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Abstract: In many three-dimensional imaging applications, the three-dimensional space is represented by an array of cubical volume 
elements (voxels) and a subset of the voxels is specified by some property. Objects in the scene are then recognised by being 'components' 
of the specified set and individual boundaries are recognised as sets of voxel faces separating objects from 'components' in the complement 
of the specified set. This paper deals with the problem of algorithmic tracking of such a boundary specified by one of the voxel faces 
lying in it. The paper is expository in that all ideas are carefully motivated and introduced. Its original contribution is the investigation 
of the question of whether the use of a queue (of loose ends in the tracking process which are to be picked up again to complete the 
tracking) is necessary for an algorithmic tracker of boundaries in three-dimensional space. Such a queue is not needed for two-dimensional 
boundary tracking, but published three-dimensional boundary trackers all make use of such a thing. We prove that this is not accidental: 
under some mild assumptions, a boundary tracker without a queue will fail its task on some three-dimensional boundaries. 
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1. MOTIVATION 

Many imaging devices will produce estimated values 
of  a physical quanti ty at certain points (referred to as 
grid points) in three-dimensional  space. For example, a 
C T  (Computerized Tomography)  scanner estimates the 
X-ray a t tenuat ion coefficient inside a h u m a n  body at 
points of a three-dimensional  rectangular grid. W h e n  
displaying the results of  such an estimation, we usually 
use a sequence of  two-dimensional  images. A n  example 
is given in Fig. 1, in which bone appears light, softer 
tissues appear grey, and the air appears dark. 

In Fig. 1 a cursor is placed at the right edge of  a 
large pieces of bone in the upper part of the image. 
Since this C T  scan was taken of a trauma victim, an 
important  question to ask is: are all o ther  bones which 
are normally ' connected '  to this main  piece of  bone 
still connec ted  for this patient? For example, the 
biggish piece of  bone just to the right and below the 
cursor (it is the mandible) is no t  connec ted  to any 
other  bone in this slice, but it should be connec ted  
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Fig. 1. A slice of a CT scan of the head of a trauma victim. 

to the rest of  the skull (at our resolution) somewhere 
in the whole three-dimensional  array. Some of  what  
we are doing will be concerned with the analysis of  
connect ivi ty  properties in three-dimensional  images. 

W e  turn aside for a momen t  to introduce some 
notat ion.  We  use R to denote  the set of real numbers 
and R N to denote  the set of  N-dimensional  (row) 
vectors, all of  whose components  are real numbers. If 
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v e R N, v~ denotes the nth component of v, for 
1 --- n --- N. The norm of a vector v is denoted by []v]]. 
We use the algebraic notion of a vector in R N and 
the geometric notion of a point in an N-dimensional 
Euclidean space quite interchangeably, and actually 
refer to R N as the N-dimensional (Euclidean) space. 
We use Z to denote the set of all integers, and Z N to 
denote the set of N-dimensional (row) vectors all of 
whose components are integers. 

Let G be any set of points (a gr/d) in R N. The 
Voronoi neighbourhood in G of any element g of G is 
defined as: 

Definition 1 

N~(g) = {v~RN I for all bEG,  IIv-glI~llv-hll}. 

In other words, the Voronoi neighbourhood of g con- 
sists of all those vectors which are not nearer to any 
other point of G than they are to g. For example, the 
Voronoi neighbourhood of (cl, c2) e Z 2 in Z z is {(%, 
%) ERZ]max(Ivi-cil, IV2--C21)~�89 This is a closed square 
with side-length 1 centred at the point (q,  c2). When  
perceived as a set of points in R 2, Z z is referred to as 
the square grid. The Voronoi neighbourhoods in a grid 
in R 2 are referred to as pixels. 

We now return to the way in which the two- 
dimensional images of Fig. 1 are produced. Let us 
assume that the X-ray attenuation coefficients have 
been estimated at grid points with integer coordinates 
(cl,c2,c3), 1 <- cl <- I, 1 <- c2 <-J, 1 <- c3 <- K, and that 
Fig. 1 is the kth of these K slices. The region over 
which the images are defined is the union of the 
pixels associated with those (cl ,c2)~ Z z for which 
1-<Cl- - - I  and 1-<Cz-<J.  The grey value assigned 
to the pixel associated with one of these (q,c2)s 
is proportional to the estimated X-ray attenuation 
coefficient at (ci,c>k). 

The overall aim of the type of work on which we 
are reporting is the display and analysis of selected 
objects based on the estimated values of the physical 
quantity at grid points in three-dimensional space. 
Examples for bones in the head are shown in Fig. 2. 
On the top we show a computer graphic display of 
the boundary of the connected piece of bone which 
is indicated by the cursor in Fig. 1. (The cursor 
location in the top image of Fig. 2 corresponds to the 
cursor location in Fig. 1.) We now see that the man- 
dible is disconnected from this bone in the whole 
three-dimensional data set. The boundary of the man- 
dible can be tracked separately, and then the two 
boundaries can be displayed together in their correct 
relative locations, as is shown in the bottom image 
of Fig. 2. 

Fig. 2. Computer graphic displays of detected boundaries of bones 
in the head, based on the data set which contains the slice shown 
in Fig. 1. 

2. A METHODOLOGY FOR 
EXTRACTING OBJECT BOUNDARIES 

We now discuss a particular methodology for extracting 
boundaries of objects based on values assigned to 
points of the grid Z 3 in R 3, the so-called cubic grid. 
The Voroni neighbourhoods associated with a grid in 
R 3 are referred to as voxels. The voxel associated with 
the element (Cl,C2,C3) of Z 3 is the closed unit cube: 
{v E R3[ max(Iv , - q ] ,  [v~- c21, [v3- c3]) -< �89 The tes- 
sellation of R 3 into voxels of a cubic grid is sometimes 
referred to as a cuberille. In Fig. 3, we illustrate a grid 
point g of Z 3 together with all other grid points which 
lie on the 2 • 2 • 2 cube whose centre is g, as well as 
the Voronoi neighbourhood of g. 

Now suppose that we have some methodology to 
determine which grid points belong to what kind of 
material. For example, in CT bone attenuates X-rays 
more than any other type of tissue in the human 
body, and so we may say that if the value assigned to 
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Fig. 3. On  the [eft we show a point g of the cubic grid Z s together 
with the 26 grid points which lie on the 2 x 2 x 2 cube whose 
centre is g. On the right we show (using heavy lines) the Voronoi 
neighbourhood of g (a voxel). 

a grid point is above a certain value, then that grid 
point is in bone. So, as a n  approximation, the part of 
space that is occupied by bone may be considered to 
be the union of the voxels associated with those pixels 
for which the estimated X-ray attenuation coefficient 
is above the threshold for bone. This collection of 
voxels may not necessarily form a connected subset of 
three-dimensional space: some pieces of bone may be 
disconnected from the rest and some voxels may be 
included because noise in the estimation process caused 
us to identify a grid point as being in bone, when in 
fact it is not. Let us say that the 'object' whose 
boundary we wish to display is a 'component' of the 
set of points occupied by the 'bone' voxels. 

Even this specification is not precise enough for 
describing the intuitive notion of a 'boundary' of an 
object. This is because an object of the kind we 
described in the previous paragraph may have cavities 
inside it (just look at Fig. 1; the inside of bones 
contains a lot less X-ray attenuating tissue and may 
well be identified as a result of thresholding as 'not 
bone') and so it may have multiple boundaries (one 
exterior one and possibly many interior ones). Let 
us say that our task is to identify exactly one of 
these boundaries. 

How do we specify which one? One way is to point 
at a boundary face, that is at a face which separates 
a bone voxel from a not-bone voxel, and say that we 
wish to display that boundary of the object which 
contains that boundary face. (At this point, it is not 
even clear that this specification is legitimate, ts the 
'boundary containing a boundary face' a well defined 
concept? We will show that it is; we will set up an 
environment in which for any boundary face there 
will be one and only one boundary containing it.) 

