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I. INTRODUCTION AND SUMMARY

Let H = (Wl,...,Wt) have a multinomial distribution based on
N(known) trials and having unknown vector of cell probabilities
pe S = {% € r": qQj > 0 Vi and Xqi = 1}. When the range of a
summation or product is from 1 to t it will be suppressed for
ease of notation. This paper develops analogues of normal theory
ridge regression estimators for the problem of simultaneously es-
timating p. Sections 1 to 4 will study the case of squared error
loss (SEL?, LS(R’%) = NZ (pi—ai)2 = Nllg - %||2, pecause of its
wide use (see Bishop, Fienberg, and Holland [5], Chapter 12 and
the references therein), but other loss functions will be men-
tioned in Section 5 because of their ability to penalize zero
guesses of positive p;-

The maximum likelihood estimator {(mle) R = H/N is known to be
admissible under SEL for all t (Johnson [21]; Alam [3]; Brown
[61); hence there is no Stein-effect for this problem. Further-
more, there is a unique admissible minimax estimator (Steinhaus
[25]; Trybula [29]). In the absence of any other information
about p one of these estimators might be satisfactory. However,
E has risk RS(R,E) = ER[LS(R’R)] = 1—ll£l|2 which is near zero

only when p is mear a vertex. This led Good [13], [14],
n
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Sutherland, Fienberg and Holland [27], Albert [4] and others to
consider Bayesian motivated estimators of P which dominate é over
a "large'" portion of S. In particular, it is well known that the -

unique Bayes estimator of p versus the conjugate Dirichlet prior

with mean E[p]
E[(-2) (p-2)']

A and variance-covariance matrix

(D) -221)/ (K+1) is

(L) py= (/WK = 0 p + (1-w))

N

where K > 0 and & = (xl,...,xt) € S are known, D(&) is diagonal
with the elements of A and w = N/(N+K). Here and throughout the
paper vectors are column vectors and prime denotes transpose.
Formally K = 0 make sense in (1.1) and yields the mle EO = % of
p.

v Section 2 shows that the class of estimators {EK: K> 0} is
the analogue of the class of ridge estimators in a number of fre-
quentist senses as well as in the well-known Bayesian sense.
Section 3 uses the properties of %K developed in Section 2 to
illustrate the construction of two ridge estimators; it is possi-
ble to construct other ridge analogues. Small sample simulation
studies are presented in Section 4 which compare the current es-
timators with those previously proposed; it concentrates on the
large sparse multinomial framework introduced by Fienberg and
Holland [11]. Section 5 critiques two other loss functions; it
summarizes some possible approaches for estimating p under vari-

Y
ous model assumptions in these cases.

II. RIDGE ESTIMATION

It is well known that the class of ridge estimators can be
developed from a Bayesian viewpoint by postulating Y = %E + £ for
Y .
an nx1 vector of data X where % is a known nxp matrix of rank p,

B is a pxl vector of unknown parameters and g is an nxl vector of
Y
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experimental errors satisfying E™ Nn(g, ozIn) and by assuming

2
Q v NP(Q: %—-Ip). The Bayes estimator of E with respect to

squared error loss is well known to be

. -1
= 1 '
(2.1) EK (% % + KIP) X'Y.
Formally B_ = (X'X)_1X'Y also makes sense in (2.1); B. is, of
~0 NN oA R ~0
course, the mle and BLUE of E. BO is inadmissible under squared
Y

error loss when p > 3; its (summed) mean squared length satisfies

~ 2 2 2 -
B LIl - lslP=o? § o
B,0° v j=1 )

N

where A.,...,A_ are the eigenvalues of X'X. For any K > O, B, is
1 P Ny ~K

biased; however, its length, |i§K|]2, is shorter than that of éO
Y] N
(see P1 below).
Hoerl and Kennard [18] developed the following properties and

characterizations of éK'
V]

P1l: The distance ||§K[| = (ék éK)l/z of éK to (the prior mean)
n iy N

2 (= E[B]) is a continuous monotone decreasing function of K
such that ||B,]||+0 as K + =,
K
P2: By

mator of B. Denote the residual sum of squares of B by

v N
() = ||y - XB]IZ; for fixed K > 0, B, minimizes ¢(B) among
Y N N Y

i = P. a A
E in the sphere By = {E € R: ||E|| ||EK||}. Hence w(EK)

is a restricted maximum likelihood (least squares) esti-

A2
~

is increasing in K by P1.

