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INTRODUCTION AND SUMMRY

Let W = (W '" W ) have a multinomial distribution based on'V 
N(known) trials and having unknown vector of cell probabilities

pES = tq E R

q. 

0 Vi and Iq. = I;. When the range of a'V 'V 1- 
summation or product is from 1 to t it will be suppressed for

ease of notation. This paper develops analogues of normal theory

ridge regression estimators for the problem of simultaneously es-

timating p. Sections 1 to 4 will study the case of squared error'V 
loss (SEL), L

(p,

a) = NI (p. -a. = Nljp - all , because of 1ts"u'V 'V 'V 
wide use (see Bishop, Fienberg, and Holland (5), Chapter 12 and

the references therein), but other loss functions will be men-

tioned in Section 5 because of their ability to penalize zero

guesses of positive Pi'

The maximum likelihood estimator (mle) p

admissible under SEL for all t (Johnson (21);

= WIN is known to be

Alam 13); Brown

(6)); hence there is no Stein-effect for this problem. Further-

more , there is a unique admissible minimax estimator (Steinhaus

(25); Trybula (29)). In the absence of any other information

about /( one of these estimators might be satisfactory. However

has risk R

(p,

p) = E

(/('

R)) = l- IIRI1 which is near zero
'V 'V 

only when p is near a vertex. This led Good (13), (14),
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Sutherland , Fienberg and Holland (27), Albert (4) and others to
consider Bayesian motivated estimators of /( which dominate over
a " large" portion of S. In particular , it is well known that the'
unique Bayes estimator of /( versus the conjugate Dirichlet prior

wi th mean E (p) = A and variance-covariance matrix'V 
E((p- A)(p- A)'

) = 

(D(,()- ,(,(,')/(K+l) 
'V 'V 'V 'V

(1.1) (W+KA)/(N+K) = w P + (l-w)'V 'V 'V 
where K ~ 0 and A

with the elements

= (A

" ,

) E S are known , D( ) is diagonal

of and w = NI (N+K). Here and throughout the
column vectors and prime denotes transpose.paper vectors are

Formally K = 0 make sense in (1. 1) and yields the mle 
O = P of

Section 2 shows that the class of estimators t : K ~ 0; is
the analogue of the class of ridge estimators in a number of fre-

quentist senses as well as in the well-known Bayesian sense.
Section 3 uses the properties of P

K developed in Section 2 to
illustrate the construction of two ridge estimators; it is possi-

ble to construct other ridge analogues. Small sampl e simulation

studies are presented in Section 4 which compare the current es-

timators with those previously proposed; it concentrates on the

large sparse multinomial framework introduced by Fienberg and

Holland (11). Section 5 critiques two other loss functions; it

summarizes some possible approaches for estimating p under vari-

ous model assumptions in these cases.

I1. RIDGE ESTIMATION

It is well known that the class of ridge estimators can be

developed from a Bayesian viewpoint by postulating Y = XS + E for'V 'V . 'V

an nxl vector of data Y where X is a known nxp matrix of rank p,'V 
is a pxl vector of unknown parameters and is an nxl vector of
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experimental errors satisfying E 'V N (0'V n'V

R 'V N (0

, --

I).'G p'V 
cr I ) and by assuming

The Bayes estimator of 6 with respect to

squared error loss is well known to be

(2. S = (X' X + KI ) X'Y.'V 'V h -
Formally 6 = (X'X) X'Y also makes sense in (2. 1); 6 , of'V 'V 'V 'V 'V 
course , the mle and BLUE of 6. is inadmissible under squared'V 
error loss when p 3; its (summed) mean squared length satisfies

E 2 (11 ) - 11611 = cr
2 I

cr 'V 'V j=l

where A l,..., p are the eigenvalues of For any K ~ 0
, kK is

biased; however , its length , II , is shorter than that of 

(see PI below).

(2.

Hoerl and Kennard (18) developed the following properties and

characterizations of 

PI: 1/2 
The distance 

= (

of 
K to (the prior mean)

o (= E(6)) is a continuous monotone decreasing function of K'V 
such that II K II +0 as K t 00

P2:
K is a restricted maximum likelihood 

(least squares) esti-

mator of 6. Denote the residual sum of squares of 6 by

(6) = II x611 ; for fixed K ~ 0 , S minimizes (6) among'V 'V 'V'V 'V 
6 in the sphere B = t 6 E R : 11611 -: II II L Hence 'V 'V 'V - 'V 
is increasing in K by Pl.

