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Abstract

The Finite-State Markov Channel (FSMC) is a time-varying channel having states that are characterized by a
finite-state Markov chain. These channels have infinite memory, which complicates their capacity analysis. We
develop a new method to characterize the capacity of these channels based on Lyapunov exponents. Specifically, we
show that the input, output, and conditional entropies for this channel are equivalent to the largest Lyapunov exponents
for a particular class of random matrix products. We then show that the Lyapunov exponents can be expressed as
expectations with respect to the stationary distributions of a class of continuous-state space Markov chains. The
stationary distributions for this class of Markov chains are shown to be unique and continuous functions of the input
symbol probabilities, provided that the input sequence has finite memory. These properties allow us to express mutual
information and channel capacity in terms of Lyapunov exponents. We then leverage this connection between entropy
and Lyapunov exponents to develop a rigorous theory for computing or approximating entropy and mutual information
for finite-state channels with dependent inputs. We develop a method for directly computing entropy of finite-state
channels that does not rely on simulation and establish its convergence. We also obtain a new asymptotically tight
lower bound for entropy based on norms of random matrix products. In addition, we prove a new functional central
limit theorem for sample entropy and apply this theorem to characterize the error in simulated estimates of entropy.
Finally, we present numerical examples of mutual information computation for ISI channels and observe the capacity
benefits of adding memory to the input sequence for such channels.



|. INTRODUCTION

In this work we develop the theory required to compute entropy and mutual information for Markov
channels with dependent inputs using Lyapunov exponents. We model the channel as a finite state discrete
time Markov chain (DTMC). Each state in the DTMC corresponds to a memoryless channel with finite
input and output alphabets. The capacity of the Markov channel is well known for the case of perfect state
information at the transmitter and receiver. We consider the case where only the transition dynamics of the
DTMC are known (i.e. no state information).

This problem was orginally considered by Mushkin and Bar-David [32] for the Gilbert-Elliot channel.
Their results show that the mutual information for the Gilbert-Elliot channel can be computed as a continuous
function of the stationary distribution for a continuous-state space Markov chain. The results of [32] were
later extended by Goldsmith and Varaiya [20] to Markov channels with iid inputs and channel transition
probabilities that are not dependent on the input symbol process. The key result of [20] is that the mutual
information for this class of Markov channels can be computed as a continuous function of the iid input
distribution. In both of these papers, it is noted that these results fail for non-iid input sequences or if
the channel transitions depend on the input sequence. These restrictions rule out a number of interesting
problems. In particular, ISI channels do not fall into the above frameworks.

Recently, several authors ([1], [35], [25]) have proposed simulation-based methods for computing the
sample mutual information of finite-state channels. A key advantage of the proposed simulation algorithms
is that they can compute mutual information for Markov channels with non-iid input symbols as well as ISI
channels. All of the simulation-based results use similar methods to compute the sample mutual informa-
tion of a simulated sequence of symbols that are generated by a finite state channel. The authors rely on
the Shannon-McMillan-Breiman theorem to ensure convergence of the sample mutual information to the
expected mutual information. However, the results presented in ([1], [35], [25]) lack a number of impor-
tant components. The authors do not prove continuity of the mutual information with respect to the input
sequence probabilities. Furthermore, they do not present a means to develop confidence intervals or error
bounds on the simulated estimate of mutual information. (The authors of [1] present an exception to this
problem for the case of time-invariant channels with Gaussian noise). The lack of error bounds for these
simulation estimates means that we cannot determine, a priori, the length of time needed to run a simulation
nor can we determine the termination time by observing the simulated data [23]. Furthermore, simulations
used to compute mutual information may require extremely long “startup” times to remove initial transient
bias. Examples demonstrating this problem can be found in [17] and [10]. We will discuss this issue in more
detail in Section VI and Appendix | of this paper.

Our goal in this paper is to present a detailed and rigorous treatment of the computational and statistical



properties of entropy and mutual information for finite-state channels with dependent inputs. Our first result,
which we will exploit throughout this paper, is that the entropy rate of a symbol sequence generated by a
Markov channel is equivalent to the largest Lyapunov exponent for a product of random matrices. This
connection between entropy and Lyapunov exponents provides us with a substantial body of theory that
we may apply to the problem of computing entropy and mutual information for finite-state channels. In
addition, this result provides many interesting connections between the theory of dynamic systems, hidden
Markov models, and information theory, thereby offering a different perspective on traditional notions of
information theoretic concepts. The remainder of our results fall into two categories: extensions of previous
research and entirely new results — we summarize the new results first.

The connection between entropy and Lyapunov exponents allows us to prove several new theorems for
entropy and mutual information of finite-state channels. In particular, we present new lower bounds for
entropy in terms of matrix and vector norms for products of random matrices (Section VI and Appendix I).
We also provide an explicit connection between entropy computation and the prediction filter problem in
hidden Markov models (Section 1V). In addition, ideas from continuous-state space Markov chains are used
to prove the following new results:

« a method for directly computing entropy and mutual information for finite-state channels, (Theorem 7)

« afunctional central limit theorem for sample entropy under easily verifiable conditions, (Theorem 8)

« afunctional central limit theorem for a simulation-based estimate of entropy, (Theorem 8)

« arigorous confidence interval methodology for simulation-based computation of entropy, (Section VI

and Appendix I)
« arigorous method for bounding the amount of initialization bias present in a simulation-based estimate.
(Appendix I)
A functional central limit theorem is a stronger form of the standard central limit theorem. It shows that
the sample entropy, when viewed as a function of the amount of observed data, can be approximated by a
Brownian motion.

In addition to the above new results, we provide several extensions of the work presented in [20]. In
[20], the authors show that mutual information can be computed as a function of the conditional channel
state probabilities (where the conditioning is on past input/output symbols). For the case of iid inputs, they
show that the conditional channel probabilities converge weakly and that the mutual information is then a
continuous function of the iid input distribution. In this paper, we will show that all of these properties hold
for a much more general class of finite-state channels and inputs (Sections Il - V). Furthermore, we also
strengthen the results in [20] to show that the the conditional channel probabilities converge exponentially

fast. In addition, we apply results from Lyapunov exponent theory to show that there may be cases where



entropy and mutual information for finite-state channels are not “well-behaved” quantities (Section V). For
example, we show that the conditional channel probabilities may have multiple stationary distributions in
some cases. Moreover, there may be cases where the entropy and mutual information are not continuous
functions of the input probability distribution.

The rest of this paper is organized as follows. In Section I, we show that the conditional entropy of the
output symbols given the input symbols can be represented as a Lyapunov exponent for a product of random
matrices. We show that this property holdsdoiyergodic input sequence. In Section I, we show that under
stronger conditions on the input sequence, the entropy of the outputs and the joint input/output entropy are
also Lyapunov exponents. In Section IV, we show that entropies can be computed as expectations with
respect to the stationary distributions of a class of continuous-state space Markov chains. We also provide
an example in which such a Markov chain has multiple stationary distributions. In Section V, we provide
conditions on the finite-state channel and input symbol process that guarantee uniqueness and continuity
of the stationary distributions for the continuous-state space Markov chains. In Section VI, we discuss
both simulation-based and direct computation of entropy and mutual information for finite state channels.
Finally, in Section VII, we present numerical examples of computing mutual information for finite-state

channels with general inputs.

II. MARKOV CHANNELS WITH ERGODICINPUT SYMBOL SEQUENCES

We consider here a communication channel with (channel) state seqGencéC,, : n > 0), input
symbol sequenc&” = (X,, : n > 0), and output symbol sequente= (Y,, : n > 0). The channel states
take values irC, whereas the input and output symbols take value® end)/, respectively. In this paper,

we shall adopt the notational convention that i (s, : n > 0) is any generic sequence, then forn > 0,

ST = (S vy Sn) (1)

denotes the finite segment oktarting at indexn and ending at index: + n.

In this section we show that the conditional entropy of the output symbols given the input symbols can
be represented as a Lyapunov exponent for a product of random matrices. In order to state this relation we
only require that the input symbol sequence be stationary and ergodic. Unfortunately, we cannot show an
equivalence between unconditional entropies and Lyapunov exponents for such a general class of inputs. In
Section 111, we will discuss the equivalence of Lyapunov exponents and unconditional entropies for the case

of Markov dependent inputs.

A. Channel Model Assumptions

With the above notational convention in hand, we are now ready to describe this section’s assumptions on

the channel model. While some of these assumptions will be strengthend in the following sections, we will



use the same notation for the channel throughout the paper.

Al: C = (C, : n > 0) is a stationary finite-state irreducible Markov chain, possessing transition matrix
R = (R(cn,Cnt1) & Cnycny1 € C). In particular,
n—1
P(Cy = cf) = r(co) [T R(cj,ci1) (2)

J=0

for ¢f € C, wherer = (r(c) : ¢ € C) is the unique stationary distribution 6f.
A2: The input symbol sequence = (X, : n > 0) is a stationary ergodic sequence independent.of

A3: The output symbol$Y;, : n > 0} are conditionally independent givetiandC, so that
n—1
P(Yy = y|C, X) = [[ P(Y; = y|C, X) 3
j=0

for yp € ynti.
A4: For each triplefcy, ¢, z) € C? x X, there exists a probability mass functigf|cy, ¢, z) on Y such
that

P(Y; =y|C, X) = q(y|C}, Cj11, X;). (4)

The dependence &f; on C}., is introduced strictly for mathematical convenience that will become clear

shortly. While this extension does allow us to address non-causal channel models, it is of little practical use.

B. The Conditional Entropy as a Lyapunov Exponent

Let the stationary distribution of the channel be represented as a row veetofr(c) : ¢ € C), and
let e be a column vector in which every entry is equal to one. Furthermore(zfar) € X x ), let

Gay) = (Gay)(co,c1) : o, 1 € C) be the square matrix with entries

G(z,y)(cm c1) = R(co,c1)q(ylco, c1, ). ©))
Observe that
P(Yy =yl Xg =ag) = Y. r(co) [] R(ejscie1)a(yjles, ciens ;) (6)
CQ ey Cn+1 ]:0
= Z 7”(CO) H G(:r:jvyj)@jv Cj+1) (7)
COy--+sCnt1 7=0
= 7Gaow0)Garm)  Glonyn) e (8)

Taking logarithms, dividing by:, and lettingn — oo we conclude that

H(Y|X) = — lim ~Elog P(YJ|XD) = —A(Y|X), ©)

n—0oo N



where
. 1
)‘(le) = lim —E 10g<rG(X01YO)G(X17Y1) e G(Xn,Yn)e)' (10)

n—oon
The quantity\(Y'| X) is the largest Lyapunov exponent (or, simply, Lyapunov exponent) associated with
the sequence of random matrix produ@&x, v, G (x,vi) - - - Gix,.v,) : 7 > 0). Lyapunov exponents have
been widely studied in many areas of applied mathematics, including discrete linear differential inclusions
(Boyd et al [8]), statistical physics (Ravishankar [36]), mathematical demography (Cohen [11]), percolation
processes (Darling [13]), and Kalman filtering (Atar and Zeitouni [5]).
Let|| - || be any matrix norm for which A; As|| < ||A:|| - ||A2|| for any two matricesd; and A,. Within

the Lyapunov exponent literature, the following result is of central importance.