P3: If ||El|2 is bounded then there exists a K > 0 such that
Boll18-811%1 < Eg[11Bo-8/1] for 0 < K < K .
B Ko — B A0 o}
Y v
P2 characterizes EK
"]
structing minimax ridge estimators by using adaptive (stochastic)

while P3 suggests the possibility of con-
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is concave in Gi and is therefore maximized when

=

AL
31- N+K (1 <i<t)e & 5

i 3 .
(2.5) s;—+ 5 = Pik (1 <1<1t).

Substituting (2.5) into the right hand side of (2.4) gives

1 1 A
g L Wams; < L Wienbyy

for all IS BS and completes the proof.

K
The analogue of a more severe form of P3 is immediate.

THEOREM 2.3. For any P € S with at Least Lwo non-zero compo-
nents, the mean square ent&opy distance of pK o p forn any K > 0
is Less than that of the mle p.

Remark 2.1. Unlike the regression analog P3, there is no

upper bound on the value of K which "improves" ﬁK over p.
Y] Y]

Remark 2.2 If & has one or more zero components then
Theorems 2.1 to 2.3 still hold though their proofs must be modi-
fied.

Remark 2.3. Marquardt [22] proves that %K is the maximum
likelihood estimator of B when the data Y are supplemented by
fictitious data Y* = 0 d;awn from an expzriment orthogonal to the
original design.N An analogous statement is true for EK; EK is
the maximum likelihood estimator of p when H is supplemented by

n
*:
ﬂ (KAg, .o s KAL)

ITI. RIDGE ESTIMATORS OF p
Y
The admissibility of p insures that unlike the regression
case it is impossible to f1nd an estimator K of K so that pK
dominates p. Yet it is still reasonable to study analogues of

")
ridge estimators in the hope they have reasonable mean squared
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error properties relative to p for p "away" from the vertices.

Y v
So now assume K > 0 but unknown while A is known. A differenti-
ation shows (see [5], page 407-8) that the K which minimizes
Rg(p>py) is

(3.1)  K* = K5 (p,)) = (1l|pl|)/llpxll

We consider two iterative estimators of K* or equivalently of
w* = N/(N+K*). The idea is to use the current estimate of w* to
obtain an improved estimate of p which in turn can be used to

%)

re-estimate w*.
Define the sequence {wi}:zl by the algorithm:
1. Make an initial estimate W of w*, set i=1 and go to Step 2.

2. Set Qi = wi_lg + (1—mi_1)l and go to Step 3.

Nl g, A1l

3. Set w. = Nl d , increment i by 1, and go to
PNl mall? e g 112
vl A1
Step 2.
Set Worp = }1m Wy and RST ST p + (1- wST)A when the limit exists,

1>

When W= N& then it is easy to check that w*_ = 0 and RST = A

ST =
When W= Nei where e, = (0,...,0,1,0,...,0) is the iEh-unit vec-
* = A -
tor then it is also obv1ous that wir = 1 and Psp = € for
1 <1< t. The value of ng for arbitrary W is given in Theorem

3.1. First an elementary lemma will be stated.

LEMMA 3.1. Supper W #
o = Q! (p A)/N||p AII
then v i_Za

A and o and v are defined as

= (1-2"2)/N| |p-2] |2, respectivety
[AVIAV) Ao

Proog. v > 2ae 1+ A'A - 22'p 2.0

= (3-p)' (xp)+(1ﬁﬁ)io
Ny
which is obvious.
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THEOREM 3.1. Define y = (N-1)/N and o, v as 4n Lemma 3.1.
When the itenative estimaton of the optimal constant w* begins at
Step 1 with wy = 1 Lhen the sequence {wi}::l converges Lo the
Limit

s 0 when either (2d+1)2 < 4yv on
(20+1) < O on

(2y < (2a+1) and p ¢ {el,...,et})

2 1/2
(2ar]) + [(Zorl) DT when ((20+1)% > 4y

and 2y > (20+1) > 0)

L1 otherwise.