If 11611 is bounded then there exists a K ~ 0 such that'V 
(II ) .: E (11 II) for 0 -: K -: K'V 

P2 characterizes 8
K while P3 suggests the possibility of con-

structing minimax ridge estimators by using adaptive (stochastic)

P3:
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t,'

is concave in O. and is therefore maximized when
:i.

(2. 1 W

- -- +

K O.
-2 = 

N+K (1 -: i .: t) O. = p. (1 -: i .: t).

Substituting (2. 5) into the right hand side of (2. 4) givesI, I, lno. 

-: -

lnp'1- 
for all E B

K and completes the proof.

The analogue of a more severe form of P3 is immediate.

THEOREM 2. 3. Foft avuj pES w-Uh a: feft two VlOVl- Ze!W'V 
Vle. the meaVl f.QuaJe eVtopy fuWVlc.e 06 to 

/( 

60ft aVlY

feff. thaVl tha 06 the ml e p.

c.ompo -

K ~ 0

RemaJR 1. Unlike the regression analog P3 , there is no
upper bound on the value of K which "improves " P over p.'V 

RemaJR 2 If A has one or more zero components then
Theorems 2. 1 to 2. 3 still hold though their proofs must be modi-

fied.

RemaJR 3. Marquardt (22) proves that kK is the maximum
likelihood estimator of S when the data Yare supplemented by'V 

o drawn from an experiment orthogonal to theficti tious data 

y* =

original design. An analogous statement is true for RK
; RK is

the maximum likelihood estimator of p when W is supplemented by'V 
W* = (n 

, . . . , 

'V 
II 1. RIDGE ESTIMATORS OF P

The admissibility of p insures that unlike the regression

case it is impossible to find an estimator K of K so that 

dominates p. Yet it is still reasonable to study analogues of

ridge estimators in the hope they have reasonable mean squared



RIDGE ESTIMATORS OF MULTINOMIAL CELL PROBABILITIES

error properties relative to p for p "away" from the vertices.'V 
So now assume K ~ 0 but unknown while A is known. A differenti-

ation shows (see (5), page 407- 8) that the K which minimizes

S (
) is

(3. K * = K* (p , A) = (1- II P 11 II p - A 11i\'V 'V '1'1

We consider two iterative estimators of K* or equivalently of

* = 

NI (N+K* The idea is to use the current estimate of w* to

obtain an improved estimate of p which in turn can be used to

re-estimate w

Define the sequence tWi ;:=l by the algorithm:

Make an initial estimate W
o of w

, set i= 1 and go to Step 2.

Set O. = w. p + (l-w. )A and go to Step 3.'V1 1- 'V 1- 

Set w. =
NII0. AI1

'V1 'V

NII0. AI1
2 + 1-

110.'V1 'V '11

increment i by 1 , and go to

Step 2.

Set w
ST = 

im w
i and ST = wST 

+ (l-wST)~ when the limit exists.

When = N~ then it is easy to check that wST = 0 and ST = ~.. th 
1-- un1 t vec-When W = Ne. where e. = (0

,... ,...,

0) is the'V 
tor then it is also obvious that wST = 1 and RST = e

i for
1 -: i -: t. The value of wST for arbi trary is given in Theorem

1. First an elementary lemma will be stated.
LEMM 3. 1. Suppof.e 

a = A'

(p-

A)/Nllp- AI1 and v'V 'V 'V 'V 'V

then v ~ 2a.

and and v aJe de6ined 

= (1- A)/Nllp- AI1 , ftefpec.vdy'V 'V 'V 'V

Pfto06. ~ 2a ~ 1 + A'A - 2A' p ~ 0'1'1 'V 'V

(A-p) , (A-p) + (l-p'p) ~ 0'Vi\ 'V'V 
'V 'V

which is obvious.
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THEOREM 3. 1. Ve6ine y = (N- l)/N and af in Lemma 3.