Theorem 1: Let (B, : n > 0) be a stationary ergodic sequence of random matrices for which

Elog(max(||Byl|, 1)) < oo. Then, there exists a deterministic constaginown as the Lyapunov exponent)

such that
1
—log||B1By--- B,l| — A as. (11)
n
asn — oo. Furthermore,
. 1
A = lim —Elog||B;--- B, (12)
n—oo n
1
= inf —Elog||B; - Byll. (13)
n>1ln

The standard proof of Theorem 1 is based on the sub-additive ergodic theorem due to Kingman [27].

Note that for||A||., £ max{¥,, |A(co,c1)| : co € C},

IA

TG (x0v0)G(x1,v1) " Gxa )€ (14)
< NGxoxv)Gxiv) = Gy lloo (15)

rcneiélr(c>|’G(Xo,Yo)G(X1,Y1) T G(Xn,Yn)HOO

The positivity ofr therefore guarantees that

1 1
gElOg(TG(XO,Yo)G(Xl,Yl) - Gix,ye) — EEIOg |G (x0v0)Gxiv1) * Gxnyvi) oo — 0 (16)

asn — oo, so that the existence of the limit in (10) may be deduced either from information theory
(Shannon-McMillan-Breiman theorem) or from random matrix theory (Theorem 1).

For certain purposes, it may be useful to know that the conditional entip$|.X) (i.e. A(Y|X)) is
smooth in the problem data. Here, “smooth in the problem data” means the Lyapunov exponent is differen-
tiable with respect to the channel transition probabilifiesas well as the probability mass function for the

output symbols(-|C;, C;+1, X;). Arnold et al [2, Corollary 4.11] provide sufficient conditions under which



the Lyapunov exponem(Y'| X) is analytic in the entries of the random matrices. However, in our case, per-
turbations inRk andq simultaneously affect both the entries of figy y's and the probability distribution
generating them. Therefore the results of [2] are difficult to apply in our setting.

It is in fact remarkable that this relationship holds f8(Y'|X) at this level of generality (i.e. for any
stationary and ergodic input sequence). The main reason we can state this result is that the amount of
memory in the inputs is irrelevant to the computatiorconditionalentropy. However, at the current level
of generality, there is no obvious way to compuif¢Y’) itself. As a consequence, the mutual information
rate/(X,Y) cannot be computed, and calculation of capacity for the channel is infeasible. In Section 3, we
strengthen our hypotheses anso as to ensure computability of mutual information in terms of Lyapunov

exponents.

[11. M ARKOV CHANNELS WITH MARKOV-DEPENDENTINPUT SYMBOLS

In this section we prove a number of important connections between entropy, Lyapunov exponents,
Markov chains, and hidden Markov models (HMMs). First we present examples of channels that can be
modeled using Markov dependent inputs. We then show that any entropy quantity (and hence mutual infor-
mation) for these channels can be represented as a Lyapunov exponent. In addition to proving the Lyapunov
exponent connection with entropy, we must also develop a framework for computing such quantities and
evaluating their properties (e.g. smoothness with respect to the problem data). To this end, we show that
symbol entropies for finite-state channels with Markov dependent inputs can be computed as expectations
with respect to the stationary distributions of a class of Markov chains. Furthermore, we will also show that
in some cases the Markov chain of interest is an augmented version of the well known channel prediction
filter from HMM theory.

A. Channel Assumptions and Examples

In this section (and throughout the rest of this paper), we will assume that:
B1l: C = (C, : n > 0) satisfies Al.
B2: The input/output symbol paif§ X;, Y;) : ¢ > 0} are conditionally independent givéry so that
P} = 5. = IC) = I PX, = .Y = C) an
for 2z € X+ yp e Yyntl

B3: For each paifcy, c;) € C?, there exists a probability mass functigf|cy, c;) on X x ) such that

P(X; =x,Y, =y|C) = q(z,y|C;, Ciya). (18)



Again, the non-causal dependence of the symbols is introduced strictly for mathematical convenience. It is
clear that typical causal channel models fit into this framework.
A number of important channel models are subsumed by B1-B3, in particular channels with I1SI and

dependent inputs. We now outline a number of channel examples:
Example 1: The Gilbert-Elliot channel is a special case in whi¥h)’, andC are all binary sets.

Example 2: Goldsmith and Varaiya [20] consider the special class of finite-state Markov channels for which

the input symbols are independent and identically distributed (i.i.d.) yuthB1-B3 taking the form

q(z,y|co, c1) = q1(7)q2(y|co, ) (19)
for some functiongy, ¢-.

Example 3: Suppose that we wish to model a channel in which the input symbol sequence is Markov.
Specifically, suppose thaf is an aperiodic irreducible finite-state Markov chain&nindependent of’.

Assume that the output symbdl¥;, : n > 0} are conditionally independent givéx, C'), with
P(Y; = y|X, C) = q(y| Xi, Xiy1, Ci, Ciya). (20)

To incorporate this model into our framework, we augment the channel state (artificially), fo€iag
(C;, X;). Note thatC' = (C,, : n > 0) is a finite-state irreducible Markov chain 6h= C x X under our
assumptions. The tripl¢C, X, Y") then satisfies the requirements demande@bfX, Y') in B1-B3.

Example 4: In this example, we extend Example 3 to include the possibility of inter-symbol interference.
As above, we assume th&tis an aperiodic irreducible finite-state Markov chain, independefit 8uppose

that the output symbol sequenkesatisfies
P(YN—H = y|03+17 X(7)1+17 Y()n) = Q(y|cn+17 Xn-i-lv XN)v (21)

with q(y|c1, z1,79) > 0 for all (y,cy,21,79) € Y o C x X% To incorporate this model, we augment
the channel state to include previous input symbols. Specifically, wéset (Chn, X, Xn1) and use
(C, X,Y) to validate the requirements of B1-B3.

B. Entropies as Lyapunov Exponents

With the channel model described by B1-B3, each of the entrdpies), H(Y), andH(X,Y) turn out

to be Lyapunov exponents for products of random matrices (up to a change in sign).



PrOpOSItlon 1:Forz € X andy € Y, letGY = (G (co,¢1) : co,c1 € C), G = (G} (co,c1) = co, 1 € C),

andG zy) = (G(X })/)(co, c1) : ¢o,c1 € C) be|C| x |C| matrices with entries given by

(zy
GX(co,c1) = R(co,cl)Zq(x,y]co,cl), (22)
y
Gy (co,c1) = Rlco,e1) D q(w,ylco, c), 23)
G (o, 1) = Rlco, er)q(z, yleo, c1). (24)

Assume B1-B3. The/ (X) = —\(X), H(Y) = =A(Y),andH(X,Y) = —A(X,Y), whereA(X), A\(Y),

and\(X,Y") are the Lyapunov exponents defined as the following limits:

1
AY) = nlggo - log |Gy, GY, - Gy || as., (26)

1
NXY) = lim o HG&& Glxav Glxagnl 25 27)

The proof of the above proposition is virtually identical to the argument of Theorem 1, and is therefore
omitted.

At this point it is useful to provide a bit of intuition regarding the connection between Lyapunov exponents
and entropy. From the above development it is clear that the Lyapunov exponent characterizes the exponen-
tial growth rate of the norm for a product of random matrices. The obvious question is: “What does the
growth rate of a product of random matrices have to do with entropy?” The key link lies in the connection
between the matrix products and the probability functions of the symbol sequences. For example, following
the development of Section Il we can write

P(Xy,....X,) =rGy,GY, -Gy e, (28)

wherer is the stationary distribution for the chanrggl The elements of the random matricg¥, G<, and
Ggg take values between 0 and 1. Hence, sintepositive, the left and right multiplication byande,

respectively, satisfy the conditions for a matrix norm,
rGy, Gy, -Gy e = ||GX,G%, - GX || (29)

Therefore, we can think of the Lyapunov expong(k’) as the average exponential rate of growth for the
probability of the sequenc&. SinceP(X;,...,X,) — 0 asn — oo for any non-trivial sequence, the

rate of growth will be negative. (If the probability of the input sequence does not converge to zero then
H(X)=0.)



This view of the Lyapunov exponent facilitates a straightforward information theoretic interpretation
based on the notion of typical sequences. From Cover and Thomas [12], the typi¢dl isethe set of

sequencesy, ..., r, satisfying
o HXTE < P(X) =1y, .. Xy = 1) < 27HE) e (30)

andP(A™) > 1 — e for n sufficiently large. Hence we can see that, asymptotically, any observed sequence
must be a typical sequence with high probability. Furthermore, the asymptotic exponential rate of growth
of the probability for any typical sequence must bé/(X) or A\(X). This intuition will be useful in
understanding the results presented in the next subsection where we shoWXhatan also be viewed

as an expectation rather than an asymptotic quantity.

C. A Markov Chain Representation for Lyapunov Exponents

Proposition 1 establishes that the mutual informatioX,Y) = H(X) + H(Y) — H(X,Y) can be
easily expressed in terms of Lyapunov exponents, and that the channel capacity involves an optimization
of the Lyapunov exponents relative to the input symbol distribution. However, the above random matrix
product representation is of little use when trying to prove certain properties for Lyapunov exponents, nor
does it readily facilitate computation. In order to address these issues we will now show that the Lyapunov
exponents of interest in this paper can also be represented as expectations with respect to the stationary
distributions for a class of Markov chains.