An intuitively useful picture is the following. We 
consider the cuberille, the tessellation of three-dimen- 
sional space into cubic voxels. A finite number of 
these voxels are occupied by sugar cubes of just the 
right size. We point at an uncovered face of one of 

these sugar cubes (i.e. a face such that the voxel on 
the other side of it is not occupied by a sugar cube), 
and ask that there be delivered to us the boundary 
which contains that face. The problem is to design 
an algorithm which is guaranteed to do this for us for 
all possible arrangements of the sugar cubes. 

3. FLIES IN FLATLAND 

Before attacking the three-dimensional problem we 
consider its simpler two-dimensional analog. Following 
Abbott [1], we refer to the plane as Flatland and to 
the computing device which we hope will deliver us 
the required boundary surfaces as a Flat Fly. As an 
example, consider a configuration of two-dimensional 
sugar cubes in Flatland shown in Fig. 4 with a Flat 
Fly on one of the flat faces (i.e. on an edge) of one 
of these flat sugar cubes. 

3.1. Algorithm for Flat Flies 

1. Dirty the face on which you are standing. 

2. Crawl onto the face which meets the one on which 
you are standing at the vertex in front of you. 

3. See if it is dirty. 

(a) If it is, fly away. 

[] [] [] 

[] [] II 
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Fig. 4. Illustration of boundary tracking in two dimensions by the 
Algori thm for Flat Flies when a Flat Fly is initially placed on a flat 
face (i.e. on an uncovered edge of an occupied pixel): the first row 
is the beginning, the second row is the middle, and the third row 
is the end of the execution of the algorithm. 
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(b) If it is not, start again at Instruction (1). 

This algorithm actually does something that can be 
made precise. To achieve that precision, we need to 
introduce some mathematical terminology. 

4. COMPONENTS DETERMINED BY 
BINARY RELATIONS 

Although our paper is self-contained, the interested 
reader may wish to consult elsewhere [2-4] for back- 
ground and related material to the mathematics that 
we introduce in this and in the following two sections. 

Let M be a set, and p be a binary relation on M. 
If (c,d) ~ p, then we say that c is o-adjacent to d and 
that d is p.adjacent from c and, in case O is symmetric 
(meaning that ( c , d ) ~  p if, and only if, (d , c )E  p), 
that c and d are p-adjacent. We use 'adjacency' to refer 
to a symmetric binary relation. 

In the case when M = Z N, we will be repeatedly 
dealing with two adjacencies, aN and toN, defined 
as follows: 

Definition 2 

(c,d) E OeN ~ (c r d and, for 
1 < - n < - N ,  G-&I ~ 1). 

Definition 3 

N 

(c,d) E 00N r  s  d~] = 1 
n = l  

For N = 2 ,  ( c , d ) ~  a2 means that the associated 
pixels have a non-empty intersection, but are not 
identical, and ( c , d ) e  o02 means that the associated 
pixels have exactly one edge in common. These are 
often used notions and go under a number of com- 
monly used names: 00z is referred to both as the edge- 
adjacency and as the 4-adjacency (since by it, any 
pixel is adjacent to four others), while a2 is referred 
to both as the edge-or-vertex-adjacency and as the 
8-adjacency (since by it, any pixel is adjacent to 
eight others). 

For any c and d in a subset A of M, we call a 
sequence (c~~ . .  .,c ~K)) of elements of A and O-path in 
A connecting c to d, if c(~ c(K)=d and, for 
1 -< k - K, c (k-l) is p-adjacent to c (k). (In graph theory 
[5] this would be called a 'walk', since c (i) =c  <j) for 
i r  is not forbidden; however, the term 'path' is 
standard in digital geometry [2].) A nonempty subset 
A of M is said to be O-connected if, for any c and d 
in A, d is p-connected in A to c. 

If p is an adjacency, then p-connectedness in A is 

an equivalence relation. Hence, it partitions A into 
p-components (i.e. into nonempty p-connected subsets 
which are not proper subsets of any other O-connected 
subset of A). Referring to Fig. 4, we see that there are 
three 002-components of the set of grid points whose 
pixels are painted grey: one has seven elements and 
the other two have one element each. However, there 
are only two o~2-components. 

We denote the complement M -  A of A in M by 
A. In Fig. 4, A (the set of grid points whose pixels 
are not painted grey) is ~2-connected subset (and 
hence it has only one az-component). However, it is 
not 002-connected. 

In the special case when A - - M ,  we use the phrases 
p-path and p-connected instead of p-path in A and p- 
connected in A. 

5. WHAT DOES A FLAT FLY DO? 

We first specify the outcome of the algorithm for Flat 
Flies in the specific case identified in Fig. 4. The Flat 
Fly is initially put on the face which separates the 
grid point g from the grid point h. After a whi le  it 
flies away, leaving behind a bunch of faces that have 
been dirtied. This set of faces can be described as 
consisting of those faces which are between a grid 
point painted grey which is c~z-connected in the set 
of grey grid points to g and a grid point not painted 
grey which is 002-connected in the set of not grey grid 
points to h. 

This is, in fact, representative of the general behav- 
iour of the Flat Fly. Suppose that in the square grid 
Z 2 the pixels of a finite number of grid points are 
filled with flat sugar cubes, and that a Flat Fly is put 
on top of these sugar cubes into a pixel which is not 
occupied by a sugar cube (see Fig. 4). Let g be the 
name of the grid point of the sugar cube on top of 
which the Flat Fly is placed into the pixel of a grid 
point named h (see Fig. 4). 

Claim 5.1 After a finite number of loops through 
instructions (1), (2), and (3) of the Algorithm for 
Flat Flies, the Flat Fly will fly away. At  that time, the 
set of dirty faces is exactly the set of those faces which 
are between a pixel associated with an element of the 
cr2-component of the set of grid points with sugar 
cubes which contains g and a pixel associated with 
an element of the 002-component of the set of grid 
points without sugar cubes which contains h. 

This claim is Corollary 1 of Artzy et al [6]. One 
reason why it is important is that the set of faces 
dirtied by the Flat Fly has some desirable properties. 

We first observe that the face onto which the fly 
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is initially placed can be identified by the pair (g,h) 
of grid points on either side of it. Note that this is 
an ordered pair, interpreted as "the fly is put into h, 
with its feet touching g". If we were to draw the Flat 
Fly on (h,g), then its feet would be touching the same 
edge, but it would be hanging upside down. Similarly, 
every ordered pair of ~02-adjacent grid points can be 
thought of as such an edge with an orientation across 
it from the first grid point in the pair towards the 
second and, conversely, all such oriented edges can be 
described by a unique element of ~o2, as defined by 
definition (3). Thus, we make the fundamental obser- 
vation that ~oz has a dual purpose: it is an adjacency 
on Z z and its elements can be used as unique identifiers 
of elements of the set of all oriented edges between 
pixels of the square grid. We note immediately that, 
for arbitrary positive integer N, 0)N is an adjacency on 
the grid Z N, and its elements can be used as unique 
identifiers of elements of the set of all oriented 
(hyper-) faces between points of the grid. We now 
introduce two important concepts for the grid Z N. 

For any subsets O and Q of Z N, we define the 
boundary between them by: 

Definition 4 

a(O,Q) ={(c,d) I c e O, d e Q, 
(c,d) E ~o,}. 

Let A consist of the nonempty finite set of grid 
points which are filled with sugar cubes, according to 
the supposition preceding Claim 5.1, and let the Flat 
Fly be placed on (g,h), where g e A and h E A. Let 
O be the o~z-component of A containing g and Q be 
the ~o2-component of A containing h. Then Claim 5.1 
says that the set of faces dirtied by the Flat Fly is 
exactly a(O,Q). 