When the aeJaUve eftia:OJ 06 the optial c.OVltaVt * begiVl 

Step wih 
o = 1 

then the f.eQuenc.e i ;:=1 c.onveJgef to the

lia
(2a+ 1) -: 4yv oft

(2a+l) -: 0 oft

(2y -: ( 2 a + 1 ) and 

/( 

'" e 
t ; )

when eiheJ

* =

(2a+l) + ((2a+l) 2 -
4yv) 

1/2
when ((2a+ 1) ~ 4yv

and 2y ~ (2a+l) ~ 0)

otherwis e .

PJt06. After substitution and some algebra it can be shown

that

w. =

NII0. AI1
'V1 'V

Nil o. - A 11 + 1- 110. 11'11 'V 'V1

= few. 

say, where few) = w /(yw 2aw+v). Here f: (0 1) + (O l); differ-

entiation gives f' (w) = 2w(v- aw)1 (yw - 2aw+v) ~ 0 for 1 ~ w ~ 0

by Lemma 3. l. Thus t w. ; is a nonincreas ing sequence bounded
1 1=

below and therefore must have a limit. Furthermore w. -: w.1+ 
The limit points of tw. must solve the

1 1=whenever w. ~ 

fixed point equation

(3. few) = w

~ w(yw - (2a+l)w+v) = 0

~ w E tw , w , w 1,

= 0 , w =
1/2((2a+l) + ((2a+l) - 4yv) J/2y, and

((2a+l) - ((2a+l) 
2 - 4yv) l/2 )/2Y.

If (2a+l) -: 4yv then w
I is the only fixed point of few) and
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hence wST = O.

g(w) = yw - (2a+l)w + has either both roots positive or both

Suppose (2a+l) 4yv; it is easy to check that

roots negative since g(O) = ~ O.

that w , w 0 ~ (2a+l) 

2 -: 0 and w 3 -: 0 I = 0 is again

Straightforward algebra shows

Hence if (2a+l) -: 0 then
the only fixed point of few)

to whi ch t w. ; ~ ean converge since for every i
1 1=

W. E (0 , 1) w. = f(w. ) ~ f(O) = O. If (2a+1) ~ 0 and1+ 1
2y - (2a+l) ~ 0 then straightforward but tedious algebra shows

h hW .: 1 ~ fR .: 1

which is always true.

o = 1 then for every

* - 

an t us wST - w. The remaining subcases proceed along similar
lines and the proof is completed.

Hence 1 ~ w ~ w ~ 
, w. E (:2

= 0 and since

f(w. ) ~ few )1 - = w

RemaJR 3. 1.

A' (P-

2a+ 1 ~ 0 

'\ 

Nllp-
'V 'V

2 ~ - 

h N-
(p - A) '

(p - 

A) ~ 0
'V 'V 'V N

and hence for most ~ is will be the case that (2a+l) ~ O.

RemaJR 2. The proof shows that while wST always exists
its value can depend on the starting value w

(2a+l) 0 and 2y ~ (2a+l) ~ 0 then 1 ~ w ~ w

(w , w ) then w = w rather than w. A similar phenomenon
was noted in the ridge regression case by Hocking, Speed and Lynn

For example , if

~ w
l = 0 hence if

(17) .

A = C'V 
It is instructive to consider the special case

easy to see a = 0 and (t- l)/x'= (1/t

,...,

l/t), it is2 t 
N I 

(X. N/t)i=l When N ~ 2 Theorem 3. 1 simplifies towhere
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(N -
( t - 1 )

::1

, ,

N (1 +
) t- 1/2

2 (N - 1 )
otherwise

The preceeding discussion suggests that wST may iterate too

far; one possible remedy is to use a finite step estimator of W

If W
o = 1 the

the one step estimator of w* is wI which is the

maximum likelihood estimator of w ; denote the corresponding

estimator of ~ by This estimator has been studied exten-

sively beginning with Fienberg and Holland (10).

This paper will compare PML with the estimator which iterates

one additional step; denote the two step estimator of w* by

wrs = w
2 (initialized at Wo = 1). After 

some algebra it can be

shown that

since (2a+l) = 1 ~ 0 and 2y - (2a+l) = 2y- l = (N- 2)/N ~ 0; hence

)CST = O'
p + (l- O). when X .: 4(t- l) (N- l)/N. We conclude

that it requires an overwhelming amount of evidence against cell

homogenei ty to estimate the vector R by anything other than 

Furthermore when X ~ 4(t- l) (N- l)/N then wST ~ N/2(N- l) ~ 1/2

thus P
ST has a large discontinuity. Again a similar problem 

encountered in the normal means case; see Hemmerle (16) and

Hocking, Speed and Lynn (17).

f(w ) = f(f(l))

2 -

= (y-

2a(y- 2a+v) + v(y- 2a+v) 

where a and yare defined above.

fies to

When ~ = then wrs simpli-

l t- l t--Z N
RTS = wTS

) + 
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RemaJR In contrast , when ~ = then the one step esti-

mat or is

= (

(p-c) + c.~ML 'V 'V 

When N is large 
L is approximately the same as

l - 1 '
PG = (1 + 2) (p-c)

'V 'V
+ c.