From this point onward, we will focus our attention on the Lyapunov exponéht), since the con-
clusions forA(Y) and \(X,Y") are analogous. In much of the literature on Lyapunov exponents for i.i.d.
products of random matrices, the basic theoretical tool for analysis is a particular continuous state space
Markov chain [19]. Since our matrices are not i.i.d. we will use a slightly modified version of this Markov

chain, namely

Zn = <| wG§l “.G))gn

NG G O O ) = e @31

Here, w is a |C|-dimensional stochastic (row) vector, and the norm appearing in the definiticfy of
any norm onRl°l. If we view wGy%, -+~ G% as a vector, then we can interpret the first componer# of
as the direction of the vector at time The second and third componentsfdetermine the probability

distribution of the random matrix that will be applied at timeWe choose the normalized direction vector
_ wGE GX,
Prn = TwG¥ ~GE 1l

sort of non-trivial steady-state behavior for the normalized version. The structufeslobuld make sense

rather than the vector itself becausé’y, --- GX — 0asn — oo, but we expect some

given the intuition discussion in the previous subsection. If we want to compute the average rate of growth



(i.e. the average one-step growth) farG% --- GX || then all we should need is a stationary distribution
on the space of directions combined with a distribution on the space of matrices.
The steady-state theory for Markov chains on continuous state space, while technically sophisticated, is a
highly developed area of probability. The Markov chairallows one to potentially apply this set of tools
to the analysis of the Lyapunov exponeuifX'). Assuming for the moment that has a steady-state,,, we

can then expect to find that

Zo = By Crs Cot1) = Zoo 2 (Boos Coos Cno) (32)

asn — oo, whereC.., C, € C, o = w and

GX . GX ~n7 GX
R e (33)
lwGx, -+ Gx, Il [P Gx, |
forn > 1. If w is positive, the same argument as that leading to (16) shows that
1 1
log |G, - G, || - ~loglwG¥, - G, || — Oas. (34)

asn — oo, which impliesA(X) = lim, .« = log [JwGY, - -- GX ||. Furthermore, it is easily verified that

log [[wGy, -+ Gx, || = > log(|[5;1G%, |- (35)

=1

Relations (34) and (35) together guarantee that
.1 & .
ANX) = lim =5 log([[p;1Gx,[]) . (36)
7j=1
In view of (32), this suggests that

AX) = Z;{Elog(llﬁoonll)R(Coo,C*oo)q(xICoo,C‘oo) (37)
xe

where ¢(z|co, ¢;) 2 >, q(z,y|co, c1). Recall the above discussion regarding the intuitive interpretation
of Lyapunov exponents and entropy and suppose we apply the 1-norm, gi\4¢m\hyé > lw(e)], in
(37). Then the representation (37) computes the expected exponential rate of growth for the probability
P(X,...,X,), where the expectation is with respect to the stationary distribution of the continuous state
space Markov chai&.! Thus, assuming the validity of (32), computing the Lyapunov exponent effectively
amounts to computing the stationary distribution of the Markov clraiBecause of the importance of this
representation, we will return to providing rigorous conditions guaranteeing the validity of such representa-

tions in Sections 4 and 5.

'Note that while (37) holds for any choice of norm, the 1-norm provides the most intuitive interpretation



D. The Connection to Hidden Markov Models

As noted above/Z is a Markov chain regardless of the choice of norm®fi. If we specialize to the
1-norm, it turns out that the first componentotan be viewed as the prediction filter for the channel given

the input symbol sequence.

Proposition 2: Assume B1-B3, and let = r, the stationary distribution of the chanr@l Then, forn > 0
andc € C,
Pn(c) = P(Cryq = ¢|XT). (38)

Proof: The result follows by an induction an For n=0, the result is trivial. Fot = 1, note that

Yoy T(co) R(co, €)q(Xi]co, )

P<02 - C|X1) Zco,q T(CO)R(CO, Cl)Q(X1|CO7 Cl) (39)
(rG,)(c)

G 40

||7’G’§1||1 )

The general induction step follows similarly. s

It turns out that the prediction filtép,, : n > 0) is itself Markov, without appendin¢(,,, C,,.1) to p,, as

a state variable.

Proposition 3 Assume B1-B3 and suppose= r. Then, the sequenge= (p,, : n > 0) is a Markov chain

taking values in the continuous state sp&ce {w : w > 0, ||w||; = 1}. Furthermore,

19:G3 |l = P(Xpp1 = 2| XT). (41)

Proof: See Appendix Il.A

In view of Proposition 3, the terms appearing in the sum (35) have interpretations as conditional entropies,
namely
—Elog(|[5-1G%, 1) = H (X1 1X]). (42)
so that the formula (36) fok(X') can be interpreted as the well known representatiofoX ) in terms of

the averaged conditional entropies;

1
H(X) = Jim ;Wl’ oK) “
g nh_}nélo ﬁ Z H ]Jrl‘Xl (44)
1
= —JLnOlOEZElog 15;1Gx, 1[1) (45)

= —A(X) (46)



Note, however, that this interpretationlog(Hpj,lG§jHl) holds only when we choose to use the 1-norm.
Moreover, the above interpretations also require that we initializgh p, = r, the stationary distribution
of the channeC'. Furthermore, we note that Proposition 3 does not hold upiessr. Hence, if we want
to use an arbitrary initial vector we must ugewhich is always a Markov chain.

We note, in passing, that in [20] it is shown that the prediction filter can be non-Markov in certain settings.
However, we can include these non-Markov examples in our Markov framework by augmenting the channel
states as in Examples 3 and 4. Thus, our progdesthese examples can be Markov without violating the

conclusions in [20].

IV. COMPUTING THE LYAPUNOV EXPONENT AS AN EXPECTATION

In the previous section we showed that the Lyapunov expohekt can be directly computed as an
expectation with respect to the stationary distribution of the Markov chaldowever, in order to make this
statement rigorous we must first prove thain fact has a stationary distribution. Furthermore, we should
also determine if the stationary distribution fgris unique and if the Lyapunov exponent is a continuous
function of the input symbol distribution and channel transition probabilities.

As it turns out, the Markov chaiy with Z,, = (p,,C,,C,+1) is a very cumbersome theoretical tool
for analyzing many properties of Lyapunov exponents. The main difficulty is that we must carry around
the extra augmenting variablés’,, C,, ;1) in order to makeZ a Markov chain. Unfortunately, we cannot
utilize the channel prediction filtgr alone since it is only a Markov chain whgp = . In order to prove
properties such as existence and uniqueness of a stationary distribution for a Markov chain, we must be able
to characterize the Markov chain’s behavior for any initial point.

In this section we introduce a new Markov chairwhich we will refer to as theP-chain”. It is closely
related to the prediction filtes and, in some cases, will be identical to the prediction filter. However, the
Markov chainp posseses one important additional property — it is always a Markov chain regardless of its
initial point. The reason for introducing this new Markov chain is that the asymptotic propergpesethe
same as those of the prediction fil(we show this in Section V), and the analysispofs substantially
easier than that of. Therefore the results we are about to proveyf@an be applied tp and hence the

Lyapunov exponenk(X).
A. The ChanneP-chain
We will define the random evolution of tha-chain using the following algorithm

Algorithm A:

1) Initializen = 0 andp, = w € P, whereP = {w : w > 0, ||w||; = 1}



2) GenerateX € X from the probability mass functiofi|p,GX ||, : = € X).
P GX
3) Setpn—‘rl - HpnGiff:Hl-

4) Setn =n + 1 and return to 2.

The output produced by Algorithm A clearly exhibits the Markov property, for any initial vecterP.
Letp” = (p¥ : n > 0) denote the output of Algorithm A whewm = w. Proposition 3 proves that far = r,
p” coincides with the sequengé = (p! : n > 0), wherep” = (p¥ : n > 0) for w € P is defined by the

n

recursion (also known as the forward Baum equation)

X X
wG¥, -G
|wG§l...GXn||1’

~W

pn:|

(47)

whereX = (X, : n > 1) is a stationary version of the input symbol sequence. Note that in the above
algorithm the symbol sequencké is determined in an unconventional fashion. In a traditional filtering
problem the symbol sequengéfollows an exogenous random process and the channel state predictor uses
the observed symbols to update the prediction vector. However, in Algorithm A the probability distribution

of the symbolX,, depends on the random vectar , hence the symbol sequendgis not an exogenous
process. Rather, the symbols are generated according to a probability distribution determined by the state
of the’P-chain. Proposition 3 establishes a relationship between the predictionpfileerd theP-chainp®

whenw = r. As noted above, we shall need to study the relationship for arbitvaey. Proposition 4

provides the key link.

Proposition 4: Assume B1-B3. Then, ilv € P,

- WG w) G
" ||UJG§1(w) T G§n(w)’|1

(48)

whereX (w) = (X, (w) : n > 1) is the input symbol sequence whéh is sampled from the mass function
w. In particular,
P(Xi(w) =x1,..., Xp(w) = x,) :wal---ane. (49)

Proof:See Appendix I11.B

Indeed, Proposition 4 is critical to the remaining analysis in this paper and therefore warrants careful
examination. In Algorithm A the probability distribution of the symh¥®), depends on the state of the
Markov chainpy. This dependence makes it difficult to explicitly determine the joint probability distribution
for the symbol sequenc¥,, ..., X,. Proposition 4 shows that we can take an alternative view ofthe

chain. Rather than generating tifechain with an endogenous sequence of symBals . ., X,,, we can



use the exogenous sequedtgw), ..., X, (w), where the sequencé(w) = (X, (w) : n > 1) is the input
sequence generated when the channel is initialized with the probability mass functioother words, we

can view the chaip’ as being generated by a stationary chadhekhereas thé-chainp? is generated by
anon-stationary versioof the channel('(w), usingw as the initial channel distribution. Hence, the input
symbol sequences for the Markov chajifsandp™ can be generated by two different versions of the same
Markov chain (i.e. the channel). In Section V we will use this critical property (along with some results on
products of random matrices) to show that the asymptotic behavigts afidp® are identical.

The stochastic sequeng is the prediction filter that arises in the study of “hidden Markov models”. As
is natural in the filtering theory context, the fil{gt is driven by the exogenously determined observativns
On the other hand, it appears thé&thas no obvious filtering interpretation, except wher- . However,
for the reasons discussed aboy#,is the more appropriate object for us to study. As is common in the
Markov chain literature, we shall frequently choose to suppress the dependencelonosing to denote

the Markov chain ag = (p, : n > 0).

B. The Lyapunov Exponent as an Expectation

Our goal now is to analyze the steady-state behavior of the Markov phaid show that the Lyapunov
exponent can be computed as an expectation with respgstdtationary distribution. In particular, if has
a stationary distribution we should expect

H(X) ==} Elog(|[p=G7 [1)lpGZ |1 (50)
reX
wherep,, is arandom vectodistributed according tp’s stationary distribution.

As mentioned earlier in this section, the “chanfiethain” p that arises here is closely related to the
prediction filterp = (p, : n > 0) that arises in the study of “hidden Markov models” (HMM). A sizeable
literature exists on steady-state behavior of prediction filters for HMM’s. An excellent recent survey of the
HMM literature can be found in Ephraim and Merhav [15]. However, this literature involves significantly
stronger hypotheses than we shall make in this section, potentially ruling out certain channel models as-
sociated with Examples 3 and 4. We shall return to this issue in Section V, in which we strengthen our
hypotheses to ones comparable to those used in the HMM literature. We also note that the Markpy chain

while closely related t@, requires somewhat different methods of analysis.