Let (c{~ ' '  ",c ~ be an a~,-path and S be any subset 
of a~,. We say that (cl~ . .  ",c IK)) crosses S, if there 
is a k, 1-<k---K, such that either (c{k-1),c r e S  
or (c~k),c ~k-1)) ~ S. 

Claim 5.2 Let A be any nonempty proper subset of 
Z 2. Let O be an ~2-component of A and Q be an a~2- 
component of A, such that a(O,Q) is not empty. 
Then there exist two uniquely defined subsets I and 
E of Z 2, which have the following properties: 

(i) O C I  and QC_E. 
(ii) a(O,Q) = o(I,E). 
(iii) I U E = Z  z and I A E = ~ .  (O denotes the 

empty set). 
(iv) I is Crz-connected and E is ~o2-connected. 
(v) Every o)2-path from an element of I to an 

element of E crosses a(O,Q). 

This claim is special case for Flatland of the much 

more general results of Herman [2]. Since, according 
to Claim 5.1, the output of the Algorithm for Fat 
Flies is a boundary 0(O,Q) satisfying the premises of 
Claim 5.2, the latter claim says that there are two 
sets of grid points I and E, of which we will think 
intuitively as the interior and the exterior, which have 
certain properties, reminiscent of the famous Jordan 
Curve Theorem [7]. According to that theorem, the 
set of all points in the plane which are not on a 
simple closed curve can be partioned into two subsets, 
one may be called the interior and the other the 
exterior. Both of these are connected sets in the sense 
that we can get from any point of the interior to any 
other point by drawing continuously a curve between 
them which never leaves the interior (and similarly 
for the exterior), but one cannot draw continuously a 
curve from a point in the interior to a point in the 
exterior which does not contain at least one point of 
the simple closed curve, which is in fact the boundary 
between the interior and the exterior. 

The boundary that is the output of the algorithm 
for Flat Flies shares important properties with simple 
closed curves in Rz: its interior and exterior partition 
the whole space (iii), both are conntected in some 
sense (iv), but one cannot get from the interior to 
the exterior without crossing the boundary (v) which 
is, in fact, the boundary between the interior and the 
exterior (ii). (Mathematically speaking there is also a 
difference: a simple closed curve is a subset of the 
plane and the Jordan Curve Theorem says that the 
complement of the curve, rather than the whole plane, 
has precisely two components. Since our boundary is 
a subset of ~0z, rather than of Z 2, it is possible to 
demand that the interior and exterior partition the 
whole of Z2; if anything a more attractive-sounding 
aim than that of the classical theorem.) 

It is important to recognise that in spite of this 
formal similarity to the Jordan Curve theorem, Claim 
5.2 is not a result about the continuous plane R 2, but a 
thoroughly digital theorem. Notions of 'connectedness', 
'path' and 'crosses' have all been defined for the square 
grid Z 2 and while they are analogous to corresponding 
notions in R 2, the analogy breaks down sometimes. It 
is the difficulty of applying the continuous notions 
directly to the digital environment to prove claims 
regarding algorithms operating in discrete domains 
which motivates us to develop a geometry directly for 
digital spaces. 

For example, it is tempting to think of the boundary 
output by the Algorithm for Flat Flies as the point 
set in R 2 which is the union of all the dirtied faces. 
However, in spite of the discrete Jordan curve proper- 
ties of this boundary (Claim 5.2), the Jordan Curve 
Theorem is not applicable to the corresponding point 
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set in R z, since it does not form a simple closed curve. 
(It 'touches itself' at one vertex and so it is not a 
simple curve.) 

Having said this, we must admit that the argument 
is only half convincing. It is all very well that we can 
give a self-contained theory in digital spaces with nice 
theorems which resemble those of famous results of 
continuous mathematics; nevertheless, an interpret- 
ation in the underlying continuous space is unavoid- 
ably needed for some applications. For example, no 
physician would think of the boundaries shown in 
Fig. 2 as collections of ordered pairs of voxels; rather, 
they would be perceived as continuous biological sur- 
faces. Hence, it is not really desirable to have bound- 
aries which touch themselves in the fashion of the 
boundary consisting of the dirtied faces at the end 
of Fig. 4. 

While we are pondering this, we may also ask the 
question: Is it reasonable that two pixels which only 
share a vertex are considered connected to each other? 
This came about quite naturally in the way the Flat 
Fly crawled about on the sugar cubes in Fig. 4, but - 
looking at the result - the connection is rather suspect. 
Would it not be better to use only the edge-adjacency 
o) 2 to define connectivity and to avoid such flimsy 
looking connections? 

Once we raise this objection on physical grounds, 
we note that the use of ol z is also not elegant from a 
mathematical point of view. Why do we use different 
types of components for grid points with sugar cubes 
and for those without in Claim 5.1? Why do we use 
different types of components for A and for ~, in 
Claim 5.2? Since in point (v) of Claim 5.2 only ~o2 
is used, it would be much nicer to replace oz2 by ~o2 
everywhere in Claim 5.2. Unfortunately, the resulting 
claim would not be true; as is illustrated, for instance, 
in Herman [2]. Thus, we need ~o2 (it is used to describe 
the edges which make up the boundary), and we need 
a broader adjacency such as oe2 for the validity of the 
desirable Claim 5.2. 

We have thus seen that in two dimensions, although 
boundary tracking is computationally easy, the concep- 
tual underpinning is somewhat complex. We cannot 
expect the three-dimensional situation to be easier in 
either aspect. 

6. ON THE CUBERILLE 

In three-dimensional space we would like to have an 
Algorithm for Fat Flies (in Fig. 5 we show one placed 
on a sugar cube), which would have behaviour resem- 
bling that of Flat Flies as expressed in Claims 5.1 
and 5.2. 

v ~ . . . . . . . .  

i / i 
i i 

o . ~ . . ~  ~'d. ........ 

Fig. 5. The route of a Model 1 Fat Fly placed on one of a pair of 
sugar cubes. 

We first need to decide on the appropriate analog 
of ~z for the case of a cuberille. One candidate is oe 3, 
as defined by Definition 2. The geometrical interpret- 
ation of o~3 is: two points of the cubic grid Z 3 are ~3" 
adjacent if, and only if, the corresponding voxels have 
either exactly one face, or one edge, or one vertex in 
common (see Fig. 3). The question is: for the purpose 
of the three-dimensional analogue of Claim 5.1, do 
we want to consider two sugar cubes to be adjacent 
if they meet only at a vertex? Even in two dimensions 
such a connectivity was undesirable, but was forced 
upon us in order to have Claim 5.2. In three dimen- 
sions we need ~03 to define the boundary surface, but 
also something wider to obtain an analogue of Claim 
5.2. The difference is that now we have an alternative, 
another analogue of ~2 in which two grid points are 
adjacent when the corresponding voxels have either 
exactly one face or exactly one edge in cornmon. 
Formally, for any positive integer N, we define the 
adjacency 8N on Z N as follows. For any c and d in Z N, 

D e f i n i t i o n  5 

(c,d) E 8N ~ (c,d) ~ oN and ~lc~ - d~[ -< 2 
n=l 

It is clear from Definition 2 that 82=~2 and so 83 
and c~ 3 are equally legitimate three-dimensional ana- 
logues of ~2- However, 83 is intuitively preferable over 
c~3, in as much as it does not allow adjacency by 
vertices only; see Fig. 6. (For obvious reasons, o~ 3 has 
been referred to both as face-adjacency and as 6- 
adjacency, 83 has been referred to both as face-or- 
edge-adjacency and as 18-adjacency - since by them 
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Fig. 6. The grid points c and d on the left are c~3-, 83- and ~0~- 
adjacent; those in the middle are cq. and 83-adjacent, but not  ~o~- 
adjacent; those on the right are c~s-adjacent, but are not 8s- or 
~os-adjacent. 

each voxel is adjacent to six and eighteen other voxels, 
respectively - and % has been referred to both as 
face-or-edge-or-vertex-adjacency and as 26-adjacency.) 
In view of this, our aim is as follows. 