Good (13) found ~G to be a reasonable approximation in several

numerical examples to the so called "type II" maximum likelihood

(or empirical Bayes) estimator of p.

An analogue of the McDonald and Galarneau (23) method for es-

.. 

timating K will now be developed. Let lip II be an estimator of
'V e

II~II e choose K so that

(3. IlpK = Ilpll'V 
Unlike the regression case , an unbiased estimate of lip does

'V e
not exist; we make use of a concept due to Haldane (15).

VeMVlon 1. The estimator q of the real function

q = q 

) of the parameter is said to be afOf.t unb ed h -
e (q) = q( ) + o(n )

for all and for alII E tl

,...

Using a result of Cook , Kerridge , and Pryce (8) an almost

unbiased estimator of lip 
'V e

(3. lip li = D(N) + I A. (lnA. D(W.'V 
where D(y) = 

dln y+l)
is the digamma function.

ted length estimator to be

Define the fi t-
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FL = wPL
+ (l-wPL

where wPL = NI (N+KpL) and

II~II; ~ II II;

lip II 'V e-K* =

solution of (3. 3), otherwise.

RemaJR 4. ~ 02 /'then II p II 00 ~ II p II'V e 'V e

for all W since if W.'V 
from (3. 4).

o for some j

RemaJR When ~ = then KpL simplifies to

(t I D(W

))-

D(N) .: t I In(W IN)

K* = (tI D(W

))-

D(N) 
~tI 

In(llt)

solution of (3. 5), otherwise

where

(3.
(t I D(W

)) - D(N) = t I In(P

and PK = (P lK"

" , ) .

The next section compares the risk properties of the estima-

tors proposed above with other estimators from the literature.

IV. SMALL SAMPLE SITUATIONS

First, some estimators proposed by Sutherland et al. (27)

will be reviewed , their theoretical large sparse multinomial

asymptotic behavior will be stated and finally the results of a

simulation experiment to compare their small sample risks with

those of Section 3 will be presented.
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Review 06 PftevioUf Ef.Uma:OM

Sutherland et al. proposed two methods of estimating the

optimal constant K* in equation (3. 1). The first method was
mentioned in Section 3; it estimates K* by

KML = (N
Z - IWi) 

(I (W i -
) Z

, the mle of K* based on the condi-

tional distribution of ~ given 
Je' The second ("

ratio unbiased"

method uses unbiased estimators of the numerator and denominator

of K*

K* =
Z - I 

)/(I - Z(N- l) I W. A. + N(N- l) I A - N).11 
Denote the estimators of ~ corresponding to KML and KRU by 

and 
RU' respectively.

Sutherland (Z6) analyzes the asymptotic behavior of the risk
of a large class of estimators , C (A), as N + 00 , t + 00 and p

fixed (large , sparse tables); C ) includes 
L' ~RU and 

Since the dimension of the true probability vector p and of

creases to infinity he fixes two densities p (u) and A (u) on

and defines

= Nit

A in-

i = f p(
i = 1,..., t and

A. = 1. 1 t i=l

,...,

for integer t. Sutherland proves that to 0 (l) the leading term
of R(R' ) is at least as small as the leading term of any

* E C (A); in particular it is smaller than the leading term of

R(~' ) which is smaller than the leading term of

addition he computes the asymptotic risk to oCt -
* E C(A). See also Bishop, Fienberg and Holland'V 

R(p,

p). 

'V 'V

for arbi trary

(5), Chapter lZ.

4. Z Smai Sample Studief

(1)

Our simulations attempt to answer three questions:
How large must Nand t be before the large sparse asymp~

toties are correct?
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(Z) Does the large sample improvement of 
RU over L andlor 

over p carryover to small samples?