Proof. After substitution and some algebra it can be shown

that

N g2l 17 I
N 2 I T B
Nlg-alle + =118,

w.
1

say, where f(w) = wz/(YwZ—Zaw+v). Here f: [0,1] » [0,1]; differ-
entiation gives f'(w) = Zw(v—uw)/(ymz—Zam+v)2 >0 forl>w>0
by Lemma 3.1. Thus {wi}?=l is a nonincreasing sequence bounded
below and therefore must have a limit. Furthermore w1 < wy
whenever w; > 0. The limit points of {mi}:zl must solve the

fixed point equation
(3.2) fw) = w

& w(ymz—(2a+l)w+v) =0

2

o u € {ml,w ,ms},

wl =0, w2

1

[(201) + [(20+1)% - 4yv1Y/21/27, and

W3 (D) - [asD)? - a1 %172y

If (2a+1)2 < 4yv then wl is the only fixed point of f(w) and
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hence ng = 0. Suppose (20c+1)2 > 4yv; it is easy to check that

glw) = ywz - (20+1)w + v has either both roots positive or both
roots negative since g(0) = v > 0. Straightforward algebra shows
that w2 >0, m3 > 0« (Za+l) > 0. Hence if (20+1) < O then

w2 < 0 and m3 < 0= wl = 0 is again the only fixed point of f(w)
to which {wi}:=1 can converge since for every i,

W, € [0,1] = Wi q = f(wi) > £(0) = 0. If (2a+1) > 0 and

2y - (Za+1) > 0 then straightforward but tedious algebra shows

W <1eprp <

which is always true. Hence 1 3_w2 > w3 i_wl = 0 and since

. 2 2 2
wy = 1 then for every i, ws € [w,1] =» Wi = f(wi) > fw’) = w
and thus ng = m2. The remaining subcases proceed along similar
lines and the proof is completed.
A (p-2)
Remartk 3.1. 2a+l > Ow’\'——h_z> 1
= A )
N[ [p-A
Y
A A~ N-2
e (- -—=-2) >0
n, oY

and hence for most w is will be the case that (2a+1) > 0.

Remark 3.2. The proof shows that while ng always exists,

its value can depend on the starting value Wy For example, if

(2a+1) > 0 and 2y > (20+1) > 0 then 1 3_w2 3}m3 z_wl = 0 hence. if

Wy S [ws,wz) then w w3 rather than wz. A similar phenomenon

* =
ST
was noted in the ridge regression case by Hocking, Speed and Lynn
[17].

It is instructive to consider the special case

& =¢ = (1/t,...,1/t), it is easy to see a = 0 and v = (t—l)/xz

t
where X2 = %— z (Xi—N/t)Z. When N > 2 Theorem 3.1 simplifies to
i=1
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0, W <4 iﬂﬁll (t-1)

w¥., =

ST

1/2

N[l + {1- 4(———9 } ]

TON-1) , oOtherwise

since (20+1) =1 > 0 and 2y - (20+1) = 2y-1 = (N-2)/N > 0; hence
EST = O-ﬁ + (1—0)-% =¢ when x2 f_4(t—1)(N—1)/N. We conclude
that it requires an overwhelming amount of evidence against cell
homogeneity to estimate the vector P by anything other than <-

Furthermore when XZ > 4(t-1)(N-1)/N then mgT > N/2(N-1) > 1/2

thus Pgr has a large discontinuity. Again a similar problem is
encountered in the normal means case; see Hemmerle [16] and
Hocking, Speed and Lynn [17].

The preceeding discussion suggests that wST may iterate too

far; one possible remedy is to use a finite step estimator of w*.