Aim 6.1 Design an algorithm for Fat Flies which 
will have the following property. Suppose that in the 
cubic grid Z 3 the voxels of a finite number of grid 
points are filled with sugar cubes, and that a Fat Fly 
is put on top of one of these sugar cubes into a voxel 
which is not ocupied by a sugar cube. Let g be the 
name of the grid point of the sugar cube on top of 
which the Fat Fly is placed into the voxel of a grid 
point named h. Let O be the 83-component of the 
set of grid points with sugar cubes which contains g, 
and Q be the o)3-component of the set of grid points 
without sugar cubes which contains h. After a finite 
number of steps, the Fat Fly should fly away and, at 
that time, the set of faces that have been dirtied 
should be exactly 0(O,Q). 

The output o(O,Q) of such an algorithm is an 
intuitively desirable boundary, due to the following 
consequence of the general results of Herman [2]. 

Claim 6.2 Let A be any nonempty proper subset of 
Z 3. Let O be a 83-component of A and Q be an c%- 
component of A, such that o(O,Q) is not empty. 
Then there exist two uniquely defined subsets I and 
E of Z 3, which have the following properties: 

(i) O C I  and QC_E. 

(ii) 0(O,Q)= 0(I,E). 
(iii) I t O E = Z  3 and I A E = ~ .  

(iv) I is 83-connected and E is o)3-connected. 

(v) Every o)3-path from an element of I to an 
element of E crosses 0(O,Q). 

We see that this claim is a digital three-dimensional 
version of the Jordan Curve Theorem. Apart from 
being a mathematically pleasing fact, this observation 
is of the utmost importance. In practical applications, 
we are interested in finding boundaries of objects for 
two reasons. One is to create computer graphic displays 
of them, such as those shown in Fig. 2, and the other 

is to analyse certain properties of the objects, such as 
their volumes. From the graphical display point of 
view, property (v) can be used to prove that when 
we display the boundary a(O,Q) as it appears from 
any exterior point, then the surface that is being 
displayed will hide all the interior points. 

For the purpose of analysis, Claim 6.2 works as 
follows. Suppose that a device has given us estimates 
of a physical quantity at points of the cubic grid Z 3. 
Suppose further that we can identify from such data 
that set, A, of grid points which are in cardiac muscle. 
Assuming that A itself is 83-connected, and that the 
set of grid points in any one of the chambers of the 
heart is an ~3-component of A, we can estimate the 
volume of the left ventricle, say, by selecting ~o 3- 
adjacent voxels g and h, so that g is the cardiac muscle 
and h is in the left ventricle, defining O and Q as in 
Aim 6.1, and estimating the volumeof  the left ven- 
trical of the heart as the combined volume of the 
voxels associated with the grid points of the exterior 
E, whose existence is guaranteed by Claim 6.2. Alter- 
natively, if we wish to find the volume of the whole 
heart, then assuming that the set of grid points outside 
the heart form an ~%-component of A, we can select 
oJ3-adjacent voxels g and h, so that g is in the cardiac 
muscle and h is outside the heart, defining O and Q 
as in Aim 6.1, and estimating the volume of the 
whole heart as the combined volume of the voxels 
associated with the grid points of the interior I, whose 
existence is guaranteed by Claim 6.2. This also indi- 
cates how the achievement of Aim 6.1 would allow 
us to detect individually the boundaries of the car- 
diac muscle. 

7. ALGORITHMS FAT FLIES 

First, we observe that just by simply changing the 
word 'vertex' in the Algorithm for Flat Flies into the 
word 'edge' we get a set of instructions which are 
meaningful in the three-dimensional case. However, 
the resulting algorithm will not fulfil Aim 6.1. Even 
if there is only one grid point with a sugar cube (see 
Fig. 5), this simply modified version will fail. The Fat 
Fly will keep moving forward and, having dirtied only 
four faces of the cube, it will get back to the original 
face and will fly away. Clearly, 0(O,Q) in this case 
consists of all six faces of the sugar cube, and the 
proposed algorithm resulted in only four of them being 
dirtied. So consider instead the following: 

7.1 Algorithm for Fat Flies Model 1 

1. Dirty the face on which you are standing. 
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2. Crawl onto the face which meets the one on which 
you are standing at the edge in front of you. 

3. Dirty the face on which you are standing and 
turn right. 

4. Crawl onto the face which meets the one on which 
you are standing at the edge in front of you. 

5. See if it is dirty 
(a) If it is, fly away. 
(b) If it is not, turn left and start again at Instruc- 

tion (1). 

It turns out that this algorithm behaves as required 
for the case of a single sugar cube. It can be seen in 
Fig. 5 that the Fat Fly under the control of the Model 
1 algorithm will visit (and dirty) every face of a single 
sugar cube. 

However, the route of the Fat Fly shown in Fig. 5 
indicates that the Model 1 algorithm cannot behave 
as is needed for Aim 6.1: there are edges which are 
not traversed by this route. If we attach a second 
sugar cube to one of these edges, the grid points of 
the two sugar cubes are 83-adjacent, and so ~(O,Q) 
consists of the twelve faces of the pair of sugar cubes. 
However, the route of the Fat Fly does not change, 
it still only dirties six faces; see Fig. 5. 

In fact, we see that this indicates a general principle. 
If the proposed algorithm is such that the edge towards 
which the Fat Fly starts crawling is not influenced by 
the absence or presence of nearby sugar cubes, then 
in order for the algorithm to work, it must traverse 
each edge when started on the face of a single sugar 
cube. (Otherwise, we can attach a second sugar cube 
to the untraversed edge, just as indicated in Fig. 5.) 
However, if each edge is traversed once during a route 
on a single sugar cube, then (since there are six faces 
and twelve edges) each face must be visited twice; so 
the simple mechanism of dirtying the faces the first 
time they are visited and flying away the second time 
one is visited will not do. This by itself is not a 
problem; we can have the fly "mark" a face the first 
time it visits it, "dirty" it when it finds that it has 
already been marked, and fly away when it finds that 
the face has already been dirtied. The interesting 
question is: what should be the rule for deciding the 
edge towards which the Fat Fly starts crawling when 
it is on a particular face? 

We now establish a further principle. Having 
accepted that the route of the Fat Fly must traverse 
each edge, let us aim for the shortest type of  route 
on a single sugar cube which satisfies this condition. 
If we draw the route of such a fly on the sugar cube 
in the manner as was done for Fig. 5, then we see 
that on each face there have to be four arrows (one 
for each edge of the face), two of which point from 

T 
A 

Fig. 7. Pairs of faces with two types of arrow orientation; only the 
one on the left is acceptable. 

the centre of the face towards an edge and two which 
point from the other two edges towards the centre of 
the face. Futher, there has to be some consistency 
between these arrows: if an edge has an arrow pointing 
to it on one face, on the face which meets this edge 
the arrow has to be pointing away from the edge. 
Finally, we consider the desirable siraplicity of an 
Algorithm for Fat Flies. We impose the condition that 
the way in which the arrows point on the face on 
which the fly is standing depends only upon the 
orientation of the face (conventionally, North, South, 
East, West, Up, Down). It is as though all the sugar 
cubes had identical sets of arrows printed on them. 

The arrangement of four arrows on a single sugar 
cube face (two to the centre and two out) can take 
only two forms. Either the two inward arrows are next 
to each other (making an angle of 90~ in which 
case it is possible for the fly to proceed straight ahead, 
or the two inward arrows are opposite (consequently, 
so are the outward arrows). But, the second arrange- 
ment will not do for us. Suppose the object being 
identified consists of two cubes side by side and the 
upperraost faces, which must have an identical arrange- 
ment of arrows, are of the second kind. Then at the 
edge where the upper faces meet the arrows will be 
pointing in opposite directions, as in Fig. 7. 