How do the risk characteristics of the estimators of(3)

Sutherland et al. (Z7) compare with those of Section 3?

RemaJR Bishop, Fienberg, and Holland (5) suggest
improving RRU by setting KRU equal to zero whenever it would be

negative; we denote the corresponding estimator of ~ by ~RUB' 
modification that appears more reasonable is to set KRU equal to

00 whenever it would be negative. To see this , note that KRU is

negative iff the unbiased estimate of II P- A II is negative. Thus

setting the estimate of IIp- AII equal t ero will result in our

modification. Denote the corresponding estimator of ~ by RRUI

Thus the simulation study examines the following estimators:
(1) , (Z) RRUB' (3) 

RUI' (4) L' (5) ~ST' (6) bs' and (7) 

Throughout this study A (u) was fixed to be a uniform distri-1 -
bution over (0 1), i. e. ~ = c = (t ,..., ) for each t. 

this case all seven estimators have invariant risk with respect

to permutations of p and hence it suffices to study densities

p (u) which are monotone increasing. The beta densities

11-
11U o -: u -: 1

p(UI11) 

otherwise

for 11= 1 , 3. 5 and 10 were selected to generate the p

sequences; for each (t , 11), p. was set equal to p II p where

. -

= t p((1- 5)t 11) for 1 = l,...,t. The vector p moves from
the center of the simplex at 11 = 1 to a point near the vertex at

11 = 10. The simulation studied t = 3 , 5(5)ZO , 50 , 100 cells and

p = 

Nit = 1, 3 , 5 , 10; one hundred replications were performed

for most (11, P) combinations (not all combinations were used for

t = 50 and 100 because of prohibitive computer expense).

the checks made on the simulation were comparisons of the

Among
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estimated risks of p with their known values.

Extensive tables of the estimated risk values with their

standard errors can be found in Ighodaro (19). Some of the

estimated risk values have been plotted in various ways together

with the theoretical risk curves (to oCt - )) for ~RU and L in
Figures 1 through 6. The theoretical risks were computed from

the general expressions in Sutherland (26J. The standard errors
of the estimated risk values ranged approximately from. 003 to

08 although the maj ori ty were in t e range . 03 to . 04.

When ( p) = (1 5) then p = c and'V 
(4. R (-t' 2/t + 0 (t and

(4. = 2. 175/t + 0 (t 

) .

When ( p) = (l. 5) then

(4.
RRU

) = .

3076 + 4435/t + o(t ) and

(4.
h -

R(~'

) = .

4236 + 140S/t + oCt ).

When ( p) = (10 3) then

(4.
'RRU

9275 - 9517/t 0 (t - and

(4. R(~'~ML 9278 - 0349/t 0 (t 

Figures 1 , and 5 plot equations (4. 1) to (4. 6) to oCt )
together with the simulated risk curves for RUI and RML' Figure
1 also includes the simulated risk of P

RUB
; it is clear from this

plot that P
RUI is the correct modification to PRU' Hence PRUB is'V 'V 

not considered in Figures 2-6. It can also be concluded that the
asymptotic risk expressions to 0 (t ) are approximately correot

for t ~ 30.
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0.7

o E
RUB

ERUI

o E

"V Asymptotic risk to o(t ) of p

Asymptotic risk to o(t ) of P-ML

10 20 30 40 50 60 70 80 90 100

Figure 1. Simulated and asymptotic risks for (n, p) = (1 5).

1.0

RUI

E"FL
0.4

10 20 30 40 50 60 70 80 90 100

Figure 2. Simulated risk values for (n, p) = (1 5).
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75 . o ..
RUI

'V Asymptotic risk to oU- ) of p
-RU

Asymptotic risk to oW ) of P
-ML

Figure 3.

60 70 80 90 100

Simulated and asymptotic risks for (n, p) = (1. 5).

1.1

1.0

ERUI

Figure 4.

10 20 30 40 50 60 70 80 90 100

Simulated risk values for (n, p) = (1. 5).
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Figure 5.

a: 0.4

0.7

RUI

'i Asymptotic risk to oW ) of 'j-Rli
Do Asymptotic risk to oW' ) of 'j

-ML

Simulated and asymptotic risks for p) = 10 3).

a: 0.