If wy = 1 then the one step estimator of w* is wy which is the

maximum likelihood estimator of w*; denote the corresponding
estimator of R by %ML' This estimator has been studied exten-
sively beginning with Fienberg and Holland [10].

This paper will compare pML
one additional step; denote the two step estimator of w* by

w%s = w, (initialized at wg = 1). After some algebra it can be
shown that
* = =
wig = f(mz) £(£(1))

[y-20 (y-20+v) + v(y-20+9) 17}

where o, v and y are defined above. When } = ¢ then w%s simpli-

fies to

1 and

1

—
z
3]

~
2
N

~—

* =
“rs

Prg = v (R

with the estimator which iterates

e R S




RIDGE ESTIMATORS OF MULTINOMIAL CELL PROBABILITIES 41

Remank 3.3. In contrast, when A =g then the one step esti-

mator is
A~ (N-1 _ t-1;-1.4
P, = D * X2] -c) + &
When N is large EML is approximately the same as
- t-1.-1.~
1 + -c) + c.
po = [ X2] (p-c) + ¢

Good [13] found ﬁG to be a reasonable approximation in several
o
numerical examples to the so called '"type II" maximum likelihood

(or empirical Bayes) estimator of p.
Yl

An analogue of the McDonald and Galarpeau [23] method for es-

timating K will now be developed. Let [Iplli be an estimator of
Y

[[P]Iz; choose K so that
A, [

5.5 il = (ol

-3 Pylle = 1Pl

Unlike the regression case, an unbiased estimate of llp]|§ does
n

not exist; we make use of a concept due to Haldane [15].

Definition 3.1. The estimator q of the real function
q = q(8) of the parameter § is said to be almost unbiased A

~ -2
Eqlal = q(§) + on )
for all § and for all 2 € {1,2,...]}.

Using a result of Cook, Kerridge, and Pryce [8] an almost

unbiased estimator of l|p||2 is
ale

AN

.o lpll2

= D(N) + ) A; (g2, -D(W,))

where D(y) =

é-91—112;(,—):1)—-is the digamma function. Define the fit-

d
ted length estimator to be
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- = mw* N —iy*
Pep, = 9pR + (ep )2

where w¥* = N/(N+K§L) and

FL
/\2 ,
0, [plle = 1Bl
N\ )
K o= = lHpllg <0

solution of (3.3), otherwise.
Remask 3.4. E > 0 for all W since if W. = 0 for some j
FL Y J

2L 2
then ||Rlle = o > ||R||e from (3.4).

Remark 3.5. When ) = ¢ then Kf simplifies to

FL
0, (L] 01000 < 1m0/
Ki = { = [%Z D(W;)]-D() 1%2 en(1/t)

solution of (3.5), otherwise

where
(3.5 [£IDM)] - DM = £ ] nGyy)
and»EK = (ﬁlK""’ﬁtK)'

The next section compares the risk properties of the estima-

tors proposed above with other estimators from the literature.
IV. SMALL SAMPLE SITUATIONS

First, some estimators proposed by Sutherland et al. [27]
will be reviewed, their theoretical large sparse multinomial
asymptotic behavior will be stated and finally the results of a
simulation experiment to compare their small sample risks with

those of Section 3 will be presented.
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4.1 Review 0§ Previous Estimatons

Sutherland et al. proposed two methods of estimating the
optimal constant K* in equation (3.1). The first method was
mentioned in Section 3; it estimates K* by

o 2 2 N .

KﬁL = (N —Zwi)/(Z(Wi—Nki) , the mle of K* based on the condi-
tional distribution of w given p- The second ("ratio unbiased')
method uses unbiased estimators of the numerator and denominator
of K*,
2 2 2 2
* = -_ -_ - - -
Kiy = (N© = D WD/(Q W) - 2(N-1) ] WA, « NON-1) [ A7 - W)
- « * * ~

Denote the estimators of R corresponding to KML and KRU by RML
and p,.,, respectively.

