
i
o
u
s
 
e
x
a
m
p
l
e
,
 
w
e
 
e
s
t
i
m
a
t
e
 
c
o
m
p
o
n
e
n
t
 
b
o
u
n
d
s
 
o
n
 
y
L
l
O
.

U
sing ß =

 1, Y
 =

 (1,0.5,0.5), and doing 10,000 and 20,000 runs, w
e have

t
h
e
 
d
a
t
a
 
i
n
 
t
h
e
 
t
a
b
l
e
 
b
e
l
o
w
.

T
hen

A
nd if w

e assum
e there is a fluctuation of at m

ost 5%
 in the entries of A

a
t
 
t
i
m
e
 
k
,
 
t
h
e
n

A
 
-
 
.
0
5
A
 
:
:
 
A
k
 
:
:
 
A
 
+
 
.
0
5
A
.

T
h
u
s
 
i
f
 
X
k
 
-
 
(
x
C
k
)
 
x
C
k
)
)
 
w
h
e
r
e

~
' - l' 2xik) =

 am
ount of product at phase 1

x~k) =
 am

ount of product at phase 2,

no. of runs
10, 000
20, 000

L

(
1
,
 
1
.
0
9
3
8
,
 
0
.
9
8
7
1
)

(
1
,
 
1
.
0
9
3
8
,
 
0
.
9
8
7
1
)

H
(
1
,
 
1
.
1
1
7
0
,
 
1
.
1
1
4
2
)

(
1
,
 
1
.
1
1
7
0
,
 
1
.
1
1
4
2
)

W
e can actually calculate exact com

ponent bounds on yLoo by using

L
 =

 yA
~O

 =
 (1, 1.0938, 0.9871)

H
 =

 yA
10 =

 (1, 1.1170, 1.1142).
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1.04

loss
3

1=
 1.06

~

.
t
 
)
'
 
1
\

/.05 ,o5,,
,.02f1

 
~
 
:
:
:

¡ It.
0,981

:
0
9
 
1
.
0
9
5
 
1
.
1

.
.
 
0

n.u.
. I .
II .
I
I
 
.

.10

2

1
.
1
0
5
 
1
.
1
1

1
.
1
1
5
 
1
.
1
2
 
1
.
1
2
5

x axis

FIG
U

R
E

 13,6. Final vectors for 1000 runs.
FIG

U
R

E
 13,7, M

anagem
ent structure,

T
hus, our estim

ated bounds are corrct. T
o see w

hy, it m
ay be helpful to

p
l
o
t
 
t
h
e
 
p
o
i
n
t
s
 
o
b
t
a
i
n
e
d
 
i
n
 
t
h
e
s
e
 
r
u
n
s
.
 
P
r
o
j
e
c
t
e
d
 
i
n
t
o
 
t
h
e
 
y
z
-
p
l
a
n
e
 
(
A
l
l
 
x

coordinates are 1.), w
e have the picture show

n in Figure 13.6. O
bserve

that in this picture, m
any of the points are near vertices. T

he picture, to
som

e extent, tells w
hy the estim

ates w
ere exact.

T
o
 
e
s
t
i
m
a
t
e
 
c
o
n
v
e
r
g
e
n
c
e
 
r
a
t
e
s
 
t
o
 
y
E
O
O
,
 
n
o
t
e
 
t
h
a
t
 
E
 
i
s
 
T
-
p
r
o
p
e
r
 
w
h
e
r
e

w
e
 
h
a
v
e
 
I
I
B
l
I
d
 
=
 
I
I
D
-
i
 
B
D
l
l
i
 
f
o
r
 
a
n
y
 
3
 
x
 
3
 
m
a
t
r
i
 
B
,
 
a
n
d
 
s
o

T
W

 (E
) =

 0.2294.

B
y T

heorem
 9.5,h

 
(
y
E
k
,
 
y
E
O
O
)
 
:
:
 
T
W
 
(
E
)
k
 
h
 
(
y
,
 
y
E
O
O
)

(13.2)

E
~ ¡ ~ J .

w
hich show

s m
ore rapid convergence.

T
he last exam

ple concerns m
anagem

ent structures.