Theorem 2: Assume B1-B3 and leP* = {w € P : w(c) > 0,c € C}. Then,

1) For any stationary distributionof p = (p,, : n > 0),

HX) <= Y [ tog(llwG [l [wGs [l (dw) (51)

rzeX



2) For any stationary distribution satisfyingr(P*) = 1,

HX) = = 5 [ toa(wGX ) [wGs |im(dw). (52)

zeX
Proof:See Appendix I1.C

Note that Theorem 2 suggests that (p, : n > 0) may have multiple stationary distributions. The

following example shows that this may indeed occur, even in the presence of B1-B3.
Example 5: Suppos& = {1, 2}, andX = {1, 2}, with
R— ( ) (53)
0 0
Gy = Gy = : (54)
0 3 2

Then, bothr; andr, are stationary distributions for, where
) =1 (55)

N[—= N
N—= N

and

DO [

O NI

11

mlg

and

1

m((0,1)) = m((1,0)) = 5. (56)

Theorem 2 leaves open the possibility that stationary distributions with support on the boundary of
will fail to satisfy (50). Furstenberg and Kifer [19] discuss the behaviop ef (p, : n > 0) whenp has
multiple stationary distributions, some of which violate (50) (under an invertibility hypotheses 6thg
Theorem 2 also fails to resolve the question of existence of a stationary distributipn Torremedy this

situation we impose additional hypotheses:
B4: |X| < oo and|Y| < 0.

B5: For each(z,y) for which P(X, = 2,Y; = y) > 0, the matrixG{." is row-allowable (i.e. it has no

row in which every entry is zero).
Theorem 3Assume B1-B5. Them = (p, : n > 0) possesses a stationary distributian
Proof:See Appendix 11.D

As we shall see in the next section, much more can be said about the cttaohainp = (p,, : n > 0)

in the presence of strong positivity hypotheses on the matfiégs : = € X}. The Markov chairp =



(pn : n > 0), as studied in this section, is challenging largely because we permit a great deal of sparsity
in the matrice G : € X'}. The challenges we face here are largely driven by the inherent complexity

of the behavior that Lyapunov exponents can exhibit in the presence of such sparsity. For example, Peres
[34] provides several simple examples of discontinuity and lack of smoothness in the Lyapunov exponent as
a function of the input symbol distribution when the random matrices have a sparsity structure like that of
this section. These examples suggest strongly that entropy can be discontinuous in the problem data in the
presence of B1-B5, creating significant difficulties for the computation of channel capacity in such settings.
We will alleviate these problems in the next section through additional assumptions on the aperiodicty of the

channel as well as the conditional probability distributions on the input/output symbols.

V. THE STATIONARY DISTRIBUTION OF THECHANNEL P-CHAIN UNDER POSITIVITY CONDITIONS

In this section we introduce extra conditions that guarantee the existence of a unique stationary distribution
for the Markov chaing andp”. By neccessity, the discussion in this section and the resulting proofs in the
Appendix are rather technical. Hence we will first summarize the results of this section and then prove
further details.

The key assumption we will make in this section is that the probability of observing any symbgt pair
is strictly positive for any valid channel transition (i.e. Rf ¢y, c¢1) is positive) — recall that the probability
mass function for the input/output symbal&:, y|co, ¢;) depends on the channel transition rather than just
the channel state. This assumption, together with aperiodicify, a¥ill guarantee that the random matrix
productG§l(w) e G§n(w) can be split into a product aftrictly positiverandom matrices. We then exploit
the fact that strictly positive matrices are strict contractiong?on= {w € P : w(c) > 0,c € C} for an
appropriate distance metric. This contraction property allows us to show that both the predictig# filter
and theP-chainp converge exponentially fast to the same limiting random variable. Hence plaott p”
have the same unique stationary distribution that we can use to compute the Lyapunov exp&nefihis
result is stated formally in Theorem 5. In Theorem 6 we show ifat) is a continuous function of both

the transition matrix? and the symbol probabilitieg x, y|co, ¢1).

A. The Contraction Property of Positive Matrices

We assume here that:
B6: The transition matrix is aperiodic.

B7: For each(cy, ¢, z,y) € C2 x X x Y, q(x,y|co, c1) > 0 wheneverR(cy, ¢;) > 0.



Under B6-B7, all the matrice§GX,GY, G(X1) : = € X,y € Y} exhibit the same (aperiodic) sparsity
pattern ask. That is, the matrices have the same pattern of zero and non-zero elements. Note that under B1

and B6,R! is strictly positive for some finite value éf So,

o= GX G (57)

= X

is strictly positive for; > 0. The key mathematical property that we shall now repeatedly exploit is the fact
that positive matrices are contractingBr in a certain sense.

Forv,w € PT, let

L (max, (o) ()
d(v, w) = log (minc (0(0) /w(c))> : (58)

The distancel(v, w) is called “Hilbert’s projective distance” betweerandw, and is a metric orP*; see

page 90 of Seneta [37]. For any non-negative maftrilet

1—0(T)"/?
T = "7 59
7'( ) 1+9(T)_1/27 ( )
where
T(co,c3)T(c1,c4)
oO(T) = : 60
(T) = mas, (m T (cr,cs) (%0)
Note thatr(7") < 1if T'is strictly positive (i.e. if all the elements @f are strictly positive).
Theorem 4: Suppose, w € P are row vectors. Then, if is strictly positive,
dT,wT) < 7(T)d(v,w). (61)

For a proof, see pages 100-110 of Seneta [37]. The quart(ity is called “Birkhoff’'s contraction coeffi-
cient”.

Ouir first application of this idea is to establish that the asymptotic behavior of the cliaruielinp and
the prediction filtep coincide. Note that fon > [, p” andp,” both lie inP*, sod(p", p*) is well-defined
for n > [. Proposition 5 will allow us to show that’ = (p* : n > 0) has a unique stationary distribution.

Proposition 6 will allow us to show that’ = (p» : n > 0) must have the same stationary distributiopas

Proposition 5: Assume B1-B4 and B6-B7. v € P, d(p),pY) = O(e™*") a.s. asn — oo, Where
ol —(log 8)/l and3 2 maux{r(ij1 . Gfl) p(Xi=mq,..., X, =x) >0} < 1.

Proof: The proof follows a greatly simplified version of the proof for Proposition 6, and is therefore omitted.

Proposition 6: Assume B1-B4 and B6-B7. Far € P, there exists a probability space upon which

d(p¥,pr) = 0(e ") a.s. a1 — 0.



Proof: See Appendix II.E.

The proof of Proposition 6 relies on Proposition 4 and a coupling arguement that we will summarize
here. Recall from Proposition 4 that we can vigjvandp? as being generated by a stationary and non-
stationary version of the channél, respectively. The key idea is that the non-stationary version of the
channel will eventually couple with the stationary version. Furthermore, the non-stationary version of the
symbol sequenc& (w) will also couple with the stationary versioki. Once this coupling occurs, say at
time T < oo, the symbol sequencéX’,,(w) : n > T') and(X,, : n > T') will be identical. This means that
for all n > T the matrices applied tg, andpy will also be identical. This allows us to apply the contraction

result from Theorem 4 and complete the proof.

B. A Unique Stationary Distribution for the Prediction Filter and tReChain

We will now show that there exists a limiting random variaflesuch thap,,” = p asn — oo. In view
of Propositions 5 and 6, this will ensure that for eaclk P, p}’ = p:  asn — oo. To prove this result, we
will use an idea borrowed from the theory of “random iterated functions”; see Diaconis and Freedman [14].
Let X = (X, : —00 < n < o0) be a doubly-infinite stationary version of the input symbol sequence, and
puty, = X_, forn € Z. Then,
rGX, -Gy 2rGY ... GX (62)

X1’

where= denotes equality in distribution. Pp§ = r andp;, = rGy, --- Gy, forn > 0, and

Hi=Gy - Gimﬂﬂ- (63)
Then
d(prps Plnay) = drH Hy - Hi,rH, - Hy) (64)
< 7(H;_,---H))d(rH},r) (65)
< Brd(rH:,r) (66)
< B%ds, (67)

whered, = max{d(rGJ --- Gy r) : P(X1 = x1,...,X; = ;) > 0}. It easily follows that(p;, : n > 0)

IS a.s. u u , Xi varj u — a.s. asn — oo.
S a Cauchy sequence, so there exists a random varigblsuch thatp’ jos as

Furthermore,
d(pl,r) < (1= F)"'d.. (68)

The constant, can be bounded in terms of easier-to-compute quantities. Note that

d(rGyGX.r) < drGYGY ,rGY) +d(rGy.r)

9 9 9
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T(Gf?)d(rGX r) +d(rGX,r)

Ty T2

IN

2*,

whered* = max{d(rGX,r) : x € X}. Repeating the argumeht- 2 additional times yields the bound
d, <ld*.

The above argument proves parts ii.) and iii.) of the following result.

Theorem 5: Assume B1-B4 and B6-B7. Let = {w : d(w,r) < (1 — 8)~d*} C PT. Then,
i.) p= (p,:n > 0)has aunique stationary distributian
i.) m(K)=1andr(-) = P(p:, € ).
iii.) Foreachw € P, p¥¥ = p’ asn — oo.

iv.) K is absorbing fofp;, : n > 0), in the sense tha®(p}’, € K) = 1forn > 0andw € K.

Proof:See Appendix Il.F for the proofs of parts i.) and iv.), parts ii.) and iii.) are proved above.
Applying Theorem 2, we may conclude that under B1-B4 and B6-B7, the ch@&iokhin has a unique
stationary distributionr onP* satisfying

H(X) == 3 [ log(|[wG [0 [wGX lim(duw). (69)

zeX

We can also use our Markov chain machinery to establish continuity of the enit@ily as a function of
R andq. Such a continuity result is of theoretical importance in optimizing the mutual information between
X andY’, which is necessary to compute channel capacity. The following theorem generalizes a continuity

result of Goldsmith and Varaiya [20] obtained in the setting of i.i.d. input symbol sequences.

Theorem 6: Assume B1-B4 and B6-B7. Suppose th&}, : n > 1) is a sequence of transition matrices on
C for which R,, — R asn — oco. Also, suppose that for > 1, ¢,,(|co, ¢1) is @ probability mass function on
X x Y for each(cy, ¢;) € C* and thalg, — ¢ asn — oo. If H,(X) is the entropy ofX associated with the

channel model characterized b&,,, ,,), thenH,,(X) — H(X) asn — oc.