A#RU

Sutherland [26] analyzes the asymptotic behavior of the risk
N/t

of a large class of estimators, C(A), as N> o, t - = and p
n
fixed (large, sparse tables); C(A) includes RML’ RRU and P-
Since the dimension of the true probability vector p and of A in-
N n
creases to infinity he fixes two densities p(u) and A(u) on [0,1]

and defines

1 -5,
p; =g PCE), 1i=1,...,t and

i-.5 .
)\i— )\('—t—-), 1—1,...,t.

| =

for integer t. Sutherland proves that to o(l) the leading term
of R(p,ﬁRU) is at least as small as the leading term of any
VRV

p* € C(X); in particular it is smaller than the leading term of
N

R(p,éML) which is smaller than the leading term of R(p,p). In
Y - Ny
addition he computes the asymptotic risk to o(t 1) for arbitrary

p* € C(A). See also Bishop, Fienberg and Holland [5], Chapter 12.
v N
4.2 Small Sample Studies

Our simulations attempt to answer three questions:
(1) How large must N and t be before the large sparse asymp-

totics are correct?
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(2) Does the large sample improvement of RRU over RML and/or RML

over ﬁ carry over to small samples?
V]
(3) How do the risk characteristics of the estimators of

Sutherland et al. [27] compare with those of Section 37

Remark 4.1. Bishop, Fienberg, and Holland [5] suggest

improving by setting KﬁU equal to zero whenever it would be

p
negative; xzudenote the corresponding estimator of R by ERUB' A
modification that appears more reasonable is to set KﬁU equal to
+ » whenever it would be negative. To see this, note that KﬁU is
negative iff the unbiased estimate of ||p—k]|2 is negative. Thus
setting the estimate of l]p—k||2 equal to zero will result in our
modification. Denote the corresponding estimator of R by QRUI'

Thus the simulation study examines the following estimators:

(1 P (2) PRruB’ (3 Prut (4) Py’ (5) Pgps (6) Prg> and (7) Prr;

Throughout this study A(u) was fixed to be a uniform distri-
bution over [0,1], i.e. } = ¢ = (t_l,...,tnl) for each t. 1In
this case all seven estimators have invariant risk with respect
to permutations of p and hence it suffices to study densities

n
p(u) which are monotone increasing. The beta densities

nun_l, 0<ucx<l

p(uln)

0, otherwise

for n= 1,1.4, 3.5 and 10 were selected to generate the p

v}
sequences; for each (t,n), p, was set equal to p¥/ * where
P; q Pi/L P;

p; = t_lp((i—.S)t_1|n) for i =1,...,t. The vector R moves from
the center of the simplex at n = 1 to a point near the vertex at
n = 10. The simulation studied t = 3, 5(5)20, 50, 100 cells and
p=N/t=1, 3, 5, 10; one hundred replications were performed
for most (n,t,p) combinations (not all combinations were used for
t = 50 and 100 because of prohibitive computer expense). Among

the checks made on the simulation were comparisons of the
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estimated risks of p with their known values.

Extensive tableg of the estimated risk values with their
standard errors can be found in Ighodaro [19]. Some of the
estimated risk values have been plotted in various ways together
with the theoretical risk curves (to o(t_l)) for ERU and EML in
Figures 1 through 6. The theoretical risks were computed from
the general expressions in Sutherland [26]. The standard errors
of the estimated risk values ranged approximately from .003 to
.08 although the majority were in the range .03 to .04.

1. When (n,p) = (1,5) then R = ¢ and

2/t + o(t—l) and

4.1 R(g.ppy)

2.5 + 0.175/t + o(t'l).