T
hus,

T
W

 (E
) =

 ,9975.

E
xam

ple 13.4 W
e analyze the m

anagem
ent structure of a business by

partitioning all m
anaging personal into categories: 1 =

 staff and 2 =
 exec-

utive. W
e also have 3 =

 loss (due to change of job, retirem
ent, etc.) state.

A
nd, w

e assum
e that w

e hire a percentage of the num
ber of people lost.

Suppose the 1 year flow
 in the structure is as given in the diagm

m
 in

Figure 13.1.
If Pk =

 (X
k, Y

k, Z
k) gives the num

ber of em
ployees in 1,2,3, respectively,

at tim
e k, then 1 year later w

e w
ould have

T
W

 (B
) =

 m
axfllb2l1i' Ilb3l1il,

w
here bk is the k-th row

 of B
E

E
. S

o,

T
he value of T

W
 (E

) can be m
ade sm

aller by sim
ultaneously scaling row

s
and colum

ns to get each row
 sum

 the sam
e. T

o do this let

¡
i
 
0

D
=

 0 1o
 
0

o J ¡i 0 0 J'
o =

 0 1 0 .
0
.
5
2
5
 
0
 
0
 
0
.
2
2
9
4

0,9975

X
k
+
1
 
=
 
.
8
5
x
k
 
+
 
.
1
0
Y
k
 
+
 
.
0
5
Z
k

Y
k
+
i
 
=
 
+
.
9
5
Y
k
 
+
 
.
0
5
Z
k

Z
k
+
i
 
=
 
,
1
5
x
k
 
+
 
.
0
2
Y
k
 
+
 
.
8
3
z
k

,

T
hen, using the norm

or

11(I,x)lId ~ 11(I,x)D
lli,

P
k
+
i
 
=
 
A
P
k
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¡ ,85 .10 ,05 J
w
h
e
r
e
 
A
 
=
 
0
 
.
9
5
 
.
0
5
 
.

.
1
5
 
.
0
2
 
.
8
3

O
f course, w

e w
ould expect retirem

ents, new
 jobs, etc. to fluctuate som

e,
and thus w

e suppose that m
atri A

 fluctuates, yielding

Final letO
rs frm

 1,000 runs,
0.493

0.4925

0,492

P
k
+
i
 
=
 
A
k
P
k
.

0,605

0.4915

For this exam
ple, w

e w
ill suppose that each A

k has no m
ore than 2%

 fluc-
tuation from

 A
, so

A
 - .02A

 :: A
k :: A

 +
 .02A

f
o
r
 
a
l
l
 
k
.
 
L
e
t
 
E
 
d
e
n
o
t
e
 
t
h
e
 
s
e
t
 
o
f
 
a
l
l
 
o
f
 
t
h
e
s
e
 
m
a
t
r
i
c
e
s
.

T
he ,,' L i, T

-proper w
ith E

 ~
 ¡ t J. T

hen
x axis

w
~,pan -n,U

D
FIG

U
R

E
 13,8, Final vectors of 1000 runs,

convex t C
i, C

2, C
SJ

k500
1000

10,000

L

(
1
2
2
,
5
4
,
 
7
3
,
6
3
,
 
1
3
0
.
9
0
)

(
1
2
2
.
1
6
,
 
7
3
.
7
3
,
 
1
3
0
.
8
7
)

(
1
2
1
.
9
8
,
 
7
3
,
5
1
,
 
1
3
0
.
5
3
)

H
(
1
2
5
.
4
2
,
 
7
5
.
3
3
,
 
1
3
4
.
0
1
)

(
1
2
5
.
3
2
,
 
7
5
,
3
3
,
 
1
3
4
.
0
5
)

(
1
2
5
.
4
2
,
 
7
5
.
4
7
,
 
1
3
4
.
2
0
)

w
hose unit circle in the 1 -norm

 is

T
heorem

 2.12

¡ ~
i J ,'2 ~

 ~
l ¡ ii J ,C

3 dl ¡ 2i J
T
h
u
s
,
 
u
s
i
n
g

A
 
p
i
c
t
u
r
e
,
 
s
h
o
w
i
n
g
 
w
h
e
r
e
 
t
h
e
 
s
y
s
t
e
m
 
m
i
g
h
t
 
b
e
,
 
d
e
p
e
n
d
i
n
g
 
o
n
 
t
h
e
 
r
u
n
,
 
c
a
n

b
e
 
s
e
e
n
,
 
f
o
r
 
1
,
0
0
0
 
r
u
n
s
,
 
i
n
 
F
i
g
u
r
e
 
1
3
.
8
.