This implies that the route of the Fat Fly for a 
singIe sugar cube must be of the general form indicated 
by Fig. 8. We say 'of the general form', since the 
considerations above still leave us with some freedom; 

J 

T 

t �9 

.,"Tg J J 

, I  ~ 

.,I. . . . . . . . . . .  J . . . . . . . . . .  

. ..f..f 4 

Fig. 8. Legitimate routes of the Fat Fly on a single sugar cube follow 
the arrows and cross every edge once. The  numbers refer to the 
orientations of the faces and not  to the order in which they 
are visited. 



10 G.T. Herman and D.F. Robinson 

the horizontal cycle of arrows around the vertical faces 
could be reversed without violating the conditions 
described above and the same is true for the two 
vertical cycles of arrows, leaving us with eight possible 
legitimate arrangements. However, these are symmetric 
versions of each other and, for what we are going to 
do, there is no harm in restricting our attention to 
the arrangement shown in Fig. 8. (We make this more 
precise in Section 8.) A legitimate route for the Fat 
Fly is defined as one which follows the arrows and 
traverses each edge once. 

Let us suppose in designing the Algorithm for Fat 
Flies that the fly is aware of the orientation of the 
face (one of six possible orientations) on which it 
finds itself. If it is now to behave so that it will follow 
one of the legitimate routes of Fig. 8, then it has only 
two choices: go straight on or turn 90 ~ in the legit- 
imate direction. Note that the knowledge that the Fat 
Fly is visiting the face for the first or for the second 
time it is not relevant to this decision: to achieve the 
required behaviour, if it goes straight the first time, it 
must also go straight the second time and if it turns 
the first time, it must also turn the second time. 
(Otherwise, some edge would be traversed twice.) Thus 
the behaviour of the Fat Fly can be controlled by a 
function g of the following kind. The domain of the 
function is {1,2,3,4,5,6}, indicating one of the six 
possible orientations of a face of a sugar cube. (For 
the sake of being specific, consider Fig. 5. Let 1 denote 
the orientation of the face with the Fat Fly on it and 
let the orientations of the other faces be numbered 
by the order in which they are visited by the Fat Fly 
as it executes the Model 1 algorithm.) The value of 
the function g is either s (for go straight) or t (for 
turn). We call such a function a routing function. There 
are 64 possible routing functions; we are going to show 
that none of them do any good for us. This statement 
is the 'research' - as opposed to 'expository' - contri- 
bution of our paper. We validate it by first introducing, 
for each routing function g, an algorithm for Fat Flies 
and then showing that none of them achieve what 
we wish to do. 

7.2. Algorithm for Fat Flies Model g 

1. Mark the face on which you are standing. 
2. Crawl onto the face which meets the one on which 

you are standing at the edge in front of you. Check 
its orientation i ~ {1,2,3,4,5,6}. 

3. See if it is dirty. 
(a) If it is, fly away. 
(b) If it is not, see if it is marked. 
�9 If it is, dirty it. 
�9 If it is not, mark it. 

4. If g(i)= t, turn 90 ~ in the legitimate direction indi- 
cated in Fig. 8. 

5. Start again at Instruction (2). 

Consider the case when g(i)= t, for i c {2,3,4,5,6}. 
(We will fix the value of g(1) later.) If the Fat Fly is 
placed on top of a single sugar cube as indicated in 
Fig. 8, then after the sixth execution of Instruction 
(2) in the algorithm for Fat Flies Model g it will have 
followed the route indicated in Fig. 5 and each of the 
faces have been marked, but none have been dirtied. 
At  this moment i=  1, but the Fat Fly is not facing in 
the same direction as it was facing in its initial position 
indicated in Fig. 5; rather, it is facing in the direction 
indicated by the incoming arrow on the top face. 
According to Instruction (3) the top face gets dirtied. 
Now we have to apply Instruction (4). 

If g(1) happens to be t, then the Fat Fly turns to 
the left, putting itself back into its initial position, 
and repeats the same route as before (dirtying as it 
goes), until it gets back to face 1, which is dirty and 
so it flies away. At this time, the same edges are 
covered as by the Model 1 algorithm, and so while 
all faces are dirty, it has not fulfilled the other part 
of its task, to cross all edges. 

Otherwise g(1)-=s and the Fat Fly will not turn 
and will, according to Instruction (2), climb onto the 
face with orientation i=  3. This is also marked, but 
not dirty. According to Instruction (3) it gets dirtied 
and, according to Instruction (4), the Fat Fly turns to 
the right. Then, according to Instruction (2) it climbs 
onto the face with orientation i=5 .  This is also 
marked, but not dirty. According to Instruction (3) it 
gets dirtied and, according to Instruction (4), the Fat 
Fly turns again to the right. Then, according to 
Instruction (2), it climbs again onto the face with 
orientation i=  1. This face is dirty, and so the Fat Fly 
flies away, having dirtied only three of the six faces 
of the sugar cube. 

This shows that if g(i) = t, for i ~ {2,3,4,5,6}, then 
the algorithm for Fat Flies Model g will not do what 
we wish it to do (irrespective of the choice of g(1)). 
This behaviour is not accidental, as we now show. 

We call a routing function g le~timate if whenever 
a Fat Fly is placed on a single sugar cube as indicated 
in Fig. 8, and made to behave according to the algor- 
ithm for Fat Flies Model g, by the time it flies away 
it will have traversed each edge at least once. (The 
Fat Fly will eventually fly away, since in the execution 
of Instruction (3), if the Fat Fly does not fly away, it 
will either mark a face or it will dirty a face. As the 
algorithm keeps looping through Instructions, more 
faces get first marked and then dirtied and, since there 
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are only six faces, eventually the face onto which the 
fly crawls has to be dirty.) 

We have shown prior to stating the definition that 
g is not legitimate if g( i )=  t, for i ~ {2,3,4,5,6},  irres- 
pective of the choice of g(1). We could carry out a 
similar study for each of the remaining 62 routing 
functions to check whether or not it is legitimate. 
This could be done by following the behaviour of a 
Fat Fly placed on a single sugar cube as indicated in 
Fig. 5. We take here a more elegant alternative 
approach. 

Let us ignore for now the routing function itself 
and just look at the possible routes taken by a Fat Fly 
when placed on a single sugar cube, as indicated in 
Fig. 8 under the control of an algorithm for Fat Flies 
Model g, for any g. The first stage of such a route is 
the same for all gs: the Fat Fly moves from face I to 
face 2. The simplification in the approach that is 
presented here is due to this fact: the initial segments 
of the routes taken by the Fat Fly are common for 
many different gs. So we list all possible initial routes 
of length 1, 2, 3, and so on. To ensure that a route 
corresponds to a routing function, we must make sure 
that if a face is visited the second time along a route, 
then the route is continued in a consistent way: if we 
went straight the first time, then we must do so the 
second time, and if we turned the first time, then we 
must turn the second time. A particular route need 
not be expanded any further if the face that is being 
visited is visited for the third time (this corresponds 
to the Fat Fly flying away). After we have traversed 
all twelve edges, this condition must be satisfied, and 
so the longest route that we consider will be of length 
12. Also, if an initial route (of length no more than 
12) is such that the same edge is visited twice, then 
we need not expand that route any further, since from 
this time on the Fat Fly will keep retracing its previous 
route, and so will never traverse the so far untraversed 
edges. (This situation corresponds to the case g ( 1 ) =  t 
in the example given above.) 