(4.2)  R(g,Py)
2. When (n,p) = (1.4,5) then

.3076 + 1.4435/t + o(t‘l) and

(4.3) R(P,Pgy)

4236 + .1408/t + o(t 1),

(4.4) R(R’RML)
3. When (n,p) = (10,3) then

(4.5) R(p,Bpy) = -9275 - 3.9517/t + o(t™}) and

(4.6) R(p,Py ) = -9278 - 4.0349/t + o(t ).
VOV

Figures 1, 3, and 5 plot equations (4.1) to (4.6) to o(t_l)

B
1 also includes the simulated risk of ﬁRUB; it is clear from this

together with the simulated risk curves for %RUI and Figure
plot that RRUI is the correct modification to RRU' Hence RRUB is
not considered in Figures 2-6. It can also be concluded that the
asymptotic risk expressions to o(tfl) are approximately correct

for t > 30,
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Figure 1. Simulated and asymptotic risks for (n,p) = (1,5).
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Figure 2. Simulated risk values for (n,p) = (1,5).
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Figure 3. Simulated and asymptotic risks for (m,p) = (1.4,5).

Il
1.0 —O0
0.9t ~
°p
L oef o g
@ o7t o P
e -
0.6 v Brs
A D
0.5f ~FL
0.4 &
O3llllll|LYlll|lIl|lw

"0 10 20 30 40 50 60 70 80 90 100
1

Figure 4. Simulated risk values for (n,p) = (1.4,5).
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Figure 5. Simulated and asymptotic risks for (n,p) = 10,3).
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Figure 6. Simulated risk values for (n,p) = (10,3).
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Figures 2, 4 and 6 are plots of the simulated risk curves for
ERUI’ EML’ %, ETS and EFL' The curve for EST is not plotted be-
cause, as expected, it performs badly over a wide portion of the
parameter space. For the remaining estimators we conclude that:
(a) ERUI and pTS are comparable and better overall than any of
the other estimators, (b) pFL is superior to the mle p except for
sparse data (p = 3) near vertices (n = 10), (c) all other estima-
tors significantly outperform ﬁ except near the vertices (n = 10)

Y

where they are comparable to it.
V. DISCUSSION

Despite the favorable risk comparisons of most of the estima-
tors in Section 4 relative to g = H/N, it is unknown whether any
of them are admissible for N and t fixed. Unique Bayes (hence
admissible) estimators with data dependent K do arise from com-
pound Dirichlet priors (Good [13], [14]), but they appear to be
analytically intractible. More directly Brown's [6] characteri-
zation of the admissible rules might be useful for this problem.

SEL has been adopted throughout this paper because of its
widespread use. However, under LS the locus of equivalent ac-
tions a versus a given R > 0 is spherical; hence LS does not dif-
ferentiate between positive and zero guesses of p; > 0. One
alternative, relative squared error loss (RSEL),

LR(R’a) = Z(pi—ai)zpi, deals with a related question. RSEL does
not allow positive guesses of zero P however it still does allow
zero guesses of positive p;- Olkin and Sobel [24] apply the
divergence theorem to show that the mle p is admissible unique
minimax. Alternatively this can be provgd by noting the unique

Bayes estimator of p relative to the Dirichlet prior
Y

Kx;-1
h(p) = TN {p; = /T(Kr)}, pE€S

is for 1 < i < t:
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0, W, =0

(Wi+KAi—1)/(N+k—t), Wi > 1;

in particular ﬁ is unique Bayes versus the prior with

(1/t,...,17t) and K = t. Minimaxity follows from the fact
that p has constant risk. Ighodaro [19] develops an asymptotic
(N - : t fixed) application of the James-Stein estimator to the
problem of estimating p under the model assumption p €eTcS
where T is a smooth surface (e.g. &n p satisfies a log linear
model). The small sample risk performance of these estimators
are unknown.

Entropy loss (EL), LE(R’%) = N Z piln(pi/ai) Where 0 2n 0 =0,
is an alternative to SEL which effectively differentiates between
positive and zero guesses of p; >0 (see Akaike [1], [2]);

a; = 0 for any p; > 0 then L (p a) = + = The mle has entropy
risk R (p p) =0or +w accordlng as p is a vertex or not. The
mle is more dramatically unsatlsfactory under L than under L

p is admissible when the problem has parameter space S but it is
1nadm1551b1e when the problem has parameter space

S'" = {p€ S: p not a vertex} (Ighodaro, Santner and Brown [207]).
A theogy of emgirical or pseudo Bayes rules could be developed

for LE along the lines of Bishop et al. [5].
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