Proof: See Appendix II.K

VI. NUMERICAL METHODS FORCOMPUTING ENTROPY

In this section, we discuss numerical methods for computing the entf@py). In the first subsection we
will discuss simulation based methods for computing sample entropy. Recently, several authors [1], [25],
[35] have proposed similar simulation algorithms for entropy computation. However, a number of important

theoretical and practical issues regarding simulation based estimates for entropy remain to be addressed. In



particular, there is currently no general method for computing confidence intervals for simulated entropy
estimates. Furthermore, there is no method for determining how long a simulation must run in order to
reach “steady-state”. We will summarize the key difficulties surrounding these issues below. In Appendix
| we present a new central limit theorem for sample entropy. This new theorem allows us to compute
rigorous confidence intervals for simulated estimates of entropy. We also present a method for computing
the initialization bias in entropy simulations, which together with the confidence intervals, allows us to
determine the appropriate run time of a simulation.

In the second subsection we present a method for directly computing the ehtfépyas an expectation.
Specifically, we develop a discrete approximation to the Markov chaand its stationary distribution.
We show that the discrete approximation for the stationary distribution can be used to apprd¥imate
We also show that the approximation f&i{X') converges to the true value &f(X) as the discretization

intervals forp become finer.

A. Simulation Based Computation of the Entropy

One consequence of Theorem 1 in Section Il is that we can use simulation to calculate our entropy rates

by applying Algorithm A and using the proceg$o create the following estimator
1 n—1 .
7=0

Although the authors of [1], [35] did not make the connection to Lyapunov exponents and products of
random matrices, they propose a similar version of this simulation-based algorithm in their work. More
generally, a version of this simulation algorithm is a common method for computing Lyapunov exponents in
chaotic dynamic systems literature [17]. When applying simulation to this problem we must consider two
important theoretical questions:

1) “How long should we run the simulation?”,

2) “How accurate is our simulated estimate?”.
In general, there exists a well developed theory for answering these questions when the simulated Markov
chain is “well behaved”. For continuous state space Markov chains sycaratp the term “well behaved”
usually means that the Markov chain is Harris recurrent [See [31] for the theory of Harris chains]. The key
condition required to show that a Markov chain is Harris recurrent is the notigriroéducibility. Consider
the Markov chairp = (p,, : n > 0) defined on the spacg with Borel sets3(P). Definer, as the first
return time to the setl € P. Then, the Markov chaip = (p,, : n > 0) is ¢-irreducible if there exists a

non-trivial measure on B(P) such that for every state € P

d(A) > 0= P,(14 < 00) > 0. (71)



Unfortunately, the Markov chainsandp are never irreducible, as illustrated by the following example.

Suppose we wish to use simulation to compute the entropy of an output symbol process from a finite state
channel. Further suppose that the output symbols are binary, hence the random rigtricas only take
two values, say7) andG?Y corresponding to output symbols 0 and 1, respectively. Suppose we intialize
po = r and examine the possible values fgr Notice that for any:, the random vectgs,, can take on only
a finite number of values, where each possible value is determined by onerefeéhgth permutations of
the matrice<7) andG?, and the initial conditions,. One can easily find two initial vectors belongingRo
for which the supports of their correspondipgs are disjoint for alln > 0. This contradicts (71). Hence,
the Markov chairp has infinite memory and is not irreducible.

This technical difficulty means that we cannot apply the standard theory of simulation for continuous state
space Harris recurrent Markov chains to this problem. The authors of [35], [10] note an important exception
to this problem for the case of ISI channels with Gausian noise. When Gaussian noise is added to the output
symbols the random matri%;. is selected from a continuous population. In this case the Markov ghain
in fact irreducible and standard theory applies. However, since we wish to simulate any finite state channel,
including those with finite symbol sets, we cannot appeal to existing Harris chain theory to answer the two
guestions raised earlier regarding simulation based methods.

Given the infinite memory problem discussed above we should pay special attention to the first question
regarding simulation length. In particular, we need to be able to determine how long a simulation must run
for the Markov chairp to be “close enough” to steady-state. The bias introduced by the initial condition of
the simulation is known as the “initial transient”, and for some problems its impact can be quite significant.
For example, in the Numerical Results section of this paper, we will compute mutual information for two
different channels. Using the above simulation algorithm we estimatgd = —H(X,Y) for the ISI
channel model in Section VII. Figure 1 contains a graph of several traces taken from our simulations. For
5.0x10° iterations the simulation traces have minor fluctuations along each sample path. Furthermore, the
variations in each trace are smaller than the distance between traces. This illustrates the potential numerical
problems that arise when using simulation to compute Lyapunov exponents. Even though the traces in Figure
1 are close in a relative sense, we have no way of determining which trace is “the correct” one or if any of
the traces have even converged at all. Perhaps, even after 500000 channel iterations, we are still stuck in an
initial transient. In Appendix | we develop a rigorous method for computing bounds on the initialization bias.
This allows us to compute an explicit (although possibly very conservative) bound on the time required for
the simulation to reach steady-state. We also present a less conservative but more computationally intensive

simulation based bound in the same section.
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Fig. 1. Lyapunov exponent estimates from 10 sample paths of léng#10°. The estimate is\xy = —H(X,Y") for the ISI channel we
consider in Section VII. Even though individual traces appear to converge we still receive different estimates from each trace.

The second question regarding simulation accuracy is usually answered by developing confidence inter-
vals on the simulated estimatg, (X). In order to produce confidence intervals we need access to a central
limit theorem for the sample entrogy,, (X ). Unfortunately, sincg” is not irreducible we cannot apply the
standard central limit theorem for functions of Harris recurrent Markov chains. Therefore, in the first sec-
tion of Appendix | we develop a new functional central limit theorem for the sample entropy of finite state
channels. The “functional” form of the central limit theorem (CLT) implies the ordinary CLT. However, it
also provides some stronger results which assist us in creating confidence intervals for simulated estimates
of entropy.

Given the technical nature of the remaining discussion on simulation based estimates of entropy we direct
the reader to Appendix | for the details on this topic. In the next subsection we discuss a somewhat more
elegant method that allows us to directly compute the entropy rates for a Markov channel — thus avoiding

many of the convergence problems arising from a simulation based algorithm.

B. Direct Computation and Bounds of the Entropy
Recall that ifg(w, r) = log(1/||wGX]|,), then (50) shows that

Eg(ﬁ;—la Xn) = H(Xn-i-l’X?)‘ (72)

But the stationarity ofX implies thatH (X,,.;|X7) \, H(X) asn — oo; see Cover and Thomas [12]. So,

1

3

> Eg(5j_1, X (73)
7j=1



for n > 1. For small values of., this upper bound can be numerically computed by summing over all
possible paths foX}". We note, in passing, that Theorem 5 shows tHa ') < sup{g(w) : w € K}.
An additional upper bound o (X') can be obtained from the existing general theory on lower bounds for
Lyapunov exponents; see, for example, Key [26].

A lower bound on the entrop¥ (X ) is equivalent to an upper bound on the Lyapunov exponeéat).

According to Theorem 1, we therefore have the lower bound
1
H(X) > ——Elog ||G%, -+~ G, (74)

forn > 1. As in the case of (73), this lower bound can be numerically computed for small valuelsyof
summing over all possible paths faif'. Observe that both our upper bound and lower bound converge to
H(X) asn — oo, so that our bounds oA (X') are asymptotically tight. Our upper bound is guaranteed to
converge monotonically té/ (X)), but no monotonicity guarantee exists for the lower bound.

We conclude this section with a discussion of a numerical discretization scheme that comfliteby
approximating the stationary distribution p#ia that of an appropriately chosen finite-state Markov chain.
Specifically, forn > 1, let Ey,, . .., E,, be a partition ofP such that

sup sup{||w; — wsl| : wy,wy € Ej} — 0 (75)
1<j<n

asn — oo. For each set;,,, choose a representative poinf, € F;,. Approximate the channégb-chain

via the Markov chair{p,,; : ¢ > 0), where
P(pn,l = wjn|Pn,0 = w) = P(Pl € Ejn ’po = wm)) (76)

forw € E;,,,1 <i,57 <n. Then,p,; € P, £ {win, ..., wy,} for i > 1. Furthermore, any stationary
distribution,, of (p,; : ¢ > 0) concentrates all its mass @,. Its mass functiorir,, (w,;) : 1 < i < n)
must satisfy the finite linear system

n

Wn(wnj) = Zﬂ-n<wm)P(p1 € Ejn‘po = Wjp,) (77)

=1
for 1 < j < n. Oncer, has been computed, one can approxinfat&) by

n

H,(X)= Zg(wm)ﬁn(wm). (78)

The following theorem proves thaf,,(X) can provide a good approximation #(X) whenn is large

enough.

Theorem 7: Assume B1-B4 and B6-B7. The#l,,(X) — H(X) asn — oo.



Proof: See Appendix II.J

Note that Theorem 5 asserts that the Ket P is absorbing for(p,,, : » > 0). Thus, we could also
computeH (X') numerically by forming a discretization for tliestep “skeleton chain(p,; : n > 0) over
K only. This has the advantage of shrinking the set over which the discretization is made, but at the cost of
having to discretize thestep transition structure of the chanfiekchain.

Tsitsiklis and Blondel [40] study computational complexity issues associated with calculating Lyapunov
exponents (and hence entropies for our class of channel models). They prove that, in general, Lyapunov
exponents are not algorithmically approximable. However, their class of problem instances contain non-
irreducible matrices. Consequently, in the presence of the irreducibility assumptions made in this paper, the

guestion of computability remains open.

VIlI. NUMERICAL EXAMPLES

In this section we present two numerical examples. The first example examines the mutual information
for a Gilbert-Elliot channel with i.i.d. and Markov modulated inputs. We know that i.i.d. inputs are optimal
for this channel, so we should see no difference between the maximum mutual information for i.i.d. inputs
and Markov modulated inputs. Hence, we can view the first example as a check to ensure that our theory
and algorithm are working properly. The second example considers i.i.d. and Markov modulated inputs for
an ISI channel. In this case we do see a difference in the maximum mutual information achieved by the

different inputs.

A. Gilbert-Elliot Channel

The Gilbert-Elliot channel [38] is modeled by a simple two-state Markov chain with one “good” state and
one “bad” state. In the good (resp. bad) state the probability of successfully transmitting apiréesp.
pp). We use the good/bad naming convention for the states gice pg. The transition matrix for our

example channdl is

pP= (79)

= Wl
NS [JURIUI o

We consider two different types of inputs for this channel. The first case is that of i.i.d. inputs. In every
time slot we set the input symbol towith probability « and1 with probability 1 — . The graph in Figure
2 plots the mutual information asranges frond to 1.