The initial routes of length up to 5 are indicated 
in Fig. 9. At  the bottom of the figure, a * indicates 
that the particular route need not be expanded any 
further because the edge from the face with orientation 
1 to the face with orientation 2 has been traversed 
twice. (Letters a to l label routes which need to be 
investigated further.) Since g is a function of the 
orientation of the face, the second time the face with 
orientation 2 is visited on a route, the same decision 
has to be taken regarding going straight as was taken 
the first time; this results in the arrow which ends at 
e not being one of a pair. 

In Fig. 10 we can expand the routes which end 
their first five steps at the points indicated by the 

* a b c d * e f g * h i j k l 

Fig. 9. All routes of length 5 that a Fat Fly may take according to 
an Algorithm for Fat Flies Model g. 
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Fig. 10. The rest of the possible routes that a Fat Fly may take 
under the control of an algorithm for Fat Flies Model g expanded 
from points d and e in Fig. 9. 

letters c/ and e in Fig. 9. Again, * indicates that the 
particular route need not be expanded any further 
because the edge from the face with orientation I to 
the face with orientation 2 has been traversed twice. 
In Fig. 10 we also see some # and $ signs; these mean 
that the route cannot be expanded further, since the 
face with orientation I has just been entered the third 
time and so the Fat Fly flies away at this point. The 
difference is that # indicates that at this time not all 
12 edges have yet been traversed, while $ indicates 
the opposite. It is the latter which signals success, the 
routing function which gives rise to such a route is a 
legitimate one. 

For example, the route which leads to the leftmost 
$ sign in Fig. 10 shows that the routing function g for 
which g( i )=  s, except for i=  4 or 5 is legitimate and 
the route which leads to the right-most $ sign in 
Fig. 10 shows that the routing function g for which 
g(i) = t, except for i = i or 2 is legitimate. By expanding 
all the nodes, we can in this fashion discover all the 
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legitimate routing functions. They are listed in Table 1. 
(The first and second row in this table, labelled by 
d l  and d2 ,  respectively, correspond to the first and 
second $ signs in the expansion of the point d in 
Fig. 10. Similarly, the rows labelled by e l ,  e2 ,  e3 and 
e4 ,  correspond to the four $ signs, left to right respect- 
ively, in the expansion of the point e in Fig. 10.) 
However, we did not actually produce this table by 
an exhaustive expansion of all nodes, rather we relied 
on a graph-theoretical approach in order to simplify 
our work. 

8. DIGRAPHS 

A d igraph  (sometimes called a directed graph) is an 
ordered pair (M,p), where M is any non-empty finite 
set (in the graph-theoretical context we refer to its 
elements as n o d e s )  and p is an anti-reflexive binary 
relation on M, i.e. for any c c M, (c,c) r M. (In the 
graph-theoretical context we refer to the elements of 
p as arcs . )  In view of this, all the terminology intro- 
duced in Section 4 is immediately applicable to di- 
graphs. Since in a digraph the p is fixed, we use the 
phrases a d j a c e n t  to,  a d j a c e n t  f r o m ,  pa th ,  etc. instead of 
p-adjacent to, p-adjacent from, p-path, etc., respect- 
ively. 

An example of a digraph is provided by Fig. 8. In 
this case, M = {1,2,3,4,5,6} and ( i , j )  ~ p if, and only 

Table 1. Definitions of all the legitimate routing functions 

1 2 3 4 5 6 

dl  s s s t t s 
d2 s s t t s s 
i s t t s s s 

f l  t t s s s s 
al  t s s s s t 
c s s s s t t 

el s s s t s t 
b2 s s t s t s 

f2  s t s t s s 
a2 t s t s s s 
g s t s s s t 

bl  t s s s t s 

e2 t s s t t t 
e4 s s t t t t 
l s t t t t s 

k t t t t s s 
j l  t t t s s t 
hl t t s s t t 

e3 t s t t s t 
j2  s t t s t t 
h2 t t s t t s 

if, we can get in Fig. 8 from the centre of a face with 
orientation i to the centre of a face with orientation 
j following two arrowed line segments across an edge. 
There is an alternative simple representation of this 
digraph, which is given in Fig. 11. In this represen- 
tation, the nodes correspond to the vertices of the 
hexagon and the arcs are represented by the arrowed 
line segments connecting the vertices. 

The first thing we do with this representation is to 
show that the eight possible ways of drawing the three 
cycles (see Fig. 8) on a sugar cube lead to exactly the 
same consequences. This is because we can label the 
orientations of the faces on the sugar cubes (after the 
cycles are drawn) in such a way that the resulting 
digraph has the alternative representation shown in 
Fig. 11. (For example, we can call the orientation of 
the top face 1 and call the orientations of the two 
faces adjacent to it 2 and 3 in such a way that 3 is 
adjacent to 2, etc.) So by the simple trick of choosing 
the names of the orientations of the faces of a sugar 
cube in a way which is dependent on how the direc- 
tions of the cycles have been selected, we end up with 
the same digraph in all cases. Hence, all the things 
that we will say regarding the specific case that we 
happened to select (the one in Fig. 8) will also be 
valid for the seven alternative ways. 

A path (c(~ ." .,c (K)) in a digraph (M,p) is an E u l e r -  

ian  trail if: 

(i) c IK) = d  ~ 
(ii) {cl~ . . . , c  ~1}  = M .  

(iii) {(C(k-1) ,c(k) )] l  <~ k <~ K }  = p. 

(iv) For 1 --- k < k' --- K, if c (k~ = c (k'), then 
c (k-*) ~ c (k ' - l ) .  

The first condition means that an Eulerian trail has 
to be a c losed  p a t h  or, as we will also call such a 
thing, a loop. The second condition says that the 

4 

Fig. 11. Alternative representation of the digraph of legitimate 
routes in Fig. 8. 
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Eulerian trail has to visit all nodes. The third con- 
dition says that it makes use of all the arcs. The 
fourth condition says that no arc occurs in the trail 
more than once. For the digraph of Fig. 8, the path 
(1,2,3,4,5,6,1} provided by the route of the Model 1 
Fat Fly of Fig. 5 satisfies conditions (i), (ii) and (iv), 
but it faiIs to be an Eulerian trail since it does not 
satisfy (iii), e.g. ( 1 ,3 )~  p, but 1 and 3 are never 
consecutive in the given path. The path 
(I ,3,5,1,2,4,5,1,2,3,4,6,1} is also not an Eulerian trail; 
it satisfies conditions (i), (ii) and (iii), but fails to 
satisfy (iv) since, for example, 2 occurs at two different 
places in the path and is preceded by 1 in both cases. 
On the other hand, the path 
(1,2,4,6,1,3,4,5,6,2,3,5,1} provided by the route of 
the Model dl Fat Fly, is an Eulerian trail. 

Ligitimate routes for the Fat Fly correspond exactly 
to those Eulerian trails in the digraph of Fig. 11 in 
which the first two elements of the path are 1 and 2. 
The choice of these first two elements is not 
important: if (c~~ .. .,c {K~} is an Eulerian trail and 
1 1 k -< K, then (c{k~, ..  .,c{K>,c{l~, .. .,c {k>} is also an Eul- 
erian trail and, in fact, these two Eulerian trails are 
considered to be one and the same. From the point 
of view of our specific example, consider any of the 
legitimate routing functions g of Table 1. Suppose that 
the Fat Fly under the control of the Algorithm for 
Fat Flies Model g (started on the top of the face with 
orientation I and looking towards the edge shared 
with the face with orientation 2, see Fig. 8) crawls 
during its execution from a face in orientation i to a 
face in orientation j. If instead the Fat Fly is placed 
on top of the face with orientation i looking towards 
the edge of the face with orientation j, then it will 
still trace the same Eulerian trail (in the sense of 
sameness just discussed), following the rest of the trail 
as if it has started from face 1 looking towards 2 
until it reaches that position, and then following the 
beginning of that trail until it reaches face i looking 
towards j again. 