1.1

1.0

0.4

10 20 30 40

RUI

'i 
Do f

Figure 6. Simulated risk values for p) = (10 3).
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Figures 2 , 4 and 6 are plots of the simulated risk curves for

~RUI' ~ML' ~, ~TS and FL' The curve for 
ST is not plotted be-

cause, as expected , it performs badly over a wide portion of the

parameter space. For the remaining estimators we conclude that:
(a) ~RUI and TS are comparable and better overall than any of

the other estimators , (b) PFL is superior to the mle p except for'V 
sparse data (p = 3) near vertices ( = 10), (c) all other estima-
tors significantly outperform p except near the vertices = 10)

where they are comparable to it.

DISCUSSION

Despite the favorable risk comparisons of most of the estima-

tors in Section 4 relative to p = WIN it is unknown whether any'V 
of them are admissible for Nand t fixed. Unique Bayes (hence

admissible) estimators with data dependent K do arise from com-

pound Dirichlet priors (Good (13J, (14)), but they appear to be

analytically intractib Ie. More directly Brown s (6 J characteri-

zation of the admissible rules might be useful for this problem.

SEL has been adopted throughout this paper because of its

widespread use. However , under L
S the locus of equivalent ac-

tions a versus a given p ~ 0 is spherical; hence L does not dif-'V 
ferentiate between positive and zero guesses of Pi ~ O. One

al ternati ve , relative squared error loss (RSEL),

(p,

a) = L(p. -a. , deals with a related question. RSEL does'V 
not allow positive guesses of zero p. however it still does allow

zero guesses of positive p.. Olkin and Sobel (24) apply the
di vergence theorem to show that the mle p is admissible unique
minimax. Alternatively this can be proved by noting the unique
Bayes estimator of p relative to the Dirichlet prior

n. -
h(p) = r(K)II tp. Ir(KA. )1,'V pES

is for 1 -: i -: t:
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W. = 0

p. =

(W. +KA. - 1) (N+k- t) ,
i ~ 1;

in particular p is unique Bayes versus the prior with

~ = 

(lit

,...

, lit) and K = t. Minimaxi ty follows from the fact

that p has constant risk. Ighodaro (19) develops an asymptotic

(N + 00 , t fixed) application of the James-Stein estimator to the

problem of estimating p under the model assumption 
pET c S'V 

where is a smooth surface (e. g. In p satisfies a log linear

model). The small sample risk performance of these estimators

are unknown.

Entropy loss (EL), L (P, ) = N I ln(p. /a. where 0 In 0 = 0'V 
is an alternative to SEL which effectively differentiates between

positive and zero guesses of p. ~ 0 (see Akaike (1), (2)); if
a. = 0 for any p. ~ 0 then L

(p,

a) = + 00 The mle has entropy
'V 'V

risk R (P, P) = 0 or + 00 according as p is a vertex or not. The'V 'V 
mle is more dramatically unsatisfactory under L

E than under L
p is admissible when the problem has paramete space S but it is

inadmissible when the problem has parameter space

S' = tp E S: p not a vertex; (Ighodaro , Santner and Brown (20)).'V 
A theory of empirical or pseudo Bayes rules could be developed

for L
E along the lines of Bishop et al. (5).

ACKNOWLEDGMENT

The authors would like to thank Professor M. Todd for sug-

gesting a simplified proof of Theorem 2.

REFERENCES

(1 ) Akaike , H. (1971). Information theory and an extension of
the maximum likelihood principle. Sec.ond IVleJnatonal Sym-
pOf. um on In60Jtaton Theofty, B. Petrov and F. Csaki (eds.
Akademiai , Budapest.



(10)

RIDGE ESTIMATORS OF MULTINOMIAL CELL PROBABILITIES

(2 ) Akaike , H. (1978). A new look at the Bayes procedure.
ometRa , 53- 59.

(3 ) Alam, K. (1979). Estimation of multinomial probabi Ii ties.
Ann. Stat. , 282- 283.

(4 ) Albert , J. (1979). Robust Bayes estimation. Technical
Report 79- , Department of Statistics, Purdue University,

W. Lafayette.

(5 ) Bishop, Y., Fienberg, S., and Holland, P. (1975).
MufvaJe Anafyf.-u. MIT Pres s, Cambridge.

V-u c.ete

(6 ) Brown , L. D. (1981). A complete class theorem for statis-

tical problems with finite sample spaces. Ann. 
Stait. 9

1289- 1300.