Next we examine the mutual information for the Gilbert-Elliot channel using Markov modulated inputs.

We define a second two-state Markov chain with transition matrix

Q= (80)

NI—= 00l
N—= 00l
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Fig. 2. Mutual Information of the Gilbert-Elliot Channel with i.i.d. Inputs.

Mutual Information for the Gilbert Elliot Channel with Markov Modulated Inputs

0.35 S
S
N SO A S AT ST

0.3 R R SENSISSOSSSISNS é:‘\ \

' SRR RIS
0.25 "‘"’3“\"“"‘3\\“‘3““:"“’"‘:“' Rdsiutussuety

: e SOUSS X
YO Nee%

e
R
X

SO
SN

o
e
o

Mutual Information in Bits
o o
= [N
©

o
=]
a

o

Fig. 3. Mutual Information of the Gilbert-Elliot Channel with Markov modulated Inputs.

that assigns probability distributions to the inputs. If the Markov chain is in state 1 we set the input to 0 with
probability«. If the Markov chain is in state 2 we set the input to 0 with probabifityJsing the formulation

from Section IV we must combine the Markov chain for the channel and the Markov chain for the inputs
into one channel model. Hence, we now have a four-state channel. The graph in Figure 3 plots the mutual
information for this channel as bothand range from 0 to 1. Notice that the maximum mutual information

is identical to the i.i.d. case. In fact, there appears to be a curve consisting of linear combinadi@mslof

where the maximum is achieved. This provides a good check of the algorithm’s validity as this result agrees

with theory.



TABLE |

CONDITIONAL OUTPUT SYMBOL PROBABILITIES

X, Yoo Zn| P(Y, =0|Xn, Y 1,Z)
0 0 0 95
o o0 1 8
0o 1 0 4
o 1 1 3
1 0 0 6
1 0 1 7
1 1 0 .05
1 1 1 2

B. ISI Channel

The next numerical example examines the mutual information for an ISI channel. The model we will use
here allows the output symbol at time-1 to depend on the output symbol attimé.e. p(y,, 1 |z""!, 2", y") =

P(Yns1|2na1, Tos1, Yn))- Adain, Z is modeled as a simple two-state Markov chain with transition matrix

P = ' (81)
2 8

The conditional probability distribution df, . ; for each combination of,,. 1, v,,, andz,, . is listed in Table
l.

We use the same input setup from the above Gilbert-Elliot example. Figures 4 and 5 plot the mutual
information for the i.i.d. inputs case and the Markov modulated inputs case.

We can see that adding memory to the inputs for the ISI channel increases maximum mutual information
by approximately 10%. As a variation on this problem, we can also evaluate the changes in mutual infor-
mation by varying the transition probabilities for the Markov chain that modulates that inputs (as well as
and(3). However, the mutual information plot for that example does not convey much intuition as the graph

requires 5 dimensions.

VIIl. CONCLUSIONS

We have formulated entropy and mutual information for finite-state channels in terms of Lyapunov expo-

nents for products of random matrices, yielding

I(X,)Y) = HX)+HY) - HX,Y) = Ax + Ay — Axy.
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Fig. 5. Mutual Information of an ISI Channel with Markov modulated Inputs.

We showed that the Lyapunov exponents can be computed as expectations with respect to the stationary
distributions of a class of continuous state space Markov chains. Furthermore, we showed these stationary
distributions are continuous functions of the input symbol distribution and the transition probabilities for the
finite-state channel — thereby allowing us to write channel capacity in terms of Lyapunov exponents.

C = %))(I(X, Y) = max [H(X)+ HY)+ H(X,Y)| = max Ax + Ay — Axy].

These results extend work by previous authors to finite-state channel models that include I1SI channels and

channels with non-i.i.d. inputs.

In addition, we presented rigourous numerical methods for computing Lyapunov exponents through direct



computation and by using simulations. The rigorous simulation formulation required us to develop a new
functional central limit theorem for sample entropy, as well as bounds on the initialization bias inherent
in simulation. Our proposed direct computation is based on the representation of Lyapunov exponents as
expectations and avoids many of the convergence problems that often arise in simulation-based computation
of Lyapunov exponents.
Finally, we presented numerical results for the mutual information of a Gilbert-Elliot channel and an ISl

channel. In both cases we computed the mutual information resulting from i.i.d. and Markov modulated
inputs. In the Gilbert-Elliot case our numerical results agreed with known theory. For the ISI channel our

results showed that adding memory to the inputs can indeed increase mutual information.

APPENDIX|: RIGOROUSSIMULATION OF LYAPUNOV EXPONENTS AND SAMPLE ENTROPY

In this appendix we provide a rigorous treatment of the theory required to contruct simulation-based es-
timates of Lyapunov exponents and entropy. This requires us to prove a new central limit theorem for
Lyapunov exponents and sample entropy as well as a means to analyze the initialization bias in these simu-
lations. The proofs of the proposition and theorems in this appendix will be presented in Appendix 1l (along

with the proofs of all the other propositions and theorems in the paper).

A. A Central Limit Theorem for the Sample Entropy

The sample entropy fok' based on observing ' is given by
H,(X)=—= Z log(|75G, ., 1), (82)

wherep; = r, andX = (X,, : n > 1) is a stationary version of the input symbol sequence. In this section,
we provide a proof of the central limit theorem (CLT) f&fk, (X)) under easily verifiable conditions on the
channel model. At the same time, we also provide a CLT for the simulation estifatof).

The key to a CLT forH,,(X) is to use methods associated with the CLT for Markov chains. (Note that
we can not apply the CLT’s for Harris chains directly, since our chains arg-imo¢éducible.) To obtain our
desired CLT, we shall represefft, (X) in terms of an appropriate martingale. The required CLT will then
follow via an application of the martingale central limit theorem. This idea also appears in Heyde [22], but
the conditions appearing there are difficult to verify in the current circumstances.

Setg(w,x) = log(1/[lwG|l) — H(X) andg(w) = 3, log(1/[[wGZ |[)/[wG |l — H(X). Then,

according to Proposition 3,

L
H,(X) - H(X 52 905, Xj11) (83)



|
—

1=
= n g<pj7Xj+1) (84)
7=0
1 n—1 . . 1 n—1 .
= 30 305 X) = ] + - 3 ah). (85)
j=0 j=0

Note thatj(pl, X,.+1) — §(p") is a martingale difference that is adaptedtp™. It remains only to provide
a martingale representation f@fp!,).

To obtain this representation, we suppose (temporarily) that there exists a sélujitmthe equation

k(w) = E[k(p1)lpo = w] = g(w). (86)

Equation (86) is known as Poisson’s equation for the Markov chaend is a standard tool for proving
Markov chain CLT’s; see Maigret [30] and Glynn and Meyn [21]. In the presence of a solutiRoisson’s

equation,
ggp] =3 (ko) = El(p;)lps1] + k(po) = K(pn) (87)

each of the term&(p,.+1) — E[k(pn41)|p,] is then a martingale difference that is adapted&tt™, thereby
completing our development of a martingale representatiof/fgrX ).

To implement this approach, we need to establish existence of a salutd86). A related result appears
in the HMM paper of Le Gland and Mevel [28]. However, their analysis studies not the charotedin, but
instead focuses on the Markov chaip,, C,,, X,,) : n > 0). Furthermore, they assume tlais Lipschitz
(which is violated ovefP for our choice 0ofj).

LetA={weP:dw,r)<2(1—p3)"1d*}. Set,

v(A) = sup{lg(z) — gW)|/d(z,y) 1 x,y € A,z # y}, (88)
m(A) = sup{g(z):x € A}, (89)
A= rg;gg{glégl% (co, 1)} (90)

Note thaty(A) andm(A) are finite, becausd does not include the boundaries7f
Proposition 7: The functionk defined by

= > Eilp) (01)
satisfies (86) for eaclr € K. Furthermoresup{|k(w)| : w € K} < v, where

v 2 2v(A)(1 = B) 22" + m(A)L/\. (92)

Proof: See Appendix II.G



We are now ready to state the main result of this section. We shall show that the sample entropy, when
viewed as a function of the amount of observed data, can be approximated by Brownian motion. This so-
called “functional” form of the central limit theorem, known in the probability literature as a functional
central limit theorem (FCLT), implies the ordinary CLT. This stronger form will prove useful in developing
confidence interval procedures for simulation-based entropy computation methods. A rigorous statement of
the FCLT involves weak convergence on the function sgaifecc), the space of right continuous functions
with left limits on [0, c0). See Ethier and Kurtz [16] for a discussion of this notion of weak convergence.

Letp>™ = (pS° : n > 0) be the channeP-chain when initiated under the stationary distribution

Theorem 8: Assume B1-B4 and B6-B7. Then,

~

(H./(X) = H(X)) = 0B(") (93)

(NI

€

and

NI

€

(Hi.je)(X) = H(X)) = nB(:) (94)

ase | 0, whereB = (B(t) : t > 0) is a standard Brownian motion are denotes weak convergence on

D[0, c0). Furthermore,

0 = 2Ek(pec)(Poc) — EG* (Do) (95)
< 2vm(A) (96)
and
= B0 X1) + k@) - keF))?] (97)
< (sup{g(w,z):w e Az e X} +2v)°. (98)

Proof:See Appendix I.H

Theorem 8 proves that the sample entropy satisfies a CLT, and provides computable upper bounds on the

asymptotic variances df,,(X) and A, (X).

B. Simulation Methods for Computing Entropy

Computing the entropy requires calculation of an expectation with respect to the cfiaohaln’s sta-
tionary distribution. Note that because the charfahain is notp-irreducible, it effectively remembers its
initial conditionp, forever. In particular, the support of the random vecfgrs mass function is effectively

determined by the choice pf. Because of this memory issue, it seems appropriate to pay special attention



in this setting to the issue of the “initial transient”. Specifically, we shall focus first on the question of how
long one must simulaté,, : n > 0) in order that(g(p,) : n > 0) is effectively in “steady-state”, where
g(w) = 32, log(1/|[wG [|)[[wG 1.

The proof of Proposition 7 shows that for> 0 andw € K,

[Eg(py) — H(X)| < 29(A)8"1 (1 = 8)~Hd* +m(A)(1 — X)), (99)

so that we have an explicit computable bound on the rate at which the initialization bias decays to zero. One
problem with the upper bound (99) is that it tends to be very conservative. For example, the keyfactors
and \ that determine the exponential rate at which the initialization bias decays to zero are clearly (very)
loose upper bounds on the contraction rate and coupling rate for the chain, respectively.