This, combined with the third defining condition 
of an Eulerian trail, means that if g is a legitimate 
routing function and the Fat Fly is placed on top of 
any face of a single sugar cube towards either of the 
edges indicated by an arrow in Fig. 8, then under the 
control of the Algorithm for Fat Flies Model g it will 
visit each face twice and traverse each edge once 
before flying away. 

We have already noted that the number of legit- 
imate routing functions is exactly the number of differ- 
ent Eulerian trails of the digraph of Fig. 11. There is 
a formula, applicable to all digraphs which have Euler- 
Jan trails (sometimes referred to as the BEST theorem 
[5, p. 204], using which we can calculate the number 

of Eulerian trails in the digraph. An application of 
this formula to Fig. 11 consists of having to work out 
the determinant of a simple 5 • 5 matrix and yields 
immediately (without having to explicitly find them) 
that the number of legitimate routing functions is 
indeed 21, as is indicated in Table 1. 

The next thing we are going to do is show that 
even though there are 21 different Eulerian trails of 
the digraph of Fig. 11, there are only four such Eulerian 
trails which are 'essentially' different from each other, 
in the sense that all the others can be derived from 
these four by an easy manipulation: if we rotate the 
figure clockwise 60 ~ around its geometrical centre, 
then all the nodes and arcs will map onto themselves 
(only the labels will appear to have been shifted). 
Defining the notation n6 to mean exactly n, if 
1 -< n --- 6, with 76 = 1 and 86 = 2, it follows that if a 
routing function g gives rise to an Eulerian trail, then 
the routing function g', defined by g'(n)=g((n+ 1)6) 
must also give rise to an Eulerian trail (and so is a 
legitimate routing function). To illustrate this, consider 
the Eulerian trail (1,2,4,6,1,3,4,5,6,2,3,5,1}, which is 
the route for the Algorithm for Fat Flies Model dl 
(started in the situation shown in Fig. 8). Rotation 
clockwise by 60 ~ turns this into the Eulerian trail 
(6,1,3,5,6,2,3,4,5,1,2,4,6}, which is the same Eulerian 
trail as {1,2,4,6,1,3,5,6,2,3,4,5,1}. This is in fact the 
route of the fly under the control of the Algorithm 
for Fat Flies Model d2 (started in the situation shown 
in Fig. 8), as indicated in Figs9 and 10. This is 
expected, since simple observation of the first two 
lines of Table 1 shows that d2 = dl'. 

We have thus shown that the fact that d2 is a 
legitimate routing function follows from the fact that 
d1 is a legitimate routing function, and does not 
require an independent confirmation of tracing the 
route of the fly under the control of the Algorithm 
for Fat Flies Model d2. By repeating this, we get 
consecutively that i, f l ,  al, c are legitimate routing 
functions. In fact, by observing the entries of Table 1, 
we see that the facts that dl, el, e2 and e3 are 
legitimate routing functions (demonstrated in Figs 9 
and 10) imply that the other 17 entries are legitimate 
routing functions as well. Since we know fiom the 
BEST theorem that there are 21 such functions, there 
is no need to look any further. We have now shown 
that Table 1 is complete, without having had to 
produce expansions of the routes in addition to those 
shown in Fig. 10. 

Of  equal importance is that the same approach can 
be used to simplify proofs of negative results. For 
example, if the Algorithm for Fat Flies Model dl does 
not satisfy Aim 6.1, then it follows that Algorithm 
for Fat Flies Model g will not satisfy Aim 6.1 if g is 
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d2, i, f l ,  al, or c. Simiiar statements can be made, in 
place of dl, for el, e2, and e3. We now demonstrate 
by a counter-example that the algorithm for Fat Flies 
Model d7 does not satisfy Aim 6.1. 

In Fig. 12, we show a pair of sugar cubes, labelled 
I and II, respectively. The Fat Fly is placed on cube 
I on the face with orientation 1 (we use the notation 
I1 to denote this face), looking towards the edge of 
face I2. Application of the algorithm for Fat Flies 
Model dl provides us with the route {II,I2,I4,II4, 
II5,II6,II2,I2,I3,I5,I1 ,I2,. �9 �9 ), which now repeats from 
the beginning, and so the Fat Fly will fly away without 
ever dirtying Ill. It follows that the Algorithm for Fat 
Flies Model dl does not satisfy Aim 6.1. From what 
we have said about the relationship between legitimate 
routing functions, counter-examples (also consisting of 
pairs of cubes touching along a face) can be con- 
structed for functions d2, i, f l ,  al and c. 

I 
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9. WHAT CAN A FAT FLY DO? 

We have shown by the use of two sugar cubes meeting 
in a face that the Algorithm for Fat Flies Model dl 
fails and, therefore, so do the other five legitimate 
models associated with it. The same pair of sugar 
cubes produces a counter-example for e3, so it and its 
associated functions j2 and h2 also fail. 

A cube pair does not provide a counter-example for 
el or e2, so we consider instead the arrangement of 
four cubes meeting along edges only (with a hole 
through the middle), as shown "in Fig. 13. Using this 
figure it is easy to check that both el or e2 (and 
therefore all their associated models) fail. 

We have now shown that none of the Algorithms 
for Fat Flies Model g will do. We can formalise these 
results as follows. 

Theorem 9.1 For every routing function g, there 
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Fig. 12, A pair of sugar cubes, providing a counter-example which 
shows that the Algorithm for Fat Flies Model dt does not satisfy 
Aim 6.1. 

Fig. 13. An arrangement of four sugar cubes (with a tunnel through 
the middle of them), providing a counter-example which shows that 
the Algorithms for Fat Flies Models el and e2 do not satisfy Aim 6.1. 

exists a finite 83-connected set A of points in Z 3 such 
that A is ~03-connected and, when the voxels associa- 
ted with the points in A are filled with sugar cubes, 
one can place the Fat Fly on top of an uncovered 
face of a sugar cube in such a way that if the Fat Fly 
is made to follow the instructions of the Algorithm 
for Fat Flies Model g, then it will fly away without 
having dirtied all the faces in 8(A,A). 

In view of this theorem, we need to consider more 
complex alternatives. 

10. ALGORITHMS FOR CLONING 
FLIES 

One approach to achieving Aim 6.1 is due to Artzy 
[6]. His idea was to allow the flies to clone themselves 
and so be able to follow both directions on the face 
of a cube (see Fig. 8) simultaneously. This results in 
the following: 

10.1 Algorithm for Cloning Flies 

1. Crawl onto the face which meets the one on which 
you are standing at the edge in front of you. 

2. See if it is dirty. 
(a) If it is, fly away. 
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(b) If it is not, 

�9 dirty it, 

�9 clone yourself into two flies facing in the two 
legitimate directions indicated in Fig. 8 and both 
starting at Instruction (1). 

If a Cloning Fly is placed on a single sugar cube as 
shown in Fig. 8, then after executing one iteration of 
Instructions (1) and (2) of the Algorithm for Cloning 
Flies the situation will be as depicted in Fig. 14. 

The Algorithm for Cloning Flies satisfies the con- 
ditions of Aim 6.1. We will not bother to prove this 
here because although the Cloning Flies are a wonder- 
ful concept, it is hard to manufacture them. We now 
discuss an algorithm that can be run on a computer. 
The problem is that of simulating the behaviour of 
a device which can follow many courses of action 
simultaneously (such as the Cloning Fly, if we consider 
it and all its descendants as one device) by a device 
which can execute only one action at a time. The 
usual trick is to create a queue of the things whose 
handling is postponed until the future. For us, the 
elements in the queue are faces. (All published three- 
dimensional boundary trackers use a queue to store 
information about faces that have been found, but for 
which it has not yet been pursued whether or not 
they give rise to additional faces in the boundary. 
However, the material in the last section is the first 
indication in the published literature that some sort 
of queue is actually necessary.) The instructions of the 
algorithm are not given to a fly, but to a computer 
which is simulating in a sequential mode the behaviour 
of the Cloning Fly, with the aim of eventually produc- 
ing the same set of dirty faces as would be produced 
by the Cloning Fly. 