(7) Casella , G. (1980). Minimax ridge regression estimation.
Ann. Stait. , l036- 1056.

(8 ) Cook , G., Kerridge , D. , and Pryce , J.

of functions of a binomial parameter.
443- 448.

(1974). Estimation
SanRhya SeJ. A 36,

(9 ) Draper , N. and Van Nostrand , C. (1979). Ridge regression
and James-Stein estimation: review and comments.
Tec.hnometc. , 451-466.

Fienberg, S., and Holland , P. (1970). Methods for elimina-
ting zero counts in contingency tables. 

Random CouVt on

ModeR and Stuc.UJef G. P. Patel (ed.

). 

Pennsylvania
State Univ. Press , University Park.

(11) Fienberg, S., and Holland, P. (1973). Simultaneous estima-
tion of multinomial cell probabilities. J. AmeJ. Stait.
Af.f.oc.. 68 , 683- 691.

( 12) Goel , P. K. and Casella , G. (1976). A note on an explicit
solution for generalized ridge regression. Technical
Report No. 448 , Department of Statistics , Purdue Uni versi ty,
West Lafayette.

(13) Good , I. J. (1965). The Ef.tiaton 06 Pftobab ef: 

Ef.f.ay on ModeJn BaYefian Method;. MIT Press , Cambridge.

(l4 ) Good, I. J. (1967). A Bayesian significance test for mul-

tinomial distributions (with discussion). J. Roy. Stait.
Soc.. SeJ. B 29 , 399- 431.



(20)

(21 )

(22 )

(23)

(24 )

(25 )

(26 )

(27)

AYODELE IGHODARO AND THOMAS SANER

(15 ) Haldane , J. S. (1957). Almost unbiased estimates of func-
tions of sequences. SanRhya , 201-

(16 ) Hemmerle , W. J. (1975).
ized ridge regression.

An explicit solution for general-
Tec.hnometc. , 309- 314.

(17) Hocking, R. , Speed , F. , and Lynn , M. (1976). A class of
biased estimators in linear regression. Tec.hnometc. 

425- 437.

(18 ) Hoerl , A., and Kennard , R. (1970). Ridge regression:
biased estimation for nonorthogonal problems. T ec.hnome-
tfc. 1'2 , 55-67.

(19 ) Ighodaro , A. O. (1980). Ridge and James-Stein methods for
contingency tables. Ph. D. Thesis , School of ORIIE , Cornell
University, Ithaca.

Ighodaro , A., Santner , T., and Brown , L. (1980). Some
admissibility and complete class results for the multinom-
ial problem under entropy and squared error loss. To 
appear in J. Mut. Anal.

Johnson, B. M. (1981). On the admissible estimators for
certain fixed sample binomial problems. Ann. Math.

t. 4'2 , 1579- 1587.

Marquardt , D. W. (1970). Generalized inverses , ridge
regression, biased linear estimation , and nonlinear estima-
tion. Tec.hnometc. 1'2 , 591-612.

McDonald, G., and Galarneau, D. (1975). A Monte-Carlo eval-
uation of some ridge-type estimators. J. AmeJ. t. 70
407- 416.

Olkin , I. and Sobel , M. (1979). Admissible and minimax
estimation for the multinomial distribution and for K inde-
pendent binomial distributions. Ann. St t. , 284- 290.

Steinhaus , H. (1957). The problem of estimation.
Math. S t. '28 , 633-648.

Ann..

Sutherland , M. (1974). Estimation in large sparse multi-
nomials. Ph. D. Thesis , Department of Statistics , Harvard
University, Cambridge.

Sutherland , M. , Holland , P., and Fienberg, S. (1974).
Combining Bayes and frequency approaches to estimate a mul-
tinomial parameter. Studief in BaYefian Ec.onometc. and

tic. S. Fienberg and A. Zellner (eds.

). 

North
Holland, Amsterdam.



(28)

RIDGE ESTIMATORS OF MULTINOMIAL CELL PROBABILITIES

Thisted, R. (1976). Ridge regression , minimax estimation
and empirical Bayes methods. Ph, D. Thesis , Technical
Report No. 28 , Division of Biostatistics , Stanford Univer-

si ty, Stanford.

(29) Trybula , S. (1958). Some problems of simultaneous minimax
estimation. Ann. Math. Stait. , 245- 253.