We now offer a simulation-based numerical method for diagnosing the level of initialization bias. The
method requires that we estimdi X') via the (slightly) modified estimator

H,(X) = i ;} 9(py). (100)

The proof of Theorem 7 shows that, (X ) satisfies precisely the same FCLT as dfg$X). Forc e C, let
DS = pte, wheree, is the unit vector in which unit probability mass is assigned. tbhep,,’s are generated
via a common sequence of random matrices, namely

P = 60G§1”'GXH
"GRG

(101)

where(X,, : n > 1) is a stationary version of the input symbol sequence. Alsal'let {3, v(c)pt
= (v(c) : ¢ € C) € P} be the convex hull of the random vectdis : ¢ € C}. Finally, forw € R, let

HwHQ = (3 ( )2)1/2 be the Euclidean norm af.

Proposition 8: Assume B1-B4 and B6-B7. Then, far € P,

[Eg(py) — H(X)| < Esup{[|Vg(2)|l2 : = € T} max [[p" — 5|2 (102)

Proof:See Appendix 1.1

With Proposition 8 in hand, we can now describe our simulation-based algorithm for numerically bound-

ing the initialization bias. In particular, let
W = sup{||Vg(a)lls : & € T} max 55 — 5 ]2 (103)

Suppose that we independently simulateopies of the random variabl€, thereby providing?Vy, ..., W,,

of W. Thenm™' ¥, W, is, for largem, a simulation-based upper bound on the biag(@f’). Such a



simulation-based bound can be used to plan one’s simulation. In particular, as a rule of thumb, the sample
sizen used to computé?;(X) should ideally be at least a couple of orders of magnitude greater than the
valuen, at which the initialization bias is practically eliminated. Exercising some care in the selection of the
sample sizen is important in this setting. There is significant empirical evidence in the literature suggesting
that the type of steady-state simulation under consideration here can require surprisingly large sample sizes
in order to achieve convergence; see [17].

In the remainder of this section, we take the point of view that initialization bias has been eliminated
(either by choosing a sample sizdor the simulation that is so large that the initial transient is irrelevant, or
because we have applied the bounds above so as to reduce the impact of such bias).

To provide a confidence interval fdf (X), we appeal to the FCLT foH,,(X) derived in Section 6. For

n > 2andl < k <m, set
. 1 lkn/m|—1

Hyp(X) = ”/mjL(k—Znn/m 9(pj)- (104)

The FCLT of Theorem 8 guarantees that

yJn/m (Ho(X) = H(X), ..., Hyn(X) = H(X)) = o (N1(0,1),..., N (0, 1)) (105)
asn — oo, where the random variabl€¥, (0, 1), ..., N,,(0,1) are i.i.d. Gaussian random variables with

mean zero and unit variance. It follows that

VI(H,(X) — H(X))

( A L (106)
o S (HulX) — (X))

asn — oo, wheret,,_; is a Student-t random variable [23] with — 1 degrees of freedom. Hence, if we

selectz such thatP(—z < t,,_; < z) = 1 — ¢, the random interval

~ Sn o~ Sn
[Hn(X) — Zﬁ’ H,(X)+ Zﬁ (107)

is guaranteed to be an asymptatiif)(1 — §)% confidence interval fof (X ), where

S":J LS (%) — (X)) (108)

m— 17

We have proved the following theorem.

Theorem 9: Assume B1-B4 and B6-B7. Then,df > 0,

Sn

NGD

P (H(X) S [f[n(X) — 2 (X)) 2 D —~1-4 (109)

Jm

asn — oQ.



We conclude this section with a brief discussion of variance reduction techniques that can be applied in
conjunction with the simulation-based estimatég X ) and A’ (X ). Recall thatX,, ., is the realization of

X that arises in step 2 of Algorithm A when generatjng,. Set

FEO ) = HL(X) = AL (X)), (110)
=1
where
£() = log(sp(GX)) — Elog(sp(GX_), (111)

sp(GZX) is the spectral radius (or Perron-Frobenius eigenvalug)of and X, has the input symbol se-
quence’s steady-state distribution. Note thdbg(sp(G%_) can be easily computed, so that theX;)’s
can be easily calculated during the course of the simulation (by pre-compaetisg(G=)) for eachr € X

prior to running the simulation). Clearly,

n

Y f(X;) —0as. (112)

j=1
(by the strong law for finite-state Markov chains) B§()\, X) — H(X) a.s. as — oco. The idea is to
select\ so as to minimize the asymptotic varianceff(\, X).

The quantityn 1 >7—1 f(Xj) is known in the simulation literature as a control variate; see Bratley, Fox,
and Schrage [9] for a discussion of how to estimate the optimal valuefiaim the simulated data. We
choosen™' Y7, f(X;) as a control variate because we expectfth¥;)’s to be strongly correlated with the
g(p;)’s. Itis when the correlation is high that we can expect control variates to be most effective in reducing
variance.

We can also try to improve the simulation’s efficiency by taking advantage of the regenerative structure of
the X,’s. This idea is easiest to implement in conjuction with the estimAtgrX ). Suppose thakl’ (X) is
obtained by simulation of a stationary version of {lig, X,)’s. SetT; = 1, and putl},; = inf{m > T, :

C,, = C1}. Then, conditional oit’;, the sequenc€rl,, : n > 0) is a sequence of regeneration times for the
X,’s; see Asmussen [3] for a definition of regeneration. It follows that, conditioné]lo(lﬁln :n>1)isa

sequence of i.i.d. random matrices, where

, =G,

n—1

Gy (113)

Then,

wﬁ[l---f[n 2 wﬁa(l)'”[‘[g(n)
[wHy -+ Hyl[x ||wHU(1)"'H0(n)||’
for any permutatiom = (o(i) : 1 < i < n) of the integerd throughn. Hence, given a simulation to time

(114)

w
Pr,—1 =

T,,, we may obtain a lower variance estimator by averaging

oy Hoo
g< whor) -+ Ho) ) (115)
(lwHo 1) -+ - Hom)|




over a certain number of permutatioms One difficulty with this method is that it is expensive to compute
such a “permutation estimator”. It is also unclear whether the variance reduction achieved compensates

adequately for the increased computational expenditure.

APPENDIXIl: PROOFS OFTHEOREMS ANDPROPOSITIONS
A. Proof of Proposition 3

For any functiory : P — [0, o), observe that

Elo(Gr) |75 = B[Elg(nsn) X717 (116)
GX
= B |So () PO = ol 17)

On the other hand, 1-3 imply that

P(Xa1 = 2|XD) = BIP(Xoer = 2l X7, C2)| X7 (118)
= E[P(Xni1 = 2[Chi1, Crya) | XT] (119)
= Elg(z[Cri1, Cnyo) | XT] (120)
= E[E[g(2|Cni1, Coyo)|CTHXT] (121)
= E[E[¢(2|Cpi1, Cni2)[Cria][ XT] (122)
= E[Y_ q(@|Crs1, as2) R(Crpa,s o) |XT] (123)

Cnyo
= Z q(x|cny1; cnga) R(Cny, Cnga) P(Cryr = i | XT) (124)

CniLiont2
= (PG - (125)

Hence,

Blote 78] = o 2255 ) 1,G2s (126)

proving the Markov property.

B. Proof of Proposition 4
Let X = (X, : n > 1) be the sequence df-values sampled at step 2 of Algorithm A. Clearly,

o WG, G
"G, -G L

(127)
Note that

PXi=2z1,...,.Xn=m,) = EEIXi=21,...,Xn_1 = Tn_1, Xn = 2,) | X771]]



= E[I(Xi=u21,....Xn1 = Ty1)||po1Ga,

1]

= E[E[I(Xl =y, Xp1 = xn—1>||pn—1G3)ﬂi||1]|X?_2]
lpn-2G%,_,GX, 1L

pn—2Gx, 111

= E[[(Xlle,...,X e 2)Hpn QGXn 1”1

Repeating this process— 2 more times proves that(X; = z1,..., X, = z,) = [|[wGy GX --- G |1

as desired.

C. Proof of Theorem 2

For (p,z) € P x X andn > 1, putg(p,x) = —log(||pG<||:) andg,(p, x) = min(g(p, z),n). Note that
the sequencgX,, : n > 1) generated by Algorithm A (when initiated lyy having stationary distribution)
is such thatp, X) = ((pn, Xnt1) : » > 0) is stationary. Since

PGy, - G, Il < 1IG%, -+ GX, o (128)
it follows that )
1'& 1
=39, Xj) = =~ log |G, -+ GX, |- (129)
n =0 n
Hence, )
1 n—
lim inf — Z 9(pj, Xj1) > H(X) as. (130)
n—oo n
Fatou’s lemma then yields
| =
lim inf — Z Eg(pj, Xj+1) > H(X). (131)
7=0

But the stationarity ofp, X') shows that}; Zj;O Eg(p;, Xj11) = Eg(po, X1). Conditioning orp, then gives
i).
For ii.), we need to argue that whep € P*, Eg(po, X1) < H(X). In this case, (36) ensures that

1
n—l—l

Zg pjs Xjr1) — H(X) as. (132)

asn — oo. According to Birkhoff’s ergodic theorem,

1
n+1

Zgn pg7Xg+1) - E[Qn(P07X1)|I] a.s. (133)
asn — oo, whereZ is (p, X)’s invarianto-algebra. Since,, < g, (132) and (133) prove that
H(X) = Elgn(po, Xo)|Z] as. (134)

Taking expectations in (134) and applying the Monotone Convergence Theorem completes the proof that
H(X) > Eg(po, X1). N



D. Proof of Theorem 3

Because&-%, is row-allowable a.s.

wG%, |1 > 0 as. for everyw € P. So(p, : n > 0) is a Markov

chain that is well-defined for every initial vecter € P. Also, for bounded and continuods. P — R,

wGX
E[h =w] =Y h|——%— X 135
o)l = 0] = (e ) G (135)

is continuous inv € P. It follows that the Markov chailip,, : n > 0) is a Feller Markov chain (see page 44
of Karr [24] for a definition) living on a compact state space. The chaimerefore possesses a stationary

distributionr; see [24]. 1

E. Proof of Proposition 6
Recall Proposition 4, which stated that

U’G§1(M) e G§n(w)

Pn =
HwG§1(w) T G§n(w)’|1

(136)

whereX (w) = (X, (w) : n > 1) is the input symbol sequence whéh is sampled from the mass function
w. In particular,
P(Xi(w) = 21,..., Xp(w) = 2,) = wGo - GX e (137)

Hence we can generate the Markov chafrusing non-stationary versions of the chanfiélv) and symbol
sequenceX (w). Since the channel transition matrkis aperiodic, we can find a probability space upon
which (X,,(w) : n > 1) can be coupled to a stationary version’ofcall it (X : n > 1); see, for example,
Lindvall [29].