T
he points occurrng at the end of the runs w

ere m
apped into R

2 using

,
 
¡
0
v
'
4
J

t
h
e
 
m
a
t
r
i
 
T
 
=
 
~
 
.

o
 
0
 
2

w
h
e
r
e
 
C
i
 
=
 
:
:
~

r
1
 
1
 
1
 
L

T
W

 (A
) =

 m
ax l211ai - a211i, 211ai - aslli' 211a2 - aSlli r

w
here ak is the k-th row

 of A
. U

sing the form
ula, w

e get

T
W

 (E
) :: 0.9166.

1
3
.
4
 
R
e
s
e
a
r
c
h
 
N
o
t
e
s

s
~
 
E
o
o
 
e
x
t
s
;
 
h
o
w
e
v
e
r
,
 
c
o
n
v
e
r
g
e
n
c
e
 
m
a
y
 
b
e
 
v
e
r
y
 
s
l
o
w
.
 
T
h
u
s
,
 
w
e
 
o
n
l
y
 
s
h
o
w

w
hat can occu¡r ~~othJis system

 in 10 years by finding com
ponent bounds

E
l
O
x
 
f
o
r
 
x
 
=
 
~
~
 
.
 
U
s
i
n
g
 
k
 
r
u
n
s
,
 
w
e
 
f
i
n
d
 
t
h
e
 
f
o
l
l
o
w
i
n
g
.

T
he w

ork in this chapter extends that in C
hapter 11. T

he tax problem
can be found in H

ow
ard (1960).

H
artfiel (1998) show

ed how
 to obtain precise com

ponent bounds for those
E

 w
hich are intervals of stochastic m

atrices. H
ow

ever, no general such
technique is know

n.
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1
3
.
5
 
M
A
T
L
A
B
 
C
o
d
e
s

C
om

ponent B
ounds for D

em
ographic P

roblem

A
=
(
.
2
 
.
4
 
.
4
;
 
.
9
 
0
 
0
;
 
0
 
.
9
 
0
)
;

B
=

(.196 .392 .392; .882 0 0;0 .882 0)
L=

ones(l,3) ;
H

=
zeros(l,3) ;

f
o
r
 
m
=
l
:
 
5
0
0
0

x=
(.3434; .3333; .3232);

f
o
r
 
k
=
l
:
 
1
0

f
o
r
 
i
=
1
:
3

f
o
r
 
j
=
1
:
3

G
=

rand;
i
f
 
G
O
C
=
.
5

d=
l;

else
d=

O
;

h
o
l
d
 
o
n

f
o
r
 
r
=
l
:
 
1
0
0
0

x=
(.3434; .3333; .3232);

f
o
r
 
k
=
l
:
 
1
0

for i=
l: 3

f
o
r
 
j
=
1
:
3

G
=

rand;
i
f
 
G
O
C
=
.
5

d=
l;

else
d=

O
;

end
C

(i,j)=
B

(i,j)+
d*.04*A

(i,j) ;
end

end
x=

C
*x/norm

(C
*x,l) ;

end
C

(i,j)=
B

(i,j)+
d*.04*A

(i,j) ;
end

end
y=

T
*x

plot(y(1) ,y(2))
end

end
x=

C
*x/norm

(C
*x,l) ;

T
rajectory for D

em
ographics Problem

A
=
(
.
2
 
.
4
 
.
4
;
 
.
9
 
0
 
0
;
 
0
 
.
9
 
0
)
;

B
=

(.196 .392 .392; .882 0 0;0.882 0);
T
=
(
O
 
s
q
r
t
(
2
)
 