10.2. Algorithm Simulating Cloning Flies 

1. Dirty the face which meets the one on which you 

: . ,2-  . . . . . .  _ ___5 4 _ _ _ 

Fig. 14. The situation after execution of one iteration of Instructions 
(1) and (2) of the Algorithm for Cloning Flies when the Cloning 
Fly is initially placed as depicted in Fig. 8. 

are standing at the edge in front of you and put it 
into the queue. 

2. Remove a face f from the queue and find the faces 
fl and f2 in the boundary to which the Cloning 
Fly would get from the face f. 

(a) If fl is not dirty, then dirty it and put it into 
the queue. 

(b) If f2 is not dirty, then dirty it and put it into 
the queue. 

3. Check if the queue is empty. 
(a) If it is, STOP. 

(b) If it is not, start again at instruction (2). 

The Algorithm Simulating Cloning Flies satisfies the 
conditions of Aim 6.1. We do not prove this, since 
we wish to press on with a development which is one 
of the most pleasing aspects of Artzy's idea [6]. 

The difficulty that arises in the Algorithm Simulat- 
ing Cloning Flies is subtle; it comes from the phrases 
"If fl is not dirty, . . . "  and "If f2 is not dirty, . . . "  
at the beginning of Instructions 2a,b for the Algorithm 
Simulating Cloning Flies. How do we find out, if a 
face is dirty? In a medical application, surfaces such 
as the ones depicted in Fig. 2 may consist of millions 
of faces, and checking whether or not a face has  
already been dirtied requires lots of computational 
resources (storage space and/or computer time). 

The observation that allows us to considerably 
reduce the size of this problem is the following: there 
are exactly two ways to get to any lace in the bound- 
ary. We now rephrase this observation in standard 
mathematical terminology. Consider the digraph whose 
nodes are the faces in the boundary and in which a 
face f is adjacent to a face f '  if, and only if, f '  is one 
of the faces in the boundary to which the Cloning 
Fly would get from the face f. Then we see that every 
face in the boundary is adjacent from exactly two 
faces in the boundary; in other words, every node in 
the digraph has indegree two. 

We make use of this mathematical property by 
introducing the additional concept of a list of faces. 
The idea is that we can keep the number of faces in 
the list to be generally much smaller than the number 
of dirty faces, but the algorithm can do everything 
that it needs to do by checking for particular faces 
whether or not they are in the list, rather than 
whether or not they are dirty. 

10.3. Artzy's Algorithm 

1. Dirty the face which meets the one on which you 
are standing at the edge in front of you, put it into 
the queue and put two copies of it in the list. 

2. Remove a face f from the queue and find the faces 
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fl and f2 in the boundary to which the Cloning 
Fly would get from the face f. 

(a) Try to find one copy of fl in the list. 

�9 If successful, remove it from the list. 

�9 If not, then dirty fl, and put it into the queue 
and the list. 

(b) Try to find one copy of f2 in the list. 
�9 If successful, remove it from the list. 

�9 If not, then dirty f2, and put it into the queue 
and the list. 

3. Check if the queue is empty. 

(a) If it is, STOP. 
(b) If it is not, start again at Instruction (2). 

The claim regarding Artzy's Algorithm is the follow- 
ing (first made in Artzy [6]), proved using combina- 
torial topology in Herman and Webster [8], with a 
more elegant proof in Rosenfeld et al [9]. 

Claim 10.1 Suppose that in the cubic grid Z 3 the 
voxels of a finite number of grid points are filled with 
sugar cubes and a Cloning Fly is put on top of one 
of these sugar cubes into a voxel which is not occupied 
by a sugar cube. Let g be the name of the grid point 
of the sugar cube on top of which the Cloning Fly is 
placed into the voxel of a grid point named h. Let O 
be the 83-component of the set of grid points with 
sugar cubes which contains g, and Q be the 0)3- 
component of the set of grid points without sugar 
cubes which contains h. Artzy's Algorithm will stop 
after a finite number of steps and, at that time, the 
set of faces that have been dirtied is exactly O(O,Q). 

The boundaries shown in our Fig. 2 have been 
detected using Artzy's Algorithm. Other such bound- 
aries are illustrated in earlier work [6,8,10]; the same 
papers, especially Frieder et al [10], also discuss the 
computational performance of the algorithm. The 
algorithm has been widely used in medical appli- 
cations, such as the study of craniofacial deformities 
[11], of disk disease [12], of acetabular fractures [13], 
and of maxillofacial trauma [14]. 

! 1. DISCUSSION 

Previously known algorithms for boundary tracking in 
two-dimensional space (e.g. the Algorithm for Flat 
Flies) and in three-dimensional space (e.g. Artzy's 
Algorithm) differ in an essential aspect: the two- 
dimensional algorithms do not need to make use of a 
queue (of loose ends in the tracking process which 
are to be picked up again to complete the tracking), 
while the three-dimensional ones do. Our Theorem 

9.1 shows that this is not accidental: under some mild 
assumptions, a boundary tracker without a queue will 
fail its task on some surfaces. This is our main result. 

It follows that we cannot hope to reproduce the 
simplicity of two-dimensional boundary tracking in 
three-dimensional space. In applications (such as 
medicine) in which the number of faces in a boundary 
may be of the order of millions, this implies that the 
management of the order in which faces are visited 
often places significant demands on available compu- 
tational resources. An approach towards three-dimen- 
sional boundary tracking is that of the Cloning Flies; 
the desire to reduce its computational demands leads 
to Artzy's Algorithm and the 'list' that is introduced 
in there seriously reduces, but does not totally elimin- 
ate, the problem. Based on the timings reported in 
Frieder et al [10], it appears that about 80% of com- 
puter time in medical applications of Artzy's Algorithm 
is taken up with the management of the order of 
tracking. Since those times were of the order of tens 
of minutes (in 1985) and are even today far from real 
time, the potential five-fold speed-up (that could be 
obtained by eliminating the part of the computer tirae 
is taken up with the management of the order of 
tracking) is important. 

There may be alternate approaches not requiring 
queues: for example, we may allow the Fat Fly to have 
a memory (Model g Fat Flies do not) and so possibly 
achieve Aim 6.1 without using a queue. Our attempts 
at designing such an algorithm have not proved suc- 
cessful, but we do not have a proof that it cannot be 
done. It is by no means clear that, even if it existed, 
such an algorithm would outperform Artzy's Algorithm 
in practical applications. 

An alternative way to try to get around the problem 
is to replace Aim 6.1 by something different, but still 
useful from the point of view of applications. One 
such approach was advocated by Gordon and Udupa 
[15]: by replacing a3 with an adjacency with less 
symmetric properties, the authors reduced the time 
required by boundary tracking to nearly a half. It may 
be possible to design algorithms without queues for 
subsets of the set of boundaries defined in Aim 6.1; 
in applications such as medicine this does not seem 
to be a reasonable approach, since we could never be 
sure if our algorithm is being applied to track one of 
the boundaries for which it is known to work. A more 
promising approach is to change the underlying grid. 
For example, by adopting the so-called face-centred 
cubic grid (as advocated for pattern analysis in [16]) 
we get voxels (in the shape of rhombic dodecahedra) 
which cannot share an edge without sharing a face. 
Thus the situation depicted in Fig. 5 cannot arise, and 
the possibility of boundary tracking without a queue 
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is no t  ruled out. T h e  inves t iga t ion  of  efficient boundary  

t racking for such a l te rna t ive  grids is an open  area 
of research.  
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