Consequently, there exists a finite-valued random finfee. the coupling time) so that,, (w) = X for

n >T. SinceGy,, = Gx; forn > T, Theorem 4 shows that

APy D) < 8" (P Plor), (138)

from which the result follows. 1

F. Proof of Theorem 5

We need to prove parts i) and iv.) Becay§e=- p’_, we have
1 n—1
—> P(pye-)=mn() (139)
n 5
asn — oo. Assumptions B6-B7 ensure that each of the matricd€if : z € X'} is row-allowable, so the

proof of Theorem 3 shows thgp,, : » > 0) is Feller onP. The limiting distributiont must therefore be a



stationary distribution fop = (p,, : n > 0); see [29]. For the uniqueness, suppfde a second stationary
distribution. Then,

~ ~ 1 n—1 "
#() = [ Aldw)— 3" POy € ). (140)
P n =
Taking limits asn — oo and using (139) proves that= m, establishing uniqueness.
To prove part iv.), we first prove thdt(p;” € K) = 1 for w € K. Recall thatd(p],r) < Id*. So,
d(pf’,r) < d@’,p;) +dpr,r)
< 7(Hy)d(w,r)+1d*
B(1 — B)d* + 1d*
(1—p)"td*.

Hence,P(p)’ € K) = 1, sothatP(p}” € K|C; = ¢) = 1forall ¢ € C. However, according to Proposition 4,

IN

P € K) = Y. P} € K|Cy = cu(c), (141)

so we may conclude thdt(p}” € K) = 1 for w € K. Sincep” is Markov, it follows thatP(p¥, € K) = 1
forn>0andw e K. 1

G. Proof of Proposition 7

We start by showing that i € K, thenP(p? € A) = 1 forn > 0. (Part iv) of Theorem 5 proves this if
n is a multiple ofl. Here, we show this for ah > 0.) According to the proof of Theorem 5, it suffices to
establish thaP(p¥ € A) = 1forn > 0 andw € K. Now, for0 < j < |,

APty jo7) < dPigy s Piirs) T APl 7) (142)
< d(w,r)+ d(ﬁ;kJrj? r) (143)
< (1- ﬂ)illd* + d(ﬁ;k-s-ja r). (144)

The same argument as used to show that> p}_ a.s. as. — oo shows thatl(py,, ;,7) < 27, 'ld* <
(1 —B)~'d*. Itfollows thatP(pj;.,; € A) = 1.
The key to analyzing the expectations appearing in the definitian®fo observe that
Eg(py) = Eg(py) — Eg(ps) (145)
= E@g(py) —9(®y)) + E@(p,) — () + E@(pn) — 9(0%))- (146)

Suppose that = kI + j for 0 < j <. Sincepy, p;, € Aforw € K, we have

9(n) — 9(0n)l < ~(A)d(py, py) (147)
< y(A)Bd(w,r) (148)
< y(A)FHL - )" (149)



Also,

19(P) — 9(p2)l < Y(A)d(prj. P) (150)
< A) Z d(p;klﬂ'» P>(ki+1)z+j)) (151)
i=k
< 7(A4) i Bid* (152)
i=k
(A1 = B)~Hd*. (153)

To analyzej(p¥) — g(p), we couple the Markov chaiX,,(w) : n > 1) to its stationary versiotX,,(r) :
n > 1), as in the proof of Proposition 5. Tf is the coupling time,

Elg(py) —an)l = Elg(py) — gp) (T > n) (154)
< m(A)P(T">n) (155)
< m(A)(1 =) (156)

the boundP(T > n) < (1 — A\)"/! can be found in Asmussen, Glynn, and Thorisson [3]. Summing our
bounds ovenm, it follows that the sum defining converges absolutely for eaeh € K, and the sum is
dominated by the bound appearing in the statement of the proposition. Given that the sum converges, it is
then straightforward to show thatsatisfies (86). i

H. Proof of Theorem 8

Note that
[t/€]

t/el+
1
62 Z g pj — €2 Z + k‘ po — k‘(pf?/ej), (157)
whereD; = k(py°) — E[k(p$®° )]k(pj,l)] is a martingale difference. Sineeis the unique stationary distri-
bution ofp, it follows thatp> is an ergodic stationary sequence; see [3]. Becﬁm$e§ v < oo, Theorem

23.1 of Billingsley [7] applies, so that
/€]
Z D; = oB(- (158)

ase | 0in D0, 00), whereo? = ED?. Sincek(p2°) is a.s. a bounded sequence (by Proposition 7), it follows
that

A

ez §(p°) = oB(") (159)

]:

ase | 0in D0, 00).



We now represent® andp), in the form

pgoG))gl . GXn

po = PO | (160)
PGy L
rGX LGN
- 1 - 161
P = rax o ax (161)

where(X,, : n > 1) is a common stationary version of the input symbol sequence (and is correlated with

). But

d(py, py,) < BUHd(pg,r) (162)
SO
19(070) = §(0)| < A (A)BTH(1 = B)Hd. (163)
Hence,
| )
ersup| 3 (§(p7) — 3(pL))| < e27(A)(1 - B) 7P (164)
= n=0
Thus, we may conclude that
o A
€2(H|. /) (X) = H(X)) =¢2 ) g(p}) = oB(:) (165)
7=0

ase | 0in D0, 00).

We can now simplify the expression fof. Note that

ED? = Ek(py°) — E(E[k(p{)py])? (166)
= EE*(py) — E(k(pY) — 9(05))° (167)
= 2EBk(p{)3(py°) — EG*(p); (168)

this proves the first of our two FCLT'’s.
The second FCLT is proved in the same way. The martingale differBnégreplaced byD;, where

D; = (1, X;) — §(p52y) + k(p5°) — Elk(p2)[p32] (169)
= 900, X)) + k() — k() (170)

the remainder of the proof is similar to that f&F,(X) and is therefore omitted. i

I. Proof of Proposition 8
Let (p° : » > 0) be a stationary version of the chanfiekchain, and recall that

o IEGY, G,
"GRG

(171)



where(X,, : n > 1) is stationary. Defing¢ as in (101), where th&;'s appearing in (101) are precisely
those of (171).
We claim thatpo° € '), for n > 0. The result is obvious it = 0. Suppose that* € I',,, so that

Py =Y v(o)p;, (172)
for somer € P. Then,
PGy,
PR = et (173)
i peGx, L I

7Gx, PsGx,
= v(c . . (174)

2O Gas T meGr
= > V(OB (175)

C

wherev/(c) = [|v(c)piGx,,, |11/1lpe GX, ., ||1- Sincer’ € P, the required induction is complete.

Xn+1

Now, Eg(pyy) — H(X) = Eg(pyy) — Eg(py’) and

l9(By) — 9| = Vg () By — ) (176)

forsomeC € T',,. So,

19(5,) — 9@l < |IVg(Oll2lBn — 7 ll2 (177)
< sup{|[Vg(2)ll2: @ € Tu By — o lla (178)
(179)

The random vectop;’ € I',,; the proof is identical to that fgi’°. So,

Pn = ZVl ¢) P, (180)
P = ZW P (181)
for somev,, v, € P. Observe that
o — ool = ||ZV1 (co)py — Z’&(Cl)ﬁfﬂb (182)
< ZZm co)ra(cr maXHpn — 05[] (183)
o o
= max||p — pi'[[2. (184)

co,C1

Combining this bound with (179) completes the proofi



J. Proof of Theorem 7

We will apply the corollary to Theorem 6 of Karr [24]. Our Theorem 5 establishes the required uniqueness
for the stationary distribution of the chanrf@ichain. Furthermore, the compactnes$ofields the neces-

sary tightness. The corollary also demands that one establish khaigbntinuous ofP andw,, — ws, € P,

then
E[h(pn,1)|pn,0 - wn} - E[h(p1)|p0 = woo]' (185)
Observe that
E[h(pn,1)|pn,0 - wn] = Z E wn] pl S wnj)|p0 - wm (186)
7=1

wherew,,; € P, is the representative point associated with theFseof which w,, is a member, and

=1

SinceP is compact/ is uniformly continuous orP. Thus
|fon(w) — h(w)| < sup{|h(z) = h(y)| : 2,y € Epi,1 <i<n} —0 (189)
asn — oo. It follows that
B[ (pn.i)[pno = wa] — E[h(p1)[po = wni]| — 0 (190)

asn — oo. Butp is a Feller chain (see the proof of Theorem 5)F56(p;)|po = w] is continuous inw.
Sincew,; — w., the proof of (185) is complete. The corollary of [24] therefore guaranteesthat = as
n — oo, Wherer is the stationary distribution gf.

Finally, note that B6-B7 forces each® to be row-admissible. As a consequenfieGX ||, > 0 for
w € P, and thusy is bounded and continuous over It follows that H,(X) — H(X) asn — oo, as
desired. 1

K. Proof of Theorem 6

We use an argument similar to that employed in the proof of Theorem 9pl.et : > 0) be the channel
P-chain associated withR,,, ¢,), and let{ G” : = € X'} be the associated family of matrice§ : » € X'}
corresponding to model. Note that forn sufficiently large,(R,, ¢,,) satisfies the conditions B1-B4 and

B6-B7, so that Theorem 5 applies tp,; : ¢ > 0) for n large. Letr, and K, be, respectively, the unique



stationary distribution ofp,,; : ¢ > 0) and the/'-set guaranteed by Theorem 5. For any continuous function

h : P — R and sequence,, — w € P,

w, G
Eh(pa)pro = wn] = S22 ) |lw,Gn 191
o lpon =] = 3 () el o1)
wGX >
h|——%— | ||lwGX (192)
£ () e

asn — oo (because of the fact that ttie¢X’s are row-allowable, s§wGZ||; > 0 for x € X andw € P).
As in the proof of Theorem 9, we may therefore conclude that- © asn — oo, wherer is the unique

stationary distribution of the chann®@l-chain associated withR, ¢).

Note that
Ho(X) = /K G ()70 () (193)
where
gn(w) = log(1/[|wG 1) ||wGp]]1, (194)
rxeX

and K C P* is a compact set containing all thié,’s for n sufficiently large. Since,, — ¢ asn — oo

uniformly on K, it follows from (193) andr,, = 7 asn — oo thatH,,(X) — H(X)asn — oco. B
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