1
/
s
q
r
t
(
2
)
;
0
 
0
 
s
q
r
t
(
6
)
/
2
)
;

y
=
(
.
3
4
3
4
,
 
.
3
3
3
3
,
 
.
3
2
3
2
)
;

z=
T

*y;
x=

(.3434; .3333; .3232);
xlabel ( , x axis')
ylabel ( , y axis')
ti tle ( , T

en iterates of a traj ectory' )
h
o
l
d
 
o
n

plot(z(l) ,z(2), 'k:*')
f
o
r
 
k
=
l
:
 
1
0

f
o
r
 
i
=
1
:
3

f
o
r
 
j
=
1
:
3

G
=

rand;
i
f
 
G
O
C
=
.
5

d=
l;

else

end
f
o
r
 
i
=
l
:
 
3

L
(
i
)
=
m
i
n
(
 
(
L
(
i
)
,
 
x
(
i
)
)
)
;

H
(
i
)
=
m
a
x
(
 
(
H
(
i
)
,
 
x
(
i
)
)
)
;

end
end
LH

Final V
ectors G

raph for D
em

ographics Problem

A
=
(
.
2
 
.
4
 
.
4
;
 
.
9
 
0
 
0
;
 
0
 
.
9
 
0
)
;

B
=

(.196 .392 .392; .882 0 0;0 .882 0);
T
=
(
O
 
s
q
r
t
(
2
)
 
1
/
s
q
r
t
(
2
)
;
0
 
0
 
s
q
r
t
(
6
)
/
2
)
;

h
o
l
d
 
o
n

ë&
is equal

xlabel ( 'x axis')
ylabel('yaxis')
ti tle ( 'F

inal vectors for 10 iterates')
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d=
O

;
A

ppendix
end
C

(i,j)=
B

(i,j)+
(d*.04)*A

(i,j) ;
end

end
x=

C
*x/norm

(C
*x, 1) ;

p=
T

*x;
q=

T
*y;

plot(p(l) ,p(2), '0')
p
l
o
t
(
 
(
p
(
l
)
 
,
q
(
l
)
J
 
,
(
p
(
2
)
 
,
q
(
2
)
J
)

y=
x

end

W
e give a few

 results used in the book.

P
erron-F

robenius T
heory:

L
et A

 be an n x n nonnegative m
atrix. If A

 k ). 0 for som
e positive

integer k, then A
 is prim

itive. If A
 isn't prim

tive, but is irreducible, there
is an integer r called A

's index of im
prim

itivity. For this r, there is a
perm

utation m
atrix P such that

r
 
0
 
A
i

p A
pt =

 0 0
A
r
 
0

oA
2

:
 
J

o

w
here the r m

ain diagonal O
-blocks are square and r the largest integer

producing this canonical form
.

If A
 is nonnegative, A

 has an eigenvaue p =
 p (A

) w
here

A
y
 
=
 
p
y

~

and y is a nonnegative eigenvector. If A
 is prim

itive, it has exactly one
eigenvalue p w

here

p
)
.
 
I
A
I

L



2
1
6
 
A
p
p
e
n
d
i
x

for all eigenvalues À
. i=

 p of A
. If A

 is irreducible, w
ith index r, then A

 has
eigenvalues

B
ibliography

,
.
2
 
,
!
1

i r i r
p, pe , pe , . . .

a
l
 
o
f
 
m
u
l
t
i
p
l
i
c
i
t
y
 
o
n
e
 
w
i
t
h
 
a
l
 
o
t
h
e
r
 
e
i
g
e
n
v
a
l
u
e
s
 
À
.
 
s
a
t
i
s
f
y
i
n
g

IÀ
.I ~

 p.

For the eigenvalue p, w
hen A

 is irreducible (includes prim
itive), A

 has a
U

1que positive stochastic eigenvector y, so that

A
y =

 py.
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yslop's T

heorem
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.
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c
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e
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c
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.

T
heorem

 14, H
yslop Let ak ;: 0 for all positive integers k. Let aii, ai2, , . ,

00
be a rearrangem

ent of ai, a2, , . ,. T
hen L

 ak converges if and only if
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l
A

lthan, P.M
.E

. (1970): T
he m

easurem
ent of association of row
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s for the r x s contingency table. J. R
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B
 32, 63-73
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K
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.
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